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THE ASYMPTOTICS OF THE GEOMETRIC POLYNOMIALS
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ABSTRACT. The paper investigates the asymptotic behavior of the geometric polynomials, when the
polynomial degree tends to infinity. Using the contour integration technique, we obtain an asymptotic
formula, given explicitly in terms of the polynomial degree and variable. This type of asymptotics will
be applied to derive limit theorems for combinatorial numbers.
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1. Introduction

Geometric polynomials wy,(z) are defined by the exponential generating function

1 - tn
1—x(et —1) ;w”(z)ﬁ

Alternatively, the geometric polynomial of degree n is given by
wn(z) = Z k'S(n, k)",
k=0
where S(n, k) stand for the Stirling numbers of the second kind. An overview of properties and
applications of the geometric polynomials can be found in [8}1119]. Here are the first five geometric
polynomials,

wo(z) =1, wi(z) =z, wo(x) = 227 + 1,
ws(z) = 62 + 62 + wy(x) = 24z + 362° 4 142% + .

The geometric polynomials, as well as related exponential polynomials, are important instru-
ments in obtaining limit theorems for combinatorial numbers satisfying a class of triangular arrays.
In a series of works [4H7], we have received such central and local limit theorems for the combina-
torial numbers associated with the Riemann zeta function.

The asymptotic expansion for the exponential polynomials recently has been established by
Paris [21]. Similar asymptotic formulas for different polynomials also have attracted the attention
of many researchers; see, for instance, the results of Alfaro et al. [1] for the generalized Freud poly-
nomials, Barbero et al. 2] for the Appell polynomials, Corcino and Corcino 13| for the Genocchi
polynomials, Lee and Wong |16] for the Tricomi-Carlitz polynomials, Li et al. [17] for the Wilson
polynomials, Paris [20] for the generalized Hermite-Bell polynomials, Wang et al. [22[23] for the
Racah polynomials. This paper aims to extend these investigations and receive the geometric poly-
nomials’ asymptotics. The asymptotics will be applied to derive limit theorems for combinatorial
numbers. Note that the asymptotic approximation for the special case of x = 1 has been addressed
in [14L{15L18].
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2. The asymptotics of w,(z) for large n

The exponential polynomials [3,/9,/10],

= Z S(n, k)z*
k=0

and the geometric polynomials are connected by the relation [g],

o0

wp(z) = /Tn(xt)e_tdt. (2.1)
0

The exponential polynomials, for their part, have the integral representation (cf. formula (2.3) of
[12: Section 2]),

ol |
T.(z) = # sin(nf)e®(© ’
0

THEOREM 2.1. Let x > 0 be fized. Then

cos(7sin 0)=1) i (2™ °% sin(7 sin 0))d6. (2.2)

n! 4r?2 (i)
nl®) = T (1 1) <1+O(1+ ln2(1+1/x)) ) (2:3)

as n — o0.

Proof. First we reduce the expression of w,(z) to a simpler form. Combining (2.1]) and ({ . we
obtain

2 s (oo}
wy(x) = /Sln n0 /e u(@ 0 gin(v(z, T, Q)t)dt)dﬂ, (2.4)
0

T

where
u(x,7,0) =1+ — ze” % cos(7sin §),

T cos 0

(2.5)

v(z,T,0) = ze sin(7 sin 6).

Let ¢o = min(In(1+2~1),7/2). Note that for z > 0, § € (0,7) and 7 € (0, ¢o), we have u(z,7,6) >

0. Thus,

2n! v(z, T,0) sin(nd)

mrm ) u?(z,T,0) + 03 (z,T,0)
0

Next, we notice that the integral expression ([2.6)) does not yield to the techniques of elementary

calculus. We will evaluate it using contour integration. Let us denote the denominator in (2.6) by
D($7 T7 0)7

wp(x) = dé. (2.6)

D(z,7,0) = u?(z,1,0) + v3(x,7,0)
= (14 2)% — 22(1 + x)e" °*? cos(7 sin ) 4 227 3¢ (2.7)
= ((eTeig — Dz — 1) ((eTefie -1z — 1) .

Zeros of the function are

( 2nk
0., = arctan

ln(l+x1)> +t2mn g Ln (In*(1+27") + (27k)®) Filn, (2.8)

where n, k € Z.
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Suppose xo = 1/(e — 1). Let us consider two cases.
Case 1. First we consider the integral (2.6]) for z € (0, z¢). Noticing that u(x, 7, 0) is even in 6 and
v(z,7,0) is odd in 6, we get

/ (@, 7, 9 Slnn9d9 (2,7,0) ™0 .
D(z D (z,7,0) (2.9)

=Jn(z,7)

To evaluate the integral (2.9)), we apply the contour integral of the corresponding complex-valued
function over the rectangular contour,

(z,7,2)
el™? dz. 2.10
Da:Tz ( )

—f(z)

Let us denote the vertices of the rectangular contour v as A(—w,0), B(w,0), C(m, R) and D(—m, R).
By the residue theorem, we have that, while R goes to infinity,

7{:/+/ / /—27712_:ZR§+5f (2.11)

v AB BC CD DA
here

2k i
6(—{/@ = arctan ( i )) + %ln (ln2(1 + 27 + (27k)?) —ilnT, (2.12)

In(1+2z1!

and f(z) stands for an integrand. Note that

%k = 7(In(1 +2~1) — i2nk) L. (2.13)
=&k

Next we evaluate integrals over the sides of the rectangular contour « (cf. (2.11)).
Side BC. We parametrize the side BC by z = 7 + it, dz = id¢ and evaluate the integral using
Watson’s lemma. We have

R
/ .Z‘ 7, 7T+lt 1n(7r+it)dt 52 17rnx/ . _TCOShtSlnh(T Slntht) e~ dt
Dx77r+1t) (e7m ™ =z —1) ((e7™ = 1)z — 1)
0

_ (E)te Te); _— (1 + O(l)) (2.14)

(e 1 n

Side DA. Similarly, we parametrize the side DA by z = —n + it, dz = idt and evaluate the
integral using Watson’s lemma. We receive

/ - i 37 T, —T +1t) 1n(77r+it)dt
D D(z, 7, —m +it)

(e =1z —1) ((e=7" — 1)z — 1)
—1)n*t Te "
_ 1)2 ((e—T—l)xfl)z(lJrO(%))'

R
- / e~ "Mt ginh(r sinh t) ot (2.15)
0
x
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Side CD. We parametrize the side CD by z =t + iR, dz = dt. We get

Z,T, t+ IR) 1n (t+iR) —nR $ 7, t+ IR) 1nt
. 2.1
/ /DmTt—HR) di = Dth—HR) & 20 (2.16)

R—o0

Next, by applying the residue theorem to the integral (2.10)), we obtain

= v(@,7,2) e™?dz = 2mi es

b —o0 ™ 0+
Note that (cf. (2.12))
1
(exp(TeXp(—iH({k)) ~Nz-1=0 = exp(r§ ') =1+ = (2.18)

hence, by (2.13]), we have

- o+ irsin 0T i sin T
N etfo.k + 67190”“ el"—“neo,k _ eﬂmmeoyk
v(z,7,05,) = T exp (T 5 ) 5

x 07, \\7/? —ior, ) /2
= gi(ew (1)) (e (0))

+

( eieofk P eie(jjk . e—iegjk
X | exp 177,> — exp ( 177,»
2i 2i (2.19)
E )7'/2
2i

(exp&)/? (exp &yt
exp

(o (S5 e (- 550))

2
emék — T exp(reig(ik) —(1+a7h)
=z =z ,
2i 2i

and, by (2.13)), (2.18) and (2.19)), we calculate the residues

v(z, 7,07 "0
Res f(z) = ( O’k)

,20+

. lim —
(eXp(Tele‘tk) — 1)x —1 z—>9;ryk (e‘re — 1)3} —1

B x(exp(Teieak) —(1+ x_l))eme&k’

(2.20)
2i((exp(7'eieﬂ+~k) —1a—1)(z exp(Tefieg«k)Tefwftk (—1i))
B (e‘rék _ (1 + xil)) g—&-l B LL—H
C2((eék — Dz — D)1+ )7 2@+ 1)1
Combining (2.11)), (2.14)), (2.15) and (2.16]), we obtain that
x n+1\ _ n+1
STp(z,7) = axor ( k_z_:oof ) Z & (2.21)

k=—oc0
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Next, combining (2.9)) and ( -7 we get,

TL' n
wn(x) = WSJ"(J:’T) (1 —|—.’L‘ ,Tn+1 Z 5 o
n! o +ZOO T
S Q)T (14 et - i2ek)"
" (2.22)
ol cos ((n+ 1)ng)
14z

L
k=—oo (In® (1 +271) + (27k)2) *
n! 1 > 2cos ((n+ 1)nk)
= 1+x 1 n+1 (1+ 71) + 9 n+1 )
r k=1 (In® (1+2~1) + (27k)2) *

where 1 = arctan ( ) Note that In (1 + xil) > 1. Thus, we receive the statement of the

m
theorem

wal@) = (1+x) ln"Tl 1+a1) (1 " O<<1 " m2(147:;1))‘”31>) (223)

for the first interval.
Case 2. Now let us consider the integral (2.6) for « € (xg, +00). We compute wy,(x) (cf. (2.9)),

! T 0 | 7 0 .
onla) = 22 [ DETO oo = g [ HETineg,
T, e e D@nd) (2.24)
=Y, (z,7)
integrating

v(r,7,2)
Dt d 2.25

j{D(x,T,z)e z ( )

5

=g(z)

over the rectangular contour ¢ with vertices A(—m,0), B(w,0), C'(w,—R) and D’(—n, —R). By
the residue theorem, we have that, while R goes to infinity,

7{ / / / /:‘27” ; ZRg,Sg (2.26)

AB BC' C'D' D'A
here

2rk i
0, = arctan (ln(lj—xl)) - %ln (ln2(1 +27 ') + (27k)?) +ilnT, (2.27)
and g(z) stands for an integrand. Note that
el = 771 (In(1 4+ z71) +i27k) . (2.28)

=Ck

Next we evaluate integrals over the sides of the rectangular contour ¢ (cf. (2.26])).
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Side BC'. We parametrize the side BC' by z = m—it, dz = —idt and evaluate the integral using
Watson’s lemma. We get

R
/ / G T, M=) in(reit) gy _ 20 x/ e~ "Mt ginh(r sinh t) T
D(
0

B x7'7r—1t eTef_lx_l)((e Te—t 1)95_1)
= ()" Te_)T — (1 —|—O(%)) (2.20)

n? ((e=m = 1)z

Side D' A. Similarly, we parametrize the side D’A by z = —7 — it, dz = —idt and evaluate the
integral using Watson’s lemma. We have

R
/ _ 1/ x, T, —m — it) v@, T =T = i) in(emmit) gy 2 17rnx/ : e~ Teoshtginh(r Siiht) T
D(z,7,—7 —it) (e =Dz —1) ((e7™ " =Dz — 1)
D'A 0
1 T

_ (= ;)T — ie_{)x—1)2 (1—&—0(%))« (2.30)

Side C'D’. We parametrize the side C'D’ by z =t — iR, dz = dt. We get

.’I), T,t— IR 71n(t71R 7nR .’L’ 7—7 7int
= - dt — 0. 2.31
/ DthflR DmTt R—oo ( )

Cc’'D’

Next, by applying the residue theorem to the integral (2.25)), we receive

B v(z, T, 2) 0 "y — —97i es oz
fg(z)dz = -74 ((eeiz "1z — 1) ((eefiz “ 1z — 1) d 2 Z Res g(z). (2.32)

z= 07
'S 'S k=—o0

Note that (cf. (2.27)) and (2.28]))

1

(exp(Texp(ify ;) — 1)z —1=0 = exp(7¢k) =1+ —, (2.33)
" T
hence,
3 eieo_,k' + efieo_’k ei‘r sin 00_,k _ efi‘r sin 00_,k
v(x, T, 00’,6) = zexp (7‘ 5 ) 5
x 0= \\7/2 i \\7/2
- o) o ()
2i
( ook — o0 RO Ut
(o (2T gy (e
2i 2i (2.34)
xT T _1\T/2
=% (exp ¢)™/? (exp (i) /

(o (P50 e (- 750

ek — el (1+271) — exp(re™ %)
=X =X s
2i 2i
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and, by (2.28)), (2.34)) and (2.35]), we obtain the residues

v(z,T,0, inf y— 07
Res g(z) — ( 0, k) lim — 0,k
#=0x (exp(re o) — 1)z — 1 205, (e — 1)z —1
o(l+a7t - exp(TeﬂGM))e*i"eo_,k

- — (2.35)
2i((exp(re or) — 1)z — 1)(z exp(re'?o.r)rel%o.r1)

(1+ LS Jou )Ck_(n-H) <k—(7l+1)
2™k — Dz —1)(1+2Y)r 20@+D71
Combining (2.26)), (2.29), (2.30) and (]2.31|) we receive that

-~ (n+1) (n+1)
W) =~ S(0 Z ") =i Z G (236)
Next, combining (2.24) and (2.36), we get

_ (n+1)
wn(‘r) - i ‘YY ( ) (1 +$ Tn+1 Z Ck

k=—o0
“+o0
n! rntl
=R 2.37
(1+z)rntt k;m (In (1 +2z=1) +i27k)"+! (2:37)

( 2cos ((n+ 1)nx) )’
T 1ta ha"+1 Lta™) (5 (2 (1421 + (2mk)2)

where 75, = arctan ( . Note that In (1 + ) € (0,1). Thus, we receive the statement of

In (1+;E_1
the theorem

wp(z) =

for the second interval.
Finally, considering two one-sided limits, li/m wy () (see ([2:23), Case 1) and hm wn () (see
x xg T

, Case 2), we receive o
wn (o) = (1 — e’l)n!(l + 0((#)%1»’

1+ 4n2
thus concluding the proof of the theorem. O

| 4 2 _ntl
n T ? ) (2.38)

T+ o)™ 1) (1ro(1+ (112 1)
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