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SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS

ABSTRACT. We investigate the sum of values of the Epstein zeta function Z(s,«) at non-

trivial zeros of the Riemann zeta function ((s), for a? € N

1. INTRODUCTION

Let s = 0 4 it denote a complex variable. Let T" be a sufficiently large positive number
throughout this paper. First define the Riemann zeta function

(e 9]

C(s) = ni > 0.

n=1
The Riemann zeta function can be analytically continued throughout the whole complex plane
except the point s = 1, which is a simple pole with residue 1. Also denote the Riemann zeta
zeros in the critical strip 0 < ¢ < 1 by 0 = 8 + i7, the non-trivial zeros of the Riemann zeta
function. In addition, by (a,b) we mean the greatest common divisor of integers a and b.

The Epstein zeta function is given by

/ 1
Zg(s) = Z Qlm.n) o>1,

mne”L

where Q(m,n) = am? + bmn + cn? is a positive definite binary quadratic form with discrim-
inant A := > — 4ac < 0. The dash on the sign of summation indicates that the part where
m = n = 0 is omitted. Additionally, the Epstein zeta function has an analytic continuation
to all complex plane except the point s = 1, which is a simple pole ([I2]) with the residue

\/Q_LA ([24]). Moreover, the Epstein zeta function is closely related to another zeta function,

namely, Dedekind’s zeta function.

Let K be an algebraic number field, then the Dedekind zeta function of K is given by
1
Cr(s) = za: N(a)”

where the sum is over all ideals a C Ok, with Ok being the ring of integers of K. 91 is the
norm of an ideal defined as a number of elements of the quotient ring Ok /a . Note, when K is
a quadratic field, in other words K = Q(y/m), with m square-free, Dedekind’s zeta function
satisfies the identity ([4])

oy (8) = ¢(s)L(s, x),

where L(s,x) is a Dirichlet L function associated with Dirichlet character y

L(s,x) = %

3
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Let G be a group of reduced residue classes mod ¢, for some integer ¢q. For each character f

of G we define a function x as:

The function x is called a Dirichlet character mod ¢ ([2]). Also, we will call x, a principle

1 if (n,k)=1,
XOZ{ . ( )
n .

In addition, x(n) is a multiplicative function,

Dirichlet character if:

x(nm) = x(n)x(m) , for m,n € N.

On the other hand, Dedekind’s zeta function associated with a quadratic imaginary field
Q(v/m), m <0, is a sum of the Epstein zeta functions ([20],]25])

1 ! 1
()= T2 2 gy
where [ is the number of units in Q(v/m) and Q,(m,n) runs through all classes of forms of
discriminant A, where A is a discriminant of Q(y/m). The number of classes of forms of
discriminant A is called a class number - h(A). Therefore for the class number A(d) = 1
the Epstein zeta function becomes a multiple of Dedekind’s zeta function and therefore a

multiple of the Riemann zeta function. It is known, for d < 0, that
d=-3, -4, =7, =8, —11, —19, —43, —67, —163 (1)

are the only values for which h(d) =1 ([3]). Hence, if A corresponds to one of the 9 values
above, then h(d) = 1 and every non-trivial zero of the Riemann zeta function is also a zero

of the Epstein zeta function. With this in mind we consider a sum

> Zlo,),

1<y<T

taken over non-trivial zeros of the Riemann zeta function. Where Z(s,«) is the special
Epstein zeta function Z(s, Q) with Q = m? + a*n?. Similar sums were considered by many
authors ([5],[8],[9],[10]). In 1984 S.M. Gonek ([10]), by assuming Riemann hypothesis, proved,

for a any real number satisfying |a| < 3L,

S I + ity +aL )P = (1— (Smm) )%mg?ﬂomogm (2)

1<H<T
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In 2000 R. Garunkstis and J. Steuding ([8]), under the assumption of the Riemann hypothesis,
for fixed @ # 1, proved

Z o= (a(5) rro-o) growtEn,

where

logp if x = p* pis prime,k € N,
A(z) = .
0 otherwise

is the von Mangoldt A-function, and

— 1
Z— exp(2mian).

ns
n=1

For o > 1, ((p, @) is the Hurwitz zeta function

= 1
a):nz%(n—l—a)s'

In 2010 R. Garunkstis, J. Kalpokas and J. Steuding showed ([9]), for ¢, x Dirichlet characters
mod@ and ¢ accordingly, uniformly for Q < log* T" and ¢ < log? T', with A and B being

positive constants,

- a b T(Xtho) T
1<;<T Loy, V) = glog% —0(q, Q)L(1, x¢)yp(=1)7(¢) Q) o (4)
r T .
+ f(l,iﬂx)% + O(T exp(—clogs™=T)),

where §(¢q, Q) = 1 if ¢|@ and §(¢, Q) = 0 otherwise. Symbol 1) is the principal Dirichlet
character mod() and c is a positive absolute constant. The main idea is to consider the sum
as a contour integral. Which can then be estimated by using variations of lemmas introduced
by Gonek in ([I0]). It is, therefore, natural to expect similar results in the case of the Epstein
zeta function.

Let Gauss sum associated with a Dirichlet character y modg be defined by

k) = zq; x(a) exp (27”@) .

q

2. RESuLTS

Theorem 1. Let o = [ + iy be non-trivial zeros of the Riemann zeta function, then for a
fixed

Z Z(0,a) < Tlog®T.
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Remark. Tt is important to note that according to the results , , and Gonek’s method
we would expect to get something of the form

> Zle,a) = M(T) + E(T),

1<y<T

where M(T) is an explicit main term and E(T') an error term. However, in the proof below
we obtained

20 s
M(T) = WG(XQ, 1) e 2 T,

with G(xo,1) = 0 in our case. Furthermore, compared to (2)), (), [). the bound E(T) <
T'log® T of the error term is larger. This is because the functional equation of Z(s,a)

already yields a quicker grow. Indeed, Z(s,a) ~ t'727logt, for o < 0, compared to ((s) ~
t2=logt, for o < 0 (see [22)).

In view of (1], R(A) = 1, only when

V3
o= —
2

Hence, for the above values of a;, we have

Z Z(o,a) = 0.

1<y<T

V7 VII V19 V43 V67 /163
71777\/5727272727 2

However, the result in Theorem (1| does not include such a connection with the class number
- h(A).

Therefore, in the future, we are planning to investigate a more difficult case. In
particular, the sum

> 1Z(s,0)f

1<y<T

instead. Which, we hope, will distinguish cases, when h(A) =1 from cases, when h(A) > 1

3. LEMMAS
Lemma 2. For sufficiently large A, uniformly in b,

1 [P\ t
— (—) exp (it log —) dt
2 J4 \2m er

()" exp (% —ir) + B(r,A) if A<r<B<2A,
E(r,A) if r<Aorr>B,
where

) Ab+3

E(r,A)=0A"2)+0| ————+ | .
|A—r|+ Az

Proof. The proof is given by Gonek in [10].
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Lemma 3. Let 1 <a <1+ ﬁ, then

! 1 2 2.2 a—1 1
Y ey PR + i), T) < T R 1)
m,nEL

where

) Atz
E(r,A)=0A"2)+ 0| ——= | .
|A—r|+ Az
Proof. By the Laurent expansion at s = 1, see [24],

™

Z(s,0) = —2 ] + A+ 0(s—1), (s+—1).
S —
Hence, we have
! 1
— — 1) h
2 Gt ey < @D

Therefore

Z/ 1

ol a1l _
e g e ) < T a =D
m,ne”L

To evaluate the second term we split the range of summation in the following three sets

A: —

T
|T — 27(m?* + o*n?)| > 5

1 T
B: T2 <|T—2r(m?+a*n?)| < 3
C: |T —2r(m?+a’n?)| < Tz.
Then
1 Ta+% Ta+% ’ 1
< -
zA: (m2 + 04277,2)(1 ’T . 27r(m2 + oz2n2)| + T% % + T% n%:ez (mZ + 042712)‘1

1

< T 2(a—1)""

>
= (m? + a’n?)* |T — 21(m2 + a2n?)| + Tz
1
T2 .
< DY (% + 2n2)a|T — 2n(m? + a2r?))
T2 <|T—27(m2+a2n?)|<T

To continue, assume that

T
Tz <2n(m?+a’n?) =T < =

2
Next, we split the sum over B further into < logT sums of the type

T+ P <2r(m*+ a®*n®) < T + 2P,
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where T3 < P < T. With this, we have

< Pl
2r(m? + o2n?) =T

Therefore

1
Z (m2 + a2n2)|T — 27(m?2 + o2n?)|

1
T2 <2m(m24a2n?)-T<T

1
<<P_1 lOgT E m <<T_a10gT.
T+P<2m(m2+a2n2)<T+2P <m an

Similarly, we get the bound for the range 72 < T — 21(m?* + o®n?) < Z. Hence

> <«THa—1)7
B

Tots3

m? + a2n2)e(|T — 27(m? 4 o2n?)| 4+ T'2)

%

. 1
< T Z (mQ + a2n2)a

|T—2m(m24a?n?)|<T2
< T3.
This and bounds for the other ranges prove the lemma.

Lemma 4. Letl <a <1+ @, then

1
1 [Tt t / 1
= [ (= itlog —— S —;
27 Ji (277) P (Z ©8 271'6) mZnGZ (m? + a?n?)s
= Y 1+0(1" :logT).
1§m2+a2n2§%
Proof. We follow the proof of the Lemma 5 of Gonek [10]. First, we note that

1
1 [Tt t / 1
— — itlog — ———dt 6
2r Jr (27T> P (Z ©8 27re> Z (m? + a?n?)s (6)

m,ne’

() et )
B (m? +a?n?)e \ 2m Jr \ 27 P g27re(m2+a2n2) ’

mneZ

where the inversion of summation and integration is justified by absolute convergence of the
series. Applying Lemma [2 with A = Z, B = 7 and r = 27(m?* 4+ o*n?), the left hand side of

@ 1s
et Z 1+ Z/ ;CLE(QW(WL2 + a’n?), 7).

2 212
m a“n
=<m2+a?n2< m,neZ ( - )
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By Lemma 3| the second term, in the last expression, is

< 70 log .

(7)
Therefore @ is equal to

et Z 14+ 0(r"

T2 402n2< T
1m Smitafni< oo

—2 log 7).

Let [ be an integer such that Tj <

r < 2Ty, where Ty is some fixed positive number. In view
of ., with 7 =

..,l, we find

1
1 [Tt t / 1
- — itlog —— S
2m Jz (27r) P (Z °8 27re) z:ez (m? + a?n?)s
2 m,n

= e1 Z 14+ O(T* 2 logT).

ST Sm2ta?n?< 4

2J1,forj—l

dt

Finally, note that

T 1

1 [ [t \“2 t /
- _ it log ——
2m )y (271') P (Z o8 271'6) Z

—dtx 1
~, (m2 + a?n?)®
and

Z 1< 1.

1<m24a?n2<-L

2ln
This completes the proof.

Lemma 5. (Perron’s formula) Let

where a, < ¥(n), ¥(n) non-decreasing and

Z’n_ (0 —1)77,

as o — 1. Then if ¢ >0, o +c > 1, x is not an integer and N is the integer nearest to x,
an 1 c+iT

w

T xz°
— T d v
n<z n° 2m c—1iT f<8 * w) w v 0 (T<0- +c— 1)04)

Lo (¢(2x)x1T" logx) Lo <¢(N)x1") |

T|x — N|

Proof. See Titchmarsh [23].
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4. PROOF OF THE THEOREM

Let a=1+ @ and define the contour € to be the rectangle with vertices a + i, a + T,
1—a+1T,1—a+ i Then Cauchy Theorem gives

Z Z(p,a) = L C—/(S)Z(s,a)ds. (8)

1<y<t Qﬂ-l ¢C
Thus
1 ¢
— | >(8)Z d
5 [ E (s a)is
1 a+iT 1—a+:iT 1—a+i a-+1 C/
=— (/ +/ +/ +/ )—(S)Z(Saa)ds
2mi a+i a+iT 1—a+iT 1-a—i) G
4
= ZIJ
j=1

In the half-plane o > 1 of absolute convergence we may rewrite the integrand in the above

formula as a Dirichlet series and interchange summation and integration. Then using

ks

T dt
Z Z m2 _|_ a2n2)) /1 (k(mZ + a2n2))it ’ (9)

Since k(m? + a*n?) # 1, we have

/T dt -
v (k(m? -+ az))e

Next, by the Laurent expansions at s = 1 (see [24]),

we get

%(s) = 440G ), (10)
Z(s,oz)28§1+140+0(5—1), (11)

valid for s — 1, we get

Z Z < g(a)Z(a, 1) < log?T.

k= anEZ mQ—I—a n2)) C

Thus
J, < log®T. (12)

We continue by estimating integrals on the horizontal paths. For the logarithmic derivative
we have the partial fraction decomposition (see [14])
C/
() =

1
I —1 <o < > 1.
c g - + O(log |t +2|) for 1<o<2/0t>1 (13)

[t—I<1
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In addition, by the Riemann-von Mangoldt formula ([23]) for the number of nontrivial zeros

of ¢(s),
N(T) = #{o=B+iv: 0<v<T} = Llog—— + O(log T) (14)
=#{o= iy v=Th = log 5 ogT).
Hence, we have
NT+1)-NT)< (T+1)log(T+1)—TlogT < logT. (15)

From the above it follows that the zeros p cannot lie too dense: for any given Ty > 1 there
exists a T' € (Ty, To + 1] such that

1
in [T — — 16
min | 7|>>bgT (16)

With regard to and , and the partial fraction decomposition it follows that

¢ . 1
- t) = 1 t+2
Fo+i) > sy T Oesli+2])
[t—|<1
1
< E + O(log |t + 2|)

S Vo =B+t =)
< log |t + 2 Z 14+ O(log |t + 2|)

[t—I<1

< log? |t +2|.

Thus

!/

Z(U +iT) < (log T)* for —1<0<2,T>1. (17)

It is known that the Epstein zeta function associated with a positive definite binary qua-

dratic form @ satisfies the functional equation (see [1§])

v=D\"* VvV=D\’
(%) -9z = (¥52) 1620,
where D is a discriminant of (). In our case D = —4a?, therefore
a\ 1-s a\ S
(;) T(1—8)Z(1—s,a) = <;) T(s)Z(s, ). (18)

Furthermore, recall Stirling’s formula

1 1 1
logF(s):(s—§)logs—s+§log27r+0(m) , (19)
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valid for |s| > £ and |args| < m — 4. Using Stirling’s formula for [¢| > 1

Moo e S (1o (1)
T(1—s) (1—0¢—it)z o er—1+it\/2r n

= (citit) (T g 1y et (1 10 @)

it it

— t20'71+2it 6721'1‘, (1 + O (%)) ]

% = > Lexp (Qitlog é) <1 +0 (%)) , (20)

for o fixed and |t| > 1. Therefore from the Laurent expansion of the Epstein zeta function

Hence

Z(1+

1) log T
logT—l—z ,a) < log

and using functional equation , and asymptotic

1 , a\ mert2it-1  T'(s) 1 ,
2 e = (O)F TG g0 L
( log T +it,a) T I'(1l—s) (1+ logT +it,a)

L TlogT.

Thus, an application of the Phragmen-Lindelof principle yields the estimate

1
Z(S,OZ)<<|t|lOg|t+2| fOI' <U§1+m,|t|21,

a logT —
for |¢| < T. Hence, together with estimate ([17), we see that

39,74 < T(logT)?. (21)

It remains to estimate J3. We substitute s — 1 — s and get

1 a+iTcl
T3 = —— > (1-3)Z(1 —3,a)ds.
v= 5w | 0920 -5 s

Conjugating above gives
1 a+iT C,

= 2 (1—38)Z(1—s,a)ds.

(|

Next, we shall use the functional equations. To begin with, the functional equation for ((s)

can be written as ([23])

((s) = A(s)C(1 = s), (22)
where
(2m)°

Als):= 2T'(s) cos 52



SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS

By this and the functional equation ((18)) we obtain

= 1 a+iT A/ an 2s—1 F(S)
Wemga ) 3G oy
1 atil’ ¢ ay2s—1 T(s)
el Ol ) B e ACEVE
=: 81 + F2, say.

We will also require

it 0'7r7, 7t _ omi
2+ — e2 2

s e

tan — = —1 =i+0 (e ™
2 e_Lt+07r7, + e%t_d;m ( )
In addition, using Stirling’s formula ,
F/

1
- 1 -
F() og(o +it) + (t)
logzt—l—log( t+1>+0<115>

1
lt— Ol -
og+2+ (t)

By the above estimates, we obtain that

for t > 1. Therefore

T 1
31:/ (—log——i-O( ))d{i,
1 2m T

1 a-+iT 25—1 r
J=-= (g> #Z(s,a)ds.

210 Jous \T (1—2s)
By the estimate we get
1 [T o 2et2it-1
=5 ) ()

or Ji \m

T 2a+2it—1 ‘ 1
+0 ( / | (9) (2e-1e2itoe 7 | g, a)|—dt) .
2T s t

where

tza—lezitloggz(a +it, a)dt

Moreover, the estimate Z(a + it, &) < log T implies that the second term in (25)) is

O (7% !log 7). Furthermore, we can rewrite as

1
Tt \"? 2ta’
J= a2a_122“_1/ (—) exp (it log a ) d® + O (7’2“_1 log 7') ,
1\ 27 me

where

1 [t a3
&= %/1 (%) exp (it log %) Z(a + iu, a)du.

13

(23)

(24)
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By Lemma [4]
G=c? > 1+0(t"zlogT). (27)
1§m2+a2n2§%

To continue with, note that

> o~ L e 23)

m,ne’ k=1
where

r(k) =Y 1< > 1<d(n) <0,
k=m2+a?n? k=m2+n2

and d(n) = >_,, 1. The last two estimates are given in [11]. By Perron’s formula (Lemma

with ¢(n) = n® and s = 0,
1 [efiv t\"ds t'*elog T
1=— Z — | —4+ 0| ———).
2 i fyy 75 (%) s ' ( U )
1§m2+a2n2§%
Next ,the calculus of residues yields

1 o t\°d
P Z(S,O{) (_> _8:

21t ), 2 S

iU
—iU /b+zU /va+zU ¢ s dS
2m 2 s
+Res s= 1Z(S Oé) (%) g,

L. Therefore from the Laurent expansion of the Epstein zeta function (11])

logT
t\°1 ¢t
Res —1Z(s, — ] - = —.
es o= Z(s a)(27r) s 2«

Additionally, it was shown in [21] that, for ¢ > 10, we have

where b = % +

Z(o +it,a) < t'77 logt,

uniformly for 0 < o < 1. By this

b+il s
/ Z(s,a) <2i) % < tU 2 logU

aiU m
and bei
“ t\°d L
/ Z(s,a) (—) @ < t2Uz2logU.
b—iU 2 s

By choosing U = t, we get
1
Sooa= St O(t2 logt).
1§m2+a2n2§i @

From this we obtain .
T 1
®=c1—t+0(t2logt).
et —t+ (t2logt)
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After inserting &, the main term of is

1
Tt \"? 2ta’ i 1
042“_122“_1/ (—) exp <z’t log a ) d <e4—t + O(t% log T))
1 \2m e 2a

1
e 1 T t aii 2t 2
_ O!211—122(1—1 ed — ( ) exp (”[,t log @ ) dt (29>

2a Jy o me

1
Tt 2ta®\ 1
+0 (/ (—> exp (it log _a) t72 log Tdt> )
1\ 27 Te

Again by applying Lemma [2| the main term in (29)) is

NI

T e%i(l_a%) + O(12).
o

And the error term in (29) is

O(t%logT).
Therefore
J=0(r"logT).
Hence
4 1
5= / <_1ogi +0 (—)) d3(7)
1 2m T
T I 1 1
= —log —J(T) + — —J(7)d —J(T —3J(7)d
o859+ 5 [ Tamar 10 (ae+ [ Saar)
T T
=0 (T“ log? T) +0 (/ 7 log TdT) +O(T* ogT) + O (/ 72 log TdT)
1 1
< T%1og*T
< Tlog?T. (30)
Similarly,

T a—3 2 /

t 2 2t

To = o122t / (—) exp (it log _a) C—(a +iu)d® + O(T* log? T),
1\ 27 me ) C

where

1 [t a3
B = %/1 (%) exp (it log %) Z(a + iu, a)du.

For this we already obtained an asymptotic bound

7ri]. 1
®=c1—t+0(t2logt).
et o—t+0(t2 logt)
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Therefore the main term of §5 is

T ai% 2 ! s} 1 1
o192l / <2i) exp (zt log 2ta > CZ(a +iu)d (84 %t + O(t= log T))
1
_ O{211—122a—1 e’” / (27T) exp <
T t 2 CI
+0 / <%) exp < ) c > (a + iu)t~7 log Tdt
1

Obviously, the error term in is <« T*log*T. Moreover, by slightly modified Lemma
(for the proof see [10]), the main term in (31) is

1
s 1T\
2a 192a— 1 7
2 20 (27?) P (
T k a—L
=—e Z A(k)exp ( QWZE) +O(T* 21ogT).

T2a2
k<=2~

C/
— ) C(a+zu)dt (31)

) ij (@ +du)dt

By collecting all the terms, we have

S Ao (<2mipts) + O og' D) (32)
kg&oﬂ Oé
We require the identity
1 _ 1 if n=a (modyg),
S S(a)x(n) = (mod ) (33)
©(q) " 0 otherwise,

where x is the Dirichlet character modulo some fixed ¢, (a,¢) = 1 and ¢(q) is Euler’s totient
function. In view of (33), we can split the sum in into two sums with (k,4a?) > 1 and
(k,4a%) = 1. If (k,4a?) > 1, then

_k
Z A(k) exp (—2mr.éz> =0 Z Ak O(logT).

T T2
k< L202 k< 202
(k, 4a2)>1
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If (k,4a?) = 1, then we can apply Dirichlet character identity to get

k
Z Ak exp< 27”?042)

k<T2a
(k4a2) 1
4a?
a
:Zexp< 27”?«2) Z A(k)
a=1 k<T27Ta
(k,402)=1
k=a mod 4a?
Z Zexp( 2m—> Z A(k
Xmod 402 a=1 <T2a
1
- G(x,, 1 A(E) ok
) 3 Aol
1
¥ x mod 4a? < T2a%
X#X0 -

where Y is the principle Dirichlet character mod4a? and G is a Gauss sum defined as

402

G(x,—1) = Zexp ( 2#@%) X(a).

a=1
Next, by Perron’s formula (Lemma [5)

> Alk)x(k)

T2a2

1 [etvr LA T202\ * ds N Tlog®>T
= —— S -
21 ) L X T s U ’

where L(s,x) is the Dirichlet L function associated with Dirichlet character y

:ix(n)_

n=1

It is important to note, that for the principal character y the function L(s,y) has a simple
pole at s = 1 otherwise it is an entire function.

Next we follow [9]. The zero-free region of the function L(s,x) is given by (for proof see
[19], chapter 8, Theorem 6.2)

L(s,x) #0 for a>1—L,

log%JrE T



SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS 18

where ¢ is an absolute positive constant. By the Cauchy residue theorem

1 C”UL’ T20?
L, 7 (5) 5

atilUy T, T2a2\° ds
am{/a / /}f“)(w)?

T2a2 1
—I—Resle(sx)( ) o

™

where we choose b =1—¢/ log%” T. Recall, that for the principal Dirichlet character o, we

have / |
L 1 ogp
= - - O(s—1).
(5. x0) 5_1”*Zps_1+ (s —1)
plda?
Hence ) ,
L T202\° 1 T2«
Res ,—1— (s, Z— _
5 s=1 L (S XO) ( T ) S s
and ,
L T20%\° 1
R s=1757 \9 - = 07
es s—1 L(S X) ( - > .

if x is not the principle Dirichlet character. As in the case of the Epstein zeta function, for
x mod 4a? and t > 0 (see Prachar [19])

Ny(t+1) = Ny(t) :=={oy =By + i : t <~ <t+1} <log(t+2).

Thus, for any given ¢, > 1, there exists t, t € (to, to + 1], such that

1
in |t — —. 34
rr;in\ Yy > log (34)

Further, we have the partial fraction decomposition

L/
f(saX) = Z —

S
o<1 © T &

Similarly, as in the case , and gives

+O0(logT) for—1<o0<2, t>1. (35)

/

f(s,x) <log*(T) for—1<0<2, t>1. (36)
This yields
b+iU T 2\ 8 a
L T2x ds T
— — < —log* U.
/aiiU L (8:) ( @ ) § U ¢

Similarly, in view of the estimate , we get

b+iU 11 2

L T202\° d
/ —(&x)( a) —S<<Tb10g U.
b—iU L

T
Next, by choosing U = T"'~* we obtain
2a

T =i a—17..2
§2 = 80(4042)G(X07 e2T+O(T* " logT). (37)
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Finally, combining the estimate of §1 and the asymptotic of Fo

J5 =51+ 3
2 (R0 —1) R T + O(T1ogT)
= _ —1e 0 )
@(40[2) XOJ g
After conjugating
205 )
J3= —G(x0,1)e2T +O(TlogT).

Hence from this, and

2 T
> Z(o,a) = 2 G(x0. 1) ¥ T + O(Tlog* T).

2
1<y<t 90(404 )

This proves Theorem 1.

5. SUMMARY

The sum of the special Epstein zeta functions was investigated in this paper. The special

Epstein zeta function is given by Z(s,a) = Y (m? + a?n?)~%. We prove that, for non-

m,neL

trivial zeros o = B+ i~ of the Riemann zeta function, 21<7<T Z(s,a) < Tlog®T. The main

idea was to use Gonek’s method. Specifically, interpret the sum as a contour integral.

1]

REFERENCES

R.F. ARENSTORF AND L.L. BREWER, A study of the motion of zeros of the Epstein zeta function
associated to m? 4 y?n? as y varies from 1 to v/6, Computers & Mathematics with Applications, 26(5)
(1993), 57-69.

T.M. AposToL, Introduction to analytic number theory. Springer-Verlag, New York, 1976.

H. CoHEN, A Course in Computational Algebraic Number Theory. Springer-Verlag, Berlin, Springer-
Verlag.

H. CoHEN, Number theory, Volume II: Analytic and Modern Tools. Springer-Verlag, New York, 2007.
J.B. CONREY, A. GHOSH, S.M. GONEK, Simple zeros of the Riemann zeta-function, Proceedings of the
London Mathematical Society, 76(3) (1998), 497-522.

H. DAVENPORT, Multiplicative Number Theory, 2nd ed., Springer-Verlag, New York, 1980.

A. FuJii, On a mean value theorem in the theory of the Riemann zeta function, Commentarii Mathe-
matici Universitatis Sancti Pauli, 44(1) (1995), 59-67.

R. GARUNKSTIS, J. STEUDING, On the Distribution of Zeros of the Hurwitz Zeta-Function, Mathematics
of Computation, 76(257) (2007), 323-337.

R. GARUNKSTIS, J. KALPOKAS, J. STEUDING, Sum of the Dirichlet L-function over nontrivial zeros of
another Dirichlet L-function, Acta Mathematica Hungarica, 128(3) (2010), 287-298.

S. M. GONEK, Mean values of the Riemann zeta function and its derivatives, Inventiones Mathematicae,
75(1) (1984), 123-141.

G. H. Harpy, E. M. WRIGHT , An Introduction to the Theory of Numbers, 4th ed., Clarendon press,
Oxford, 1979.

D.A. HEJHAL, Zeros of Epstein zeta functions and supercomputers, Proceedings of the International
Congress of Mathematicians, 2 (1987), 1362-1384.



[13]
[14]
[15]
[16]

[17]

[23]
[24]

[25]

SUM OF THE EPSTEIN ZETA OVER THE RIEMANN ZETA ZEROS 20

D.A. KaptaNn, Y. KaraBULUT, C.Y. YILDIRIM, Some mean value theorems for the Riemann zeta-
function and Dirichlet L-functions, Commentarii Mathematici Universitatis Sancti Pauli, 60(1-2) (2011),
83-87.

A.A. KARATSUBA, S.M. VORONIN, The Riemann zeta-function, de Gruyter, New York, 1992.

N. LAAKSONEN, Y.N. PETRIDIS, On the value distribution of two Dirichlet L-functions, Functiones et
Approzimatio. Commentarii Mathematici, 58(1) (2018), 43-68.

E. LanpAU, Uber Imaginir-quadratischer Zahlkorper, Nachrichten von der Gesellschaft der Wis-
senschaften zu Géttingen, Mathematisch-Physikalische Klasse, 1918 (1918), 285-295.

W. G. Nowak, Primitive lattice points inside an ellipse, Czechoslovak Mathematical Journal, 55(2)
(2005), 519-530.

H. S. A. POTTER, Approximate equations for the Epstein zeta function, Proceedings of the London
Mathematical Society, 36(1) (1934), 501-515.

K. PRACHAR, Primzahlverteilung, Springer-Verlag, Wiena, 1957.

H. S. A. PoTrTER, E. C. TITCHMARSH, The Zeros of Epstein’s Zeta-Functions, Proceedings of the
London Mathematical Society, 39(1) (1935), 372-384.

A. SANKARANARAYANAN , Zeros of quadratic zeta-functions on the critical line, Acta Arithmetica, 69
(1995), 21-38.

J. STEUDING, On the Value Distribution of Hurwitz Zeta-Functions at the Nontrivial Zeros of the
Riemann Zeta-Function, Abhandlungen aus dem Mathematischen Seminar der Universitdt Hamburg,
71(1) (2001), 113-121.

E. C. TrrcHMARSH, The theory of the Riemann zeta-function, 2nd ed., revised by D.R. Heath-Brown,
Oxford University Press, Oxford, 1986.

Z. NAN-YUE & K. S. WiLLIAMS, On the epstein zeta function, Tamkang Journal of Mathematics, 26(2)
(1995), 165-176.

D. ZAGIER, A Kronecker limit formula for real quadratic fields, Mathematische Annalen, 213(2) (1975),
153-184.



	1. Introduction
	2. Results
	3. Lemmas
	4. Proof of the theorem
	5. Summary
	References

