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Abstract. In this paper, relations between discrete Sturm—Liouville problem with nonlo-
cal integral boundary condition characteristics (poles, critical points, spectrum curves) and
graphs characteristics (vertices, edges and faces) were found. The previous article was de-
voted to the Sturm—Liouville problem in the case two-points nonlocal boundary conditions.
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1 A discrete Sturm-—Liouville Problem

In this paper, particular properties of the spectrum of a discrete Sturm—Liouville
Problem (dSLP) [3, 4, 5] with Integral Boundary Condition were found using Euler’s
charakteristic formula [2]. In previous article [5] we have found relations between spec-
trum curve properties and graphs theory in the case of two-points nonlocal boundary
conditions.

We introduce a uniform grid and we use notation @w" = {t; = jh,
§=0,...,n;nh =1} for 2 <n €N, and N* := (0,n) NN, N = N*U{0,n}. Also, we
make an assumption that & and & are located on the grid, i.e., & = mih = mq/n,

—h
62 = mgh = mg/n, m € Sg = {(ml,mg) : 0 S mi; < Mg S n,mip, My € N } Let

E=m/n=(mi/n,ma/n),{ =&/ =mi/me, & =&+ =my/n - =& -6 =
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m_/n, here m4 := my + ma, m_ = mg — my We denote Nygq = {k € N: k — odd},
Neyen = {k € N: k — even}.
Let us consider a dSLP (an approximation by Finite-Difference Scheme) [3, 5]
Uiy1 —2U; + Ui
2
A € C with a classical discrete Dirichlet Boundary Condition (BC)

= \U; i=1,...,n—1, (1)

Up=0 (2)

and Integral Boundary Condition (approximated by trapezoidal formula):

mz—l
Upy + Unn,
U, = 7h<2 + kizﬂ Uk). (3)

Let us consider a bijection (see [1])

4 . mwqh
_\h — «

between Cy := C and C!, C} := R} UC!* UC)~, R} := R, U{0} UR} U{n} UR}™T,
R, ::{q:zy:y>0},]R2::{q:x:0<x<n},RZ+ ={¢g=n+w:y >0},
Citi={g=az+w:0<z<ny>0},Cl:={g=2+w:0<xz<n,y <0} The
general solution U; for a discrete equation (1) is equal to:

U; = Cysin(mqt;)(1 — hq) 7~ 1q™ + Ca cos(mat;).
Then by using BCs (2) and (3) we get an equation:
ZMaq) =7Pg(a), q€Cy,

where functions Z"(q) and Pg(q) are as follows:

n, oy sin(mq) sin(5qh) he s

sin (5q(&2 — &)) _sin (5q(&2+ &)
mq mq

Constant Eigenvalues. For any constant eigenvalue A € C, there exists the
Constant Eigenvalue Point (CEP) g € C,. CEP are roots of the system [1]:

Z"(q) =0, Pglg)=0.

For every CEP ¢; we define nonregular Spectrum Curve N = {c;}.
Nonconstant eigenvalues. Let us consider Complex Characteristic Function:
Z"(q)
Ve(q) = ve(q:€) == 555, q€Cl (5)
Pe(q)
3
All nonconstant eigenvalues (which depend on the parameter 7) are 7-points of

(Complex-Real) Characteristic Function (CF)[6]. CF ~(q) is the restriction of Com-
plex CF 4.(¢q) on a set D¢ = {q € Ch: Im~,(q) = 0} (see more in [5]). We call such

http://www.journals.vu.lt/LMR
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Fig. 1. Spectrum

Curves for n = 2[4]. Fig. 2. Spectrum Curves for n = 3 [4].
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Fig. 3. Spectrum Curves for n = 4 [4].

curves regular Spectrum Curves [1, 4]. The regular Spectrum Curves form Spectrum
Domain in C} U {oo} (see Figures 1-5 for the first n).

Each regular Spectrum Curve begins at the pole point (7 = —o0) of CF and ends
at the pole point (y = 4+00) of CF. We denote a set Poles P := {p;,i = 1,n,}, where
nyp is the number of poles at (CZ. For our problems P C R" U {0} and all poles are of

the first order (we write deg®(p) = 1, p € P).

Liet. matem. rink. Proc. LMS, Ser. A, 62:1-8, 2021
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Fig. 4. Spectrum Curves for n =5 [4].

There exist Pole Points (PP) of the second order. They are described as follows:
piZ = 2nk/ ged (my,m_).

All PP of the second order are in R?. The number of such points is ns,. Note that
there could be a PP of second order in Ramification Points ¢ = 0 and ¢ = n, so they
become simple PP of the first order.

Two or more Spectrum Curves may intersect at CP. We denote a set CP B :=
{bi,i = 1,np}, where n; is the number of CPs at (CZ. The number of CPs at Rg
and C) we denote as n., and nj,., respectively. Note that the part of the spectrum
domain in set (CZ+ is symmetric to the part in set (CZ_. So, np =ne +2nt. IfbeB

then deg™ (b) is one unit larger than the order of this CP.
The pole at ¢ = oo is of

Noo =N — My (6)

order. If my < n, ¢ = oo is a PP. For my = n, ¢ = oo is a Removable Singularity
Point.

For poles and CP deg™ (¢), ¢ € PUBU{oc}, corresponds to the number of outgoing
Spectrum Curves at that point. Note that incoming Spectrum Curves alternate with
outgoing, so deg™ (q) = deg™ (q).

http://www.journals.vu.lt/LMR
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Fig. 5. Spectrum Curves for n = 6 [4].

2 Relations between dSLP and graphs properties in the case
of integral BC

It is possible to define relations between properties of dSLP and graph theory. Poles
or CPs refer to vertices of a certain graph and parts of Spectrum Curves could be
interpreted as edges. In our case, we have a simple balanced weakly connected digraph.
Definitions and notations in graphs theory are described in [5].

2.1 Properties of Spectrum Curves

Poles, CPs, regular and nonregular Spectrum Curves, CEPs were found by A. Skucaité
[4].

There is n — 1 Spectrum Curves for every n € N, n > 2. Nonregular Spectrum
Curves are CEPs and belong to R? = (0,n). The number of such Spectrum Curves
is equal to
n

2

n

-1 -1
n

(7)

n—1
—{ o dbd(2n;m+;m)J
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Number of regular Spectrum Curves n,.c = n — 1 — ne.. The poles of CF belong
to R? U {0} U {n} U {oo} and n, + noo = Npee. So, we have formula

Ny + Nee = Mg — 1. (8)
Let us denote

degt = Z deg®(b), degl := Z deg™(b) =2 Z deg™ (b).

beBNR: beBNCHE beBNCht

Let n. is the number of Spectrum Curves parts in (Cfl“r between two CP (including
g =0 and g =n).
2.2 Spectrum domain as a graph

We consider Spectrum domain as graph on sphere (Riemann sphere C) because (CZ ~
S2. The poles and CPs of the CF are the vertices of this graph. The point oo is the
pole or CP.

Lemma 1. The number of vertices is
v=mn,—ngp+np+1—|ma/n|
=N, — Nop + Ner + 200, +1— [ ma/n].
We have e = 3" deg™ (p) + >y deg™ (b) + deg™ (c0) ([5]).
Lemma 2. The number of edges is
e =n, + deg! +degl +n. (10)
Lemma 3. The number of faces is
[ =2(noo + n2p + ne — nf + |ma/nl). (11)

This lemma is valid for n. = n}. = 0. Each part of spectrum curve between two CPs
by, by € Rf; increases the number of faces by one. So, this formula is valid for the case

nt = 0. Each additional CP b € C"* increases the number of faces by 2(deg™ (b) — 1
cr q y g

and number parts of Spectrum Curves between this CP and other CPs by 2deg™ (b).

Numbers of spectrum vertices, edges and faces, expressed by the formulas above,
inserted to the Euler’s characteristic’s formula of sphere v — e + f = 2 give new
relation.

Theorem 1. The FEuler’s characteristic’s formula is equivalent to

> " deg™(b) = deg/ + deg) = noo + n2p + 2nc + Ny — 1+ [ma/n]. (12)
beB

This formula was derived in [4] when there are not CPs in (CZi (deg! = 0), all CPs
are of the first order (deg; = 2n.,) and n, = 0. Then it can be rewritten as

Ner =Ne +MNop +Nog —1=Nc+MNgp+n—mg —1

http://www.journals.vu.lt/LMR


http://www.journals.vu.lt/LMR

Relations between spectrum curves of dSLP with NBCs and graph theory 7

Corollary 1. The number of edges is
€= 2Moo + Np + Nop + Neyr + 20 — 1. (13)
Remark 1. In the case ma < n the formulas (9)—(13) are

U:mQ_n2p+ncr+2n;«_ncea
e=2n—mao +Nop — 2+ Ner + 20 — Nce,
f=2(n—ma+nap+n.—nk),

degf+deg:r =n— My + Nop + 2n¢ + Ner — 1,

where n.. is defined by (7).

In the case ma = n we have no, = 0, n, = n —1 and ny, = 0. Note, that in
this case there are no critical points, so ny = ne, + anr = 0. Thus, for mo = n the
following formulas

v=mn-—1,
e=n—1,
f=2

degt +degl =0
are valid.

Remark 2. 1f nf, = 0 (degt = 0) then deg —n.. = 2n. +n —mg +ngp — 1 > ngr
shows that there are exist CPs in RZ of the second or the higher order.
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REZIUME

Diskreéiojo Sturmo ir Liuvilio uzdavinio su nelokaliosiomis krastinémis salygomis
spektriniy kreiviy ir grafy teorijos sasajos. II

J. Vitkauskas, A. Stikonas

Siame straipsnyje pristatomos sasajos tarp diskreciojo Sturmo ir Liuvilio uzdavinio su nelokaliaja
integraline krasStine salyga (poliai, kritiniai taskai ir spektrinés kreivés) bei grafy charakteristiky
(virSsunés, briaunos ir veidai). Ankstesnis straipsnis buvo skirtas Sturmo ir Liuvilio uzdaviniui su
dvitaskémis nelokaliosiomis krastinémis salygomis.

Raktiniai Fod%iai: Sturmo ir Liuvilio uzdavinys; spektrinés kreivés; integraliné krastiné salyga; grafai
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