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INTRODUCTION

The plasma state is often referred to as the fourth state of matter. It
might seem strange, but 99.99 % of the visible Universe is in the state
of plasma. The Earth and its lower atmosphere are shielded from the
charged plasma particles and radiation of solar wind. The outer layers of
the Sun and stars, in general, are made up of matter in an ionised state.
The ionised state of the interstellar gas is formed from winds of stars and
stellar radiation [1].

Any charged gas cannot be called plasma. Plasma is a quasi-neutral
gas of charged and neutral particles, which dynamics is driven by electro-
dynamic forces. Particles of plasma gas exhibits collective behaviour [2].
Positive or negative electrical charge can be gained by atoms and mo-
lecules of plasma. This process is called ionisation. Electromagnetic
properties of gas appear on the scene at relatively modest degrees of
ionisation. Interplanetary space and other cosmic plasmas show a wide
range degree of ionisation: from a fraction of a per cent to totally ionised
gas [1]. Furthermore, extensive temperature and density ranges that
extend over many orders of magnitude can be observed in the plasma.
What is more, plasma does not break or disintegrate when heated to
extreme temperatures or when strong electromagnetic fields are applied.

Great interest for the development of plasma physics over the second
half of the twentieth century came from research into controlled thermo-
nuclear fusion as well as from astrophysical and space plasma phenomena.
Starting in the late 1980s, a new application of plasma physics appeared –
plasma processing – a critical aspect of the fabrication of the tiny, complex
integrated circuits used in modern electronic devices. This application is
now of great economic importance [3].

Today plasma is recognized as the vital element to understanding
the generation of magnetic fields in planets, stars, and galaxies. These
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phenomena occur in stellar atmospheres, in the interstellar and inter-
galactic media, in radio galaxies and quasars, and inside active galactic
nuclei. Also, to some degree, it affects the acceleration and transport of
cosmic rays [4]. The chemical composition of these objects can provide
significant insight into the nucleosynthetic histories of stellar populations
and chemical evolution of galaxies and universe. To derive accurate
elemental abundances, ionisations stages of elements in distant objects
have to be evaluated.

With the use of ultrahigh power lasers that generate high fluxes of
energetic photons, electrons, protons and ions used for the study of nuclear
and elementary particle physics applications, new research branches were
opened. Furthermore, today, the theoretical and experimental study of
the electron-impact ionisation of low charged moderately heavy atomic
ions remains a demanding scientific challenge. Addressing the challenge
will lead to a better understanding of many low temperature astrophysical
and laboratory plasmas.

Recent ultrafast spectroscopy experiments [5, 6] show a need for
highly accurate theoretical data about the atom or ion photoionisation.
That data covers very accurate energy levels, absorption cross sections,
excitation lifetime and Auger decay process paths, and effective lifetime
for transitions.

The study of plasma from the atomic physics point of view is interested
in three general topics. One of them concentrates on the influence of
the plasma environments on the atomic potential, which affects bound
electron wave functions and atomic structure. The other topic deals with
collisional processes in plasma among particles: electron - ion, ion - ion.
The charge and excited states distribution are determined by ionisation
and excitation of the ions. The third topic investigates emission and
absorption spectra in plasma.

Spectroscopy is one of the most powerful tools for understanding the
properties of plasma. Moreover, spectral emission of the plasma can
provide information about temperature and density of the emitting envir-
onment. However, it is important to understand the underlying atomic
physics, that define emission spectra. The intensities of the spectral
lines are determined by charge state distribution in the plasma. Electron
impact-ionisation and electron-ion recombination processes define the
charge state distribution for a plasma in collisional ionisation equilibrium.
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There is a high demand for ionisation cross section, Maxwellian rate
coefficients, and often only theoretical calculations can provide that data
due to limitations of experimental techniques. By using big data tools,
it is now possible to overcome the heavy calculations limit. Distributed
calculation systems combine multiple hardware resources into a single
logical unit and simplify usage for scientific purposes.

To understand astrophysical environments, thermonuclear plasma
and its dynamics require reliable atomic data, and electron-ion collisions
are among the essential processes in these environments [7]. In this
work, a study of single-electron impact ionisation processes involves three
different materials: iron, selenium and tungsten. We selected to study the
Se3+ and Fe3+ ions and a group of tungsten ions with different ionisation
degrees: W5+, W25+ and W26+.

Lines of selenium were observed in the spectra of stars [8, 9] and
of astrophysical nebulae [10–12]. Selenium is used in semiconductor
manufacturing, and the related properties are investigated quite well.
Additionally, selenium is used for the production of glass, solar cells,
batteries, etc. Recently, experimental cross sections by electron impact
for the Se2+ and Se3+ ions have been observed for the first time using
the dynamic-crossed-beams technique [13, 14]. Previous experimental
studies of selenium ions’ ionisation have been focused on interaction with
photons [15–18].

First theoretical results for electron-impact single- and double-ionisa-
tion cross sections for the Se2+ and Se3+ ions were calculated using a
configuration-average distorted-wave (CADW) method [19]. Essential
discrepancies among theoretical and experimental cross sections for single
ionisation of Se3+ have been obtained for lower and higher energies of
the collisional electron. Later, cross sections were investigated using the
level-to-level distorted-wave (LLDW) method for the ground and excited
configurations [20], having an aim to explain the obtained discrepancies
in the CADW calculations. Their study determined that the excited
[Ar]3d104s24d configuration with 15 % of population was present in the
ion beam. One of the recent theoretical works related to double- and
triple-ionisation of Se2+ and Se3+ was done by Koncevičiūtė at al. [21,22].
They studied the electron-impact triple ionisation process of the Se2+ ion
by considering the Auger cascade, following the creation of the inner shell
vacancy and the direct double-ionisation process with subsequent autoion-
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isation. In addition, double- and triple-ionisation processes for the Se3+

ion were studied by performing level-to-level calculations: the influence
of ionisation-autoionisation (IA), excitation double-autoionisation (EDA),
DDI, and resonant- excitation triple-autoionisation (RETA) processes to
DI were analysed. The provided results showed the importance to con-
sider combination of several different processes affecting final ionisation
cross sections results.

Certainly iron is widely used in numerous sectors such as electronics,
construction, building, manufacturing and automotive. It is the most
abundant element in Earth’s core. Bright iron lines are observed in spectra
of astronomical objects. Moreover, iron lines account for about 30 % of
the lines in the solar spectrum. The iron ions are present as impurities in
tokamak plasma. Furthermore, emissions from impurities remove energy
from plasma and thus reduce the fusion field. It is important to control
amount of impurities in the plasma of the thermonuclear reactors.

The configuration average distortion wave approximation was used
to analyse electron impact ionisation cross sections in Fe3+ [23]. The
cross sections for 3p→ 3d excitation with subsequent autoionisation were
studied in their work.

The experimental cross sections for the Fe3+ ion were observed by
employing the animated crossed-beams technique [24]. It is important to
note that, other excitation-autoionisation (EA) channels corresponding to
excitations to the higher shells were not considered in these calculations
[23,25].

The onset of cross sections below the single ionisation threshold
demonstrated the presence of metastable fraction in the ion beam. It was
suggested that contribution from the levels of the ground configuration
can be associated with the metastable fraction. However, the influence of
the metastable ions to the measured cross sections was not investigated
previously.

The first measurements for single ionisation by electron impact of
W+ were presented by Montague and Harrison [26] using the crossed
ion and electron beams technique. In addition, tungsten ions are other
important impurity in plasma of tokamak devices. Tungsten, due to its
low sputtering rate, is planned to be used in future large fusion devices
such as ITER and DEMOnstration power plant [27–29]. However, some
tungsten ions manage to reach central regions of reactor and their radi-
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ation threatens to terminate the ignition reaction. Modelling in formation
of spectral lines in tokamak plasma is required to determine charge state
distribution. Stenke et al. [30] provided data for the tungsten ions from
W+ to W10+. It should be noted that the measurements demonstrated
the presence of the metastable fraction in ion beam. The Lotz formula [31]
was used to compare with measurements. The theoretical cross sections
were ∼40 % below the experimental data for the values. The difference
can be explained by the missing EA contribution.

The experimental data showed good agreement with the CADW
calculations [32]. These calculations determined the single ionisation
cross sections for the direct and indirect processes in W4+, W5+ and
W6+. However, contributions from the metastable levels of the ions to
the single ionisation cross sections were not investigated.

The CADW calculations were extended for the tungsten ions in all
charge states up to 73. A statistical model, based on the idea of collective
excitations of atomic electrons with the local plasma frequency, was
employed by Demura et al. [33] for tungsten ions up to W63+. The
Thomas-Fermi model is used to describe electron-density distribution in
their calculations. However, this approach did not provide good agreement
with measurements for many ions. It should be noted that this approach
may be successfully used for a first estimate of cross sections over a wide
range of ions. The detailed LLDW calculations of the single ionisation
cross sections have been carried out for the W5+ ion [34]. Nonetheless,
these calculations were missing contributions from the metastable fraction.
It was noticed that excitations to higher shells (n > 8) led to overestimated
values compared to the measurements. The reason of the discrepancy
between theoretical data and experimental values was not identified.

It is well known that DW approach often provides overestimated values
of cross sections for neutral atoms and near neutral ions. Previously,
the binary-encounter-dipole (BED) and binary-encounter-Bethe (BEB)
models were developed for the direct process to determine cross sections
for these ionisation stages [35]. The scaled plane-wave-Born cross sections
were introduced to deal with excitation process [36]. This led to good
agreement with experimental data [37, 38]. The BEB model was used
previously to analyze electron impact cross sections for the neutral W
and the W+ ion [39]. Later, the same ions were investigated using the
Coulomb-Born method with exchange and normalisation [40]. Kwon
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et al. [41] used the FAC [42] for W+ ion by performing the LLDW
calculations. The R-matrix method was employed to study EA in addition
to collisional ionisation [43].
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The Main Goal of this Work

This work aims to study the electron-impact single ionisation process
using the DW approach and suggests accurate and effective methods to
provide theoretical cross sections.

The Main Tasks of the Thesis

1. Expansion of programs to calculate single ionisation cross sections:

• program to calculate autoionisation branching ratios for levels;

• program to calculate cross sections for excitation autoionisation
process.

2. Investigation of direct single ionisation processes:

• study of collisional ionisation by electron impact using the
DW approach;

• study of collisional ionisation cross sections in the potentials
of ionising and ionised ions;

• study of the influence of electron-impact DDI process on the
single direct ionisation cross sections.

3. Investigation of indirect single ionisation processes:

• study of convergence for the EA cross sections;

• study of excitations to subshells with different orbital quantum
numbers;

• study of the influence of autoionisation branching ratio;

• study of the REDA process.

4. Analysis of the scaled DW cross sections:

• study for collisional ionisation;

• study for the EA process.
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The Scientific Novelty

1. New data of high accuracy became available for studies of charge
distribution in plasma.

2. Correlation effects were investigated for the Fe3+ and W5+ ions,
and new findings were presented.

3. The experimental data for the Se3+, Fe3+ and W5+ ions were
explained for the first time.

4. Scaling functions were applied to explain measurements of Fe3+.

5. Influence of the DDI process was demonstrated in the theoretical
study of single ionisation cross sections.

6. The REDA process was studied for the Se3+ ion for the first time.

Statements to Defend

1. Excitations to the higher-nl shells (9 ≤ n ≤ 25) increases the EA
cross sections by ∼40 % for W25+.

2. The difference of approximately 10 % among the levels of the ground
configuration of W26+ is obtained for MRC.

3. Correlation effects diminish electron-impact single ionisation cross
sections for near-neutral ions: Fe3+, W5+.

4. Scaling of the DW cross sections can be used to explain the experi-
mental data for the ionisation of Fe3+.

5. DDI diminishes single ionisation cross sections by 4 % for Se3+ .
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Personal Contribution

1. Performed research tasks.

2. Performed calculations tasked by supervisor.

3. Modified code of programs used by the research team.

4. Developed programs, database procedures to calculate ionisation
cross section.

5. Implemented big data technology that allowed calculation of previ-
ously impossible ionisation cross sections.

6. Delivered ideas and roadmaps to achieve scientific goals.

7. Delivered technological roadmaps to unlock more detailed ionisation
calculations.

Thesis Outline

The doctoral dissertation has the following structure. The first chapter
introduces the research problem, actuality, scientific novelty, primary goal
and tasks of study, and defence statements. The second chapter describes
the method used to calculate ionisation cross sections, and is divided into
several parts. First, the formulas to calculate total ionisation cross sections
are presented, and later the deep dive is taken into the construction of
wave functions, calculations of radiative and Auger transitions.

We present the DW approximation used in calculations. The REDA
process is described. Later sections introduce formulas for scaling factors.

One of the sections is dedicated to correlation effects while the last
one in the theory part is dedicated to the modelling of the metastable
fraction. The results chapter was divided into sections according to the
statements to defend. Excitations to higher-nl shells are researched in
tungsten, selenium and iron ions. Afterwards we discuss correlation effects
following cross section scaling. Finally, we present the results describing
contribution from the DDI process to the single ionisation cross sections.
The last chapter presents the main conclusions.
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THEORY

Electron Impact Ionisation

Electron impact single ionisation is one of many ways for an atom or
ion to lose an electron. It happens when a free electron collides with an
electron bound to an atom or ion. Collision outcome can be single direct
ionisation or atom/ion excitation. The first one is a complete process
and the second one has multiple ways to end.

One of the major tasks in this work is to calculate ionisation cross
sections. In order to do that, it is necessary to understand various
theoretical cross section calculation methods, starting with a simple cross
section definition.

The probability of single electron-impact ionisation is expressed as
a total ionisation cross section of underlying processes. We begin with
this equation, and we will go all the way down to single calculation steps.
The starting point is this formula expression:

σi(ε0) =
∑
j

σij(ε0). (1)

Here σi(ε0) is the total ionisation cross section at the free electron energy
ε0 and σij(ε0) is total ionisation cross section for atom/ion ionisation
process from level i to level j depended on free electron energy.

Ionisation cross section for transition from one energy level to another
can be expressed as:

σij(ε0) = σDI
ij (ε0) + σII

ij(ε0), (2)

σDI
ij (ε0) describes DI from level i to level j and σII

ij includes all indirect
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ionisation processes, for example, such as EA and REDA.
DI cross section by electron impact can be written in terms of the

collision strength Ω [42]:

σDI
ij (ε0) =

1

k2
0gi

∫ ε0−I
2

0
Ωij(ε0, ε)dε, (3)

where ε0 and k0 is the energy and kinetic momentum of the incident
electron, respectively, ε is the energy of the ejected electron, I is the
ionisation energy, gi is the statistical weight of initial state. Ω includes
summation over the partial waves of the incident and scattered electrons
[42].

Relation for kinetic momentum of the incident electron to his energy
ε0 is shown by this formula:

k2
0 = 2ε0

(
1 +

α2

2
ε0

)
, (4)

where α is the fine structure constant.
There are several indirect ionisation processes studied in this work.

The second part of formula (2) can be written as:

σII
ij(ε0) = σEA

ij (ε0) + σREDA
ij (ε0), (5)

where σEA
ij (ε0) is a cross section of the EA process from level i to level j

and σREDA
ij (ε0) is the REDA process cross section for the same levels.

The EA process starts by excitation from level i to level k which can
decay through the Auger transitions to the level j of the next ionisation
stage. A cross section of this kind of process can be expressed by equation:

σEA
ij (ε0) =

∑
k

σCE
ik (ε0)Ba

kj , (6)

where σCE
ik (ε0) corresponds to the CE cross section at the electron energy

ε0. Ba
kj is the autoionisation branching ratio, which is expressed as

following:

Ba
kj =

Aakj∑
mA

a
km +

∑
nA

r
kn

, (7)

where Aakj is the Auger transition probability from level k to level j and
Arkn is the radiative transition probability from level k to level n.
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Total REDA cross section is written as:

σREDA
ij (ε0) =

∑
kl

σDC
ik (ε0)Ba

klB
a
lj , (8)

where σDC
ik (ε0) is the cross section for the dielectronic capture (DC) to

the level k of the A(q+1)+ ion [7]. Bkl and Blj are branching ratios for
ion transition processes from level k to level l (A(q)+) and then to level j
(A(q−1)+).

Certain plasma modeling tasks require MRC data. MRCs are calcu-
lated using the electron-impact ionisation cross sections

αij(Te) =

(
1

kBTe

) 3
2
(

8

meπ

) 1
2
∫ ∞

0
ε σij(ε) exp(−

ε

kBTe
)dε. (9)

Here, kB is the Boltzmann constant, me is the electron mass and σij(ε)
is the cross section for the transition from the level i to the level j.

Wave Functions

At first we need to construct each of atom/ion state initial and final
wave functions by starting with following expression [44,45]:

Ψα =

NCSF∑
i

ci(α)Φi, (10)

Ψ and Φ are approximate and basis ion wave functions, also known as
atomic state and configuration state functions (CSFs), respectively.

CSFs are formed by taking linear combinations of the orbitals to
obtain eigenfunctions of the total angular momentums operators. An
orthonormal set of CSFs can be created by varying the occupation numbers
in configurations and coupling schemes.

Mixing coefficients ci(α) are retrieved from the Hamiltonian H diag-
onalisation solving equation for energy state:

Eα =

∫
Ψ†αHΨαdτ =

∑
r,s

c∗r(α)

∫
Φ†rHΦsdτ cs(α) = c†αHcα. (11)

We use Dirac-Fock-Slater (DFS) Hamiltonian which includes relativ-
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istic effects and is written as [44]:

H =

N∑
i=1

HD(i) +

N∑
i,j
i<j

2

rij
, (12)

Here, HD(i) is the single-electron Dirac Hamiltonian, rij is the distance
between two electrons, which interaction is considered.

The basis states Φi, referred as CFSs, are antisymmetric sums of the
products of N one-electron Dirac spinors φnkm

φnκm =
1

r

(
Pnκ(r)χκm(Θ,Φ, σ)

iQnκ(r)χ−κm(Θ,Φ, σ)

)
, (13)

where n is the principal quantum number, κ is the relativistic angular
quantum number, Pnκ(r) and Qnκ(r) are the large and small components
of radial wave function, respectively. Θ and Φ are spherical coordinate
system’s polar angle and azimuthal angles, and σ is the electron spin
respectively.

Radial functions Pnκ(r) and Qnκ(r) are required to be orthonormal
within each κ symmetry as follows:∫ ∞

0
[Pn′κ(r)Pnκ(r) +Qn′κ(r)Qnκ(r)] dr = ρn′n. (14)

Here, ρn′n is the Kronecker delta. χκm is the spinor spherical harmonic
in the lsj coupling scheme:

χκm(r) =
∑
ml,ms

〈lmlms|jm〉Ylml(Θ,Φ)ξms(σ), (15)

where 〈lmlms|jm〉 is eigenstates, Ylml is spherical harmonic function and
ξms is a spin state function. In order to determine the Pnκ and Qnκ, one
has to solve the coupled Dirac equation for local central field V (r):(

d

dr
+
κ

r

)
Pnκ = α

(
εnκ − V +

2

α2

)
Qnκ(

d

dr
− κ

r

)
Qnκ = α (−εnκ + V )Pnκ

(16)

here α is the fine structure constant and εnκ are the energy eigenvalues
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of the radial orbitals.

Equation of the DF [45] method is rewritten to match the form and
units of formula (16):(

d

dr
+
κa
r

)
Pa = α

(
2

α2
− εa +

Ya
r

)
Qa −

χ
(P )
a

r
,(

d

dr
− κa

r

)
Qa = α

(
εa −

Ya
r

)
Pa −

χ
(Q)
a

r
,

(17)

where subscript a is a subshell occupation number and:

χ(P )
a = X(P )

a +
αr

q̄a

∑
b 6=a

εabQb,

χ(Q)
a = X(Q)

a − αr

q̄a

∑
b6=a

εabPb.
(18)

The direct potential is

Ya(r) = −rVnuc(r)−
∑
b,k

yk(ab)Yk(bb; r), (19)

Vnuc(r) = −Z
r
, (20)

yk(ab) =

(
1 + δab
q̄a

)∑
r

d2
rf

k
r (ab). (21)

Inserting (20) and (21) into (19) we get

Ya(r) = Z −
∑
b,k

(
1 + δab
q̄a

)∑
r

d2
rf

k
r (ab)Yk(bb; r) (22)

and the exchange potentials are

X(P )
a = α

1

q̄a

[∑
b,k
b 6=a

xk(ab)Yk(ab; r)Qb +
∑
k

xk(abcd)Yk(bd; r)Qc

]
,

X(Q)
a = α

1

q̄a

[∑
b,k
b 6=a

xk(ab)Yk(ab; r)Pb +
∑
k

xk(abcd)Yk(bd; r)Pc

] (23)
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with

xk(ab) =
∑
r

d2
rg
k
r (ab),

xk(abcd) =
∑
r,s
r<s

drsV
k
rs(abcd)

(24)

and
Yk(bd; r) = r

∫ ∞
0

Uk(r, s)[Pb(s)Pd(s) +Qb(s)Qd(s)]ds. (25)

The DFS method is faster compared to other methods due to the
choice of central potential V (r) [44], which can be viewed as an average
approximation of the DF method:

V (r) = −2Z

r
+ Vc(r)−

(
24

π
ρ

) 1
3

. (26)

The first term is a potential due to the nucleus, while second and third
describe electron-electron contribution. The spherically averaged classical
potential Vc(r) can be written as:

Vc(r) =
∑
n′,κ′

wn′κ′

∫ ∞
0

2

r>

[
P 2
n′κ′(r2) +Q2

n′κ′(r2)
]
dr2. (27)

Summation is done over all occupied subshells, where wn′κ′ is the occu-
pation of subshell n′κ′ and r> is the greater of r and r2. The last term
in equation (26) is the exchange energy of an electron in a free-electron
gas of density ρ averaged over all possible momenta of the electron. The
spherically averaged value for this is:

ρ(r) =
1

4πr2

∑
n′κ′

wn′κ′
[
P

(2)
n′κ′(r) +Q2

n′κ′(r)
]
. (28)

However, expression (26) includes the undesirable self-interaction and has
incorrect asymptotic behaviour. To exclude self-interaction, the following
expression was used to describe local central potential electron-electron

24



interaction [42]:

V ee(r) =
1

r
∑

a ωaρa(r)

{∑
ab

ωa(ωb − δab)Y 0
bb(r)ρa(r)

+
∑
a

ωa (ωa − 1)
∑
k>0

fk(a, a)Y k
aa(r)ρa(r)

+
∑
a6=b

∑
k

ωaωbgk(a, b)Y
k
ab(r)ρab(r)

}
,

(29)

where a = nκ and b = n′κ′ are virtual indices denoting the subshells, and

ρab = Pa(r)Pb(r) +Qa(r)Qb(r),

Y k
ab(r) = r

∫
rk<

rk+1
>

ρab(r
′)dr′,

(30)

r< and r> notes the lesser and greater of r and r′, respectively. fk and
gk are the direct and exchange coefficients defined as:

fk(a, b) = −

(
1 +

1

2ja

)(
ja k jb

−1
2 0 1

2

)2

,

gk(a, b) = −

(
ja k jb

−1
2 0 1

2

)2

,

(31)

where

(
j1 j2 j3

m1 m2 m3

)
is the Wigner [46] 3j symbol. The equation (29)

has the correct asymptotic behaviour at large r, since the self-interaction
term is explicitly excluded.

Radiative Transitions

A radiative transition between the bound states of an atom occurs
when an electron jumps to an upper or excited level by absorption of a
photon (photo-excitation), or jumps to a lower level by the emission of a
photon (de-excitation or radiative decay). The electric dipole transitions,
also referred to as allowed transitions, are the strongest types of electro-
magnetic transitions [47]. In general, dipole transitions contribute 98.8 %
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and electric quadrupoles contribute 0.6 % of all transitions. Therefore,
it is sufficient to consider only electric dipole transitions in a study of
branching ratios. We can define approximate transition operator [48]:

O(t)
p = −e

∑
i

rtiC
(t)
p (θi, φi). (32)

Here, e is absolute value of electron charge, rti is an operator of particle
position and C(t)

p - spherical function operator. The subscript i covers
the coordinates of all of an atom’s electrons. The rank of a transition
operator t is not zero. The case O(1) is called dipole operator and O(2) -
quadrupole. Using Wigner-Eckart theorem, it can be seen that its matrix
element depends on the projections of the total momentum:

〈γJM |O(t)
p |γ′J ′M ′〉 = (−1)(J−M)

(
J t J ′

−M p M ′

)
〈γJ ||O(t)||γ′J ′〉.

(33)
This equation reveals the selection rule for the quantum number J in a
case of electric dipole transitions:

∆J = 0, ±1; J + J ′ > 1. (34)

Auger Transitions

Auger transitions are autoionising transitions from the highly excited
states of atoms containing vacancies. They are part of the fundamental
process in the spontaneous de-excitation of atoms having a vacancy. Since
a state with a vacancy is distinguished from the final state of an ion plus
free-electron system by the quantum numbers of two electrons, Auger
transitions are usually defined by a basic two-electron interaction – the
electrostatic interaction between electrons. One electron fills the vacancy,
and this interaction transfers the transition energy to the other electron,
which then escapes the atom as a free Auger electron. The probability of
radiationless decay of an autoionisation state:

WA(γ → γ′εγ′′) = ~−1
∣∣〈γ′εγ′′|H|γ〉∣∣2 , (35)
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where γ notes quantum numbers of a wave function of an autoionisation
state, which is in the superposition of functions from the discrete and
continuous spectra. γ′ notes a wave function for the discrete state of an
atom, γ′′ denotes the remaining quantum numbers of the electron and
whole system, ε is an energy of a free electron. The system Hamiltonian
H can be selected (one-electron, two-electron operator or relativistic)
depending on a specific case. A transition can only be made between
system states having the same energy, and following this reasoning ε can
be defined as energy difference between two atomic states:

ε = E(γ)− E(γ′). (36)

An Auger transition is possible only when the total angular momentum
of the system, J , is conserved, and the probability is independent of the
projection of this angular momentum. The operator (H) is even, and
system parity must be preserved.

Resonant Excitation-Double Autoionisation
process

Electron and an ion impact may result in the removal of one or several
electrons from the ion. This process can be analysed as a combination of
several steps. The first step is the formation of an intermediate resonance
state. An inner-shell electron is excited, hence the incident electron is
captured to a bound state (dielectronic capture). The resulting short-
lived recombined ion state is highly excited, and two electrons can be
ejected during the following two steps (at least) of relaxation processes.
Therefore when the ion is excited to the state where it has enough energy
for two sequential Auger, Coster-Kronic or super Coster-Kronic processes.

Dielectronic capture cross section can be written as:

σDCim (ε0) = 7.88 · 10−31cm2eV 2s
1

ε0

gm
2gi

Aami · Γm
∆E2

mi + Γ2
m/4

. (37)

Here, index im denotes intermediate excited state, ε0 is an electron energy
and ∆Emi is the resonance energy obtained as the difference from initial
state i and state m. gm and gi are statistical weights of the excited state
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m, formed by dielectronic capture and the initial state i, respectively.
Aami is an autoionisation rate of state m for a transition to state i and
Γm is the total width of state m:

Γm = ~

[∑
k

Aamk +
∑
f

Armf

]
. (38)

Armf denotes the rate for the radiative transition from state m to state f .
Many short-lived intermediate autoionising states may be involved

in the double-ionisation REDA process. Although it is pretty easy to
understand or visualise, it is not easy to compute, as various pathways
may exist for final multiple-ionisation states. Auger processes, which
involve many inner-shell transitions, lead to Auger and radiative cascades.

Distorted Wave Approximation

The DW was introduced by Massey and Mohr in 1933 [49] while
solving the electron-scattering problem. However, only in the early 1970s
it was resurrected, because other plane-wave approximations were unable
to produce accurate results to explain experimental data [50].

The idea of DW approximation is quite simple and can be considered
in two cases. The first, the incident electron is taken to be elastically
scattered by the initial-state atomic potential. Then, the incident electron
makes a transition to a state in which the final-state atomic potential
is elastically scattering. It is a direct process. The second, the incident
electron is captured into the atom’s bound state, while one of the initially
bound electrons is ejected into an elastic-scattering state. This is viewed as
the exchange process. In both cases, initial and final states are calculated
using perturbation methods.

Collision strength for excitation process can be expressed as:

Ωij = 2
∑
κiκj

∑
JT

[JT ]

∣∣∣∣∣∣〈ψiκi, JTMT

∣∣∣∣∣∣
∑
i<j

1

rij

∣∣∣∣∣∣ψjκj , JTMT 〉

∣∣∣∣∣∣
2

, (39)

where κi and κj are relativistic angular quantum numbers of the incident
and scattered electrons, respectively, JT is the total angular momentum
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when the target state is coupled to the continuum orbital, MT is the
projection of the total angular momentum, and [J ] = 2J + 1. A distance
between two electrons is labeled as .rij . Initial and final state wave
functions of the systems for bound electrons are ψi and ψj , respectively.

The electron impact excitation collision strength is given by

Ωij = 2
∑
κ,JT
k,αiβj

Qk(αiκ;βiκ)〈ψi||Zk(αi, κ)||ψj , κ; JT 〉

〈ψi||Zk(βi, κ)||ψj , κ; JT 〉, (40)

here, κ is the relativistic angular quantum number of the ejected electron,
α and β denote single electron state, JT is the total angular momentum
of the final state coupled with the ejected electron. Radial integral Qk is
defined as:

Qk(αiαj ;βiβj) =
∑
κiκj

[k]−1P k(κiκj ;αiαj)P
k(κiκj ;βiβj) (41)

and

P k(κiκj ;αiαj) =Xk(αiκj ;αjκj)

+
∑
t

(−1)k+t[k]

{
jαi jj t

ji jαj k

}
Xt(αiκi;κjαj),

(42)

and Xk with Zk are tensor operators of electrostatic interaction between

electrons. Wigner 6j symbol is expressed as

{
jαi jj t

ji jαj k

}
. Using

Racah decoupling formula it is possible to simplify the angular factors
and by carrying out analytical reduction the following can be concluded:

Ωij = 2
∑
k,αiβi

δjα0jβi [jαi ]
−1Q̄k(αi, βi)〈ψj ||ãα̃i ||ψi〉〈ψj ||ãβ̃i ||ψi〉, (43)

where Q̄k(αi, βi) =
∑

κQ
k(αiκ;βiκ). Integration of the collision strength

over the energy of the ejected electron ε gives the total ionisation cross
section

σ(ε0) =

∫ (ε0−I)/2

0

1

k2
0g0

Ωijdε, (44)
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where I is defined as ionisation energy, ε0 and k0 are the energy and
kinetic momentum of the incident electron, ε is the energy of the ejected
electron and g0 is a statistical weight of the initial state.

Scaled Distorted Wave Cross Sections

The basic principle of scaling for ionisation cross sections was im-
plemented in Lotz formula [31]. Later, scaling rules were expanded by
Aichele et al. [51]. Furthermore, after that, multiple attempts have been
made. None of the proposed scaling rules can claim to provide reliable
cross section data for electron-impact single and multiple ionisations.

A recent comprehensive overview of multiple ionisations by electron
impact and the application of scaling formulas has been provided by Hahn
and Savin for atoms and ions of He through Zn [52]. It could be argued
that this is not a new idea. However, it was never applied before to the
DW method. During our investigation of ionisation processes, we noticed
that some theoretical and experimental cross sections have differences
that can be mitigated using scaling factors. Generally, single-ionisation
cross sections for neutral atoms and near-neutral ions calculated using
the DW approach are overestimated, which is one of the reasons to use
the scaling factor.

Scaling has a meaning of corrections to the chosen calculation model.
Those corrections were identified by Kim [36] :

• account for electron exchange effect;

• distortion of plane waves;

• polarisation of the target;

• shielding of the nuclear charge.

However, it is possible that scaling does account for any other corrections
or excluded physical processes inside or near the vicinity of the ion.

It is a well-known fact that the DW approximation often overestimates
cross sections for neutral atoms or near-neutral ions. Therefore, the scaling
factors were suggested to be used to diminish the DW cross sections for
the electron-impact ionisation and excitation processes [53].
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The scaled cross sections for electron-impact excitation are expressed
by the following equation [36,53]:

σCE*
ij (ε) =

ε

ε+ ∆Eij + εb
σCE
ij (ε), (45)

where εb is the bounding energy of the electron. The scaling for the direct
ionisation cross sections for neutral atoms is expressed by the equation:

σCI*
ij (ε) =

ε

ε+ I + εk
σCI
ij (ε), (46)

where I is the ionisation energy, and εk is the kinetic energy of the bound
electron. The other scaling factor we used for near neutral ions:

σCI*
ij (ε) =

ε

ε+ I
σCI
ij (ε). (47)

Here, the kinetic energy is omitted in the denominator to describe cases
where we can neglect bound electron kinetic energy described by εk �
(ε+ I).

Correlation Effects

Multi-electron interaction in an atom is an important problem. Under-
standing and taking into account various correlation effects bring results
closer to exact values. The difference between the exact eigenvalue of the
Hamiltonian and its value in the Hartree-Fock (HF) approximation for
the state under consideration is the correlation energy [54]. Therefore,
the correlation energy is defined as:

Ecorr = Eexact − EHF . (48)

Eexact is known exactly or with high accuracy. Basically, it is an experi-
mental value with some theoretical corrections for the relativistic effects
and nuclei movements. EHF is energy calculated by the HF method.

The multi-configuration method is fundamental for accounting cor-
relations between electrons. Atomic wave function is considered as an
expansion in the basis of the configuration state functions having the
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same parity:
Φ(ΓJ) =

∑
K′γ′

CΓ
K′γ′JΨ(K ′γ′J). (49)

Here, CΓ
K′γ′J is the expansion coefficient, Ψ is the one configuration func-

tion defined in a one or many configuration approximation, Φ is the many
configuration function that corresponds to a mixture of configurations.

Moreover, the functions Ψ are calculated in a one-configuration ap-
proximation. The expansion coefficients are defined by diagonalising
the energy matrix based on these functions, and this method is called
configuration interaction (CI). The one-configuration wave functions are
calculated separately for each configuration, and they are orthogonal to
each other as the same local potential is used for all functions.

Another important property is that the orthonormalised multi-configu-
ration matrix elements have zero values if the configurations differ by the
quantum numbers of more than two electrons. These configurations affect
one another only through interaction with other configurations. Finding
such intermediate configurations is a great challenge, because the scope
of calculations with each added configuration increases significantly.

Previously, it was suggested to use CIS to determine a list of admixed
configurations having the largest influence on the configuration under
consideration. The CIS was defined previously by the equation [48,55]:

T (K,K ′) =

∑
γγ′
〈Φ(Kγ)|H|Φ(K ′γ′)〉2

Ē(K,K ′)2
. (50)

This quantity, divided by the statistical weight g(K) of the studied
configuration K, has the meaning of the average contribution of the
admixed configuration K ′ to the expansion of the wave function for K.
The summation in Eq. (50) is performed over all states γ and γ′ of the K
and K ′ configurations, respectively. The quantity 〈Φ(Kγ)|H|Φ(K ′γ′)〉 is
the inter-configuration matrix element of the two-electron electrostatic
Hamiltonian and Ē(K,K ′) is an average energy difference between the
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configurations:

Ē(K,K ′)

=

∑
γγ′

[〈Φ(Kγ)|H|Φ(Kγ)〉 − 〈Φ(K ′γ′)||Φ(K ′γ′)〉]∑
γγ′
〈Φ(Kγ)|H|Φ(K ′γ′)〉2

×〈Φ(Kγ)|H|Φ(K ′γ′)〉2.
(51)

Theoretical Modeling of Meta-stable Fraction

Since the ions are produced in the ion source plasma, it makes sense
to assume statistical populations of levels within each contributing con-
figuration. This kind of assumption has been successfully applied in
numerous previous studies of collision processes involving ion beams, and
is considered the most realistic approach.

Since the experiment did not directly provide information about the
relative fractions of ions in certain electronic levels, an attempt has to
be made to model the experimental cross section function σexp(ε0) by a
linear combination of the theoretical cross sections σthi (ε0) calculated for
ions in initial levels i. The fractions λi (with

∑
λi = 1) by which the

levels i contribute to the model cross section are to be determined by
comparison of the weighted sum of the theoretical cross sections with
the experimental data. Ideally, the experimental cross section can be
expressed by

σexp(ε0) =

m∑
i=1

λiσ
th
i (ε0) (52)

with a suitable set of ion-beam fractions λi. Here m is the number of
levels contributing to the measurements.

We can modify Eq. 52 by reducing number of fitting parameters:

σexp(ε0) =
∑
k

ck

∑
i(2× kJi + 1)× kσthi (ε0)∑

i(2× kJi + 1)
, (53)

where ck are fitting parameters for each of the configurations considered,
the fraction with a sum over i in the numerator and in the denominator
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is the configuration averaged cross section for the long-lived levels i in
configuration k, kJi is the total angular momentum quantum number of
level i in configuration k and kσthi (ε0) is the total single-ionisation cross
section for level i in configuration k.

The second model uses only one fitting parameter to determine fraction
of metastable ions in beam. With the argument that the ions are primarily
produced in a plasma, a Boltzmann distribution for the population of
excited levels may be considered. This reduces the problem to fitting the
temperature T . Eq. (52) then takes the form

σexp(ε0) =

∑m
i=1(2Ji + 1) exp[−εi/(kT )]σthi (ε0)∑m

i=1(2Ji + 1) exp[−εi/(kT )]
. (54)

Here, Ji is the total angular momentum quantum number and εi is the
excitation energy of level i.

The third model or variant treats all metastable levels as free fitting
parameters. Fitting all experimental data points does not provide any
difficulty. However, the model is rooted more in mathematical methods
than in the physics of ion sources and ion beams. The fractions λi are
chosen such that the function

f(λ1, λ2, . . . , λm) = (σexp(ε0)−
m∑
i=1

λiσ
th
i (ε0))2 (55)

reaches a minimum. All three provided cases offer different paths to model
metastable fractions in an ion beam. Later, we will present practical
applications of these methods.
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RESULTS

Convergence of the Excitation Autoionisation
Cross Sections

The EA process includes electron impact excitation with subsequent
autoionisation. Furthermore, convergence of the excitation cross sections
has to be reached in order to provide reliable atomic data. We perform
some initial calculations using Unresolved Transition Arrays (UTA) to
determine the limit, after which the inclusion of higher-nl shells does not
produce a noticeable change to the total ionisation cross section. The
descriptions of our findings for each research case and the presentations of
several cases, where the importance to reach EA cross section convergence
was proved, are provided below.

Tungsten Ions

Previous studies for highly charged tungsten ions W 18+ [56], W 25+

[57], W 26+ [58] and W 27+ [59, 60] demonstrated the importance of excit-
ations to higher shells (n > 8) which were needed to reach convergence
of the EA cross sections.

We studied electron impact single ionisation for the W5+, W25+ and
W26+ ions. The upper limit of n usually depends on whether the EA
cross section reaches convergence. We assume that the upper n limit
is reached when excitations to the higher shells add less that 5 % of
the total ionisation cross section. The study includes subshells with the
orbital quantum numbers l 6 6.

The presentation of our findings starts with examples where excitation
to the higher shells makes obvious difference in the results. Firstly, we
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present research results for W26+, then investigation of W25+, and finally
results for W5+ are provided.

W25+ Ion [A1]

The ground configuration of the W25+ ion consists of 41 levels. Our
analysis of the electron-impact ionisation cross sections is based on the
study of the ground level 4f3

5/2 (J = 4.5). The cross sections for the other
ground configuration levels have a similar character and are not presented
here. Moreover, cross sections from the first level 4f2

5/2(4)5s (J = 3.5) of
the excited configuration are similar to the ones from the ground level,
except contribution from the excitations to shells with n 6 8 is much
more pronounced compared to the excitations to shells with 9 6 n 6 25.
The ionisation energy for the ground state of W25+ is calculated to be
781.78 eV, while the CADW one obtained by Loch et al. [61] corresponds
to 778.04 eV. The NIST recommended value of 784.92± 1.9 eV [62] is in
quite close agreement with our result.
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Figure 1: Subconfigurations (a) and energy levels (b) of two lowest
configurations, and configurations with the energy levels that straddle the
ionisation threshold for the W25+ ion. Red colour – even configurations,
blue colour – odd configurations.

All the considered levels of configurations lie below the calculated
double ionisation threshold of 1612.38 eV. The first two lowest configur-
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ations of the W25+ and W26+ ions, and configurations with the energy
levels that straddle the ionisation threshold of W25+ are shown in Figure
1. Subconfigurations of the corresponding configurations are displayed in
Figure 1 (a). All the presented configurations arise from the same single-
electron promotions as for the W27+ [59] and W26+ [63] ions, except a few
cases. The configurations produced by the 4d→ 6g, 4d→ 6h, 4d→ 7p

and 4s → 5p excitations from the ground configuration are below the
ionisation threshold for the W26+ and W27+ ions. The excitations from
the 4d subshell to the shells with 6 6 n 6 8 lead to many configurations
with the energy levels that straddle the ionisation threshold of W25+

(Figure 1 (b)). In addition, a few configurations formed by promotion
from the 4s and 4p subshells also straddle the ionisation threshold, but
in these cases, excitations reach only n = 5 and n = 6. On other hand,
all subconfigurations of the 4s4f35p, 4d94f36g, 4d94f36h, 4d94f37p and
4d94f37d configurations are below the ionisation threshold (Figure 1 (a)),
and corresponding subconfiguration-average DW (SCADW) calculations
do not provide contribution to the EA process. Furthermore, the subcon-
figurations of 4p54f36p and 4d94f38p are above the ionisation threshold
(Figure 1 (a)).

Contributions of the EA channels originating from the excitations to
the higher-nl shells up to n 6 25 are shown in Figure 2. These data are
obtained using the LLDW approximation without (Figure 2 (a)) and with
(Figure 2 (b)) radiative damping. It is evident from the data that the
EA channels originating from the excitations to the higher shells increase
cross sections approximately by 60 %. The SCADW cross sections have
the same tendency. Therefore, they are not presented here. These results
demonstrate that the inclusion of the excitations to the higher-nl shells
are vital in the EA process for this ion. This conclusion is in agreement
with recent findings for W26+ [63] and W27+ [59]. Furthermore, the
radiative damping has a large impact on the ionisation cross sections.
The radiative transitions diminish the cross sections for the indirect
process by about 25 %.

Figure 3 presents LLDW results for the EA cross sections correspond-
ing to excitations to the various nl shells with radiative damping. It has
to be noted that the total contribution of the excitations from the 4s, 4p

and 4d subshells to the l = 4 orbital is the largest compared to the other
orbitals. The same tendency was observed in the previous investigations
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Figure 2: EA channels to the higher-nl shells for the ground level of the
W25+ ion. LLDW calculations: (a) without radiative damping and (b)
with radiative damping.

for the W 26+ [63] and W 27+ [59] ions. Likewise, the excitations to the
l = 2 orbital lead to the strong EA channel. In this case, the relative
contribution is stronger for the n 6 25 shells (Figure 3 (b)) compared
to the excitations to the shells with n 6 8 (Figure 3 (a)). This can be
explained by the fact that the strongest excitations can be attributed
to the l = 2 orbital, which produces configurations with energy levels
above the ionisation threshold, taking place from the 4d subshell to the
higher shells (9 6 n 6 25). This also proves that our selection of l 6 6 is
sufficient to include all major contributions. However, main contribution
to the EA cross sections arises from 4p to the l = 1 orbital transitions
when n 6 8.

Figure 4 shows the EA cross sections obtained in the LLDW approx-
imation with radiative damping for excitations from the 4s, 4p and 4d

subshells. The EA channel for the excitations from the 4d subshell is
predicted to produce the largest contribution when 9 6 n 6 25. Similar
results were obtained for the other tungsten ions with the 4f electrons in
the outermost subshell of the ground configuration [59, 63, 64]. On the
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Figure 3: EA cross sections corresponding to excitations to various
orbitals for the ground level of the W25+ ion: (a) n 6 8, (b) n 6 25.
LLDW calculations with radiative damping.

other hand, the EA channels corresponding to the excitations from 4d

to subshells with n 6 8 are weaker than the ones from the 4p subshell
(Figure 4). This can be explained by the fact that a large number of
configurations produced by the excitations from the 4d subshell are below
the ionisation threshold. In the meantime, the studied higher-nl shells
(9 6 n 6 25) have the largest contribution to the excitations from the 4d

subshell compared to 4p and 4s. The cross sections increase by a factor of
2 for the 4d subshell when the higher shells are taken into consideration.

The total theoretical electron-impact single-ionisation cross sections
for W25+ are presented in Figure 5. The contributions of ionisation from
various subshells to the DI and EA processes are highlighted in Figure 5
(a). It can be clearly seen that the weight of the 4d subshell dominates
for this ion. A large number of electrons and the closeness of the binding
energy to the ionisation energy provide the dominant role for the 4d

subshell. The relative contribution from the 4p subshell is much lower
for the DI process compared to EA.

Interestingly, the EA process provides about 50 % to the total ionisa-
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Figure 4: EA cross sections corresponding to excitations from the 4s, 4p
and 4d subshells for the ground level of the W25+ ion: (a) n 6 8 and (b)
n 6 25. LLDW calculations with radiative damping.

tion cross sections. The study based on the CADW calculations obtained
a relatively small EA contribution for ions from W11+ to W27+ [65]. It
was suggested [63] that configuration-average approximation can be the
cause of the diminished influence of the EA process. On the other hand,
the strong excitations to the l = 4 orbital were omitted in the CADW
calculations [65], as a contribution of this orbital was very small for the
lower ionisation stages [32]. Figure 5 (b) clearly demonstrates that even
excitations to shells with n 6 8 obtained in the LLDW approximation
produce a significant contribution to the total ionisation cross sections
of the W25+ ion. The similar effect has been observed for the others,
previously investigated, tungsten ions: W26+ [63] and W27+ [59].

Summarising this discussion, it can be concluded that excitations to
higher-nl shells are important in the study of electron-impact ionisation in
W25+. The DI cross sections calculated in the potential of ionising ion are
approximately 5 % higher than the current values. The contribution from
the excitations to the shells with n > 25, which have not been investigated
in this work, would be less than 5 %. What is more, additional errors
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Figure 5: Total LLDW ionisation cross sections for the ground level of the
W25+ ion. The contributions from different subshells are highlighted by
different colours. (a) EA and DI contributions from various subshells as
well as (b) EA contributions from the excitations to the lower (n 6 8) and
higher (9 6 n 6 25) shells. LLDW calculations with radiative damping.

can arise from the omitted correlation effects.

W26+ Ion [A2]

The ground configuration of the W26+ ion is [Ni] 4s24p64d104f2

and it consists of 13 fine-structure levels. The energies for all ground
configuration levels calculated by the DFS method are provided in Table
1.

The splitting of energy levels equals 23.08 eV, while the calculated
single ionisation threshold amounts to 830.60 eV. The energy levels of the
main configurations producing the largest contribution to the EA cross
sections along with the ground configurations for W26+ and W27+ are
presented in Figure 6.

Our obtained energy levels, relative to the ground one, are slightly
higher than GRASP2K [66] energy levels [67], except the highest one.
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Table 1: Multiconfiguration Dirac-Fock (GRASP2K) [66] and DFS (FAC)
energy levels of the ground configuration for W26+. Energies are given
relative to the ground level energy and compared with Kramida & Reader
[62]. J is the total angular momentum quantum number.
Index Config. J EGRASP (eV) EFAC (eV) NIST (eV)
0 4f2

2.5(4) 4 −430676.657 −430656.913 −430088.568
1 4f2

2.5(2) 2 2.423 2.549 -
2 4f2.54f3.5(5) 5 3.107 3.216 -
3 4f2.54f3.5(4) 4 4.755 4.838 -
4 4f2.54f3.5(3) 3 4.788 4.981 -
5 4f2

3.5(6) 6 5.762 5.945 -
6 4f2

3.5(4) 4 8.419 8.620 -
7 4f2.54f3.5(2) 2 9.008 9.352 -
8 4f2

2.5(0) 0 9.501 9.804 -
9 4f2.54f3.5(1) 1 10.907 11.324 -
10 4f2.54f3.5(6) 6 11.076 11.364 -
11 4f2

3.5(2) 2 13.259 13.728 -
12 4f2

3.5(0) 0 23.121 23.080 -

The difference can be explained by the correlation effects which were
considered in the previous calculations using configuration interaction
strength [55,68–70]. The current work presents the single-configuration
study. However, the difference between both sets does not reach more
than 0.5 eV. It is worth noting that the energy of the ground level,
obtained by Kramida and Reader [62] using a semi-empirical method,
which is based on the Hartree-Fock calculations of the electron binding
energies, scaled according to experimental results and is higher than
GRASP2K as well as our values.

In order to assess the impact of ionisation from the ground configura-
tion levels on the DI and EA cross sections, we have separately studied
these processes in the W26+ ion for each level. The maximum contribu-
tion to the total DI cross section comes from the 4d subshell ionisation,
while the 4p and 4f ionisation is approximately equal in parts, has less
influence (see Figure 7). As expected, the 4s subshell produces the least
contribution to the total DI. Our obtained DI rates for all levels of the
ground configuration are below the CADW values [65] as has been noticed
in the previous studies [63,64,71,72]. The semi-relativistic approxima-
tion includes relativistic corrections by taking into account Darwin and
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Figure 6: The diagram of energy levels for the W26+ and W27+ ions.
Ground configurations and configurations leading to the strongest EA
and DI channels are presented. In addition, configurations corresponding
to excitations to the lower principal quantum numbers instead of the
ones producing the strongest EA MRC are shown.

mass-velocity operators in the Hartree-Fock equations [73]. This can be
explained by different potentials used in the CADW calculations for the
ground level. Considering our level-by-level investigation, the DI MRCs
calculated for the ground level of the 4f2 configuration are more or less
the same as they are for the other levels of the ground configuration.
Therefore, the MRCs are presented only for the ground level (Figure 7).
The difference in the DI rate coefficients for different levels of the ground
configuration is only about 1 % and this difference mainly arises from
the 4f subshell. The same effect has been observed for the W17+ ion [64].
The semi-relativistic study did not include ionisation from the 4s subshell,
the contribution of which is much smaller compared to the other subshells.
The largest difference between the DFS and semi-relativistic cross sections
of about 40 % is obtained by the ionisation from the 4p subshell.

The influence of the EA channels corresponding to the strongest
excitations is presented in Figure 8. At the lower temperatures, the
largest contribution to the EA process for the ground level comes from
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Figure 7: The DI rate coefficients for electron-impact single ionisation
from the ground level of the W26+ ion.

the 4d94f28d, 4d94f28g and 4p54f26p configurations (Figure 8 (a)). At
the medium temperatures, the excitations to the 4d94f28d, 4d94f28f

and 4d94f28g configurations dominate. At the higher temperatures, the
excitations to 4d94f28f , 4p54f26d and 4d94f28g has the largest influence.
Since 56 configurations having energy levels above the ionisation threshold
are dealt with, the contribution from weaker excitations for shells with
n 6 8, not presented in Figure 8 (a). It should be noted that those weaker
excitations are equal to about 40 % of total contributions.

The configurations providing the strongest EA channels for the ground
level, except for 4p54f26p which have energy levels above the single ion-
isation threshold. The 4d94f27d, 4d94f27f and 4d94f27g configurations
have energy levels that straddle the ionisation threshold. It is the main
reason why the EA rate coefficients for the excitations to energy levels of
these configurations are diminished. This explains the large contribution
from the 4d94f28d, 4d94f28f and 4d94f28g configurations, because these
are the lowest configurations having all energy levels above the ionisation
threshold.
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Figure 8: Configurations with the largest contribution to the EA rate
coefficients for excitations to shells with n 6 8 for (a) the lowest level
and (b) the highest level of the ground configuration.

Another important finding is the variation of the EA MRC for ex-
citations from the 4l (l = 0 − 2) shells up to shells with the principal
quantum number n 6 8 and the orbital quantum number l 6 6 as shown
in Figure 9. It can be seen that the rate coefficients for the various ground
configuration levels differ approximately by 60 %.

For the highest level of the ground configuration, the largest values
for EA MRC arise from 4p54f26p, 4p54f25g and 4d94f27g ( Figure 8
(b)). The MRC values are approximately 50 % higher compared to the
strongest excitations from the lowest level of the ground configuration
(Figure 8 (a)).

The contribution of the EA channels to MRC for excitations to the
shells with 9 6 n 6 25 (Figure 10) is lower than for n 6 8 (Figure 8).
Furthermore, the EA MRC for excitations to the shells with 9 6 n 6 25

are less dependent on the initial level. This can be explained by the fact
that all energy levels of configurations originating from the excitations to
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Figure 9: The EA rate coefficients for excitations from the ground
configuration levels of the W26+ ion up to the shells with n 6 8 and l 6 6.
The lines are guides to the eye only.

the shells with 9 6 n 6 25 are above the ionisation threshold, and this
leads to less prominent variation in MRC compared to the n 6 8 case.
Nevertheless, the highest level of the ground configuration provides the
largest values for MRC.
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Figure 10: The EA rate coefficients for excitations from the ground
configuration levels of the W26+ ion up to the shells with 9 6 n 6 25 and
l 6 6. The lines are guides to the eye only.

In summary, the excitations to the higher-nl shells in the W26+ ion are
important for plasma rate coefficients. The excitations to the higher-nl
shells (n > 8) contribute ∼45 % to the total MRC for the levels of the
ground configuration. Moreover, the study has to include level-to-level
data since the MRC coefficients for the EA process can differ up to
∼60 %. The plasma modelling parameters have to be adjusted by our
MRC values.

W5+ Ion [A5]

We calculated W 5+ ion’s energetically lowest configurations level
energies and configurations produced by the strongest excitations from
the ground configuration. We identified other ionisation paths, such as
collisional single-ionisation of W 5+ to configurations of W6+ ions with
levels that are below the double-ionisation threshold. Another path is the

47



reachability of energetically lowest levels of W7+ from W5+ by the direct
double ionisation process. These results are presented in Figure 11.

Figure 11: Energy levels of the main configurations of W 5+, W 6+ and
W 7+ ions relevant for the present study. Even configurations are shown
in red, odd configurations in blue. Dotted horizontal lines mark the
thresholds for single and double ionisation of W5+, respectively.

As it is seen from Figure 11 that energy levels of the 5p55d6p configura-
tions straddle the ground level of theW 6+ ion. Furthermore, the 5p55d 6s

configuration (not shown in the figure) has energy levels surrounding
the ionisation threshold. These autoionising configurations can easily
provide inaccurate results if contributions to the total single-ionisation
cross sections are calculated using the configuration-averaged approach.
In such cases, level-to-level calculations are needed. It is interesting to
note that DI from the 4d subshell in W 5+ only contributes to indirect
processes that end up in double ionisation. The fact is that the energy
levels of the 4d95d configuration are above the ionisation threshold of the
W 6+ ion, and levels in the 4d95d configuration can decay via radiative
and Auger transitions. The fluorescence yields were calculated in the
single-configuration approximation to estimate this decay path. The
yield does not exceed 2× 10−4 for those levels. Therefore, they primarily
produce the final charge state W7+.

There are 29 levels which belong to the 4f135d2 configuration, 8
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levels from the 5p55d2 configuration and 28 levels of 4f13 5d 6s config-
uration with sufficiently long lifetimes. These levels were calculated
with consideration of electric dipole, quadrupole and octupole, as well
as magnetic dipole and quadrupole transitions from the levels of the 5d,
6s, 4f135d2, 5p55d2 and 4f13 5d 6s configurations. Furthermore, the ex-
citation 5d→ 6s from the ground configuration of the W 5+ ion provides
the lowest excited configuration, which can decay via very weak electric
quadrupole transitions. The other three configurations have many levels
which decay via electric dipole transitions. However, selection rules for
the electric dipole transitions limit the possible decay paths for some
levels, and they feature long lifetimes.

Figure 12: Accumulated cross sections of the EA channels contributing to
the ionisation of the ground level of W5+. The strongest EA contributions
are individually identified.

The cross sections of the strongest EA channels for the ground level
of W5+ are shown in Figure 12. Five transitions (4f → 5f , 5s → 5d,
5p→ 6d, 5p→ 5f , 5p→ 6p) produce approximately half of the total EA
cross sections. Only one (5p→ 6d) of the presented excitations leads to
an odd-parity configuration. All the final configurations of the strongest
excitations have energy levels above the single-ionisation threshold with
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the exception of the 5p5 5d 6p configuration whose levels are partly below
that threshold (Figure 11).

Figure 13: Accumulated electron-impact single-ionisation cross sections
for ground-level W5+. The shaded areas show contributions of DI pro-
cesses from different subshells.

The contributions of direct and indirect processes of ionisation by
electron impact from the ground configuration are shown in Figure 13.
The strongest DI contribution is associated with the ionisation of the 4f

subshell, which has the largest number of electrons. Indirect processes
dominate over DI at the lower electron energies. It should be noted that
EA dominates over DI, particularly for the excited initial configurations.
The largest EA contribution originates from the 5p → 5d promotion.
This is true for all the considered initial configurations, except the 5d

configuration. The reason for this exception becomes obvious when one
looks back at Figure 11: all levels of the excited 5p55d2 configuration
are lower than the ionisation threshold. The 5p → 5d excitation cross
sections are much larger than the DI cross sections, which are very similar
for all presented configurations. This confirms the expectations expressed
previously by Stenke et al.

The present experimental absolute cross sections and the fine-step
energy scan are compared to theoretical single-ionisation cross sections
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for the two levels of the ground configuration in Figure 14. The calculated

Figure 14: Comparison of the present experimental data [74] to the
theoretical calculations for single ionisation from the ground levels of
W5+. Circles with light shading (yellow) and associated total error bars
represent experimental absolute cross sections. The small black dots
with statistical error bars of the size of the symbols are the result of
the fine-step energy scan. Present theoretical results including DI and
EA for excitations with n 6 7 are shown by the dashed (red) line for
the 5d 2D3/2 ground level and by the dotted (red) line for the 5d 2D5/2

level. The dash-dotted (green) line represents the 5d 2D3/2 cross section
and the dash-dot-dotted (green) line means the 5d 2D5/2 cross section,
both contain EA contributions associated with excitations up to n = 12.
The upper solid (magenta) line represents the calculation performed by
Zhang et al. [34] that includes EA contributions up to n = 10. The
CADW results obtained by Pindzola and Griffin [32] including excitations
with n 6 6 are represented by the solid (blue) line that is close to the
experimental data points.

cross sections for ionisation from the lower and upper levels of the 5d

ground configuration (levels 0 and 1, respectively, in Table 2) are very
similar to one another, with the cross section for the 5d 2D5/2 excited
level slightly higher than that of the 5d 2D3/2 ground level.
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Table 2: Long-lived levels and their lifetimes for W 5+ ion.
Only levels with lifetimes exceeding 10−5 s are presented.
Note that a± b ≡ a× 10±b.

Configuration Index Level J Energy Lifetime
(eV) (s)

5d 0 5d− 3/2 0 −
1 5d+ 5/2 1.122 1.25−1

6s 2 6s+ 1/2 9.681 3.15−4

4f135d2 6 4f7
+ 5d2

− (2) 11/2 32.624 6.08+3

7 4f7
+ 5d2

− (2) 9/2 32.787 1.49+0

8 4f7
+ 5d− 2 5d+ 9/2 33.294 1.13−1

10 4f7
+ 5d− 5 5d+ 13/2 33.479 1.21−1

14 4f7
+ 5d− 3 5d+ 11/2 33.728 9.14−2

16 4f7
+ 5d− 5 5d+ 15/2 34.111 4.37−1

17 4f7
+ 5d− 5 5d+ 9/2 34.225 4.30−2

19 4f7
+ 5d− 5 5d+ 11/2 34.448 1.27−1

22 4f7
+ 5d2

+ (4) 13/2 34.519 1.73−1

26 4f5
− 5d2

− (2) 9/2 34.919 1.25−2

27 4f7
+ 5d− 3 5d+ 9/2 34.985 5.47−2

31 4f7
+ 5d2

+ (4) 15/2 35.345 5.00−2

32 4f7
+ 5d− 4 5d+ 11/2 35.368 3.18−2

35 4f7
+ 5d− 4 5d+ 9/2 35.374 3.95−2

40 4f5
− 5d− 4 5d+ 11/2 35.945 8.63−3

41 4f7
+ 5d2

+ (2) 9/2 35.992 2.82−2

44 4f5
− 5d− 2 5d+ 9/2 36.274 9.19−3

45 4f7
+ 5d2

+ (2) 11/2 36.282 3.54−2

47 4f7
+ 5d2

+ (4) 13/2 36.424 2.08−2

51 4f5
− 5d− 4 5d+ 13/2 36.735 1.07−2

53 4f5
− 5d− 2 5d+ 9/2 36.799 1.52−2

56 4f7
+ 5d2

+ (4) 9/2 36.973 1.51−2

59 4f7
+ 5d2

+ (2) 11/2 37.226 1.38−2

62 4f5
− 5d2

+ (4) 11/2 37.345 1.11−2

64 4f5
− 5d2

+ (4) 9/2 37.762 6.77−3

68 4f5
− 5d2

+ (4) 13/2 38.022 6.78−3

75 4f5
− 5d2

+ (2) 9/2 38.912 7.03−3

Continued on next page
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Table 2: (continued)

Configuration Index Level J Energy Lifetime
(eV) (s)

79 4f5
− 5d2

+ (4) 11/2 39.166 6.91−3

81 4f5
− 5d2

+ (4) 9/2 39.552 6.98−3

5p55d2 87 5p3
+ 5d− 1 5d+ 7/2 38.134 7.30−5

89 5p3
+ 5d− 2 5d+ 9/2 38.712 1.49−1

91 5p3
+ 5d2

+ (4) 11/2 39.034 3.58−1

98 5p3
+ 5d2

+ (4) 9/2 40.760 1.13−2

99 5p3
+ 5d− 3 5d+ 11/2 41.002 4.76−2

105 5p3
+ 5d− 2 5d+ 9/2 42.641 1.66−2

116 5p− 5d− 2 5d+ 9/2 51.551 6.68−5

121 5p− 5d2
+ (4) 9/2 53.355 6.57−5

4f135d 6s 129 4f7
+ 5d− 2 6s+ 5/2 43.657 2.07−4

131 4f7
+ 5d− 5 6s+ 9/2 44.397 2.02−4

132 4f7
+ 5d− 5 6s+ 11/2 44.583 1.73−4

133 4f7
+ 5d− 3 6s+ 7/2 44.859 1.66−4

134 4f7
+ 5d− 3 6s+ 5/2 45.085 1.73−4

135 4f7
+ 5d− 4 6s+ 9/2 45.261 1.54−4

136 4f7
+ 5d− 4 6s+ 7/2 45.315 1.68−4

137 4f7
+ 5d+ 6 6s+ 13/2 45.361 1.70−4

140 4f7
+ 5d+ 2 6s+ 5/2 46.018 1.62−4

142 4f7
+ 5d+ 6 6s+ 11/2 46.246 1.45−4

143 4f7
+ 5d+ 4 6s+ 9/2 46.258 1.56−4

144 4f7
+ 5d+ 3 6s+ 7/2 46.263 1.64−4

145 4f7
+ 5d+ 5 6s+ 11/2 46.583 1.30−4

146 4f5
− 5d− 4 6s+ 7/2 46.683 1.79−4

147 4f7
+ 5d+ 3 6s+ 5/2 47.001 1.32−4

148 4f5
− 5d− 4 6s+ 9/2 47.034 1.73−4

150 4f5
− 5d− 2 6s+ 5/2 47.231 1.78−4

151 4f7
+ 5d+ 4 6s+ 7/2 47.269 1.30−4

153 4f7
+ 5d+ 5 6s+ 9/2 47.455 1.30−4

154 4f5
− 5d− 3 6s+ 5/2 47.781 1.49−4

156 4f5
− 5d− 3 6s+ 7/2 47.945 1.59−4

158 4f5
− 5d+ 5 6s+ 11/2 48. 060 1.73−4

Continued on next page
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Table 2: (continued)

Configuration Index Level J Energy Lifetime
(eV) (s)

159 4f5
− 5d+ 2 6s+ 5/2 48.377 1.56−4

160 4f5
− 5d+ 3 6s+ 7/2 48.713 1.52−4

161 4f5
− 5d+ 4 6s+ 9/2 48.727 1.41−4

163 4f5
− 5d+ 5 6s+ 9/2 49.089 1.36−4

165 4f5
− 5d+ 3 6s+ 5/2 49.605 1.27−4

167 4f5
− 5d+ 4 6s+ 7/2 49.851 1.29−4

Theoretical cross sections corresponding to excitations to shells with
principal quantum numbers up to n = 7 and n = 12, respectively, are
shown for comparison. It is evident from the data that there is a difference
of ∼20 % between the n = 7 and the n = 12 results at the peak of the
cross section. Previous studies for much more highly charged tungsten
ions W18+ [64], W25+ [72], W26+ [63] and W27+ [59,60] demonstrated the
importance of excitations to higher shells (n > 12), which were needed
to reach convergence of the EA cross sections, while contributions with
n > 12 are found to be negligible for the ionisation of W5+. The deeper
reason for the different levels of importance of high-n contributions to
the ionisation cross sections of W5+ and Wq+ with q ≥ 18 is not known.
The effect is probably associated with the very different charge states
and the resulting different electronic structures of these ions.

The comparisons of theory and the experiment [74], similar to the one
in Figure 14, have been presented previously [32–34]. The calculations
were restricted to the ground configuration and ground level, respectively.
In spite of this restriction, the agreement with the experimental cross
section at energies beyond about 70 eV was interpreted, although the
experimental data are not for the ground level or ground configuration,
but for a mixture of ions in the ground state and in metastable levels.
The pioneering CADW calculations by Pindzola and Griffin [32], with
excitations up to shells with n = 7 and orbital quantum numbers l = 4

for indirect ionisation processes, showed very good agreement with the
measurements reported by Stenke et al. [30] at energies beyond the ground-
state ionisation potential. These data are slightly below our results for
the n 6 7 case. It should be noted that our study also includes excitations
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to shells with l = 5 and l = 6, but their contribution is negligible. It is
known that the CADW approach can lead to inaccurate probabilities of
Auger transitions for overlapping initial and final configurations [75,76].
Moreover, the pseudo-relativistic approach has been used by Pindzola
and Griffin to obtain wave functions for the structure and scattering
calculations, while our calculations employ the DFS method. Furthermore,
our study includes radiative damping of the autoionising states. This
leads to the diminishing of the total ionisation cross sections by ∼14 %
at the peak. Instead, the previous CADW treatment found that the
branching ratio for autoionisation is approximately equal to one [32].

In Figure 14 we also compare our data with the recent LLDW cal-
culations by Zhang et al. [34]. The minor deviations of the results of
Zhang et al. from our theoretical cross section can be explained by slight
differences between both theoretical approaches. In their calculations
of EA cross sections, Zhang et al. [34] considered excitations into levels
with n ≤ 10. In addition, in the present work, slightly higher principal
quantum numbers of up to n = 12 are taken into account. The treatment
of DI cross sections differs in that Zhang et al. optimised their continuum
wave functions on the primary ion while, here, we used the potential of
the product ion.

In summary, the EA channels corresponding to excitations to the
higher-nl shells (n < 7) adds ∼15 % to the total single ionisation cross
sections. The contribution from the excitations to the shells with orbital
quantum numbers l = 5 and l = 6 is negligible. The main EA channels
correspond to excitations to the shells with l = 2. Furthermore, the
second strongest EA channel corresponds to the excitations to the shells
with l = 3.

Fe3+ Ion [A4]

Recent calculations for the ground configuration of the Fe3+ ion [77]
using the CADW approximation provided overestimated data compared
to the measurements [78]. These calculations included excitations from
the 3s and 3p subshells up to shells with the principal quantum number
n 6 12. The discrepancy of ∼25 % was obtained for the peak value.
What is more, the previous level-to-level DW (LLDW) calculations [79]
using the Dirac-Fock-Slater (DFS) approach demonstrated quite good
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agreement with the CADW data [77,80,81].
The ground [Ne] 3s23p63d5 configuration has 37 energy levels, while

the first excited [Ne] 3s23p63d44s configuration corresponds to 62 energy
levels (Table 3).

Table 3: Lifetimes of the energy levels of the Fe3+ 3p64d5 and
3p64d44s configurations. Closed inner subshells are omitted
in the notations of the levels. The levels are identified by the
largest weight in the expansion of wave function. Energies are
given relative to the ground level energy. J is the total angular
momentum quantum number. Note that a± b = a× 10±b.

Configuration Index Level J Energy Lifetime
(eV) (s)

3p64d5 0 3d2
−(2)3d3

+(9/2) 5/2 0.000 ∞
1 3d2

−(2)3d3
+(9/2) 11/2 4.202 ∞

2 3d2
−(2)3d3

+(3/2) 5/2 4.205 1.849+5
3 3d2

−(2)3d3
+(9/2) 9/2 4.206 5.714+6

4 3d2
−(2)3d3

+(9/2) 7/2 4.207 7.901+6
5 3d+(5/2) 5/2 4.834 5.517–1
6 3d2

−(2)3d3
+(5/2) 3/2 4.844 8.460–1

7 3d2
−(2)3d3

+(5/2) 1/2 4.856 6.533+3
8 3d2

−(2)3d3
+(9/2) 7/2 5.248 1.920+1

9 3d2
−(2)3d3

+(3/2) 1/2 5.262 8.743+0
10 3d−(3/2)3d4

+(2) 3/2 5.269 8.284+0
11 3d−(3/2)3d4

+(2) 5/2 5.271 7.709+0
12 3d2

−(2)3d3
+(9/2) 11/2 5.980 1.372+2

13 3d2
−(2)3d3

+(9/2) 13/2 5.983 4.373+3
14 3d+(5/2) 5/2 6.724 7.919–1
15 3d2

−(2)3d3
+(3/2) 3/2 6.806 1.812+0

16 3d2
−(2)3d3

+(5/2) 7/2 6.941 9.821–1
17 3d2

−(2)3d3
+(5/2) 5/2 7.042 9.014–1

18 3d2
−(0)3d3

+(9/2) 9/2 7.076 8.056–1
19 3d−(3/2)3d4

+(4) 7/2 7.084 8.331–1
20 3d2

−(2)3d3
+(5/2) 3/2 7.106 7.323–1

21 3d5
+(5/2) 5/2 7.109 6.846–1

22 3d2
−(2)3d3

+(5/2) 9/2 7.361 1.591+0
Continued on next page
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Table 3: continued.

Configuration Index Level J Energy Lifetime
(eV) (s)

23 3d−(3/2)3d4
+(4) 11/2 7.392 7.797–1

24 3d2
−(2)3d3

+(3/2) 7/2 7.632 8.911+0
25 3d−(3/2)3d4

+(4) 9/2 7.664 4.628+0
26 3d2

−(2)3d3
+(3/2) 5/2 8.229 3.273+0

27 3d2
−(2)3d3

+(3/2) 7/2 8.229 3.234+0
28 3d3

−(3/2)3d2
+(2) 1/2 9.121 8.949–1

29 3d2
−(0)3d3

+(3/2) 3/2 10.067 4.713–1
30 3d2

−(2)3d3
+(5/2) 5/2 10.067 3.778–1

31 3d2
−(2)3d3

+(5/2) 7/2 11.097 5.783–2
32 3d2

−(0)3d3
+(9/2) 9/2 11.099 5.866–2

33 3d2
−(2)3d3

+(5/2) 1/2 13.626 1.930–2
34 3d2

−(0)3d3
+(3/2) 3/2 13.626 1.946–2

35 3d−(3/2)3d4
+(0) 3/2 14.689 2.186–2

36 3d2
−(0)3d3

+(5/2) 5/2 14.694 2.191–2
3p63d44s 37 3d2

−(2)3d2
+(2)4s+(1/2) 1/2 14.648 5.247–4

38 3d3
−(3/2)3d+(5/2)4s+(1/2) 3/2 14.675 5.209–4

39 3d2
−(2)3d2

+(4)4s+(1/2) 5/2 14.716 5.157–4
40 3d2

−(2)3d2
+(4)4s+(1/2) 7/2 14.765 5.099–4

41 3d−(3/2)3d3
+(9/2)4s+(1/2) 9/2 14.816 5.043–4

42 3d3
−(3/2)3d+(5/2)4s+(1/2) 1/2 16.502 3.024–4

43 3d2
−(2)3d2

+(4)4s+(1/2) 3/2 16.544 3.004–4
44 3d2

−(2)3d2
+(4)4s+(1/2) 5/2 16.601 2.979–4

45 3d−(3/2)3d3
+(9/2)4s+(1/2) 7/2 16.663 2.957–4

46 3d3
−(3/2)3d+(5/2)4s+(1/2) 7/2 17.846 4.565–4

47 3d2
−(2)3d2

+(4)4s+(1/2) 9/2 17.870 4.525–4
48 3d2

−(2)3d2
+(4)4s+(1/2) 11/2 17.899 4.483–4

49 3d−(3/2)3d3
+(9/2)4s+(1/2) 13/2 17.926 4.441–4

50 4s+(1/2) 1/2 18.021 4.655–4
51 3d3

−(3/2)3d+(5/2)4s+(1/2) 3/2 18.154 4.552–4
52 3d2

−(2)3d2
+(2)4s+(1/2) 3/2 18.289 3.865–4

53 3d2
−(2)3d2

+(2)4s+(1/2) 5/2 18.293 3.871–4
54 3d2

−(2)3d2
+(2)4s+(1/2) 7/2 18.301 3.835–4

Continued on next page
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Table 3: continued.

Configuration Index Level J Energy Lifetime
(eV) (s)

55 3d3
−(3/2)3d+(5/2)4s+(1/2) 9/2 18.304 3.806–4

56 3d4
+(2)4s+(1/2) 5/2 18.316 4.466–4

57 3d2
−(2)3d2

+(2)4s+(1/2) 5/2 18.603 3.984–4
58 3d2

−(2)3d2
+(2)4s+(1/2) 7/2 18.635 3.954–4

59 3d−(3/2)3d3
+(9/2)4s+(1/2) 9/2 18.662 3.924–4

60 3d−(3/2)3d3
+(9/2)4s+(1/2) 11/2 18.686 3.887–4

61 3d2
−(2)3d2

+(4)4s+(1/2) 9/2 18.972 2.643–4
62 3d2

−(2)3d+9+2(4)4s+(1/2) 11/2 19.032 2.637–4
63 3d3

−(3/2)3d+(5/2)4s+(1/2) 1/2 19.186 2.748–4
64 3d−(3/2)3d3

+(5/2)4s+(1/2) 3/2 19.398 2.702–4
65 3d3

−(3/2)3d+(5/2)4s+(1/2) 7/2 19.402 2.959–4
66 3d2

−(2)3d2
+(2)4s+(1/2) 5/2 19.414 2.988–4

67 3d2
−(2)3d2

+(4)4s+(1/2) 13/2 19.658 3.314–4
68 3d−(3/2)3d3

+(9/2)4s+(1/2) 11/2 19.667 3.345–4
69 3d−(3/2)3d3

+(9/2)4s+(1/2) 7/2 19.673 2.597–4
70 3d3

−(3/2)3d+(5/2)4s+(1/2) 5/2 19.679 2.602–4
71 3d2

−(2)3d2
+(2)4s+(1/2) 3/2 19.699 2.593–4

72 3d−(3/2)3d3
+(3/2)4s+(1/2) 1/2 19.717 2.579–4

73 3d2
−(2)3d2

+(2)4s+(1/2) 7/2 19.733 2.597–4
74 3d−(3/2)3d3

+(9/2)4s+(1/2) 9/2 19.788 2.278–4
75 3d4

+(4)4s+(1/2) 9/2 19.899 3.657–4
76 3d4

+(4)4s+(1/2) 7/2 19.913 3.234–4
77 3d−(3/2)3d3

+(3/2)4s+(1/2) 1/2 20.630 2.962–4
78 3d−(3/2)3d3

+(9/2)4s+(1/2) 5/2 20.779 2.523–4
79 3d−(3/2)3d3

+(3/2)4s+(1/2) 3/2 20.794 3.223–4
80 3d4

+(2)4s+(1/2) 5/2 21.008 3.178–4
81 3d4

+(2)4s+(1/2) 3/2 21.018 2.510–4
82 3d−(3/2)3d3

+(3/2)4s+(1/2) 7/2 21.882 2.395–4
83 3d−(3/2)3d3

+(3/2)4s+(1/2) 5/2 21.888 2.502–4
84 3d2

−(0)3d2
+(4)4s+(1/2) 9/2 22.691 1.577–4

85 3d2
−(2)3d2

+(0)4s+(1/2) 3/2 22.698 1.588–4
86 3d−(3/2)3d3

+(5/2)4s+(1/2) 7/2 22.701 1.587–4
Continued on next page
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Table 3: continued.

Configuration Index Level J Energy Lifetime
(eV) (s)

87 3d−(3/2)3d3
+(5/2)4s+(1/2) 5/2 22.701 1.589–4

88 3d2
−(0)3d2

+(2)4s+(1/2) 5/2 22.731 1.403–4
89 3d−(3/2)3d3

+(5/2)4s+(1/2) 3/2 22.838 1.398–4
90 3d4

+(0)4s+(1/2) 1/2 22.891 1.401–4
91 3d2

−(0)3d2
+(4)4s+(1/2) 7/2 23.800 1.693–4

92 3d2
−(2)3d2

+(0)4s+(1/2) 5/2 23.808 1.657–4
93 3d2

−(0)3d2
+(2)4s+(1/2) 3/2 23.867 1.843–4

94 3d−(3/2)3d3
+(5/2)4s+(1/2) 1/2 23.988 1.844–4

95 3d−(3/2)3d3
+(5/2)4s+(1/2) 9/2 24.049 1.614–4

96 3d−(3/2)3d3
+(5/2)4s+(1/2) 7/2 24.058 1.606–4

97 3d2
−(0)3d2

+(2)4s+(1/2) 5/2 27.098 1.234–4
98 3d2

−(0)3d2
+(2)4s+(1/2) 3/2 27.099 1.232–4

99 3d2
−(0)3d2

+(0)4s+(1/2) 1/2 30.504 9.564–5

The energy levels of the ground configuration calculated in the single-
configuration approximation span the range of 14.69 eV. In comparison,
the energy interval of 15.86 eV is occupied by the first excited configuration.
The widths of energy levels provided by the NIST [82] correspond to
13.42 eV and 11.79 eV for the ground and first excited configurations,
respectively. The obtained differences among our and NIST values can
be explained by correlation effects, which are not considered in this case.
The lowest level of the 3d44s configuration is above the ground level
by 14.61 eV. What is more, the single ionisation threshold is equal to
52.78 eV. The NIST recommended value for the single ionisation equals
54.91 ± 0.04eV, which is slightly above our value.

The energy levels and their lifetimes for the ground and first ex-
cited configurations are shown in Table 3. The probabilities of electric
quadrupole and magnetic dipole transitions are calculated from these
levels to determine the lifetimes. All these levels have lifetimes exceeding
10−5 s – amount of time that ions need to reach interaction region with
electrons [83].

The EA process includes excitations from the 3s, 3p and 3d subshells
of the ground configuration where n 6 8 and l 6 6. For the ground
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Figure 15: Energy levels of the ground configurations for the Fe3+, Fe4+,
Fe5+ ions in addition to energy levels that straddle the single ionisation
threshold. The first excited configuration of Fe3+ as well as 3p53d5

and 3s 3d5 of Fe4+ are also presented. For the Fe3+ 3d4nl (n = 5 − 8)
configurations, only the configurations with the lowest orbital quantum
number l and the largest one are shown. Red – even configurations, blue
– odd configurations.

configuration, the 89 excited configurations are produced to investigate
radiative and Auger decay processes. It should be noted that not all
generated configurations are autoionising.

Many configurations have energy levels that straddle the ionisation
threshold (Figure 15). All of them correspond to excitations from the outer
shell of the ground and the first excited configuration. The cross sections
obtained from the lowest and highest levels of the ground configuration
are compared to measurements in Figure 16. The theoretical values
overestimate the experimental data at the peak of the cross sections.
The overestimated values are also obtained for the highest level of the
ground configuration at the lower energies of the impacting electron.
The cross sections produced by ionisation from the ground level are
below the single ionisation threshold’s vicinity measurements. As it was
noticed before [78], the onset of the experimental cross sections at ∼35 eV
indicates the presence of metastable ions in the ion beam. What is
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Figure 16: Single ionisation cross sections for the ground configuration
levels: solid (green) line corresponds to level with index 0 (Table 3),
dashed (blue) line - level 36. Experiment: open circles with error bars [78].
Logarithmic scale is used for electron energies.

interesting in this case, the theoretical cross sections are within the error
bars for the higher energies of the electron.

Theoretical cross sections calculated for the lowest and highest levels
of the 3d44s configuration are compared to measurements in Figure 17.
All theoretical data are above the experimental values. The largest
difference is obtained for the lower energies of impacting electron. The
similar situation was also obtained for single ionisation cross section of
neutral carbon and C1+ ion [53]. It was suggested that other physical
mechanisms appear on the scene for ionisation process in these charge
states.

The strongest EA channels for the ground level are shown in Figure 18.
The 3p→ 3d excitation produces ∼70 % of the total EA cross sections.
The second highest cross section corresponds to the 3p→ 4p excitation,
which leads to the same parity configuration as the ground one.

More complex situation regarding the strongest EA channels is ob-
tained for the 3d44s configuration (Figure 19). The 3p→ 3d excitation
dominates over the other channels as in the case of the ground configura-
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Figure 17: Single ionisation cross sections for the ground configuration
levels: solid (green) line corresponds to level with index 37 (Table 3),
dashed (blue) line - level 99. Experiment: open circles with error bars [78].
Logarithmic scale is used for electron energies.

tion (Figure 18). However, the excitations from the 3d subshell produce
the strongest contribution at the lower energies of an electron. As was
mentioned above, the excitations from the 3d subshell produce a small
contribution to the EA cross sections for the ground configuration. The
3d → 4d, 3d → 5d and 3p → 4p excitations out of five strongest EA
channels lead to the same parity configurations as the initial one.

The contributions of the direct and indirect processes for the ground
level and the lowest level of the 3d44s configuration are shown in Figure
20. The EA channels corresponding to excitations up to shells with the
principal quantum number n = 8 are considered in the study, since the ex-
citations to the higher shells give a negligible contribution. Furthermore,
the direct process produces a slightly higher contribution for the ground
level compared to the lowest level of the 3d44s configuration. This can
be explained by a smaller number of electrons in the 3d subshell of the
3d44s configuration compared to the ground configuration. The DI cross
sections for the 4s subshell do not compensate for the smaller number of
electrons in the 3d subshell of the first excited configuration. In addtition,
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Figure 18: Accumulated cross sections of the EA channels contributing to
the ionisation of the ground level of Fe3+. The strongest EA contributions
are individually identified. Logarithmic scale is used for electron energies.

Figure 19: The same as Figure 18 but for the lowest level of the 3d44s
configuration.
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Figure 20: Comparison of contribution from the DI and EA channels for
single ionisation of Fe3+: (a) ground configuration, (b) the lowest level of
the 3d44s configuration. A logarithmic scale is used for electron energies.

the EA cross sections for the 3d44s configuration are higher than for the
ground configuration, since excitations from the 3d subshell of the first
excited configuration produce autoionising states which decay to Fe4+.
The 3d subshell is the outermost one for the ground configuration and,
therefore, only a small contribution is provided to the EA process. For
both configurations, the EA channels corresponding to excitations from
the 3p subshell dominate starting from ∼100 eV.

In summary, the EA channels corresponding to excitations to the
higher-nl shells (n > 8) do not provide an essential contribution for the
energy levels of the ground and the first excited configurations of the
Fe3+ ion. The convergence of the EA cross sections is reached for the
excitation up to shells with n = 8. The excitations from the 3p subshell
dominate over the other EA channels. The excitations to orbital quantum
numbers l = 1 and l = 2 produce the main contribution to the cross
sections of the indirect process.
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Correlation Effects

The influence of correlation effects is studied for Fe3+ and W5+.
We use the CIS [48,84] method to select configurations that can affect
ionisation cross sections. Below it is shown the importance of correlation
effects by discussing two selected cases from our researches.

W5+ Ion Case [A5]

The influence of correlation effects on direct and indirect processes
of ionisation have been studied for the 5d configuration using the CI
method. A list of admixed configurations having the largest effect for
the considered configuration was generated using the CIS concept [see
Eq. (51)]. The same approach was applied previously to electric [85]
and magnetic dipole transitions [28,86], Auger cascades [69,70,87] and
electron-impact ionisation [21,22]. For excitations to levels with the same
parity as the initial level, interacting configurations has to include the
initial configuration. It is found that CI has a crucial effect on the results.

A comparison of cross sections obtained in the single- configuration
approximation and by using the CI method is presented in Figure 21. It
can be seen that correlation effects diminish the cross sections by ∼20 %
at the maximum. The CI cross sections are within the experimental cross
sections error bars at the maximum and at higher energies. We note that
the CI largest effect is obtained for the 4f → 5f excitations. The CI
effects reduce the associated cross sections by ∼8 Mb (corresponding to
∼80 %) at maximum value.

In order to reproduce the experimental cross section [74] and test
the theoretical approach validity, it is necessary to consider not only the
ground state of the W 5+ ion, but also include all possible (long-lived)
excited levels of the W 5+ ions that have been present in the parent ion
beam used during the measurements. The levels which have to be taken
into account are listed in Table 2. Moreover, total single-ionisation cross
sections, including the DI and EA contributions, have been calculated for
each level listed in the table. For the excited configurations, the inclusion
of CI effects would have made the calculations too large. Therefore, CI
was only taken into account for the ground configuration.

For comparing the calculated cross sections with the experimental

65



Figure 21: Comparison of electron-impact ionisation cross sections for
W5+ obtained in the single-configuration approximation (upper pair of
red lines) and by using a basis of interacting configurations (lower pair
of green lines). The solid (green) and the long-dash-short-dashed (red)
lines represent the cross sections of the 5d 2D3/2 ground level. The long-
dashed (green) and the dotted (red) lines represent the cross section
of the 5d 2D5/2 excited level. Experimental electron-impact ionisation
cross section of W5+ ions (circles with (yellow) shading with total error
bars: absolute cross sections [74]; black dots with statistical error bars:
results of the fine-step energy scan normalised to the absolute data points)
compared to the previous measurements.

results also shown in Figure 21. It is necessary to know the fractions
λi of ions in all possible levels (index i, see Table 2, page 52) that
contributed to the measured single-ionisation spectrum (see Eq. 52, page
33). These fractions are not a priori known from the experiment. This
problem has been addressed previously in the context of storage-ring
electron-ion recombination measurements with tungsten ions [88,89]. In
these investigations, the temporal evolutions of level populations were
calculated. Maxwell distribution was used to describe the population of
excited levels when the fast parent ions pass a stripper foil. Then rate
equations were used to describe the radiative decays of these levels [90],
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until the ions interact with the target electrons. The time for the ions to
relax in these experiments was in the order of seconds. Quite different
from the ∼ 15 microsecond time-of-flight in the present experiment for
which three different approaches have been applied. The model is based
on the calculated cross sections of the experimental data and assesses all
λi.

Since the W5+ ions are produced in the ion source plasma it makes
sense to assume statistical populations of levels within each of the con-
tributing configurations, in the present case 5d, 6s, 4f135d2, 5p55d2 and
4f135d 6s. This kind of assumption has been successfully applied in nu-
merous previous studies of collision processes involving ion beams, and is
considered to be the most realistic approach also to the present problem.
With this starting condition Eq. (52) is modified to Eq. (53) where ck
are fitting parameters for each of the five configurations considered (see
Table 2).

Figure 22: Electron-impact ionisation cross sections for the W 5+ ion.
Circles with error bars and (yellow) shading: experimental absolute cross
sections, solid black noisy line: fine-step energy-scan data [74]. The
(green) solid line is the result of model 1 (see Eq. 53 and text), the dashed
(blue) line corresponds to model 2 (see Eq. 54 and text). The dotted
(red) line is obtained from model 3 (see Eqs. 52, 55 and text).
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Figure 23: Same as Figure 22 in the energy range where only metastable
levels contribute to the total single-ionisation cross section.

The study for photo-ionisation in W5+ suggested that the ECR ion
source employed in both experiments produced 2.5 % of ions in the
metastable 6s configuration [91]. This knowledge reduces the number
of free fitting parameters ck to four. The remaining fitting parameters
in this model, apart from c2 = 0.025 for the 6s configuration were
determined to be c1 = 0.85 for the 5d ground configuration, c3 = 0.082

for 4f135d2, c4 = 0.036 for 5p55d2 and c5 = 0.007 for 4f135d 6s. The
energy range from 20 eV to 70 eV was used to determine the theoretical
models best agreement with the measurements. It is noted that a fit over
a wider energy range leads to lower cross sections for the contribution of
metastable ions at energies below the ground-state ionisation threshold.
This corresponds to the lower metastable fraction of the ion beam in
the theoretical model. Therefore, the highest limit for the metastable
fraction is approximately determined using the energy range of 20–70 eV
in the modelling. The solid green line represents the theoretical model
cross section resulting from the fit over the 20 to 70 eV range in Figure
23. This line is in very good agreement with the cross section below the
ground-state ionisation threshold. It is slightly above the experimental

68



cross section [74], particularly at energies around 100 eV. This may be
a consequence of the known overestimation of ionisation cross sections
by the DW approximation when applied to neutral atoms or ions in low
charge states. Correlation effects were not considered for the ionisation
from the excited configurations can be a reason for the disagreement. It
may also be due to the model chosen for reproducing the experimental
cross section.

The second model reduces the number of fitting parameters to one.
With the argument that the ions are primarily produced in a plasma
one may assume a Boltzmann distribution for the population of excited
levels. This reduces the problem to fitting the temperature T . Eq. (52)
then takes the form of Eq. (54). In this case, Ji is the total angular
momentum quantum number and Ei the excitation energy of level i. A
temperature T = 78, 000 K brings this model into the best agreement
with the experiment. A temperature of 78,000 K is of the right size for
producing moderately low charge states of tungsten ions such as W4+

and W5+ in a plasma [92].

The third model treats all 68 fractions λi in Eq. (52) as free fitting
parameters. Since the measured electron-impact ionisation cross sections,
obtained in the present energy scan, comprise more than 5000 data points
with a very specific energy dependence, such a fit with so many parameters
is less ambiguous than one might think. However, the model is rooted
more in mathematical methods than in the physics of ion sources and
ion beams. The fractions λi are chosen such that the function reaches a
minimum.

The minimum is obtained when only four levels are assumed to
contribute to the sum in Eq. (55), the ground level with ∼93.5 %, the
level with index 35 belonging to the 4f135d2 configuration contributing
1.2 % and two levels of the 5p55d2 configuration with indices 105 and
116 contributing 4.1 % and 1.2 %, respectively. This model gives the
best agreement with the measured cross section function. However, it is
highly doubtful that only four levels out of 68 should be present in the
ion beam.

The model cross sections, shown in Figure 22 as a long-dashed
(blue) line, describes the measured data below the ground-state ionisation
threshold very well. At energies above approximately 100 eV, it is even
higher than the cross section resulting from the first model. However, the
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difference is relatively small. The corresponding fractions of ions in the
relevant configurations are 78.8 % for the 5d configuration, 4.1 % for 6s,
13.7 % for 4f135d2, 1.4 % for 5p55d2 and 2.0 % for 4f135d 6s. With 4.1 %,
the 6s fraction is overestimated in comparison with the photoionisation
experiment where 2.5 % have been found. The maximum deviation of
the Boltzmann model from the experiment is about 20 % near 100 eV. It
is about 10 % above the experimental error bars.

Table 4: Fractions of ions in different initial configurations present in
the parent ion beam that was used in the experiments. The numbers
obtained depend on the model assumptions (see main text).

model 5d 6s 4f135d2 5p55d2 4f135d6s

1 0.85 0.025 0.082 0.036 0.007
2 0.788 0.041 0.137 0.014 0.020
3 0.935 0 0.012 0.053 0

All three models give a very good representation of the cross section
contributions observed in the experiment below the ground-state ion-
isation threshold as emphasised in Figure 23. The comparison of the
three models in Table 4 elucidates the uncertainty of the fractions of
ions in different levels that contributed to the measured cross section.
The fraction of ions in the ground configuration is most likely c1 = 0.85

for which a 10 % relative-uncertainty margin seems realistic. Hence,
the metastable fractions derived from the comparisons of theory and
experiment have very substantial relative uncertainties.

Therefore, it may be concluded that the experimental data for electron
impaction ionisation cross sections in W5+ are explained by including
the correlation effects in the study. These effects are studied for the
ionisation from the levels of the ground configuration. The correlation
effects diminishes the cross sections by ∼20 % at the peak value. Further
studies of the correlation effects for the metastable levels are required to
confirm current findings.

Fe3+ Ion [A4]

The influence of correlation effects is investigated for the direct ion-
isation and strongest excitations from levels of the ground and 3d44s
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configurations. A list of admixed configurations having the largest influ-
ence on the considered configuration is generated by using configuration
interaction strength (CIS), the same as in the case of W 5+ ion. Addition-
ally, the list of admixed configurations is built by considering single and
double excitations from the shells with the principal quantum number
n > 3 up to shells with n = 8.

Figure 24: Comparison of influence of CI effects to single ionisation
cross sections for the levels of the 3d44s configuration: solid (green) line
- scaled DW cross sections with CI for level with index 37 (Table 3),
dashed (green) line - scaled DW cross sections for level 37, dashed-dotted
(blue) line - scaled DW cross sections with CI for level 99, dotted (blue)
line - scaled DW cross sections for level 99. Experiment: open circles
with error bars [78]. Logarithmic scale is used for electron energies. For
further details see the main text.

It should be noted that the correlation effects have a small effect on
the cross sections of the direct process. However, a different situation
is observed for EA. The study included the 3p → 3d and 3p → 4p ex-
citations for the ground configuration and 3p→ 3d, 3d→ 4d, 3d→ 5d

and 3p→ 4p for the 3d44s configuration. Nevertheless, only a negligible
influence of the correlation effects to the EA cross sections is found for
the ground configuration, even though the correlation effects diminish
the scaled cross sections by approximately 20 % for the levels of the
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first-excited configuration (Figure 24). The correlation effects diminish
the scaled DW cross sections by ∼20 % for the lowest and the highest
levels of the 3d44s configuration. Comparison among the cross sections
calculated without scaling and the ones with scaling as well as the correl-
ation effects brings the difference of ∼50 %. The correlation effects for
the scaled cross sections of the lowest level of the excited configuration
lead to values below the threshold energy measurements up to 200 eV
and within the error bars for the higher energies. On the other hand, the
cross sections for the highest level of the 3d44s configuration are above
measurements from the threshold energy up to 70 eV and starting from
∼200 eV.

To summarise, it was shown that correlation effects play an important
role and lead to a substantial reduction of cross sections for the 3d44s

configuration of the Fe3+ ion. Correlation effects reduce the theoretical
cross sections obtained for the ground configuration by ∼20 % for the
Fe3+ ion. The disagreement among theoretical and experimental values
can be related to the correlation effects that are not accounted for in
the calculations for the excited configurations due to limitations in the
computing resources.
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Resonant Excitation-Double Autoionisation
Process [A3]

The REDA process produces resonant structure in the single ionisation
cross sections. The more elaborated studies are required, since the
Auger cascade from the formed states leading to single ionisation has
to be considered. It is estimated from data that the REDA process
can contribute about 20-30 % to the ionisation rate. Often, theoretical
cross sections cannot reproduce accurately experimental cross sections
without accounting for the REDA processes [93]. Furthermore, DC to
many autoionising states has to be included in the analysis. Here, the
REDA process is studied for the ground configuration of the Se3+ ion.

The obtained theoretical single ionisation threshold of Se3+ is 42.35 eV.
Energy of 108.21 eV is needed to remove two outer electrons from the
ground [Ar]3d104s24p1 configuration and reach ground configuration of
the Se5+ ion. The single ionisation threshold is in good agreement with a
value of 42.2± 1.8 eV determined from the experiment [13] and the NIST
reference value of 42.95 eV [94]. The ground configuration of the Se3+ ion
has only two levels. Energy of the fine splitting is 0.5668 eV (Table 5) as
NIST provides slightly lower value of 0.5426 eV. The difference of about
4 % between these two values can be attributed to correlation effects
which are not considered in this work.

Table 5: The energy levels and lifetimes of the five lowest con-
figurations for Se3+. The lifetimes include the electric dipole,
quadrupole, octupole and magnetic dipole and quadrupole
transitions. Closed subshells are omitted in the notation of
levels.

Index Configuration Level J Energy (eV ) τ (s)
0 4s24po 4p1/2 1/2 0.000 —
1 4s24po 4p3/2 3/2 0.567 1.16E+0
2 4s4p2 4s 1/2 8.316 5.06E−7
3 4s4p2 4s 4p1/2[0]4p3/2 3/2 8.531 1.86E−6
4 4s4p2 4s 4p2

3/2(2) 5/2 8.852 4.77E−7
5 4s4p2 4s 4p1/2[0]4p3/2 3/2 13.273 4.00E−10

Continued on next page
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Table 5: (continued)

Index Configuration Level J Energy (eV ) τ (s)
6 4s4p2 4s 4p1/2[2]4p3/2 5/2 13.344 4.48E−10
7 4s4p2 4s 4p2

3/2(0) 1/2 15.710 2.39E−10
8 4s4p2 4s 4p1/2[1]4p3/2 1/2 17.558 6.08E−11
9 4s4p2 4s 4p2

3/2(2) 3/2 17.893 5.89E−11
10 4s24d 4d3/2 3/2 18.374 9.95E−11
11 4s24d 4d5/2 5/2 18.417 1.04E−10
12 4p3o 4p1/24p2

3/2(2) 3/2 24.917 7.23E−11
13 4s4p4do 4s 4p1/2[0]4d3/2 3/2 26.069 1.66E−8
14 4s4p4do 4s 4p1/2[1]4d3/2 5/2 26.209 9.85E−9
15 4s4p4do 4s 4p1/2[1]4d5/2 7/2 26.396 9.02E−9
16 4s4p4do 4s 4p3/2[2]4d5/2 9/2 26.618 8.95E−1
17 4p3o 4p1/24p2

3/2(2) 3/2 27.273 1.71E−10
18 4p3o 4p1/24p2

3/2(2) 5/2 27.368 1.68E−10
19 4s4p4do 4s 4p1/2[0]4d5/2 5/2 27.733 1.66E−10
20 4s4p4do 4s 4p1/2[1]4d5/2 3/2 27.779 2.97E−10
21 4s4p4do 4s 4p3/2[2]4d5/2 3/2 28.014 7.34E−11
22 4s4p4do 4s 4p3/2[2]4d5/2 5/2 28.048 1.12E−10
23 4s4p4do 4s 4p1/2[1]4d3/2 1/2 28.074 5.86E−11
24 4s4p4do 4s 4p3/2[2]4d3/2 1/2 28.338 7.87E−11
25 4s4p4do 4s 4p3/2[2]4d5/2 7/2 28.380 5.34E−11
26 4s4p4do 4s 4p3/2[2]4d3/2 3/2 28.382 6.61E−11
27 4s4p4do 4s 4p3/2[2]4d3/2 5/2 28.403 5.95E−11
28 4p3o 4p1/24p2

3/2(0) 1/2 28.972 1.35E−10
29 4p3o 4p3/2 3/2 29.126 1.33E−10
30 4s4p4do 4s 4p1/2[1]4d5/2 5/2 30.142 1.49E−10
31 4s4p4do 4s 4p3/2[2]4d3/2 7/2 30.578 1.36E−10
32 4s4p4do 4s 4p3/2[2]4d5/2 3/2 30.939 1.71E−10
33 4s4p4do 4s 4p3/2[2]4d5/2 1/2 31.188 1.70E−10
34 4s4p4do 4s 4p3/2[1]4d5/2 7/2 34.456 3.76E−11
35 4s4p4do 4s 4p3/2[1]4d3/2 5/2 34.528 3.92E−11
36 4s4p4do 4s 4p3/2[1]4d3/2 3/2 34.537 4.90E−11
37 4s4p4do 4s 4p3/2[1]4d5/2 5/2 34.631 4.52E−11
38 4s4p4do 4s 4p3/2[1]4d3/2 1/2 35.180 4.94E−11

Continued on next page
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Table 5: (continued)

Index Configuration Level J Energy (eV ) τ (s)
39 4s4p4do 4s 4p3/2[1]4d5/2 3/2 35.252 4.99E−11

Contributions from long-lived levels are often seen in experiments
for ionisation cross sections [29, 95]. The first two excited configurations
4s4p2 and 4s24d of the Se2+ ion do not contain long-lived levels (Table
5). The first long-lived level which cannot decay through strong electric
dipole (E1) transitions belongs to the 4s4p4d configuration. The decay
of 4s4p3/2 (J = 2) 4d J = 9/2 level (index 16) to the lower levels of
4s4p2 or 4s24d configurations by the E1 transitions is restricted by the
4J = ±1 selection rule.

Our calculations show that electron-impact ionisation cross sections
for the long-lived 4s4p3/2 (J = 2) 4d J = 9/2 level are about three
times higher than experimental values. Also, the cross sections start at
about 17 eV, while experimental single ionisation threshold corresponds
to 42.2± 1.8 [13]. This demonstrates that contribution from this level
was not observed in the experiment.

Figure 25 shows configurations in which energy levels straddle the
single ionisation threshold. All four configurations of the Se3+ ion corres-
pond to the 4s subshell excitations. Only one of four configurations has
subconfigurations with average energies above the ionisation threshold.
The configurations produced by excitations from the 3d subshell are
above the single ionisation threshold. Besides, the energy levels of the
ground and the first excited configurations for the Se3+ and Se4+ ions
are presented in Figure 25.

Our obtained electron-impact ionisation cross sections for the ground
level corresponding to the DI, EA and REDA processes are compared with
experimental values in Figure 26. The DI cross sections are obtained in
the potential of the ionised ion. The contribution of the radiative damping
to the cross sections of the indirect process is negligible. The indirect EA
process, compared to the direct one, dominates at the incident electron’s
lower and intermediate energies. However, EA influence diminishes at the
higher energies, especially when ionisation from the 3d subshell appears
on the scene. It has to be noted that ionisation from the 3d subshell
has the largest contribution to the total cross sections compared to the
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Figure 25: Energy levels (a) and subconfigurations (b) of four lowest
configurations and configurations that straddle the ionisation threshold
for the Se3+ ion. The ground and first excited configurations of Se4+ are
also presented. Red – even configurations, blue – odd configurations.

ionisation from the valence 4s and 4p subshells. Previous calculations for
Se3+ have been performed using the CADW method [19]. Thus, we also
investigated the ionisation process using the subconfiguration-averaged
DW method and found good agreement among both our values for all
energies of the incident electron.

Comparison of our LLDW results to the previous CADW [19] and
LLDW [20] calculations is presented in Figure 27.

The CADW cross sections are mainly below our data obtained in
the ionising ion’s potential at the incident electron’s lower and medium
energies. Surprisingly, good agreement between the CADW and our
cross sections is observed at the higher energies. It should be noted that
the incident and scattered electrons are studied in the potential of the
ionising ion, and the ejected electrons are calculated in the potential of
the ionised ion for the CADW data [19]. This can be the reason for a
difference among the DI values obtained from CADW [19] and our LLDW
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Figure 26: Single ionisation cross sections for the DI, EA and REDA
processes. Experiment: open circles with error bars [14]. Logarithmic
scale is used for electron energies.

calculations. CADW values are higher by about 40 % compared to our
data calculated in ionised ion potential. The difference of about 15 %
from the CADW calculations is obtained for cross sections studied in
the ionising ion’s potential. A similar effect for the DI process has been
observed in the study of the tungsten ions [59, 63]. What is more, our
EA data include excitations up to shells with n = 25, while the CADW
values correspond to the excitations up to n 6 8 [19]. Therefore, the
lower contribution of the EA data to the total ionisation cross sections
is compensated by the bigger influence of the DI process in the CADW
calculations.

The difference among our LLDW values and results presented in [20]
is also observed in Figure 27. This difference is more expressed at
the higher energies of the incident electron. This can be explained by
the fact that ionisation from the 3d subshell was not included in the
previous calculations. It was stated that produced configuration decays
to Se5+. However, the 3d94p configuration is below the double ionisation

77



Figure 27: Comparison of the total single ionisation cross sections. Our
LLDW data are obtained in the potential of the ionised (green solid) and
ionising (red dashed) ions; dashed-dotted line (blue) represents CADW
values [19], dotted line (black) - LLDW [20]. Experiment: open circles
with error bars [14]. Logarithmic scale is used for electron energies.

threshold [19] and, thus, direct ionisation results in Se4+. The main
reason for the difference is that the main configuration is generated by
the ground configurations of Se3+ and Se4+ to obtain the bound and
continuum potential electrons in their calculations. This leads to much
higher DI cross sections in their calculations. For example, DI 4s cross
sections are higher about 40 % than our values calculated in ionised ion
potential.

Figure 28 shows the main contributions of the EA channels compared
to DI. The strongest EA channels correspond to 3d→ 4p and 3d→ 4d

excitations. These two excitations make just slightly less than half of
the total ionisation cross sections for the indirect process. The other EA
channels separately provide a much smaller contribution compared to the
strongest ones. However, a large number of the weaker channels accounts
for a significant part of the indirect process.
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Figure 28: Comparison of contribution from the DI and EA channels for
single ionisation of Se3+. Logarithmic scale is used for electron energies.

It can be concluded, that the single ionisation cross sections for the
Se4+ ion are explained by considering the REDA process. In addition to
DI and EA, the REDA cross sections are important from the ionisation
threshold up to ∼90 eV. The resonant structure is seen in the cross
sections.

Scaled Distorted Wave Cross Sections [A4]

In this section, we present our work related to scaling the theoretical
cross section to match experimental data. This approach gives some clues
about whether we should search for additional processes or phenomena
in ionisation cross section modelling.

There are multiple attempts to use scaling functions to produce an
experimental cross section from a defined parameter list. Previously,
the scaled plane-wave Born (PWB) cross sections for electron-impact
excitation were used to mimic the effects related to the polarisability
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of the atomic system [36]. Moreover, it was suggested that electron
exchange, distortion and polarisation effects, missing in the first-order
PWB approximation, are included in the calculations using the scaling
functions. The studies of electron impact ionisation process for neutral
atoms and near-neutral ions using binary-encounter-dipole (BED) or
binary-encountered-Bethe (BEB) models [35] with the scaled PWB cross
sections [36] demonstrated a good agreement with experimental data
[36, 38,39, 96]. Recently, it was shown that the scaled DW cross sections
could be used to explain experimental data for neutral carbon and C+

ion [53]. The scaled DW cross sections corresponding to ionisation
from the ground and first excited configurations of the Fe3+ ion are
used to explain measurements [78]. The scaled DW cross sections for
the lowest and excited levels of the ground configuration are shown
in Figure 29. Besides, the single-configuration DW data along with
the measurements [78] are presented for comparison. The largest effect
of scaling is obtained for the lower energies of impacting electron. It
can be seen that all theoretical data for the ground level are below
the experimental errors. On the other hand, the highest level of the
ground configuration demonstrates good agreement with higher energies
measurements. However, these cross sections are below the error bars for
the lower electron energies except in the region from 40 to 50 eV, where
the theoretical values are slightly above the measurements.

The scaled DW cross sections for the lowest and highest levels of
the first excited 3d44s configuration are shown in Figure 30. Single-
configuration DW cross sections and experimental values are presented for
comparison. The cross sections for the lowest level of the configuration are
in quite good agreement with measurements for electron energies starting
from 60 eV. On the other hand, the theoretical cross sections are above
experimental error bars in the 40 – 60 eV region. The theoretical cross
sections obtained for the highest level of the configuration overestimate
the measurements.

The underestimated scaled DW cross sections, concerning the meas-
urements for the levels of the ground configuration (Figure 19, page 63),
suggest that the levels of the excited 3d44s configuration are present in
the ion beam. Nevertheless, the theoretical values for the levels of the
3d44s configuration are above the error bars in the range of 40 – 60 eV.
This demonstrates that some additional effects have to be considered to
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Figure 29: Single ionisation cross sections obtained with and without
the scaling functions [Eqs. (53) and (54)] for the levels of the ground
configuration: solid (green) line - scaled DW cross sections for level with
index 0 (Table 3), dashed (green) line - DW cross sections for level 0,
dashed-dotted (blue) line - scaled DW cross sections for level 36, dotted
(blue) line - DW cross sections for level 36. Experiment: open circles
with error bars [78]. Logarithmic scale is used for electron energies.

explain the observed data.

The comparison with measurements for the level with index 67 is
presented in Figure 31. This level, together with level 49 (Table 3), have
the largest values of the total angular momentum quantum number J for
the 3d44s configuration. The levels with the largest statistical weights
would be populated with the largest probability in the ion beam. On
the other hand, the Boltzmann distribution or even collisional radiative
modelling with subsequent radiative cascade may have to be used to
determine the level population. However, these modellings would require
a separate study. It can seen that the theoretical cross sections are
still below experimental values in the energy range from approximately
50 to 150 eV. This difference can be explained by the resonant excit-
ation double autoionisation process, which is not investigated in this work.
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Figure 30: Single ionisation cross sections obtained without and with
the scaling functions [Eqs. (53) and (54)] for the levels of the 3d44s
configuration: solid (green) line - scaled DW cross sections for level with
index 37 (Table 3), dashed (green) line - DW cross sections for level 37,
dashed-dotted (blue) line - scaled DW cross sections for level 99, dotted
(blue) line - DW cross sections for level 99. Experiment: open circles
with error bars [78]. Logarithmic scale is used for electron energies.

In summary, the scaled DW cross sections are used to explain measure-
ments for the Fe3+ ion. The energy levels of the ground 3d5 and excited
3d44s configurations are analysed. The scaling leads to the diminished
DW cross sections by ∼40 %. The peaks of the scaled cross sections shifts
to the higher energies what corresponds to the experimental data.
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Figure 31: Single ionisation cross sections obtained for the level with
index 67 (J = 13/2). Experiment: open circles with error bars [14].
Logarithmic scale is used for electron energies.

Influence of Direct Double Ionisation on
the Single Ionisation Cross Sections [A3]

The DDI process presented as a sequence of the subsequent ionisation
processes means that part of the population for an atomic system, pro-
duced in the singly ionised charge state, is transferred to the next charge
state. It can be seen from Figure 32 the theoretical single ionisation
cross sections for the Se3+ ion are below experimental error bars at the
lower energies of the incident electron. The study which involves the
DI cross sections obtained in the potential of the ionised ion demon-
strates good agreement with experiment for this energy range (Figure
32). Unfortunately, both calculations are above the experimental values
on the high energy side. This can be explained by the fact that part of
the produced Se4+ ions manage to reach a higher ionisation stage, for
example, due to knocking off of additional electron by the scattered or
ejected electrons [97–99]. This process diminishes single ionisation cross
sections. The current study does not include a direct double ionisation
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Figure 32: Single ionisation cross sections obtained in the potential of
ionised (green solid) and ionizing (red dashed) ion. Experiment: open
circles with error bars [14]. Logarithmic scale is used for electron energies.

process when an additional electron is removed from the system due to
additional ionisation by the scattered or ejected electrons. In order to
approximately estimate this situation, theoretical cross sections for the
single ionisation process are subtracted by theoretical ones for the direct
double ionisation process, taken from [19] (Figure 33) the values obtained
in the potential of the ionised ion. In this case, theoretical cross sections
are within the experimental error bars except at 500 eV. The remaining
difference among theoretical and experimental values can be explained
by the decay of the 3d94s24p configuration to the next ionisation stage
due to correlation effects.

What is more, the theoretical values for direct double ionisation were
obtained for this case when one of the electrons after the first ionisation
process takes all the excess energy [19]. Previous studies showed that
better agreement with measurements at the higher energies provides a
situation when ejected and scattered electrons share equally the excess
energy [98]. However, the direct double ionisation process contribution
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Figure 33: Single ionisation cross sections obtained in the potential of
ionised ion (red dashed) with subtracted experimental cross sections from
double ionisation process (green solid). Experiment: open circles with
error bars [14]. Logarithmic scale is used for electron energies.

to the double ionisation increases by a few times compared to the first
scenario. Therefore, in this case, the lower cross sections would be
obtained.

The theoretical cross sections are just above experimental error bars
at the higher energies when contributing the ionisation-ionisation pro-
cesses are subtracted. This suggests an idea that the double ionisation
of the Se3+ ion is mainly determined by the ionisation-ionisation and
ionisation-excitation-ionisation processes.

Therefore, it can be concluded that the diminishing contribution
from the DDI process is evaluated in the study of the single-ionisation
cross sections for the Se3+ ion. The single-ionisation cross sections are
diminished by ∼1 Mb (4 %) at electron energy of 500 eV. This leads to
good agreement with measurements starting from 300 eV energy for the
single-ionisation cross sections, obtained in the potential of the ionised
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ion.
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MAIN CONCLUSIONS

Electron-impact single-ionisation cross sections are studied using the
DFS approach implemented in the FAC. The direct and indirect ionisation
processes are evaluated. The excitation and ionisation by electron impact
are investigated in the DW approximation.

1. The study for convergence of the cross sections of the EA channels
shows importance of the excitations to the higher-nl shells (n > 8,
l > 3). These excitations are especially pronounced for the tungsten
ions with an open 4f subshell in the ground configuration.

1.1. The excitations to the higher shells (n > 8) increase the EA
cross sections up to ∼60 % for the ground level of the W25+

ion. The excitations to the shells with the orbital quantum
number l = 4 produce ∼40 % of the total EA cross sections.
Even the excitations to l = 5 contribute ∼7 % to the total EA
cross sections.

1.2. The excitations to the higher shells (n > 8) contribute ∼45 %
to the total MRC for the levels of the ground configuration of
the W26+ ion.

1.3. The contribution of the excitations to the higher shells (n > 8)
is less important for the W5+ ion compared to W25+ and
W26+. The excitations add ∼15 % of the total cross sections
for the ground configuration of the W5+ ion.

1.4. The study demonstrates that the excitations to shells with
n 6 12 has to be analysed to provide reliable data for the EA
cross sections in W5+. The excitations to the higher shells
(n > 12) produce less than 5 % to the total cross sections.

1.5. The contribution of the excitations to shells with n > 8 for
the Fe3+ is negligible.
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2. The EA MRC for the levels of the ground configuration differs
approximately by 60 % for the W26+ ion. The EA MRC values for
the highest level are ∼40 % higher compared to the excitations from
the lowest level of the ground configuration. The excitations to the
shells with 9 6 n 6 25 are less dependent on the initial level. This
can be explained by the fact that many important configurations
originating from the excitations to the shells with n 6 8 have energy
levels that straddle the single ionisation threshold.

3. Analysis of the correlation effects for electron-impact ionisation in
the W5+ and Fe3+ ions shows the diminishing effect on the cross
sections. The correlation effects reduce the cross sections by ∼20 %
at the peak value for the levels of the ground configuration of the
W5+ ion. The same result is obtained for the levels of the excited
3d44s configuration of the Fe3+ ion.

4. The scaled DW cross sections are used to explain measurements
for the Fe3+ ion. The scaling diminishes the DW cross sections by
∼40 % for the levels of the ground and excited 3d44s configurations
of Fe3+. What is more, the peaks of the cross sections shift to
the higher energies by 50− 100 eV. The largest effect of scaling is
obtained for the lower energies of the impacting electron.

5. Analysis of the single-ionisation cross sections for the Se3+ ion
demonstrates that the study has to incorporate the diminishing
contribution of the DDI process. The single ionisation cross sec-
tions are diminished by ∼1 Mb (1× 10−18cm2), by about 4 % at
electron energy of 500 eV. This leads to a better agreement with
measurements for single-ionisation cross sections of Se3+, starting
from 300 eV electron energy.

6. The REDA process plays an important role for single-ionisation
cross sections of the Se3+ ion at the lower energies of the incident
electron. The single-ionisation cross sections are increased up to
∼14 Mb (14× 10−18cm2) at the lower energies. This provides good
agreement with measurements for the ground configuration of the
Se3+ ion.
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[63] A. Kynienė, Š. Masys, and V. Jonauskas, “Influence of excitations to
high-nl shells for the ionization process in the W26+ ion,” Physical
Review A, vol. 91, no. 6, p. 062707, 2015.

[64] D. Zhang and D. H. Kwon, “Theoretical electron-impact ionization
of W17+ forming W18+,” Journal of Physics B: Atomic, Molecular
and Optical Physics, vol. 47, no. 7, 2014.

[65] S. Loch, J. Ludlow, M. Pindzola, A. Whiteford, and D. Griffin,
“Electron-impact ionization of atomic ions in the W isonuclear se-
quence,” Phys. Rev. A, vol. 72, no. 5, p. 052716, 2005.

95



[66] P. Jönsson, G. Gaigalas, J. Bieroń, C. Froese Fischer, and I. Grant,
“New version: Grasp2k relativistic atomic structure package,” Com-
puter Physics Communications, vol. 184, no. 9, pp. 2197 – 2203,
2013.
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ADDENDUM

Cross Section Calculation Workflow

This section overviews steps that are required to get results similar
to the ones in this thesis.

The package used in my study to calculate energy levels, radiative
and Auger transition probabilities, electron impact excitation and ion-
isation cross sections is Flexible Atomic Code (FAC). It is available at
GitHub.com1.

The direct and indirect ionisation processes are studied to calculate
the single ionisation cross sections. The direct ionisation cross sections are
calculated from the single ionisation threshold up to the ∼ 105 eV. The
cross sections for the initial and final states are calculated at ∼ 20 energy
points. Thus, the cross sections are summed up over the final states to
obtain the cross sections corresponding to the initial state. The same
procedure is repeated for the excitation cross sections. However, there are
many more excited states to be investigated. For example, the number
of the excited states reached ∼ 107 for the W25+ ion. Furthermore, all
radiative and Auger transitions are calculated from the excited states
above the single ionisation threshold. For the W25+, the number of the
radiative and Auger transitions amounts to ∼ 109. These calculations
are divided to decrease the calculation time.

The number of such transitions is especially large for (W25+, W26+)
tungsten ions with an open 4f subshell. What is more, the extended
basis of interacting configurations used in the study of the ionisation
process in the W5+ ion requires dealing with an even larger number of
transitions.

1https://github.com/flexible-atomic-code/fac
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The lifetimes of the excited states are determined and branching ratios
calculated. In addition, the REDA study requires estimating the cross
sections for the electron capture. The branching ratios are calculated
for the energy levels of the produced ion with the captured electron and
initial ion that decay further leading to a single ionisation process. What
is more, the number of energy levels increases even more in this case,
since the capture of the initial electron can produce configurations with
up to four open subshells.

Since we have to deal with a large number of states there were
developed programs using C, SQL, Python programming languages to
calculate lifetimes and branching ratios of the excited levels. Those
programs also allowed us to utilize effectively computation resources
and to monitor the whole calculations process with verification of the
output files. We used HPC servers that were located at the Institute
of Theoretical Physics and Astronomy. Part of the calculations was
performed using resources of the High Performance Computing Center
"HPC Sauletekis" in Vilnius University Faculty of Physics.

For some ions, the solution to use MySQL2 database with developed
stored procedures was enough to complete calculations. We used available
hardware, a single HPC server (64 CPU threads, 768 GB RAM, 5 TB
storage). FAC output files were loaded as tables into the database and
calculations were made. The whole calculation process was split into
batches and managed by stored procedures, which submitted new work
based on server load. Logging was implemented to trace errors or skipped
calculation tasks.

As W5+ study has to deal with the huge number of transitions, Apache
Hadoop3 cluster with two nodes was set up (total available resources: 72
CPU threads, 596GB RAM, 64TB storage). Apache Spark4 was used
as a computation engine to process this kind of data. Key features of
this computation engine are that it tends to optimize calculations and
data file reading operations. Also, data is partitioned into pieces of the
specified size and this feature also improves computational performance.
We used Python language to program processing of FAC output files and
providing radiative and Auger transitions, branching ratios and EA cross

2https://www.mysql.com/
3https://hadoop.apache.org/
4https://spark.apache.org/
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section calculation results by the same calculation run.
After all calculations are completed, modelling and scientific analysis

tasks led to the results that were presented in this thesis.
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