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Chapter 1

Introduction

In this chapter, we present our research topic, aim and applied methods,
novelty of main results, the list of published papers, and the list of
conferences where our results were presented.

1.1 Research topic

We are interested in first- and second-order weak approximations for the
Chan—Karolyi-Longstaff-Sanders (CKLS) model [7]

dX; = (0 — 8 X;)dt + 0X; dB;, Xog=a >0, (1.1.1)

with parameters (0, 3,0,v) € Ry x RxR, x[1/2,1), where R, := (0, 00)
and R, := [0,00). In particular, when § = 0 and 8 < 0, we have the
constant elasticity of variance (CEV) model [8]; when v = 1/2 and
B > 0, we have the well-known Cox-Ingersoll-Ross (CIR) model [9];
when «v = 0, it becomes the Vagicek model; when v = 0 and 6 = 0, we
have a geometric Brownian motion.

It is well known that equation has a unique nonnegative so-
lution, and if x > 0 and v > 1/2, then X; > 0 for all ¢ > 0 almost
surely [35].

1.2 Aim and difficulties

The aim of research was to construct simple and effective first- and
second-order weak approximations for the solution of the CKLS model
which would use only generation of discrete random variables at each
approximation step. Also, it was important to provide proofs of accuracy
order.

The main problem in developing numerical methods for such a dif-
fusion equation/model is that the diffusion coefficient has unbounded
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derivatives near zero, and therefore standard methods (see, e.g., Milstein
and Tretyakov [36]) are not applicable: discretization schemes that (ex-
plicitly or implicitly) involve the derivatives of the coefficients usually
lose their accuracy near zero, especially, for large . This problem for
the CIR processes was solved by modifying the scheme considered by
switching near zero to another scheme, which (i) is sufficiently regular
and (ii) enough accurate near zero; we refer, for example, to [2,[31}33]
and references therein.

Lan, Hu and Zhang studied the relation between CKLS model and
CIR model in [22]. They proved that under a suitable transformation,
any CKLS model of order 1/2 < v < 1 or v > 1 corresponds to the CIR
model under a new probability measure. Moreover, they get an explicit
solution and the precise distribution of the CKLS model at any time
t under the new probability measure. However, such a transformation
cannot be applied to reducing weak approximations of CKLS processes
to those of CIR processes.

1.3 Methods

Methods of calculus, stochastic calculus, probability theory, statistics,
and functional analysis are applied in the thesis. Numerical experiments
were simulated using the programming language C++. The figures were
generated using computing environment Maple. The same software also
was used for solving equalities and inequalities.

1.4 Actuality and novelty

Typically, a first-order approximation near zero is constructed by dis-
crete random variables matching two or three moments with those of the
solution. Our construction of the same order has an important change
in this procedure: there is no need to know these moments.

Our construction method for second-order weak approximations is
significantly different from that of the first-order approximation. An-
other novel feature of the same order weak approximations is that in
our schemes, no switching between schemes near zero is used, in con-
trast to [2,33]. This simplifies the implementation of approximations.

The same techniques that were used in this research can be used
for constructing discretization schemes for other models with singular
diffusion coefficients.



1.5 Main results

We managed to construct simple and effective first-order and second-
order weak approximations for the solution of the CKLS model. These
discretization schemes use only generation of discrete random variables
at each approximation step. They are presented in the theorems belowE

Theorem 1.1. Let

re g (1), B0,

1.5.1
T + 6t, 6 =0, ( )

DY = D(x,1) == {

and let the random variables S'}f (Sg = 0) take the values

x1 =z + 227 10%h — /(a2 + 222"Da2h)o2h > 0, x >0,
zo = 2 + 227 0%k + /(22 + 222" Da2h)o2h > 0, x > 0,

with probabilities
x

2$127

)

P{Sif =T12} =p12 = x> 0.

Then the one-step approximation Xﬁf defined by the composition
X?:=D(SF,h), x>0, h>0,

defines a strongly potential first-order discretization scheme for the CKLS

equation (1.1.1).

Theorem 1.2. Let Df = D(x,1) be defined in (1.5.1), and let the ran-
dom variables S¢ = S(z,h) (S = 0) take the values

15 =2+ (A+ 3o*h F \/ (32 + (A+ 3)202h)0h,
xy =z + Ac’h, A€ [3/4,3/2),

with probabilities

miToT3 — mz(xg + 333) + ms3
r1(z3 — 71) (202 — 71)
ma(T1 + x3) — M1T1X3 — M3
P2 = ( ) , (1.5.2)
!E2($2 - $1)($3 - 5132)
miTiTe — mg(xl + 332) + ms3

x3(x3 — w2) (23 — 21)

p1 =

)

p3 =

'For definitions, see Chapter



Let the one-step approximations X;f be defined by the composition

X" (@, h) = { D(S(Dla.h/2), ). 1/2). Zig’ (1.5.3)

then X,”f defines a strongly potential second-order discretization scheme
for the CIR equation.

We have also constructed a one-step approximation S',f taking four
values that defines a potential third-order weak approximation of the
stochastic part dS} = 04/S¥ dB; of the CIR equation.

Theorem 1.3. Let X}f be the one-step discretization scheme defined by

composition (1.5.3)), where Df = D(x,t) is defined in (1.5.1)).

Let ST take the values
r13=2 + %$1/202h + é% (0’2}1)2

¥ \/(3 232 + 1B xo2h + g—i z1/2(02h)? + 22 (02h)3)0?h,

zo=a—+4 2262 + 8 (o%h)?
in the case v = 3/4 or

3,2/3 25 | 485 1/3( 2332 | 1681 (2713
x1,3:x+§x/ah+ma}/(oh) + 55035 (0 h)

5/3 | 2077 .4/3 2 125695 2772 | 1162907 ..2/3/ _271\3
+ ((39” / + %12 ¢ o%h + 66006 £(07h)” + 19975683”/ (0°h)

815285 .1/3/ _27\4 2825761 [ _27\5\ -27)\1/2
+ 3989056 £ / (0"h)" + 185409024 (0°h)’)o h) )

To =2+ %x2/302h + 2 23 (a%h)? + +(0?h)?

in the case v = 5/6 with probabilities p1, p2, and ps defined in (1.5.2))
(S,? =0). Then X} defines a strongly potential second-order discretiza-
tion scheme for the CKLS equation with v = 3/4 or v = 5/6, respec-
tively.

1.6 Publications

1. G. Lileika and V. Mackevi¢ius, Weak approximation of CKLS and
CEV processes by discrete random variables. Lithuanian Mathe-
matical Journal 60: 208-224 (2020).

2. G. Lileika and V. Mackevic¢ius, Second-order weak approximations
of CKLS and CEYV processes by discrete random variables. Math-
ematics, 9(12), 1337 (2021).



1.7 Conferences

The results of the thesis-related studies were presented in the following

conferences:

e 12th International Vilnius Conference on Probability Theory and
Mathematical Statistics, Vilnius, Lithuania, 2018-07-03.

e 58th Conference of Lithuanian Mathematical Society (LMS),
Vilnius, Lithuania, 2017-06-21.

e 59th Conference of LMS, Kaunas, Lithuania, 2018-06-19.
e 60th Conference of LMS, Vilnius, Lithuania, 2019-06-19.
e 61st Conference of LMS, Siauliai, Lithuania, 2020-12-04.

e 62nd Conference of LMS, Vilnius, Lithuania, 2021-06—16.

1.8 Structure of the thesis

The thesis is organized as follows. In Chapter 2] we give an overview of
related results obtained by other authors. Preliminaries and definitions
are provided in Chapter 3] In Section we discuss a general construc-
tion for potential first-order approximations of the stochastic part. In
Section [4.3] we construct a strongly potential first-order weak approxi-
mation of the CKLS model, and in Sections and we construct a
strongly potential second-order weak approximation of the CKLS model.
We summarize the constructed algorithms of first- and second-order in
Sections [4.4] and respectively. In Sections [4.5] and we illustrate
the accuracy of the first- and second-order schemes by numerical simu-
lation results. We provide conclusions of the thesis in Chapter [6] and in

the Appendix (Chapter [7)), we provide additional calculations.
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Chapter 2

A short historical overview

In this chapter, we discuss the importance of the CKLS model and
various attempts to construct discretization schemes for the solution of
the CKLS model, mostly the CIR model.

There are only few works where approximations for the CKLS model
were considered, and they consider pathwise approximations only. The
first and simplest method uses modifications of the Euler—-Maruyama
discretization scheme. In the literature, we can find many results and
ad hoc methods on weak approximations for the CIR equation. We use
some their ideas for construction of weak approximations of the CKLS
equations. To the best of our knowledge, for the CKLS equations (with

v > 1/2), no weak approximations were constructed before.

In this chapter, ¢ > 0 is a constant.

2.1 The need to approximate the CKLS
equation

Contradicting the intuition, an interest rate is assumed to be a constant
in the Black—Scholes model and in many other models. In 1975, one of
the first attempts to use a stochastic process modeling asset prices X;

and to make assumptions more realistic, was suggested by Cox [8]:

dthﬁXtdt—FUngBt, X():I'ZO,

7



where B, is a Brownian motion, § € Ry, v > 1/2, and 0 € R;. The
model is called the constant elasticity of variance (CEV) model, and it
is capable of reproducing the volatility smile observed in the empirical
data: the model incorporates a variance adjustment that causes the
absolute level of the variance to decline as the stock price rises and to
rise as the stock price declines.

In 1977, another mean-reverting process, where EX; — 6 as t — oo,

was proposed by Vasicek [41] for interest rate modeling:
dX; =p(0 — X;)dt + odB;

with 8, 8, and ¢ € R;. The solution of this equation is called an
Ornstein— Uhlenbeck stochastic process. It is known in an explicit form,
and this fact attracts researchers to use this model widely. but there is
a serious drawback for interest rate modeling: it takes negative values
with nonzero probability.

In 1985, John C. Cox, Jonathan E. Ingersoll, and Stephen A. Ross
presented a square-root model, usually called the CIR model ((1.1.1))
with v =1/2),

dXt:(e—,BXt)dt+U\/XtdBt, onaczO,

6 € Ry and 3, 0 € R, which is widely used for modeling of interest rate
or as an alternative to geometric Brownian motion that occurs in the
Black—Scholes model of dynamic asset pricing in mathematical finance.
In this model, the process never becomes negative if it starts from a
nonnegative value (different boundary behavior at 0 depending on the
values of § and o), and it has the main advantage of the Vasi¢ek model
that it is a mean-reverting. The process has a unique solution, which is
not known in an explicit form.

In 1992, K. C. Chan, G. A. Karolyi, F. A. Longstaff, and A. B.
Sanders suggested the generalization of the CIR equation for modeling
the behavior of the instantaneous interest rate, the so-called the CKLS
model [7]

dX; = (0 — BXy)dt + o X, dB;, Xo=uz>0,

8



where B is a Brownian motion, § € R,, 3 € R,, v >1/2, and 0 € R,.
Finally, in 1993, Heston [17] extends the CIR model to a stock price
model with a second source of randomness and assuming that not only

underlying asset, but also its volatility is controlled by the CIR, process:

dS, = rSydt +Y;S;dB;, So=s>0,
dB;dB; = pdt.

where B and B are (possibly, dependent, with correlation coefficient
p) standard Brownian motions, with parameters 6,3, and o € Ry. In
his model, Heston introduces the dynamics of the underlying asset, the
asymmetry and excess kurtosis, which are typically observed in financial
assets returns. The model was an instant success. One of the main
reasons was the fact that European vanilla call (and put) option price
is known in the (quasi)closed form.

Applications of numerical methods for the Heston model possesses
the same difficulties as approximations of the CIR equation have: the
volatility in the Heston model is controlled by the CIR process. In the
Heston model, square roots are used not only controlling the volatility
but also in the expression of volatility itself[] For more information
about problems and their solutions applying Heston model, see [3,/10,
14}123-25,,39].

2.2 One-step approximations
Modifications of the Euler—Maruyama scheme

Having a fixed time interval [0,7], consider an equidistant time dis-
cretization A" = {h; = ih,i = 0,1,...,n := |T/h],h € (0,T]}, where
|a] is the integer part of a. The first and simplest idea is to use
the Euler-Maruyama scheme for CKLS (1.1.1]), where v € [1/2,1) and
B > 0. The scheme has form

By.)

itl i

. . T .
Xh,, = Xj+ (0= B8R}~ +0(X5)(By

'For more detail, see [26]



with X}L‘D =z > 0 and By, is a value of Brownian motion at the time
moment h;. Unfortunately, although the process itself is guaranteed
to be nonnegative, this discretization scheme has a nonzero probability
of becoming negative in the next time step, regardless of the size of
the time step. Practitioners solved this problem by either setting the
process equal to 0 when it obtains a negative value or by reflecting it
to the origin and starting again from this point. Such fixes are often
referred to as absorption and reflection respectively, see e.g. Gatheral
[15]. Lord, Koekkoek and Van Dijk [28] note that this terminology is
somewhat at odds with the terminology used to classify the boundary
behavior of stochastic processes, see Karlin and Taylor [20]. They think
that in that respect the absorption fix is much more similar to reflection
in the origin for a continuous stochastic process, whereas absorption as
a boundary classification means that the process stays in the absorbed
state for the rest of time.

Deelstra and Delbaen [11] (Glasserman [16] uses this scheme for the
CIR process) proposed to modify this model for v = 1/2 and suggested

partial truncation

N N N T ~
X}?Hl = X}TLLZ + ((9 — ﬁX]Z)E + 0,4 ,X;llingi>0(Bhi+1 — Bh,-)~

Lord et al. [28] proposed full truncation modification for v = 1/2

X . T -

Xh1+1 _Xh (Q—ﬂXhing.>0) X 1X” ~0(Bhiyy — Bn,)-
Diop [12] proposed another modification for v = 1/2

T -
Xp = ’Xh + (0= BXE)— +0\/XF (B, — Bn)|

Bossy and Diop [5] proposed, and Berkaoui, Bossy, and Diop [4] analyzed

A~

T A
B = [ Kh (0= BX1)— +0(X0) (B, = Br)|. 7€ [1/2,1).
Higham and Mao [18] suggested for v = 1/2
. oo T o
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Lord et al. [28] unifies all of these Euler-Maruyama schemes in a single

general framework:
Xp = (X xp)—6) 5t ) (Bu., - B
hi+1_f1 hi | f2 h; | — /Bg—i_o-fB h; ( hit1 — hi)a
Xp, =t (%0
with X}ZO = )2;:0 and the functions f;, i = 1, 2, 3, satisfying:
o fi(r)=xforx>0andi=1,2,3;
o fi(r)>0forzeRy andi=1,2,3.

The schemes considered so far then in the literature are summarized in
Table (for v = 1/2). Lord et al. [28] also considered the behavior

Table 2.1: Overview of Euler schemes known in the literature.

[Scheme | Paper 7@ [ 520 [ 50 |
Absorption | Unknown Lasoy | Yasoy | sy
Reflection Diop [12], Bossy and || || ||

Diop [5], Berkaoui

et al. [4]
Higham and | Higham and Mao [1§] x x |z|
Mao
Partial Deelstra and x x Liz>0y
truncation | Delbaen [11]
Full Lord, Koekkoek, x Lizsoy | >0}
truncation and Van Dijk [2§]

of schemes fixing negative variances. The origin of the true process is
strongly reflecting: if it is obtained, in the sense that when the trajectory
touches 0, it leaves the origin again immediately. They considered the
case where an Euler-Maruyama discretisation causes the variance to go
negative, X}L‘Z = —§ < 0, whereas the true process would stay positive
and close to zero, X,Z_ =€ > 0. In Table we provide results of their
analysis: what would be the new starting point f; (Xf?l) the effective
variance (by this they mean the instantaneous variance of the stock

price) f3 ()?}ZZ), and the drift for all fixes as well for the true process.

11



Table 2.2: Analysis of the dynamics when discretization equals X}LLZ,H =
—0 <0 but X3! =e=>0.

Scheme New starting | Effective Drift
point variance

True process € € B (0 —e¢)
Absorption 0 60
Reflection 4] 5 B(0—9)
Higham and Mao -0 ) B(0+9)
Partial truncation -6 0 B(0+9)
Full truncation -0 0 56

Brigo and Alfonsi [6] define, at least when the time step is small enough,
for v =1/2,

0.2

A . A T -
X,’L‘Z_+1 =Xy, + (0 — - BX}ZH)g + o4 /Xi?iH(BhiH — By,).

If )A(,Z >0 and % < 1/B~, where y~ = max{—y, 0}, they define

K = w (Bri ~ 80)" +4 (%0 (-5 ) 1) (1467 )
2
+U(Bhi+1 _th)>/2 <1+BZ>> .

Schemes employing the properties of variance

The Ninomiya and Victoir scheme [39] for the CIR equation described
in [2] X7 = o(x, h, VAN), where N ~ N(0,1), and

o(x, h,w) —e 7 (\/(9 —02/4)ys(h/2) + e~ T o+ gw>2

+ (0 — 0®/4) ¥s(h/2), (2.2.1)
1—efh
Yp(h) = 5 B#0, and ¢o(h) =h, B=0.

Unfortunately, the scheme only solves the problem of negative values for
2
o° <486.

Alfonsi in |2, Theorem 2.8.] modifies the previous scheme and suggests

12



Approximation

= = Threshold

| scheme applicable

T 4 T ¥ T i T g T

0 0.2 0.4 0.6 0.8 1

Figure 2.1: Scheme switching near zero.

a second-order weak approximation that is well defined without restric-
tion on the parameters. Problem of unbounded derivatives near zero:
discretization scheme loses its accuracy near zero and might obtain nega-
tive values, especially, for large o, was solved by modifying the Ninomiya
and Victoir scheme by switching near zero to another scheme, which (1)
is sufficiently regular and (2) sufficiently accurate near zero. Visual
representation of this idea is given in Figure The algorithm of dis-
cretization scheme is presented in Figure and the threshold Ky (h),
three-valued random variable Y, and the first two moments ;(h, z),
t2(h, x) of the CIR equation are defined as

0.2

Ka(h) = 1{a2>4o}e% ( <4 - 9) va(h/2)

2
n \/e%h [(02/4_9)%(}1/2)%;\/37] )

13



function CIR_02 (z):
if (z > Kjy(t)) z — o(z,t, V1Y)

1— /T (t,2)2 /uz (t,x) . . i
else 7 IVIREFEER ¢ (17 () ;o iy
ty (t.x)
2(1—m)

else r +—

Figure 2.2: Algorithm computing the value at the next time-step of the
2nd-order scheme of the CIR with a timestep ¢t = h, U (resp., Y') being
sampled uniformly from [0, 1].

function CIR_03(x):

if (02 Ka(t) { 2= X7 )

lig(t.a) iy (t.2)da(tz) p — r}l-::_..r}&;;-.f:.,r_}—&gfi.ﬂz
s (t,x)—iq (t,x)" it (t,2)—1, (t,z)2

o, e oo B1—(s—4)/2
0= /5 —4dp, 7 L

if (U<w)ze—(s+0d)/2elsex—(s—4)/2}

else { s —

Figure 2.3: Algorithm computing the 3rd-order scheme next value, start-
ing from z with a timestep t = h. Here U is sampled uniformly from
[0, 1].

P(Y =+V3) =1 P(Y =0)=2
iy (h, ) = xe P 4 Oy (h), (2.2.2)
dg(h, ) = @iy (h, 2)? + oz (h)[ze P" + Oy (h) /2], (2.2.3)

and ¢(z,h, VhY) is defined in (2:2.1).

Alfonsi , Theorem 3.7.] also suggests a third-order weak approxi-
mation that is well defined without restriction on the parameters. The
algorithm of discretization scheme is presented in Figure and the
threshold Ks(h), four-valued random variable Y, discretization scheme

X’,f’ﬁ =0 and the third moment ds(h, ) of the CIR equation are defined

14



as

2
o? o 2 o/

Ks(h) = Li40/3<0 <49}<\/4 _9"‘% 0 — 1 +§ 3+\/6>
+1 o Jo o
fo?<40/3) /5 1

2
o? o o2 o
+1{49<02}[4_ +( \/» 1 6+2\/m> ]]

P(Y iﬁ) 52, P(Y:im>:§_\i€\;€27
-r _ _—Bhyx,f=0
X?=e ﬁwaﬁ(h),

where for 02 < 460 (0% > 46 ),

X (eh, X§™(h, XPR(VRY, x)))
(resp. X (eh, XP™R(VRY, X§™(h, z)))) if ¢ = 1,
X§E™®(h, X (eh, XCR(VRY, x)))
(resp. XCR(VRY, X (eh, X§™(h, x)))) if ¢ = 2,
X§™ (b, XY (VRY, X (h, 2)))
(resp. XCIR(VRY, X§™ (eh, X (eh, x)))) if ¢ = 3,

X (h,) f‘/

XSIR(p, 2) = ze B 4 (9 - U) b (h),

o-z,=0 __
X, =

fbg(h, a;) Zﬁl(h, .’L‘)ﬂg(h, 33)
+o?p(m)[2ae 2 4 ()0 + T (Bae " 4 Bui(h)],

where € and ( are respectively independent uniform random variables

on {—1,1} and {1,2,3}. The first two moments @;(h,z) and a2(h,x)
are defined in (2.2.2)) and (2.2.3)), respectively.
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Split-step schemes

Mackevicius [33, Theorem 3] proves that the Alfonsi scheme |2, Proposi-
tion 2.7], used for approximation of the CIR equation ((1.1.1), v = 1/2)
in a neighborhood of 0 is actually a first-order approximation on [0, +00)

for f € Cog)(R) without scheme switch:

XWx,h)zD(S’(x,h),h), h>0 XMz 0) =z a:=0>

where
ze Pt 4 81 — e Pt B#0
DT — Dix.t) = 5 : ’ 2.2.4
t <m7t) { $+9t, BZO, ( )
Sy = S(x,h), Sp:=0, (2.2.5)

z19 = 212(2,h) =z +ah F \/(x + ah)ah >0, x>0,

N xr
P{S; = 371,2} =p12= x> 0.

2212’
In the same paper, Mackevic¢ius (see Theorem 4) suggested a second-

order weak approximation for the CIR equation:
XM, h) = D<S(D(:U,h/2),h),h/2>, h>0, X"z,0) =z, a:=0?

where DY is defined in (2.2.4]), and the values of the random variables

5*}9;“ = S(x, h) are defined as follows.
If £ > 2ah, then

Pyt sFVA . o p 2xah
1,2 -*— 5 0=, 12 = (7= 7= s
2 VA(VA F 5)
where
h 21
po=1—p1 — po, 523%, A:Z(ah)2+12xah.
If 0 < x < 2ah, then
. sFVA w0 =0, p z(2ah 42z — s FVA)
12 = v ro=0, pi2=
> VAWATs)

where

) 422 +9zah + 3 (ah)?
e — — S =
Pbo b1 — p2, 22 + ah )

16



ah (16 2° 4+ 33 2%ah + 18 x(ah)? + 3 (ah)?)

A =
(2x + ah)?

If 0 < x < 2ah, and we substitute expressions s and A into z12 and

p1,2, then we get

3 (ah)? + 9 ahx + 422

T1,2 =

2(ah+2x)
Vah(3 (ah)3 + 18 z(ah)? + 33 z2ah + 16 23)
i 2 (ah +2x) ’
o =0, py= x(xe — (ah + x))’ _ z((ah + x) — x1)

x1(xg — 1) xo(xg — 1)
po=1—p1—p2.
If we accept that ]E(S’;f)Z — E(5%)" = O(h®), i = 1,2,3,4, then the

expressions of 12 can be significantly simplified:

1
T19 =12+ Zath Z\/(163:+ 17 ah) ah.
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Chapter 3

Preliminaries

In this chapter, we provide all definitions and describe techniques used

to construct discretization schemes.

3.1 Preliminaries and definitions

In this section, we give some definitions for the general one-dimensional
stochastic differential equation
¢ ¢
X =x+ /b(Xg)ds + /&(Xf)st, t>0, zeDCR. (3.1.1)
0 0
To avoid ambiguity, we indicate functions with the supplementary sym-
bol7if the same letter is used for a function and a constant, for example,
we denote by & the diffusion coefficient in the general equation
and by o the constant in the CKLS equation (1.1.1)).

We assume that the equation has a unique weak solution X} such
that P(X7? € D,¢t > 0) = 1 for all z € D. For example, for Eq. ,
we can take D = R

Having a fixed time interval [0, 7], consider an equidistant time dis-
cretization A" = {ih,i = 0,1,...,|T/h],h € (0,T]}, where |a] is the
integer part of a. By a discretization scheme of Eq. we mean a
family of discrete-time homogeneous Markov chains X" = {X"(2,t),z €
D,t € AP} with initial values X”(x,0) = z and one-step transition

probabilities p"(x,dz), x € D. For convenience, we only consider steps
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h = T/n, n € N. We shortly write X7 or X (z,t) instead of X"(z,t).
Note that because of the Markovity, a one-step approximation X i of
the scheme completely defines the distribution of the whole discretiza-
tion scheme Xf , so that we only need to construct the former.

We denote by C*°(D) the space of C*° functions f : D — R, by
C3°(D) the functions f € C*°(D) with compact support in D, and by

Coa(D) the functions f € C°°(D) such that

1F™(2)] < C(1 + |z|*),z € D,n € Ny :={0,1,2,...},
for some sequence (C),, k) € Ry x Ny. Following Alfonsi |2, we say that

such a sequence {(C,, ky),n € Ng} is a good sequence for f.
We will write g(x,h) = O(h™) if for some C > 0, k € N, and hy > 0,

lg(z, h)| < C(1+ |z|F)R™, >0, 0<h<ho.

If, in particular, the function ¢ is expressed in terms of another
function [ € C;f)l(R) and the constants C, k, and hg only depend on a
good sequence for f, then we will write, instead, g(x, h) = O(h"™).

Definition 3.1. A discretization scheme X" is a weak vth-order ap-
proximation for the solution (X7,¢ € [0,7]) of Eq. (3.1.1)) if for every
[ € C5°(D), there exists C' > 0 such that

[Ef(X7) —Ef(XF)| < ChY, h > 0.

Definition 3.2. Let Lf =bf’ + 152]"” be the generator of the solution
of Eq (3-1.1). Suppose Lf € Coa(D) for all f € Cpo(D), that is,

b,¢ C’ggl( ). The vth-order remainder of a discretization scheme Xt”
for X7 is the operator R : Cha(D) = C(D) defined by

Rl f(x) == Ef(X?¥ [ )+ Z ka ] zeD, h>0. (3.1.2)

A discretization scheme Xf is a local vth-order weak approximation of

Eq. (3.1.1)) if

Rl f(z) = O(h"™), h— 0,

for all f € C(D) and = € D.

pol
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Remark 3.1. Iterating the Dynkin formula
h

Ef(XF) = f(z) + / ELf(X7)ds
0

we have

EA(XE) = f() + 3

k=1

h s1 Sy

+// /LV“f XZ,)dsyq1---dsadsy,  (3.1.3)
0 0

which motivates Definition If L+ f behaves “well” (e.g., b,52%, f €
Cs°(D), and ELYT1f is bounded), then for the “one-step” vth-order

weak approximation scheme X i, we have
|Ef(X,f)—Ef(X,f)| :O(h”+1), h — 0. (3.1.4)

We may expect that in “good” cases, a local vth-order weak discretiza-
tion scheme is a vth-order (global) approximation. Rigorous statements
require certain uniformity of (3.1.4)) with respect to f and regularity of
L.

Definition 3.3. A discretization scheme Xf is a potential vth-order
weak approximation for Eq. (3.1.1)) if for every f € ngl(]D)),

Ry f(2)] = O(h"*1).

Definition 3.4. A discretization scheme X = X"(z,t), h > 0, has
uniformly bounded moments if there exists hg > 0 such that
sup sup E(|X"(x,t)|") < +o0, n €N, z € D.
0<h<ho te AP
We say that a potential vth-order weak approximation is a strongly
potential vth-order weak approximation if it has uniformly bounded

moments.

Remark 3.2. Typically, a strongly potential vth-order discretization is
a vth-order weak approximation in the sense of Definition At least,
we do not know any counterexample. A rigorous proof for the CIR

equation is given by Alfonsi [1] (see also [34]).
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3.2 Split-step technique for SDE

The general idea of a split-step (also called a splitting-step) method,
which is based on the idea in [40] (see also [13,[37]), is described by
Moro and Schurz [38]. Their approach heavily relies on the exploitation
of the specific structure of the original system , which allows a
natural splitting into explicitly known parts of the underlying dynam-
ics with well-known boundary behavior and the remaining parts to be
treated numerically with naturally incorporated boundary behavior (or
even without restrictions). The method is especially efficient at approxi-
mating solution of SDE , where boundary conditions are naturally

inherent. Suppose that the equation has form
AX? = [a(XP) + B(XP))dt + 5(XT) dB,. (3.2.1)
They decompose the above equation into the two equations

dS¥ = a(SP)dt + 5(SF) dBy, (3.2.2)
dD? = B(D¥)dt, (3.2.3)

where the splitting is done assuming that one knows the exact strong
solution for S¥ or the conditional probability P(S7). They suggest ap-
proximating the solution of (3.2.1) by a stochastic process X,z:” along

time intervals [t, ¢ + h| for each h using two-step algorithm:

1. Knowing the value of x they obtain an intermediate value S}
through the exact integration of (3.2.2)).

2. Then S} is used as the initial condition for (3.2.3) which is now
integrated using any converging deterministic numerical algorithm

to get D:h (at least of deterministic order 1). Then Xf+h = Dih.

The advantage of this split-step technique for SDE subject to bound-
ary conditions is that if (3.2.2)) is simple enough and we know the solu-
tion S} of (3.2.2)), then the stochastic part of the problem can be handled

correctly.
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A different kind of splitting technique has been suggested by Higham
et al. [19] and reviewed in [38]. Their algorithm, called the split-step Eu-
ler method, is related to another subclass of splitting of SDE and their
resulting split-step algorithm is of lower order 0.5 of mean square con-
vergence, which is restricted by their use of the (drift-implicit) backward

Euler method. Their method indirectly refers to the splitting

4D} = [a(Df) + B(DY)]dt,
ds; = 5(S7) dB,

where both equations for D and S are numerically integrated in a sep-

arated fashion.

3.3 Split-step technique for the CKLS model

We use approach described in [38] and decompose Eq. ([1.1.1]) into equa-

tions
dDy = (0 — pDf)dt, D§ =z > 0,

and

dSY =o(S7)"dB, S§=xz>0, (3.3.1)

and assign names the deterministic part and the stochastic part, respec-
tively, with some loss of accuracy.
The solution of the deterministic part is positive for all (z,t) € R, x

(0,T], namely:

zef 4 B(1— e, B0,

3.2
x + 0t, B =0. (3:3.2)

Dy = D(x,t) = {

The solution of the stochastic part is not explicitly known. The

following theorem allows us to reduce the construction of a weak second-

order approximation to that of the stochastic part. Let S‘f =9 (z,t) be
a discretization scheme for the stochastic part (3.3.1).
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Theorem 3.3. (see [2, Thm. 1.17]) Let SF be a potential first-order
weak approximation of the stochastic part (3.3.1) of Eq. (1.1.1)). Then

the split-step composition
X¥:=D(SF,h), >0, h>0, (3.3.3)
defines a potential first-order weak approzimation of Eq. (1.1.1)).

Theorem 3.4. (see [2, Thm. 1.17]) Let S’f be a potential second-order

weak approzimation of the stochastic part (3.3.1) of Eq. (1.1.1). Then
the (split-step) composition

K0 (z, h) = { D(S(DG.b/2), ). 1/2). Z i 8 (3.3.4)

defines a potential second-order weak approzimation of Eq. (1.1.1)).

Corollary 3.5. If SY s a strongly potential first-order weak approxima-

tion of the stochastic part (3.3.1)) of Eq. (1.1.1)), then composition (3.3.3])
is a strongly potential first-order weak approximation of Eq. (L1.1.1).

Corollary 3.6. If Sf is a strongly potential second-order weak ap-

prozimation of the stochastic part (3.3.1) of Fq. (1.1.1), then compo-
sition (3.3.4) is a strongly potential second-order weak approximation of

5. (C10),

The theorems and corollaries allow us to restrict ourselves, with-
out loss of generality, on the strongly potential first-order and second-

order weak approximations of the stochastic part dS¥ = o(S¥)” dB; of

Bq. (T1).

3.4 Moment matching technique for the CKLS
model

Let S',f be any discretization scheme. Using Taylor’s formula for f €

C*(R), we have

EF(57) = f2) + F @B, - )+ LB -
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"
f6()E( —I—E/f )(SF — 5)3ds.

It is worth noting that further technical calculations were mainly
made by using MAPLE software.

For brevity, we denote z := ah = o%h. Since the generator of the
stochastic part dS¥ = o(S¥)YdB; is (see Definition (3.2]))

Lof(z) = 5 aa® [ (z),

where the subscript 0 indicates that b = 0, the first-order remainder for

A
Sy is

Ry f(x) =Ef(S}) — | f(x) + Lof (2)h

= f'(2)E(8F — ) + 2‘” [E(SE —2)% — 2Pz (3.4.1)

f///( )
. E(SF —2)® +ri(z,h), x>0, h>0,

where

|r1(z, )|

/f )(SE — 5)3ds

1
<—E
24

max_|f(s >r<5ﬁ—x>4].

0<s<Sr

By the above expression of the remainder R} f(z) the discretization

scheme S’}f is a potential first-order approximation of the stochastic part

B31) if

E(S% — ) = O(h?), z >0, (3.4.2)
E(S% —2)? =222+ O(h?), >0, (3.4.3)
IE(SE — z)3| = O(h?), = >0, (3.4.4)
E| max [fW(s)|(S} —2)!| = O(h?). (3.4.5)

0<s< 57
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We easily convert conditions - for the central moments

of Sh into conditions for the noncentral moments:
E(57) = 11 + O(h?), i = 1,2, (3.4.6)

where the “moments” (further we call them approximate moments; to in-
dicate the accuracy of an approximate moment, we will write a subscript
k: B(SP)! = g + O(WFHY), kyi € N) 19y = gz, h), @ > 0,k > 0,

1 = 1,2, are defined as

lml =,
L (3.4.7)
1Mo =x°"2 4+ x°.
Using Taylor’s formula for f € C%(R), we get
"
EF(5F) = £(x) + £ @B, — ) + LAV B (S — 0y
f/// T - f(4) T -
+ 6( )E(Sh — )% + 4!( )E(Sh —x)!
S
5) (1 N 1 N
s 5!( )E(s,f—x)5+5!E/f<6>(s)(sh — 5)°ds

Since the square of the generator of stochastic part (3.3.1) is (see

Definition
Lif () = 5aa® (a2 f"(x)" = [ a*a® (292”7 1" (2) + 21" (@)
3 a2 () + 402 (@) + L a2 f O (),
the second-order remainder for S’ﬁ is

2

Rbf(z) =Ef(SF) — | f(x) + Lof(x)h + Lif(z )

= f'(2)E(S} — )

+ R )~ (149 - a2 D) e
+ O gyt~ 3qa12
+1 (2'(”3) [E(3f — )t — 3227



5 .
+ / (x)E(S;f —2)° +ro(z,h), >0, h>0,

5!
where
|ro(z, h)| 5‘ /f Sh — 5)5ds
1 o 6
<—E| max |f9(s)|(SF —2)°].
6! | o<s<sr

By the above expression of the remainder R} f(z) the discretization

scheme S,f is a potential second-order approximation of the stochastic

part if
E(SF —z) = O(R®), x>0, (3.4.8)
E(ST — 2)2 = (14 ~(y— %)x%—l)z)x% Lo, 23>0, (3.4.9)
E(SF — z)? = 3va 122 + O(h?), = >0, (3.4.10)
E(SE — z)* = 32Y22 + O(h®), >0, (3.4.11)
IE(SE — z)°| = O(h?), = >0, (3.4.12)
E[ max | (s)|(S2 —a:)ﬁ] = O(h®). (3.4.13)

0<s<52

Initially, for constructing our approximations, instead of (3.4.13]), we

will require a slightly weaker condition
E(SF — x)% = O(h?). (3-4.13h)

Later we will see that, actually, all our approximations satisfy the re-
quired stronger condition (|3.4.13]).
We convert conditions (3.4.8)—(3.4.12) and (3.4.13p) for the central

moments of S} into conditions for the noncentral moments:

E(SF)! = o + O(R®), i =1,2,...,6, (3.4.14)
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where the approximate moments om; = om;(x,h), x > 0,h > 0, i =
1,2,...,6, are defined as

le =,

amg =vy(y — %)xz(%_l)f + 22z + 22,

oty =3y(1 +29)z" 2% 4+ 3212 4+ 4

(3.4.15)
o1y =3(1 + ) (1 4 27)z72% + 62 (H“’)z + 4,
o1y =5(3 + 29)(1 4+ )zt ™22 4 10237272 + 25,
Mg :§(2 +v)(3+ 27)x2(1+27)22 1+ 1522@ ) 5 4 g6
Using Taylor’s formula for f € C¥(R), we get
b / e f'(@) mce 2
Ef(Sp) = f(z) + f(2)E(Sh — 2) + ——E(S) — 2)
f/// T - f(4) T .
+ 6( )E(Sh —z)® + 4!( )E(Sh —z)t
f(5) xz ox f(ﬁ) €T A1
+ 5!( JE(S7 — 2 + 6!( JE(S7 — )
™ i
fY9z) . o 1
- 7,( )E(Sh —z) + 7!]E/f( )(s)(SF — s)7ds

Since the third power of the generator of stochastic part (3.3.1)) is

(see Definition

L3f(2) = LoL3f(2) = bas® (Sa® (§aa® f'(x))")"
= 370%™ ((y = §) a2 1" (@) + 2 7 (@)"
+ L (2O ()
=17a%77 (29 = 1) f(2) + § (107 = 3)2f"())
+Lata® (2 yat LB () 4 L A7 ) (x))
=194y - 3)(2y - 1)*®2*® 2 ()
+29(3y = 1)(2y - 1) a’e* @Y " (2)
+ 319267 = 7) a® 223D f D (2) + 3y aP2 1 FO) ()
+ a5 O (),
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the third-order remainder for S’ﬁ is

Ryf(e) = BF(SP) — | F(@) + Lo ()b + LF @)% + L)
~ P ()E(SE - 2)

+ PO g - a2 — (14 5y - 0702

X (14 30— D — D020

+1 /,/6(90) [E(S§ — )

=391 +4(y = 3)(7 = a0V

) .
+ () [E(SF — 2)* — (3 +~(267y — 7)220 1 2)z17 22

4!

(5) N
RLTE

(6) N
BT

(7 .
oL 7|(x)E(Sz — ) +r3(x,h), 220, h>0,

where
Sy
1 ~

lr3(z, h)| =7 E/f(g)(s)(sﬁ —5)7ds

1
<_E
81| o<s<sy

max |79(s)|(SF - >]

By the above expression of the remainder R% f(z) the discretization

scheme S i is a potential third-order approximation of the stochastic part

(3-3.1) if
E(S% —z) = O(hY), = >0, (3.4.16)
E(S; —a)* = (1+9(y — $)2*07V2
X (14 8(y = 3)(y = )220 Vz))a?z (3.4.17)
+O(h*), 2 >0,
E(Sf —2)° = 3y(1 +4(y — §)(v — $)2”0 " D2)a"1 7122
+O0(hY), x>0, (3.4.18)
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E(S§ — 2)* = (3+ (267 — T)2z*0"V2)a22 + O(hY), = >0, (3.4.19)

E(S; —2)° = 3072972 + O(hY), = >0, (3.4.20)

E(Sf — 2)° = 152972% + O(h*), 2 >0, (3.4.21)

(S}, —2)7| = O(hY), = >0, (3.4.22)

E[ max [f®)(s)](SF - 2)°| = o). (3.4.23)
0<s< 5y

We convert conditions (3.4.16)—(3.4.21)) for the central moments of

g,‘f into conditions for the noncentral moments:

E(SF)! = 31 + O(hY), i =1,2,...,6, (3.4.24)
where the approximate moments 3m; = sm;(x,h), x > 0,h > 0, i =
1,2,...,6, are defined as

3m1 = x,
gy = 57(y — 3)°(y — Ha?1722?
+A(y = $)a*@ D22 4 2?7z 422,
gy = (1 +27) (v — 3)(4y — 1)a*® 7128
+ 3y(1 4 29)z =12 4 32127, 4 o8
31y = 2y(4y — 1)(1 4 29)(1 + 7):52(37_1)23 (3.4.25)
+3(1 +7)(1 4 29)ah 2% 4+ 6227 7 4 24,
gy = (3 +29) (1 +4y) (1 +7)a® 12
+5(3+29)(1+ )zt ™22 + 1023722 + 2P,
g = 3(3+27)(1 + 29)(1 +47)(2 + 7)2™2*
+82+7)(3+2y)z 20429) 22 1 152221 5 4 45,
Remark 3.7. We noticed expressing R} f(x), R f(z), and R} f(x) that
can be used finding E(S¥)%, i € Np, with desired accuracy for

more general b and ¢. Indeed, let us find an expression of 319 such that
E(SF)? — 3rmg = O(RY). (3.4.26)

From R} f(x) we see that to eliminate the member with f”(x)/2 and to

reach the desired accuracy, we need to force a coefficient at f”(z)/2 to
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be equal O(h?). Since we are looking for Ef(S¥), it is obvious that the
coefficient at f”(z)/2 equals O(h?) if
E(S; —«)® —E(S} —2)® = O(h").

We use this remark to find gme. Since the first, second, and third
powers of the generator of the stochastic part of (3.1.1)) are (see Defini-
tion |3.2)) (the subscript 0 indicates that b = 0)

L f — %5_2]0//’
L%f _ %5’ (% 5,2f//)’/ _ %5,2 (%52]0///_1_&&/]0//)/
_ i&4f(4) + 635/f/// + %52 (50// + (5/)2) f//,

"

Lyf = LoLyf = 36 (i64f(4)+ S+ Ls (&5”+(&’)2>f”)
) 4+

&f(4)+20(3~ 5 +7(5) )f’”))'

53( 250 4 ~~/U//+4( ) >f///
%54 (55(4) +5(5”)2—|—85/5m) 7"
50 (o) (855" + (2')) 1"

we collect the coefficients of f” in these expressions and sum them:

3 . .
(coefficient at f” in L’gf) i 4
23" o h" 4+ O(h%)

E(S¥ — z)? =
55 +5 (5")" + 855" ) n®
152(3)° (865" + (5)°) h* + O,

We know that
E(S)* = E(Sy — =) + (E(SF))*.

From this and the expression of E(S¥ — z)? we get
siny =a® + 3%+ 552 (56" + (5')°) 2
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+ Lot (&&<4> +5 (5) + 86’&”’) %
+ 162 (5)* (855" + (5)°) b

This means that we can calculate and use the moments of the stochastic
part (3.3.1) from ([3.4.25) with accuracy O(z?*); in other words, using

these expressions, we only lose the members having the multiplier h of

degree 4 or higher.
Ezample 3.8. The approximate moments of dS¥ = o(S7)'/2dB; are:

3m = x,
3Mo = T2 + xz,
3mg = %sz + 3222 + a:3,
g = 3z2° + 92222 + 6232 + 24,
= 302223 4+ 302322 + 1022 + o
e = 1502323 + 752122 + 152°2 + 336,

where > 0, z > 0.

Ezample 3.9. The approximate moments of dS¥ = o(S7)%/3dB; are:

3my =,
3Mg = — 2}132 + 35 m2/3 +x4/3z+:c2

3m3—g‘;’aﬁz +7x5/3z2+3w7/3z+x
sy = 7801(396223+35 8/3 2+6x10/3z+x
st = 14212g0 3,3 4 325 £11/3 2+101:13/3z—|—9:

3m6 — 2080120 $4Z3 + 260 14/3 2 +15 11316/32 + $

where z > 0, z > 0.
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Chapter 4

First-order approximation

In this chapter, we construct a first-order discretization scheme for the
solution of the CKLS model. In the first section of the chapter, we dis-
cuss all techniques used to find the first-order approximation. In Section
we find a general construction for a potential first-order discretiza-
tion scheme of the stochastic part. Section is dedicated to finding
a discretization scheme for the CKLS equation. In Section we give
an algorithm for simulations, and finally, in Section we provide nu-

merical simulations illustrating the accuracy of CKLS approximations.

4.1 A first-order approximation

We construct our scheme applying methods described in Section
First, we split the CKLS model into the stochastic and deterministic
parts. The solution of dD} = (0 — D})dt, D§ =z > 0, is easy to find
(see (3.3.2)), and then we focus on constructing a first-order discretiza-
tion scheme for the solution of the stochastic part dS7 = & (S¥)dB,
S§ = x > 0. For this, we use approximate moments (see Remark
instead of using exact ones. We apply the found construction to the
stochastic part dSf = o(S¥)"dB;, S§ = x > 0, and we prove that
constructed potential approximation is, in fact, a strongly potential ap-
proximation of the stochastic part of the CKLS equation. Theorem
allows us to merge split-step parts of equation (1.1.1)) using com-

position (3.3.3)), and in this way, we get a strongly potential first-order
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approximation of the CKLS equation.

4.2 A potential first-order approximation of
the stochastic part

The generator of the stochastic part dS¥ = ¢(S7)dB; (the stochastic

part of (3.1.1)) for f € C*(Ry) is

1.
Lof (@) = 55%(2) " (2),
(see Deﬁnition. If f € CY(R4) and E(S7)? is finite, then similarly to
(3.4.1]), we get that the discretization scheme S i is a potential first-order
approximation of the stochastic part (3.3.1) if

B3 —2) =0, 2> 0, (4.2.1)

E(Sf — ) = & (x)h+ O(h?), = >0, (4.2.2)

[E(Sf — 2)*| = O(h?), x>0, (4.2.3)

E[ max £ (s)|(5F — )] = 0. (12,0
0<s<SF

It is obvious that
E(SF —z) = E(S¥ — ) = 0.
From Remark we know that condition in fact means that
E(SF — x)? —E(SF —2)2 = O(h?).
Using the equality
EX? =E(X —EX)? + (EX)?

for any random variable X, we get the second approximate moment of
Sy

E(S;)? = 6%(x)h + (E(S}))* + O(h?).
Denote 1y := 11y = E(S7) = = and 1y 1= 11y = &2(x)h + M3 and

construct S’,f Clearly, for x = 0, we can trivially take 5’2 = 0 for all
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h > 0. For x > 0, let us first look for S’}f satisfying d4.2.1|) and d4.2.2[)

and taking two positive values x1 and z9 with probabilities p; and po,

respectively, that is,

p1+p2=1, (4.2.5)
x1p1 + x2p2 = M1, (4.2.6)
T3y + x3ps = s, (4.2.7)

Denote, for short, p = pa. Then from (4.2.5)—(4.2.7) we have

1—

n—2L 4 a L =1, (4.2.8)
my my

23(1 —p) + x3p = 1. (4.2.9)

Consider ¢ = 222 € (0,1) as a parameter. Then from (4.2.8) we have
7?7,1(1—6)

11 = —1—~ and xp = mplc, and from (4.2.9) we get the following

quadratic equation for p:

o p® + (] (1 — 2¢) — o) p+ mic = 0.
Since m? < 1y = 62(x) h + m?, the discriminant of this equation
(3 (1 — 2¢) — 1ha)* —d g M3 = (1hg — 1i}) <’r?L2 21— 20)2> >0

as (1 —2¢)2 < 1 for ¢ € (0,1). So the quadratic equation has two real

roots

g + (2 — )i F \/(mz — i) (g — 3 (2c — 1)?)

21mMmg

Y

A2
which are both positive because their sum 21 (2¢ — 1) + 1 and product

2
2

52
i iti
T ¢ are clearly positive. Denote

A= \/(mz — ) (g — m2(2c — 1)2).
Let us consider, say,

3 2c—1)mi — A
pp=p="271 o Jrny — & (4.2.10)
ma
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Then

g — (2¢— 1)} + A

=1-p= 4.2.11
b1 p 27?12 ) ( )
n1(1 — g — (2c—1)m? — A
o= ll=c) e = Qe Dy = A (4.2.12)
P1 le (1 — C)
7 Mo+ (2c—1)mi + A
gy = e e f (Zem Dy + A (4.2.13)
D2 2myc

Obviously, p1, T2, and x; are also positive. Let us now calculate the cen-

tral moment E(S’,f —x)3, where S’,f takes the values x1 2 with probabilities

p1,2 defined in (4.2.10)—(4.2.13):

B(SF — ) = B(SE — )’
= E(S)® — 3E(S})*in + 3E(SE) mi — m}
= 2% p1 + 2y p2 — 3 (21 p1 + a3 p2) iy + 2103 (4.2.14)
(mg - ml) + (g —mi) (1-2¢) A
2myc(l—c)
(@) b2+ 53 () (1= 2¢) hy/ (32(x) h+ 4a2e(1— ) ) B
2zc(l—c) ’

The second summand in the numerator of the last expression of (4.2.14])
is of order O(h*/?). To ensure (#.2.3), we have to eliminate it by taking
¢ = 1/2. In such a case, from (4.2.10)—(4.2.13) we get the following

solution of system (4.2.5)—(4.2.7)):

5 S (e — 12
T2 = 7?}2 F —mg(m% 5 mi) (4.2.15)
pro=—2 =2 2> (4.2.16)

Note that the constructed potential first-order two-valued approxima-
tion of the stochastic part does not require knowing the exact finite

moment E(S7)2.
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4.3 A strongly potential first-order
approximation of the CKLS equation

From Section [£.2] we get the first-order potential one-step approximation
of the stochastic part dS7 = o(S7)” dBy:

zo =z + 227 0?h 4+ /(22 + 22@-Dg2h)02h > 0, x>0,
(4.3.1)

z > 0. (4.3.2)

{xl =+ 2271 0%h — /(2 + 222 Do2h)o2h > 0, x>0,

x

P{S¥ = T} =pio =

2212’

Remark 4.1. In the case of the CIR equation the two-valued discretiza-
tion scheme of the stochastic part defined by f coincides
with that of Mackevicius [33]. In turn, the latter is a particular case
of the two-valued discretization scheme of Alfonsi |2, Sect. 2.2], who
used it to approximate the CIR equation near zero in a second-order

approximation.

Theorem 4.2 (Theorem 1.1). Let X’f be the discretization scheme de-
fined by composition , where 5’“"3 takes values x1,xs with proba-

bilities p1,p2 defined in - h =0). Then Xtm is a strongly
potential first-order dzscretzzatzon scheme for the CKLS equation (1.1.1]).

Proof. We have to check that scheme (4.3.1))—(4.3.2)) satisfies conditions
(3.4.4)([3.4.5). For brevity, we further denote z := o2h. For z > 0, by

rather tedious calculations we have

E(Sf — )’ = (21 — x):;i + (22 — :E)?’i = 247712 (4.3.3)

2z T 21‘2

E(S% — )4 — o4 T 4T

(S~ a)' = (o1 =)' 5+ (= )5
= 21 + 42207 2)22, (4.3.4)

Now (3.4.4)) follows from (#.3.3)). If f* is bounded, then from (4.3.4)) we
immediately get (3.4.5)). In fact, (3.4.5)) is satisfied for every f € C5g (D).

By the expression of the maximal value z2 of S’;’j and the simple estimate

|P(z,y)| < M(|z|P + |y|P) for all z, y € R with some finite constant
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M, where P(z,y) is a pth-order homogeneous two-variable polynomial,

condition (3.4.5) is satisfied for every f € Cp)(D) (suppose | @) <
Ca(1+4 xk4)):

E[ max [f9()((Sf —2)'] < max |fD(s)[E(SE - 2)*

O<S<S:c 0<S<.Z’2

< Ca1 + T5OE(S] - 2)*

(z+ (1+2) )" ) B(Sf - )
(1+2)" (1+a) ) E(5§ — )"

1+ Cs (:c’“‘* +1)) E(S7

<O+ 2F)E(SF — x)t = C’)(hQ).

We need to prove that the discretization scheme S’ﬁf has uniformly

bounded moments. To this end, we need the following lemma.

Lemma 4.3. Forp € N,

E(SF)P = xRy (2,227 12), and

E(SF — ) = (e 2P Qplr, a1 12),
where R, = Ry(x,y) and Q, = Q,(x,y) are (p—1)th-order homogeneous
two-variable polynomials with positive coefficients.

Proof. Substituting the expressions of x1 2 and pj 2 into E(S‘,f)p, we get

T x -1 -1
R D] C R B
= g{ (a: + 2?7y — \/(x27 + xz(z’y—l)z)z)

+ <a: + 227 4 \/(:1:27 + a?Q(?V—l)z)z)p_l}

E(S}f) x1p1 + 33'2]92 = 5171 or

p—1

L(»—1)/2] ) A
_ ZL‘{ (pz—il) (I‘ + xQ'y—lz)p—l—Qz((x + xQ'y—lZ)xQ'y—lz)z}
1=0
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L(p—1)/2] | |
= x{ Z (PQ—ZJ) (ac + x2wlz)plz($271z)z}
i=0
= aRy(z, 2% 12),

where Ry (x,y) = Y5 (75 (@ 4+ )7~ iy
Similarly,

E(S\’ﬁ — x)2p — (xl o x)Qppl + (x2 _ x)zpp2

= (@1 — ) o+ (22— )P
(1 —x) 2x1+($2 z) -
X

= 27179 {(1'1 - aj)Qpa;Q + (3;2 _ x)prl}
1

- m{(“ —2)?(wy — ) + (22 — )% (21 — )

+ () — )% 4 (29 — x)2p)}

_1,2 Py
i m&xl —2)? 4 (13 — x)2p}

2y

xr-'z 9 1 o1

:ﬁ
(x"i_.’lj'y Z){(:L"Y Z)p

p—1
* Z (21)2;1) (@122 (2 4 x2(2w—1)z)2)i}
i=1
T [y
" ($+$2V*12){($ z)
P
+ ) () @) (2P + acQ(QW—l)z)Z)i}
i=1
p—1 | |
=1
+ .T2“/—1Z)p(x+$2’7—1z)p—1}
p—1
— :U(x%—lz)p Z ((221;) (2122;1)> (x2v—1z)p—i(m + x27_1z)i—1
i=1

+ (z + x%—lz)p—l}

= x(xzy_lz)pr(x, D7 1z),
where Qp(w,y) = 3277 () = (% ))y" @+ ) ' + (@ +y)P .
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All coefficients of § z,227712) are positive integers because (%) —
p p g 21

(2’;;1)>0f0ralli:1,...,p. O

From Lemma [£.3] we also easily obtain that, for all zo > 0 and p € N,

there exists a constant C' such that
E(SF)P <aP(1+Cz)+Cz 0<z< 2.
By Proposition 1.5 of [2], this leads to the following:

Lemma 4.4. The discretization scheme S’,ff has uniformly bounded mo-

ments.

In view of Theorem our Theorem now immediately follows
from Lemma [4.41 O

Remark 4.5. In addition to (3.4.2) and (3.4.3)), we can set the require-

ment from the second-order calculations in Section (3.4))
E(SF — z)® = 3yatr 7122 (4.3.5)
although for our approximation, by Eq. (4.2.14), we actually have

E(SF — z)3 = 2297122,

However, we can achieve the fulfilment of Egs. (3.4.2)), (3.4.3)), and (4.3.5)
by modifying the discretization scheme (4.3.1))—(4.3.2)) as follows:
z1 =+ 227 10%h — /(227 + (37 — )22 —Vg2h)o2h, x>0,
zo =z + 22 1o?h 4+ /(227 + (37 — 1)x2-Da2h)02h, x>0,
r3=0, x>0,

(4.3.6)

N T N
P{S} =z12} =p12 = ST P{S}, =x3} =p3s=1—p1 —p2, x> 0.

’ (4.3.7)

Note the appearance of the third value z3 = 0 and the factor 3y — 1
inside the square root. Some improvement in accuracy of this modified
scheme is further confirmed by simulation examples. Unfortunately, this
scheme is well-defined only for v € [1/2,2/3] since we can easily check
that for v > 2/3, x; may take negative values.
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4.4 Algorithm

We first give a short algorithm for calculating X(i+1)h given X =z at

each simulation step :
1. Draw a uniform random number U in the interval [0, 1].

2. Given the value x > 0, generate a random variable S taking the
values 1 and z9 with probabilities p; and ps defined in
and , respectively:
if U < pq, then S = x1, otherwise S = s
If z =0, then S:=0.

3. Calculate (see (3.3.3)))

X(ir1yn = D(S, h).

4.5 Simulation examples

Using the discretization scheme defined in (4.3.1)—(4.3.2)), we simulate

the solution of CLKS equation (1.1.1)) or its stochastic part (3.3.1) for
N = 1/2, 11/20, 3/5, 13/20, 2/3, 7/10, 3/4, 4/5, 5/6, 7/8, and 9/10

19/10 9/5 x17/10 8/5 2 3 T
) Y )

with test functions f(z) = = T 2%/°, x4, z°, and e 7.

Such a choice of v and f is motivated by having explicit formulas for

the expectations Ef(S¥) (see Appendix) and

zﬁe_ﬁt

3 2.4 ,W
FeXP — T e V2ot (1menfl) s 4.5.1
¢ <1/2a2 (- o) 1 /3) ¢ 48D

where v = 1/2 (see, for example, [21, Prop. 6.2.5]). We also simulate the
solution of CLKS equation for v = 1/2 (i.e., the CIR equation)
with the discretization scheme defined in f and the test
function f(z) =e™*.

In Tables and we give the values of the

errors

[E(ST)? — E(S7)?|
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for some p (for which we know explicit formulas for moments) with differ-
ent approximation steps h. Tables[4.1] and 4.5 represent calculations
with “low” volatility (o = 0.8, § =0, 8 =0, g = 1.5), and Tables
andrepresent those with “high” volatility (o = 1.5, =0, 8 = 0,
zo=1.1). In Tables and we give the values of [Ee™ %1 —EeXt |,
where X { was calculated by generating 5’1‘” with schemes f

(denoted A) and modified schemes (4.3.6)—(4.3.7) (denoted Am). Ta-
ble represents calculations with “low” volatility (o = 0.8, § = 0.5,

g =0.5, xg = 1.5), and Tablerepresents those with “high” volatility
(0 =2,0 =004, p = 0.1, zp = 0.3). Each table also contains the
values of time steps h and the numbers N - 10% of generated samples
used calculating the corresponding error.

In Figures and we show E(S7)? (dashed lines) and E(S7)?
(solid lines); in Figures and [4.4| we show E(S?)? (dashed lines) and
E($7) (solid lines); in Figures [1.5) and [1.6] we show E(S¥)T, E(S¥)3,
E(S%)1, and E(S?)5 (dashed lines) and E($%)10, E(5%)5, E(S¥) 10, and
E(gl"”)% (solid lines). All figures were generated by the same set of sim-
ulations that was used in the preparation of the tables. Figures
and represent values with “low” volatility (¢ = 0.8, 8 = 0, 8 = 0,
zo = 1.5) and Figures and with “high” volatility (o = 1.5,
0=0,8=0,z9=1.1). In Figures and 4.8 we show Ee~*T (exact)
and Re~XT generated using the discretization scheme f (de-

noted A) and Ee™*1 generated using the modified discretization scheme

(4.3.6)—(4.3.7) (denoted Am). Figure represents the case of “low”
volatility (o = 0.8, § = 0.5, 8 = 0.5, zg = 1.5) and Figure [4.8| represents
the case of “high” volatility (¢ = 2,0 = 0.04, 8 = 0.1, g = 0.3). In Fig-
ures and we show Ee X1 for v = 1/2 and Ee—XT for v =1/2,
2/3, 3/4,5/6, 7/8, 9/10, where N = 10° and h = 0.25, in the cases of

“low” and “high” volatilities as before.
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Figure 4.1: E(S57)? (solid lines) as functions of h for some values of
7. The exact values of E(S¥)? are shown by horizontal dashed lines.
c=08,0=0,8=0, 9= L5.
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Figure 4.2: E(S57)? (solid lines) as functions of h for some values of
7. The exact values of E(S¥)? are shown by horizontal dashed lines.
c0=1560=0,5=0,xz9=1.1.
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Figure 4.3: E(5%)% (solid lines) as functions of A for some values of .
The exact values of E(S¥)3 are shown by horizontal dashed lines. 6 = 0,
B=0,20=150=0S8.
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Figure 4.4: E(S7) (solid lines) as functions of h for some values of
7. The exact values of E(S¥)3 are shown by horizontal dashed lines.
0=150=0,8=0,z0=1.1.
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Figure 4.5: E(S’f)%, E(S’f)%, ]E(Si‘)%, and E(S’f)% (solid lines) as func-
tions of h for some values of 4. The exact values of ]E(Si‘)%, E(Sf)%,
E(Sf)%, and E(Sf)% are shown by horizontal dashed lines. o = 0.8,
9:0,,3:0,.%'0:1.5.
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Figure 4.6: E(S’f)%, E(S"f)%, ]E(S'f)%, and E(S’f)% (solid lines) as func-
tions of h for some values of . The exact values of E(Sl’”)%, E(ST)s,
E(Sf)%, and E(Sf)% are shown by horizontal dashed lines. o = 1.5,

0=0,8=0,x=1.1.
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Table 4.1: Values of |E(S%)? — E(S%)?| for ¢ = 0.8, § = 0, B = 0,
xg =15, h=1/2"
ol n==~6 n=2>5 n=4 n= n=2 n=
N=1024 N=256 N=64 N=16 N=04 N=0.1
[E(S7)? — E(57)?|
1/2 0.002915 0.003857  0.003016 0.002397 0.004984 0.005049
2/3  0.001559 0.000121  0.005077 0.012592 0.007669 0.040422
3/4  0.003340 0.000786  0.006177 0.015025 0.025857 0.081000
4/5 0.004578 0.003604 0.010149 0.023229 0.052740 0.116562
5/6 0.003147 0.004245 0.012843 0.025792 0.043640 0.067414
Table 4.2: Values of |E(S%?)2 — E(S%)?| for 0 = 1.5, § = 0, 8 = 0,
xo= 1.1, h =1/2"
¥ n==6 n=>5 n=4 n=3 n=2 n=1
N=1024 N=256 N=64 N=16 N=04 N=0.1
E(57)” — B(57)7]
1/2  0.002717 0.005503  0.003268 0.003579 0.008855 0.038444
2/3  0.000509 0.018897  0.050594 0.100763 0.170371  0.295007
3/4 0.032290 0.049884  0.097300 0.189880 0.344428 0.630473
4/5 0.027158 0.065583  0.162247 0.265843 0.450578  0.837778
5/6 0.031016 0.093902  0.194255 0.349305 0.703000 1.057874
Table 4.3: Values of |E(S%)3 — E(S%)3| for 0 = 0.8, § = 0, 8 = 0,
xo =15, h=1/2"
¥ n==6 n=>5 n=4 n= n = n=1
N=1024 N=256 N=64 N=16 N=04 N=0.1
E(ST)° — EGST)
1/2  0.018900 0.023367  0.020630 0.054256 0.070708 0.157102
2/3  0.006975 0.000945  0.021329 0.085945 0.080353 0.293248
3/4 0.011071 0.013691  0.066994 0.166196 0.339563 0.684186
4/5  0.000602 0.044261  0.143507 0.321432 0.493142 1.071639
5/6 0.022714 0.069883  0.177082 0.389716 0.664207 1.474358
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Table 4.4: Values of |E(S%)3 — E(S%)3| for ¢ = 1.5, § = 0, B = 0,
zo=1.1, h=1/2".
vy n==6 n=>5 n=4 n=3 n=2 n=1
N=1024 N=256 N=64 N=1.6 N=04 N =0.1
[E(ST)? — E(ST)°|
1/2  0.004807 0.147367  0.144550 0.353186 0.792581 1.425949
2/3  0.091082 0.109581  0.423729 0.812364 1.605744 3.542449
3/4  0.159271 0.759191  1.726704 2.894023 6.554272 11.724430
4/5 1.068226 1.869902  3.757507 6.158224 12.900163 21.305779
5/6 2.872209 3.692346  5.996176 11.439493 20.224748 34.820765

Table 4.5: Values of |E(S¥)? —E(S%)P| for some p and . 0 = 0.8, § = 0,
B=0,20=15 h=1/2"

P ¥ n==06 n=>=5 n=4

N=1024 N=256 N=64

[E(ST)? —E(S7)?]
19/10 11/20 0.001803 0.001705 0.001113
9/5 3/5  0.002859 0.001819  0.000148
17/10 13/20 0.001340 0.001132  0.003159
8/5 7/10  0.001526 0.000849  0.001378
N =1.6 N=04 N=0.1

[E(ST)” — E(57)7|
19/10 11/20 0.001510 0.001197  0.022932
9/5 3/5  0.007329 0.007740  0.005487
17/10 13/20 0.006003 0.004246  0.021242
8/5 7/10  0.006399 0.010495  0.005900
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Table 4.6: Values of |E(S¥)? —E(S%)P| for some p and . 0 = 1.5, 6 = 0,
B=0,mz=1.1, h=1/2"

p vy n=2~0 n=>5 n=4
N=1024 N=256 N =64

[E(ST)? —E(S7)?]

19/10 11/20 0.000755 0.005139  0.012418
9/5 3/5  0.003443 0.007615  0.023056
17/10  13/20 0.002730 0.010925  0.028374
8/5 7/10  0.005346 0.012419  0.023916

p ¥ n=23 n=2 n=1
N =156 N=04 N =0.1

[E(S7)? —E(S7)?]

19/10 11/20 0.036881 0.024518  0.094347
9/5 3/5  0.050630 0.089301  0.160324
17/10 13/20 0.053472 0.108758  0.151686
8/5 7/10  0.055905 0.075857  0.195324

Table 4.7: Values of [Ee=X{ — Ee=X{| for o = 0.8, § = 0.5, 8 = 0.5,

zg=15,v=1/2, h=1/2". “A” denotes scheme (4.3.1)—(4.3.2)), “Am”
denotes scheme (|4.3.6)—(4.3.7)).

n==~6 n=>5 n=4 n=3 n=2 n=1
N=1024 N=256 N=64 N=16 N=04 N=0.1

|Ee= X7 — Ee~*7|

A 0.000290 0.000430  0.000769 0.001231 0.002891 0.005404
Am  0.000273 0.000258  0.000306 0.000449 0.000327 0.002275

Table 4.8: Values of [Ee=i — Ee=X{| for 0 = 2, § = 0.04, 8 = 0.1,
zo=0.3,7y=1/2, h =1/2". “A” denotes scheme (4.3.1)—(4.3.2)), “Am”
denotes scheme (4.3.6)—(4.3.7)).

n==~06 n=>5 n=4 n=3 n=2 n=1
N=1024 N=256 N=64 N=16 N=04 N=0.1

[Ee= X7 — Ee=X7|

A 0.000491 0.001331  0.002349 0.005248 0.012123 0.027630
Am  0.000418 0.000557  0.001046 0.001707 0.003434 0.007223
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Chapter 5

Second-order
approximation

In this chapter, we construct a second-order discretization scheme for
the solution of the CKLS model. In the first section of the chapter,
we discuss all techniques used to find the second-order approximations.
In Section [5.2], we find a second-order discretization scheme for the CIR
equation. Section [5.3]is dedicated to finding a third-order approximation
for the stochastic part of the CIR equation. In Section we find
a second-order discretization scheme for the CKLS equation. In the
next section, we give algorithm for simulations, and finally, in the last
section of the chapter, we provide numerical simulations illustrating the

accuracy of CKLS approximations.

5.1 A second-order approximation

We construct our schemes applying methods described in Section
First, we split CKLS model into the stochastic and deterministic parts.
The solution of dDf = (6 — Dy)dt, D§ = = > 0, is easy to find
(see (3.3.2)) and we focus on constructing a second-order discretization
scheme for the solution of the stochastic part dSF = o(S7)? dB;, S§ =
x > 0. Here we find probability p1, ps, and p3 expressions through values
of a three-valued (x1, z2, and z3) random variable and the first three

moments of the corresponding stochastic part (with particular ). Then
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we find suitable values expressions of the three-valued random variable.
For the CIR equation we manage to find probability p1, p2, ps3, and py
expressions through values of a four-valued (x1, x2, x3, and z4) ran-
dom variable and the first four moments of the corresponding stochastic
part. Then we find suitable values expressions of the four-valued random
variable.

Theorem allows us to merge split-step parts of equation
using the composition and we get a strongly potential second-

order approximation of the CKLS equation.

5.2 A strongly potential second-order
approximation of the CIR equation

In this section, we construct a strongly potential second-order approxi-
mation for the CIR equation (y = 1/2) using a three-valued random vari-
able at each generation step, without switching to another scheme in a
neighborhood of zero. The approximate moments in conditions
for the noncentral moments E(S’}f)l in this case become as follows
(recall that z := ah = 02h; let us denote My, := 917, i = 1,2,...,6):
my =z,
mg = 22+ Tz,
s = a3 + 322z + %xzz,
. 3 5 9 (5.2.1)

my =2~ + 6x°2z 4+ 92727,

s = 2° 4+ 10zt 4 302322,

e = 2® + 152° 2 + 7522
We look for approximations 5’,’5 taking three positive values 1, z2,

and x3 with probabilities p1, ps, and p3 such that
E(SE)" = 1; + O(h%), i =1,2,...,6, (5.2.2)
where £ > 0, h > 0, together with obvious requirement

p1+p2+p3=1 (5.2.3)
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Denote m, = my(h,z) := E(S;)P, p € N. We have (see Section
[Appendix])

mi = ml =x,
a2
mo = Mo =2~ + 22,
ms = ms :x3+3x2z+%x22.
Solving the system
JJllpl + $Z2p2 + xép:’) = my, 1= ]-a 2535

with respect to unknowns 1, z9, and x3, we get:

mixax3 — ma(xa + 3) + mg
$1($3 — 1’1)(1'2 — $1)
ma(Z1 + X3) — M1x1X3 — M3
P2 = ( ) , (5.2.4)
$2(IE2 — 1’1)(1'3 — $2)
miz1xre — me(x1 + x2) + m3

$3(.’E3 — 1’2)(1‘3 — xl)

p1 =

)

p3 =

We can get analogous expressions from the last three equations of sys-
tem (5.2.2)) (with my, ms, mg instead of my,ma, m3). However, trying
to directly solve the obtained six equations with respect to all unknowns
1, T2, T3, P1,P2,P3 gave no satisfactory results. In view of the form of
approximations presented by Alfonsi [2] and Mackevicius [33] for the
CIR equation and of our first-order approximations for the CKLS equa-
tions , after a number of experiments, we arrived at the following

conclusions:

e the values of discretization scheme S’}f may be chosen of the fol-

lowing form:

rig3=x+AzF\(Br+Cz)z, z9=uz+ Asz, (5.2.5)
with parameters Aq, As, B,C > 0;

o Instead of the exact matching of moments E(S’,f)l =m,; for i =

4,5, 6, it is more convenient to require E(S’fl)l =m;, 1 =4,5,6.
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Solving system ([5.2.2))—(5.2.4) with x;, z2, x3 of the form (5.2.5)), together

with ensuring the nonnegativity of the solution {z1,x2,x3,p1,p2,ps3},
still is a rather technical and long task, even with the help of MAPLE.
Note that the right-hand sides O(h?) in conditions give us cer-
tain flexibility in finding relatively simple expressions of solutions. We
postpone the details to Appendix.

This way we get a family of second-order discretization schemes g}f

depending on the parameter A € [3/4,3/2]:

ris =2+ (A+3)0h T /(32 + (A +3)202h) o2,
vy — 24 Ao?h, (5.2.6)

with probabilities p1, p2, and p3 given by . The interval of pos-
sible values of the parameter A is conditioned by the necessary non-
negativity of the solution {z1, z2, z3,p1, p2, p3}. In particular, the value
A = (3++/3)/4 =~ 1.183 ensures the exact matching of the fourth mo-
ment, E(S7)* = m4, in addition to the exact matching of the first three

moments.

Theorem 5.1 (Theorem . Let X,z:” be the discretization scheme de-
fined by composition (3.3.4]), where S’ﬁ takes the values x1, T2, and x3

defined in (5.2.6) with probabilities p1, p2, and ps defined in (5.2.4)

(5’2 = 0). Then Xf s a strongly potential second-order discretization

scheme for the CIR equation.

Proof. Let us first check that

m=at (At Dz —\/Bat (At 32220
for all z > 0 and z > 0. This is equivalent to
(A+ 3222+ 2(A+ 3az +2° > (A + 3)%2° + 32z,
which in turn is equivalent to
(4A — 3)xz + 222 > 0.
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This implies that z; > 0 for all x,z > 0, provided that A > 3/4.
Obviously, x2,x3 > x1 > 0.

Now let us check the nonnegativity of p1, p2, and ps. For pi1, we have

m1xow3 — ma (T2 + 3) +m3
x1(x3 — 1) (2 — 1)
872((4A% — 5A + 3)z + 4z — (1 — A)\/((4A + 3)2z + 487)z)
(44 +3)z+ 4z — /(AA + 3)22 + 482)2)/((4A + 3)%z + 48z)2
" 1
(V((AA +3)22 + 487)z — 32)

p1 =

where x > 0,z > 0. We have already checked the nonnegativity of

4z + (4A +3)z — /(48z + (4A + 3)22)z = 4xy.

The positivity of \/(4A + 3)2z + 48x)z — 32 is obvious, and 442 —5A +
3 > 0 for all A € R. Thus, clearly, p; > 0if A > 1. Now let A < 1.
Then p; > 0 if and only if

((4A% —5A+3)z +4x)> > (1 — A)*((4A 4+ 3)%2 + 48z)2
or, equivalently,
—A(4A — 3)(2A — 3)2% — 2(24 — 1)(A — 3)zz + 42? > 0,

which clearly holds for all z > 0 and z > 0 if A € [3/4,3/2]. Thusp; >0
for x > 0 and z > 0 if A € [3/4,3/2]. For pa, we obviously have

ma(x1 + x3) — miz1T3 — M3

b= ro(x2 — 1) (T3 — 72)
_ 32xz
(=32 + V((4A +3)22 + 4812)2) (32 + /(44 + 3)2z + 481)2)
32xz 4x

164222 4+ 24A22 + 482  2A22 +3Az+ 62 —
for x > 0,z > 0. Finally, for ps, we have

myr122 — ma(x1 + 22) + M3
x3(x3 — x2) (3 — 1)
872((4A% — 5A + 3)z + 4z — (A — 1)1/((4A + 3)2z + 487)2)
(4A+3)z +4a + /((4A + 3)22 + 482)2)\/((4A + 3)22 + 48z) 2

p3 =
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1
(V@A 1 3)%2 + 482): + 32)

for x > 0 and z > 0. The nominator is obviously positive, and the
nonnegativity of the denominator follows similarly to that of p;.

Let us check that, indeed, the central moments of S’,f satisfy conditions

(3.4.8)—(3.4.13) (with v = 1/2). The first three are obvious, since the

moments of the random variable S,’f exactly match the three first mo-

ments of S7, so they also match the first three central moments:

E(Sf —2) = E(Sf —2) =0, E(S] —2)® =E(S} —2)? = a2,

E(S¥ — x)® = B(SF — z)® = 322%/2.

Conditions (3.4.11)), (3.4.12)), and (3.4.13p)) are satisfied, since, respec-
tively,

E(S; — )% = (—14A" — 34% + (45/2) A® + (81/4) A + 81/16)x2"
+ (6A% + 36 A + 81/4)z%2* + 92323 = O(h?)

for A € [3/4,3/2].
For a pth-order homogeneous two-variable polynomial P(x,y), we have
the simple estimate |P(xz,y)| < M(|z|P + |y|P) for all z, y € R with some
finite constant M.
By the the relation E(ﬁ,f —2)% = O(h?) and the expression of the max-

imal value z3 of S’,‘f, condition (3.4.13]) is satisfied for every f € ggl(]D))
(suppose |f©)(z)] < Cg(1 + xFo)):

E| max If(ﬁ)(S)l(gﬁ*ﬂf)G} < max |fO(s)[E(S]; - 2)°

0<s<S§ 0<s<z3
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< Co(1+ 25°)E(S) — 2)°

ke
=Cq (1 + <a: +(A+3)z+ \/(33: +(A+ 2)22)2) ) E(SF — z)°

< Cs (1 + 2k (3 4 %z)kﬁ) E(S% — z)°

N

< Cq (1 + Cy (:L‘kG + zk6)> E(Sy — ZL‘)6
< C(1+ 2" E(SF — )5 = O(h?).

It remains to check that the discretization scheme S’ﬁ has uniformly
bounded moments, that is, there exists hg > 0 such that
sup  sup E(|S(x,t)]P) < 400, pEN, 2> 0.
0<h<hp te AR
By elementary but tedious calculations that we postpone to Appendix,

we arrive at the following expression for the moments:
N 2
E(SF)P = 2P + p(p2—1) 2Pl 4+ p(p—1)8 (P=2) .p—2 2 4.

<aP +C(1+2P)h=2P(1+Ch)+Ch, >0, h<hg= %

0.2 9
where the constant C' > 0 depends on p and o, from which the bound-

edness of the moments of the approximation follows in a standard way
(see |2, Prop. 1.5]). O

5.3 A potential third-order approximation for
the stochastic part of the CIR equation

By a similar procedure we can obtain a potential third-order weak ap-
proximation of the stochastic part of the CIR equation
(v =1/2). Although then composition theoretically gives only
second-order approximation, numerical simulations show that, practi-
cally, it gives a slightly better accuracy of approximation than with
second-order approximation of the stochastic part.

Let m; = mg(x,h) = E(SP)P, i = 1,2,3,4, and m; = 31y, @ =
1,2,...,8. We look at a discretization scheme S”;’f taking four values

x1, T2, T3, T4 With probabilities py.ps, p3, p4 such that
Zip1 + xhpe + ahps + wips = miyi = 1,2,3,4, (5.3.1)
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and

zipy + xbhpo 4 2ips + 2ipy = 1y + O(h3), i =5,6,7,8. (5.3.2)

Its solution with respect to x1, x2, 3, and x4 is as follows:

_ M1z 3 T4—ma (T2 T3+T2 T4+3 T4)+mz(Ta+T3+T4)—MY

pr= z1 (z1—x4)(z1—23) (1 —22) ’
_ my a1 @3 T4—mo(T1 x3+x1 Ta+x3 T4)+ms(z1+T3+T4)—M4
P2 = (z1—22)22 (X2—24)(T2—123) ’ (5 3 3)
___ miz xpxg—mao(x1 To+x1 T4t+T2 24)+ma(T1+ae+ae)—my o
b3 = (z2—x3)(z1—23)x3 (T3—T4) ’
Py = m1 @1 T2 x3—ma(x1 T2+T1 23+ x3)+ma(x1+ra+a3)—my

zy (x3—24)(T2—24)(T1—24)

Again, after a number of experiments, we have chosen to look for a so-

lution of (5.3.1)—(5.3.2)), together with >, p; = 1 and p; > 0, in the

form

r13=v+A12 F \/(Bix + C12)z > 0,
Xo4 = x+A2z F /(Box + Cr2)z > 0,

with parameters Ay, Ao, By, By, C1,Cs > 0 and probabilities p1, pa, p3,
pyq defined in (5.3.3). The main difficulty was obtaining a nonnegative

solution {z1,z2, ¥3, T4, 1, P2, P3, Pa}-

The final result of current section is bellow.

Theorem 5.2. Approzimation S‘,‘f taking the four values

T12 =2+ 30°hF \/((3 —V6)x + 3 02h)a2h,

raa=v+ (3 4+ WB)PhF /(B +VO)x + (2 + 3VB)o2h)o2h,
(5.3.4)

with the corresponding probabilities p;, i = 1,2,3,4, given by (5.3.3), is
a potential third-order weak approximation of the stochastic part (3.3.1))
of the CIR equation.

Proof. Let us first check that

x1:x+%z—\/((3—\/6)x+%z)z>0
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for all x > 0 and z > 0. This is equivalent to
2? +3zz+ 52 > (3—\/6)xz+%22,
which in turn is equivalent to
: (V6z+22)%2 > 0.

Let us check then that

ry =+ (3+3V6)s = (34 VO)z + (4 +3V6)2)2 20
for all z > 0 and z > 0. This is equivalent to
2?4+ (3+vV6)az+ (B +3v6)2" > 3+ V6)zz + (£ + 3V6)22,
which in turn is equivalent to

22> 0.

This implies that x1, 3 > 0 for all z > 0, z > 0. Obviously, zo > x1 >0
and x4 > x3 > 0.

Now let us check the nonnegativity of pi, p2, p3, and ps. For p1, we
have

mao(zo 3 + T2 g + T3 14) — M1 T T3 x4 — M3(To + T3 + T4) + My
z1 (21 — x4) (1 — 23) (21 — 22)

p1 =
nP1

)

ab1

where
np1 =2 (3—\/6) (Z\/6+21L‘+3Z> Tz
+\/4 (3—\/6);1@2—1—322 (8;1:+6z—|—4\/6(:v+z))x,

ap1 =3 (2—\/6) (2\/6+4m+3z> (2\/64— 12$—|—122)z
+ (1222 (3+46) + 326 +24 (576 3) w2)

><1/2\/4 (3—\/6)3;24—322, >0, 2>0.
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The nonnegativity of ,,p; is obvious. Let us check the positivity of 4p;

for all z > 0 and 2 > 0. This is equivalent to
0<6 (3 V6) (6xz\/6—322\/6—16x2—60:1:,2—2422)2
—18 (2V6+ 42 +32) 2 (5-26) (Z\/6+12m+12z)2
=12 (3 - V6) (1622v/6 + 622V/6 + 320% + 2422 + 15.2°)
X (z\/6+2x)2

forz >0 and z > 0.
For p,, we have
my X1 234 — ma(x) x3 + 1 x4 + T3 x4) + M3(T1 + T3 + 24) — My

(x1 — x2) X2 (T2 — x4) (T2 — 3)

D2 =

_ b2
dp2
where

np2=\/(3—\/6) (zx/6+4:c+3z)z<2\/6(m+z)+4x+3z)x
—(3-V6) (:V6+20+32) a2,

a2 = (862246 (5v6 —3) 2z +3 (3+46) 2?)
x\/<3—x/6> (Z\/6+4x+32>z
+72 (V6 -2) a2 +6 (13V6 - 18) 222

+9 (2\/6—1—1)23, 23>0, 2>0.

The positivity of gps is obvious. Let us check the nonnegativity of ,,po

for all z > 0 and z > 0. This is equivalent to
2
0<1/2 (3+6) (V6 +42+32) (+v6— 42 —62)
2
~32(5-2v6) (:v6+22+32)
2
= (3+\f6) (Z\/E—I—Sx—l—?)z) (Z\/6+2$)

for x > 0 and z > 0.
For p3, we have
ma(x1 To + 21 T4 + T2 T4) — My T1 T2 24 — M3(T1 + 22 + 24) + 1My

(xg — x3) (1 — x3) T3 (T3 — X4)

p3 =
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nP3
dp3

where

np3 =2 (3—\/6> x22+4\/((3+\/6)x+(%+g\/5)2)2 <\/g_2> 22,
a3 =V6 <3Z\/6+8$+62—4\/((3+\/6)a:+ ({f’—l—%\/@)g’ﬂ)

X <2\/6+2x+3z—2\/((3+\/6)x+(145+gx/é)z)z>
><\/((3+\/6)x+(%+%\/6)2)2, x>0, z>0.

The nonnegativity of ,ps is obvious. Let us check the positivity of gps

for all x > 0 and z > 0. This is equivalent checking that

0< (32\/6+8x+6z>2—16 ((3—#\/6):104- (%—F%\/@)z)z
=6(2V6+5)22 4+ 16 (2V6 + 3)zz + 64 22

and
0< <Z\/6+2:c—{—3z)2—4((3—|—\/6):v+(%+%x/€)z)z:4x2

for x > 0 and z > 0.

Finally, for ps, we have

my x1 T2 x3 — ma(x1 T2 + 1 23 + T2 x3) + ma(z1 + 22 + x3) — Mg
xq (23 — x4) (2 — 24) (X1 — 24)

by =

nP4
dP4

where

nps =2 (3+\f)x+(q5 §\/6)z)z<\/6—2)x2—<3—\/6)x22
dp4—<3 3—1—\[ z+2\f<2x+\/ 3+\fx+(q5 %\/é)z) ))
x<(3+\f z+2x—|—2\/ (34 V6)z + (£ \/é)z)z)

X (3—1—\[)1:—1—(15—%3\/6)2)2', x>0, z>0.
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The positivity of 4p4 is obvious. Let us check the nonnegativity of ,,p4

for all z > 0 and z > 0. This is equivalent checking that
2 2
0<4 (\@—2) \/((3+\/6)x+ (L +3v6)2)z — (3—\/6’> 2
= (3—\[6) (32\f6+8x+3z)z

for x > 0 and z > 0.

Let us check that, indeed, the central moments of S’,f satisfy condi-
tions (3.4.16)—(3.4.19) (with v = 1/2). The first four are obvious, since
the moments of the random variable Sﬁ exactly match the four first

moments of S}, so they also match the first four central moments:

B(S7 — o) = B(S} —2) =0,
E(S% — 2)? = B(S¥ — )% = 22,

E(SF —z)® =E(SF —z)3 = 3 r22,
E(SF —2)* = E(SF —2)* = 3 (z + 2)xz

Conditions f are satisfied, since, respectively,
E(Sy —x)° = a2t + 152%2% = 15272 + O(h?),
E(SF —z)% = & 225 +3(V6 + 21222t + 152323 = 15232° + O(h?),
IE(SE —2)7] = |27 225 4+ 1 (1053 + 135V6)222° + (6 V6 + 222)2°2"|
= O(hY).
Then we estimate that
E(Sy — 2)® =23 227 + (252 V6 + 1161)222°
+ (108 V6 + 918)232° + 81 2% 2* = O(hY).

Finally, by the last relation and the expression of the maximal value

x4 of S’}f, condition (3.4.23)) is satisfied for every f € gf)l(]])) (suppose
[f®(2)] < Cs(1 4 2)):

E| max [f®(s)|(S7 ~2)*] < max [fO()ESE - )
0<S<SI O<s<m4

< Cy(1+af)E(SE - 2)* < C(1+ 2" E(SE - 2)* = O(hY),

O
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5.4 A strongly potential second-order
approximation of the CKLS equation

In this section, we apply to the CKLS equations the method of con-
structing second-order approximations used in the previous section in
the CIR case. As an example, we present strongly potential second-
order approximations in the cases v = 3/4 and v = 5/6, where the
results look relatively simple.

Let v = 3/4 in the CKLS equation (1.1.1)). Then for the stochastic
part dS} = U(Sf)3/4 dBy, S§ = > 0, we have (see Section [Ap-
pendix])

my = x,

2

3/2. , 3
Z+ 1227,

m2:x2+x

5/2 45 2.2 | 15 .3/2.3 4

m3:x3+3ﬂc z+pr+ gtz +%:€z.

Let us use (4.2.15)) with m; = m;, ¢ = 1,2, for obtaining values of a two-

valued approximation of the stochastic part. In particular, for v = 3/4,

vip=x+a 2+ 320 F \/(:1:3/2 + Bz + 3a/222 + 2 28z

This motivated us to look for the second-order approximations with

values of the following form:

T3 =1+ Azt 2 Ay ¥ \/(le3/2 + Boxz + Byxl/222 + B4z3)z,
Ty =T+ Clx1/22+02z27 A17 A27 Bla B27 B37 B47 Cla 02 > 07

with probabilities (5.2.4]). Using the same method as in the CIR case,
after tedious and rather complex calculations, we arrive at the scheme

with values

1,3 =2 + %x1/202h + é*i (02h)2

F \/(3 232 + 1B xo2h + % 21/2(02h)? + 22 (02h)3)o?h,
(5.4.1)

To =7+ 4 2'26%h + 2 (6%h)?,
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and probabilities p1, pa, and p3 defined in (5.2.4]).

Similarly, in the case v = 5/6, we have

mo :x2+$5/3z+%x4/3z2+%x23,
m3:x3+3938/3z+%x7/3z2+%x223+%x5/3z4
35 .4/3_5 35 6
+ 79 T2+ 1oes3 T2

The corresponding approximation takes the values

w13 =+ %x2/302h i %xug(g%)z n 212608312 (a2h)3
- ((3:35/3 i %:34/302]1 4 16265069965 x(a2h)2 i %ggggg x2/3(02h)3
815285 .1/3/ 27\4 2825761 [ 2715\ -27\1/2
* 3989056 £ / (0°h)" + 485409024(‘7 h)’)o h) ) (5.4.2)

xo =z + La?Ba?h + 5 2 3(0?h)? + L (0%h),
with probabilities p1, p2, and ps defined in ((5.2.4]).

In summary, we have the following:

Theorem 5.3 (Theorem [1.3). Let X7 be the discretization scheme de-
fined by composition (3.3.4), where S’ﬁ takes the values x1, T2, and x3

defined in (5.4.1)) in the case v = 3/4 or in (5.4.2)) in the case v =5/6
with probabilities p1, p2, and ps defined in ((5.2.4)) (5’2 =0). Then X;f”
s a strongly potential second-order discretization scheme for the CKLS

equation with v = 3/4 or v = 5/6, respectively.

5.5 Algorithm

We give a short algorithm for calculating X(i+1)h given X;n = z at each

simulation step 1:
1. Substitute x := D(z, h/2).
2. Draw a uniform random number U in the interval [0, 1].

3. Generate a random variable § taking the values 1, z2, and x3

defined by (5:2.6), ,or (BA2) (for 1/55%, 57455, or 5657,
respectively) with probabilities p1, p2 and p3 defined in (5.2.4):
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if U < p1, then S = x1; otherwise, if U < p; + p9, then S = 9]
otherwise, S := 3. If z = 0, then S := 0.

4. Calculate (see (3.3.4)))
Xy = D(ﬁ, h/2).

In the case of a strongly potential third-order approximation of ; /25’“*’ ,

step (3) should be replaced by

(3’) Generate a random variable S taking the values z1, x2, x3, and x4
defined by (5.3.4) with probabilities p1, p2, p3, and ps defined in
(15.3.3)):

if U < pq, then S = x1; otherwise, if U < p; + p2, then S = T9;
otherwise, if U < p1 + p2 + p3, then S = x3; otherwise, S = 4.
If z =0, then S:=0.

5.6 Simulation examples

We indicate a particular v of the stochastic part by the left
subscript v as in ,S¥. Using our discretization schemes, we simulate
the solutions of the CLKS equation (|1.1.1]) or its stochastic part
for v = 1/2, 3/4, and 5/6 with test functions f(x) = 23, 2%, 2°, and
e~ %, Such a choice of f is motivated by having explicit formulas for the
expectations Ef(S¥) (see Section[7] [Appendix]) and, in the case vy = 1/2,
(4.5.1)) (see, e.g., |21, Prop. 6.2.5]). We also simulate the solution of
the CLKS equation for v = 1/2 (i.e., the CIR equation) with

discretization scheme defined in (5.3.3)—(5.3.4) and test function f(z) =
e .

Below we present the results by a number of figures, were the exact
and approximate expectations are given as functions of the approxima-
tion step size h. For the reader’s convenience, we give a list of graphs in

the figures:

o Figs. and m: Ee~(/2XT) and Ee~(/2X7) with the same pa-

rameters as in Alfonsi [2];
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o Figs. 5.3 and 5.4 E(345¢)® and E(3/457)%

o Figs.[5.5)and 5.6} E(5/45)* and E(5/457)";

o Figs.[5.7and p.8 E(5457)" and E(3/457)°;

o Figs.[5.9 and E(565¢) and E(5/657)?;
o Figs. [5.11] and [p.12} E(s/657)* and E(5/657)%;
o Figs. [5.13and [p.14} E(5/657)> and E(5/65¢)%;
o Figs. [p.15 and [5.16} Ee~(s/4XD)

o Figs.[5.17 and [5.18f Ee~(s/6XD).

Figures n H, and |5.17| represent the values of Ee™*T with “low”
volatility (¢ = 0.8, § = 0.5, 8 = 0.5, zg = 1.5). Flguresu-,
and represent the values of Ee™*1 with “high” volatility (o = 2.0,

0 =0.04, 3 = 0.1, zp = 0.3). Flguresn.-,-,l and-

represent values of Ef(ST) with “low” volatility (o = 0.8, 9 = 1.5).

Figures [.10] [5.12] [5.14] and represent the values of Ef(S¥)

with “high” volatility (o = 1.5, g = 0.3). In all the graphs, the error

bars show 95% confidence intervals. To shorten the bars, for approxi-
mation time-step sizes h = 1/2¢, i = 0,1,2,3,4,5, we have generated
N = 90,000 - 4° samples of approximations.

In the legends of figures, we use the following notation.

1. “First ord. GLVM”: the modified first-order scheme for the CIR
(Rem. -, . Rem. 4]) (for comparison with higher-order

schemes);

2. “Second ord. GLVM”: our second-order scheme for the CIR (Thm.
b.1);

3. “Third ord. GLVM”: the second-order composition with
our third-order scheme S}f taking the values x1, xo, x3, and x4
defined in (5.3.4) with probabilities p1, p2, p3, and py defined in
(15.3.3);
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Figure 5.1: Ee~(/2XT) as functions of h: o = 0.8, 0 = 0.5, 3 = 0.5,
o = 1.5.

4. “First ord.”: our first-order scheme for the CKLS (Thm. [27,
Thm. 2]);

5. “Second ord.”: our second-order schemes for the CKLS (Thm. ;

6. “Second ord. AA”: the second-order scheme of Alfonsi for the CIR
[2, Thm. 2.8];

7. “Third ord. AA”: the third-order scheme of Alfonsi for the CIR
[2, Thm. 3.7].
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Figure 5.2: Ee~(/2X1) as functions of h: o = 2.0, 6 =0.04, 8
o — 0.3.
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Figure 5.3: E(3/45'11)3 as functions of h: 0 = 0.8, ¢ = 1.5.
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Figure 5.4: E(3/4§f)3 as functions of h: 0 = 1.5, 9 = 0.3.
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Figure 5.5: E(3/45’1‘”)4 as functions of h: o = 0.8, xg = 1.5.
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Figure 5.6: E(3/4Sl‘”)4 as functions of h: o = 1.5, g = 0.3.
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Figure 5.7: E(3/45’f)5 as functions of h: o = 0.8, xg = 1.5.
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Figure 5.9: E(5/6$’1‘”)3 as functions of h: o = 0.8, xg = 1.5.
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Figure 5.10: E(5/6S’f)3 as functions of h: o = 1.5, 9 = 0.3.
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Figure 5.11: E(5/6S’f)4 as functions of h: o = 0.8, g = 1.5.
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Figure 5.12: E(5/6Si")4 as functions of h: ¢ = 1.5, 2o = 0.3.
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Figure 5.13: E(5/6S’f)5 as functions of h: o = 0.8, g = 1.5.
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Figure 5.14: E(5/6S’f)5 as functions of h: o = 1.5, 9 = 0.3.
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Figure 5.15: Ee_(3/4Xf) as functions of h: ¢ = 0.8, 8 = 0.5, = 0.5,

o = 1.5.
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Figure 5.16: Ee~(/4XT) as functions of h: o = 2.0, 8 = 0.04, g = 0.1,
xo = 0.3.
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Figure 5.17: Ee—(5/6X1) ag functions of h: o = 0.8, 8 = 0.5, 8 = 0.5,
o = 1.5.
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Figure 5.18: Ee~G/6XT) as functions of h: o = 2.0, 8 = 0.04, 8 = 0.1,
xo = 0.3.
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Chapter 6

Conclusions

In the doctoral thesis, we construct first- and second-order weak ap-
proximations for the CKLS model using split-step, moments matching,
and approximate moment matching techniques. Split-step technique al-
lows us to divide the model into deterministic and stochastic parts, so
that we need to construct a discretization scheme for the stochastic part
only, as the deterministic part is easily solvable in explicit way. Mo-
ment matching and approximate moments techniques help to construct
discrete random variables so that we get weak approximations of the
desired order.

The following contributions are the main results of the thesis:

A construction of potential first-order two-valued approximations
of a stochastic part that does not require knowing the exact finite

moments of the stochastic part;

e A strongly potential first-order approximation of the CKLS equa-

tion;

e A new construction method for second-order weak approximations
based on a particular form of approximating random variable and

using approximate moments in moment matching;

e A strongly potential second-order approximation for the CIR equa-

tion without switching to another scheme near zero;
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e A strongly potential second-order approximation for the CKLS

equation;

e A potential third-order approximation for the stochastic part of

the CIR equation without switching to another scheme near zero.
Some ideas for the research in the future:

e Investigate the restrictions and possible extensions of the con-
struction of potential first-order two-valued approximations of a
stochastic part that does not require knowing the exact finite mo-

ments of the stochastic part;

e Investigate the restrictions and possible extensions of the new con-
struction method for second-order weak approximations based on
a particular form of approximating random variable and using ap-

proximate moments in moment matching;

e Apply in Heston model for option pricing the strongly potential
second-order approximation for the CIR equation without switch-

ing to another scheme near zero;

e Apply to other classes of equations the idea of construction of
the strongly potential second-order approximation for the CKLS

equation.
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Chapter 7

Appendix

In this chapter, we provide additional calculations which we think would

only distract the reader if placed elsewhere in the text.

Moments of the CKLS model

Using It6’s formula for the solution of stochastic part dS} = o(S¥)7d B,
S§ =z, with v = [1/2,1), we have

¢ t
(SP)P = 2P —I—pa/ (%) 1dB, + p(p—1)o= 1)0 /(Sgr)?wp—?ds’
0

0
and thus
t
E(S?)P = a7 + P2 / E(S7)27+7~2ds. (7.0.1)
0
In particular,
E(SF) ==, (7.0.2)
t
E(SF)? = 22 + o2 /E(S§)2‘Yds, (7.0.3)
0
t
E(SF)3 = 23 + 302 /E(S§)27+1ds. (7.0.4)
0

From the recurrence relation (7.0.1) we can get E(SF)? and E(S7)3 if
v=k/(k+1), where k = 1,2,... (we further indicate a particular v of
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the stochastic part (3.3.1)) by the left subscript v as in .SF). In these
cases the recurrence calculation “stops” at E(,SF)P, where p € Ny, and
we already know them. For example, if v = 3/4, then using ([7.0.3)), we
get

Using ((7.0.1)) and (7.0.2)), we get

¢ ¢
E(3/4Sf)3/2 =232 4 %0’2 /E(3/4Sff)ds =232 4 %(72 /a:ds
0 0

=2*/? + 320t

For brevity, we use the notation w := o?t. We have

¢
E(3/4Sf)2 =2? + o? /(x3/2 + 302:cs)ds

0
=22 + 230 + 1%:(;04152 (7.0.5)
or
IE(3/4S§’)2 = 22 + 23w + %:13102.

Using (704), (70.1), and (7:03), we have

E(3/457)% = a* +302/E( 3/ 157)%/24s,

t
E(3/458)%% = 25/ + 02/1E 3/45%)%ds
0

=252 4 %02 /(:c + 022325 + 13604x52)d5

0
52 %azx% 4 %04953/%2 + 1125806xt3
and finally,
t
E(3/4St _ 02/ 5/2 15 23:23—1—15 4,.3/2 2+12806x33)d3
0
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= o + 30%2%t +1 45 2?4+ 1 6 623/243 4 5120'893154

Then we have:

E(1/257)° =2 + zw,

E(y/358)% =22 + 23w + § 2%3w? — gt w?,

E(3/458)? = 2% + 25w + £ 2w?,

E(y557)* =2° + 20w 4 & aPw? 4 52t — B 2t

9 5
+ o531 W

E(5/GSf)2 =2+ 2% w + 1 aPu? + 243 zw?,

E(1/257)* =a® + 32°w + 3 aw?,

E(2/3Sf)3 =2+ 32w+ 1 x5/3w2 +3 31 2 pw?,

E(3/457)% = + 3252w + 42 0202 4 15 p3/28 4 55t
E(y/557)* =2 + 321850y + T8 plL/5y2 | 858 9/5,3 4 386L ,7/5,4

200975
+ 1953125 LW

I[*:(5/65%%)3 =% 4+ 3283w + 10 a"Pw? + 140 2w’ —|— 5/3w4

3 6

35 ,4/3,,
+ 755 2w + s Tw

E(1257)" =" + 6 2°w + 9 2°w® + 3aw?,

E(3/4Sf)4 — a2t 4627 2w+ 105 23w? 4 105 2528 4 1255%5 22wt

315 ,3/2),5 4 315 .6
T 256 7 + 096 TW

E(5/657)" =2* + 6B + 4 1073?1540 5343 4 385 18/3,,

1540 2T/30 4 10780 1.2, 6 | 1540 5/3 1925 4/3, 8
+ o3 W" + Gre1 LW+ G X w+118098x w
1925 9.
+ F783960 TW

1[43(1/25?)5 =2° + 10 2*w + 30 22w? + 30 2%w® + 125 rwk
E(3/4Sf) =2° 4+ 102%%w + 315 iw? + & 27203 4 1%%5 e

6615 5/2,,5 4 33075 2,6 | 4795 ,3/2, 7 4 14175 )8
+ 128 w" + S8 TTWT + 50 T W+ 137073 TW
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14 1 2 11 4
E(5/657)" =a° + 102" w + 38 210 1+ B8 o’ 4+ BEE 21w

110110 ..10/3, 5 , 1926925
+ g9 W+ Tgge3m TTW + Teapr X

2
+ 1376375 7/3w + 9634625 9+ 1926925 ,.5/3

275275 8/3w7

118098 1782969 © 9565938 * w'?
_875875_,4/3, 875875 12
+ 36003443 L Y+ 16490453868 TW

E(1/2Stx) =25+ 152z w+75x4w2+150x3w3+225 2 4+45 57
E(3/457)% = ab 4+ 152120 4 185 1502 4 2475 59/2,,3 4 155925 4,4

+ 93555 $7/2w5 + 1091475 3 6 + 467775 1,5/2 7

128 T2048 2048 w
T016625 .2, 8 | TT9625 3/2,9 | A6TTT5 ., 10
+ 131072 + @0z & + 2007152 TW

E(5/6Sg:)6 — 6 1152173y 1+ %5 216/3,,2 4 3089140 2Puwd 4 7783150 214734

1191190 ,.13/3, 5 , 38713675 11061050 ,.11/3, 7
+ g TTWT A Tgggzs TW A+ ey X TTw

_|_60835775 10/3w8+ 2129252125 .3 9_|_425850425 8/3 10

50049 ¥ 4782969 ¥ 3188646
387136750 ,.7/3,, 11 | 1354978625 2, 12 | 104229125  5/3, 13
+ Tazagoo7 £ W T 387420489 + 387100489 LW
74449375 4/3, 14889875 15
+ 5973568802 ¥ tt 94143178827 *

For v other than k/(k+1), k € N, we cannot calculate E(,S7)?

E(, S7)3 because the recurrence calculation requires, for example, to
use unknown E(,S7)?, where p < 0. However, we want to test our
approximation with « from the interval (1/2,3/4). From the recurrence
relation we notice that the recurrence calculation immediately
"stops” at E(,SF) =z if

V+p—2=1, 1/2<~y<1, p>0.

Using this simple equation, we get that for v = 11/20, we can calculate
E(11/205¢)*/10. Indeed,

t

E(11/2OSx)19/10 _1;19/10 4 ;g(l) 0'2/E Sw ds = .'1719/10 4 %g(l) 0'2(13t

0
21910 4 %(1) w. (7.0.6)
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In the same way, we calculate the following moments for v = 3/5, 13/20,
and 7/10:

11/20 S:Jc)lQ/lO _ y19/10 4 %(7)(1) w,

3/5 Sw)9/5 — o5 4 25 1w,

)17/10 — y17/10 + %(1)8 yw,

B 7/1051:1:)8/5 o5+ % 0.

Finding values of a three-valued random
variable

We find the coefficients A1, B, and C' in a three-valued random variable
G.2.5):

rig=x+AzF(Br+Cz)z, wz3=u1x+ Asz,

where the corresponding probabilities p;, p2, and ps3 are given in (|5.2.4)).

For this purpose, we will calculate the differences
d; := xllpl +x12p2+513§p3 —m, i=1,...,0,

where m; are of v = 1/2 (3.4.15)). Since d; = 0, i = 1,2,3, because
m; —m; = 0,4 = 1,23, and m;, i = 1,2,3, are used in (5.2.4)), we
proceed with 7 = 4,5, 6:

dy=(B(1—Ag)+2A; + Ay — 9/2) 2222 + O(h?),
d5:(B(5 4A2)—|—4(2A1—|—A2)—21)ZE3Z +O(h3),
de = (5B (3—2A5) +10(2A4; + Ay) — 60) 2?22 + O(h?).

From these expressions we get the system of equations

B(l—A2)+2A1—|—A2—9/2:O,
B(5—4As) +4(2A4; + A3) — 21 =0, (7.0.7)
5B(3—2A43) +20 A, + 10 As — 60 = 0,

which has the solution {B = 3, A1 = Ay + 3/4}. We substitute B and
A into ([5.2.5)) with expressions found and get

r1,3 :QZ+(A2+3/4)Z:F (3(IZ+CZ)Z’, To =2+ Asz.
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Then we solve the equation
Ypi=1
or

(Denominator of ) — (Numerator of )

= Ay (A3 (16 Ay +24) — 16 C +9) 2° = 0,
where ¥ = p; 4+ p2 + p3. The equation has two solutions:

{C:A§+3/2A2+19

6} and {4y = 0} .

{A2 = 0} does not suit because we cannot ensure the nonnegativity of
x1. We substitute C into ((5.2.5)) with found expression and get

1‘1’321‘4—(1424-%)2:!:\/(3%—{—(142-1—%)22)2, To =1x + Aoz,
which matches (5.2.6)).

Uniformly bounded moments of a second-order
discretization scheme of the CIR equation

. 1
(21— a3) (21 — 22) (22 — 23)
x ((my @2 w3 — ma (x2 + x3) +mg) 2197 (z2 — x3)

— (m1 1 T3 — Mo (561 + $3) + mg) xgqfl (xl — :Eg)

+ (my 21 29 — Mo (T1 + 22) +m3) 239 (21 — 902))
1
(((4A+3) 2+481)2)1/2(A(2A+3) 2 +61)
x (8z(((4A+3) 224 482)2) (1 4+ Az)
+((A4A+3)22+482)2) Y2 (A(2A+3) 2+ 22) (217 + x39)
+

A(A+3)(4A+3)22+6 (4A+1)z2) (119 — 239) )

ry =217 F x3?

= (z+A+3/2—VBa+ (A+ 3/4)2z)z)q
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F(o+ (A+3/4)2+/Bat (A+3/4)22)z)q

2k+1

[q/2]
x_ = —2 ( q )($+(A+3/4)Z)q2k1
k=0

2k+1

x (VBa+ (A+3/4)2%)z)
=—1/2(((4 A+ 3)2 z+ 48 x)z)1/2

v,
> (21: + 1> (2 + (A +3/4) 27724

k=0
X (304 (A +3/4)2)F 2",
f0/2]
R (2 - 1) (z+ (A+3/4)z)720

k=0
X (32 + (A+3/4)%2)kF,
lg/2]

k=0

X (3x+ (A+ 3/4)22)kzk.

1
2 (A(2A+3)z+62)

+(ARA+3)z+2z) x4

8z (v + Az)?

+(ARA+3)(4A+3)2>+6 (4A+1)x2)x*]

1
T2(A(2A+3)z+62)

o gL i

+ (a4 + ] +2(4(24+3) 2 +20)
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x [@c (A+3/4)2)7 + (9) (x + (A + 3/4)2) 72
x (3x+ (A+3/4)%2)z

9 (2 + (A+3/4)2)T4 (33 + (A + 3/4)22)2%>

D) (@ + (A+3/9)2)75 3o+ (A+3/4)%2)%" + .|

+
+
+(-1/2) (A (2A+3)(4A—|—3)z +6 (4A+1)zz)

X |q(x+ (A+3/4)2)1 ()(x+(A+3/4)z)
x 3z + (A+3/4)%2)z + (9) (z + (A+3/4)2)1"
X (324 (A +3/4)%2)222

+ (1) @+ (A+3/4)2)7 " (Ba + (A+3/4)%2)°2" + }

2
<x?+ q(Q;l) 2971, + Q(Q*l)s (¢—2) 242 ;2 + .
<zl+C(1+29)z
<zi(14+Cz)+Cz 0<z< 2.
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