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SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS

Abstract. We investigate the sum of values of the Epstein zeta function Z(s, α) at non-

trivial zeros of the Riemann zeta function ζ(s), for α2 ∈ N

1. Introduction

Let s = σ + it denote a complex variable. Let T be a sufficiently large positive number

throughout this paper. First define the Riemann zeta function

ζ(s) =
∞∑
n=1

1

ns
, σ > 0.

The Riemann zeta function can be analytically continued throughout the whole complex plane

except the point s = 1, which is a simple pole with residue 1. Also denote the Riemann zeta

zeros in the critical strip 0 < σ < 1 by % = β + iγ, the non-trivial zeros of the Riemann zeta

function. In addition, by (a, b) we mean the greatest common divisor of integers a and b.

The Epstein zeta function is given by

ZQ(s) =
∑′

m,n∈Z

1

Q(m,n)s
, σ > 1,

where Q(m,n) = am2 + bmn+ cn2 is a positive definite binary quadratic form with discrim-

inant ∆ := b2 − 4ac < 0. The dash on the sign of summation indicates that the part where

m = n = 0 is omitted. Additionally, the Epstein zeta function has an analytic continuation

to all complex plane except the point s = 1, which is a simple pole ([12]) with the residue
2π√
−∆

([24]). Moreover, the Epstein zeta function is closely related to another zeta function,

namely, Dedekind’s zeta function.

Let K be an algebraic number field, then the Dedekind zeta function of K is given by

ζK(s) =
∑
a

1

N(a)s
,

where the sum is over all ideals a ⊂ OK, with OK being the ring of integers of K. N is the

norm of an ideal defined as a number of elements of the quotient ring OK/a . Note, when K is

a quadratic field, in other words K = Q(
√
m), with m square-free, Dedekind’s zeta function

satisfies the identity ([4])

ζQ(
√
m)(s) = ζ(s)L(s, χ),

where L(s, χ) is a Dirichlet L function associated with Dirichlet character χ

L(s, χ) =
∞∑
n=1

χ(n)

ns
.

3
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Let G be a group of reduced residue classes mod q, for some integer q. For each character f

of G we define a function χ as:

χ(n) = f(n̂) if (n, k) = 1,

χ(n) = 0 if (n, k) > 1.

The function χ is called a Dirichlet character mod q ([2]). Also, we will call χo a principle

Dirichlet character if:

χ0 =

{
1 if (n, k) = 1,

0 if (n, k) > 1.

In addition, χ(n) is a multiplicative function,

χ(nm) = χ(n)χ(m) , for m,n ∈ N.

On the other hand, Dedekind’s zeta function associated with a quadratic imaginary field

Q(
√
m), m < 0, is a sum of the Epstein zeta functions ([20],[25])

ζQ(
√
m)(s) =

1

l

∑
r

∑′

m,n∈Z

1

Qr(m,n)s
,

where l is the number of units in Q(
√
m) and Qr(m,n) runs through all classes of forms of

discriminant ∆, where ∆ is a discriminant of Q(
√
m). The number of classes of forms of

discriminant ∆ is called a class number - h(∆). Therefore for the class number h(d) = 1

the Epstein zeta function becomes a multiple of Dedekind’s zeta function and therefore a

multiple of the Riemann zeta function. It is known, for d < 0, that

d = −3, −4, −7, −8, −11, −19, −43, −67, −163 (1)

are the only values for which h(d) = 1 ([3]). Hence, if ∆ corresponds to one of the 9 values

above, then h(d) = 1 and every non-trivial zero of the Riemann zeta function is also a zero

of the Epstein zeta function. With this in mind we consider a sum∑
1<γ<T

Z(%, α),

taken over non-trivial zeros of the Riemann zeta function. Where Z(s, α) is the special

Epstein zeta function Z(s,Q) with Q = m2 + α2n2. Similar sums were considered by many

authors ([5],[8],[9],[10]). In 1984 S.M. Gonek ([10]), by assuming Riemann hypothesis, proved,

for α any real number satisfying |α| ≤ 1
2
L,

∑
1≤γ≤T

|ζ(
1

2
+ i(γ + αL−1))|2 =

(
1−

(
sin πα

πα

)2
)
T

2π
log2 T +O(T log T ). (2)
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In 2000 R. Garunkštis and J. Steuding ([8]), under the assumption of the Riemann hypothesis,

for fixed α 6= 1, proved∑
1≤γ≤T

ζ(%, α) = −
(

Λ

(
1

α

)
+ L(1,−α)

)
T

2π
+O(T

1
2

+ 16
237

+ε), (3)

where

Λ(x) =

{
log p if x = pk, p is prime,k ∈ N,

0 otherwise

is the von Mangoldt Λ-function, and

L(s, α) =
∞∑
n=1

1

ns
exp(2πiαn).

For σ > 1, ζ(%, α) is the Hurwitz zeta function

ζ(%, α) =
∞∑
n=0

1

(n+ α)s
.

In 2010 R. Garunkštis, J. Kalpokas and J. Steuding showed ([9]), for ψ, χ Dirichlet characters

modQ and q accordingly, uniformly for Q � logA T and q � logB T , with A and B being

positive constants,∑
1<γχ≤T

L(%χ, ψ) =
T

2π
log

Tq

2π e
− δ(q,Q)L(1, χψ)ψ(−1)τ(ψ)

τ(χψ0)

ϕ(Q)

T

2π
(4)

+
L′

L
(1, ψχ)

T

2π
+O(T exp(−c log

1
4
−ε T )),

where δ(q,Q) = 1 if q|Q and δ(q,Q) = 0 otherwise. Symbol ψ0 is the principal Dirichlet

character modQ and c is a positive absolute constant. The main idea is to consider the sum

as a contour integral. Which can then be estimated by using variations of lemmas introduced

by Gonek in ([10]). It is, therefore, natural to expect similar results in the case of the Epstein

zeta function.

Let Gauss sum associated with a Dirichlet character χ modq be defined by

G(χ, k) =

q∑
a=1

χ(a) exp

(
2πi

ak

q

)
.

2. Results

Theorem 1. Let % = β + iγ be non-trivial zeros of the Riemann zeta function, then for α

fixed ∑
1<γ<T

Z(%, α)� T log3 T.
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Remark. It is important to note that according to the results (2), (3), (4) and Gonek’s method

we would expect to get something of the form∑
1<γ<T

Z(%, α) = M(T ) + E(T ),

where M(T ) is an explicit main term and E(T ) an error term. However, in the proof below

we obtained

M(T ) =
2α

ϕ(4α2)
G(χ0, 1) e

πi
2 T,

with G(χ0, 1) = 0 in our case. Furthermore, compared to (2), (3), (4), the bound E(T ) �
T log3 T of the error term is larger. This is because the functional equation (18) of Z(s, α)

already yields a quicker grow. Indeed, Z(s, α) ∼ t1−2σ log t, for σ < 0, compared to ζ(s) ∼
t
1
2
−σ log t, for σ < 0 (see (22)).

In view of (1), h(∆) = 1, only when

α =

√
3

2
, 1,

√
7

2
,
√

2,

√
11

2
,

√
19

2
,

√
43

2
,

√
67

2
,

√
163

2
.

Hence, for the above values of α, we have∑
1<γ<T

Z(%, α) = 0.

However, the result in Theorem 1 does not include such a connection with the class number

- h(∆). Therefore, in the future, we are planning to investigate a more difficult case. In

particular, the sum ∑
1<γ<T

|Z(s, α)|2

instead. Which, we hope, will distinguish cases, when h(∆) = 1 from cases, when h(∆) > 1.

3. Lemmas

Lemma 2. For sufficiently large A, uniformly in b,

1

2π

∫ B

A

(
t

2π

)b− 1
2

exp

(
it log

t

er

)
dt (5)

=

{ (
r

2π

)b
exp

(
πi
4
− ir

)
+ E(r, A) if A ≤ r ≤ B ≤ 2A,

E(r, A) if r < A or r > B,

where

E(r, A) = O(Ab−
1
2 ) +O

(
Ab+

1
2

|A− r|+ A
1
2

)
.

Proof. The proof is given by Gonek in [10].
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Lemma 3. Let 1 < a ≤ 1 + 1
log T

, then∑′

m,n∈Z

1

(m2 + α2n2)a
E(2π(m2 + α2n2), T )� T a−

1
2 (a− 1)−1,

where

E(r, A) = O(Aa−
1
2 ) +O

(
Aa+ 1

2

|A− r|+ A
1
2

)
.

Proof. By the Laurent expansion at s = 1, see [24],

Z(s, α) =
π
α

s− 1
+ A0 +O(s− 1), (s 7→ 1).

Hence, we have ∑′

m,n∈Z

1

(m2 + α2n2)a
� (a− 1)−1.

Therefore ∑′

m,n∈Z

1

(m2 + α2n2)a
O(T a−

1
2 )� T a−

1
2 (a− 1)−1.

To evaluate the second term we split the range of summation in the following three sets

A : |T − 2π(m2 + α2n2)| > T

2
,

B : T
1
2 ≤ |T − 2π(m2 + α2n2)| ≤ T

2
,

C : |T − 2π(m2 + α2n2)| < T
1
2 .

Then ∑
A

1

(m2 + α2n2)a
T a+ 1

2

|T − 2π(m2 + α2n2)|+ T
1
2

� T a+ 1
2

T
2

+ T
1
2

∑′

m,n∈Z

1

(m2 + α2n2)a

� T a−
1
2 (a− 1)−1;

∑
B

1

(m2 + α2n2)a
T a+ 1

2

|T − 2π(m2 + α2n2)|+ T
1
2

� T a+ 1
2

∑
T

1
2≤|T−2π(m2+α2n2)|≤T

2

1

(m2 + α2n2)a|T − 2π(m2 + α2n2)|
.

To continue, assume that

T
1
2 ≤ 2π(m2 + α2n2)− T ≤ T

2
.

Next, we split the sum over B further into � log T sums of the type

T + P ≤ 2π(m2 + α2n2) ≤ T + 2P,
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where T
1
2 � P � T . With this, we have

1

2π(m2 + α2n2)− T
� P−1.

Therefore ∑
T

1
2≤2π(m2+α2n2)−T≤T

2

1

(m2 + α2n2)a|T − 2π(m2 + α2n2)|

� P−1 log T
∑

T+P≤2π(m2+α2n2)≤T+2P

1

(m2 + α2n2)a
� T−a log T.

Similarly, we get the bound for the range T
1
2 ≤ T − 2π(m2 + α2n2) ≤ T

2
. Hence∑

B

� T a−
1
2 (a− 1)−1;

∑
C

T a+ 1
2

(m2 + α2n2)a(|T − 2π(m2 + α2n2)|+ T
1
2 )

� T a
∑

|T−2π(m2+α2n2)|<T
1
2

1

(m2 + α2n2)a

� T
1
2 .

This and bounds for the other ranges prove the lemma.

Lemma 4. Let 1 < a ≤ 1 + 1
log T

, then

1

2π

∫ T

1

(
t

2π

)a− 1
2

exp

(
it log

t

2πe

) ∑′

m,n∈Z

1

(m2 + α2n2)s
dt

=
∑

1≤m2+α2n2≤ T
2π

1 +O(T a−
1
2 log T ).

Proof. We follow the proof of the Lemma 5 of Gonek [10]. First, we note that

1

2π

∫ T

T
2

(
t

2π

)a− 1
2

exp

(
it log

t

2πe

) ∑′

m,n∈Z

1

(m2 + α2n2)s
dt (6)

=
∑′

m,n∈Z

1

(m2 + α2n2)a

(
1

2π

∫ T

T
2

(
t

2π

)a− 1
2

exp

(
it log

t

2πe(m2 + α2n2)

)
dt

)
,

where the inversion of summation and integration is justified by absolute convergence of the

series. Applying Lemma 2 with A = τ
2
, B = τ and r = 2π(m2 + α2n2), the left hand side of

(6) is

e
πi
4

∑
τ
4π
≤m2+α2n2≤ τ

2π

1 +
∑′

m,n∈Z

1

(m2 + α2n2)a
E(2π(m2 + α2n2), τ).
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By Lemma 3 the second term, in the last expression, is

� τa−
1
2 log τ. (7)

Therefore (6) is equal to

e
πi
4

∑
τ
4π
≤m2+α2n2≤ τ

2π

1 +O(τa−
1
2 log τ).

Let l be an integer such that T0 ≤ T
2l
< 2T0, where T0 is some fixed positive number. In view

of (7), with τ = T
2j−1 , for j = 1, . . . , l; we find

1

2π

∫ T

T

2l

(
t

2π

)a− 1
2

exp

(
it log

t

2πe

) ∑′

m,n∈Z

1

(m2 + α2n2)s
dt

= e
πi
4

∑
T

2l+1π
≤m2+α2n2≤ T

2π

1 +O(T a−
1
2 log T ).

Finally, note that

1

2π

∫ T

2l

1

(
t

2π

)a− 1
2

exp

(
it log

t

2πe

) ∑′

m,n∈Z

1

(m2 + α2n2)s
dt� 1

and ∑
1≤m2+α2n2≤ T

2lπ

1� 1.

This completes the proof.

Lemma 5. (Perron’s formula) Let

f(s) =
∞∑
n=1

an
ns
,

where an � ψ(n), ψ(n) non-decreasing and

∞∑
n=1

|an|
nσ
� (σ − 1)−α,

as σ 7→ 1. Then if c > 0, σ + c > 1, x is not an integer and N is the integer nearest to x,∑
n<x

an
ns

=
1

2πi

∫ c+iT

c−iT
f(s+ w)

xw

w
dw +O

(
xc

T (σ + c− 1)α

)
+O

(
ψ(2x)x1−σ log x

T

)
+O

(
ψ(N)x1−σ

T |x−N |

)
.

Proof. See Titchmarsh [23].
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4. Proof of the theorem

Let a = 1 + 1
log T

and define the contour C to be the rectangle with vertices a + i, a + iT ,

1− a+ iT , 1− a+ i. Then Cauchy Theorem gives∑
1<γ<τ

Z(%, α) =
1

2πi

∫
C

ζ ′

ζ
(s)Z(s, α)ds. (8)

Thus

1

2πi

∫
C

ζ ′

ζ
(s)Z(s, α)ds

=
1

2πi

(∫ a+iT

a+i

+

∫ 1−a+iT

a+iT

+

∫ 1−a+i

1−a+iT

+

∫ a+i

1−a−i

)
ζ ′

ζ
(s)Z(s, α)ds

=:
4∑
j=1

Ij.

In the half-plane σ > 1 of absolute convergence we may rewrite the integrand in the above

formula as a Dirichlet series and interchange summation and integration. Then using

ζ ′

ζ
(s) = −

∞∑
k=2

Λ(k)

ks
,

we get

I1 = − 1

2π

∞∑
k=2

∑′

m,n∈Z

Λ(k)

(k(m2 + α2n2))a

∫ T

1

dt

(k(m2 + α2n2))it
. (9)

Since k(m2 + α2n2) 6= 1, we have∫ T

1

dt

(k(m2 + α2n2))it
� 1.

Next, by the Laurent expansions at s = 1 (see [24]),

ζ ′

ζ
(s) =

−1

s− 1
+ γ +O(s− 1), (10)

Z(s, α) =
π
α

s− 1
+ A0 +O(s− 1), (11)

valid for s→ 1, we get
∞∑
k=2

∑′

m,n∈Z

Λ(k)

(k(m2 + α2n2))a
� ζ ′

ζ
(a)Z(a, 1)� log2 T.

Thus

I1 � log2 T. (12)

We continue by estimating integrals on the horizontal paths. For the logarithmic derivative

we have the partial fraction decomposition (see [14])

ζ ′

ζ
(s) =

∑
|t−γ|≤1

1

s− %
+O(log |t+ 2|) for − 1 ≤ σ ≤ 2, |t| ≥ 1. (13)
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In addition, by the Riemann-von Mangoldt formula ([23]) for the number of nontrivial zeros

of ζ(s),

N(T ) := #{% = β + iγ : 0 < γ ≤ T} =
T

2π
log

T

2πe
+O(log T ). (14)

Hence, we have

N(T + 1)−N(T )� (T + 1) log(T + 1)− T log T � log T. (15)

From the above it follows that the zeros % cannot lie too dense: for any given T0 > 1 there

exists a T ∈ (T0, T0 + 1] such that

min
γ
|T − γ| � 1

log T
. (16)

With regard to (15) and (16), and the partial fraction decomposition (13) it follows that

ζ ′

ζ
(σ + it) =

∑
|t−γ|≤1

1

σ + it− β − iγ
+O(log |t+ 2|)

�
∑
|t−γ|≤1

1√
(σ − β)2 + (t− γ)2

+O(log |t+ 2|)

� log |t+ 2|
∑
|t−γ|≤1

1 +O(log |t+ 2|)

� log2 |t+ 2|.

Thus

ζ ′

ζ
(σ + iT )� (log T )2 for − 1 ≤ σ ≤ 2, T ≥ 1. (17)

It is known that the Epstein zeta function associated with a positive definite binary qua-

dratic form Q satisfies the functional equation (see [18])(√
−D
2π

)1−s

Γ(1− s)ZQ(1− s) =

(√
−D
2π

)s
Γ(s)ZQ(s),

where D is a discriminant of Q. In our case D = −4α2, therefore(α
π

)1−s
Γ(1− s)Z(1− s, α) =

(α
π

)s
Γ(s)Z(s, α). (18)

Furthermore, recall Stirling’s formula

log Γ(s) = (s− 1

2
) log s− s+

1

2
log 2π +O

(
1

|s|

)
, (19)
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valid for |s| ≥ 1
2

and |args| < π − δ. Using Stirling’s formula for |t| ≥ 1

Γ(s)

Γ(1− s)
=

(σ + it)σ−
1
2

+it e−σ−it
√

2π

(1− σ − it) 1
2
−σ−it eσ−1+it

√
2π

(
1 +O

(
1

t

))
= (−itit)σ−

1
2

+it(
σ

it
+ 1)it(

σ − 1

it
+ 1)it e1−2σ−2it

(
1 +O

(
1

t

))
= t2σ−1+2it e−2it

(
1 +O

(
1

t

))
.

Hence
Γ(s)

Γ(1− s)
= t2σ−1 exp

(
2it log

t

e

)(
1 +O

(
1

t

))
, (20)

for σ fixed and |t| ≥ 1. Therefore from the Laurent expansion of the Epstein zeta function

Z(1 +
1

log T
+ it, α)� log T

and using functional equation (18), and asymptotic (20)

Z(− 1

log T
+ it, α) =

(α
π

) 2
log T

+2it−1 Γ(s)

Γ(1− s)
Z(1 +

1

log T
+ it, α)

� T log T.

Thus, an application of the Phragmen-Lindelöf principle yields the estimate

Z(s, α)� |t| log |t+ 2| for − 1

log T
≤ σ ≤ 1 +

1

log T
, |t| ≥ 1,

for |t| � T . Hence, together with estimate (17), we see that

I2, I4 � T (log T )3. (21)

It remains to estimate I3. We substitute s 7→ 1− s and get

I3 = − 1

2πi

∫ a+iT

a+i

ζ ′

ζ
(1− s)Z(1− s, α)ds.

Conjugating above gives

I3 = − 1

2πi

∫ a+iT

a+i

ζ ′

ζ
(1− s)Z(1− s, α)ds.

Next, we shall use the functional equations. To begin with, the functional equation for ζ(s)

can be written as ([23])

ζ(s) = ∆(s)ζ(1− s), (22)

where

∆(s) :=
(2π)s

2Γ(s) cos πs
2

.
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By this and the functional equation (18) we obtain

I3 =− 1

2πi

∫ a+iT

a+i

∆′

∆
(s)
(α
π

)2s−1 Γ(s)

Γ(1− s)
Z(s, α)ds

+
1

2πi

∫ a+iT

a+i

ζ ′

ζ
(s)
(α
π

)2s−1 Γ(s)

Γ(1− s)
Z(s, α)ds (23)

= : F1 + F2, say.

We will also require

tan
πs

2
= −i e−

πt
2

+σπi
2 − e

πt
2
−σπi

2

e−
πt
2

+σπi
2 + e

πt
2
−σπi

2

= i+O
(

e−πt
)
.

In addition, using Stirling’s formula (19),

Γ′

Γ
(s) = log(σ + it) +O

(
1

t

)
= log it+ log

(σ
it

+ 1
)

+O

(
1

t

)
= log t+

πi

2
+O

(
1

t

)
.

By the above estimates, we obtain that

∆′

∆
(s) = log(2π)− Γ′

Γ
(s) +

π

2
tan
(πs

2

)
= − log

t

2π
+O

(
1

t

)
,

for t ≥ 1. Therefore

F1 =

∫ T

1

(
− log

τ

2π
+O

(
1

τ

))
dJ, (24)

where

J =
1

2πi

∫ a+iτ

a+i

(α
π

)2s−1 Γ(s)

Γ(1− s)
Z(s, α)ds.

By the estimate (20) we get

J =
1

2π

∫ τ

1

(α
π

)2a+2it−1

t2a−1e2it log t
eZ(a+ it, α)dt (25)

+O

(
1

2π

∫ τ

1

|
(α
π

)2a+2it−1

t2a−1e2it log t
eZ(a+ it, α)|1

t
dt

)
.

Moreover, the estimate Z(a+ it, α)� log T implies that the second term in (25) is

O (τ 2a−1 log τ). Furthermore, we can rewrite (25) as

J = α2a−122a−1

∫ τ

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
dG +O

(
τ 2a−1 log τ

)
, (26)

where

G =
1

2π

∫ t

1

( u
2π

)a− 1
2

exp
(
it log

u

2πe

)
Z(a+ iu, α)du.



SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS 14

By Lemma 4,

G = e
πi
4

∑
1≤m2+α2n2≤ t

2π

1 +O(ta−
1
2 log T ). (27)

To continue with, note that ∑′

m,n∈Z

1

(m2 + α2n2)s
=
∞∑
k=1

r(k)

ks
, (28)

where

r(k) =
∑

k=m2+α2n2

1 ≤
∑

k=m2+n2

1� d(n)� nε,

and d(n) =
∑

d|n 1. The last two estimates are given in [11]. By Perron’s formula (Lemma

5) with ψ(n) = nε and s = 0,∑
1≤m2+α2n2≤ t

2π

1 =
1

2πi

∫ a+iU

a−iU
Z(s, α)

(
t

2π

)s
ds

s
+O

(
t1+ε log T

U

)
.

Next ,the calculus of residues yields

1

2πi

∫ a+iU

a−iU
Z(s, α)

(
t

2π

)s
ds

s
=

1

2πi

{∫ b−iU

a−iU
+

∫ b+iU

b−iU
+

∫ a+iU

b+iU

}
Z(s, α)

(
t

2π

)s
ds

s

+Res s=1Z(s, α)

(
t

2π

)s
1

s
,

where b = 1
2

+ 1
log T

. Therefore from the Laurent expansion of the Epstein zeta function (11)

Res s=1Z(s, α)

(
t

2π

)s
1

s
=

t

2α
.

Additionally, it was shown in [21] that, for t ≥ 10, we have

Z(σ + it, α)� t1−σ log t,

uniformly for 0 ≤ σ ≤ 1. By this∫ b±iU

a±iU
Z(s, α)

(
t

2π

)s
ds

s
� tU−

1
2 logU

and ∫ b+iU

b−iU
Z(s, α)

(
t

2π

)s
ds

s
� t

1
2U

1
2 logU.

By choosing U = t, we get ∑
1≤m2+α2n2≤ t

2π

1 =
1

2α
t+O(t

1
2 log t).

From this we obtain

G = e
πi
4

1

2α
t+O(t

1
2 log t).
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After inserting G, the main term of (26) is

α2a−122a−1

∫ τ

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
d

(
e
πi
4

1

2α
t+O(t

1
2 log T )

)
= α2a−122a−1 e

πi
4

1

2α

∫ τ

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
dt (29)

+O

(∫ τ

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
t−

1
2 log Tdt

)
.

Again by applying Lemma 2, the main term in (29) is

π

α
e
πi
2 (1− 1

α2
) +O(τ

1
2 ).

And the error term in (29) is

O(τa log τ).

Therefore

J = O(τa log τ).

Hence

F1 =

∫ T

1

(
− log

τ

2π
+O

(
1

τ

))
dJ(τ)

= − log
T

2π
J(T ) +

1

2π

∫ T

1

1

τ
J(τ)dτ +O

(
1

T
J(T ) +

∫ T

1

1

τ 2
J(τ)dτ

)
= O

(
T a log2 T

)
+O

(∫ T

1

τa−1 log τdτ

)
+O(T a−1 log T ) +O

(∫ T

1

τa−2 log τdτ

)
� T a log2 T

� T log2 T. (30)

Similarly,

F2 = α2a−122a−1

∫ T

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
ζ ′

ζ
(a+ iu)dG +O(T 2a−1 log2 T ),

where

G =
1

2π

∫ t

1

( u
2π

)a− 1
2

exp
(
it log

u

2πe

)
Z(a+ iu, α)du.

For this we already obtained an asymptotic bound

G = e
πi
4

1

2α
t+O(t

1
2 log t).
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Therefore the main term of F2 is

α2a−122a−1

∫ T

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
ζ ′

ζ
(a+ iu)d

(
e
πi
4

1

2α
t+O(t

1
2 log T )

)
= α2a−122a−1 e

πi
4

1

2α

∫ T

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
ζ ′

ζ
(a+ iu)dt (31)

+O

(∫ T

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
ζ ′

ζ
(a+ iu)t−

1
2 log Tdt

)
.

Obviously, the error term in (31) is � Tα log2 T . Moreover, by slightly modified Lemma 4

(for the proof see [10]), the main term in (31) is

α2a−122a−1 e
πi
4

1

2α

∫ T

1

(
t

2π

)a− 1
2

exp

(
it log

2tα2

πe

)
ζ ′

ζ
(a+ iu)dt

=
π

α
e
πi
2

∑
k≤T2α2

π

Λ(k) exp

(
−2πi

k

4α2

)
+O(T a−

1
2 log T ).

By collecting all the terms, we have

F2 =
π

α
e
πi
2

∑
k≤T2α2

π

Λ(k) exp

(
−2πi

k

4α2

)
+O(T 2a−1 log2 T ). (32)

We require the identity

1

ϕ(q)

∑
χ

χ(a)χ(n) =

{
1 if n ≡ a ( mod q),

0 otherwise,
(33)

where χ is the Dirichlet character modulo some fixed q, (a, q) = 1 and ϕ(q) is Euler’s totient

function. In view of (33), we can split the sum in (32) into two sums with (k, 4α2) > 1 and

(k, 4α2) = 1. If (k, 4α2) > 1, then

∑
k≤T2α2

π

(k,4α2)>1

Λ(k) exp

(
−2πi

k

4α2

)
= O

 ∑
k≤T2α2

π

Λ(k)

 = O(log T ).
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If (k, 4α2) = 1, then we can apply Dirichlet character identity (33) to get

∑
k≤T2α2

π

(k,4α2)=1

Λ(k) exp

(
−2πi

k

4α2

)

=
4α2∑
a=1

exp
(
−2πi

a

4α2

) ∑
k≤T2α2

π

(k,4α2)=1
k≡a mod 4α2

Λ(k)

=
1

ϕ(4α2)

∑
χ mod 4α2

4α2∑
a=1

exp
(
−2πi

a

4α2

)
χ(a)

∑
k≤T2α2

π

Λ(k)χ(k)

=
1

ϕ(4α2)
G(χ0,−1)

∑
k≤T2α2

π

Λ(k)χ0(k)

+
1

ϕ(4α2)

∑
χ mod 4α2

χ 6=χ0

G(χ,−1)
∑

k≤T2α2

π

Λ(k)χ(k),

where χ0 is the principle Dirichlet character mod4α2 and G is a Gauss sum defined as

G(χ,−1) =
4α2∑
a=1

exp
(
−2πi

a

4α2

)
χ(a).

Next, by Perron’s formula (Lemma 5)∑
k≤T2α2

π

Λ(k)χ(k)

= − 1

2πi

∫ c+iU

c−iU

L′

L
(s, χ)

(
T2α2

π

)s
ds

s
+

(
T log2 T

U

)
,

where L(s, χ) is the Dirichlet L function associated with Dirichlet character χ

L(s, χ) =
∞∑
n=1

χ(n)

ns
.

It is important to note, that for the principal character χ the function L(s, χ) has a simple

pole at s = 1 otherwise it is an entire function.

Next we follow [9]. The zero-free region of the function L(s, χ) is given by (for proof see

[19], chapter 8, Theorem 6.2)

L(s, χ) 6= 0 for σ > 1− c

log
3
4

+ε T
,



SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS 18

where c is an absolute positive constant. By the Cauchy residue theorem

− 1

2πi

∫ c+iU

c−iU

L′

L
(s, χ)

(
T2α2

π

)s
ds

s
=

− 1

2πi

{∫ b−iU

a−iU
+

∫ b+iU

b−iU
+

∫ a+iU

b+iU

}
L′

L
(s, χ)

(
T2α2

π

)s
ds

s

+ Res s=1
L′

L
(s, χ)

(
T2α2

π

)s
1

s
,

where we choose b = 1− c/ log
3
4

+ε T . Recall, that for the principal Dirichlet character χ0, we

have
L′

L
(s, χ0) = − 1

s− 1
+ γ +

∑
p|4α2

log p

ps − 1
+O(s− 1).

Hence

Res s=1
L′

L
(s, χ0)

(
T2α2

π

)s
1

s
= −T2α2

π

and

Res s=1
L′

L
(s, χ)

(
T2α2

π

)s
1

s
= 0,

if χ is not the principle Dirichlet character. As in the case of the Epstein zeta function, for

χ mod 4α2 and t ≥ 0 (see Prachar [19])

Nχ(t+ 1)−Nχ(t) := {%χ = βχ + iγχ : t < γχ ≤ t+ 1} ≤ log(t+ 2).

Thus, for any given t0 ≥ 1, there exists t, t ∈ (t0, t0 + 1], such that

min
γχ
|t− γχ| �

1

log t
. (34)

Further, we have the partial fraction decomposition

L′

L
(s, χ) =

∑
|t−γχ|≤1

1

s− %χ
+O(log T ) for− 1 ≤ σ ≤ 2, t ≥ 1. (35)

Similarly, as in the case (17), (34) and (35) gives

L′

L
(s, χ)� log2(T ) for− 1 ≤ σ ≤ 2, t ≥ 1. (36)

This yields ∫ b±iU

a±iU

L′

L
(s, χ)

(
T2α2

π

)s
ds

s
� T a

U
log2 U.

Similarly, in view of the estimate (36), we get∫ b+iU

b−iU

L′

L
(s, χ)

(
T2α2

π

)s
ds

s
� T b log2 U.

Next, by choosing U = T 1−b, we obtain

F2 = − 2α

ϕ(4α2)
G(χ0,−1) e

πi
2 T +O(T a−1 log2 T ). (37)
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Finally, combining the estimate (30) of F1 and the asymptotic (37) of F2

I3 = F1 + F2

= − 2α

ϕ(4α2)
G(χ0,−1) e

πi
2 T +O(T log2 T ).

After conjugating

I3 =
2α

ϕ(4α2)
G(χ0, 1) e

πi
2 T +O(T log2 T ).

Hence from this, (12) and (21)∑
1<γ<τ

Z(%, α) =
2α

ϕ(4α2)
G(χ0, 1) e

πi
2 T +O(T log3 T ).

This proves Theorem 1.

5. Summary

The sum of the special Epstein zeta functions was investigated in this paper. The special

Epstein zeta function is given by Z(s, α) =
∑′

m,n∈Z(m2 + α2n2)−s. We prove that, for non-

trivial zeros % = β+ iγ of the Riemann zeta function,
∑

1<γ<T Z(s, α)� T log3 T . The main

idea was to use Gonek’s method. Specifically, interpret the sum as a contour integral.
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