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Abstract: In this paper, we study the asymptotic normality in high-dimensional linear regression. We
focus on the case where the covariance matrix of the regression variables has a KMS structure, in
asymptotic settings where the number of predictors, p, is proportional to the number of observations,
n. The main result of the paper is the derivation of the exact asymptotic distribution for the suitably
centered and normalized squared norm of the product between predictor matrix, X, and outcome
variable, Y, i.e., the statistic || X’ Y||%, under rather unrestrictive assumptions for the model parameters
Bj. We employ variance-gamma distribution in order to derive the results, which, along with the
asymptotic results, allows us to easily define the exact distribution of the statistic. Additionally,
we consider a specific case of approximate sparsity of the model parameter vector g and perform
a Monte Carlo simulation study. The simulation results suggest that the statistic approaches the
limiting distribution fairly quickly even under high variable multi-correlation and relatively small
number of observations, suggesting possible applications to the construction of statistical testing
procedures for the real-world data and related problems.

Keywords: linear regression; sparsity; asymptotic normality; variance-gamma distribution
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1. Introduction

Consider a linear regression model
Y =XB+e¢, 1)

where Y := (y1,...,yn) € R™*1 are n observations of outcome and X = (Xq,...,Xn) €
R™ 7 are p-dimensional predictors with Xi,..., X, being iid. p x 1 random vectors
Xi= (Xu4,---, Xp,i)’ , which are normally distributed with zero mean and the covariance

matrix ¥, denoted X; 4 N, p(O, Y). We assume that the covariance matrix ¥ has a form

1 o ... ot
- 0 1 ... o2

L = (Qll ]‘)5]51 = . . . . , )
A U |

if 0 < |o| < 1and X = I, if ¢ = 0 (here and below I, denotes the p x p identity matrix).
This matrix is often called the Kac-Murdock-Szegé (KMS) matrix, originally introduced
in [1]. As the autocorrelation matrix of corresponding causal AR(1) processes, the KMS
matrix is positive definite and is considered due to the wide array of applications in the
literature and its well known spectral properties (see, e.g., [2] for a thorough literature
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review). When carefully chosen, such a structure could well-approximate a wide array
of possible covariance structures (see, e.g., [3] for a more general approach with various

Toeplitz covariance structures). Furthermore, & := (eq,...,&,)" € R"*1 2 N(0,021,) are
unobserved i.i.d. errors with Ee; = 0, Var(e;) = 02 > 0,and B := (By,...,Bp)" € RF*1is
an unknown p-dimensional parameter. In practice, the assumption is that EX; = 0 can be
untenable, and it may be appropriate to add an intercept to the linear model (1); however,
for simplicity, throughout this paper we will assume that the intercept is known and the
variables are centered. Similar settings are considered when dealing with certain geospatial
data, longitudinal studies, microarray data, and research on approximate message passing
algorithms (see, e.g., [4-9]).

This paper is concerned with the derivation of the exact asymptotic distribution for
the suitably centered and normalized squared norm ||X'Y||3 under the assumption of the
KMS type covariance structure in (2), where p and #n are assumed to be large. Throughout
the paper, we assume that p,n — co and p/n — ¢ € (0,00). We are particularly interested
in cases where p > n. Statistics of such form arise in various applications in the context of
high-dimensional linear regression, and under normality assumptions general results can
be derived using random matrix theory through Wishart distributions (see, e.g., [7,10-12]).
Dealing with such statistics typically require strong restrictions on the model parameters f5;
however, in this paper, we only require that ||3]|3 < o is satisfied. Moreover, our results
could be extended by using -generating functions (e.g., parameters of FARIMA models).
In comparison to the related papers, ref. [12] assumes exact sparsity, while [7,10] require
approximate sparsity.

We approach the problem following an observation by [13] that the distribution
of product of Gaussian random variables admits a variance-gamma distribution, which
results in a set of attractive properties. We contribute to the literature on variance-gamma
distribution by extending the results by [14-16]. We demonstrate that, along with the
derivation of the asymptotic distribution of || X'Y||3, this approach allows us to define
the exact distribution of the statistic given any fixed values p, n, which can be expressed
through a combination of gamma and normal random variables. In the related literature we
were not able to find results for the exact distribution and asymptotic analysis of the statistic
[X'Y|| based on the variance-gamma distribution. Furthermore, we deem that such a
result is much easier to work with than when considering the characteristic or density
functions of || XY || straightforwardly. Therefore, in addition to the />-norm statistic, we
argue that the obtained results can be easily extended towards alternative forms of the
statistic, e.g., by using a different norm, which would reduce the problem to manipulating
variance-gamma distribution, thus suggesting possible further research cases and useful
extensions.

Additionally, we examine a specific case of parameter by considering f; = it
j > 1. Similar structures of the vector f are often found in the literature when approximate
sparsity of the coefficients in the linear regression model (1) is assumed. See, e.g., [17,18]
for a broader view towards sparsity requirements and its implications to specific high-
dimensional algorithms; refs. [19,20] for model selection problems in autoregressive time
series models; refs. [21-28] for applications on inference of high-dimensional models and
high-dimensional instrumental variable (IV) regression models; or [29-33] for recent ap-
plications of high-dimensional and sparse methods with financial and economic data.
Performing Monte Carlo simulations, we find that the empirical distributions of the cor-
responding statistic approach the limiting distribution reasonably quickly even for large
values of ¢ and c. These results suggest that the assumption of sparse structure can be
included in the applications and statistical tests, thus, could be further extended following
the literature on testing for sparsity or construction of signal-to-noise ratio estimators (see,
e.g., [7,10-12]).

In this paper, i, 4 and 5 denote the equality of distributions, convergence of
distributions and convergence in probability, respectively. The notation of C represents a
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generic positive constant which may assume different values at various locations, and 14
denotes the indicator function of a set A.

The structure of the paper is as follows. In Section 2, we present the main results of the
paper. In Section 3, we present useful properties of variance-gamma distribution, which are
used in Section 4 in order to prove some auxiliary results. In Section 5, we present the proof
of the main result. Finally, in Section 6, we provide an example of the main result under
imposed approximate sparsity assumption for the parameter  of the model (1). Technical
results are presented in Appendix A, while, for brevity, some straightforward yet tedious
proofs are presented in the Supplementary material.

2. Main Results

In this section we formulate the main results on the normality of statistic || X'Y]3.
Introduce the notations:

p p
1y =y Y Brpie, (3)
k=11=1
P 4 2
rp = Y (X et )
k=1 "I=1
a k=l JJI—f| k=1
Kap 1= BByl lgl oIk, ®)

kLjj'=1
It can be observed that under 2]3”21 /3]2- < 00, there exist limits

K = plgl;lo Kips i=1,2,3.

Additionally, x5, > 0. Since (gl ‘)f j—1 is positive semi-definite, x;, > 0,1 = 1,3.
Indeed, 25,1:1 olFlaza; > 0, thus it suffices to take a, = By for i = 1and a = Z]’?:l ,B]-Q‘k’]‘
fori = 3.

Our first main result is the following theorem.

Theorem 1. Assume the model in (1) with covariance structure in (2). Let n — oo and let p = p,

satisfy
p

p— oo, L ce (0,00). (6)
Let also the B satisfy
Y. B < oo 7)
=1
Then
XY — nkpp — priry +02) 4
=7 P22 5 N(0,s%), 8)
where variance s2 has the structure
1+ ¢?
s2 = 4Kk5 +4(y + 02) (2K + 3) + 2¢(ky + 02)? (c +t1o g2> )

Our second main result deals with the case where the centering sequence in (8) is
modified to include the limiting values of Kips i=1,2.
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Theorem 2. Let the assumptions of Theorem 1 hold. In addition, assume that Z;-";p e ,8]2 =o(p~1/?)
and sup;~.q |B;|j* < oo with a > 1/2. Then,

||X/Y||% —n? (Kz +c(x1 + (752)) d
—
1372

N(0,52). (10)

The proofs of these theorems are given in Section 5.
Remark 1. For alternative expressions of k1, «p and 3, see Lemma 5 below.

Define
B(x) := Z‘B]z-xj, |x] < 1.
j=1

The following corollary deals with the case when ¢ = 0,i.e., X = Ip. The result follows
from Theorem 2, noting that in this case x; = p(1),i =1,2,3.

Corollary 1. Assume a model (1) with covariance structure ¥. = Ip. Let assumptions (6) and
(7) be satisfied. In addition, assume that Y32, 4 B7 = o(p~1/2) and sup;, |B;|j* < co with
a > 1/2. Then,

IvI|2 _ 4,2 2
||X YHZ n (igl/l(l + C) + CUS) i) N(O,SZ), (11)
where
s = 2B(1)*(4+5c+c?) +4B(1)c? (1 43¢ + ¢?) + 202 (c + 2). (12)

3. Properties of the Variance-Gamma Distribution

In this section, we provide some properties of the variance-gamma distribution, which
will be used in the following proofs.

Recall that the variance-gamma distribution with parametersr > 0,6 € R, o > 0 and
# € R has density

YC(x) = B S e(’(x—ﬂ)/tfz(x_” )(r_l)/zK (92+Uz |x—H|)
o/l (r/2) 202 + 2 (r=1)/2 o2 ’
(13)

where x € R, K, (x) is the modified Bessel function of the second kind. For a random

variable Q with density (13), we write Q 4 VG(r,0,0,u). LetT'(a,b),a > 0,b > 0, denote
the gamma distribution with density

bll
G _ a—1_—bx
fo(x) = —F(a)x e ™, x>0.
It holds that
Q L u+oW, +oyWU, (14)

where W, £ I'(r/2,1/2), U LN (0,1), W, and U are independent. The characteristic
function of Q 4 VG(r, 0,0, 1) has a form (see, e.g., [34,35])
elnt

_ R.
va(t) I+ o2 —zery2 '€ (15)
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We note the following properties of the variance-gamma distribution.

(1) If O 4 VG(ry,6,0, 1) and Qo 4 VG(rp, 0,0, up) are independent random vari-
ables then

d
Q1 +Q = VG(r1+1,0,0,11 + p2).

()  IfQZVG(r,00, 1), thenforanya > 0

4

aQ VG(r,a0,a0,ay).

The following proposition is crucial for our purposes.

2
0y 00102
2
QU’l(Tz 0'2

€182 < VG(1, 00109, /1 — 0?010,0).

(ii) If (81j,82;)', j = 1,. .., n, are i.id. random vectors with common distribution N>(0,%), then

n
d
Yyl L VG(n, 0010, /1~ 20102,0)
=

Proposition 1. (i) If (&1, ¢2)’ 4 N>(0,%), where & = ( ), then

and

n
Y &1 4 102 (0Wy + /1 — 02/ W, U),
=1

where Wy, 4 I'(n/2,1/2)and U LY (0,1) are independent random variables.
(iii) Assume that (§8),. . .,g%’),gzj)’, j=1,...,n, are i.id. copies of (§§1),..., gp),gz)’ 4

NPH(O,Z(p)) and let o) := Corr( gk),égl)), o = Corr(égk),éz), ((71(k))2 = Var(égk)),
022 := Var(8y), k,1=1,...,p. Then

j-1 58)‘521' o1V o2 (@ W, + /1 — (V)2 Wylhy)
i @gj)ézj al(p)az(g(f’)Wn +1/1 = (eP))2y/ W, U,)

where (Uy, ..., Uy) 4 Np(0,Zy), Xy = ((ng)) with

(k) _ oK) (1)
U'g{'l) = EuU, = ¢ e e

V1= ()2 /1= 00y

Proof. The statements in (i), (ii) are well known, see e.g., [16]. The proof of part (iii) follows
from Lemma 1. [

ki1=1,...,p. (16)
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Lemma 1. Assume that ( . Cl ,@2) has distribution Np+l (0,2(P)) and let o*) .=
Corr(ifg ), §”), ®) .= Corr(rj1 ,ijz), (09 )) := Var( §k)), 03 = Var(&), k1 =1,...,p.
Then

e o102 (o1 Wr + /1~ (V)2 Wih)

&t o) o (oW + /1~ (o2 WiLLy)

where W 4 r(1/2,1/2), (Uy,...,Up) is, independent of Wy, zero mean normal vector with
covariances in (16).

Proof. It suffices to prove that for any (ty,...,t,) € RF it holds

P P
(Lue)e L o) uo (@@wi+\/1- (e0)2ymiuy). (17)
k=1 k=1

Since

p p
). tkéi") < N(O, Y tksz(kl)‘Tl(k)‘Tl(l))r & L N(©,6),
=

ki1=1

by Proposition 1(i) we obtain that

IR CAT (k 0
(Z trGy )gfz = VG|(1,0 Z th (71 0 Z ty t(r (r (oK) — k)oY, 0 ).
k=1

k=1 k=1
(18)
For the right-hand side of (17) write
Uzztko’l W1+\/1— \/W1Uk
) (k) S ) B ANLA
= 0 Z toy o Wi+ (o Z oy 1-— (Q( )) Uy Wj.
k=1 k=1
Here, by (16),
P 1/2
0 Z tktTl Q( ))Zuk 4 172( Z fktl(?'l(k)(fl \/1 \/1 - ZE Ukul)) U
k=1
2 00 1z
= Uz( ), tktl‘71( o) (Q(kl) Q(k)Q(l )) Uy
kI=1

Note that U; < A/ (0,1). So that,

| 1 — /
%3 2 tk(f W1 +14/1 Wluk

1/2
L (Uzztkffl(k)Q )W1+02<kat1¢7 o (o) — Q(k)Q(l))> VWil
k=1

kl=1

which, by representation (14), has the same VG distribution as that in (18). This proves
(17). O
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4. Some Auxiliary Lemmas

In this section we establish some auxiliary results that will be used in the proofs of
Theorems 1 and 2. Here and throughout the paper we remove the upper indices when

VAR ALY

working with triangular schemes of random variables, e.g., (V1,...,V,) =
whenever it is clear from the context.

7

Lemma 2. Let V = (Vy,...,V,) 4 Np(O,Zy)), where Z%,p) is positive definite covariance

matrix and tr((Zg/p))z) =o(p?), p — . Then

P
E ]EV2 5 0as p — oo. (19)

‘Q:M—‘

If, in addition, p~ tr(Z = )) — 1, then

fZV2 5 1as po oo (20)
P =

Proof. Due to the Spectral Theorem, we have

VY o= Yz Loy 21
= YW =2xAN"Z (21)
k=1 j=1
where Z]- are i.i.d. standard normal variables and Agp ), e, A;,p ) are the eigenvalues of Zg’ ).
Observe from (21) that
SIND (p)
EV'V = ZAj” = (X)), (22)
. Lo (p)
Var(V'v) = Var (3 APZ2) = 2 (A2 = 2u((={)?) (23)
j=1 =1

Thus, by (22) and (23), for any € > 0

(
(p)

and the relation in (19) follows due to assumption tr((%;/’)?) = o(p?). Finally, if
p~! tr(ZE,p)) — 1, by (22), the result (19) leads to (20). O

Var(V'V)
p2e?

(V'V-EV'V)|>e€) < 0, p— oo,

< |-

Remark 2. The assumption on matrix Ly = Zg,p ) in Lemma 2, requiring that tr(22,) = o(p?), is

not overly restrictive: assume, for example, that £y = (o)) is any KMS type covariance matrix,
as in (2). Then, it can be seen that

p .. P .
w() = L E)? = ¥ o

ij=1 ij=1
= Y (p—|mh?™ < p Y |m|e?™ = O(p).
[m|<p [m|<p

Lemma 3. Assume that Z1,75, ... arei.i.d. N'(0,1) random variables. For any p € N define

gjqp) — V}(p)(z]z_l)Jr%(P)\/gz, i=1,...p (24)
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(p) (p)

where Vit j=1,...,p, are positive scalars, and v j=1,...,p,arereal scalars, such that

0<(}é Var(éj(-p))>3/2), (25)
() o

with Var(@}p)) = 2(1/]@))2 + p(’y}p))z. Then, as p — oo,

7=
—~
-
=
-
~—
[}
Il

=
1=
—~
N 3
S
~—
N
Q/-\
=
|

Z]l'lzl g](l’) £>

! Var(g{")

N(0,1). (27)

Proof. The proof uses the method of cumulants and is structured as follows:

(p)
(i) We establish the moment-generating function of g](”), M o) (t) = Eetgf , and
j
log (M,» ());
j
(ii) We find G(t; p) which corresponds to the cumulant generating function of the sum

rh g

(iii) We find K(t; p) := G< !

V62 4 pa )
cumulant generating function of the left hand side of (27);

; p) , which corresponds to the

()

(iv) Finally, in order to prove (27), we show that the cumulants 7 generated by
K(t; p), satisfy %ip) =0, %ép) =1and %ép) —0,d=23,4,...,as p — oo.
Step 1. First, rewrite
(p) 2 (P)y2
(0 (7 PN e ) 28)
poT I e T

,y](l’) JP
21/;’7 )
moment-generating function:

2
) has a noncentral chi-squared distribution with the following

Here, lP](p) = (Zj +

P ~1/2 71@) ? -1 1
Mlp(”)(t) = Ee’i = (1-2¢t) exp {( (p)> tp(1—2t) }, [t < 5 (29)
j 21/j

Therefore, by (28) and (29),

) ) 77\
M ) (¢ M ) (v:Pt) ex {—tvp—t < / > }
é]<p>( ) w}”)( j p P 21/}(,,)
(r)y2 (r)y2
_ (1) -} {(71‘ ) (1)1 ( )P )}
= (1 =2y exp tp(1 —2v; —tlv," + ’
( j ) 4yj(p) ( j ) j 4vj(p
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(r) (2 (P)y2
(7 ») (-1 1 (») W, )P
log (ngg,,)(t)) = <2V(p)) ptv; (1—21/]. t) — 5 log (1—21/]. t) —t v+ )
j j
(P)y2 K¢y, (P)\k ik
_ Loy have L P& i e 12T
= S((")p+20")) e + ——— kzzgtz ;") +§I;’T.
Step 2. Since gi’”), .. .,g]@ ) are independent, we have that
¢ P e (02 (r)y2
Gltp) = YlogM () = 5 ) (") p+2(5")%)
=1 j =1
oo p 00 nk p
4 k—2,k (P)\2(,,(P)yk—2 1& 2 (P)\k
+2k§32 t};('yj )" (™) + zkgkt];(vj )~

Step 3. It can be observed that

K(t;p)

)
<\/ £, )2+ p(rP)?)

)
) L+1izk—ztk pz;’m] 2wy
k/2
225 (L e (Pt
26 Zle(v;p))k &

= 2, —,
(27,2072 + (rP)2p)) LR

where %%p) =0, %ép) =1,and fork > 3,

o e ><f D2 (- 1t (o) 30)
k (E P2+ ()

Step 4. In order to prove that (27) holds, it remains to show that, as p — oo, %L(ip) — 0 for all
d > 3. By (30), it is equivalent to showing that for any fixed k > 3,as p — oo,

£ (v
1=
(2, 02+ (1(P)2p))*/2
Pl (PR ()2
(2 P2+ (1 )2p))*2

In order to prove (31) we use induction. The case for k = 3 holds by assumption. Assuming
that (31) holds for fixed k > 3, we have

— 0, (31)

— 0. (32)
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I (4 _ (gL )”Zz;’ L))
(2]}-7:1 (2(1/], ))z+(,y](r7))2p))(k+1)/2 = (Z]p L2 p)) +( ))(k+1
(5o Pt (”>> P L )
(27, P24 (4 Py2p)) 172
1= ] j
Zle(ngp))k

= — 0,
(2, P2+ (rPy2p))*2

concluding that (31) holds for all k > 3. The proof for (32) is analogous: the case for k = 3
holds by assumption; thus, we repeat the same arguments as with (31) and conclude that
(32) holds for all k > 3. This concludes the proof of the lemma. O

5. Proof of the Main Results

In this section we give the proofs of Theorems 1 and 2. Throughout the proofs, we
express corresponding constants in terms of «; , and «;, i = 1,2, 3, introduced in (3)~(5).
Recall that Kip > 0, and, by Remark 3, x; < oo, fori =1, 2,3.

Proof of Theorem 1. Write
X'Y12 2 2 — g
IXY|2 i+t =0

where
ZXk]<ZﬁlX1]+£) k=1,...,p.

Denote Z; := Zle BiX)j+¢j,j=1,...,n. Bycovariance structure (2) and X ; L N(0,1),
€ 2 N(0,02), we have Z; 2 N(0,0%), where 02 = Efl':l BiBrol =l 4+ o2 and
COV(Xk]/ ]) Z[ 1.BIQ‘k I,

Applying Proposition 1(iii) with gg’;) = Xkj, G2j = Zj, and (Tl(k) =1 0mp = 0z

Glgp) = o) = 0'Z_1 Zf:l B0, where k1) = olk=!l, we obtain that

IxvIg £ m):( oW+ 1 (0 L))

where W, £ T(1/2,1/2) and (Uj, ..., U,)" £ N, (0,2) with 51 = (6} defined as
(see (16)):

k=1 _ ( )g(P)
otk — ¢ 6 ki1=1,...,p. (33)
By expanding the square we can write
YR L g2 _ 2% 02 4 awd/2 ¥ oP), /1 _ (o) 2
XYz = o03,((Wp—EW, +EW,) Z(Gk )2 H2W, 2 Y671 — (6,7)2Uy
k=1
p p ()
+ (Wa —EW,) Y- (1= (02 uE +EW, Y (1 (02 3).

k=1 k=1
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By further rearranging the right-hand side, we have

X'Y||3
| 3/2”2 L h4+hL+h+1L, (34)
n
where
2
0’2, 4
L= HS—};(wn—EWnVI;(eﬁ”))z, (35)
2
0'2, P P
L= % (Wa—EW,) (ZIEWn k;(e,ﬁ’”)z +H(1 - (e,ﬁ’”)z)u,%), (36)

2 2
oy p oy p
L o= % 2W3/2k§_19,§”’~/1—(9,§”>)2Uk+—n3/’; Ewnkz_l((1—(9,5”))2)u,§—1), (37)
2

(o 4
L = ﬁ(pIEWn—i—(EWn)zZ(QIEP))z). (38)
k=1

We will show that, as p,n — oo, p/n — ¢ € (0,00), the term I; = op(1), while the
terms I and I3 are asymptotically normal. More precisely, we will show that I 4N (0,52)
and I3 4 N(0, s%), where S% and s% are given by (44) and (62) below. Here, since W, and

(U, ..., Up)" are mutually independent for each n, it follows that I, + I3 4N (0,52 +53).
Finally, the term I defines the mean of the statistic, i.e.,

X'Y||3
”n3/2”2—14 4 N(0,82 + 52). (39)

Thus, we will conclude by establishing that I = \/n(ky,, + pn~' (i1, + 07)), while 7 +
s% = 52, as in the statement of the theorem.

First, consider I; defined in (35). We will show that Iy = 0p(1). Denote

p

— 1 (P2 _ 2\—1 2 . 7 2 _ 2
o = }glgr;og(Gk )2 = (k1 +07) ko, 05 = ph_r)roloazlp =x+o;.  (40)
It is clear that ¢y < co and (722 < co. Recall that, by CLT,
W, — EW, d
% N(0,2). (41)
Therefore,
_ W, — EW,,\ 2
L = O()n 1/2(%) = 0o(1)0p(1) = op(1). (42)

Second, consider I, defined in (36). We will show that

L % N(0,s3) 43)
with s? given by
s2 = 205(2cx+¢)* = 813 +8c(xy + 02Ky 4+ 2¢% (i1 + 7). (44)
Rewrite
W, — EW, (2EW, & 1 ¢
L o= o, ot (SO0 Y- 0Mu). (45)

k=1 k=1
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Applying (40) and (41) for the outer term of (45), we obtain

0_2 Wn _Ewn d
2p 412

N(0,20%).

We will show that the inner term of (45) approaches 2c; + c. Since EW,, = n, by (40) and
assumption p/n — c it suffices to prove the convergence

P
Sy a-ermu 5o (46)
P4
Denote matrix
A = diag (1— (02, ..., 1—(8)?). (47)
To prove (46), we apply Lemma 2 with V; = /1~ (9]@))211]«, j = 1,...,p,and

Zg,p) = AY25,; A2, The conditions of Lemma 2 will hold if tr((A/2£;A1/2)2) = O(p)
and p~ltr(AV22;A1?) — 1,as p — oo. Observe, that

tr((AV22yAV2)?) = w((AZu)?)
= f 1= (021 = () (o))
kK'=1

D= 1=
M= T

(Qz\k—k/\ _ ZQ“‘_"/‘G,EP)G,SP) + (G,EP))z(G,E,p))Z)

»
Il
—_
x
l
—

-1 2 -2 2
K3,p + (Kl,]ﬂ + 0'8) KZ,p

|
™=
=

k=1k'=1
P 7 1+
= Y Yty ~ pr—0s Q (48)
k=1k'=1 0*’
since x; < 00,1 =1,2,3 and %y, > 0. Here we used (40) and the observation that
P P / K
Z Z Q\k—k \GIEP)GIE,P) — 3.p N ks as p — . (49)

2 2
k=1k'—1 Ki,p + 0¢ K1 + 0%

Similarly, we have

(P)\2 K2,p
1—(6 =1- ——— = 1,
(1= ) Py + 00

=

tr(Al/zzuAl/z) _

= |-

k

since, by Lemma A4, Kop = o(p), while K1,p = 0, %1 < oco. This concludes the proof of (46).
Next, consider I3, defined by (37). We will show that

I % N(0,53), (50)
with s% defined in (62). Write
2 W3/2 -1/2
I = o5,(2 3/2bU+n (UAU - p) ),

where U = (Uy,...,U,)", Ais defined by (47), and

(07 1= (02,01 - (9,(,”))2)'.
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Observe that n—3/2W3 /2 B 1 Que to the Law of Large Numbers. Thus, since W,, and
U are independent for any n and p/n — ¢, it follows that

I, = o—g,p (2b’u + \/g(U’AU - p)) +op(1). (51)

First, we consider the inner term of (51) and show thatas p — oo,
2b'U + \/E(UAU’ —p) L W, (52)

where V, 4N 0,05 45%). Then, (50) readily follows from (51).

Recall, that U 4 N,(0,Zy), £y > 0. Further, let Z 4 N;(0,1,). Clearly, one has
that U £ Z}J/ 27, where Zb/z denotes the symmetric square root of ¥;;. By the Spectral
Theorem, we construct V := P'Z, where V 2 N, p(O, Ip) and P is an orthogonal matrix
that diagonalizes X1/2AX/?, such that P'Ll{2AS}/?P = A, with A = diag(A\7, ..., AlP)
comprised of the eigenvalues of Z%l/ 2AZ%{Z. Then,

c

Ve wau-p) +2wu 4L =

1/2
77 (V'AV = p) +2b'}/*PV

(-5 vpv))

<
Il
MR

Z(P)’ (53)

Il
Sl Sl gls
1= N

-
Il
—_

where (ggp), . ..,g;p)) = Zc_l/zb’Z{I/ZP, and

Vj(v) — A](.p)(V]-Z—l) + g§p>\/ﬁ1/']-, i=1...,p. (54)

Clearly, E\7j(p) = 0and IE(V]‘(][J))2 = 2(A§p))2 + (g](p))zp. Therefore, proving the result (52)

is equivalent to showing:

Ve & o(p) 4 —4.2
V. S N(0,054s3), (55)
NN (07
where
—4.2 : e 7(p)y2 : ey (P)y\2 - (p)y2
oy sy = cr}gr;op ]E:lE(V]. )2 = 2cpl1_r>ro10p j§:1()x]- ) —i—cph_r)rolojél(g]. )>. (56)

We prove (55) by applying Lemma 3 with P = )\J(p ) as the eigenvalues of Zb/ 2AZ%I/2

]

and ’y](p ) — ](p ). By the conditions of Lemma 3, we need to show that the following holds

p

p , 3/2
P LT = o ( ( Y 2+ (g )) ) °7
= =

j=1

]
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First, observe that p~! 2}3’:1(2</\](P))2 + (g/(p))zp) L, C € (0,00). Indeed, we have that
2}0:1 (g](;?))z — Cg € (0, 00), since

Z(g](p))z — 4C71(b/2%l/zp) (blzb/ZPy _ 4C71b/2ub

P r
— sty Y el \/ (9]@)2\/1_(9]@) o)

j=1j'=1
= -1 i-i'l — gP)g ()
]ZUE@ P (1 =aa))
— 4c*1(1<1+0€>_11<3—4c*1(1<1 +0’€2)_2K§ = Cg (58)

by (40) and (49).
Next, by (48), we find that p~! Zp 1A (p )) — C) € (0,00). Indeed, by (48), we have

4
Y AP = w(@2A5??) = w((ZuA)?)
j=1
pp ., 1+
= LYo ~ ph Q. (59)
== ¢

Thus, by (58) and (59), it follows that p~ £/, (2¢(A")2 + (g1"')%p) — C € (0,0) and
condition (57) reduces to:

! (P)\3 z (P)\24(p) 3/2
Z()\]’ ) +p2(gj )/\j = o(p”*). (60)
j=1

j=1

We show that (60) holds. For the first term of (60), we have

r
=
p s . .
i) (k) (K
=3 0660 6 el el
p .
— i]'%l (Q‘l ]|+9() ())(le k\+9(lﬂ) ())(Q\k—]\+9£p)9](p))
= 0(p3/2), (61)

where the last equality follows from Lemma A5. For the second term of (60), observe that
by Holder’s inequality and (61),

2 (ph2a () A A 2PN A
PZ(gjp))‘jp F’(Z’gjp |3) (Z)‘p )

j=1

L (P12
P2 0(1)( : ;3/2 ) = o(p*?).

This concludes with (60), ensuring that the conditions of Lemma 3 hold.

IN
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Now we can establish the expression for s%. By (40), (56), (58) and (59),
2 PR 1.5 (P)\2 (P)y2
$5 = 0 ;}gr;o]; @ple(M)? +e(g)?)
— ot lim X ( f i Q2K 4 o(p)) + 403 (K] + 02) 711(3 — 403 (K1 - 02) 2
Zp_wo p == 2 e 2 € 2
1+ ¢?
= 2 . gz (k1 4+ 02)2 4+ 4(K; + 02)K3 — 4K3. (62)
By (44) and (62), recalling that §% = s% + s%, we have that
1 2
s2 = 43 +4(xy + 02)(2K20 + K3) + 2¢(K1 4 02)? (c +1 J: 22 ) (63)
Finally, consider I4, defined by (38). Since EW,, = n, we have that
2
_ Kp O, Kop _ p 2
L = —573 (” K1, + 02 +P”) = \/ﬁ(KZ,p+ ;(Kl,p +Ug))- (64)

By (34), having established four parts by (35)—(38), we proved that (39) holds due
to (42), (43), (50), (62), with terms (63) and (64), as in the statement of the theorem, thus
concluding the proof. [

Before proceeding with the proof of Theorem 2, we establish the following lemma
that ensures O(p~1/2) convergence rate for x1,p and x; ,, appearing in Theorem 1, under
additional restrictions for the parameters f;.

Lemma 4. Assume that 72, /3]2- =o(p~V/?) and Sup;~q |Bjlj* < oo,a>1/2,and |o] < 1.
Then,

(i) K1 = k1, +o(p
(ii) Ky = Kop+o(p”

—1/2)

4

1/2).

Proof. For the proof see Supplementary Materials, Section S1. [

Proof of Theorem 2. Rewrite the left-hand side of (10) as follows:

IX'YIB = w22+l +02) _ IKYIS = oy — pr(xyy +02)

1372 1372
+ V(Ko — x2) + V/nc(xy,p — 1) +0(1).

It remains to apply Lemma 4 and Theorem 1 in order to conclude the proof of the
theorem. [J

We end this section by deriving two supporting results that allows us to derive
convenient alternative expressions for the terms %1, x2 and x3. For this, we introduce
functions B(-) and b(-) by Definition 3 below, which, under the assumptions of Theorem 1
and a given structure of f;’s, requires only to evaluate the terms (1), B(¢), B(0?) and
b1(e),ba2(0). Then, due to Lemma 5 below, the expressions for k1, k, and 3 easily follow.
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Definition 3. Assume that } ;2 ,3]2 < oo and |o| < 1. Define,

Blo) = gjﬁ%ef, (65)
o j—1

bi(o) = ), ) BiByd 7, (66)
j'=2j=1
o j-1 o

br(o) = ), ) Bipyd', (67)
j=2j'=1

and define the following quantities which involve derivatives of (65)—(67):

(o) = Qdi(gg) = i]’ﬁ?@jr (68)
(@) = decllég) = ]iz]]/Zlﬁ]ﬁ] oG =), (69)
b (o) = dejé@ - iz]]i BiByo (' + ), (70)
b () = dezbég) 0" (o i]i BiByd (' — ). (71)

Note that, by the rules of differentiation of power series, the functions (68)—(71) are
well defined.

Lemma 5. Let the assumptions of Theorem 1 hold. Let x1, xp and 3 be given by (3)—(5), respectively.

Then, under notation in Definition 3, the following identities hold:

(i) o= p(1) + Zbl(Q)
3 _ 1+ Q (1) 1+¢* 1

() w = pT g — B (1@ + 0= — 7 5).
1

(i)  x3= m((l +40% + ") (B(1) +2b1()) — (1+3¢*)(B(?) +2b2(0)))

@+ ) -2 (@) + V() + (o).

+

Proof. See the proof in Appendix A.2. O

Remark 3. From the assumptions of Definition 3 it follows that (1), |B(0)|,|b1(0)|, [b2(0)| < o
for |o| < 1. Thus, it follows from Lemma 5 that x; < oo, i =1,2,3.

Proof of Remark 3. Cases for (1) and (o) follow straightforwardly from the assump-
tions. Consider by (o). Note that for any p,

i@l < Y BullByllel™ T = 3 (1Bnlleln R 2) (1B Lol R12)
11’12:1 11,12:1
< (1/2) X (Bhlol" " + B lollR)
I,hb=1

o 22 v (=D 1+ o
= ) B )l < P <
h=1 =1
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by (S9). In a similar manner, it can be seen that |b(0)| < B(1) 1‘_&"()'. O

6. Approximate Sparsity: An Example

In this section, we study the case when coefficients f; decay hyperbolically, i.e., f; =
j~1,j > 1. This assumption is analogous to the assumption of approximate sparsity, as
defined by [21]. The authors of the aforementioned paper note that for approximately
sparse models, the regression function can be well approximated by a linear combination
of relatively few important regressors, which is one of the reasons of popularity of variable
selection approaches such as LASSO ([36]) and its modifications (see, e.g., [37-39]). At the
same time, approximate sparsity allows all coefficients f; to be nonzero, which is a more
plausible assumption in many real world settings.

In order to derive the quantities in Theorem 2, we apply the results of Lemma 5. For
this, we establish the expressions for the quantities in Definition 3.

Define the real dilogarithm function (see, e.g., [40]):

X —
Lip(x) = —/0 Wdu, x<1, xeR. (72)
(Here and below, fOx = — ff if x < 0.) For |x| < 1 the real dilogarithm has a series
representation,
. 2 x
Lip(x) = Zki- (73)
k=1
Then,
| 2 0
BL = Y5 == Bl = L% = L)
=/ j=1
Additionally, we have
d . _ log(1—o0)
Gl = B 74)
Thus, by (68) and (74), we establish
W) = 0-L8(0) = 0-L1iv(o) = — _
B (e) 0 3P0 = ey tle) log(1 — ).
Next, note that
o i—1 i—j co i—1 k
Q Q
bi(e) = =
i:ZZ]; 1 i:ZZkzl l(lik)
o o0 1 oo k k 1
k 9Q
= Q = = —
LR N I PR Y
°°1°°Qk °°1/Qxll
= T - dx
__ [flog(l-x) . log’(1-0¢) .
_ /0 iy = > +Lia(0), (75)
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and (72). Then, by (69), (74) and (75),

(1) _ . d _log(1-9)
whereas by (71),
d?by (o) —olog(1—0)
(2) _  29701le (1) _ 9—0log Q

Furthermore, note that

e

ba(e) =

||
N
-
Il
-
~
~
||
BN
-
Il
-
~
|
N

1
[N agl
|
+
_ =
o\

o
—_| =
||
R =

Q.

i=1 i=1
1 _
= log2(1 —0)+ /OQ Of((ll f)x) dx
= %(logz(l —0) — Lia(0%)), (76)

where the last equality follows from Lemma A1l. Next, by (69), (74) and (76) we have
() — _ 2 _elos(l—0)
b,"(0) = log(l e) T-¢
Thus, we can apply Lemma 5(i) and arrive at the following expression for «;:

2
K = % + log?(1— o) + 2Lis(0). 77)

Similarly, for x, by collecting and simplifying the terms, by Lemmas 5(ii) and A1, we have

_ 1+ _ 2log(1-0) 2y @
Ky = 1_@2(6+2L12(Q)) -0 + log™(1 Q)l_gz
1
= (@ +e)m —logi(1—¢) —2(1+g)log(1 ~ ). (78)

Lastly, for «3, by Lemma 5(iii), through simplification of terms, we get

2
K3 (1192)2 ((1 +40% + ¢*) (% + 2Li2(Q)) +log?(1— 0)0*(1 +¢?)

— (3—0+40%)(1+0)log(1—0) +0(1+0)?)
1+ 3¢ 1
+ Qz i
1-¢> (1-g¢
This allows us to apply Theorem 2 under the considered specification of the parameter
B and conclude with the following corollary.

2 2)2 ((—1+e+2@2)(1+9) log(1—¢) +@(1+9)2—294K1). (79)
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Corollary 2. Assume a model (1) with (2) covariance structure and consider B; := j Li=1,...,p
Let p = py, satisfies

p— oo, %—)ce(o,oo).

Then
IX'Y|3 —n2 (k2 +c(xc1 +02)) 4
where
1+ 02
s2 = 43+ 4k + 02) (2K + K3) + 20(k1 4 02)? (c + = §2> (81)

and x1, xp and k3 are defined by (77)—(79), respectively.

In order to illustrate the results of Corollary 2, we end this section with a Monte Carlo
simulation study where we generate 1000 independent replications of the statistic || X'Y||3.
The data is generated following the assumptions of Corollary 2. We consider the following
parameter values: p = 100,500, 1000, 1500,2000, 3000, c = 1, 2,5, 10, ‘752 =1,2,4,10. Due to
the large number of resulting figures, we present only selected cases in Figures 1-9, which
demonstrate certain disparities in greater detail. Figures show the empirical cumulative
distribution function (CDF) and the empirical probability density function (PDF), together
with the limiting CDF and PDF of N (0, s?) by (80) for different parameter combinations.
In addition, we present the corresponding Q-Q plots in order to inspect the tails of the
resulting distributions in greater detail.

p=0.30,c=1,0°=2

Values (CDF) Q-Q plot
-100 -50 0 50
1.001 —70.0250
o 50
00200 2
0.75- %
25
.0150 =l
% 0.0150_ Z
0.50- o 39
o o010 £ 0
?
0.25- 8 o5
00050 §
0.00+- 0.0000 -50
-50 0 50 100 -60 -30 0 30 60
Values (PDF) Limiting quantiles

— Limiting — p=100 — p =500 — p = 1000

Figure 1. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0,5?) by the Corollary 2 (in black) for ¢ = 0.3, c = 1, ¢? = 2 and p = 100, 500, 1000.

We find that for relatively small values of g, the observed distribution of the statistic
is fairly close to the limiting distribution even for small values of p, n and larger (782, c (see,
e.g., Figures 1-4). However, slower convergence is more evident with increasing values
of 0. Furthermore, for moderate values of ¢, c, 07, only with larger values of p we observe
adequate convergence towards the limiting distribution (see Figures 5 and 6). Similar
behaviour is observed when the relation between the parameters o, ¢, 02 is appropriately
controlled: e.g., in Figure 7, we see comparable results to those presented by Figure 6,
where the effect of the increase in parameter value ¢ is countered by a smaller value of ¢7.
Alternatively, analogous effects can be achieved when reducing the values of c, instead.
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p=0.30,c=1,0°=2

Values (CDF) Q-Q plot
-100 =50 0 50
~10.0250 $
3
00200 z 50
c
S
10.0150 ) &
O T
[3)
o0 > 0O
()
8
00050 §
S 10.0000 -50
-50 0 50 100 -60 -30 0 30 60
Values (PDF) Limiting quantiles

— Limiting — p=1500 — p = 2000 — p = 3000

Figure 2. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0, 52) by the Corollary 2 (in black) for o = 0.3, c =1, (73 = 2 and p = 1500, 2000, 3000.

p=0.30,c=1,0°=10

Values (CDF) Q-Q plot
-100 -0 0 50 .
1.00
i)
= 50
0.751 0020 E
]
&
w T
80.50- o3
o0 2 0
O
0.251 2
(@]
0.00+- i : -0.000 -50{ ¢
-50 0 50 100 -60 -30 0 30 60
Values (PDF) Limiting quantiles

— Limiting — p=100 — p=500 — p = 1000

Figure 3. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0, 52) by the Corollary 2 (in black) for o = 0.3,c =1, (73 = 10 and p = 100, 500, 1000.

p=0.30,c=1,0°=10

Values (CDF) Q-Q plot
-100 -50 0 50 60
1.004 - }0.0250
8
10,0200 =
0.75- g %
g
w 10.0150. 5 &
0 0.50- og °
© 0.0100 T >
3 30
0.251 r0.0050 &
0.00+~ 10.0000 -60
-50 100 -60 -30 0 30 60

0 50
Values (PDF) Limiting quantiles
— Limiting — p=1500 — p=2000 — p =3000

Figure 4. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N (0,5%) by the Corollary 2 (in black) for ¢ = 0.3, ¢ = 1, 62 = 10 and p = 1500, 2000, 3000.
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p=0.70,c=5, of:4

Values (CDF) Q-Q plot
—400 0 400 .
[0.0040 @ 5001
=
g
+0.0030
3 2501
o
O T
10.0020 Q
b
o 0f
loooro 8
: 8 ]
+0.0000 2501
0 500 1000 -200 0 200
Values (PDF) Limiting quantiles

— Limiting — p=100 — p=500 — p =1000

Figure 5. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0, 52) by the Corollary 2 (in black) for o = 0.7, c =5, (73 =4 and p = 100,500, 1000.

p=0.70,c =5, 0?24

Values (CDF) Q-Q plot
-500  -250 0 250 500 .
1.00 ’ -10.0040 4001 e
%]
Q
0.751 10.0030 £ 500
>
w o0 T
0 0.50- 1000200 B
O T <|>) 0
2
O
0.25- toooto &8
O -2001
0.00+- 10.0000
-250 0 250 500 750 -200 0 200
Values (PDF) Limiting quantiles

— Limiting — p=1500 — p=2000 — p = 3000

Figure 6. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0, 52) by the Corollary 2 (in black) for o = 0.7, c =5, (73 =4 and p = 1500, 2000, 3000.

p=0.90,c=5,0§=1

Values (CDF) Q-Q plot
-2000  -1000 0 1000 .
1.001 *-0.00100
[%]
2 1000
0.75- -0.00075  ©
a
>
L o0 T
0 0.50- -0.000509 B 0
(@) T 2
[
0.25- -0.00025 &
O —1000
0.00+— - -0.00000
-1000 0 1000 2000 -1000 0 1000
Values (PDF) Limiting quantiles

— Limiting — p=1500 — p=2000 — p =3000

Figure 7. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0,5%) by the Corollary 2 (in black) for ¢ = 0.9, c =5, 02 =1and p = 1500, 2000, 3000.

Finally, slow convergence is observed for large values of ¢,c, (ng, as expected (see
Figures 8 and 9). In such cases, the simulation results suggest that even larger values of p, n
would be needed for more accurate results.
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p=-0.95, c=10, of=4

Values (CDF) Q-Q plot
-200 0 200 400 ;
? 400
» .
Q .
0.0100 E 300
g
g T 200
O T
T o
0.0050 £ 100
()
2 o
O .
—— 0.0000 ~1007 3
0 200 400 600 -100 0 100
Values (PDF) Limiting quantiles

— Limiting — p=100 — p=500 — p =1000

Figure 8. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N(0, 52) by the Corollary 2 (in black) for ¢ = —0.95, ¢ = 10, USZ =4 and p = 100, 500, 1000.

p=-0.95,c=10, 0§=4

Values (CDF) Q-Q plot
-300 -200 -100 0 100 200
.00 Ty 0.0080 200
%]
Q
0.75- g
0.0060 & 100
a S s
0.50- 0.00409 3
O : 9
2 0
3
0.25- 0.0020 _8
-100
0.00 - =& 0.0000 !
-200 -100 O 100 200 300 -100 0 100
Values (PDF) Limiting quantiles

— Limiting — p=1500 — p=2000 — p = 3000

Figure 9. Comparison of the PDF and CDF (left) and the corresponding Q-Q plots (right) after
1000 replications from the Monte Carlo simulation of the statistic (80) with the limiting distribution
N (0,5%) by the Corollary 2 (in black) for ¢ = —0.95, ¢ = 10, 02 = 4 and p = 1500,2000, 3000.

7. Discussion

In this paper, we consider a specific KMS covariance structure due to its attractive prop-
erties and wide application possibilities for working with real world datasets. Moreover,
our results could be extended further by considering a wider family of Toeplitz covariance
structures. For instance, under specific constraints, one could employ the approaches
proposed in [3] in order to extend the application of our results towards more complex
covariance structures of the data.

Furthermore, for future work, it would be interesting to expand and examine the
results by removing the assumption of independence between the observations X;, i =
1,...,n.

Finally, in this paper we have established both the exact and the asymptotic distribu-
tions of the statistic ||X'Y||3 (see (34) and (8), (10)). Both distributions could be used for
estimating B, 02 or related measures (e.g., by applying the method of moments or maximum
likelihood estimation) in future research. Such research direction could open up interesting
avenues when compared with popular LASSO type methods in high-dimensional linear re-
gression. Similar approach is taken by [10], who construct maximum likelihood estimators
for the signal strength ||8]|3 in a high-dimensional regression context. Note that the results
by [10] are achieved under certain strong restrictions, which are consistent with the related
literature (see, e.g., [7,41,42]). In our case, we impose weaker assumptions; therefore, both
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our asymptotic or exact results could be used in order to extend the approaches in the
aforementioned literature.
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Appendix A

Throughout the proofs we use the notation C to mark generic constants, the specific
values of which can change from line to line.

Appendix A.1. Technical Lemmas
Lemma A1l. Assume that |o| < 1. Then,

where Liy denotes the real dilogarithm function. (Recall, that for 0 < 0, by fOQ we denote — | QO )

Proof. Write,

/Q log(1—0x) 4. _ /Q log(1—0%) 4. /9 log(1—0x) 4
0 0 X 0

x(1—x) 1—x
By (72), we have
0 _
/ g1 =0%) 4p — _1i(ed). (A1)
0 x
It remains to show that
¢ log(1— ox) 1, .
/0 —1—x dx = E(le(gz) —log*(1—q)). (A2)

Indeed, by substitution v = ¢ — 0x, we have

/Q log(1 — ox) i — /@ log(1—o0+7v) o
0 1—x Q—QZ v
0 log(1 + %
/ g1 ¥ 1) 4, _ log2(1 — o). (A3)
Q

_Q2 0
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Further, by substitution w = — ﬁ, we have
o log(1+ =% - _
/ g(1+1 Q) do — — / ¢ log(l—w) dw
0—¢? v 1% w
o SN s . L
= Lix(—o) le( 1—9)
. . 1
= Lix(—e) +Liz(e) + 5 log*(1 — o) (A4)
1, .

= 5 (Lia(¢?) +1log*(1-0)), (A5)

where for (A4) and (A5) we apply the easily verifyable identities (see, e.g., [43]):

. X . . 1 5
L12<x_1> = —Li(x) - ;log’(1-x), x<1,
1

Lip(x) + Lip(—x) = ELiz(xz), x| < 1.

Thus, (A3) and (A5) imply (A2), which concludes the proof. [

Lemma A2. Assume that 22, ,3]2 < oo and |o| < 1. Then, the following inequalities hold:

(i) Y. ¥ BB < Cc )Y B
I=p+11'=I+1 I=p+1

(i) )Y ﬁzﬁwe“(l’—w‘ <cy B
I=p+11I'=I+1 I=p+1
p =) , IS

(ii) Yo N g < c Y B
[=11"'=p+1 I=p+1
P 0 , 0o

(iv) Y, Brd | < C Y B
I=10'=p+1 I=p+1

Proof. See the proof in Supplementary Materials, Section S2. [

Lemma A3. Assume that sup;-, |B;|j* < co,a >1/2 and that |g| < 1. Then,

P .
Y Bie" | =o(p7 /).
=1
Proof. We have
p , vl , p ,
Y Bie" T < Y BillelP T+ Y. BjllelP™
=1 j=1 j=lvpl+1
Lv7) , ) p ) .
< suplBjl Y [elP T +p 2 ) IBjIpPlelP
jz1 j=1 =lvrl+l
LvP] , ) p ,
< suplBj| Y lolP T +p sup Bl Y. el
jzt =1 =1 =Lvpl+
V7] ‘ p 4
< c(Lleriepr v o)
j=1 =lvrl+l
<

C(lol WP 4 pmr2).
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Here we used the fact that Zp L lelP” J— (1—|o|)~! < co. Thus,
P P 1_«a
P Y Bier SC(WIQIP‘W +pi78) >0 (A6)
=1
O

Remark A1. The assumption sup .y |Bj|j* < oo, for a > 1/2, implies that Y322 ,8]2 < oo

'M8

Z,B] =

]2]204]'721)( < sup,BZ 2a2k721x < oo.
1 j=1 =1

]

Lemma A4. Assume that the assumptions of Theorem 1 hold. Then,

Ko,p = o(p).

Proof. Observe, that

PP 2 P p
ap = L (La) = BB pypudt
112*1

k=1 \I=1 =1
P
= |B1,11B1,] Z |o|lE=l+Ik-t
11,2:
4 2
= C Z|.Bll|) (A7)
1=1
= o(p)

where (A7) follows from (S9). Meanwhile, Zle 1B, | = o(p'/?), since

1/2 P
Z Bl + Y, Al
I=[p1/2]+1
) 1/2 0 1/2
P”4<Zﬁ?> +P”2< Y ﬁ?) = o(p!/?).
=1

I=[p'/2]+1

p
Y. 1Bl
-1

IN

O

Lemma A5. Assume that )32, ,3]2 < oo and |o| < 1. Define 615”) = 2]7,’:1 lgjglk*ﬂ, Then,

P . .
l]kZ:l (oli=11 4" 9<p))(g|l_k+9§p)9£p>)(gk_]+9£p>9](p))‘ _ o). (A8)

Proof. See the proof in Supplementary Material, Section S3. [0

Appendix A.2. Proof of Lemma 5

Here and throughout the proof we employ the notation as in Definition 3.
(i) Note that, by (65) and (67), we have

p

P k—1
Y B +2Y Y BBt — B(1) +2b1(0) as p — oo
k=21=1
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(ii) Write

p !/
> A 23 ) pipr ol

1k=1 I'>1k=1

M=

KZ,p =
1

From here, it can be seen that

1 1+ ¢? 1

2
LB = #2000 + h S — k). (49

KZ,p — 'B(l)l — QZ

Technical details of the proof of (A9) are presented in Supplementary Materials,
Section 54.

(iii) Consider

P
Kap = YA +2 Y Biprha(ll), (A10)
I=1 <l
where
4 k=K'| |k=I| |k =1
]1(1) = Z Q‘ B ‘Q‘ B |Q| B ‘1{1:1/}, (A11)
kk'=1
! 4 k=K'| |k=I| ,|K' =1
]2(1,1) = Z Q‘ - ‘Q‘ - |Q| - ‘1{l<l/}' (A].Z)
kk'=1

Then, as p — oo, using the notation in Definition 3, we have that

léﬁ%h(l) - R e - e,
and
L AR sy (PP @1~ )+ 36 (@)1 - ¢*) + 20 (o) (1 + 4 + ¢
— 263" (0)(1 - %) — 2b2(0) (1 + 3¢%)). (Al4)

Technical details of the proof of (A13)—(A14) are omitted here and presented in the
Supplementary Materials, Section S5. This concludes the proof.
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