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Introduction

Synchronization processes in large populations of interacting dynamical
units are the focus of intense research in physical, technological, and biological
systems [1], such as smart grids [2], Josephson junction arrays [3], coupled
mechanical devices [4], optical networks [5], and neural networks [6]. In neural
networks, synchronization can play a dual role. Under normal conditions,
synchronization is responsible for cognition and learning [7, 8], while excessive
synchronization can cause abnormal brain rhythms associated with neurological
diseases such as Parkinson’s disease [9], epilepsy [10, 11], tinnitus [12],
and others. Various open-loop and closed-loop control algorithms have
been developed to suppress unwanted synchronized network oscillations, e.g.,
coordinated reset stimulation [13, 14], time-delayed feedback control [15-17],
separate stimulation-registration setup [18], act-and-wait algorithm [19, 20],
optimal open-loop desynchronization [21], and many others [22-24].

In many applications, optimization of the entrainment of nonlinear oscil-
lators to an external signal is desired. A representative example in neural
networks is deep brain stimulation (DBS) [25-28], which is a powerful ther-
apeutic tool for the treatment of patients with Parkinson’s disease, essential
tremor, dystonia, and even psychiatric disorders [29-33]. In theoretical and
computational neuroscience, the research on stimulus optimization mainly
focuses on developing minimum-energy or minimum-power controls [34—43].
The energy or power is a natural performance measure for optimal control
problems when seeking to minimize a general intervention of the applied
stimulus to the biological system and to reduce the power consumption of
an implantable pulse generator. However, it is known that an improperly

designed electrical stimulation system can damage neural tissue and/or the
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Introduction

DBS electrode itself [44]. For the specific aim to minimize this damage, an
alternative performance measure can be chosen.

In various neurological stimulation protocols, one typically uses periodic,
charge-balanced, biphasic stimuli [45]. Usually, the two phases are not
symmetric. Charge balance is necessary to avoid any adverse long-term effects
such as pH shift, ionic charges near the implanted electrodes, and erosion of the
electrode material [46—49]. Neural tissue damage in such stimulation protocols
depends on electrode properties, such as electrode material, geometry, and size,
as well as on pulse properties, i.e., the pulse amplitude and duration [50-53].
For a given electrode, along with the resulting charge density, the tissue damage
threshold is determined by the charge per phase of a stimulus pulse [50, 51].
For the periodic charge-balanced stimulation, this quantity is proportional to
the mean absolute value of the stimulating current. Thus, the mean absolute
value of the stimulating current can be chosen as a performance measure
for optimizing stimulating waveform parameters in order to minimize tissue
damage [49, 54].

The mechanism of action of DBS, however, is still poorly understood [55,
56]. Clinical observations show that the effects of lesioning and electrical
stimulation of the same anatomical target area are similar [57]. This suggests
that high-frequency stimulation suppresses neuronal activity in the target area.
The hypothesis of local inhibition is also supported by some experiments
in animals [58, 59] and in humans [60, 61]. In this context, the effect of
high-frequency stimulation can be explained in terms of stabilizing the neuron’s
resting state [62]. However, there is no clear theoretical understanding of
how high-frequency stimulation affects synchronization processes in neural
networks. Recent advances in dynamical systems theory, namely, mean-field
reduction of microscopic model equations in large-scale oscillatory networks
to a low-dimensional system of differential equations that accurately describes
the macroscopic evolution of the system in the infinite-size limit, provides
not only a better understanding of the occurrence of synchronization in such
large-scale oscillatory networks but also has the potential to explain the effect

of stimulation on synchronization processes.



Objectives

1. To adapt the methods of phase reduction, averaging, and mean-field
reduction of systems in the thermodynamic limit to problems of synchro-

nization control in networks of nonlinear oscillators;

2. To derive an optimal charge-balanced waveform that ensures entrainment
of a spiking neuron to external periodic stimulation with the minimum

mean absolute value of the stimulating current;

3. To extend and apply the minimum-charge control algorithm to networks
of interacting dynamical elements as well as macroscopic equations

derived in the thermodynamic limit for a network of spiking neurons;

4. To analyze the effect of various stimulation algorithms on a large-scale
network of two interacting populations of excitatory and inhibitory

quadratic integrate-and-fire (QIF) neurons.

Novelty

* To minimize tissue damage, we have chosen the mean absolute value of
the stimulating current as a performance measure for optimal control.
The resulting minimum-charge control problem differs from typical
optimization problems considered before. Usually, the problem of
optimal entrainment of a spiking neuron is considered as a minimum-
power control problem and deals with the minimization of a mean energy
functional. The energy delivered to the neuron is proportional to the
square of the stimulating current rather than its absolute value. The
minimum-charge waveform derived here by the minimization of the
mean absolute value of the stimulating current differs significantly from

the minimum-power waveform.

* Along with the minimization of tissue damage, the minimum-charge

control algorithm has another practical advantage over the minimum-
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power control approach. For a small frequency mismatch, the minimum-
power waveform is proportional to the phase response curve of the
neuron, and thus its construction requires the knowledge of the whole
phase response curve. On the contrary, the minimum-charge waveform is
of the bang-off-bang type and is determined only by the distance between
the absolute extrema of the phase response curve and its amplitude. This
allows estimating the parameters of the optimal bang-off-bang waveform
empirically, without recourse to the neuron model and the phase reduction
theory. Furthermore, the widths and the amplitudes of the pulses can
be generally different since the optimization problem considers an
asymmetric amplitude restriction of the stimulating current. In previous
theoretical considerations, only symmetric amplitude restriction has
been considered. Searching for asymmetric optimal waveforms is highly
important since stimulation protocols in vivo typically employ positive

and negative pulses that are not symmetric.

* The method for constructing the signal for the optimal entrainment
of a single neuron can be applied to a network of interacting neurons
exhibiting collective periodic oscillations. However, for this purpose, the
knowledge of the effective PRC of the network is required. For a small
frequency mismatch, as in the case of a single neuron, only knowledge
of the distance between the absolute extrema of the PRC and the PRC

amplitude is required.

* Thorough bifurcation analysis of a system of two interacting excita-
tory and inhibitory populations of quadratic integrate-and-fire neurons
revealed the mechanisms of action of various stimulation algorithms.
The effect of high-frequency stimulation is explained using mean-field
equations averaged over the stimulation period. Such methodology can
serve as an effective tool for developing various stimulation algorithms

to control synchronization processes in large-scale neural networks.
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Scientific statements

1. The optimal waveform that provides the entrainment of a spiking neuron
to a periodic charge-balanced external stimulating current is of the bang-
off-bang type: it consists of two rectangular pulses, one positive and the
other negative, located at the extrema of the phase response curve of the

neuron.

2. For a small frequency mismatch, in the linear part of the Arnold tongue,
where the amplitude restriction is not significant, the minimum-charge
current is determined only by the distance between the absolute extrema
of the phase response curve and its amplitude.

3. The same method can be applied to a network of interacting neurons by
replacing the phase response curve of a single neuron with an effective
phase response curve of the network; the optimal waveform for the
network is also of the bang-off-bang type with periodically repeated
positive and negative rectangular pulses, generally of different amplitudes
and widths.

4. In a network of two globally connected neural populations of excita-
tory and inhibitory quadratic integrate-and-fire neurons, high-frequency
stimulation applied to the inhibitory population effectively changes the
distribution center of the excitability parameter, thereby increasing the
proportion of spiking neurons in that population. This leads to the stabi-
lization of the incoherent resting state and the termination of collective

oscillations.

5. In the high-frequency domain, the threshold amplitude of high-frequency
stimulation, which stabilizes the unstable incoherent resting state of the

network, is proportional to the frequency of stimulation.

6. Suppression of network oscillations by controlling the excitatory popula-
tion can be achieved provided that the system parameters are in a region

of bistability. By applying a rectangular inhibitory pulse to the excitatory

Xiil
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population, the network state can be switched from the stable limit cycle

to the stable incoherent state of rest.

List of publications

Scientific articles

1. Kestutis Pyragas, Augustinas P. Fedaravicius, Tatjana Pyragiené, and
Peter A. Tass. “Optimal waveform for entrainment of a spiking neuron
with minimum stimulating charge”. In: Physical Review E 98.4 (Oct.
2018), p. 042216.

2. Kestutis Pyragas, Augustinas P. Fedaravicius, Tatjana Pyragiené, and
Peter A. Tass. “Entrainment of a network of interacting neurons with
minimum stimulating charge”. In: Physical Review E 102.1 (July 2020),
p. 012221.

3. Kestutis Pyragas, Augustinas P. Fedaravicius, and Tatjana Pyragiene.
“Suppression of synchronous spiking in two interacting populations
of excitatory and inhibitory quadratic integrate-and-fire neurons”. In:
Physical Review E 104.1 (July 2021), p. 014203.

Conferences

1. Augustinas P. Fedaravicius and Kestutis Pyragas. “Optimal waveform
for the entrainment of a spiking neuron with the minimum mean absolute
value of the stimulating current”. In: Open Readings 2018. Vilnius,
Mar. 2018, p. 77.

2. Augustinas P. Fedaravicius, Kestutis Pyragas, Tatjana Pyragiené, and
Peter A Tass. “Optimal entrainment of a network of interacting neurons

with minimum stimulating charge”. In: Dynamics Days Digital 2020.
Aug. 2020, p. 48.

X1V



3. Tatjana Pyragiené, Kestutis Pyragas, and Augustinas P. Fedaravicius.
“Sinchronizacijos slopinimas dviejose sgveikaujanc¢iose neurony popu-
liacijose”. In: 44-0ji Lietuvos nacionaliné fizikos konferencija. Vilnius,
Oct. 2021, p. 169.

Personal contribution

The author, together with publication co-authors, derived the minimum-
charge control for the entrainment of a single neuron as well as a network
of interacting neurons to the frequency of a periodic external stimulation,
conducted the bifurcation analysis and averaging of a large-scale network of
two populations of QIF neurons perturbed by a high-frequency stimulation,

and confirmed the theoretical results by performing numerical simulations.

Acknowledgements

I would like to express my sincere gratitude to my supervisor, prof. habil.
dr. Kestutis Pyragas, for his knowledge, clarity and accuracy in both physics,
when reducing and controlling complex systems, and everyday communication,
and endless patience for no doubt the most chaotic doctoral student over his
long academic career;

To the supervisor of my bachelor’s and master’s theses, prof. habil. dr.
Minvydas Ragulskis, who introduced me to nonlinear dynamics and chaos,
and thus further propelled me into the field of neuroscience;

To my parents, Lilija and Algimantas, who, through their upbringing and
support, enabled me to delve into all my areas of interest;

To Egle Preckailaité, who keeps my nervous system in a critical state (in

the physical sense).

XV






Chapter 1

Background

1.1 Neurons and neuron models

The neuron is the structural and functional unit of the nervous system.
Despite an enormous diversity of characteristics, all neurons exhibit common
morphological and functional identifying features. The cell body (soma) gives
rise to processes, the dendrites and the axon, that establish the regionalization of
the neuron’s functions, its polarity, and its capacity to connect to other neurons
and to sensory or effector cells. Neurons are excitable cells. In response to
various inputs, neurons generate electrical signals that propagate along their
processes. They are also secretory cells. They secrete neurotransmitters —
signalling molecules — which are released (with a few exceptions) in a very
localized fashion and directed to specific targets. Finally, neurons form contacts
called synapses which enable information processing and transmission [69].

An important feature of the neuron is its plasma membrane, which consists
of a phospholipid bilayer containing a large diversity of transmembrane proteins,
such as ionic channels, pumps, transporters and various receptors, essential
for the proper functioning of the cell. The plasma membrane acts as a barrier
between the intracellular and extracellular environments and maintains a
concentration gradient of ions which, in the absence of electrical activity,
gives rise to the relatively stable difference in electrical potential across the

membrane called the resting membrane potential. In this state the inside of the
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cell is electrically negative with respect to the extracellular environment. When
the membrane potential deviates from the resting potential in the positive or
negative direction, the membrane is said to be depolarized and hyperpolarized,
respectively. Electrical signals in neurons are carried by Na*, Ca**, K*,
and Cl™ ions, which move through membrane channels according to their
electrochemical gradients [70, 71].

The somatodendritic tree is the neuron’s receptive pole, it receives up to
ten thousand synaptic connections from other neurons. The inputs induce
electrical currents, such as the excitatory and inhibitory postsynaptic potentials
as well as calcium action potentials, which integrate the afferent information.
A sufficient input may give rise to an action potential or spike — an abrupt
and transient depolarization of the membrane, followed by its repolarization
and, possibly, hyperpolarization — which originates in the axon initial segment
and propagates along the axon. After reaching the axon terminal, the action
potential triggers the release of neurotransmitters in the synaptic cleft [72].

From a biophysical point of view, neurons are dynamical systems. They
are excitable because the equilibrium corresponding to their resting state is
near a bifurcation. The resting state corresponds to a stable equilibrium and
the spiking state corresponds to a stable limit cycle attractor. The four possible
codimension-1 bifurcations (saddle node, saddle node on an invariant circle,
sub- and supercritical Hopf bifurcations) classify neuronal dynamics into four
categories: integrators or resonators, monostable or bistable [73].

The main structural and functional elements of a cortical neuron are depicted
in Fig. 1.1.

The Hodgkin-Huxley model

The previously described neurophysiological principles can be formalized
using a detailed neuron model proposed in 1952 by Hodgkin and Huxley [74].
It is the most accepted formalism to describe neuronal dynamics. This model,

in the presence of a direct current /; and the stimulating alternating current
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dendrites

mV

— axo n/v soma

Figure 1.1 Structural and functional elements of a cortical neuron. (right) A
diagram of the morphology of a pyramidal neuron. The cell body and cellular
processes — dendrites (black) and axon (purple) — are indicated. (top inset) The
axon terminal of another neuron (purple) makes contact with a dendritic spine
and forms a chemical synapse. (bottom inset) The plasma membrane of the
neuron consists of a phospholipid bilayer with embedded ion channels. The ion
flows are depicted by white arrows and labeled according to their corresponding
currents of the Hodgkin-Huxley (HH) model (1.1). (bottom-left) The action
potential (spike) and corresponding dynamics of the gating variables of the
HH neuron.
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I(wt), is defined by the following set of ordinary differential equations:

CopV = —Ing — Ix — I + 1 + I(wt), (1.1a)
m=a,(v)(1-m)-Bn(v)m, (1.1b)
h=a,(v)(1-h)—Br(v)h, (1.1c)
n=a,(v)(1-n)-pB,(v)n. (1.1d)

Here C,, = 1 uF/cm? is the membrane capacitance, and v is the membrane
potential measured in mV. The Na*, K* and leak currents are given by the

following expressions

Ing = gNam3h(V - VNa), (1.2a)
Ix = gxn*(v —vk), (1.2b)
ILZgL(V—VL). (1.2C)

The parameters are (vy,, vg,vy) = (115,-12,10.6) mV, and (gna, gk, &L) =
(120, 36,0.3) mS/cm?. The rate parameters defining the dynamics of the
gating variables m, h and n measured in ms~! are the following functions of
the membrane potential:

am(v) =(2.5-0.1v)/[exp(2.5-0.1v) — 1], (1.3a)
Bm(v) =4exp(—v/18), (1.3b)
ap(v) =0.07 exp(—v/20), (1.3¢)
Brn(v) =1/[exp(3-0.1v) + 1], (1.3d)
a,(v) = (0.1 =0.01v)/[exp(1 = 0.1v) — 1], (1.3¢e)
Bn(v) =0.125 exp(—v/80). (1.3f)

The parameters for this model have been obtained by fitting its solution to
the experimental data on the giant axon of the squid [74]. Here the voltage
scale is shifted in such a way that the membrane resting potential without

external currents [/; = I(wt) = 0] is zero. There are various extensions to this
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model, because mammalian neurons have additional currents with different
activation and inactivation dynamics.

In this dissertation we will also use simplified models. One example is the
FitzHugh-Nagumo (FHN) model [75], which is a modified van der Pol oscillator
designed to mimic the generation of action potentials of the Hodgkin-Huxley
(HH) neuron. Despite a reduced level of complexity, it retains many features
of the HH model and allows geometrical analysis of neuronal excitability and
the spike generating mechanism. Another is the quadratic integrate-and-fire
neuron (QIF) [76], which is the topological normal form of the saddle node
bifurcation [77, 78]. It is the simplest model of a spiking neuron. It foregoes
the subtleties of spike generation, but its relative simplicity allows for numerical
simulation of large neuronal networks as well as yields to mean field reduction

techniques. These models will be introduced as they are needed.

1.2 Neurons as oscillators

It is difficult both conceptually and computationally to analyze higher level
neural dynamics using biophysical neuron models. To make such analysis
mathematically tractable while retaining the essential properties of neural
spiking, neurons are conceptualized as oscillators. It is possible to do so despite
somewhat irregular activity (especially in cortical neurons), if the complete
state of the neuron can be described using a single variable, called the phase.

Let us suppose that we have a general neuron model described by an

ordinary differential equation:
X(1) = ®(X), (1.4)

where X € R" is a vector describing the state of the neuron, ® =
(®1(X),...,D,(X)) is a function which represents the system dynamics
and the dot denotes the time derivative. Suppose that there exists a stable limit
cycle £ with a natural period Ty and natural frequency wo = 27 /Ty, such that
X (1) = X (2 +To).
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By choosing an arbitrary origin point on the limit cycle it is possible to
define the phase function in the basin of L:

9 = 0(X), (1.5)

where the phase satisfies 0 < © < 27. Although the velocity X of the system
as it rotates along the limit cycle is generally nonconstant, the phase always
increases with a constant frequency, that is, X () is assigned the phase
?(t) = wot. Phase reduction of an oscillating FHN neuron (3.26) is shown in
Fig. 1.2.

In order to characterize the response of the system to external perturbations,
which may kick the state of the neuron out of the limit cycle, we extend the
definition of the phase function to the basin of attraction of the limit cycle
by assigning the same phase #(¢) to all states X(#) that converge to the same
trajectory on the limit cycle as t — oo. The set of such states is called the
isochron.

Differentiating Eq. (1.5) with respect to time, we obtain
9(1) = O(X(1)) = Vx=x(nO(X) - X(1) = Vxx(nO(X) - ®(X(1)), (1.6)

where the operator Vx_x ;) is the gradient with respect to X evaluated at X(t).
If the phase function satisfies

Vx-x(nO(X) - ®(X) = wq (1.7)
for every X on £ and in its basin of attraction, then
9(1) = wo (1.8)

holds. Using the above theory, we can define a phase (¢) of the neuron state
X(#) that increases with constant wg in the whole basin of attraction of the
limit cycle L.

We will now describe the phase response of the neuron to a perturbative
impulse (Fig. 1.3). Depending on the neuron’s intrinsic dynamics, the type of

stimulus and the phase at which the stimulus is applied, the neural oscillation

6



1.2 Neurons as oscillators

0

®) % T 2T 3T (c)
t

Figure 1.2 Dynamics of an oscillating FHN neuron (3.26) and the corresponding
phase model. (a) Time series of the voltage v (purple) and the recovery variable
w (yellow) of the FHN neuron model as it is oscillating in a stable limit cycle.
(b) Dynamics of the phase variable ¢ corresponding to the limit cycle orbit
of the FHN neuron. (c) Definition of the phase ¥} superimposed on the stable
limit cycle of the FHN neuron.

may be advanced or delayed, i.e. the phase is shifted forwards or backwards.
Let us define a perturbation vector I = (/y, ... I,) applied to the neuron state
X which results in a new state X = Xo(##) + I. The perturbation has to be
weak so that the perturbed state remains in the basin of £ and does not cause a
separate spike. The perturbation results in a phase shift which can be defined
using the phase function as

(0, 1) = O(Xo(9) +1) - 0. (1.9)

Because we require |I| to be small, we can expand the phase function in a

Taylor series
O(Xo(9) +1I) = O(Xo(?)) + Vx=x,0(X) - I+ o(|I%) (1.10)
to obtain the approximation for the phase shift

g(.1) ~ Vxx,0(X) - I=z(9) - I, (1.11)



Background

where z() is the phase response curve (PRC), also called the infinitesimal
phase response curve or phase sensitivity function in the literature. The PRC
represents the linear response coeflicients of the phase to perturbations.

The PRC of an oscillator can be obtained directly by applying a weak
impulse of magnitude I to each component of X and measuring the resulting
phase shift:

g(1,1&))

2(9) = lim (1.12)

where &; is the unit vector corresponding to the j’th component of X. This
method can be used experimentally, however, it is usually only possible to
apply an impulse to the component of the state variable corresponding to the
neuron’s membrane potential. The PRC can also be obtained numerically (and,
in rare cases, analytically) by integrating the adjoint equation [79, 80]

dz(9) _

T = -J(Nz(9) (1.13)

backwards in time with the normalization condition

dXo(#) _

z(9) - 19

1, (1.14)

where J(#)7 is the transpose Jacobian matrix of ®(X) evaluated at X = X.
Another efficient numerical algorithm for computing the PRC by using the
direct method adapted to infinitesimal perturbations is described in [81].

If we choose the origin of the phase so that it coincides with the spike of
an action potential, the PRC is usually close to zero at 0 and 27, because a
spiking neuron is insensitive to small inputs. Furthermore, we can distinguish
two types of neurons by their PRCs: type I PRCs are non-negative, the spikes
can only be advanced; and type II PRCs, which are usually biphasic. In such
neurons, spikes can be both advanced and retarded. The type of PRC is very
important in determining how a neuron behaves in a network.

Using the above reasoning we can perform phase reduction of a neuron

stimulated with a weak periodic external current

X = ®(X) + I(wr) (1.15)



1.2 Neurons as oscillators

Figure 1.3 Phase response of an oscillating FHN neuron to a perturbative
impulse. The phase and time of the perturbation is indicated by the vertical
dashed lines. The perturbed trajectories are depicted in dash-dotted lines. (a)
The phase response curve (PRC) components z; () (purple) and z, () (yellow)
corresponding to the voltage v and recovery variable w of an oscillating FHN
neuron. The impulse coincides with the minimum of the PRC in order to cause
a maximal delay in the oscillation. (b) The impulse I (red arrow) applied to the
membrane potential v kicks the state of the neuron out of the limit cycle £ and
results in a new state X = Xq(##) + I, which eventually converges back to £
with a phase shift g(#, I). The triangle symbols mark the phase in equal time
intervals. (c) The response of the voltage v (purple) and recovery variable w
(yellow) to the external stimulus.
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to obtain
9 = wo +2(9) - L(wt), (1.16)

where wy is the natural frequency of the neuron, w is the frequency of the
external current.
Similarly, this scheme can be applied to describe the phase dynamics of a

weakly coupled network of N neurons:

N
X; = ®;(X;) + ) Hy(X;, X)), (1.17)

J=1

where H;; (X;, X ;) describes the effect of neuron j onneuron . If the differences

between the neurons are small, we can express the dynamics of each neuron as
®;(X;) = (X)) +£i(X)), (1.18)

where f; is a small individual heterogeneity. This system can be reduced to the

following phase model:

N
W = wo +z; (%) - (X (%)) + Z H;; (X; (%), X; (/)| . (1.19)
=

If the effect of the coupling and the heterogeneity between neurons is sufficiently
small, the above expression may be further simplified. By separating the
relatively fast neural oscillations from the slow drift caused by the interaction
and differences between neurons, and averaging over the period of the limit

cycle, we obtain

N
b= wi+ ) Tij(%h = 9)), (1.20)
J=1
where w; is the new individual natural frequency and I';; is the phase coupling
function.

Note that in some cases the external current may be applied to only a subset
of the neurons. If we only care about the collective phase dynamics, we can

consider the network an n/N-dimensional system, in which case the network

10



1.2 Neurons as oscillators

equations reduce to a single equation of the collective phase. Then the effective
PRC of the network is the sum of the PRCs of the stimulated neurons [82]:

M
ﬁ:wo+Zzi(ﬂ) Ti(wt), (1.21)
i=1

here ¥ is the collective phase, i is the index of M stimulated neurons in a

network of N cells. See Chapter 3 for more details.

Synchronization

In this section we will briefly discuss the main terminology of synchroniza-
tion of phase oscillators. For simplicity, we will consider a general system of

two phase oscillators

= fi(D1, %), (1.22a)
Dy = fo(91,92), (1.22b)

where f] and f, are some positive functions, but the definitions can be extended
to more dimensions as needed.

Since the phase is defined on the circle S!, the state space of two coupled
oscillators is the 2-torus T2 = S! x S!. Various modes of synchronization are
therefore defined as flows on the surface of this torus. If there exists a periodic
trajectory on the 2-torus in which ¥ performs p rotations and ¢, performs ¢
rotations, where p and g are relatively prime integers, the oscillators are said to
exhibit p:q frequency-locking. A 1:1 frequency locking is called entrainment.
If two oscillators are frequency-locked and the difference g — p1, is constant,
the oscillators are said to be phase-locked. Depending on the value of this
constant, in-phase, anti-phase or out-of-phase locking can occur. We will call

1:1 phase-locking synchronization.

11
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|Z| = 0.053385 |Z| = 0.47693 |Z] = 0.99398

Figure 1.4 The Kuramoto synchronization index for different orders of
synchronization in a network of phase oscillators. The phases of individual
oscillators are depicted as dots on the unit circle. The complex-valued order
parameter Z as a vector and its corresponding absolute value is shown for three
cases (left to right): an incoherent network, a partially synchronized and a fully
synchronized state.

In a network of N oscillators we can define the complex-valued Kuramoto

synchronization index or order parameter [83]
1 &
Z == explit). (1.23)

A synchronized state of the network corresponds to |Z| = 1. When |Z| =
0, two cases are possible: either the network is incoherent, or there exist
several synchronized clusters of neurons, evenly spaced on the phase circle.
Intermediate values of |Z| correspond to a partially synchronized state. A

graphical representation of these possibilities is shown in Fig. 1.4.

1.3 Mean-field reduction

Recent advances in dynamical systems theory have allowed us to better
understand the effects of synchronization in large-scale oscillatory networks. A
major breakthrough in these studies was achieved by Ott and Antonsen [84], who
showed that the microscopic model equations of globally coupled heterogeneous

phase oscillators (Kuramoto model) can be reduced to a low-dimensional system

12



1.3 Mean-field reduction

of ordinary differential equations that accurately describe the macroscopic
evolution of the system in the infinite-size (thermodynamic) limit. Later
this approach was extended to a particular class of heterogeneous neural
networks composed of all-to-all pulse-coupled quadratic integrate-and-fire
(QIF) neurons [85], which are the normal form of class I neurons [73]. In the
thermodynamic limit, a low-dimensional system of mean-field equations was
derived for biophysically relevant macroscopic quantities: the firing rate and
the mean membrane potential. The approach has been further developed in
recent publications to analyze the occurrence of synchronized macroscopic
oscillations in networks of QIF neurons with a realistic synaptic coupling [86],
in the presence of a delay in couplings [87-89], in the presence of noise [90],
in the presence of electrical coupling [91] and in the case of two interacting
populations [92, 93].

In this section we will describe the derivation of firing-rate equations for
networks of heterogeneous, all-to-all networks of QIF neurons, originally
presented in [85].

The QIF neuron model describes the dynamics of the membrane potentials
Vi, (j=1,...,N):

v :Vj2+;7j+Js(t)+I-, itV; >V, thenV; <V, (1.24)

where the last three terms define the input currents: 7, is the heterogeneous
parameter of excitability, s(¢) is the synaptic activation function with weight J,
and /(7) is a common time-varying component. For simplicity, the membrane
time for all neurons is assumed to be unity. The isolated neurons (J = O,
I; = 0) with the negative value of the parameter n; < 0 are at rest, while the
neurons with the positive value of the parameter 77; > 0 generate instantaneous
spikes. Each time a potential V; reaches the threshold value V,, it is reset to
the value V,, and the neuron emits an instantaneous spike which contributes to

the network mean firing rate

N

s(t):%z Z 5t —1%), (1.25)

J=1 k\tj?<t

13
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where tj? is the moment of the k-th spike of the j-th neuron and 6(7) is the
Dirac delta function. Because of the quadratic nonlinearity, V; reaches infinity
in a finite time, and this allows us to choose the threshold parameters as
V, = =V, = co. With this choice, the QIF neuron can be transformed into
a theta neuron. This choice is also crucial for the derivation of the reduced
mean-field equations in an infinite size limit [85].

We take the limit as N — oo and define the conditional voltage density
function p(V|n, t) dV which gives the fraction of neurons with voltages between
V and V + dV. In the limit the excitability parameter 7 is a continuous random
variable with some distribution function g(7). Because the number of neurons

is conserved, we arrive at the continuity equation

a_p+ Ap(V>+n+Js+1)]

=0. 1.2
ot ov 0 (1.26)

The main idea of [85], designated the Lorentzian ansatz, is that the solutions
to (1.26) converge to a Lorentzian function with half-width x(n, ) and center
y(n,1):

1 x(n,1)
P e )

From the QIF model definition and the two previous equations it is possible

(1.27)

to obtain the expressions for the macroscopic observable variables, the firing
rate r(¢) and mean membrane potential v(z), in terms of x(7, 1) and y(n,1).
The firing rate for each 77 can be calculated by taking the limit of the probability
flux pV as V — oo to directly obtain 7(n, t) = x(1,¢) /. The total firing rate
can then be expressed as

r1) = / x(m.0)g () dr. (1.28)

(o)

where g(n) once again is the probability distribution function of 7.
Similarly, because the Lorentz distribution is symmetric, the location

parameter y(7,t) is the mean membrane potential for every 7:

y(n,t):p.v./ p(Vin,n)Vdv, (1.29)

(o)

14



1.3 Mean-field reduction

where p.v. denotes the Cauchy principal value. The mean membrane potential

is then expressed as

v(t) = /_ y(n,1)g(n) dn. (1.30)

0

The Lorentzian ansatz holds and Eqgs. (1.28) and (1.30) are valid for
arbitrary distributions g(7), but it is particularly convenient to invoke the
Lorentz distribution again (which is unrelated to the previous assumption on
the distribution of membrane potentials V). If the excitability parameter is
assumed to be distributed according to the Lorenz distribution centered at 77

with half-width A
1 A

(=72 + A2

the integrals (1.28) and (1.30) can be evaluated using contour integration and

g(m) = (1.31)

the Cauchy residue theorem to obtain a system of firing rate equations in two

dimensions [85]:

F=A/m+2rv, (1.32a)
v=v:+a+Jr+1(1) - . (1.32b)

Other distributions g(n) yield qualitatively similar network dynamics, but
the dimension reduction is greatest with the Lorentzian function. If g(7) has
2n poles off the real axis, it is possible to derive an n-dimensional system of
complex firing-rate equations. Furthermore, the Lorentzian ansatz is also valid
for distributions that do not satisfy this condition, e.g. the normal and the
uniform distributions.

If we combine the mean firing rate and mean membrane potential into one
complex firing-rate quantity W = nir + iv, for a Lorentzian distribution g(n),

W relates in a natural way to the Kuramoto order parameter (1.23):

1 - Ww* 1-27z*
= W:—,
1+ W+ 1+ 2z

(1.33)

where the superscript asterisk denotes the complex conjugate.
Egs. (1.32) will serve as an example for the minimum-charge entrainment

algorithm (Section 3.3.3). We will also analyze the effect of high-frequency
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stimulation to a generalization of this model for two interacting populations of

excitatory and inhibitory populations of QIF neurons (Chapter 4).

1.4 Pontryagin’s maximum principle
Let us consider a dynamical system of the form
x=f(x,u,7), x(ty) = Xp. (1.34)

Here x € R” is the system state, ¢ € R is the time, 7y is the initial time and X is
the initial state. We assume that the dynamics of the system can be influenced
by a controlu € U € R™. The set of admissible controls U is the set of
all bounded piecewise continuous functions, everywhere equal to either their
right- or left-sided limits. Let £(x,u, ¢) be a real-valued running cost function,
also called the Lagrangian. We assume that the components of f(x, u, ) and
the Lagrangian are continuous in x and # and continuously differentiable with
respect to x!, ..., x" and ¢. Depending on the problem, the final state x; and
time 7 can be fixed, free, or restricted to some set. Let us introduce the target
set S = S| X [tg, o) to account for all the above possibilities; here S; C R”.

Fundamental problem of optimal control. Among all admissible controls
u € U, which transfer the state of the system (1.34) from the initial point X at

time ty to the target set S, find the control u* for which the objective functional

J = /[1 L(x(t),u(r),t)dt (1.35)

takes on the least possible value.

We will state the necessary conditions for optimality for the autonomous
free-time variable-endpoint control problem. The case of time-dependent
system state and Lagrangian can be reduced to the autonomous case by a

change of variables.
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1.4 Pontryagin’s maximum principle

Pontryagin’s maximum principle. Ler u*(¢) be the optimal control and let
X*(t) be the corresponding optimal trajectory. Then there exists a function

Y *(t) called the adjoint or costate satisfying the following conditions:

1. xX* and y* satisfy the canonical equations

€0 = 5o X0 0. 0], (136)
0
0 =T 0,00, ¥ (0], (1.37)

with boundary conditions X*(ty) = Xo and X*(t1) € S, where H is the
Hamiltonian function defined as

H(y,x,u) =y -f(x,u) - L(x,u). (1.38)

2. The Hamiltonian has a global maximum at w = u*(t) for all t € [tg, 11]:

H X (1), 0" (1), y* (1)) = r&f}g{iﬂ(x*(t),u, v (). (1.39)

3. Ifthe final time t, is free, the Hamiltonian vanishes for all t € [tg, t1]:
H(x*(t),u* (1), y*(1)) = 0. (1.40)
If t1 is fixed, H(x*(1),u* (1), y* (1)) = const.
4. y*(t1) is orthogonal to the tangent space Ty+(;,) of S1 at X*(t1):

v () -v=0, forall veTeq,). (1.41)

The final condition is called the transversality condition. If the endpoint is
not restricted to a subset of the state space (i.e. S| = R"), the transversality
condition reduces to y*(¢;) = 0. If the endpoint X is fixed, the tangent space
is 0 and no conditions are placed on y*(¢1).

For the proof of the Maximum principle, refer to the original publica-
tion [94].
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Chapter 2

Optimal waveform for entrainment
of a spiking neuron with minimum
stimulating charge

In this chapter, we consider an optimal control problem for a single neuron.
We set out to find an optimal waveform of a periodic stimulus that ensures
an entrainment of a neuron to the stimulation frequency with the minimum
mean absolute value of the applied current or, equivalently, with the minimum
integral charge transferred to the model neuron in both directions during the
stimulation period. For brevity, we refer to this problem as a minimum-charge
control. We assume that the stimulating current satisfies the charge-balance
requirement and is bounded from above and below. We also suppose that the
stimulating current is sufficiently weak, so that the phase reduction theory [73,
81, 95] can be applied to the model neuron. To determine an optimal waveform
we apply Pontryagin’s maximum principle [94, 96].

Note, a similar performance measure, proportional to a mean absolute
value of a control variable, is used in an optimal space navigation problem
when seeking to transfer a spacecraft from an initial state to a desired target
with the minimum expenditure of fuel [96]. Such a minimum-fuel transfer
problem leads to a bang-off-bang waveform of the control variable. We will see
that our minimum-charge entrainment problem also results in a bang-off-bang

waveform, which consists of two repetitive time-separated positive and negative
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2.1 Problem formulation

rectangular pulses, generally of different widths and amplitudes. We also
refer to relevant publications [97-99], where the authors introduce a general
form of a functional and consider the problem of maximizing the width of the
entrainable frequency detuning of a spiking neuron for the fixed value of the
functional. The relation and the difference between that and our problem will
be discussed in Sec. 2.5.1.

The chapter is organized as follows. In Sec. 2.1 we formulate the op-
timization problem and in Sec. 2.2 present its solution. An algorithm of
constructing the minimum-charge waveform is demonstrated analytically and
graphically for a simple example of a Stuart-Landau oscillator in Sec. 2.3. The
performance of the minimum-charge waveform is compared with that of other
different waveforms including a minimum-power waveform. In Sec. 2.4 we
consider the simplified version of the optimization theory when the frequency
mismatch between the neuron and external current is small. This theory is
then demonstrated for an oscillator defined by a randomly generated phase
response curve [97] as well as the classical Hodgkin-Huxley [74] neuron
model in Sec. 2.5. We finish the chapter with a discussion of possible clinical
applications and conclusions presented in Sec. 2.6.

2.1 Problem formulation

We consider a general Hodgkin-Huxley-type neuron model under periodic

stimulation

Cuv=F(,w)+I(wt), (2.1a)
w=G(v,w). (2.1b)

Here C,, is the membrane capacitance and v is the membrane potential. The
function F (v, w) describes the sum of currents flowing through the ion channels.
I(wt) is a periodic stimulating current that satisfies /(wt + 27) = I(wt), where
w is the stimulation frequency and 7' = 27/w is the period of stimulation.
Equation (2.1b) describes the dynamics of a recovery variable w that generally
is a vector variable, w = (wy,...,w,). The function G(v, w) represents the
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ionic channel dynamics. The dimension n of the vector variable w as well as
the functions F' and G are defined by the specific neuron model.

We assume that without stimulation [/(wt) = 0] the neuron generates
periodic spikes with a period 7y. Then for sufficiently small stimulating current
I(wt) we can apply the phase reduction method [73, 81, 95] and reduce Egs.

(2.1) to a single scalar phase equation
9 = wo + z(9) 1 (wt), (2.2)

where @ is the phase, wg = 27/Ty is the spiking frequency of a free neuron and
z(19) is the 2r-periodic phase response curve (PRC). The PRC is derived from
a free neuron model; it contains all necessary information about the neuron’s
response to any weak external forcing.

The main purpose of this chapter is to derive the optimal waveform of
the stimulating current /(wt) that ensures an entrainment of a given isolated
neuron (i.e., not coupled to other neurons) to the frequency of stimulation
with the minimum mean absolute value of the current injected into the neuron.

Specifically, we are going to minimize the following functional:

1 T
g == /O [[(wt)|dt . (2.3)

We require that the stimulating current never exceeds some predefined minimal

I_ < 0 and maximal I, > O values, i.e.,
I- <I(wt) <1, (2.4)

for any time. In addition, we introduce a clinically mandatory charge-balance
condition /OT I(wt) dt = 0. The charge g satisfies the differential equation

g =I(wr) (2.5)
and thus the charge-balance condition can be alternatively written as

q(0)=0, ¢q(T)=0. (2.6)

20



2.2 Solving the optimization problem

The entrainment takes place if the system (2.2) admits a solution with the
boundary conditions
?(0) =0, NT)=2n. (2.7)

To summarize, in order to find the optimal waveform of the stimulating
current we need to minimize the functional (2.3) with the variables ¢ and ¢
satisfying differential Eqgs. (2.2) and (2.5) with the boundary conditions (2.6)
and (2.7). We also have to take into account the limitation of the amplitude
(2.4) of the stimulating current.

2.2 Solving the optimization problem

To solve the above formulated optimization problem, we make use of the
Pontryagin maximum principle [94, 96] similarly as it has been done in Refs. [34,
40, 41] for finding the minimum-power waveform of the stimulating current.
Here we minimize the mean absolute value of the stimulating current defined by
the functional (2.3). To this end, we introduce the Lagrangian as £ (/) = |/| and
define the Hamiltonian of the system as H (g, 9,1, p, ) = p()d + u(t)g — L
or

H(D,1,p,p) = [wo+z(N]p +pul - |1 (2.8)

Here we have omitted the variable g from the list of arguments of the Hamilto-
nian function, since it does not depend explicitly on this variable. Within this
formalism, the Euler equations that define the minimum of the functional (2.3)
coincide with the Hamiltonian equations:

oM. M OH OH

= — = — = —— ':——, 2
oy q o D 55 M Py (2.9)

9
In a mechanical interpretation, p(f) and u(t) define the components of the
momentum while in the Eulerian formalism they are the Lagrange multipliers.
The first two Hamiltonian equations are equivalent respectively to Egs. (2.2)
and (2.5), the third equation defines the dynamics of the Lagrange multiplier
p(t): p(t) = =7/ (9)1(wt)p(t), and the last equation gives g = 0, since the
Hamiltonian function does not depend on ¢g. Thus, the Lagrange multiplier u is
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independent of time and the Hamiltonian function can be presented in the form

wop + [z(P)p + u—1]1, if >0,
HD, 1, p,py = | P T RO = (2.10)
wop + [z(H)p +u+1]1, if 1<0,

with a constant parameter ¢ = const and a time-dependent Lagrange multiplier
p(1).

The Pontryagin maximum principle provides a necessary condition for the
optimal control. For our problem, it states that the Hamiltonian function (2.10)
on the optimal trajectory is maximal and time-independent. We introduce a

switching function
Y (1) =z(9(2)p(1) + (2.11)
and rewrite Eq. (2.10) as

HO 1 pop) = wop(t) + [w(t) —1]1, if I>0, 2.12)
wop(t) + [w(t) +1]1, if 1<0.

Applying Pontryagin’s maximum principle to this equation, we can derive
an expression for the optimal current /* = [*(9(¢)), which we denote by an
asterisk and express its dependence on time through the phase variable . The
Hamiltonian (2.12) reaches its maximum, when the current / is maximally
positive for ¥ (¢) > 1, maximally negative for () < —1 and equal to zero for
-1 <y(r) <1:

I, for y(r) > 1,
I'(9(1) =11_ for (1) < -1, (2.13)
0 for —1<y(r) <l1.

Now we use the requirement that the Hamiltonian is time independent on the
optimal trajectory. We denote the maximum constant value of the Hamiltonian

on the optimal trajectory as wy/zo, i.e.,

H (1), I (9(1)), p(1), p) = %’ — const. (2.14)
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Here z( is a yet unknown constant. In time intervals where 7* (9(¢)) is zero, from
Eq. (2.12) we have H (¥, I*, p, u) = wop(t). Substituting this into Eq. (2.14),
we obtain p(t) = 1/zp and from Eq. (2.11) we get ¥ (1) = z(9(2))/z0 + p.
Thus, the third condition —1 < ¥(¢) < 1 in Eq. (2.13) can be rewritten as
-1 —u < z(9(t))/z0 < 1 — u. The first and the second conditions can be

rewritten in a similar way and then the expression for the optimal current

becomes:
1y for % >1—pu,
r@ =4 for @ <_1-4 (2.15)

20

0 for —-1-u<PD <-4

20
This expression contains two so far unknown parameters zo and u. It is conve-
nient to replace these two parameters (zg, ) with another pair of parameters
(z1, z2) using the following transformation:

21 =—-z0(u+1), (2.16a)
2= zo(l—p). (2.16b)

For any given values of the new parameters z; # z», the initial parameters can
be rebuilt from the unambiguous backward transformation zg = (22 — z1)/2,
u = (z1 +22)/(z1 — z2). With the new parameters, the expression for the

optimal current can be written as

L, for sgn(zx —z1)z(P) > 22,
I'(9) =<1_ for sgn(z —z1)z(9) < z1,
0 for z; <sgn(zx —2z1)z(9) < 22,

or equivalently

I"(9) = LH[z(¥) — 22] + [_LH[z1 — z(9)], if 20>z,
I'(9) = 1_H[z(9) — z1] + LLH[z2 — z(§)], if 2z <z,

where H(-) is the Heaviside step function. Since z; and z, are so far arbitrary

parameters, we can exchange z; & z in the second equation and combine
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these two equations into one final equation for the optimal current
I'(9) = LH[z(9) - z2] + IzH[z1 — 2(9)]. (2.17)

Here the upper and lower subscripts correspond to two different possible
expressions for the optimal current. In both these expressions the parameters
71 and z» satisfy the inequality zo > z3.

Now our aim is to write down the equations for the unknown parameters
z1 and zp. These equations are derived from the boundary conditions (2.6)
and (2.7). We start from the entrainment conditions (2.7). Substituting
I(wt) = I (¥(1)) into Eq. (2.2) and using boundary conditions (2.7), we get

2r dy T
./0 w0+ 2 (DI (D) —/0 dr=T. (2.18)

In order to further simplify the analysis, we assume that the boundaries 7

and |/_| of the stimulating current are sufficiently small so that the inequalities
lz(N | < wyg and |z(P)||1-| < wo (2.19)

hold for all ¥ € [0,2n]. Using binomial approximation, the denomina-
tor in Eq. (2.18) can then be rewritten as [wo + z(H)I*(9)]! ~ [1 -
Z(N I (F) /wo] /wo, and we get

1 [ 1 T
—/ (NI (F) dY = wy| — — =—|. (2.20)
2r Jo wy 27
The right-hand side of this equation is approximately equal to the frequency
mismatch Aw = w — wq provided that [Aw| < wg. Thus, Eq. (2.20) can be
presented in the form
(2(NI(9))9 = Aw, (2.21)

where the angle brackets marked by the subscript ©} denote the averaging of a
function over the variable :

2r
=5 [ . @.22)
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2.2 Solving the optimization problem

Inserting Eq. (2.17) into Eq. (2.21) and using the definitions (2.30a) and
(2.30b) for the auxiliary functions M. (¢) and M_(&), we obtain the first

equation for the parameters z; and z5:

The second equation for these parameters is obtained from the charge-balance

T i ~ 2r I*(ﬂ) do ~
/O I"(9(1)) dt_/0 oot 2D =0. (2.24)

Taking into account the inequalities (2.19), this equation can be simplified to

condition:

(I(9))s = 0. (2.25)

Inserting Eq. (2.17) into Eq. (2.25) and using the definitions (2.30c) and (2.30d)
for the auxiliary functions N, (&) and N_(&), we obtain the second equation
for the parameters z; and z;:

I.N,(22) + Iz+N_(z1) = 0. (2.26)

By solving the system of Egs. (2.23) and (2.26) one can obtain the unknown
parameters z; and z; and find an explicit expression for the optimal current
(2.17). The analysis of these equations for specific models shows that for
Aw > 0 the solution exists only with the upper subscript and for Aw < 0 only
with the lower subscript.

Finally, we can compute the mean absolute value of the stimulating current

on the optimal trajectory:

Nl T [ ir@ay
girt=7 [ ireele- [T SR

Taking into account the inequalities (2.19), we can approximate this value as
JI'] = ({I"(F)|)9. Then inserting I* () from Eq. (2.17), we obtain:

I =JI] = [I:IN4(22) + [IzIN-(z21). (2.27)
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Optimal entrainment of a spiking neuron with minimum charge

Note that we constructed the optimal waveform (2.13) without considering
the possibility of a singular control [96]. The singular control implies the
existence of finite time intervals (singular intervals) in which the switching
function ¥ (¢) = 1 or ¥(t) = —1. For such singular intervals to exist, it
is necessary that all time derivatives of the switching function in the given
intervals be equal to zero: ¢ (t) = 0, ¥ (¢) =0, .... Similarly as in Ref. [40],
one can show that this requirement leads to the equality wq + z(¢#)1* () = 0.
In our case, this equality cannot be satisfied due to the assumption (2.19), and
thus the singular control is not possible.

We can now summarize the main results. Generally, the algorithm requires
the knowledge of the PRC z(19) of the given neuron and the permissible limits
I_ and I, of the stimulating current. The optimal waveform (denoted by an

asterisk) is of a bang-off-bang type:
I'(9) = L:H[2(9) — 22] + I=H[z1 — 2(9)]. (2.28)

where H(-) is the Heaviside step function. The optimal current depends on
the sign of the frequency mismatch Aw = w — wg. Here and below the upper
and the lower subscripts correspond, respectively, to Aw > 0 and Aw < 0. The

parameters z; and z; satisfy z; < z». They are determined from the equations

1:M(22) + [z M_(21) = Aw, (2.29a)
1:N(22) + IzN_(z1) =0, (2.29b)

which are generally different for Aw > 0 and Aw < 0. These equations contain

four auxiliary functions

M. (&) = (z(DH[z(F) - &Do, (2.30a)
M_(§) = (z(NH[E = z2(D)])s. (2.30b)
N (&) = (H[z(?) = D)o (2.300)
N_(&) = (H[£ = z(D)])s. (2.30d)
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2.3 Analytical example: A Stuart-Landau oscillator

where the angle brackets marked by the subscript ¢} denotes the averaging of a
function over the variable i} as defined by Eq. (2.22). The value of the functional
(2.3) computed on the optimal trajectory (2.28) is given by Eq. (2.27).

To specify some general properties of the above auxiliary functions (2.30),
we define the minimal and the maximal values of the PRC as z,,,;, and Z,,,4x,
respectively. Then for € < z,,, the functions (2.30b) and (2.30d) are equal to
zero, M_(¢) = 0 and N_(¢) = 0, while the functions (2.30a) and (2.30c) are
equal to constants, M, (&) = (z(1))y and N, (&) = 1. Similarly, for & > z,,4x,
the functions (2.30a) and (2.30c¢) are zeros, M, (£) = Oand N, (¢) = 0, while the
functions (2.30b) and (2.30d) are constants, M_ (&) = (z(19))y and N_(&) = 1.
In the interval z,,;, < & < Zmax, the function N_(&) monotonically increases
and the function N, (¢) monotonically decreases. For the specific model, these
functions will be presented analytically and graphically in the next section.
The solution of Egs. (2.29) and the construction of the optimal current (2.28)

will be demonstrated analytically and graphically as well.

2.3 Analytical example: A Stuart-Landau oscilla-

tor

To get more insight into the algorithm of constructing the optimal waveform
of the stimulating current, we first consider an analytically solvable example of
a Stuart-Landau oscillator. This system represents a canonical model of limit

cycle oscillations. In the presence of the stimulating current the model reads:
E=—y +x(1—x2—y2)+1(wt), (2.31a)
y = x+y(1—x2—y2). (2.31b)

In the context of the neural model (2.1), we interpret the variable x as a voltage
and the variable y as a recovery variable. Without stimulation, the system has

the limit cycle solution x, = cos(t), y. = sin(¢) with the frequency wq = 1.
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Optimal entrainment of a spiking neuron with minimum charge

S-(¢)]

Figure 2.1 The geometrical meaning of the auxiliary functions (2.30). The
solid curve represents the PRC. The shaded areas marked by S, (£) and S_(¢)
define the values of the functions M, (¢) = S,(&)/2n and M_(&) = S_(&)/2n.
The functions N.(¢) = Ad,/2x and N_(¢) = AY_/2n define the relative
intervals of the phase variable © where the PRC is above and below of the
horizontal line z = &, respectively.

The analytically obtained PRC of this system is
z(9) = sin(9) (2.32)

and for weak stimulation the system (2.31) can be reduced to the following
phase equation:

9 = 1+sin(9) 1 (wr). (2.33)

The advantage of this model is that it admits a complete analytical solution

of the above optimization problem. For the given PRC, the geometrical meaning

of the auxiliary functions (2.30) is shown in Fig. 2.1. The functions M, (¢)

and M_(¢) define certain areas under the PRC when intersecting it with the

horizontal line z = £. The function N, (&) [N-(&)] shows the relative interval

of the phase variable ¥ where the PRC is above [below] of the line z = €£.

Substituting Eq. (2.32) into Egs. (2.30) and solving the corresponding integrals,

we obtain the following analytical expressions for the auxiliary functions (2.30)
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2.3 Analytical example: A Stuart-Landau oscillator
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Figure 2.2 Auxiliary functions (top) M, (¢) and M_(¢) as well as (bottom)
N, (&) and N_(¢) for the Stuart-Landau oscillator.

M, (&) = +4/1 = &2/m, (2.34a)
Ny _(€) =1/2 F arcsin(€) /, (2.34b)

which are valid in the interval z,,;, < & < Zax With 2., = —1 and z,4, = 1.
Outside this interval, the values of the functions are: M, _(¢) =0, N_(¢) =0,
Ni(é)=1foré < —land My _(€) =0,N_(¢) =1, N. (&) =0for & > 1. The
functions are graphically presented in Fig. 2.2.

Since the PRC (2.32) of the Stuart-Landau oscillator is an odd function
z(—=9) = —z(¥), it is natural to choose the symmetric restriction of the
stimulating current, I, = —I_ = Iy. In this case, Egs. (2.29) that define the
values of the parameters z; and z, become equivalent for both positive and

negative frequency mismatch Aw,

M, (z2) — M_(z1) = |Awl|/ 1, (2.35a)
Ni(z2) =N_(z1) =0, (2.35b)
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Optimal entrainment of a spiking neuron with minimum charge

and the optimal current (2.28) changes the sign when the sign of Aw is changed:
I'(9) = Iy{H[z(?) — z2] — H[z1 — 2(9)]} sgn(Aw). (2.36)
Here sgn(-) is the sign function. Finally, Eq. (2.27) can be simplified to:

J* =1p[Ni(z2) + N_(z1)]. (2.37)

According to Eq. (2.34b), the functions N, _(¢) have the following
symmetric relation N, (&) = N_(—=¢). Thus, Eq. (2.35b), which expresses the
charge-balance condition, will be automatically satisfied if we take z; = —z5.
Then the value of the parameter z, can be found from Eq. (2.35a), that after
taking into account the symmetric relation of the functions M_(-¢) = —M (&),
transforms to

M, (z2) = |Aw|/2p. (2.38)

In Fig. 2.3, we use this equation in order to demonstrate graphically the
algorithm of constructing the optimal waveform of the stimulating current.
For the given Aw and I, the horizontal line z = z; has to be chosen in such
a way that the shaded area satisfies S.(z2) = 27M,(22) = n|Aw|/Iy. Then,
by projecting the intersection points of the lines z = zp and z = z; = —2»
with the PRC onto the ¥ axis, the bang-oftf-bang optimal waveform (2.36) is
simply constructed as shown in the figure. The construction is demonstrated
for Aw > 0. For Aw < 0, the sign of the waveform should be inverted.
Equation (2.38) with the function (2.34a) M, (&) = \/1——.;32 /7 can be
solved analytically. As a result, we obtain the following expression for the

parameters zp2:

212 = FV1 — (mAw/21))>. (2.39)

Thus Eq. (2.36) together with the Eqgs. (2.32) and (2.39) provides an explicit
analytical expression for the optimal stimulating current. By using Eqgs. (2.34b)
and (2.39), we also derive an analytical expression for the optimal value of the

functional (2.37):

21
g = =0 arcsin(

T

7lAw) ) (2.40)

21y
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2.3 Analytical example: A Stuart-Landau oscillator

I_

Figure 2.3 Geometrical construction of the optimal waveform of the stimulating
current for the Stuart-Landau oscillator. The line z = z» is chosen such that
the shaded area satisfies Eq. (2.38): S.(z2) = m|Aw|/Ip. The bang-off-bang
optimal waveform (2.36) is constructed by projecting the intersection points of
the lines z = zp and z = z; = —z with the PRC onto the # axis. The optimal
waveform is shown for Aw > 0. For Aw < 0, its sign should be inverted.
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Optimal entrainment of a spiking neuron with minimum charge

Note, the entrainment with the waveform (2.36) is possible only in the finite

frequency interval, referred to as entrainment interval:
[Aw| < 2Ip/n. (2.41)

Outside this interval, the entrainment is impossible due to the requirement for
restriction of the amplitude of the stimulating current.

In Fig. 2.4 the dependence of J ™ on the frequency mismatch Aw (the
Arnold tongue) for Iy = 0.1 is shown by a solid curve. The dots represent
the Arnold tongue obtained numerically from the original system (2.31). To
this end we used the following algorithm. For a given Aw, Egs. (2.31) were
simulated using the optimal waveform (2.36) with a greater amplitude than
the given restriction, Iy > 0.1, to provide an entrainment of the oscillator to
the stimulating current. Then the amplitude was gradually decreased until
the threshold value, when the synchronization disappeared. The value of
the functional J [Eq. (2.3)] at the threshold amplitude gives the numerical
estimate of the Arnold tongue. We see an excellent agreement of the numerical
results with the theoretical curve (2.40).

2.3.1 Comparing results for different waveforms

In order to verify whether the derived waveform (2.36) is really optimal, we
computed the Arnold tongues for two more waveform examples: a symmetric
bang-bang waveform and a minimum-power waveform.

Symmetric bang-bang waveform

We constructed a symmetric bang-bang waveform from the optimal bang-
off-bang waveform (2.36) by setting zo = z; = 0 and assuming that the

amplitude [ is arbitrary:
I (9) = Iy{H[sin(?#)] — H[-sin(I)]}. (2.42)

The entrainment condition for the given waveform can easily be derived from the

phase Eq. (2.33). Substituting /(wt?) = I (wt) into this equation and changing
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2.3 Analytical example: A Stuart-Landau oscillator
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Figure 2.4 Arnold tongues for the Stuart-Landau oscillator. The mean absolute
values of the stimulating current J [Eq. (2.3)] as functions of the frequency
mismatch Aw are shown for three different waveforms. The solid curve and dots
correspond to the minimum-charge waveform (2.36). The dash-dot lines show
the approximation (2.49). The dotted curve and triangle symbols represent
the minimum-power waveform (2.46). The dashed lines and “+” symbols
correspond to the symmetric bang-bang waveform (2.42).

the variable ¢ = wt + ¢, we get an equation ¢ = —Aw + sin(wt + ) [, (wt)
for the new variable ¢. Assuming that Aw and [y are small parameters and
averaging this equation over the period 7 = 27/w of fast oscillations, we
obtain:

¢ = —Aw + (sin(F + @) [, (F))g. (2.43)

The integral in this equation can be easily solved, (sin(+ @)l (F))g =
(21y/7) cos(¢) sgn(Aw). It follows that the entrainment appears when the
amplitude /y exceeds the threshold value I;;, = 7|Aw|/2. The waveform (2.42)
with the threshold amplitude Iy = I;, is graphically presented in Fig. 2.5.
Substituting Eq. (2.42) into Eq. (2.3) and taking Iy = I;;,, we get an expression
for the Arnold tongue

T = glAwl (2.44)

of the waveform (2.42). In Fig 2.4 this result is presented by dashed lines. The
symbols “+” show the same result obtained by direct numerical simulation

of the original system (2.31). We see that the entrainment with the waveform
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Figure 2.5 (top) Symmetric bang-bang and (bottom) minimum-power wave-
forms of the stimulating current applied to the Stuart-Landau oscillator. The
Arnold tongues obtained with these waveforms are presented in Fig 2.4.

(2.42) appears at larger values of the functional (2.3) than that with the optimal
waveform (2.36).

Minimum-power waveform

As a second example, we consider the waveform that ensures an entrainment
of the oscillator with the minimum applied power. The theory of charge-
balanced minimum-power control with constrained amplitude for an arbitrary
PRC is presented in Ref. [41]. Here we apply this theory to obtain the
minimum-power waveform for the Stuart-Landau oscillator. The minimum-
power waveform is derived by the minimization of the mean energy functional
E[Il = (1/T) /OT [I(wt)]? dt rather than the functional (2.3). If there were no
amplitude restriction, the minimum-power waveform would be proportional to
the PRC:

I£ (%) = 2|Aw| sin(F). (2.45)

In the presence of the symmetric restriction —/y < I(wt) < Iy of the stimulating
current, the minimum-power waveform 7 () is the same as in Eq. (2.45)
[I(9) = I£(9)] when 2|Aw| < Iy, but its amplitude is truncated when
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2.3 Analytical example: A Stuart-Landau oscillator

2|Aw| < Iy:
~I, if Tg(9) < -1,
Ip(9) =9 Ig(®), if |Ie(®)| < I, (2.46)
Iy, if I5(9) > Iy.

This waveform is graphically presented in Fig. 2.5. Substituting Eq. (2.46)
into Eq. (2.3) and solving the corresponding integrals, we obtain the Arnold

tongue for this waveform. For |Aw| < I/2, the dependence J vs Aw is linear,
4

J = =|Awl, (2.47)
n

while for |[Aw| > /2 itis nonlinear and determined by the following parametric

equations

|Aw(p)| = ;—O []l) arcsin(p) + /1 — pz] , (2.48a)

20 [1 =T =2
- 20 [—p+g—arcsin(p) : (2.48b)

P

where p is a parameter that varies in the interval (0, 1). Due to the amplitude
restriction of the waveform (2.46), the entrainment of the oscillator is possible
only in the finite frequency interval |Aw| < 21/, which coincides with the
entrainment interval (2.41) of the minimum-charge waveform (2.36).

In Fig. 2.4 the dotted curve shows the Arnold tongue plotted from Eqgs. (2.47)
and (2.48). The triangle symbols show the same result obtained by direct
simulation of Egs. (2.31) with the stimulating current (2.46). While the values
of J for the minimum-power waveform (2.46) are smaller than those for the
bang-bang waveform (2.42), they are greater than the values of J obtained
with the minimum-charge waveform (2.36). These results confirm the validity
of the optimization theory presented above.

2.3.2 Small frequency mismatch

As mentioned above, an entrainment of the oscillator with the minimum-

charge waveform (2.36) is possible only in the finite frequency interval (entrain-
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Optimal entrainment of a spiking neuron with minimum charge

ment interval): |Aw| < 21y/n. The border of the interval 21/ is proportional
to the permissible limit /y of the stimulating current. The larger the limiting
amplitude Iy, the wider is the entrainment interval.

Let us consider the case of a small frequency mismatch |Aw| <« 21y/7,
when the amplitude restriction of the stimulating current is inconsiderable. In

this case Eq. (2.40) transforms to
I~ |Aw|, (2.49)

1.e, the Arnold tongue is defined by straight lines (see dash-dot lines in Fig. 2.4).
For small |Awl|, these lines coincide with the curve (2.40).

Itis interesting to reconsider the whole algorithm of constructing the optimal
waveform for small |Aw|. From Eq. (2.40) we get 212 ~ F[1 - (1Aw/21)?/2].
Thus, for |[Aw| — 0, the value of the parameter z; tends to the maximum of
the PRC, zo — max[z(#})] = 1, and the value of the parameter z; tends to
the minimum of the PRC, z; — min[z(})] = —1. It follows that the optimal
waveform consists of two narrow rectangular pulses of height Iy, one positive
and the other negative, located at the maximum and the minimum of the PRC.
The width of the pulses tends to zero when |Aw| — 0. Thus, the optimal
waveform depends only on the shape of the PRC close to its maximum and
minimum and does not depend on other details of the PRC. We exploit this
finding in the next section in order to derive an algorithm for constructing the

optimal waveform for arbitrary PRCs.

2.4 Optimal waveform for a small |Aw| in the

general case

Now we consider the optimization problem for small |Aw| in a general
case. We will deal with an arbitrary PRC z(1%) and a general nonsymmetric
amplitude restriction /- < I(wt) < I of the stimulating current. By small
|Aw| we mean its smallness with respect to the entrainment interval, which is
proportional to the given amplitude restrictions /_ and /. As mentioned above,

the construction of the optimal waveform at small |Aw| does not require any
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2.4 Optimal waveform for a small |Aw| in the general case

detailed information on the PRC except the properties close to its maximum
and minimum. The main idea of our approach is to approximate the PRC close
to the extrema by parabolas and analytically solve the Egs. (2.29).

We assume that the PRC z(#) is a smooth 27 periodic function that has an
absolute maximum z,,,, > 0 at ¢ = 9,,,, and an absolute minimum z,,,;,, < 0
at ¥ = 9,,;,,. We expect that for |[Aw| — 0 the solution of Egs. (2.29) satisfies
21 = Zmin and 22 — Zpmax- To then solve the Egs. (2.29) for small finite |Aw]|
we will need information on the PRC only in the vicinity of its extrema. The
PRC close to the extrema can be approximated by parabolas. Specifically, for

¥ close to ., We write

i ﬂmax
29 % e~ 0N (g2 2.50)
and for 9 close to %,,;, we have
Z” ﬂmin
29 % tpin+ 2 (i g, @51

Using these approximations, we can estimate the auxiliary functions (2.30). We
need the values of functions M, (&) and N, (&) for & close to z,,4,. Thus, sub-
stituting Eq. (2.50) into Egs. (2.30a) and (2.30c) and solving the corresponding

N Zmax 2(Zmax - é:)

M.(8) ~ — \/ EITWRIR (2.52a)
- l 2(Zmax - f)

Nu() ~ — /—Iz” TR (2.52b)

We also need the values of functions M_(¢) and N_(¢) for & close to Zyiy.
They are obtained in a similar way by substituting Eq. (2.51) into Egs. (2.30b)

integrals, we obtain:
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and (2.30d):
- Zmin 2(5 - Zmin)
M_(§) ~ . o) (2.53a)
~ l 2(§ - Zmin)
N~ [T R (2.53b)

Now we are ready to solve Egs. (2.29). We demonstrate this solution only
for Aw > 0 while for Aw < 0 simply write out the result. Taking into account
Egs. (2.52) and (2.53), the system (2.29) for Aw > 0 can be written as

I Imax 2512 + Zmin 26Z1 — Aw
* T |Z”(ﬂmax| o Zl/(ﬁmin) ’
1 2022 1 2071 0.

- 4] - — =
+7T |Z”(ﬂmax)| 7 Z”(ﬁmin)

where 621 = 21 — Zmin > 0 and 622 = Zyax — 22 > 0. The solution of these

equations with respect to the parameters dz; and 6z, gives the following

I 20 I_ 20 A
Le | 20%2  _ f- L ©_ (2.54)
7 |Z”(ﬁmax)| 7 Z”(ﬁmin) Zmax — Zmin

Substituting Eq. (2.50) into Eq. (2.28) and using the above relations, we can

relations:

write the optimal current for Aw > 0 as

(2.55)

* ﬁ_ﬁmax - j
r=rI1|—|+ I_II| ———
() ( - )+ (

where I1(x) is the rectangular function that satisfies I1(x) = 1 for |x| < 1/2
and I1(x) = O for |x| > 1/2. Thus, the waveform defined by Eq. (2.55) consists
of two rectangular pulses, one positive located at ,,,, and the other negative

located at ¥,,;,,. The height of the positive (negative) pulse is I, (/-) and its
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width is Ay (AY_). The widths A, _ are defined as

2nAw
AYy _ = . 2.56
" I+,—(Zmax - Zmin) ( )
Similarly, one can show that the optimal current for Aw < 0 is
* U - ﬂmax - ﬁmin
r=r1\—.—|+LII| ————]. 2.57
() (M_)+(M+) 2.57)

Substituting Egs. (2.52b) and (2.53b) into Eq. (2.27) and using the relations
(2.54), we can determine the optimal value of the functional J*. Here we
present the result in the form valid for both the positive and negative Aw:

g = 2Ael (2.58)

Zmax — Zmin

From Eqgs. (2.55), (2.56), and (2.57) we see that the construction of the
optimal waveform requires the knowledge of only two parameters of the PRC,
namely, the distance ¢, — ¥,in between its extrema and the amplitude of the
PRC z,,4x — Zmin. Though the parameters ,,,, and 9,,;, come separately in
Egs. (2.55) and (2.57), we need to know only the difference A?, = ¥4 — Fmin,
because the effect of entrainment does not depend on the initial phase of the
stimulating current. By shifting the initial phases in Egs. (2.55) and (2.57) in
such a way as to locate the positive pulse in both of them at ¢ = 0, we can

rewrite these equations in the form

9 9+ AP
I*(9) = LI I_T1 < 2.
@ =1, (M+)+ ( A ) (2:59)

where the upper and lower sign in the argument of the second function
correspond, respectively, to Aw > 0 and Aw < 0.

In the following, we numerically verify the theoretical results presented in
this section. First, we make sure that the theory works for the Stuart-Landau
oscillator considered in the previous section. For this oscillator, the PRC is
defined by Eq. (2.32) and its amplitude iS Z,;4x — Zmin = 2. From Eq. (2.58) it
follows that the Arnold tongue of the system is 7 = |Aw|. This coincides with
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Eq. (2.49) derived from the general expression (2.40) in the limit |Aw| — 0.
In the next section, we apply this theory for more sophisticated models, namely
a randomly generated phase response curve introduced in Ref. [97] and the

Hodgkin-Huxley neuron model.

2.5 Numerical examples

2.5.1 A randomly generated phase response curve

First, we verify the above theory for a randomly generated PRC

2(9) = 0.745705 cos (%) — 0.666276 sin(1%)
— 0.134064 cos(28) — 0.940493 sin(29) (2.60)
— 0.222622 cos(39) + 0.768401 sin(319)

introduced in Ref. [97]. The PRC contains higher harmonics as usually
observed in real-world models. The values of the parameters that define the
optimal waveform (2.59) for this PRC are A?, = 9,,,4x — Opin = 1.3660 and
Zmax — Zmin ~ 4.1367.

Based on the optimal waveform (2.59), we construct a trial stimulating
current function consisting of two rectangular positive and negative pulses

o)t
[ s [

2.61)

separated by a distance d. Here the parameter s defines the asymmetry of the
pulses, so the positive pulse of the width //s and the amplitude a is located at
? = 0, while the negative pulse of the width / and the amplitude a/s is located at
) = —d. The trial function (2.61) coincides with the optimal waveform (2.59),
I[(#) = I"(¥), provided that its parameters accord with the optimal values
defined by Egs. (2.56) and (2.59), i.e., [ = AV = 27|Aw|/s1:(Zmax — Zmin)»
a=1,and d = AV, = Dpax — Ypin for Aw > 0 and d = —Ad, for Aw < 0. In
the following we vary the parameters / and d of the trial function and compute
the threshold value of the amplitude a = a;, at which the entrainment of
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the oscillations occurs. The value of the functional (2.3) at the entrainment

condition is:
Jin = ampl/sm. (2.62)

Our aim is to verify whether the value of J;; is minimal when the parameters
[ and d of the trial function coincide with the optimal values / = A_ and
d = +A¥, as well as whether the minimum of f;;, coincides with the theoretical
optimal value 7 defined by Eq. (2.58).

In order to obtain the threshold amplitude a,j, we proceed similarly as in
Sec. 2.3.1. We introduce the phase difference ¢ = ¢ — wt and, using Eq. (2.2),

derive for this variable the averaged equation
¢ ==Aw+(z(F+ @) (D). (2.63)

Then we define an auxiliary function

D(gls.1,d) = = (&9 + @)D}y

1 @+l /2s 1 w+d+l/2 (264)
_ L 2(9) dé - —/ 2(9)do,
2r o—1/2s 2ms p+d-1/2
which allows us to estimate the threshold amplitude as
1/max[®(¢|s,[,d)] for Aw >0,
a;n = Aw ¢ (2.65)

1/min[®(g|s,l,d)] for Aw <O.
[

Now, using Egs. (2.60), (2.62), (2.64) and (2.65), we can study the de-
pendence of the functional (2.62) on the parameters /, d, and Aw. First,
we assume that the width of the negative pulse is optimal [ = Ad_ =
27|Aw| /s (Zmax — Zmin) and analyze the dependence of J;, on Aw (the
Arnold tongues). We note that the optimal width A#_ is proportional to
|Aw|. To completely specify the dependence Ad_ on |Aw|, we take I, = 1
and s = 2. The value of the latter parameter means that the positive pulse
is two times higher and two times narrower than the negative pulse. Several

examples of the Arnold tongues, corresponding to the different distances
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Figure 2.6 Arnold tongues for the oscillator defined by the PRC (2.60). The
mean absolute values of the stimulating current %, [Eq. (2.62)] as functions
of the frequency detuning Aw are shown for the trial waveform (2.64) with
the fixed parameters s = 2 and /; = 1 and different values of parameter d that
defines the distance between the negative and positive pulses: d = —2 (black
dotted lines marked by asterisks), d = —A¥, = —1.3660 (black solid lines),
d = —0.7 (blue dotted lines marked by right-pointing triangles), d=0.7 (black
dotted lines marked by left-pointing triangles), d = A#, (red dashed lines) and
d = 2 (magenta dotted lines marked by filled circles). Empty red circles show
theoretical optimal values of the functional J* defined by Eq. (2.58). The
inset shows the graphic of the PRC (2.60).

d = (-2,-A9,,-0,7,0.7, Ad,, 2) between the negative and positive pulses,
are presented in Fig. 2.6. Here the values d = —A?;, and d = A¥, define the
theoretical optimal distances for Aw > 0 and Aw < 0, respectively. As is seen
from the figure, they represent the lowest Arnold tongues (the black solid line
for Aw > 0 and the dashed red line for Aw < 0). In addition, we see that the
lowest Arnold tongues agree well with the theoretical optimal values of the
functional 9" defined by Eq. (2.58), which are depicted by the red circles.

In the second numerical experiment, we fix the width / of the negative pulse
and compute the values of the functional J;;, under continuous variation of the
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distance d between the pulses in the whole admissible interval d € [—nx, 7]
(we exclude from this interval the distances that lead to the overlap of the
pulses). From Eq. (2.64), we see that for a fixed / the auxiliary function
@ (s, 1, d) is independent of Aw. Then from Egs. (2.65) and (2.62), it follows
that a,;, and J;;, are proportional to Aw. Thus, it is convenient to consider
the dependence i, /|Aw| vs d. In Fig. 2.7, we plot such a dependence for
different fixed widths / = (0.1,0.2, 0.4, 0.8) of the negative pulse. The value
of the parameter that defines the asymmetry between the pulses is taken the
same as in the previous example, s = 2. We see that all curves J;;/|Aw| vs
d, corresponding to different values of /, reach the absolute minimum at the
theoretical optimal distance, i.e., at d = —Ad, =~ —1.3660 for Aw > 0 and at
d = A9, for Aw < 0. The optimal distances A}, are shown in the figure by
the dashed vertical lines. Note that the maximal width / = 0.8 of the negative
pulse considered here is comparable with the optimal distance A, between the
pulses. Furthermore, the value of the functional .;; at the absolute minimum is
close to the theoretical optimal value J* (the red circle), defined by Eq. (2.58)
if the width of the negative pulse is not too large. Numerical experiments with
different values of the parameter s that defines the asymmetry of the pulses
lead to a similar outcome (not shown here).

Thus, this example confirms the general theoretical result that the distance
between the pulses in the optimal waveform is equal to the distance between
the maximum and the minimum of the PRC and is independent of the pulses’
widths and their asymmetry. The sequence of the positive and negative pulses,
however, depends on the sign of the frequency detuning Aw between the
oscillator and the forcing. For Aw > 0, this sequence should be such that the
positive pulse hits the oscillator at the timing of the maximum of PRC while
the negative pulse hits the oscillator at the timing of the minimum of PRC. This
results in the maximal phase advance in the oscillator during the one period
of the forcing. For Aw < 0, the most effective is the inverse sequence of the
pulses, i.e., the positive pulse should hit the oscillator at the minimum of the
PRC while the negative pulse should hit the oscillator at the maximum of the

PRC in order to provide the maximum phase delay of the oscillator.
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Figure 2.7 Dependence of J;,/|Aw| vs d for the oscillator defined by the
PRC (2.60). Here d is the distance between the negative and positive pulses
in the trial waveform (2.64). The top and the bottom graphs correspond to
Aw > 0 and Aw < 0, respectively. The pulses’ asymmetry parameter is fixed
at s = 2. Different curves correspond to different fixed values of the width / of
the negative pulse: [ = 0.1 (red dotted curves), / = 0.2 (magenta dash-dotted
curves), [ = 0.4 (blue dashed curves) and [ = 0.8 (black solid curves) The
dashed vertical lines show the theoretical optimal distances between the pulses:
d = -A¥, = —1.3660 for Aw > 0 and at d = Ad}, for Aw < 0. The red circles
mark the theoretical optimal values 9, defined by Eq. (2.58).
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As indicated in the Introduction, we now discuss the optimization problem
considered in Refs [97-99]. Here we mainly refer to Tanaka’s paper [97],
where he first formulated the problem. Tanaka introduced a general form of
the functional M[I] = {|I(9)|° )7;/ P with an arbitrary parameter p > 1. For
p = 1, this functional coincides with our functional J[/] defined in Eq. (2.3).
However, the mathematical formulation of the optimization problem as well as
the derived optimal waveforms differ from ours. The main difference in the
problem formulation is that, Tanaka maximizes the width of the Arnold tongue
(the frequency-locking range) for a fixed M[/], while we minimize J[/] for
a fixed frequency detuning Aw. Tanaka’s formulation produces an optimal
waveform that does not depend on Aw in the whole frequency-locking range,
including both Aw < 0 and Aw > 0, while our optimal waveform does depend
on Aw, especially on the sign of Aw. In our optimal waveform, the sequence
of the positive and negative pulses is inverted with the inversion of the sign
of Aw. For the oscillator defined by the PRC (2.60), Tanaka has derived an
optimal solution in the form of two narrow symmetric rectangular pulses, the
one positive and the other negative. Formally this solution is similar to our
optimal waveform in the case of symmetric amplitude restriction, I_ = —1,.
However, the distance between the pulses in Tanaka’s waveform differs from
the distance between the maximum and the minimum of the PRC. Such a
disagreement between Tanaka’s and our optimal waveforms is natural, because
we solve different optimization problems.

2.5.2 A Hodgkin-Huxley neuron model

Now we verify our theory for the classical Hodgkin-Huxley neuron
model [74]. For the model definition see page 2.

We apply a direct current I; = 20 uA/cm? in order to induce self-sustained
periodic spiking of the neuron. The action potential in the absence of stimulation
[[(wt) = 0] is shown in Fig. 2.8 (top). The neuron fires with the period
Tp ~ 11.5654356 ms or angular frequency wq = 27/Ty =~ 0.5432727 rad/ms.
In the same figure (bottom), we show the PRC of the neuron and the optimal
waveform (2.55) for I, = -I_ =1 ,uA/cm2 and Aw = 0.01 rad/ms. The
optimal waveform is constructed by using only two parameters of the PRC:
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Figure 2.8 (Top) Membrane potential of the spiking Hodgkin-Huxley neuron
for a direct current I; = 20 ,uA/cmz. (Bottom) The PRC (dashed) and the
optimal waveform [Eq. (2.55)] (solid) for I, = —I_ = 1 uA/cm? and Aw = 0.01
rad/ms.

the distance between the extrema 9,4y — $in = 1.3667 and the amplitude
Zmax — Zmin ~ 0.1591 cm?/ uAms.

Figure 2.9 shows the Arnold tongues for the Hodgkin-Huxley neuron
obtained with different waveforms of the stimulating current. The solid lines
represent the analytical expression (2.58). The dots show the Arnold tongue
obtained by direct numerical simulation of the HH Eqgs. (1.1) with the optimal
current defined by Egs. (2.55), (2.56) and (2.57). We see a good agreement
between the theoretical and numerical results.

For comparison, in Fig. 2.9 we present the Arnold tongues for two more
waveforms. One of them is the symmetric bang-bang waveform (2.42). The
results for this waveform derived from the phase Eq. (2.2) are shown by dashed
lines and those obtained by direct numerical simulation of the HH Egs. (1.1) by
“+” signs. Another waveform is constructed as an asymmetric charge-balanced
bang-bang function

1, if 0<9 <,
Lp(9) = 1oy (2.66)
—170/(271’ - 19()), if ¥y <9 < 2m,
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Figure 2.9 Arnold tongues for the Hodgkin-Huxley neuron model. The mean
absolute values of the stimulating current J [Eq. (2.3)] as functions of the
frequency mismatch Aw are shown for three different waveforms. The solid
lines and dots correspond to the optimal waveform defined by Egs. (2.55), (2.56),
and (2.57). The dotted lines and triangle symbols represent the asymmetric
bang-bang waveform (2.66). The dashed lines and “+” symbols correspond to
the symmetric bang-bang waveform (2.42).

with 9y = /2. The results for this waveform derived from the phase Eq. (2.2)
are shown by dotted lines, and the results obtained by integration of the
HH Egs. (1.1) by triangle symbols. We see that the entrainment with both
waveforms is attained at larger mean absolute values of the stimulating current
than with the optimal waveform defined by Egs. (2.55), (2.56) and (2.57). This
confirms the validity of our general theory presented in the previous section.

2.6 Summary

We considered the problem of optimal entrainment of a spiking neuron to a
periodic external stimulation using the mean absolute value of the stimulating
current as a performance measure to be minimized. The choice of such a
performance measure is motivated by the desire to minimize the damage to
nervous tissue under stimulation. We refer to this problem as a minimum-charge
control problem, since it provides the minimum integral charge transferred
to the model neuron in both directions during the stimulation period. We

took into account the clinically relevant charge-balance condition and the
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amplitude limitation of the stimulating current. Using the phase reduction
theory and Pontryagin’s maximum principle, we derived an algorithm for
constructing the optimal waveform that provides the entrainment of a spiking
neuron to the stimulating current with the conditions mentioned above. The
optimal waveform is of the bang-off-bang type: it consists of two rectangular
pulses, one positive and the other negative, located at the extrema of the
phase response curve of the neuron. The widths and the amplitudes of the
pulses can be generally different, since our optimization problem takes into
account an asymmetric amplitude restriction of the stimulating current. In
previous theoretical considerations [40, 41, 97], only symmetric amplitude
restriction was considered. Searching for asymmetric optimal waveforms
is very important, since stimulation protocols in animal experiments and,
especially, in clinical applications typically employ positive and negative pulses
that are not symmetric [45, 100-102]. We confirmed the validity of our
optimization theory by an analytically solvable Stuart-Landau oscillator, a
randomly generated phase response curve and a classical Hodgkin-Huxley
neuron model.

The minimum-charge control problem analyzed here differs from typical
optimization problems considered before. Usually, the problem of optimal
entrainment of a spiking neuron is considered as a minimum-power control
problem and deals with the minimization of a mean energy functional [34—
43]. The energy delivered to the neuron is proportional to the square of the
stimulating current rather than to its absolute value. The minimum-charge
waveform derived here by the minimization of the mean absolute value of the
stimulating current differs significantly from the minimum-power waveform.

Along with the minimization of tissue damage, the minimum-charge control
algorithm has another practical advantage over the minimum-power control
approach. For a small frequency mismatch, the minimum-power waveform is
proportional to the phase response curve of the neuron, and thus its construction
requires the knowledge of the whole PRC. On the contrary, the minimum-
charge waveform is of the bang-off-bang type and depends only on a few
parameters. Theoretically, the values of these parameters are determined only

by the distance between absolute extrema of the PRC and the PRC amplitude.

48



2.6 Summary

In a real experiment, the parameters of the optimal bang-off-bang waveform
can hopefully be estimated empirically by trial and error, without recourse to
the neuron model and the phase reduction theory.

To cause a phase reset of populations of oscillatory neurons, brief high-
frequency pulse trains, i.e. trains of charge-balanced pulses with intraburst
frequency greater than 100 Hz, were used [13, 100-103]. On the one hand,
brief high-frequency pulse trains enable one to safely convey larger amounts
of charge to brain tissue (see, e.g, Ref [103]). On the other hand, in animal
experiments [104] as well as computational studies [13] it was shown that the
brief high-frequency pulse train can reset the phase of neuronal populations.

Bang-off-bang waveforms for optimal entrainment might have several
clinical applications. For instance, it was shown that brief high-frequency pulse
trains delivered at low frequencies, may cause a tremor phase entrainment
during DBS electrode implantation [103]. This technique might provide
significant additional information to anatomical information, obtained with
CT and/or MRI, and functional information, achieved by high-frequency
test stimulation and recording methods, required for precise DBS electrode
implantation [105-107].

For CR-DBS sequences of brief high-frequency pulse trains are delivered
through N, say four, stimulation sites, equidistantly spaced within a stimulation
period Ty, [13, 100-102]. So far, different variants of CR stimulation were
tested. The sequence of stimulation contact activation can be fixed [108]. In
this case, the stimulation basically aims at a phase entrainment of different
neuronal subpopulations, with phase shifts between the different stimulation
sites. In the case of CR stimulation with slowly varying sequences, the sequence
is kept constant for a larger number of stimulation periods, e.g. 100, until the
next sequence is randomly drawn [109]. In both cases, with constant and with
slowly varying sequences, one might use an optimal bang-oftf-bang waveform
instead of delivering brief high-frequency pulse trains at a low frequency.
However, in most of the pre-clinical [100, 101] and clinical studies [102]
performed to date, the sequence of stimulation sites activation was randomly
varied from one cycle to the other. Obviously, in this case no phase-shifted

entrainment of different subpopulations is induced. The mechanism of action
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of standard high-frequency DBS is not yet sufficiently understood [9, 110-114].
However, optimized stimulus trains might possibly also help to establish DBS
as treatment for medically refractory epilepsy [115], in particular, in the context
of closed-loop stimulation approaches employing seizure prediction algorithms
[116] or aiming at preventive effects [117].

Mechanisms and effects of standard high-frequency DBS might be diverse
and not restricted to desynchronization [9, 110-114]. From a computational
standpoint, there are different approaches to desynchronization, employing high-
frequency DBS or short high-frequency pulse trains. For instance, permanent
high-frequency stimulation may cause a desynchronization when delivered
predominantly to excitatory structures [118]. High-frequency stimulation may
cause desynchronizing effects when using optimal waveforms [119]. High-
frequency DBS may have pronounced desynchronizing effects with amplitudes
modulated by linear or nonlinear delayed feedback delivered through one [120,
121] or several [122] stimulation sites. Desynchronization by means of CR
stimulation means to deliver brief high-frequency pulse trains at different
sites at different times [13]. The aforementioned different approaches require
different optimal waveforms. However, motivated by achieving CR-DBS-
induced long-lasting desynchronization and therapeutic effects in Parkinsonian
monkeys [100, 101] and PD patients [102], we are aiming at a spatially separate
entrainment of different subpopulations, as required for CR stimulation during
time epochs when the CR sequence is fixed [108] or slowly varying [109]; see
above. As a first step toward this goal, we consider the optimal entrainment
of a single (isolated) spiking neuron which generates periodic spikes in the
absence of stimulation. In the next chapter we will consider the impact of
optimal waveform stimuli on interacting model neurons. To this end, we will
use a recently developed phase reduction theory for a network of coupled
dynamical elements [82] as well as exact macroscopic equations derived in the
thermodynamic limit for networks of spiking neurons [85, 86, 92]. Such models
admit a description of the collective behavior of heterogeneous networks of
coupled neurons in terms of a single phase equation. Although the optimal
control theory is developed here for a single neuron, it can be directly applied

to such complex systems.
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Chapter 3

Entrainment of a network of
interacting neurons with minimum

stimulating charge

The synchronization of coupled dynamical elements is of great interest
to the physical, chemical, and biological sciences [73, 83, 123, 124]. In
the nervous system, synchronization processes play an important role, as
they are responsible for information processing and motor control. However,
pathological, excessive synchronization can severely impair brain function and
is characteristic of several neurological disorders [9, 125]. Thus, the control of
synchronization processes in neural systems is a demanding clinical problem.
Over the past three decades, several control methods have been developed and
applied. High-frequency (> 100 Hz) deep brain stimulation (DBS) [25-28]
is an established and powerful therapeutic tool for the treatment of patients
with Parkinson’s disease, essential tremor, dystonia and even psychiatric
disorders [29-33]. Conventional DBS has only acute effects, i.e. neither
clinical [126] nor electrophysiological [127] effects persist after switching off
conventional DBS.

The computationally developed method of coordinated reset (CR)-DBS
[13, 128] is characterized by long-lasting, sustained effects, which persist after
cessation of stimulation [100-102]. Standard DBS, CR-DBS as well as theta

burst DBS, i.e. the delivery of periodic sequences of electrical bursts, recently
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tested in a short-term trial [129], employ periodic pulse train stimulation. For
all of these approaches, it is desirable to achieve a therapeutic effect with
minimal interference with nerve tissue. To avoid side effects, it is crucial to
achieve therapeutic effects with minimal stimulation current [21, 56, 130]. This
raises the problem of finding the optimal waveform for stimulation.

In the field of theoretical and computational neuroscience, the problem
of optimal synchronization is usually formulated as a control with minimal
energy [34-43]. The goal is to obtain the optimal waveform of a periodic
stimulation current to entrain a given spiking neuron with minimal stimulation
energy. Another approach for optimal synchronization was developed in
Refs. [97-99]. The authors introduced a general form of a functional and
considered the problem of maximizing the width of the entrainable frequency
detuning (the width of the Arnold tongue) of a spiking neuron for the fixed
value of the functional. This approach can be applied to an ensemble of
non-interacting neurons with distributed frequencies.

The minimum-energy control strategies reduce the energy consumption
of an implantable pulse generator but do not guarantee minimal damage
to the neural tissue. In Chapter 2 we considered an alternative, minimum-
charge control strategy, which aims at reducing damage to neural tissue [63].
Neurological stimulation protocols typically use periodic, charge-balanced,
biphasic stimuli, usually asymmetrical in shape [45]. Typically, the first phase
of the stimulus depolarizes the cell membrane and the second pulse brings the
net charge balance in the electrode back to zero [54]. One of the important
factors on which the threshold for tissue damage depends is the charge per phase
of a stimulus pulse [50, 51]. The magnitude of charge is defined by the product
of the amplitude and width of the pulse. For the periodic charge-balanced
stimulation, this quantity is proportional to the mean absolute value of the
stimulating current. The latter was chosen as a performance measure in our
control algorithm in order to minimize the integral charge transferred to the
neuron in both directions during the stimulation period. The consideration
in Chapter 2 was limited to a single neuron. In this chapter, we apply this
approach to a network of interacting neurons exhibiting collective periodic

oscillations. We use the results of a recently developed phase reduction theory
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for arbitrary networks of coupled heterogeneous dynamical elements [82]. We
also apply our approach to a large-scale heterogeneous network of globally
coupled quadratic integrate-and-fire (QIF) neurons, which can be reduced to
an exact low-dimensional macroscopic model in the infinite-size limit [85,
86]. The reduced equations allow us to simply compute a macroscopic phase
response curve (PRC) of the network [131, 132] and use it to build the optimal
waveform.

The chapter is organized as follows. In Sec. 3.1 we formulate the problem,
and in Sec. 3.2 we give a general expression for the optimal waveform, which
ensures the minimum charge entrainment of any network of interacting neurons
to the frequency of stimulating current. This general theoretical result is
then numerically demonstrated for small-scale networks of synaptically and
electrically coupled FitzHugh-Nagumo (FHN) neurons as well as for a large-
scale network of QIF neurons in Sec. 3.3. We finish the chapter with a

discussion and conclusions presented in Sec. 3.4

3.1 Problem formulation

We consider a general heterogeneous network of N coupled Hodgkin-

Huxley-type neurons under periodic stimulation

N

vi = Fi(vi, w;) + Z H;j(vi,vj) + Ii(wt), (3.1a)
J=1

w; = G;(vi,w;), (i=1,...,N). (3.1b)

Here the scalar v; and the vector w; € R" are the membrane potential and the
gating variable of the ith neuron, respectively. The function F;(v;, w;) describes
the sum of currents flowing through the ion channels of the ith neuron and
the function H;;(v;,v;) defines the coupling between the ith and jth neuron.
I;(wt) is a periodic stimulating current applied to the ith neuron. It satisfies
I(wt +21) = I(wt), where w is the stimulation frequency and 7' = 27 /w
is the period of stimulation. Equation (3.1b) describes the dynamics of the

gating variable w;, where the function G;(v;, w;) represents the ionic channel
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dynamics. The dimension n of the vector variable w; as well as the functions
F; and G; are defined by the specific neuron model.

We assume that without stimulation [/;(w?) = 0] the entire network
exhibits stable collective limit cycle oscillations with a period Ty and a
frequency wo = 2x/Tp. Our goal is to find the optimal waveform for the
stimulating currents /;(wt), which ensures the entrainment of the network
to the stimulation frequency w with minimum integral charge transferred to
neurons in both directions during the stimulation period. For a single neuron,
such a problem was considered in Chapter 2. Below we will show that, under
certain assumptions, the results can be adapted to a network of interacting
neurons.

For sufficiently small stimulating currents /;(wt), the phase reduction
method [73, 83, 95] can be applied to reduce Egs. (3.1) to a single scalar phase
equation. Our equations represent a particular case of equations considered in
a recent publication [82] for which such a reduction has been performed, and
thus we can directly use these results to write down the reduced equations for
our problem. The dynamics of the (n + 1) N dimensional system of ordinary
differential Egs. (3.1) can be approximated by the phase equation

N
§=wo+ Y (D)i(wr) (3.2)
i=1

for the collective phase (¢). Here z;(«9) is the 2x-periodic phase response
curve (PRC) of the ith neuron.
The PRCs are derived from a free [/;(wt) = 0] network model. It is

convenient to introduce (n + 1)-dimensional vectors

Vi Fi(vi, w;)
X; = . @i(Xp) = (3.3)
w; Gi(vi,w;)
and rewrite the free network Egs. (3.1) in the form
N
X; = ®,(X) +k ) Hy(vi,v)), (i=1,....N), (3:4)

J=1
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3.1 Problem formulation

where Kk is a (n + 1) dimensional unit vector with the first component equal to
one and all other components equal to zero. We denote the Ty periodic stable

limit-cycle solution of the free network (3.4) as
XV =X +Tp), (i=1,....N). (3.5)

Generally, the PRCs of the system (3.4) are the (n+ 1) dimensional 27r-periodic

vectors

Q@ =[0",...,0""", (i=1,...,N). (3.6)

However, since the stimulating currents /;(wt) in the system (3.1) perturb only
membrane potentials of neurons [Eq. (3.1a)], their contribution to the phase
dynamics in the Eq. (3.2) is determined by the first components Q;l) () of the
vectors Q; (%), which in Eq. (3.2) are denoted as

() = 0" (). (3.7)

Although we only need the first components of the PRC vectors to find them,

we have to solve the system of adjoint equations for the full PRCs vectors [82]:
J N
(9 =— AT (9) — § . :
wo dﬁQl(ﬂ) = Ai (ﬂ)Ql(ﬂ) k v sz (ﬂ)zl(ﬂ)

N
- kZNj,-(ﬂ)zj(ﬁ), (i=1,...,N),

j=1

(3.8)

where A;(¥) = 0®;(X;)/0X;, M;j(¥#}) = 0H;;(v;,v;)/0v; and N;;() =
0H,;(v;,v;)/0v; are Jacobian matrices of ®; and partial derivatives of the
scalar coupling functions H;; evaluated at Xfo) (9) = Xfo) (wot), respectively.
The superscript 7' denotes the matrix transpose. The PRCs have to satisfy the

normalization condition

(0)
ZQ,(ﬂ) ( ). (3.9)

55



Charge-optimal entrainment of a network of interacting neurons

Thus, for a specific neural network model (3.1), PRCs z;(#) can be found by
numerically solving the Egs. (3.8) for vectors Q;(«}) with the normalization
condition (3.9).

3.2 Optimal waveform for entrainment of a net-

work of interacting neurons

In what follows, we assume that the subset i € {i;} = {i1,i2,...,ip} of
M < N network neurons are stimulated by the same current /(wt), while other

neurons remain free from stimulation, i.e. we set

I(wt) forie{ii,is,... iy},
1wt = (wt) {i1, iz M} (3.10)
0, otherwise.

Then the phase Eq. (3.2) simplifies to

9 = wo + z(9)1(wt), (3.11)
where
M
2(9) = ) z,(9). (3.12)
k=1

This assumption allows us to adapt the results presented in the previous chapter,
where a minimum-charge control strategy for a single neuron was developed.
The phase Eq. (3.11) has the same form as in the case of a single neuron, with
the only difference that z(1#) is now the sum of PRCs of stimulated neurons
[Eq. (3.12)] in a connected network, rather than the PRC of a single neuron.
Thus, we can use the optimal waveform derived for the single neuron by
replacing the PRC of a single neuron with an effective network’s PRC defined
by the Eq. (3.12).

Following Chapter 2, we briefly describe the minimum-charge control
strategy for our network. The aim of the strategy is to minimize the integral
charge transferred to the neurons in both directions during the stimulation

period. We look for the optimal waveform /(wt) = I*(wt) that ensures an
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entrainment of a connected network (3.1) to the frequency of stimulation with

the minimum mean absolute value of the current injected into neurons:

1

T
j[l]:f'/o [[(wr)|dt . (3.13)

We minimize the functional (3.13) with two additional, clinically relevant,
conditions. We require that the stimulating current never exceeds some

predefined minimal /- < 0 and maximal 7, > 0 values, i.e.,
I- <I(wt) <1, (3.14)

for any time and introduce a clinically mandatory charge-balance condition

T
/ [(wt)dt = 0. (3.15)
0
For a sufficiently small frequency detuning
Aw = w — wy, (3.16)

the optimization problem defined by Egs. (3.11), (3.13), (3.14), and (3.15)
leads to the following optimal waveform [63]

9 9+ A9
I_T1 < 17
Aﬁ+)+ ( AD- ) G-17)

') = I+H(

which is a 27-periodic function 7*(¢) = I* (¢ + 27) of the bang-off-bang type.
Here I1(x) is the rectangular function that satisfies I1(x) = 1 for |x| < 1/2 and
IT(x) = 0 for |x| > 1/2, and

A®, = Opax — Omin + 7 (mod 27) — 1 (3.18)

is the phase difference between the location of the absolute maximum 9,4
and the location of the absolute minimum ,,;;, of PRC (3.12) reduced to the
interval A®, € [—-n, ]. The upper and lower signs in the argument of the

second function in Eq. (3.17) correspond to Aw > 0 and Aw < 0, respectively.
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Charge-optimal entrainment of a network of interacting neurons

Thus, the waveform (3.17) consists of two rectangular pulses, one positive
located at ¢} = 0, and the other negative located at ¢ = —A¥, for Aw > 0 or at
¥ = A, for Aw < 0. The height of the positive (negative) pulse is I, (/) and
its width is Ady (A¥-). The widths A, _ are defined as

2w A
Aﬁ_'_’_ _ TAW ’
I+,—(Zmax - Zmin)

(3.19)

where Z,ar = 2(Wmax) and z,in = z2(Inin) are the absolute maximum and
absolute minimum of PRC (3.12), respectively, therefore z,,qx — Zmin is the
amplitude of the PRC. The network (3.1) of interacting neurons oscillating
with a frequency of wy is synchronized with the optimal stimulating current
I"(wt) of a frequency of w at a minimum value of the functional (3.13) equal
to [63]:
ge= Aol (3.20)
Zmax — Zmin
Summing up, in order to build the optimal waveform (3.17) only limited
information on the PRC (3.12) of the network is required, namely the phase
difference A}, between its absolute maximum and minimum, and the amplitude
Zmax — Zmin- The optimal waveform I*(#) is of the bang-off-bang type with
periodically repeated positive and negative rectangular pulses separated by
the distance A#,. The pulse sequence depends on the sign of the frequency
detuning Aw. For Aw > 0, this sequence is such that the positive pulse hits the
network at the timing of the maximum of PRC while the negative pulse hits
the network at the timing of the minimum of PRC. As a result, the maximum
phase advancement occurs in the network during one period of the forcing.
For Aw < 0, the reverse pulse sequence is optimal. The maximum phase delay
of the network is achieved when the positive pulse hits the network at the
minimum of the PRC, and the negative pulse hits the network at the maximum
of the PRC. The amplitudes of the positive and negative pulses are equal to
the permissible limits 7, and /_ of the stimulating current, respectively. The
width of the positive A, (negative AJ_) pulse is proportional to the frequency
detuning Aw and inversely proportional to the permissible limit 7, (/-). It
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follows that the areas under the positive and negative pulses are equal to each
other, so that the condition of charge-balance is satisfied.
In the next section, we will numerically verify the general theoretical results

derived above for specific network models.

3.3 Numerical examples

To check whether the waveform (3.17) provides an entrainment of a specific
network with a minimum value of the functional (3.13), we use a trial function
consisting of two rectangular positive and negative pulses [63]

o)t
l Ry )

, (3.21)

separated by a distance d € [—m, ]. Here [ is the width of the negative pulse
and a is the amplitude of the positive pulse. The parameter s defines the
asymmetry of the pulses. The width of the positive pulse is / /s and the amplitude
of the negative pulse is a/s, so that the charge balance condition (3.15) is
satisfied. The trial function (3.21) coincides with the optimal waveform (3.17),
I[(9) = I" (1), provided that its parameters accord with the optimal values
defined by Egs. (3.18) and (3.19),1.e.,l = AY_,a = I, and d = Ad, for Aw > 0
and d = —Ad¥, for Aw < 0. For any fixed values of the parameters / and d of
the trial function, we can compute the threshold value of the amplitude a = a;,
at which the entrainment of the oscillations occurs. The value of the functional

(3.13) at the entrainment condition is:

Jin = ampl/sm. (3.22)

Thus we can verify whether the value of J;;, is minimal when the parameters
[ and d of the trial function coincide with the optimal values / = A¥_ and
d = +A9,.

Below we estimate the threshold amplitude a;; using two different meth-
ods: (i) by directly integrating the nonlinear system (3.1) and (ii) using the
approximate phase Eq. (3.11). The first method is straightforward. For given
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Charge-optimal entrainment of a network of interacting neurons

fixed values of the parameters s, [ and d, we vary the amplitude a of the trial
signal (3.21) and find the minimum a at which the entrainment in Egs. (3.1)
appears. We interpret this minimum value of a as a threshold amplitude a;,.
In the second method, we introduce the phase difference ¢ = 9 — wt and, using
Eq. (3.11), we derive the averaged equation for this variable:

¢ =-Aw+ % /” (3 + @) 1(¥) d . (3.23)

Then we define an auxiliary function

/e

q>(¢|s,z,d):ﬁ[ 2(9 + ) 1(9) d? (3.24)

and estimate the threshold amplitude as

I/max[®(¢|s,[,d)] for Aw >0,
amp = Aw 4 (3.25)
1/min[®(¢pls,[,d)] for Aw <O.
¢

We see that the threshold amplitude a,, is proportional to the frequency detuning
Aw, and therefore f;;, is also proportional to Aw. The natural characteristic for
analysis is J;, /| Aw|. We fix the parameters s and / and analyze the dependence
of this characteristic on the distance d between the positive and negative pulses.
We check if J;;,/|Aw| reaches an absolute minimum at d = A9, (d = —Ad,)
for Aw > 0 (Aw < 0). We also check whether the values of these minima
coincide with the theoretical optimal value J*/|Aw| defined by the Eq. (3.20).
We emphasize that the optimal value depends only on the amplitude of the
PRC, J*/|Aw| = 2/(Zmax — Zmin), and does not depend on any parameters of
the control algorithm, such as admissible limits /_ and 7, of the stimulating
current.

Now we present the results of the above analysis for two small-scale
FitzHugh-Nagumo neuron networks with synaptic and electric couplings, as
well as a large-scale network of synaptically coupled quadratic integrate-and-fire
neurons.
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3.3.1 A network of synaptically coupled FHN neurons

First, we verify the theoretical results presented in Sec. 3.2 for a network
of synaptically coupled FitzHugh-Nagumo neurons. The gating (recovery)
variable w; of the FHN neuron is a scalar variable, and the functions on the
right side of the Eq. (3.1) are as follows

Fi(vi,w)) =vi = v} /3 —wi +vi, (3.26a)
Gi(vi,wi) = 6(a+v; — Bw;), (3.26b)
Hij(vi,vj) = KijSj(v;). (3.26¢)

The schematic diagram of the network considered here is shown in Fig. 3.1.
It consists of N = 5 neurons with identical parameters @ = 0.7, 8 = 0.8, and
6 = 0.08 for all neurons. The parameters vy;, which determine the type of
isolated neurons, are not identical. Depending on this parameter, the neuron
may be oscillatory or excitable. The values of these parameters are y; = 0.8
for the first three neurons, i = 1, 2, 3, which exhibit self-oscillatory dynamics,
and vy; = 0.2 for the last two neurons, i = 4, 5, which demonstrate excitable
dynamics.

We assume that synaptic dynamics are fast, and the synaptic current induced
by the jth presynaptic neuron to the ith postsynaptic neuron can be written by
Eq. (3.26¢), where K;; is the coupling strength between the jth and ith neuron,
and S;(v;) describes the synaptic spike generated by the jth presynaptic neuron.
We simulate the dependence of this spike on the voltage v; of the presynaptic
neuron using the sigmoid function

S;(v;) = p; |1 +exp (- ;V”’)]_l, (3.27)

where v;;, and o are the characteristic parameters of the synapse and the
parameter p; determines the sign of the synaptic spike: p; = +1 for excitatory
neurons and p; = —1 for inhibitory neurons. We assume that the oscillating
neurons are excitatory (p; = +1 for j = 1,2,3) and excitable neurons are
inhibitory (p; = —1 for j = 4,5). Synaptic parameters are v;;, = 1.5 and

o =0.5. Elements K;; of the coupling matrix are randomly and independently

61



Charge-optimal entrainment of a network of interacting neurons

Figure 3.1 Schematic diagram of a network of five synaptically coupled FHN
neurons. Red circles with numbers 1, 2 and 3 are excitatory neurons and blue
circles with numbers 4 and 5 are inhibitory neurons. Red lines ending with
arrows indicate excitatory couplings and blue lines ending with filled circles
indicate inhibitory couplings. Excitatory neurons are oscillating (y; = 0.8 for
i = 1,2, 3), and inhibitory neurons are excitable (y; = 0.2 for i = 4, 5).

taken from a uniform distribution [0, 0.5]. Below we present the results for a
specific realization of a randomly generated matrix:

0 0.4710 0.2769 0.4334 0.2007
0.0855 0 0.3400 0.2034 0.4167
K =10.4693 0.2260 0 0.0563 0.2018{. (3.28)
0.2952 0.4198 0.1196 0 0.1951
0.2203 0.2663 0.2895 0.1501 0

The zero diagonal elements mean that self-coupling is excluded. For given
parameter values, the free network demonstrates collective limit-cycle os-
cillations with a period 7o ~ 35.159894. The dynamics of the membrane
potentials v;(#) and the spike variables S;(v;(¢)) for all neurons are shown in
Fig. 3.2. Figure 3.3 shows the corresponding PRCs z;(¢) obtained by solving
the Egs. (3.8).

The network architecture shown in Fig. 3.1, mimics the architecture of the
neural network of the subthalamic nucleus (STN) and the external segment of

62



3.3 Numerical examples

vy

(%)

0
;< > < 059
0

0 Ty/2 T

Vs

U3
NOMNMNMNMNOMNMNNONMNDNONNDODN
o o o =
[¢;}
S } )

time

Figure 3.2 Dynamics of membrane potentials v; (bold blue curves) and
synaptic variables §; (thin red curves) of a network of synaptically coupled
FHN neurons in the absence of stimulation.
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Phase response curves of a network of synaptically coupled FHN
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the globus pallidus (GPe), which is often used to model Parkinson’s disease
(cf., e.g., Ref. [133]). STN is a network of oscillating excitatory neurons (in our
case, the first three neurons), and GPe consists of excitable inhibitory neurons
(in our case, the last two neurons). Using the calculated PRCs, we can build
the optimal waveform for various stimulation protocols.

Below we consider two options for stimulation: (i) only oscillating excitatory
neurons with indexes j = 1,2, 3 are stimulated. Here the effective PRC is
Z = 71 + 22 + z3; (i1) only excitable inhibitory neurons with indexes j = 4, 5 are
stimulated. Here the effective PRC is z = z4 + z5. The corresponding effective
PRC and dependence of J;,/|Aw| on the distance d between the pulses of the
trial waveform (3.21) for (i) and (ii) stimulation protocols are shown in Fig. 3.4
and 3.5, respectively. Other parameters of the trial waveform are fixed, / = 0.2
and s = 2. The solid blue curves show the results obtained by the averaged
phase Eq. (3.23) for positive frequency detuning Aw > 0, and the thin red
curves show the same results for negative frequency detuning Aw < 0. For
sufficiently small values of |Aw|, the curves J;/|Aw| vs d are independent of
Aw. In numerical experiments with FHN networks here and below, we took the
values |Aw| of order 1073, Symbols denote the results obtained by integrating
a system of nonlinear Egs. (3.1). Theoretical optimal distances d = +Ad,
between positive and negative pulses are shown by vertical dashed lines. Open
circles indicate the theoretical optimal value (3.20) of the functional (3.13),
normalized to the frequency detuning |Aw|.

In both cases, the solution of the averaged phase Eq. (3.23) and the
direct simulation of a nonlinear system of Egs. (3.1) confirm the theoretical
results presented in the Sec. 3.2. For Aw > 0, the absolute minimum of
the functional (3.13) is attained when the distance d between the positive
and negative pulses of the trial waveform (3.21) coincides with distance A,
between the absolute maximum and the absolute minimum of the corresponding
PRC. For Aw < 0, the absolute minimum is attained at d = —Ad,. The
values of these minima are in good agreement with the theoretically predicted
value (3.20). Also note the good agreement between the results obtained from
the averaged phase Eq. (3.23) and the nonlinear system (3.1) when calculating
the dependence ;;,/|Aw| vs. d in the entire interval d € [-n, 7].
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Figure 3.4 Testing the minimum-charge control theory for a network of five
synaptically coupled FHN neurons in the case of stimulation of only oscillating
excitatory neurons with the indexes j = 1, 2, 3. (a) Effective PRC z = z;+22+23.
The phase distance between the maximum and the minimum is A, = —2.9084,
and the amplitude of the PRC is z,,4x — Zmin = 4.0634. (b) Threshold value
Jin of the functional (3.13), normalized to the frequency detuning |Aw|, as
a function of the distance d between positive and negative pulses of the trial
waveform (3.21) for the fixed parameters / = 0.2 and s = 2. The bold blue
curve and the thin red curve show the results obtained from the averaged phase
Eq. (3.23) for Aw > 0 and Aw < 0, receptively. Blue squares and red stars
denote the corresponding results obtained by integrating a system of nonlinear
Egs. (3.1). The dashed vertical lines show the theoretical optimal distances
d = £A9,. Open circles indicate the optimal theoretical value (3.20).
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24+ 25
o

Figure 3.5 The same as in Fig. 3.4, but for the case of stimulation of only
excitable inhibitory neurons with the indexes j = 4, 5. The effective PRC is
7 = z4 + z5. The phase distance between the maximum and the minimum is
A®, = 1.6935, and the amplitude of the PRC is z,;4x — Zmin = 0.9949. The
remaining parameters are the same as in Fig. 3.4.

66



3.3 Numerical examples

From a physical point of view, an interesting result is that the first stimulation
protocol is more effective than the second. For the first protocol, the total
charge delivered to each neuron during the stimulation period is four times less.
This is due to the fact that oscillating excitatory neurons are more sensitive
to external perturbations than excitable inhibitory neurons. It can be seen
from the effective PRCs of these two subsystems shown in the Figs. 3.4(a)
and 3.5(a). The amplitudes of these PRCs differ four times. The optimal
value of the functional (3.20) is inversely proportional to the amplitude of the
PRC and, therefore, for the first stimulation protocol is four times less than for
the second. We also note that the optimal distance between the positive and
negative pulses of the stimulation current is different for these two stimulation
protocols, because the distance between the maximum and the minimum of the
corresponding effective PRCs is different.

3.3.2 A network of electrically coupled FHN neurons

As a second example, we consider the network of electrically coupled
FHN neurons introduced in Ref. [82]. The network size N = 10 is two times
larger than in the previous example. As before, the functions F;(v;, w;) and
G;(v;, w;) are defined by the Eqgs. (3.26a) and (3.26b), respectively, and the

function H;;(v;,v;) is now described by an electric coupling of the form
H;ij(vi,v;) = Kij(vj — vi). (3.29)

As in the previous example, the parameters @ = 0.7, 8 = 0.8, and 6 = 0.08
are the same for all neurons, and the parameters y; are not identical. The
values of these parameters are y; = 0.2 for the neurons i = 1,...,7, which
exhibit excitable dynamics, and y; = 0.8 for the neurons i =8, . . ., 10, which
demonstrate self-oscillatory dynamics. The elements K;; of the 10 x 10
coupling matrix are generated randomly. Here we use the specific realization
of this matrix presented in Ref. [82]. For the above parameter values, the free
[1;(wt) = 0] network demonstrates collective limit-cycle oscillations in the
20-dimensional state space with the period Ty ~ 75.709874. The dynamics of
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Figure 3.6 Testing the minimum-charge control theory for a network of ten
electrically coupled FHN neurons in the case of stimulation of only oscillating
neurons with the indexes j = 8,9, 10. (a) Effective PRC z = zg + z9 + z19. The
phase distance between the maximum and the minimum is A, = —0.5154,
and the amplitude of the PRC is z,,4x — Zmin = 3.8814. (b) The dependence
Jin/|Aw| vs. d for the fixed parameters [ = 0.2 and s = 2. Marking of curves
and symbols is the same as in Fig. 3.4.

the variables v;(¢) and the PRCs z; (%) for all neurons are graphically presented
in Ref. [82].

In Fig. 3.6, we show the results for the stimulation protocol, when only
oscillating neurons with indexes i = 8,9, 10 are stimulated. The effective
PRC of the network, z = zg + z9 + z10 [Fig. 3.6(a)] is now more complex than
in previous examples; it has more extrema. This leads to a more complex
dependence of J;;/|Aw| on d [Fig. 3.6(b)], which also has more extrema.
However, as in previous examples, the absolute minimum of this dependence is
located at d = ¥, for Aw < 0 and at d = -1, for Aw < 0, where ¥, ~ —0.5154
is the distance between the absolute maximum and the absolute minimum

of the PRC. The absolute minimum value of ;,/|Aw| is consistent with the
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Eq. (3.20). Therefore, the more complex network model discussed here also

confirms the general theory presented in the Sec. 3.2.

3.3.3 Alarge-scale network of synaptically coupled quadratic

integrate-and-fire neurons

As a final example, we consider a heterogeneous network with a large
number N of all-to-all synaptically coupled QIF neurons. The microscopic
state of the network is determined by the set of neurons’ membrane potentials
v;, which satisfy the following equations [80]:

vi=vien+S@) +1(wt), (i=1,...,N). (3.30)

Here, the constants 7; specify the behavior of individual neurons, S(¢) denotes
the synaptic current and the last term /(wt) represents a periodic stimulating
current. We assume that all neurons are stimulated by the same external signal.
The QIF neuron model does not contain a gating (recovery) variable. Recovery
is described by an instantaneous reset of the membrane potential. Every moment
when the membrane potential v; reaches the peak value v .4 its voltage is
reset to the value v,.s.,. To simplify the analysis, we Set Vpeax = —Vyeser — .
With this assumption, a QIF neuron can be transformed to a theta neuron. This
assumption is also crucial for the analytical treatment of a network model in an
infinite size limit [85]. We also assume that the synaptic dynamics is fast, and

synaptic current can be written as [86]:
Vi al
th
S() =~ ; H(v(t) = vip). (3.31)

Here J represents the coupling strength, H (-) is the Heaviside step function, and
vy, is the threshold potential. The positive and negative signs of J correspond
to the excitatory and inhibitory interactions, respectively. At time ¢, only those
neurons contribute to the synaptic current, whose membrane potential v, (¢)
exceeds the threshold value v;;,. In fact, the v,;, parameter determines the width
and height of the synaptic pulses. When the jth neuron spikes, the therm
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vinH (vj(t) — v;,) generates a rectangular pulse of height v;;,. The pulse width
for large v, can be approximated as 1/v,; [86]. When v,;, — oo, the pulse turns
into a zero-width Dirac delta spike. The case of interaction with instantaneous
Dirac delta pulses was considered in Ref. [85], and macroscopic limit cycle
oscillations were not found in such a model. The finite width of synaptic
pulses is a crucial factor for the occurrence of macroscopic self-sustained
oscillations [86].

The isolated [S(¢) = 0, I(wt) = 0] QIF neuron is the canonical model for
the class I neurons near the spiking threshold [73]. Spiking instability in such
neurons is manifested through bifurcation of the saddle node on the invariant
curve (SNIC). The system following this scenario exhibits excitability before
the bifurcation. For the QIF neuron, this scenario is provided by the bifurcation
parameter ;. For n; < 0, the neuron is in the excitable mode and for n; > 0
it is in the spiking mode. We assume that the values of the parameters 7,
are distributed in accordance with a bell-shaped probability density function,

which can be approximated by the Lorentzian distribution:

1 A

;m, (3-32)

g(n) =

where A and 77 are the width and the center of the distribution, respectively.
The advantage of this model is that it allows an exact low-dimensional
reduction of system equations in the thermodynamic limit of infinite number of
neurons, N — oo. In this limit, one can derive the closed system of two ordinary
differential equations for biophysically relevant macroscopic quantities, the

mean membrane potential v(¢) and the firing rate r(z) [86]:

v=0+v: -1+ S, r) + I(wt), (3.33a)
P =A/T+2rv. (3.33b)

Here, the synaptic current S = S(v, r) is a function of the variables v and r of

the following form:

S(v,r) = gl [% — arctan (vth — v)] . (3.34)

T r
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The low-dimensional macroscopic model greatly simplifies the task of finding
an effective PRC for the original microscopic model determined by a large
system of Egs. (3.30). For large N, the macroscopic model (3.33) approximates
well the solutions of the microscopic model (3.30), and therefore the PRC for
the microscopic model can be obtained from the above system of Egs. (3.33).
Consider the case when the free [/(wt) = 0] system (3.33) has a limit cycle
solution [v(? (¢), 7@ (1)] = [vO(r + Tp), r°(z + T) ] with the period Tp. Then
the PRC Q = [QD, 0®]7 of the reduced system (3.33) satisfies the adjoint

equation:
d
w75 Q(9) = —AT(HQD), (3.35)

where wq = 27 /Ty and

2 —2n?
A() = (')S(v,r)z/r@v +2v (')S(v,r)/zir ner (3.36)

is the Jacobian matrix of the system (3.33) evaluated at [v(? (), 7@ (9)] =
[V (wor), r(won)].

To summarize, solving the adjoint Eq. (3.35), we can find the PRC Q(#) of
the reduced system (3.33). The first component of this PRC z(9) = Q! (%) can
be used to describe the phase dynamics of the original large-scale system (3.30)
in the presence of a weak stimulation current /(wt). This dynamics is described
by the phase Eq. (3.11), which is the basis for the optimal theory presented in
the Sec. 3.2. Thus, the results of this theory are applicable to a large-scale
network (3.30) of QIF neurons with an effective PRC z(1%) defined by a simple
adjoint Eq. (3.35). Below we support this statement with a specific numerical
example.

We consider the network of N = 10* QIF neurons with parameter values
vip =350, J =30, A =1and 77 =0. Choosing a zero value for the parameter
i means that half of the neurons in the network are oscillating and the other
half are excitable. For these parameter values, the macroscopic model (3.33)
shows limit cycle oscillations with a period of Ty = 1.130132. The dynamics

of the mean membrane potential v(z) and the spiking rate r(7) during one

71



Charge-optimal entrainment of a network of interacting neurons

20 1 A

(a)-20" .

0 T,/2 T
time
Figure 3.7 Dynamics of a heterogeneous network of 10* synaptically coupled
QIF neurons in the absence of stimulation for parameter values v;, = 50, J = 30,
A =1 and 77 = 0. (a) The evolution of the mean membrane potential v(¢) and
(b) the spiking rate r(¢). The thin dashed blue curves show the solutions of
the reduced system of Eqs. (3.33), and the bold solid green curves show the
results of direct numerical simulation of a microscopic model of Egs. (3.38) for

N = 10* neurons. (c) The raster plot. Here the dots show the spike moments
for each neuron, where the vertical axis indicates neuron numbers.

oscillation period are shown by thin dashed blue curves in Fig. 3.7(a) and
3.7(b), respectively.
Numerical simulation of the microscopic model (3.30) is more convenient

after changing the variables
Vi = tan(@,-/2) (337)

that turn QIF neurons into theta neurons. Such a transformation of variables
avoids the problem associated with jumps of infinite size (from +co to —o0)
of the membrane potential v; of the QIF neuron at the moments of firing.
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The phase 6; of the theta neuron simply crosses the value of 8; = & at these

moments. For theta neurons, the Egs. (3.30) are transformed into
0;=1-cos;+ (1 +cosb;) [n;+S(t) +I(wt)], (3.38)

where the synaptic current S(z) is determined by the Egs. (3.31) and
(3.37). These equations were integrated by the Euler method with a time
step of dt = 107*.  The population of N = 10* theta neurons with
the Lorentzian distribution (3.32) were deterministically generated using
n; =n+Atan [(7/2)(2j =N -1)/(N+1)], where j =1,...,N,A=1and
7 = 0. Such a numbering of neurons means that free neurons with the indexes
j =1,...,5000 are excitable and neurons with the indexes j = 5001, ..., 10000
are oscillating. More information on numerical modeling of Egs. (3.38) can
be found in Ref. [86]. To compare the results obtained from the microscopic
model (3.38) with the solutions of the reduced system (3.33), we calculate the

Kuramoto order parameter [83]

N

1 ,

~ E exp(if;) (3.39)
and use the relationship between Z and the macroscopic parameters v and

r [85]:
v:Im(l_Z), r:lRe(l_Z), (3.40)

where Z* means complex conjugate of Z. The dynamics of the mean membrane

potential v(¢) and the spiking rate r(z) estimated from the microscopic model
of Egs. (3.38), (3.39) and (3.40) are shown by bold solid green curves in
Figs. 3.7(a) and 3.7(b), respectively. These solutions are in excellent agreement
with the solutions of the macroscopic model (3.33), shown by thin dashed blue
curves. Note that, in contrast to the macroscopic model, the variables v(t)
and r(¢) obtained from the microscopic model are not exactly periodic. Their
period fluctuates around a mean value of 7y ~ 1.1348 with a standard deviation
of about half a percent. These fluctuations are related to the finite size of the

network. The microscopic dynamics of the network is quite complex. This can
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be seen from the raster plot shown in Fig. 3.7(c), where dots indicate the spike
moments of each neuron.

Despite the complex microscopic dynamics of the network, its macroscopic
behavior is well described by the reduced system of Eqs. (3.33). The effective
PRC of the network obtained from the simple adjoint Eq. (3.35) is shown
in Fig. 3.8(a). The PRC parameters needed to design the optimal waveform
are AY, = 2.5832 and Zy4x — Zmin = 1.7696. As in the previous examples,
the Fig. 3.8(b) shows the dependence of ¥, /| Aw| on the distance d between
the positive and negative pulses of the trial waveform (3.21) for the fixed
parameters [ = 0.2 and s = 2. Bold blue and thin red curves are obtained
from the phase Eq. (3.11) for Aw > 0 and Aw < 0, respectively. Symbols
show the results obtained from the microscopic model. Threshold entrainment
amplitudes a,, were found by solving the system of 10* Egs. (3.38) with a
trial signal (3.21). Here in numerical simulations we took |Aw| = 0.2. We
see that both results are in good agreement with each other. They show that
the minimum of ¥;;,/|Awl| is attained at d = 1}, for Aw > 0 and at d = -}, for
Aw < 0, where 9, ~ 2.5832 is the distance between the maximum and the
minimum of the PRC. The minimum value of J;,/|Aw| is consistent with the
theoretically predicted optimal value (3.20). Thus, the minimum charge control
theory presented in Sec. 3.2 works well not only for small neural networks,
but also for a large-scale network of interacting QIF neurons, the collective
behavior of which exhibits periodic macroscopic oscillations.
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Figure 3.8 Testing the minimum-charge control theory for a network of 10*
synaptically coupled QIF neurons. (a) Effective PRC of the network in the case
of homogeneous stimulation of all neurons. The PRC is obtained from a simple
adjoint Eq. (3.35). The phase distance between the maximum and the minimum
is A, = 2.5832, and the amplitude of the PRC is z,,4x — Zmin = 1.7696. (b)
Dependence i, /|Aw| vs. d for fixed parameters [ = 0.2 and s = 2. Bold
blue and thin red curves are obtained in the same way as in Fig. 3.4, but using
the PRC shown in panel (a) of this figure. Symbols are obtained by solving a
system of 10* microscopic Egs. (3.38) with a stimulation current (3.21).
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Charge-optimal entrainment of a network of interacting neurons

3.4 Summary

We examined the problem of optimal entrainment of a network of interacting
neurons by an external stimulus when an unperturbed network exhibits collective
periodic oscillations. The general expression for the optimal waveform, which
provides network entertainment with a minimum mean absolute value of the
periodic stimulating current, is presented. This optimization is clinically
relevant because it aims to reduce damage to nerve tissue by minimizing the
integral charge transferred to neurons in both directions during the stimulation
period. Our optimal waveform satisfies the clinically mandatory requirements:
the charge-balance condition and the amplitude limitation.

The research presented in this chapter builds upon the previous chapter,
where we considered a similar problem for the case of a single neuron. We
obtained the optimal waveform under the assumption of a small frequency
detuning, when the equations of the neuron model can be reduced to a simple
scalar equation for the phase. Here we showed that, under certain assumptions,
network equations can also be reduced to the same phase equation as for
a single neuron. The only difference is that the phase response curve of a
single neuron is replaced by an effective phase response curve of the network.
This allowed us to adapt the results of the minimum charge control theory
developed in Ref. [63]. As well as for a single neuron, the optimal waveform
of the network is of the bang-oft-bang type with periodically repeated positive
and negative rectangular pulses, generally of different amplitudes and widths.
However, the parameters of the optimal waveform are now determined by the
parameters of the effective PRC of a network rather than the PRC of a single
neuron. The distance d between positive and negative pulses is determined by
the distance A}, between the absolute maximum and the absolute minimum
of the effective PRC of a network. For the positive frequency detuning, the
optimal distance between the pulses is d = A1};, and for the negative frequency
detuning, d = —A¥,.

We confirmed the theoretical results with three numerical examples: two
small-scale networks consisting of (i) five synaptically coupled FHN neurons,

(i1) ten electrically coupled FHN neurons, and (iii) a large-scale network with
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3.4 Summary

10* synaptically coupled QIF neurons. In the first example, the network
architecture mimics the network architecture of the STN-GPe model [133],
which consists of oscillating excitatory (STN) and excitable inhibitory (GPe)
neurons. Two stimulation protocols were considered. In the first protocol,
only oscillating excitatory neurons were stimulated, and in the second — only
excitable inhibitory neurons. Our results showed that the first stimulation
protocol is more effective. For the first protocol, the entrainment of the network
by an external stimulus was achieved with a four time lower mean absolute
value of the stimulating current than for the second. The second example
demonstrated the validity of our theory for the network of electrically coupled
oscillating and excitable FHN neurons introduced in Ref. [82]. Finally, in the
third example, we used the QIF neural network model, which allows an exact
low-dimensional reduction of system equations in the thermodynamic limit
of an infinite number of neurons [85, 86]. Based on the reduced macroscopic
model, we derived a simple adjoint equation for the phase response curve,
which is necessary to construct the optimal waveform for a large-scale network.
The validity of the optimal waveform was confirmed by direct numerical
simulation of a network consisting of 10* synaptically interacting QIF neurons.
Although we presented the results for the case when all neurons of the network
are stimulated by the same external current, our approach can be extended to
the case of heterogeneous stimulation. In this case, the macroscopic model

obtained in the thermodynamic limit will have a higher dimension.
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Chapter 4

Suppression of synchronous
spiking in two interacting
populations of excitatory and
inhibitory quadratic
integrate-and-fire neurons

In this chapter, we demonstrate that mean-field equations are useful not only
for understanding the occurrence of collective oscillations in large-scale neural
networks, but also for understanding the effect of stimulation on synchronization
processes. As an example, we consider a network of two interacting populations
of excitatory and inhibitory QIF neurons. We show that HF stimulation of the
inhibitory population is very effective in suppressing the collective synchronous
spiking in both populations. The suppression mechanism is explained by the
stabilization of the unstable incoherent state of the network. We also explain
the oscillation suppression effect caused by an inhibitory pulse applied to the
excitatory population.

This chapter is organized as follows. In Sec. 4.1 we describe a microscopic
model of two interacting populations of QIF neurons and present the reduced

mean-field equations for this model. Section 4.2 is devoted to bifurcation
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4.1 The model

analysis of the mean-field equations without stimulation. The effects of HF
stimulation of the inhibitory population, as well as the inhibitory pulse applied
to the excitatory population, are discussed in Sec. 4.3. In Sec. 4.4, we present
the results of numerical simulations of the microscopic model and compare
them with the results obtained from the mean-field equations. The conclusions

and discussion are presented in Sec. 4.5.

4.1 The model

4.1.1 Microscopic description

We consider a heterogeneous network of two interacting populations of
excitatory and inhibitory quadratic integrate-and-fire neurons, which are the
canonical representatives for class I neurons near the spiking threshold [73].
The microscopic state of the network is determined by the set of 2N neurons’

.....

2N ordinary differential equations [80]:

AED) _ (fED2 , (ED) | 7(ED)
v ED = (VD)2 4 g B0 4 B,

if V&>V, then V(&) v, (4.1)

Here, 7 is the membrane time constant and V;E’I) is the membrane potential
of neuron j in either the excitatory (E) or the inhibitory (/) population. For
simplicity, we set the number of neurons N and the time constant 7 the same
;s

a current that specifies the behavior of each isolated neuron and the term

for both populations. The heterogeneous parameter of excitability n

Z'J.(E’I) defines the synaptic coupling between neurons as well as external

stimulation. The isolated neurons (I] (BD) _ 0) with the negative value of the
(E.I)
i

(E.I)
J

by the Dirac delta function. The spikes are emitted at the moments when the
)

parameter n < 0 are at rest, while the neurons with the positive value of the

parameter n > (0 generate instantaneous spikes, which are approximated

membrane potential V;E’l reaches a peak value V,,. Immediately after the spike

emission the membrane potential is reset to a value V,. Thereafter, we assume
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Spiking suppression in two interacting populations of QIF neurons

JEI

Ip(t) JiE Ir(t)

Figure 4.1 Symbolic depiction of a network of two neural populations. The
large circles labeled “E” and “I” represent populations of excitatory and
inhibitory neurons, respectively. The curve ending in an arrow shows excitatory
coupling between populations E and I. Jg; is the coupling strength. Curves
ending in solid circles indicate inhibitory couplings between populations I and
E, as well as within population 1. J;¢ and J;; are the corresponding coupling
strengths. The vertical arrows labeled Iz (f) and I;(¢) show the external
stimulation currents applied to populations E and I.

V, = =V, — oco. With this assumption, a QIF neuron can be transformed into
a theta neuron. This assumption is also crucial for the analytical treatment

of the Egs. (4.1) in an infinite size limit N — oo [85]. The values of the
(
;
from the Lorentzian distributions:

heterogeneous parameter 7 ED for both populations are independently taken

(n) = - — 28
8E,I\1) = — = ,
4 (U_UE,I)Z"'A%’]

(4.2)

where Ag ; and 7jg ; are respectively the width and the center of the distribution
for the excitatory (E) and inhibitory (I) populations.

Finally, we discuss the last term IJ.(E’I) in Egs. (4.1), which describes
synaptic coupling and an external stimulation. For the excitatory and inhibitory

populations this term respectively is

1" = —JipSi(0) + g (1), (43)
1D = JeiSe(t) = JuSi(t) + 11 (¢). (4.3b)
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4.1 The model

Here, Sg(t) and S;(¢) determine the mean synaptic activation of E and |

populations:

N
e =520 D 8= (e, (4.4)

J=L N <t

where (tj?) £.1 is the time of the kth spike of the jth neuron in either E or
I population and 6(7) is the Dirac delta function. The positive parameters
Jer, Jig and Jy; define synaptic weights. The current —J;£S;(¢) inhibits E
neurons due to synaptic activity of I population, while the current Jg;Sg ()
excites I neurons due to synaptic activity of E population. The term —J;;5;(¢)
determines recurrent inhibition of neurons within I population. For simplicity,
we do not consider recurrent excitation within the E population, since it is
not essential for the emergence of collective oscillations. The currents /g ()
and /;(z) represent external homogeneous stimulation of the excitatory and
the inhibitory populations, respectively. Below we will consider stimulation
protocols when either only inhibitory (Ig(¢) = 0, I;(¢) # 0) or only excitatory
(Ig(t) # 0, I;(t) = 0) population is stimulated.

Note that the dynamics of a single population of QIF neurons interacting
via instantaneous Dirac delta pulses was studied in detail in Ref. [85] and
macroscopic limit cycle oscillations were not found in such a model. Macro-
scopic synchronized oscillations can occur in a single population when there
is a delay in couplings [87—89] or when the finite width of synaptic pulses is
taken into account [86]. However, two coupled populations of excitatory and
inhibitory QIF neurons can generate macroscopic oscillations even when the
interaction is provided by instantaneous Dirac delta pulses [93], and therefore
we restrict our consideration to the simpler case of instantaneous interaction,
as in the original paper [85].

The network architecture shown in Fig. 4.1, mimics the architecture of the
neural network of the subthalamic nucleus (STN) and the external segment of
the globus pallidus (GPe), which is often used to model Parkinson’s disease
(cf., e.g., Ref. [133]). STN is a network of excitatory neurons (in our case E
population), and GPe consists of inhibitory neurons (in our case I population).
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Spiking suppression in two interacting populations of QIF neurons

4.1.2 Macroscopic description: Low-dimensional mean-field

equations in the limit N — oo

The advantage of the network model Egs. (4.1) is that it allows one to derive
precise low-dimensional mean-field equations in the thermodynamic limit of
an infinite number of neurons, N — oco. We characterize the macroscopic

dynamics of the network by four biophysically relevant quantities

N E,I
v = % ; VED g = T%, (4.5)
which represent the mean membrane potentials of the excitatory (E) and
the inhibitory (I) populations and the dimensionless firing rates of E and
I populations (the dimensional firing rates are rg ;/7), respectively. Here,
ME-D (Ar) is the number of spikes emitted in a small time window Af in E and
I populations. In the limit N — oo, the quantities rg ;(#) and vg ;(¢) satisfy

the exact system of four ordinary differential equations [85]:

TFg = Ap/m+2rgve, (4.6a)
TVE =g + v% - ﬂzré —Jigry + Ig(1), (4.6b)
TP = Aj/m+ 2rpvy, (4.6¢)
V] :ﬁ1+v%—7r2r%+JE1rE = Jyrr+1;(¢). (4.6d)

These low-dimensional mean-field equations greatly simplify the analysis of
different network dynamics modes depending on system parameters, as well as

the effect of stimulating current on network dynamics.

4.2 Network dynamics without stimulation

First, we analyze the dynamics of the network without stimulation, /g (¢) =
I;(t) = 0. An unperturbed network exhibits synchronized oscillations over a
wide range of parameters. An example of network oscillations obtained by
solving the Egs. (4.6) for the set of parameters Ag = 0.05, 7 = 0.5, A; = 0.5,
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Figure 4.2 Dynamics of network macroscopic variables rg(t), ve(t), r;(t) and
v;(t) obtained by solving the Egs. (4.6) without stimulation, Iz (z) = I;(t) = 0.
The values of the parameters are: Ag = 0.05, 7z = 0.5, A; = 0.5, 7; = -4,
JE] = 20, J]E = 5, J][ =0.5and 7 = 14 ms.

ny = -4, Jgr = 20, Jig = 5 and J;; = 0.5 is shown in Fig. 4.2. To get
oscillations on a realistic time scale, we choose 7 = 14 ms, which corresponds
to the membrane time constant of GPe neurons [134]. The oscillation period
in the figure is 7Ty = 87 ms.

Areas in the parameter space where network oscillations occur can be
estimated using linear stability analysis of the Eqs. (4.6). Equating the right-
hand side (RHS) of Egs. (4.6) to zero, we can find the fixed points (rz VT vf)
in the four dimensional phase space of the system. The problem leads to the

solution of the 16th order polynomial equation
ai[P)]* = (1 +0)x* [Px)]? — ax® + asx*[P(x)]’ =0 (4.7)
with respect to x, where

P(x) = as + x> — asx* (4.8)
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Spiking suppression in two interacting populations of QIF neurons

is a fourth order polynomial and the parameters a; are:

1 (7”715)2 4 1 (JIEA1)2 a5 = nedi

aly = —\|\—5— 2= — - - 5
i \JIE nr \2nng miJiE
1 (ﬂﬁ1)2 1 (JEIAE)2
ag=—|—|, as=— — .
ne \JEr ne \ 2nn;

The solutions of the polynomial Eq. (4.7) are related to the coordinates of fixed
points as follows:

. ﬂx o= _JeilAg 1
EJer E 2ni; X
o e P(x) o= _JIEAL x*

! Jig x? ’ ! 2niE P(x)'

Numerical analysis of Eq. (4.7) shows that only one of its real-valued roots
satisfies the requirement of non-negativity of spiking rates r;, and r;, that is,
the system has a single fixed point in the physically relevant region rg > 0 and
r; > 0 of the phase space. The stability of this fixed point is determined by the

eigenvalues A of the characteristic equation

det(J — I1) =0, 4.9)
where
ZV*E 2r2 0 0
1| =27°r%t 2v% -J 0
J==| e “VE 1E 4.10)
T 0 0 2\/7 2r;

JEI 0 —(27‘( V;<+J11) 2\17

is the Jacobi matrix of the system Eqs. (4.6) and [ is the identity matrix. The
fixed point is stable if the real parts of all eigenvalues A are negative. With
such parameter values, the network is at rest. At the microscopic level, neurons
in this state exhibit incoherent behavior. If the real part of at least one of the
eigenvalues A is positive, then the state of rest becomes unstable. Numerical
analysis shows that in this case neurons behave coherently, and periodic limit
cycle oscillations appear in the network. Thus, solving the Eqs. (4.7) and (4.9)
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4.2 Network dynamics without stimulation

gives us a simple sufficient condition for identifying areas in the parameter
space where the network is in oscillatory mode. However, network oscillations
can also occur in parameter areas where the resting state is stable. In such
areas, the network demonstrates bistability. Along with a stable resting state,
the network has a stable limit cycle.

The bistability regions are clearly visible in the one-parameter bifurcation
diagrams shown in Fig. 4.3. These and other bifurcation diagrams presented
in this chapter were built using the MatCont package [135]. Figure 4.3(a)
shows change in the firing rate rg of the excitatory population depending on the
coupling strength Jg;. There are two bifurcation values of the coupling strength,
at which the dynamics of the network changes qualitatively. At Jg; = 12.6,
there is a limit point of cycles (LPC) bifurcation when two limit cycles, stable
and unstable, collide and annihilate each other. At Jg; ~ 16.35, a subcritical
Hopf (H™) bifurcation occurs when an unstable limit cycle is absorbed by
a stable spiral equilibrium. As Jg; increases, different dynamic modes are
observed. For small values of the coupling strength Jg; < 12.6, the resting
state is the only attractor. In the interval 12.6 < Jg; < 16.35 between the LPC
and H™ bifurcations, there are two attractors: a state of rest and a limit cycle.
Finally, for Jg; > 16.35, the only attractor is the limit cycle. Figure 4.3(b)
shows the evolution of network dynamics with a change in the coupling strength
Jig. As this parameter increases from zero, the oscillations manifest themselves
through the supercritical Hopf (H*) bifurcation at J;z ~ 0.13. In the interval
0.13 < Jjg < 6.28 between the supercritical and subcritical Hopf bifurcations,
the only attractor is the limit cycle. In the interval 6.28 < J;g < 7 between the
bifurcations H™ and LPC there is bistability, and for J;g > 7 the rest state is the
only attractor. Figure 4.3(c) shows that oscillations in the network occur with
zero interaction within the inhibitory population, J;; = 0. As Jj; increases, the
oscillations persist until the LPC bifurcation, J;; = 17.72. At J;; > 17.72, the
oscillations disappear, and the only attractor is the state of rest. The bistability
is in the interval 9.3 < J;; < 17.72 between the H™ and LPC bifurcations.

In Figs. 4.4(a) and 4.4(b), we present two-parameter bifurcation diagrams in
the parameter planes (J;g, Jgr) and (Ji, Jgr), respectively. The areas marked
with Roman numerals represent the three different dynamic modes described
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Figure 4.3 One-parameter bifurcation diagrams showing the evolution of the
firing rate rg depending on the coupling strengths (a) Jg;, (b) J;g and (c) Jy;.
The rest of the parameters is fixed in the same way as in Fig. 4.2. The solid
blue curves show the stable fixed point and the maximum and minimum of the
stable limit cycle. The dashed red curves correspond to the unstable fixed point
and the maximum and minimum of the unstable limit cycle. The red asterisks
marked with the letters LPC, H" and H™ denote the limit point of cycles
bifurcation, supercritical Hopf bifurcation and subcritical Hopf bifurcation,
respectively.
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JEr

(b) 0 5 } 2 15 20
Figure 4.4 Two-parameter bifurcation diagrams in the planes of parameters (a)
(J1e,JEr) and (b) (Jy7, Jgr). Other parameters are the same as in Fig. 4.2. The
areas marked with Roman numerals correspond to: (I) - the only stable limit
cycle, (II) - bistability with a stable limit cycle and a stable resting state, and (I1I)
- the only stable resting state. The red asterisk marked with letters GH denotes
the generalized Hopf bifurcation point. The horizontal dash-dotted lines
Jer =20 1n (a) and (b) correspond to the one-parameter bifurcation diagrams
shown in Figs. 4.3(b) and 4.3(c), respectively. The vertical dash-dotted lines
Jig =5 1in (a) and J;; = 0.5 in (b) correspond to the one-parameter bifurcation

diagram shown in Fig. 4.3(a). The intersection of the horizontal and vertical
lines represents the parameter values used in Fig. 4.2.
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above. Specifically, in area (I) the only attractor is a limit cycle, in area (II)
there is bistability with a stable limit cycle and a stable state of rest, and in area
(IIT) the only attractor is a state of rest. We see that all modes occupy rather
large areas in the parameter spaces, i.e., they are robust to parameter changes in
wide intervals. Vertical and horizontal dash-dotted lines show cross-sections
of two-parameter bifurcation diagrams, which correspond to one-parameter
diagrams presented in Fig. 4.3 (see figure caption for details). The intersection
of the horizontal and vertical lines represents the parameter values used in
Fig. 4.2.

4.3 Suppressing synchronous spiking

4.3.1 High-frequency stimulation of the inhibitory popula-
tion

We first show that synchronous spiking of the network can be effectively
suppressed by high-frequency stimulation of the inhibitory population. We

consider the network dynamics for /g (¢) = 0 and
I;(t) = acos(wt), (4.11)

where a 1s the amplitude and w is the angular frequency of HF stimulation.
The stimulation current Eq. (4.11) satisfies the clinically mandatory charge
balance condition fOT I;(t)dt = 0, where T = 27 /w is the stimulation period.
We assume that the values of the parameters are chosen such that the free
network has a single stable attractor of the limit cycle. We also assume that the
stimulation frequency v = 1/T is considerably greater than the frequency v of
the limit cycle.

A numerical example of the effect of HF stimulation on network dynamics
is shown in Fig. 4.5. The solid blue curves show the solution of the Eqs (4.6)
for the same parameter values as in Fig. 4.2. For time ¢ < 500 ms, the network
is not perturbed and demonstrates exactly the same dynamics as in Fig. 4.2:
It oscillates at a frequency of vy = 1/Tp ~ 11.5 Hz. For ¢t > 500 ms, HF
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Figure 4.5 Suppression of network oscillations by HF stimulation of the
inhibitory population. Thin solid blue curves show the dynamics of the
variables rg(t), ve(t), r;(t) and v;(¢) obtained by solving the Egs. (4.6) for
the same parameter values as in Fig. 4.2. For ¢ < 500 ms, the network is not
stimulated and demonstrates exactly the same dynamics as in Fig. 4.2, and
at ¢ > 500 ms, the HF stimulation of inhibitory neurons is activated with the
frequency v = 130 Hz and the amplitude a = 30. The bold dashed green
curves show dynamics of the variables 7g(t), vg(t), r;(¢) and v;(¢) obtained
by solving the averaged Egs. (4.22).

stimulation of inhibitory neurons is activated with a frequency v = 130 Hz
and an amplitude a = 30. We see that HF stimulation effectively suppresses
synchronized spiking in the network. The spiking rates of excitatory and
inhibitory neurons rg and r; drop to almost zero. The mean membrane
potential vg of the excitatory population becomes almost constant. The
mean membrane potential v; of the stimulated inhibitory population shows
high-frequency oscillations around the resting state with a reduced amplitude.
To understand why HF stimulation of inhibitory neurons is so effective
at suppressing network oscillations, we refer to the method of averaging
[136], which is widely used in various fields of physics including vibrational
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mechanics. This method makes it possible to explain the effect of oscillation
suppression in terms of stabilizing the unstable resting state of the network. The
effect is similar to stabilization of the upside-down position of a rigid pendulum
by vibrating its pivot up and down at a suitably high frequency [137, 138]. A
theoretical approach to solving the pendulum problem was first proposed by
Kapitza [137]. It is based on dividing the dynamics of a pendulum into fast
and slow motion and deriving an averaged equation for the slow dynamics of a
pendulum. This approach has recently been applied to a single spiking neuron
stimulated by a HF field [62]. Here, we adapt this approach to the network
Eqgs. (4.6).

To apply the averaging method to the Egs. (4.6), we rewrite them in a more
convenient form. We denote the dynamic variables of the first three equations,

which do not contain the HF stimulation term, by a vector

q=(rg,ve.r)". (4.12)
Then the Egs. (4.6) can be formally written as

7q = G(q,v)), (4.13a)
™ = f(q,vy) + acos(wt), (4.13b)

where G(q, v;) is a three-dimensional vector function defined by the RHS of
the first three Eqgs. (4.6a), (4.6b) and (4.6¢) at Ig(¢) = 0 and

f(q,vy) = +vi—x°r; + Jgrg = Juri (4.14)

is a scalar function defined by the RHS of the last Eq. (4.6d).

Our aim is to simplify the nonautonomous system Eqs. (4.13) for large
frequencies w. Using the small parameter ¢ = (w7)”! < 1, we seek to
eliminate the HF term a cos(wt) and obtain an autonomous system, the

solutions of which approximate the original system. First, we change the
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variables of the system Eqgs. (4.13):

q(r) =Q(1), (4.15a)
vi(t) = Vi(t) + A sin(wt) (4.15b)

with
A=alwt. (4.16)

Asin Ref[62], we assume that A is of order O (1) with respect to the perturbation
parameter €. This means that we are considering the case of HF stimulation
with large amplitudes, a ~ O(&~!). Only large amplitudes can have a noticeable
effect when stimulated with frequencies significantly higher than the natural
frequency of the network. The mathematical justification for this assumption
can be found in the Appendix of Ref. [139]. Substituting Eqgs. (4.15) into
Egs. (4.13), we derive the following equations for the new variables Q(#) and
Vi(1):

7Q = G(Q, Vi + Asin(wt)), (4.172)
Vi = £(Q,V; + Asin(wt)). (4.17b)

By rescaling the time variable ® = wt (here O is the “fast” time) system (4.17)
can be transformed to the standard form of equations as typically used by the

method of averaging [136]:

% =&G(Q,V; + Asin(0)), (4.18a)
% =ef(Q,V; + Asin(0)). (4.18b)

Due to the small factor & on the RHS of the Egs. (4.18), the variables Q and
Vi vary slowly, while the periodic functions in the RHS oscillate fast. In
accordance with the averaging method [136], an approximate solution of the
system Eqgs. (4.18) can be obtained by averaging the RHS of the system over

fast oscillations. Specifically, let us denote the variables of the averaged system
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as q = (7g, vg, 77)T and 7. They satisfy the equations:

;l—g =&(G(q,v;+ Asin(0)))g, (4.19a)
e
d—g = & (f(§, 77 + Asin(©)))g . (4.19b)

Here, the angle brackets denote the averaging over the period of the fast time
(- )Ne = (1/2n7) fOZF(- --)d®. The method of averaging states that the
averaged system (4.19) approximates the solutions of the system (4.18) with
the accuracy of O(g),i.e.,Q =q+ O(g) and V; = v; + O(¢). After returning
to the original time scale, the averaged system (4.19) takes the following form:

7q(1) = (G(@(1), 7, (1) + Asin(®)))e , (4.202)
(1) = (£ (@), 71(2) + Asin(©)))g - (4.20b)

Here, the dot means differentiation by the original time ¢. Finally, the solution
of the original non-autonomous system (4.13) can be expressed in terms of the
solution of the averaged (autonomous) system (4.20) as follows:

q(?) = q(?) + O(e), (4.21a)
vi(t) =v;(t) + Asin(wt) + O(g). (4.21b)

The substitution (4.15) and subsequent application of the averaging method
allowed us to separate the slow and fast motion of the network and present
the solution in the form of their superposition. The terms q(z) and v;(¢) in
the Egs. (4.21) represent slow motion and satisfy the averaged Egs. (4.20)
while the term A sin(wt) describes high-frequency oscillations of the mean

membrane potential of the stimulated inhibitory population.
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After performing the averaging procedure in the Eqgs. (4.20), we write them

explicitly:
Tig = Ap /7 + 2FEVE, (4.22a)
Vg = fig + Vg — 17 e — JIEFT, (4.22b)
Ti = Ar /7 + 2F vy, (4.22¢)
TV = 7} + 97 — 17 + Jgiie — Jiir. (4.22d)

Formally, these equations are similar to the original Egs. (4.6), but the HF
term [;(t) = a cos(wt) is excluded from the Eq. (4.6d) (recall that here we are
considering the case Ig(t) = 0). The only difference between the Eqs (4.6)
without stimulation and the averaged Eqs. (4.22) is that the parameter 7;
is replaced by the parameter ﬁ?, whose value depends on the stimulation
parameter A:

09 =1+ A%)2. (4.23)

In Fig. 4.5, we compare the solution of the averaged Eqs. (4.22) with the
solution of the original Egs. (4.6). For ¢ < 500 ms, there is no stimulation
(a =0and A = 0) and therefore ﬁf = 777. In this case, the Egs. (4.22) and (4.6)
are identical and give exactly the same solution. For ¢t > 500 ms, when
stimulation is activated, the averaged Eqgs. (4.22) (bold dashed green curves)
also approximate well the solution of the original system Eqgs. (4.6) (thin solid
blue curves).

The connection of the averaged mean-field Eqs. (4.22) with the original
unperturbed mean-field Eqs. (4.6) allows us to predict the effect of HF stimula-
tion by analyzing the solutions of the unperturbed system and simply explain
the oscillation suppression mechanism. According to Eq. (4.23), the effect of
HF stimulation on the averaged dynamics of the network is a change in the
parameter 77;, which determines the center of the Lorentzian distribution g;(7)
of inhibitory neurons. This center shifts to the right by a distance of A?/2. As
a result, the proportion of spiking neurons in the population increases, and the
proportion of quenched neurons decreases. Thus, the inhibitory population
becomes more active. A sufficient increase in the parameter 77; can lead to
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Figure 4.6 One-parameter bifurcation diagram of the unperturbed network
showing the dependence of the firing rate rg on the parameter 77;. The rest
of the parameters are fixed in the same way as in Fig. 4.2. The designations
for the solid blue and dashed red curves are the same as in Fig. 4.4. Three
vertical dotted lines show the actual value 77; = —4 of the bifurcation parameter,
the value ﬁf ~ —1.667 of the supercritical Hopf bifurcation, and the value
77‘14 ~ —0.559 obtained from the Eq. (4.23) at stimulation frequency v = 130 Hz
and amplitude a = 30.

stabilization of the initially unstable resting state of the network and, as a
consequence, to the termination of oscillations.

The mechanism of stabilization of the resting state is evident from the
one-parameter bifurcation diagram rg versus 77; of the unperturbed system
shown in Fig. 4.6. Three vertical dotted lines show the actual value 77; = —4
of the bifurcation parameter, the value ﬁfl ~ —1.667 of the supercritical Hopf
bifurcation, and the value ﬁf ~ —0.559 obtained from Eq. (4.23) at stimulation
frequency v = 130 Hz and amplitude a = 30. We see that the actual value of 77;
is in the region where the limit cycle is stable, and the resting state is unstable.
Due to HF stimulation, this value is shifted beyond the Hopf bifurcation point
77 to the position 774, where the resting state is stable.

In the general case, the condition for stabilization of the resting state is
ﬁ? > ﬁf or A% > 2(777 —17). Taking into account the Eq. (4.16), this condition
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can be written as

a>am = 27rvrw/2(777 - 1), (4.24)

where ay, is a threshold amplitude of the HF stimulation. When this amplitude is
exceeded, the resting state of the averaged Eqs. (4.22) is stabilized, and the limit
cycle oscillations in the original HF stimulated system Eqgs. (4.6) are suppressed.
Equation (4.24) shows that the threshold amplitude ay, is proportional to the
stimulation frequency v. Thus, with an increase in the frequency of stimulation,
it is necessary to proportionally increase the amplitude of stimulation if we
want to maintain a stable state of rest. Note that the Eq. (4.24) is only valid for
sufficiently large frequencies v > 1/2x7. Information about the response of
the network to stimulation at low frequencies, which are less or comparable to
the limit cycle frequency, can be found by direct integration of the Egs. (4.6).
Figure 4.7 shows the result obtained by integrating the Egs. (4.6) while changing
both stimulation parameters, amplitude a and frequency v. As a measure of
the network’s response to stimulation, we choose the standard deviation of the
spiking rate of the excitatory population

o = (e () — (re)1), (4.25)

where angle brackets denote time average. Small values of this parameter
correspond to a stable resting state of the network, and large values indicate
oscillations of large amplitude. In Fig. 4.7, the values of o in the parameter
plane (v, a) are shown in colors. White represents the area of suppressed
oscillations. For high frequencies, the boundary of this area is in good
agreement with the analytical curve of the threshold amplitude Eq. (4.24),
which is shown by the solid red curve. For low frequencies, stimulation
increases the oscillation amplitude. In the region v < 8 Hz, the standard
deviation is significantly larger than the value of o ~ 0.15 observed in the
network without stimulation. Interestingly, the white area in Fig. 4.7 resembles
an experimentally obtained area on the plane of the parameters of frequency
and intensity of stimulation, where tremor in patients with Parkinson’s disease

was eliminated by stimulation of the ventral intermediate thalamic nucleus [25].
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Figure 4.7 Network response to stimulation of the inhibitory population
depending on the stimulation frequency v and the amplitude a. The colors
show the values of the standard deviation o, estimated by the Eq. (4.25) using
a 5000 ms time window for averaging. White represents an area of suppressed
oscillations. Without stimulation (a = 0), the standard deviation is o =~ 0.15.
The solid red curve shows the analytical threshold amplitude Eq. (4.24). The
black dot denotes the values of the (v, @) parameters used in Fig. 4.5.

4.3.2 Suppression of oscillations by controlling the excitatory

population

Next, we will consider the possibility of suppressing network oscillations

by HF stimulation of the excitatory population. Now we put I;(¢) = 0 and
Ig(t) = acos(wt). (4.26)

Applying the averaging method to the Egs. (4.6), we can derive an autonomous
system of averaged equations, similar to the Egs. (4.22), but now the parameter

177 remains unchanged, and the parameter 77z will be modified as
- A _ - 2
e — g =g +A~/2. 4.27)

An increase in the 77 parameter means that the proportion of spiking neurons in
the excitatory population increases, while the proportion of quenched neurons

decreases. As a result, the excitatory population becomes more active and, in
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4.3 Suppressing synchronous spiking

contrast to the case of stimulation of the inhibitory population, the oscillatory
effects are now enhanced. Figure 4.8 provides a graphical explanation of
why the effects of HF stimulation of excitatory and inhibitory populations are
different. Here, we show a two-parameter bifurcation diagram of the network
without stimulation in the plane (777, 7g). As in Fig. 4.4, the areas marked with
Roman numerals correspond to different dynamic modes of the network: (I) —
the only stable limit cycle, (II) — bistability and (III) — the only stable state of
rest. The black dot in area (I) indicates the actual values of the parameters. The
stimulating effect of the inhibitory population is shown by the solid horizontal
arrow. As a result of stimulation, the dot showing the actual values of the
parameters is shifted to the right to the region (III), where the state of rest is
stable and, thus, the oscillations are suppressed. The stimulating effect of the
excitatory population is shown by the dashed vertical arrow. Now the dot shifts
upward and remains in area (I), where the limit cycle is the only attractor and,
thus, the oscillations are preserved.

Although HF stimulation of the excitatory population is ineffective in sup-
pressing network oscillations, in some cases we can still eliminate oscillations
by applying a different type of control signal to the excitatory population.
This is possible if the network parameters are in the bistable area, and the
network is in the oscillatory mode. In this case, the network can be switched
from stable periodic oscillations to a stable state of rest by applying a single
inhibitory rectangular pulse to the excitatory population. The idea of this
control algorithm is graphically illustrated in Fig. 4.8. We assume that the
actual values of the parameters (777, 77g) without stimulation are located in the
bistable area (II). They are marked with a cross. We suppose that the network
is in the oscillatory mode. We then apply a negative rectangular pulse /g ()
with amplitude Al < 0 and duration At to the excitatory population, as shown
in Fig. 4.9 (e). Since the parameters /g and 77 enter into the Eq. (4.6b) as
a sum, we can interpret this pulse as it applies to the 77z parameter not to
Ig. In Fig. 4.8, we demonstrate this interpretation using the vertical double
arrow connecting the cross with the square, which shows the values of the
(77, 7g) parameters when I = Alg. For sufficiently large pulse amplitude

Alfg, parameter values marked with a square appear in area (I11), where the
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nr

Figure 4.8 Two-parameter bifurcation diagram of the network without stim-
ulation in the plane (77;,77g). As in Fig. 4.4, the areas marked with Roman
numerals correspond to different dynamic modes of the network: (I) — the only
stable limit cycle, (II) — bistability with a stable limit cycle and a stable state of
rest, and (III) — the only stable state of rest. The red asterisk marked with letters
GH denotes the point of the generalized Hopf bifurcation. The black dot in area
(I) indicates the values of the parameters used in Fig. 4.5. HF stimulating effect
of the inhibitory population is shown by the solid horizontal arrow. The vertical
dashed arrow shows the effect of HF stimulation of the excitatory population.
The cross in area (II) indicates the values of the parameters used in Fig. 4.9.
The double vertical arrow connecting the cross to the square corresponds to
the inhibitory pulse applied to the excitatory population. The pulse dynamics
is shown in Fig. 4.9(e).
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Figure 4.9 Elimination of network oscillations using an inhibitory pulse applied
to the excitatory population. Dynamics of variables (a) rg(¢), (b) ve(z), (c)
ri(t) and (d) v;(¢) obtained by solving the Egs. (4.6) with the inhibitory pulse
Ig(t) shown in (e). Pulse amplitude is Alg = —0.15 and duration At = 500 ms.
The parameters except for i7; = —6 are the same as in Fig. 4.2.
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fixed point is the only attractor. If the pulse duration Atz is long enough, the
system will approach the fixed point. We expect that for two different values
of the parameters marked with a cross (/g = 0) and a square (Ig = Alg), the
coordinates of fixed points in the phase space are close to each other, so that at
the end of the pulse the state of the system will be in the basin of attraction of
a fixed point corresponding to the value /g = 0. Then, being in the bistable
area, the system will approach a stable fixed point and remain at rest at zero
stimulation current /g = 0.

In Fig. 4.9, we demonstrate the efficiency of this algorithm for 77; = —6 and
other parameters such as in Fig. 4.2. This set of parameters is in the bistable
area (II), as shown in Fig. 4.8. Figures 4.9(a), 4.9(b), 4.9(c) and 4.9(d) show,
respectively, the dynamics of variables rg, vg, r; and v; obtained by integrating
the Egs. (4.6) with inhibitory pulse /g(¢) shown in Fig. 4.9(e). As expected,
this pulse stops the oscillation in the network, and the network remains at
rest without further stimulation. Note that unlike the HF current Eq. (4.11),
the inhibitory pulse used here does not satisfy the charge balance condition.

However, this condition is not required for single pulse stimulation.

4.4 Modeling microscopic dynamics

The reduced mean-field Eqgs. (4.6) are derived in the limit of an infinite-size
network, while realistic networks consist of a finite number of neurons. To
test if the control algorithms described above work for networks of finite size,
here we perform a direct numerical simulation of the microscopic dynamics
described by the Egs. (4.1).

Numerical simulation of the Egs. (4.1) is more convenient after changing
the variables

viED = tan(ej.’“) /2) (4.28)

that turn QIF neurons into theta neurons. Such a transformation of variables

avoids the problem associated with jumps of infinite size (from +oo to —oco) of

the membrane potential V;E’I) of the QIF neuron at the moments of firing. The

QEEJ) GE.E’I) = 7 at these

phase of the theta neuron simply crosses the value of
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moments. For theta neurons, the Egs. (4.1) are transformed into

S(E) _ 4 (E.D)
T@j. =1-cos (Qj )

+ [1 + cos (QE.E’I))] [n;E’I) + IJ.(E’I) .

(4.29)

These equations were integrated by the Euler method with a time step of df = 5x
104, Two populations of theta excitatory and inhibitory neurons each consisting
of N = 2000 units with the Lorentzian distributions (4.2) were deterministically
generated using nﬁ.E’I) =fp;+Agtan[(n/2)(2j - N-1)/(N+1)], j =
I,...,N. More information on numerical modeling of Egs. (4.29) can be
found in Ref. [86]. To compare the results obtained from the microscopic
model Eqgs. (4.29) with the solutions of the reduced system Egs. (4.6), we

calculate the Kuramoto order parameters [83]

Zpy = % EN: exp(i@f’l) (4.30)
=1

for each population and use the relationship between Zg ; and the spiking rate

re | [85]

1
}"E’]:—Re
T

(4.31)

1_22,1
1"‘22,1

where Z*E7 ; means complex conjugate of Zg ;.

In Fig. 4.10, we show the results of HF stimulation of the inhibitory
population, obtained from the Eqs. (4.29). The parameter values are the same
as in Fig. 4.5. Here, as in Fig. 4.5, HF stimulation with an amplitude a = 30
and a frequency v = 130 Hz is activated at + > 500 ms. We see that the
dynamics of the spiking rates of excitatory and inhibitory populations shown in
Figs. 4.10(a) and 4.10(c) are similar to those shown in Figs. 4.5(a) and 4.5(c),
respectively. Thus, the mean-field Egs. (4.6) are robust, they predict well the
macroscopic dynamics of a finite size network consisting of N = 2000 neurons
in each population. Microscopic network behavior can be seen in Figs. 4.10(b)
and 4.10(d), which show raster plots of 500 randomly selected neurons in
populations E and I, respectively. Without stimulation (# < 500 ms), most
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Figure 4.10 The effect of HF stimulation of the inhibitory population, obtained
using the microscopic model Egs. (4.29). The number of neurons in the
excitatory and inhibitory populations is the same, N = 2000. All parameters
are the same as in Fig. 4.5, and HF stimulation with the amplitude a = 30 and
the frequency v = 130 Hz is also turned on at # = 500 ms, as in Fig. 4.5. (a)
and (c) Dynamics of the spiking rates of the populations E and I, respectively.
(b) and (d) Raster plots of 500 randomly selected neurons in populations E and
I, respectively. Here, the dots show the spike moments for each neuron, where
the vertical axis indicates neuron numbers.
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Figure 4.11 The effect of an inhibitory pulse applied to the excitatory population,
obtained from the microscopic model Egs. (4.29). The number of neurons in
the excitatory and inhibitory populations is N = 2000. All parameters are the
same as in Fig. 4.9 and the pulse shape is the same as in Fig. 4.9(e). (a) and
(c) Dynamics of the spiking rates of the populations E and I, respectively. (b)
and (d) Raster plots of 500 randomly selected neurons in populations E and I,
respectively.

neurons in excitatory and inhibitory populations exhibit coherent behavior
and produce macroscopic periodic oscillations. HF stimulation (z > 500 ms)
increases the number of active neurons in the inhibitory population, which
eliminates the coherent spiking in both populations, and the initially unstable
incoherent resting state is stabilized.

Figure 4.11 shows the effect of an inhibitory pulse applied to the excitatory
population, obtained from the microscopic model Egs. (4.29). The values of
the parameters are the same as in Fig. 4.9 and the pulse shape is the same
as in Fig. 4.9(e). Again we see that the mean-field Eqgs. (4.6) predict well

103



Spiking suppression in two interacting populations of QIF neurons

the macroscopic dynamics of a finite size network described by Egs. (4.29).
The dynamics of the spiking rates of excitatory rg(¢) and inhibitory r;(t)
populations shown in Figs. 4.11(a) and 4.11(c) are similar to those presented in
Figs. 4.9(a) and 4.9(c), respectively. Raster plots in Figs. 4.11(b) and 4.11(d)
show the microscopic network dynamics. Before the pulse (r < 500 ms), most
neurons in the excitatory and inhibitory populations behave coherently and
produce macroscopic periodic oscillations, which represent one of the two
stable modes of the network. A negative pulse with amplitude Al = —0.15,
lasting in the interval 500 ms < ¢ < 1000 ms, transfers the system to an
incoherent resting state, which is the only stable state for the given values of
the parameters. For # > 1000 ms, when the pulse is off, the network remains in
a stable incoherent resting state. Note the different point densities on raster
plots of populations E and I in incoherent state. This is due to the fact that
in population E, a greater proportion of neurons generates spikes than in

population .

4.5 Summary

We have analyzed the dynamics of a free and stimulated network of two
globally connected neural populations consisting of excitatory and inhibitory
quadratic integrate-and-fire neurons. Interaction within and between popula-
tions is provided by instantaneous pulses. Both populations are heterogeneous
and contain a mixture of at-rest but excitable neurons as well as spontaneously
spiking neurons. The heterogeneity is determined by the Lorentzian distri-
bution of the excitability parameter. A model built on these assumptions
has two important advantages. First, in the limit of an infinite number of
neurons, an exact system of low-dimensional mean-field equations can be
obtained. Second, the mean-field equations represent a universal macroscopic
model for a large class of neural networks, because they are derived from the
microscopic dynamics of QIF neurons, which are the normal form of class
I neurons. In contrast to phenomenological neural mass models [140], the
mean-field equations considered here accurately reproduce the dynamics of
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spiking neurons for any degree of synchronization and can be considered as
next generation neural mass models [141].

Relatively simple mean field equations make it possible to conduct a
thorough bifurcation analysis of various dynamic modes of a free network
and to reveal the mechanisms of action of various stimulation algorithms. We
performed a bifurcation analysis of a free network depending on the coupling
strengths Jg; and Jjg of the bidirectional interaction between excitatory and
inhibitory populations and the coupling strength J;;, which determines the
interaction within the inhibitory population. We also built a bifurcation
diagram in the plane of the parameters (777, 7)), which determine the centers
of the distributions of the excitability parameter for inhibitory and excitatory
populations. As a result of this analysis, three different modes were established.
Depending on the values of the parameters, the system can have a single stable
fixed point, a single stable limit cycle, or be in a bistable mode with these
two coexisting attractors. All three modes occupy rather large areas in the
parameter spaces, which means that they are robust to parameter changes in
wide intervals.

As the next step in our analysis, we looked at the problem of controlling
network synchronization. Pathological synchronized oscillations can be the
cause of various neurological diseases, and attempts are made to suppress them
using external stimulation. Some neurological diseases are successfully treated
with high-frequency stimulation. Here, we tested the effectiveness of the HF
algorithm for suppressing synchronous spiking in the network of excitatory and
inhibitory QIF neurons. We have shown that HF stimulation of the inhibitory
population is very effective, whereas HF stimulation of the excitatory population
cannot suppress the oscillations. The mechanism of action of HF stimulation is
explained using mean-field equations averaged over the stimulation period. The
averaged mean-field equations are equivalent to the free mean-field equations,
but with a modified parameter 77; or 77g, depending on which inhibitory or
excitatory population is stimulated. When HF stimulation is applied to the
inhibitory population, changing the 77; parameter increases the proportion of
spiking neurons in that population. This leads to the stabilization of the state of

rest of the network and the termination of oscillations. The averaged mean-field
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equations made it possible to obtain an analytical expression for the threshold
amplitude of HF stimulation, which stabilizes the resting state. This amplitude
is proportional to the frequency of stimulation.

HF stimulation of the excitatory population is ineffective, since changing
the 77 parameter increases the proportion of spiking neurons in the excitatory
population and cannot stabilize the resting state of the network. Nevertheless,
stopping the network oscillation by controlling the excitatory population can
still be achieved if the system parameters are in the bistable area. By applying
a rectangular inhibitory pulse to this population, the network state can be
switched from the stable limit cycle to the stable state of rest. Such a pulse
moves the system parameters to the area where the state of rest is the only
attractor, and then returns them back to the bistable area. As a result, the system
approaches the stable state of rest, being in the bistable region, and remains in
this state in the absence of stimulation.

To test the performance of the above stimulation algorithms for finite-size
networks, we numerically simulated the equations of the microscopic model.
Modeling networks with 2000 excitatory and 2000 inhibitory QIF neurons
gave results that are in good agreement with the results obtained from the
mean-field equations. Based on our research, we believe that mean-field
equations derived from the microscopic dynamics of interacting QIF neurons
can serve as an effective tool for developing various stimulation algorithms to

control synchronization processes in large-scale neural networks.
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Results and conclusions

1. The optimal charge-balanced waveform that ensures the entrainment of
a spiking neuron to a periodic external stimulation with the minimum
mean absolute value of the stimulating current is of the bang-off-bang
type: it consists of two rectangular pulses, one positive and the other
negative, generally of different amplitudes and widths, located at the
extrema of the phase response curve of the neuron. The validity of this
optimization theory is confirmed for the analytically solvable Stuart-
Landau oscillator, a randomly generated phase response curve and the

classical Hodgkin-Huxley neuron model.

2. Along with minimizing tissue damage, the minimum-charge control algo-
rithm has another practical advantage: for a small frequency mismatch,
in the linear part of the Arnold tongue, where the amplitude restriction
is not significant, the minimum-charge waveform depends only on the
distance between the absolute extrema of the PRC and the PRC amplitude.
This allows estimating the stimulation parameters empirically, without

recourse to the neuron model and the phase reduction theory.

3. Network equations can also be reduced to the same phase equation as for
a single neuron; in this case the phase response curve of the neuron is
replaced by an effective phase response curve of the network. As for a
single neuron, the optimal waveform of the network is of the bang-off-
bang type with periodically repeated positive and negative rectangular
pulses, generally of different amplitudes and widths, determined by the
distance between the absolute maximum and the absolute minimum of

the effective network PRC and its amplitude.
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4. The theoretical results are confirmed by three numerical examples:

two small-scale networks of synaptically and electrically coupled FHN
neurons, and a large-scale network of 10* synaptically coupled QIF
neurons. In the first example, the results show that stimulating only the
oscillating excitatory neurons of the network is more effective than other
stimulation protocols and achieves entrainment with a four times lower

mean absolute value of the stimulating current.

. A network of two globally connected neural populations of excitatory and
inhibitory quadratic integrate-and-fire neurons exhibits three possible
dynamic modes: a single stable fixed point, a single stable limit cycle, or
a bistable mode with these two coexisting attractors. All three modes
occupy rather large areas in the parameter spaces, which means that they

are robust to parameter changes in wide intervals.

. The averaged mean-field equations over the period of HF stimulation
are equivalent to the free mean-field equations but with a modified
excitability parameter. Applying high-frequency stimulation to the
inhibitory population increases the proportion of spiking neurons, which
stabilizes the unstable incoherent resting state of the network and the
termination of collective oscillations. In the HF domain the stimulation

threshold amplitude is proportional to the frequency of stimulation.

. High-frequency stimulation of the excitatory population is ineffective
in suppressing network oscillation, because it increases the proportion
of spiking neurons in the excitatory population. Nevertheless, stopping
the network oscillation by controlling the excitatory population can
still be achieved if the system parameters are in the bistable area. By
applying a rectangular inhibitory pulse to this population, the system
parameters move to the region where the state of rest is the only attractor
and then return to the bistable area. As a result, the system approaches
the stable incoherent state of rest and remains in this state in the absence

of stimulation.
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4.5 Summary

8. Based on the conducted research, it can be stated that mean-field equations
derived from the microscopic dynamics of interacting QIF neurons can
serve as an effective tool for developing various stimulation algorithms

to control synchronization processes in large-scale neural networks.
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Santrauka

Ivadas

Sinchronizacijos procesai didelése sgveikaujanciy dinaminiy sistemy popu-
liacijose yra intensyviy fizikiniy, technologiniy ir biologiniy sistemy tyrimy
démesio centre [1-6]. Neurony tinkluose sinchronizacija gali atlikti dvejopa
vaidmenj. Normaliomis salygomis sinchronizacija yra atsakinga uZ paZinima
ir mokymasi [7, 8], taciau pertekliné sinchronizacija gali sukelti neurologinius
sutrikimus, tokius kaip Parkinsono liga [9] ir kt. [10, 11]

Daugelyje pritaikymy yra svarbu optimizuoti netiesiniy osciliatoriy sin-
chronizacijg su iSoriniu signalu. TipiSkas pavyzdys yra giluminé smegeny
stimuliacija (GSS) [27, 33]. Neuromoksly srityje stimuliacijos optimizavimo
tyrimai daugiausia orientuoti } minimalios energijos arba minimalios galios
valdymo algoritmy kuirimg [34-43]. Energija arba galia yra naturalus efekty-
vumo matas siekiant minimizuoti jsikiSimg j biologing¢ sistemg ir sumaZzinti
implantuojamo impulsy generatoriaus energijos sanaudas, taciau netinkamai
suprojektuota elektrinés stimuliacijos sistema gali pazeisti nervinj audinj ir/ar
patj GSS elektroda [44].

Neurochirurgijoje taikomuose stimuliacijos protokoluose paprastai naudo-
jami periodiniai, subalansuoto kriivio dvifaziai signalai [45]. Kruvio balansas
yra butinas siekiant iSvengti ilgalaikiy nepageidaujamy poveikiy [46—49]. Ner-
vinio audinio pazeidimas taikant tokius stimuliacijos protokolus priklauso nuo
elektrodo ir elektrinio impulso savybiy [50-53]. Audiniy paZeidimo slenkst}
nulemia kriivio tankis bei stimuliacijos impulso fazei tenkantis kravis [50, 51].

Todél, siekiant minimizuoti nervinio audinio pazaida, kaip stimuliacijos sroves
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parametry optimizavimo rodiklj galima pasirinkti valdymo srovés modulio
vidurkj [49, 54].

Naujausi dinaminiy sistemy teorijos pasiekimai, tokie kaip didelio masto
osciliatoriy tinkly mikroskopiniy modeliy lygciy vidutinio lauko redukcija |
mazos dimensijos diferencialiniy lyg¢iy sistemas, tiksliai nusakanc¢ias makro-
skoping sistemos raidg begalinio dydZio riboje, leidZia ne tik geriau suprasti
sinchronizacijos atsiradimg tokiuose tinkluose, bet taip pat gali paaiSkinti

stimuliacijos poveikj sinchronizacijos procesams.

Tikslai

1. Pritaikyti fazinés redukcijos, vidurkinimo ir vidutinio lauko redukcijos
sistemoms termodinaminéje riboje metodus netiesiniy osciliatoriy tinkly

sinchronizacijos valdymo uzdaviniams;

2. I8vesti optimalios subalansuoto kriivio valdymo srovés iSraiSka, kuri
uztikrina impulsus generuojancio neurono sinchronizacija su periodine
iSorine stimuliacija minimizuojant §ios stimuliacijos sroveés modulio
vidurkj;

3. ISplésti ir pritaikyti neurono valdymo minimaliu kruviu algoritma
sgveikaujanciy dinaminiy elementy tinklams bei makroskopinéms lyg-
tims, i§vestoms impulsus generuojanciy neurony tinklams termodina-
minéje riboje;

4. I8tirti jvairiy stimuliacijos algoritmy poveikj didelio masto tinklui, su-
darytam i$ dviejy sgveikaujanciy eksitatoriniy ir inhibitoriniy quadratic
integrate-and-fire (QIF) neurony populiacijy.

Mokslinis naujumas

* Siekiant minimizuoti nervinio audinio paZaida, kaip optimaliojo valdy-
mo efektyvumo matas pasirinktas stimuliacijos srovés modulio vidurkis.
Suformuluotas valdymo minimaliu kruviu uZdavinys skiriasi nuo ank-

s¢iau nagrinéty valdymo uzdaviniy. Paprastai impulsus generuojancio
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neurono sinchronizacijos su valdymo srove uzdavinio tikslas yra mi-
nimizuoti vidutinés energijos funkcionalg. Neuronui tenkanti energija
yra proporcinga stimuliacijos sroves kvadratui, o ne jos moduliui. Dél
Sios prieZasties Siame darbe iSvesta valdymo minimaliu kraviu srové

reikSmingai skiriasi nuo minimalios galios valdymo srovés.

* Be audinio pazaidos sumazinimo, valdymo minimaliu kriiviu algoritmas
turi dar vieng praktinj prana§uma. Esant maZam dazniy skirtumui, mi-
nimalios galios valdymo srove yra proporcinga neurono fazinei atsako
funkcijai (FAF), todél jos sudarymui butina Zinoti visa FAF. PrieSin-
gai, minimalaus kruvio valdymo srové priklauso tik nuo atstumo tarp
FAF absoliuciy ekstremumy ir jos amplitudés. Tai leidZia empiriSkai
nustatyti optimalios srovés parametrus, nenaudojant neurono modelio ir
fazinés redukcijos teorijos. Be to, nagrinéjama optimizavimo uzdavinio
formuluote atsiZvelgia j asimetrinj valdymo srovés amplitudés ribojima.
Tai yra labai svarbu, nes in vivo taikomuose stimuliacijos protokoluose

paprastai naudojami asimetriniai valdymo signalai.

* Optimalios valdymo srovés sudarymo algoritmas gali buti pritaiky-
tas kolektyvinius periodinius virpesius generuojan¢iam saveikaujanciy
neurony tinklui. Siam tikslui reikalinga Zinoti tinklo FAF. Kaip ir vieno
neurono atveju, esant mazam dazniy skirtumui, uZtenka Zinoti atstumag

tarp tinklo FAF absoliuciy ekstremumy ir jos amplitude.

* ISsami dviejy eksitatoriniy ir inhibitoriniy QIF neurony populiacijy siste-
mos bifurkacijy analize atskleidé jvairiy stimuliacijos algoritmy veikimo
mechanizmus. Auksto daZnio (AD) stimuliacijos poveikis paaiSkinamas
naudojant vidutinio lauko lygtis, suvidurkintas per stimuliacijos perioda.
Si metodika gali pasitarnauti kaip veiksminga priemoné kuriant didelio

masto neurony tinkly sinchronizacijos valdymo algoritmus.

Ginamieji teiginiai
1. Optimali valdymo srove, uZtikrinanti impulsus generuojanc¢io neurono

sinchronizacijg su periodine subalansuoto kruivio iSorine stimuliacija yra
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sudaryta i§ teigiamo ir neigiamo impulsy, centruoty ties neurono FAF

ekstremumais.

2. Esant maZzam dazniy skirtumui, tiesinéje Arnoldo lieZuvio dalyje, kuo-
met sroves ribojimas yra nereikSmingas, minimalaus kruvio valdymo
srove priklauso tik nuo atstumo tarp FAF absoliuciy ekstremumy ir jos

amplitudés.

3. Pakeitus vieno neurono FAF efektyviaja tinklo FAF, tas pats valdymo
metodas gali buti pritaikytas sgveikaujan¢iy neuronui tinklui; opti-
mali neurony tinklo valdymo srové taip pat sudaryta i§ periodiskai
pasikartojanciy staciakampiy impulsy, kuriy amplitudeés ir plo¢iai bend-

ruoju atveju skiriasi.

4. Inhibitorinés dviejy sgveikaujanciy eksitatoriniy ir inhibitoriniy QIF
neurony pilnojo tinklo populiacijos AD stimuliacija pakeicia suzadinimo
parametro skirstinio centra, taip padidindama aktyviy neurony dalj toje
populiacijoje. Tokiu biidu stabilizuojama nekoherentiné rimties buisena

ir kolektyviniai tinklo virpesiai nutruksta.

5. Slenkstiné AD stimuliacijos amplitude, stabilizuojanti nestabilig ne-
koherenting rimties buisena, AD srityje yra proporcinga stimuliacijos

dazniui.

6. Tinklo virpesiy slopinimas veikiant eksitatoring populiacija yra galimas,
jel sistemos parametrai yra bistabiliame rezime. Paveikus eksitatoring
populiacijg stac¢iakampiu slopinan¢iuoju impulsu, tinklo busena per-
jungiama i§ stabilaus ribinio ciklo ] stabily rimties taska, atitinkantj
nekoherenting tinklo buisena.

Publikacijy sarasas
Moksliniai straipsniai
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neurony didelio masto tinklo, veikiamo iSorinés AD stimuliacijos, bifurkacijy

127



Santrauka

analize ir vidurkinima, bei patvirtino teorinius rezultatus atlikdamas skaitinj
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1 Pagrindai

1 Pagrindai

Siame skyriuje remiantis literatiiros 3altiniais trumpai ap#velgiamas diser-
tacijos mokslinis kontekstas bei naudojami matematiniai metodai.

Pirmajame skyrelyje apibudinama neurony sandara, jy kaip dirgliyjy lasteliy
savybés, plazminés membranos fiziologija, jos elektrinis aktyvumas bei veikimo
potencialo generavimas, pateikiamas Hodgkin-Huxley (HH) neurono modelis.

Antras skyrelis skirtas supaprastinam neurony modeliavimui, trumpai
iSdéstoma stabiliame ribiniame cikle svyruojanciy neurony fazinés redukcijos
teorija, kuomet neuronai traktuojami kaip osciliatoriai. Tokiu atveju, neurono
ar net viso neurony tinklo lygc€iy sistema redukuojama j vieng skaliaring
fazés lygt]. Taip pat pateikiami faziniy osciliatoriy sinchronizacijos reZimy
apibrézimai.

Treciajame skyrelyje aprasoma vidutinio lauko redukcijos teorija, leidZianti
tiksliai apibudinti makroskopine neurony tinklo buseng termodinaminéje riboje.
Sig biiseng charakterizuoja biofiziskai reiskingi kintamieji — tinklo vidutinis
membranos potencialas bei impulsy generavimo daZnis.

Ketvirtajame skyrelyje pateikiama biitinosios optimaliojo valdymo sglygos

— Pontriagino maksimumo principo — formuluoté.
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2 Optimali valdymo srové neurono sinchronizaci-
jai minimizuojant stimuliacijos kruvj

2.1 Uzdavinio formuluoté

Nagrin¢jamas bendrasis HH tipo neurono modelis su periodiniu Zadinimu

Cnv=F,w)+I(wt), (2.1a)
w=G(v,w). (2.1b)

Cia C,, yra membranos elektriné talpa, v yra membranos potencialas. Funkcija
F(v,w) apibudina pro membranos kanalus tekanciy jony sroves. I(wt) yra
iSorinis periodinis Zadinimas, tenkinantis salyga / (wt +27) = I(wt), kur w yra
stimuliacijos daznis, o T = 27 /w — periodas. (2.1b) lygtis apraso atstatomojo
kintamojo w, kuris bendruoju atveju yra vektorius w = (wy, ..., w,), dinamika.
Funkcija G(v, w) nusako jony kanaly dinamika.

Daroma prielaida, jog, nesant stimuliacijos [/(w?) = 0], neuronas gene-
ruoja impulsus (veikimo potencialus) periodu 7p. Esant pakankamai silpnai
stimuliacijos srovei /(wt), galima taikyti fazinés redukcijos metoda [73, 81,

95] ir redukuoti (2.1) lygtis j vieng skaliarine fazés lygt]
9 = wo + z(9) 1 (wt), (2.2)

kur 9 yra faze, wg = 27 /Ty yra laisvo neurono impulsy generavimo daZnis,
z(1) yra 2n-periodiné fazés atsako funkcija (FAF). FAF gaunama iS laisvo
neurono modelio; ji nusako neurono atsaka j bet kokj silpng iSorinj Zadinima.

Pagrindinis Sio skyriaus tikslas — iSvesti optimalig stimuliacijos srovés
I(wt) signalo forma, uZtikrinan¢ig neurono sinchronizacijg su §ios srovés

daZzniu minimizuojant srovés modulio vidurkj. Minimizuojamas funkcionalas

1 T
g == /O [(wt)|dt . (2.3)
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Reikalaujama, kad stimuliacijos srové nevirSyty i§ anksto nustatytos minimalios

I_ < 0 bei maksimalios I, > 0 vertés, t.y.,
I- < I(wt) < 1,. 2.4)

Taip pat jvedama kliniSkai butina krivio balanso sglyga fOT I(wt)dt = 0.
Kruvis g tenkina diferencialine lygt]

q = 1(wr), (2.5)
todél kruvio balanso salyga galima uZraSyti
q(0)=0, ¢q(T)=0. (2.6)

Sinchronizacija galima jei egzistuoja sistemos (2.2) sprendinys, tenkinantis
kraStines salygas
?#(0) =0, HT)=2n. (2.7)

Apibendrinant, norint rasti optimalig stimuliacijos srovés iSraiSka, reikia
minimizuoti (2.3) funkcionalg, kintamiesiems } ir g tenkinant (2.2) ir (2.5)
diferencialines lygtis su kraStinémis salygomis (2.6) ir (2.7). Taip pat reikia

atsizvelgti ] stimuliacijos amplitudés ribojima (2.4).

2.2 Optimizavimo uZdavinio sprendimas

AukSciau suformuluoto uzZdavinio sprendimui pasitelktas Pontriagino mak-
simumo principas [94, 96]. Parenkama Lagranzo funkcija £(I) = |1| ir api-
bréziama sistemos Hamiltono funkcija: H (g, 9, I, p, ) = p(1)d + u(t)g — L,
arba

H(D, 1, p,p) = [wo +z(N]p +ul = |1]. (2.8)

Oilerio lygtys, apibréZiancios (2.3) funkcionalo minimalig reikSme sutampa su
Hamiltono lygtimis:

O S G |

9=——, ¢g=—, =———, = 2.9
ap q o p a9’ M PP (2.9)

131



Santrauka

Mechanikoje p(z) and u(¢) yra judesio kiekio komponentés, o Oilerio forma-

lizme — Lagranzo daugikliai. Hamiltono funkcijg galima perraSyti

wop + [z(D)p +u - 1]1, jei 1 >0,
HO T po 1) = op + [z(H)p +u—1] j (2.10)
wop + [z(H)p +u+1]1, jei 1 <0.

Pritaikius Pontriagino maksimumo principa, kuris teigia, jog optimalioje
trajektorijoje Hamiltono funkcija yra pastovi ir jgyja maksimalig reikSme,
Hamiltono funkcijai (2.10), iSvestas algoritmas optimaliai stimuliacijos srovei
sukonstruoti.

Bendruoju atveju, turi biiti Zinoma konkretaus neurono modelio FAF z(#)
bei srovés amplitudés réziai I_ ir I,. Optimalios sroves iSraiSka (Zymima

I (1)) igyja atkarpomis pastovios funkcijos pavidalg:
I'(9) = L.H[z(9) - z2] + [zH[z1 — 2(9)], (2.11)

kur H(-) yra Hevisaido vienetiné funkcija. Optimali srové priklauso nuo dazniy
skirtumo Aw = w — wq Zenklo. Cia ir toliau virSutinis (apatinis) indeksas
atitinka Aw > 0 (Aw < 0). Parametrai z; ir z, tenkina nelygybe z; < z2. Jy

reikSmés nustatomos 1S lygciy

I M (z2) + I:M_(z1) = Aw, (2.12a)
I:N.(z2) + IzN_(z1) = 0, (2.12b)

kurios bendruoju atveju skiriasi kai Aw > 0 ir Aw < 0. Siose lygtyse figiiruoja

keturios pagalbinés funkcijos

M.(§) = (z(D)H[z(F) = £D)s, (2.13a)
M_(§) = (z(NH[E = z2(D)])s. (2.13b)
N, (&) = (H[z(?) = &£])ss (2.13¢)
N_(&) = (H[£ = z(9) s, (2.13d)
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kur kampiniai skliaustai su indeksu ¢ reikia funkcijos vidurkj kintamojo ¢

atzvilgiu:
2n

(O =5- [ r@a, @.14)

Funkcionalo (2.3) verté optimalioje trajektorijoje (2.11) yra

J" = J'] = |I:IN(22) + [IzIN-(z1). (2.15)

2.3 Analizinis pavyzdys: Stuart-Landau osciliatorius

Nagriné¢jamas Stuart-Landau osciliatorius, kuriam optimalig srove galima

rasti analiziniu budu:

x:—y+x(1—x2—y2)+l(wt), (2.16a)

y= X+y(1—x2—y2). (2.16b)

Nesant iSorinio Zadinimo, egzistuoja ribinis ciklas x, = cos(¢), y. = sin(z),

kurio daznis wg = 1. Sistemos FAF yra
z(9) = sin(9). (2.17)
Esant silpnam iSoriniam Zadinimui, (2.16) sistema redukuojama j fazés lygt;:

P =1+sin(P)I(wt). (2.18)

Siai FAF geometriné pagalbiniy funkcijy (2.13) prasmé pateikta 2.1 pav.
Istacius (2.17) lygtj j (2.13) sistema ir suintegravus, gaunama pagalbiniy

funkcijy (2.13) analiziné iSraiSka

M, _(&) = £4/1 - €2/m, (2.19a)
Ni_(¢) =1/2 F arcsin(¢) /, (2.19b)

Siy funkcijy grafikai pavaizduoti 2.2 pav.
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2.1 pav.  Pagalbiniy funkcijy (2.13) geometriné prasme. IStisine linija
pavaizduota FAF. UZstrichuotos sritys, pazymétos S (&) ir S_ (&), Zymi funkcijy
M (&) = S:(&)2rir M_(&) = S_(€)/2n vertes. Funkcijos N, (&) = Ad,/2n
ir N_(¢) = AY_/2n apibrézia fazinio kintamojo ¢ intervalus, kuriuose FAF
yra atitinkamai aukSciau ir Zemiau horizontalios tiesés z = £.

0.5 ¢
My
|
= 0
=
M_
—0.5 :
-1 —0.5 0 0.5 1
1
N_
|
ZJ; 0.5
=
N.
0 ‘ ‘ Ny
-1 —0.5 0 0.5 1

3

2.2 pav. Pagalbinés funkcijos M, (&) ir M_(&) (virSuje) bei N, (&) ir N_(¢)
(apacioje) Stuart-Landau osciliatoriui.
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2.3 pav. Geometrinis optimalios valdymo srovés sudarymas Stuart-Landau
osciliatoriui. Tiesé z = zp parinkta taip, kad uZStrichuotos sritys tenkinty lygt}
S+(z2) = 2nM,(z22) = m|Aw|/Iy. Optimalios srovés (2.20) iSraiSka gaunama
suprojektavus tiesiy z = zp ir z = z; = —z sankirtos su FAF taSkus ] ¢ a§j.
Pavaizduota optimali srové atitinka Aw > 0. Aw < 0 atveju, optimali sroveé
jgyja prieSingg Zenkla.

Kadangi FAF (2.17) yra nelyginé funkcija, natiiralu parinkti simetrinj
stimuliacijos amplitudés ribojima, I, = —I_ = [y. Tokiu atveju, optimali

srove (2.11) keicia Zenkla priklausomai nuo Aw Zenklo:
I'(9) = Ip{H[z(?) — z2] = H[z1 — 2()] } sgn(Aw). (2.20)

2.3 pav. pavaizduotas optimalios srovés sudarymo algoritmas. Parametrai

Z1,2 apskaiciuojami 1§ lygciy:

210 = FV1 = (mAw/21))2. (2.21)

Optimali funkcionalo (2.15) iSraiSka (2.4 pav.):

(2.22)
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minimalus kruvis —e—
. minimalus kriivis maziems |Aw|———-
%y minimali galia -~ &

0.08 r *+,+Simetriné atkarpomis pastovi ---+ " 4

0.1

0.06 o N
0.04 |

0.02

0 I I I I
-0.06 -0.04 -0.02 0 0.02 0.04 0.06

Aw

2.4 pav. Arnoldo liezuviai Stuart-Landau osciliatoriui. Stimuliacijos sroves
g modulio vidurkio [(2.3) lygtis] priklausomybé nuo dazniy skirtumo Aw,
pavaizduota trims srovés formoms. IStisine linija nubréZta kreive su taSkais
atitinka minimalaus kruvio srove (2.20). BrukSnine-taskine linija pavaizduota
aproksimacija (2.26). Taskin¢ linija su trikampiais vaizduoja minimalios galios
srove (2.25). Punktyriné linija su ,,+* simboliais atitinka simetrin¢ atkarpomis
pastovig srove (2.24). Linijos Zymi teorines kreives, simboliai — skaitiniy
eksperimenty rezultatus.

Osciliatoriaus sinchronizacija su optimalia srove (2.20) galima baigtiniame
dazniy intervale:
[Aw| < 2Io/n. (2.23)

2.3.1 Rezultaty palyginimas skirtingoms valdymo srovéms

Norint patikrinti iSvestos signalo formos (2.20) optimaluma, apskaiciuoti
Arnoldo lieZzuviai dar dviems valdymo srovés formoms (2.5 pav): simetrinei

atkarpomis pastoviai srovei
Ly (D) = Io{H[sin(¢#)] — H[-sin()]}, (2.24)

ir srovei, uztikrinanciai sinchronizacija minimalia galia [41]

—1o, jei Ie(9) < —Io,
I;(9) = Ip(9) =2|Aw|sin(®), jei [Iz(9)] < I, (2.25)
Iy, jei iE(ﬂ) > 1.
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ALt

5 lAw|
2w

~Z[Aw|
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2.5 pav. Simetrin¢ atkarpomis pastovi (virSuje) bei minimalios galios (apacioje)
srovés Stuart-Landau osciliatoriui. Arnoldo lieZuviai Siems signalams pateikti
2.4 pav.

J* priklausomybé nuo dazniy skirtumo Aw Sioms dviems srovés formoms
palyginta su kruviu optimaliuoju valdymu (su ir be amplitudés ribojimo)
2.4 pav. Skaitiniy eksperimenty rezultatai sutampa su teoriniais skaiciavimais

ir patvirtina optimizavimo uzdavinio sprendimo teisinguma.

2.3.2 Mazas dazniy skirtumas

Esant mazam daZniy skirtumui, |Aw| <« 21p/nm, kuomet valdymo sroves

amplitudés ribojimas yra nereikSmingas, (2.22) lygtis tampa
I~ |Awl, (2.26)

t.y. Arnoldo lieZuviai yra tiesés (brukSninés-taskinés linijos 2.4 pav.). IS
(2.22) lygties iSplaukia z1 » ~ F[1 - (1Aw/21y)?/2]. Kai |Aw| — 0, parametro
7o verte artéja prie FAF maksimumo, z; — max[z(#)]| = 1, o parametro z;
verté — prie FAF minimumo, z; — min[z(#)] = —1. IS to seka, kad optimali
valdymo srové yra sudaryta i§ dviejy siaury staciakampiy /o auksc¢io impulsy,

vieno teigiamo, kito neigiamo, centruoty ties FAF maksimumu ir minimumu.
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Impulsy plotis artéja prie nulio, kai |Aw| — 0. Galima daryti i§vada, kad

optimalus valdymas priklauso tik nuo FAF formos ties jos ekstremumais.

2.4 Optimalus valdymas mazoms |Aw| vertéms bendruoju

atveju

Nagrinéjamas apibendrintas optimizavimo uzdavinys esant maZzam dazniy
skirtumui |Aw| bet kokiai FAF z(1#) ir nesimetriniam valdymo srovés apribo-
jimui I- < I(wt) < ;. |Aw| vertés yra maZos lyginant su sinchronizacijos
intervalu, kuris priklauso nuo amplitudés réziy /_ ir I,.

Daroma prielaida, kad FAF z(#) yra tolydi 2x-periodiné funkcija, jgyjanti
absoliuty maksimumag z,,,x > 0O taSke ¥ = ¥, ir absoliuty minimuma
Zmin < 0 taske & = ¥,;,. Nesunku pastebeti, kad kai [Aw| — 0, (2.12) lygciy
sprendiniai tenkina iSraiSkas z; — Zpin It 22 — Zmax. Apruoksimuojant
FAF parabolémis jos ekstremumy 9,4 it ¢, aplinkose, gaunamos apytikres
pagalbiniy funkcijy M, () ir N, (&) vertés z,,4x aplinkoje bei funkcijy M_(¢)
ir N_(&) vertés z,,;, aplinkoje. ISsprendus (2.12) lygtis, gaunama optimalios

valdymo srovés iSraiSka:

I'(9) = I+H(A1;+) + I_H(ﬂi—ﬁ_ﬂz), (2.27)
kur pliusas (minusas) atitinka Aw > 0 (Aw < 0). II(x) yra stac¢iakampé
funkcija, jgyjanti reikSmes I1(x) = 1, kai |x| < 1/2, ir [1(x) = 0, kai |x| > 1/2.
Vadinasi, valdymo srové (2.27) sudaryta i§ teigiamo ir neigiamo impulsy,
centruoty atitinkamai ties 9,4y ir ¥,,i,. Teigiamo (neigiamo) impulso aukstis
yra I, (I-), o plotis — Ad, (AJ-). Impulsy ploc¢iai A, _ apskaiciuojami 1§

lygties
2nA
AD,_ = rAw

= . 2.28
I+,—(Zmax - Zmin) ( )

Optimaliai valdymo srovei sudaryti uZtenka Zinoti dvi FAF savybes: atstumg
tarp jos ekstremumy Ad; = 900 — Fin beil amplitude z,m4x — Zmin. Optimali
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funkcionalo J* verté yra

2|Aw|

Zmax — Zmin

J* = (2.29)

2.5 Skaitiniai pavyzdziai

(2.27) 18raiSkos pagrindu sudaroma eksperimentiné valdymo srové, sudaryta

1§ teigiamo ir neigiamo impulsy

o)t
l Ry )

) (2.30)

atskirty atstumu d. Parametras s nusako impulsy asimetrija: teigiamo impulso
plotis yra [ /s, amplitudé a, o centras — taske ¥} = 0, neigiamo impulso plotis /,
amplitudé a/s, centras ¥ = —d. Varijuojant parametrus [ ir d, apskaiciuojama
slenkstiné amplitudés verté a = a,j, kurig pasiekus jvyksta sinchronizacija su
valdymo srove. Funkcionalo (2.3) verté ties sinchronizacijos slenksciu yra

Tin = agpl/sm. (2.31)
Skaitinio eksperimento rezultatai atsitiktinai sugeneruotai FAF

2(9) = 0.745705 cos () — 0.666276 sin(19)
— 0.134064 cos(28) — 0.940493 sin(29) (2.32)
—0.222622 cos(38) + 0.768401 sin(319)

naudotai [97] Saltinyje, pateikti 2.6 ir 2.7 pav. Teorinés optimalios vertés
d = =AY, ir d = A9, atitinka J;;, minimuma ir sutampa su teorine verte J*,
gauta 1§ (2.29) lygties.

Arnoldo liezuviai, apskaiciuoti klasikiniam HH neurono modeliui (2.8
pav.), naudojant tris skirtingas valdymo sroves, pateikti 2.9 pav. Skaitiniu
budu apskaiciuotos vertés sutampa su teorinémis, o tikslo funkcionalo vertés

optimaliai srovei (2.27) yra maZiausios.
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2.6 pav. Arnoldo lieZuviai osciliatoriui, apibréZtam (2.32) FAF. Valdymo
srovés modulio vidurkio J, [(2.31) lygtis] priklausomybé nuo daZniy skirtumo
Aw eksperimentinei srovei (2.30). Parametry vertés s = 2 ir I, = 1 fiksuotos.
Kreivés atitinka skirtingas atstumo tarp teigiamo ir neigiamo impulso d vertes:
d = -2 (juodos taskinés linijos su Zvaizdutémis), d = —A¥, ~ —1.3660 (juodos
iStisinés linijos), d = —0.7 (mélynos taskinés linijos su deSinén nukreiptais
trikampiais), d=0.7 (juodos taskinés linijos su kairén nukreiptais trikampiais),
d = A¥Y, (raudonos punktyrinés linijos) and d = 2 (magenta spalvos tasSkinés
linijos su skrituliais). Parametry vertés d = —Ad; ir d = Ad; atitinka teorinius
optimalius atstumus kai Aw > 0 ir Aw < 0. Raudoni apskritimai Zymi teorines
optimalias funkcionalo 7 vertes, gautas i§ (2.29) lygties. Jdétiniame paveiksle
pavaizduota (2.32) FAF.
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2.7 pav. Jin/|Aw| priklausomybé nuo d osciliatoriui, apibréZtam (2.32) FAF.
Cia d yra atstumas tarp eksperimentinés srovés (2.30) teigiamo ir neigiamo
impulso. VirSutinis (apatinis) grafikas atitinka Aw > 0 (Aw < 0). Impulsy
asimetrijos parametro verté s = 2 fiksuota. Kreives atitinka skirtingas impulso
plocio [ vertes: [ = 0.1 (raudonos taskinés linijos), / = 0.2 (magenta spalvos
bruk$ninés-taskinés linijos), I = 0.4 (mélynos punktyrinés linijos) ir [/ =
0.8 (juodos istisinés linijos). Vertikalios punktyrinés tiesés Zymi teorinius
optimalius atstumus tarp impulsy: d = —-Ad, = —1.3660, kai Aw > 0,
ir d = AJ,, kai Aw < 0. Raudoni apskritimai Zymi teorines optimalias
funkcionalo [ vertes, gautas is (2.29) lygties.
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2.8 pav. (VirSuje) Hodgkin-Huxley neurono veikimo potencialas nesant
stimuliacijos [/(wt) = 0]. (Apacioje) FAF (punktyriné linija) ir optimali
valdymo srové [(2.27) lygtis] (i§tisiné linija), parametrai I, = —I_ = 1 uA/cm?®
ir Aw = 0.01 rad/ms.
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2.9 pav. Arnoldo lieZzuviai Hodgkin-Huxley neurono modeliui. Vaizduojama
valdymo srovés modulio vidurkio J [(2.3) lygtis] priklausomybé nuo dazniy
skirtumo Aw trims valdymo srovéms. Tiesémis pavaizduoti analizi$kai gauti
rezultatai, simboliai Zymi skaitiniy sprendiniy vertes. IStisinés linijos ir taSkai
atitinka optimalig valdymo srove, apibrézta (2.27) ir (2.28) lygtimis. TaSkinés
linijos ir trikampiai atitinka asimetrine atkarpomis pastovig srove. Punktyrinés
linijos su pliuso simboliais Zymi simetrin¢ atkarpomis pastovig srove.
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3 Saveikaujanciy neurony tinklo sinchronizacija

minimizuojant stimuliacijos kruvj

Siame skyriuje auk$¢iau aprasyta optimaliojo valdymo metodika pritaikoma
sinchronizuotam saveikaujanc¢iy neurony tinklui. Tam tikslui naudojama
heterogeniniy dinaminiy elementy tinkly fazinés redukcijos teorija [82]. Taip
pat nagrinéjamas didelio masto pilnai susieto heterogeniniy quadratic integrate-
and-fire (QIF) neurony tinklo valdymas. Begalinio neurony skaiciaus riboje
toks tinklas gali buti redukuotas | mazos dimensijos makroskopin; tinklo
model; [85, 86]. Makroskopinés lygtys leidZia nesunkiai apskaiciuoti tinklo
FAF bei sudaryti optimalig valdymo srove.

3.1 Uzdavinio formuluoté

Nagrinéjamas i§ N susiety HH tipo heterogeniniy neurony sudarytas tinklas,

veikiamas periodinio iSorinio Zadinimo

N

Vi = Fi(vi, W;) + ZHij(Vi’Vj) +1i(w1), (3.12)
j=1

w; = G;(vi,w;), (i=1,...,N). (3.1b)

Cia skaliaras v; ir vektorius w; € R” atitinkamai yra i-tojo neurono membranos
potencialas ir atstatomasis kintamasis. Funkcija F;(v;, w;) apraso pro i-tojo
neurono jony kanalus tekancias sroves; funkcija H;;(v;, v;) apibréZia i-tojo ne-
urono poveikj j-ajam neuronui. /;(wt) yra i-tajj neurong veikianti 2r-periodiné
stimuliacijos srové, kurios daznis yra w, o periodas yraT = 27 /w. (3.1b) lygtis
apibrézia atstatamojo kintamojo w; dinamika, kur funkcija G;(v;, w;) apraso
jony kanaly dinamika. Vektoriaus w; bei funkcijy F; ir G; dimensija n priklauso
nuo konkretaus neurono modelio.

Daroma prielaida, kad, nesant stimuliacijos [/;(wt) = 0], visas tinklas
osciliuoja bendrame ribiniame cikle periodu Ty bei dazniu wy = 27 /Ty. Tikslas
— rasti optimalig valdymo formg /;(wt), uZtikrinancig tinklo sinchronizacija

su valdymo srovés daZniu w minimizuojant stimuliacijos periodu neuronams
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tenkantj kruvj. Turi buti tenkinamos visos ankstesniame skyriuje aprasytos
salygos: kruvio balanso salyga, valdymo sroves amplitudés réZiai bei uzdavinio
kraStinés salygos.

Esant pakankamai silpnai valdymo srovei /; (wt), pritaikius fazinés redukci-
jos metoda [73, 83, 95], (n+ 1)N dimensijos (3.1) lyg¢iy sistema redukuojama
] vieng skaliaring lygt]

N
9 = wo + Z 2 (D (wh), (3.2)
i=1

kurioje 9(¢) yra kolektyviné tinklo fazé. Cia z;(®}) yra 2x-periodiné i-tojo
neurono FAF.

3.2 Optimali valdymo srové saveikaujanciy neurony tinklo
sinchronizacijai
Nagrinéjamas atvejis, kai ta pacia valdymo srove /(wt) stimuliuojamas

neurony tinklo poaibis i € {ix} = {i1,i2,..., iy}, kur M < N, ty.

I(wt), kaiie{ij,iz,...,ipm},
I (o) = (wt) {ir iz M} (33)
0, kitu atveju.

Tuomet fazes lygtis (3.2) tampa

9 = wo + z2(9)1(wt), (3.4)
kur
M
JOEDIENCE (33)
k=1

Neurony tinklo fazés lygtis (3.4) sutampa su vieno neurono fazés lygtimi,
skiriasi tik FAF z(#), kuri $iuo atveju yra stimuliuojamy neurony FAF suma.

Todeél galima tiesiogiai taikyti ankstesniame skyriuje gautus rezultatus.
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3.3 Skaitiniai pavyzdziai

Norint patikrinti valdymo srovés (2.27) optimaluma, naudojama eksperi-
mentiné valdymo srové (2.30).

Slenkstiné sinchronizacijos amplitudé a,;, apskai¢iuojama dviem metodais:
(1) skaitiniu budu tiesiogiai integruojant netiesing sistema (3.1) ir (ii) naudo-
jant apytikre faze (3.4). Pirmuoju metodu fiksuojamos parametry s, [ ir d
vertés, tuomet varijuojant eksperimentinés srovés (2.30) amplitud¢ a, randama
minimali a verté a;,, uztikrinanti (3.1) lygCiy sinchronizacija su valdymo
srove. Antruoju metodu jvedamas faziy skirtumas ¢ = — wt ir 1§ (3.4) lygties

gaunama $io kintamojo atZvilgiu suvidurkinta lygtis:

¢ =-Aw+ L /ﬂz(ﬁ + @) () dd. (3.6)
2 J_x

ApibréZziama pagalbiné funkcija

T

1
oelsl.d) =3 [ 2040100, (3.7)
2rna J_,
leidZianti apskaiciuoti slenksting amplitudés verte:

1/max[®(¢l|s,l,d)], kai Aw >0,
¢ (3.8)

a;n = Aw
1/min[®(p|s,[,d)], kai Aw <O0.
¢

ISnagrinéta santykio J;/|Aw| priklausomybé nuo atstumo tarp valdymo
sroves impulsy d esant fiksuotoms parametry s bei / vertéms. Patikrinta,
ar Jin/|Aw| igyja absoliuty minimumga taske d = A9, (d = —Ad;,), kai
Aw > 0 (Aw < 0), ir ar $iy minimy reik§més sutampa su teorinémis vertémis
J"/|Aw|, gautomis i§ (2.29) lygties. Optimalios vertés priklauso tik nuo
FAF amplitudés J*/|Aw| = 2/(Zmax — Zmin) ir nepriklauso nuo kity valdymo
algoritmo parametry, tokiy kaip valdymo srovés amplitudés réZiai /_ ir I,.
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3.1 pav. Penkiy sinapsémis susiety FHN neurony tinklas. Skaiciais 1, 2 ir 3
paZenklinti raudoni apskritimai Zymi eksitatorinius neuronus, mélyni skaiciais
4 ir 5 pazyméti apskritimai — inhibitorinius. Raudonos rodyklés bei mélynos
tiesés su apskritimais Zymi atitinkamai eksitatorines bei inhibitorines sinapses.
Eksitatoriniai neuronai yra savaime osciliuojantys (y; = 0.8, i = 1,2,3),
inhibitoriniai yra suzadinamieji (y; = 0.2,i =4, 5).

3.3.1 Sinapsémis susiety FHN neurony tinklas

Patikriname optimaliojo valdymo teorijos teisinguma sinapsémis susiety
FitzHugh-Nagumo (FHN) neurony tinklui:

Fi(vi,w)) =vi = v} /3 —w;i+vi, (3.9a)
Gi(vi,w;) = 6(a +v; — Bw;), (3.9b)
H,'J‘(V,',Vj) :Kiij(Vj). (390)

N = 5 FHN neurony tinklo schema pavaizduota 3.1 pav. Parametry vertés
a=0.7,8=0.8ir 6 = 0.08 vienodos visiems neuronams, taciau skiriasi
v; vertés. Pirmi trys neuronai, i = 1,2,3, yra savaime osciliuojantys, jy
parametras y; = 0.8. Kiti du neuronai, i = 4, 5, spontaniSkai neaktyvus, taciau
gali buti suZadinti jeinanciy signaly; jy parametro verté y; = 0.2.

Daroma prielaida, jog sinapsés yra greitos, ir j-tojo presinapsinio neurono i-
tajam postsinapsiniam neuronui indukuota srové gali buti apraSyta (3.9¢) lygtimi,

kur K;; yra j-tojo neurono poveikio i-tajam neuronui stipris. S;(v;) yra
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3.2 pav. Sinapsémis susiety FHN neurony membranos potencialy v ; (parySkin-
tos mélynos kreives) ir sinapsiniy kintamyjy S; (plonos raudonos kreivés)
dinamika nesant iSorinés stimuliacijos.

sinapsiné srove, generuojama j-tojo presinapsinio neurono:

S;(v)) = p; [1+exp (—Vf ;_V”‘)]_l, (3.10)

Cia vy, = 1.5 ir o = 0.5 yra sinapsés parametrai, 0 p; nustato sinapsinio
impulso Zenklg: p; = +1 eksitatorinéms ir p; = —1 inhibitorinéms sinapséms.
Saveikos matricos elementai K;; yra atsitiktiniai tolygiai intervale [0,0.5]
pasiskirste nepriklausomi dydziai. Tinklo neurony membranos ir sinapsiniy
potencialy, v;(¢) ir S;(v;(¢)), dinamika pavaizduota 3.2 pav. 3.3 pav. pateiktos
neurony FAF z;(#).

3.1 pav. pavaizduoto neurony tinklo architektura atitinka pogumburio
branduolio (lot. nucleus subthalamicus (STN)) bei blySkiojo kamuolio (lot.
globus pallidus) iSorinio segmento (GPe) neuroninio tinklo strukturg. STN

sudaro eksitatoriniai osciliuojantys neuronai, GPe — suzadinamieji inhibtoriniai
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3.3 pav. Sinapsémis susiety FHN neurony tinklo fazés atsako funkcijos.

neuronai. Siy branduoliy neuroninis tinklas veikia kaip ritmo vedlys ir yra
placiai taikomas Parkinsono ligos modeliavimui [133].

Nagriné¢jami du stimuliavimo protokolai: (i) stimuliuojami tik eksitatoriniai
neuronai, kuriy indeksai j = 1,2, 3. Siuo atveju, FAF z = z; + 20 + z3; (i1)
stimuliuojami tik inhibitoriniai neuronai, kuriy indeksai j = 4,5. Tuomet
FAF yra z = z4 + z5. Sios FAF bei santykio J;,/|Aw| priklausomybé nuo
atstumo d tarp valdymo sroves (2.30) impulsy (1) ir (i1) stimuliavimo protokolui
pavaizduota atitinkamai 3.4 ir 3.5 pav.

Abiem atvejais, suvidurkintos fazés lygties (3.6) sprendiniai ir tiesioginio
(3.1) netiesines sistemos modeliavimo rezultatai patvirtina 3.2 skyrelyje pa-
teiktos teorijos teisingumg. Tikslo funkcionalo minimalios vertés sutampa su
teoriSkai prognozuotomis vertémis (2.29).

Pirmasis stimuliavimo protokolas yra efektyvesnis. Taip yra todél, kad
eksitatoriniai neuronai yra jautresni iSoriniam Zadinimui — jy FAF amplitudé

keturis kartus didesné.
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3.4 pav. Sinapsémis susiety FHN neurony tinklo valdymo minimaliu kriiviu
teorijos patikrinimas stimuliuojant tik eksitatorinius neuronus, kuriy indeksai
J =1,2,3. (a) FAF z = 71 + 72 + 23, fazinis atstumas tarp jos maksimumo ir
minimumo A#, = —2.9084, amplitudé z,,4x — Zmin = 4.0634. (b) Slenkstinés
(2.3) funkcionalo vertés J;,, normalizuotos pagal dazniy skirtumg |Awl|,
priklausomybé nuo atstumo d tarp valdymo sroveés (2.30), esant fiksuotiems
parametrams [ = 0.2 ir s = 2. Paryskinta mélyna bei plona raudona kreivé
atitinka rezultatus, gautus i§ vidurkintos fazes lygties (3.6) esant Aw > 0
bei Aw < 0. Meélyni kvadratai bei raudonos Zvaigzdutés atitinka rezultatus,
gautus integruojant (3.1) netiesines lygtis. Vertikalios punktyrinés tiesés Zymi
teorinius optimalius atstumus d = +Ad},. Apskritimai Zymi teorines optimalias
vertes (2.29).
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3.5 pav. Grafikai analogiSki pateiktiems 3.4 pav., taciau stimuliuojami
inhibitoriniai neuronai, kuriy indeksai j = 4,5. FAF Siuo atveju yra z =
74 + 75, fazinis atstumas tarp jos ekstremumy yra Ad, = 1.6935, amplitude
Zmax — Zmin = 0.9949. Kity parametry vertés tokios pat kaip 3.4 pav.

3.3.2 Elektriniu rysiu susiety FHN neurony tinklas

Nagrinésime N = 10 elektriniu rySiu susiety FHN neurony tinkla [82].
Fiziologinis tokio tinklo atitikmuo — plySinémis jungtimis (angl. gap junctions)
susiety nerviniy lgsteliy tinklas. Kaip ir anksciau, funkcijos F;(v;, w;) ir
G;(v;,w;) apibréZiamos (3.9a) ir (3.9b) iSraiSkomis, o funkcija H;;(v;,v;)
tampa

Hij(vi,vj) = K;ij(vj = v;). (3.11)

Parametrai @ = 0.7, § = 0.8 ir 6 = 0.08 yra tokie patys visiems neuronams;
inhibitoriniy neurony su indeksais i = 1, ..., 7 parametras y; = 0.2, tuo tarpu
eksitatoriniy neurony su indeksais i = 8,9, 10 parametras y; = 0.8. 10 X 10
dydzio saveikos matricos elementai K;; sugeneruoti atsitiktiniu budu.

3.6 pav. pateikti eksitatoriniy neurony su indeksais i = 8,9, 10 stimulia-
vimo rezultatai. FAF forma ir 7, /|Aw| priklausomybé nuo d [3.6(b) pav.]
yra sudétingesne, taCiau, kaip ir ankstesniuose pavyzdZiuose, absoliutus mi-
nimumas yra taske d = ., kai Aw < 0, ir taske d = -9, kai Aw < 0. Cia
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¥, =~ —0.5154 yra atstumas tarp FAF ekstremumy. Absoliutusis J,/|Aw]|
minimumas sutampa su (2.29). Galima daryti iSvada, kad iSvesta optimaliojo

valdymo teorija galioja ir sudétingy tinkly modeliams.
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& |
I
I I
0.5 : :
- 0 ™
(b) d

3.6 pav. Elektriniu rySiu susiety FHN neurony tinklo valdymo minimaliu
kruviu teorijos patikrinimas stimuliuojant tik eksitatorinius neuronus, kuriy
indeksai j = 8,9,10. (a) Tinklo FAF z = zg + z9 + 710, fazinis atstumas
tarp jos ekstremumy A9, = —0.5154, amplitudé z,,,x — Zmin = 3.8814. (b)
Jin/|Aw| priklausomybé nuo d esant fiksuotiems parametrams [ = 0.2 ir s = 2.
Zyméjimas toks pat kaip 3.4 pav.

3.3.3 Didelio masto sinapsémis susiety kvadratiniy integrate-and-fire
neurony tinklas

Nagrin¢jamas heterogeninis pilnasis tinklas, sudarytas i$ didelio kiekio
sinapsémis susiety QIF neurony. Mikroskopiné tinklo busena priklauso nuo

neurony membranos potencialy v;, kuriy dinamikg apraso lygtys [80]:
vi=vi+m+St) +(wt), (i=1,...,N). (3.12)

Cia konstantos 7; nustato individualiy neurony elgsena, S(¢) yra sinapsiné
srove, o I(wt) yra iSorinis periodinis Zadinimas. Daroma prielaida, kad visi

tinklo neuronai yra vienodai veikiami iSorinés stimuliacijos. Kai membranos
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potencialas v; pasiekia didZiausia verte v peqx, jtampa atstatoma j Verte v,ege;.
Nustatomos Vertés vpeqx = —Vyeser — ©0. Jei sinapsiy dinamika yra greita, jos

gali buti modeliuojamos funkcija [86]:
Vin o
t
S(t):JW j:ElH(vj(t)—v,h). (3.13)

Cia J yra saveikos stipris, H(-) yra Hevisaido vienetiné funkcija, v;;, — slenksti-
nis potencialas. Parametro J Zenklas eksitatorinéms (inhibitorinéms) sinapséms
yra teigiamas (neigiamas). Baigtinis sinapsinio impulso plotis yra esminis
veiksnys savaiminiy makroskopiniy tinklo svyravimy atsiradimui [86].

Kai n; < 0, neuronas yra suZzadinimajame reZime, kai n; > 0, jis perio-
diSkai generuoja impulsus. Jei parametro 7; reikSmés yra pasikirsciusios
pagal Lorenco skirstinj, termodinaminéje riboje, kai N — oo, galima iSvesti
paprastyjy diferencialiniy lygciy sistema dviems biofiziSkai reikSmingiems mak-
roskopiniams dydZiams — vidutiniam membranos potencialui v(¢) ir impulsy

generavimo dazniui r(t) [86]:

v =7+ =122+ S(v,r) + I(w1), (3.14a)
F=A/m+2rv. (3.14b)

Cia sinapsinés srovés S = S(v, r) iSraiska yra:

S(v,r):Jth [E—arctan(vth_v)] . (3.15)
12 nr
Dideléms N vertéms, makroskopinis modelis (3.14) gerai atitinka mikrosko-
pinio modelio (3.12) sprendinius, todél mikroskopinio modelio FAF galima
apskaicCiuoti is (3.14) sistemos.

Nagrinéjamas tinklas, sudarytas i§ N = 10* QIF neurony, kuriy parametry
vertés v;, = 50, J =30, A = 11ir77 = 0. Parinkus 7 = 0, pusé neurony yra
osciliuojantys, kita pusé — suZzadinamieji. Su tokiomis parametry vertémis
(3.14) makroskopinis modelis svyruoja ribiniame cikle periodu 7p ~ 1.130132.

Siekiant palyginti i§ mikroskopinio modelio gautus rezultatus su redukuo-

tos sistemos (3.14) sprendiniais, apskai¢iuojamas Kuramoto tvarkos paramet-
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20 A

o —

()20

laikas

3.7 pav. Heterogeninio 10* sinapsémis susiety QIF neurony tinklo dinamika
nesant stimuliacijos. Parametry vertés v, = 50,J = 30,A = 1,7 = 0. (a) Vidu-
tinio membranos potencialo v(t) ir (b) impulsy generavimo daznio r(#) kitimas
laike. Plonos punktyrinés mélynos kreivés Zymi redukuotos sistemos (3.14)
sprendinius, paryskintos Zalios istisinés kreivés Zymi mikroskopinio N = 10*
neurony tinkly skaitinio modeliavimo rezultatus. (c) Rastrinis brézinys. Taskai
Zymi kiekvieno neurono impulsy laikus, vertikalioje aSyje atidéti individualas
neuronai.
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ras [83]

1S
Z= NZeXp(ZQj), (3.16)

J=1

kurj su makroskopiniais parametrais v ir r sieja sarysis [85]:

1-z* 1 1-2z*
v=Im( ), r:—Re( ), (3.17)

1+ 27 b4 1+ 27

¢ia Z* Zymimas kompleksinis jungtinis skaicius. Kintamyjy v(t) ir r(t)
dinamika, apskaiciuota i§ mikroskopinio modelio, gerai atitinka makroskopinio
modelio (3.14) sprendinius (3.7 pav.).

Nepaisant sudétingos mikroskopinés tinklo dinamikos, jo makroskopinj
elgesj gerai apibudina redukuota lygc€iy sistema (3.14). Tinklo FAF, gauta i§
redukuotos lygciy sistemos, ir J;,/|Aw| priklausomybé nuo d pateikta 3.8 pav.
Jin/|Aw| igyja minimalig reikSme taske d = 9, kai Aw > 0, ir taske d = -,
kai Aw < 0; ¢ia 9, ~ 2.5832 yra atstumas tarp FAF ekstremumy. Minimali
Jin/|Aw| verté atitinka teoriSkai apskaiciuotg optimalig verte (2.29).

Galima daryti iSvada, kad iSvesta optimaliojo valdymo teorija galioja ne tik
maziems neurony tinklams, bet ir didelio masto saveikaujanciy QIF neurony
tinklui, kurio kolektyviné dinamika pasiZymi periodiniais makroskopiniais

virpesiais.
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3.8 pav. 10* sinapsémis susiety QIF neurony tinklo valdymo minimaliu kriiviu
teorijos patikrinimas. (a) Tinklo FAF stimuliuojant visus tinklo neuronus.
FAF apskaic¢uojama i§ redukuotos lygCiy sistemos. Fazinis atstumas tarp FAF
ekstremumy Ad, = 2.5832, amplitudé z,,4x — Zmin = 1.7696. (b) Jin/|Aw|
priklausomybé nuo d esant fiksuotiems parametrams [ = 0.2 ir s = 2. ParySkin-
tos mélynos ir plonos raudonos kreivés gautos tuo pat budu kaip ir 3.4 pav.
Simboliai Zymi 10* mikroskopiniy lygéiy, veikiamy (2.30) srovés, skaitinio
modeliavimo rezultatus.
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4 Sinchronizacijos slopinimas dviejose sgveikau-
janciose eksitatoriniy ir inhibitoriniy neurony

populiacijose

Siame skyriuje parodoma, kad vidutinio lauko lygtys yra naudingos norint
suprasti ne tik kolektyviniy virpesiy atsiradimg didelio masto neurony tink-
luose, bet ir stimuliacijos poveikj sinchronizacijos procesams. Kaip pavyzdys
nagrinéjamas dviejy saveikaujanciy eksitatoriniy (E) bei inhibitoriniy (I) quad-
ratic integrate-and-fire (QIF) neurony populiacijy tinklas. Parodoma, kad I
populiacijos auksto daznio (AD) stimuliacija yra labai veiksminga slopinant
kolektyvinj sinchronizuotg nerviniy impulsy generavima abiejose populiacijo-
se. Slopinimo mechanizmas paaiSkinamas nestabilios nekoherentinés tinklo
busenos stabilizavimu. Taip pat paaiSkinamas virpesiy slopinimo efektas, kurj

sukelia slopinamasis impulsas, veikiantis E populiacija.

4.1 Neurony tinklo modelis

4.1.1 Mikroskopinis modelis

Nagrinéjamas heterogeninis dviejy sgveikaujanciy eksitatoriniy ir
inhibitoriniy populiacijy QIF neurony tinklas. Mikroskopiné tinklo busena
priklauso nuo 2N neurony membranos potencialy {V;E’I)} j=1,...,N» tenkinanciy

2N paprastyjy diferencialiniy lygciy sistema [80]:

TV;E,I) — (V;E’I))Z +77§'E,I) +]-]‘(E,]),

jei VIPP 2 v, i VPP v, 4.1)

Cia 7 yra membranos laiko konstanta. Paprastumo délei, abiejy populiacijy

neurony skaicius N ir laiko konstanta 7 sutampa. Heterogeninis suzadinimo
(E.D)
J

sinapsin¢ saveikg tarp neurony ir iSorinj Zadinima. Izoliuoti (Ij(E’I) = 0)
(E.D)
J
neuronai, kuriy parametro verté teigiama, n

o . (EJD)
parametras 7 nusako izoliuoto neurono elgesj, o narys IJ apibrézia

< 0, yra ramybés busenoje, o

(E.I)
J

neuronai, kuriy parametro verté neigiama, n

> 0, generuoja periodinius
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Jer

Ig(t) JIie Ir(t)

4.1 pav. Tinklo, susidedancio i§ dviejy neurony populiacijy, schema. Ap-
skritimai, pazymeti ,,E* ir ,,I“ Zymi eksitatoriniy bei inhibitoriniy neurony
populiacijas. Rodyklé Zymi E populiacijos Zadinamajj poveik} populiacijai I.
JE1 yra saveikos stipris. Kreivés su skrituliais Zymi slopinantj I poveikj E, taip
pat slopinant] grjZztamajj rySj I populiacijos viduje. J;g ir Jy; yra Siy sgveiky
stipris. Vertikalios rodyklés, paZymétos I (t) ir I;(t), Zymi iSorinj Zadinima,
veikiantj E ir I populiacijas.

veikimo potencialus, kuriuos galima aproksimuoti Dirako delta funkcija.

)

Impulsas generuojamas membranos potencialui V;E’I virsijus verte V,,. ISkart

po to membranos potencialo verté atstatoma j V,.. Nustacius V, = =V, — oo,
QIF neurong galima transformuoti j teta neurona (angl. theta neuron). Si

prielaida taip pat esminé analizuojant (4.1) sistema begalinio tinklo dydZio
riboje N — oo [85]. Abiejy populiacijy neurony parametrai nﬁ.E’[) gaunami 18

Lorenco skirstinio:
1 AEg1

ge1(n) = — - ,
T (77 - nE,1)2 + A%;’[

4.2)

kur Ag  ir ijg 7 atitinkamai yra E ir I populiacijos skirstinio plotis ir centras.
Paskutinis (4.1) lygties narys I].(E’I) nusako sinapsing saveika bei iSoring

stimuliacija:

I8 = —JipSi(0) + e (1), (4.3a)
fj(]) = Jg1Sg(1) = JuSi(1) + 11(1). (4.3b)
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Cia Sg(¢) ir S;(¢) apibrézia E ir I populiacijy vidutine sinapsine aktyvacija:

N
Sea =520 D 8= (e, (4.4)

J=L NG <t

kur (tj? )E.1 yra j-tojo neurono k-tojo impulso laikas, o () yra Dirako del-
ta funkcija. Parametrai Jg;, J;g ir Jy; apibréZia sinapsinés sgveikos stiprj
(zr. 4.1 pav.). Srovés Ig(¢) ir I;(t) apraSo homogening iSorin¢ atitinkamai
E ir I populiacijos stimuliacijg. Nagriné¢jami stimuliacijos protokolai, kai
stimuliuojama atskirai I (Ig(¢) = 0, I;(t) # 0) arba E (Ig(¢) # 0, I;(t) = 0)
populiacija.

Tinklo architektura, pavaizduota 4.1 pav., imituoja pogumburio branduolio
(STN — E populiacija) ir blySkiojo kamuolio iSorinio segmento (GPe — I
populiacija) neurony tinkla, daZnai naudojama modeliuojant Parkinsono liga
(Zr. pvz. [133]).

4.1.2 Makroskopinis modelis: vidutinio lauko lygtys riboje, kai N — oo

Nagrinéjamo tinklo makroskoping dinamika charakterizuoja keturi biofi-
ziSkai reikSmingi dydZiai — E ir I populiacijos vidutinis membranos potencialas

ir bedimensis impulsy generavimy daZnis:

N
_ 1 (E.1) _ MED(A
VEI = N JZ:; Vj » TEI= TW’ 4.5)

Cia MED(At) yra nerviniy impulsy skai¢ius mazame laiko intervale At.
Riboje, kai N — oo, dydziy rg ;(¢) ir vg ;(¢) dinamika apraSo keturiy paprastyjy
diferencialiniy lygciy sistema [85]:

TFg = Ag/n+2rgvg, (4.6a)
TVE =g + v% - nzr]%: = Jigr; + Ig(1), (4.6b)
TP = Ap/m+ 2rpvy, (4.6¢)
V] :ﬁ1+v%—ﬂ2r%+JElrE —Jur+1;(1). (4.6d)
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4.2 pav. Makroskopiniy kintamyjy rg(z), ve(z), r;(¢) ir v;(¢) dinamika
iSsprendus vidutinio lauko lygtis (4.6) nesant stimuliacijos, Iz (t) = I;(t) = 0.
Parametry vertés: Ag = 0.05, 7 =0.5,A; =0.5,7; = -4, Jg; = 20, Jig =5,
Jir=05irt =14 ms.

Sios vidutinio lauko lygtys Zenkliai supaprastina tinklo dinamikos bei stimulia-

cijos poveikio jai analizg.

4.2 Tinklo dinamika nesant stimuliacijos

Nesant stimuliacijos, Ig(t) = I;(¢) = 0, makroskopiniai tinklo virpesiai,
gauti iSsprendus (4.6) sistema, pavaizduoti 4.2 pav. Salyginai paprastos vi-
dutinio lauko lygtys leidZia atlikti i§samig jvairiy tinklo dinaminiy reZzimy
bifurkacijy analize ir atskleisti stimuliavimo algoritmy veikimo principus.
ISanalizavus tinklo dinamikos priklausomybe nuo saveikos stipriy Jgy, Jig i
Jir bei sudarius bifurkacijy diagramg parametry plokstumoje (77, 7g), buvo
nustatyta, kad sistema gali turéti stabily rimties taska, stabily ribinj cikla, arba
buti bistabiliame rezime su Siais dviem kartu egzistuojanciais atraktoriais.
Bistabilumo sritys matomos vieno parametro bifurkacijy diagramose, pateik-
tose 4.3 pav. 4.4(a) ir 4.4(b) pav. pateikiamos dviejy parametry bifurkacijy
diagramos (J;g, Jgr) ir (Jy7, Jgr) plokStumose. Visi trys reZimai uZima pa-
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kankamai didelius plotus parametry erdvéje, todél jie yra atspariis parametry

pokyciams placiose ribose.

4.3 Sinchroniniy virpesiy slopinimas
4.3.1 Inhibitorinés populiacijos auksto daznio stimuliacija

Nagrinéjama tinklo dinamika, kai Ig(¢) = 0 ir
I;(t) = acos(wt), 4.7)

kur a yra AD stimuliacijos amplitudé, o w — kampinis daZnis. Stimuliacijos
srove (4.7) tenkina kliniSkai buting kriivio balanso salyga fOT I;(t)dt =0, kur
T = 27 /w yra stimuliacijos periodas. Daroma prielaida, kad laisvas tinklas
turi vieng stabily atraktoriy — ribinj ciklg ir kad stimuliacijos daznis v = 1/T
yra Zymiai didesnis nei ribinio ciklo daZnis vy.

AD stimuliacijos poveikio tinklo dinamikai modeliavimo rezultatai pateikti
4.5 pav.: I populiacijos AD stimuliacija veiksmingai nuslopina sinchroninius
tinklo virpesius.

Siekiant suprasti, kodél inhibitoriniy neurony AD stimuliacija yra tokia
veiksminga, atliekamas vidutinio lauko lygc¢iy vidurkinimas per AD stimuliaci-
jos perioda [136]:

TFE = Ag [T+ 2Fgi, (4.82)
TVE = fig + Ve — 17 e — JIEFI, (4.8b)
T = A7+ 27, (4.8¢c)
TV = 7f + 7 — nF + Jpife — Jifr. (4.8d)

Sios lygtys skiriasi nuo pradiniy lyg¢iy (4.6) tik tuo, kad parametras 7j;

pakeiciamas ﬁ‘;‘, kuris priklauso nuo stimuliacijos parametro A:

7 =1+ A%/)2. (4.9)
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4.3 pav. Vieno parametro bifurkacijy diagramos, rodancios impulsy genera-
vimo daZnio rg priklausomybe nuo sgveikos stiprio (a) Jgz, (b) Jig ir (¢) Ji;.
Kity parametry vertés tokios pat kaip 4.2 pav. Mélynos kreives Zymi stabily
rimties taska bei stabilaus ribinio ciklo maksimuma ir minimumg. Raudonos
punktyrinés linijos Zymi nestabily rimties taSkg bei nestabilaus ribinio ciklo
maksimumg ir minimumg. Raudonos Zvaigzdutés, pazymétos LPC, H" ir H™,
atitinkamai Zymi cikly ribinio tasko (angl. limit point of cycles) bifurkacija,
superkriting Hopfo bifurkacija ir subkriting Hopfo bifurkacija.
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4.4 pav. Dviejy parametry bifurkacijy diagramos parametry plokStumose (a)
(J1e,JED) 1r (b) (J11, JET). Kity parametry vertés tokios pat kaip 4.2 pav. Plotat,
pazymeéti roméniskais skaitmenimis: (I) - egzistuoja tik stabilus ribinis ciklas,
(II) - bistabilumo sritis su stabiliu ribiniu ciklu bei stabiliu rimties tasku, ir
(IIT) - egzistuoja tik stabilus rimties taskas. Raudona Zvaigzduté, pazymeéta
GH, nurodo bendrosios Hopfo bifurkacijos taSka. Horizontalios punktyrinés
tieses Jg; = 20 (a) ir (b) pav. atitinka vieno parametro bifurkacijy diagramy
4.3(b) ir 4.3(c) pav. plokStumas. Vertikalios punktyrinés tiesés Jjg = 5
(a) pav. ir J;; = 0.5 (b) pav. atitinka vieno parametro bifurkacijy diagramg
4.3(a). Horizontaliy ir vertikaliy tiesiy sankirtos taSkai atitinka parametry
vertes, naudotas 4.2 pav.
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4.5 pav. Tinklo virpesiy slopinimas taikant I populiacijos AD stimuliacija.
Mélynos kreivés Zymi kintamyjy rg (¢), ve(t), r(2) ir vi(¢) dinamika, nustatytg
iSsprendus (4.6) lygtis, esant toms pacioms parametry vertéms kaip 4.2 pav.
Iki stimuliacijos jjungimo (¢ < 500 ms) tinklo dinamika sutampa su 4.2 pav.
Laiko momentu ¢t = 500 ms pradedama I populiacijos stimuliacija v = 130
Hz daZnio ir a = 30 amplitudés srove. Zalios paryskintos punktyrinés linijos
rodo kintamyjy 7g(t), vg(t), 7;(t) ir ¥;(¢) dinamika, nustatytg iSsprendus
suvidurkintas lygtis (4.8).
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4.6 pav. Vieno parametro bifurkacijy diagrama, rodanti impulsy generavimo
daznio rg priklausomyne¢ nuo parametro 77;. Kiti parametrai tokie pat kaip
4.2 pav. Zyméjimai tokie pat kaip 4.3 pav. Trys vertikalios tagkinés linijos Zymi
bifurkacijos parametro prading verte 17; = —4, superkritinés Hopfo bifurkacijos
verte 7t ~ —1.667, ir verte 779 ~ —0.559, gautg i¥ (4.9) lygties, nustacius
stimuliacijos daznj v = 130 Hz ir amplitude a = 30.

4.5 pav. parodyta, kad suvidurkintos lygtys (4.8) gerai aproksimuoja pradiniy
lygciy (4.6) sprendinius.

IS (4.9) lygties galima daryti iSvada, kad AD stimuliacija paslenka
inhibitoriniy neurony Lorenco skirstinio g;(17) centra j desine atstumu A2 /2.
Dél to I populiacija tampa labiau aktyvi. Pakankamai padidinus parametra
177 stabilizuojamas nestabilus rimties taSkas ir tokiu budu nuslopinami tinklo
virpesiai (4.6 pav.).

Bendruoju atveju, rimties bisenos stabilumo salyga 777 > 77t/ arba A? >
2(7 - 7j;) galima uZraSyti

a>ap = 27rvn/2(777 - 1), 4.10)

kur ay, yra slenkstiné AD stimuliacijos amplitude, kurig virSijus stabilizuojama
suvidurkinty lygciy (4.8) rimties busena ir nuslopinami pradinés lygcCiy siste-
mos (4.6) virpesiai. 4.7 pav. pateikti (4.6) sistemos modeliavimo rezultatai
keiciant abu stimuliacijos parametrus: amplitude a ir daznj v. Tinklo atsako
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4.7 pav. Tinklo atsako priklausomyb¢ nuo stimuliacijos daznio v ir amplitudés
a. Spalvos Zymi standartinio nuokrypio o vertes, nustatytas is (4.11) lygties
5000 ms intervala vidurkio skai¢iavimui. Balta spalva paZymeéta nuslopinty
virpesiy sritis. Nesant stimuliacijos (a = 0), standartinis nuokrypis o = 0.15.
Raudone kreive pavaizduota analiziné slenkstiné amplitude (4.10). Juodas
taskas Zymi parametry vertes (v, a), naudojamas 4.5 pav.

] stimuliacija matu pasirinktas E populiacijos impulsy generavimo daZnio
standartinis nuokrypis

o = (e (1) — (re)1), (“.11)

kur kampiniai skliaustai Zymi vidurkj laike. MaZos Sio parametro vertés
atitinka tinklo rimties busena, didelés vertés — aukStos amplitudés virpesius.
Jdomu, kad balta sritis 4.7 pav. panasi j eksperimentiSkai nustatyta parametry
plokStumos sritj, kurioje nuslopinamas Parkinsono liga serganciy pacienty
tremoras stimuliuojant ventralinj tarpinj gumburo branduolj (lot. nucleus

ventralis intermedius thalami) [25].

4.3.2 Virpesiy slopinimas stimuliuojant eksitatoring¢ populiacija

Nagrinéjamas AD stimuliacijos poveikj E populiacijai, t. y. I;(¢) = 0 ir

Ig(t) = acos(wt). (4.12)
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4.8 pav. Dviejy parametry bifurkacijy diagrama plokstumoje (777, ) nesant
stimuliacijos. Zyméjimai tokie pat kaip 4.4 pav. Juodas taskas (I) srityje Zymi
parametry vertes, naudotas 4.5 pav. AD stimuliacijos poveikis I populiacijai
paZymeétas horizontalia rodykle. Vertikali punktyriné rodyklé Zymi AD
stimuliacijos poveikj E populiacijai. KryZelis (I) srityje Zymi parametry vertes,
naudotas 4.9 pav. Dviguba vertikali rodyklé Zymi slopinanc¢io impulso poveikj}
E populiacijai. Impulso poveikis sistemos dinamikai pateiktas 4.9 pav.

Taikant vidurkinimo metoda (4.6) lygtims, gaunama panasi ] (4.8) lygCiy

sistema, tik Siuo atveju parametras 7; iSlieka nepakites, o parametras 77 tampa
- A _ 2
g — Mg = Mg+ A°/2. (4.13)

Didinant 77 eksitatoriniai neuronai tampa aktyvesni ir tinklo virpesiai dar
labiau sustripréja. 4.8 pav. pateikiamas grafinis paaiskinimas, kodeél skiriasi E
ir I populiacijos stimuliacijos poveikis.

Nors E populiacijos AD stimuliacija yra neveiksminga, sistemai esant
bistabiliame reZime tinklo virpesiy slopinimas jmanomas taikant kitg valdymo
protokola. E populiacijg paveikus sta¢iakampiu slopinan¢iuoju impulsu,
tinklo busena perjungiama i§ stabilaus ribinio ciklo j stabily rimties taska.
Toks impulsas perkelia sistemos parametrus } sritj, kurioje rimties taskas yra
vienintelis atraktorius. ISjungus stimuliacija, sistema grjZta j bistabily reZima,
taciau lieka rimties taske (7r. 4.8 pav.). Sio valdymo algoritmo efektyvumas
parodytas 4.9 pav.
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4.9 pav. Tinklo virpesiy panaikinimas slopinanciu impulsu veikiant E popu-
liacija. Kintamyjy (a) rg(t), (b) ve(t), (c) r;(t) ir (d) v;(¢) dinamika, gauta
(4.6) lygtis veikiant slopinanciu impulsu /g (¢), parodytu (e) pav. Impulso
amplitudé Alg = —-0.15, trukmé Ar = 500 ms. Parametry vertés, iSskyrus
7 = —6, tokios pat kaip 4.2 pav.
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4.4 Mikroskopinés dinamikos modeliavimas

Redukuotos vidutinio lauko lygtys (4.6) iSvestos begalinio tinklo dydzio
riboje, taCiau realus tinklai sudaryti i§ baigtinio neurony skaiciaus. Siekiant
patikrinti, ar aukS¢iau apraSyti valdymo algoritmai yra veiksmingi baigtinio
dydzio tinklams, atlikome tiesioginj (4.1) lyg¢iy modeliavima.

Norint palyginti modeliavimo rezultatus su redukuotos sistemos (4.6) spren-
diniais, apskai¢iuojamas Kuramoto tvarkos parametras (3.16) ir panaudojamas
sarysis (3.17) tarp Zg ; ir impulsy generavimo daznio rg .

IS mikroskopinio modelio apskaic¢iuotas AD stimuliacijos poveikis I po-
puliacijai pateiktas 4.10 pav., slopinanc¢io impulso poveikis E populiacijai —
4.11 pav.
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4.10 pav. IS mikroskopinio modelio apskaiciuotas AD stimuliacijos poveikis
I populiacijai. I ir E populiacijos neurony skaicius sutampa, N = 2000.
Visy parametry vertés tokios pat kaip 4.5 pav. (a) ir (c) atitinkamai E ir I
populiacijos impulsy generavimo daZnis. (b) ir (d) 500 atsitiktinai parinkty E ir
I populiacijos neurony rastriniai grafikai. Taskai Zymi neurony impulsy laikus.
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4.11 pav. IS mikroskopinio modelio apskaiciuotas slopinancio impulso poveikis
E populiacijai. E ir I populiacijos neurony skai¢ius N = 2000. Visy parametry
vertés tokios pat kaip 4.9 pav. (a) ir (c) atitinkamai E ir I populiacijos impulsy
generavimo daznis. (b) ir (d) 500 atsitiktinai parinkty E ir I populiacijos
neurony rastriniai grafikai.
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Rezultatai ir iSvados

1. Optimali subalansuoto kruvio valdymo srove, uZtikrinanti impulsus
generuojancio neurono sinchronizacijg su periodine iSorine stimuliacija
minimizuojant stimuliacijos sroveés modulio vidurk}, yra sudaryta i
dviejy, bendruoju atveju skirtingo plocio ir amplitudés, teigiamo ir
neigiamo impulsy, centruoty ties neurono FAF ekstremumais. Sios
optimizavimo teorijos pagristumas patvirtintas analiziSkai Stuart-Landau

osciliatoriui, atsitiktinei FAF ir klasikiniam HH neurono modeliui.

2. Be audinio paZaidos sumaZinimo, valdymo minimaliu kruviu algorit-
mas turi dar vieng praktinj pranaSuma: esant mazam daZniy skirtumui,
tiesinéje Arnoldo lieZuvio dalyje, kuomet srovés ribojimas yra nerei-
kSmingas, valdymo srové priklauso tik nuo atstumo tarp FAF absoliuciy
ekstremumy ir jos amplitudés. Tai leidZia empiriSkai nustatyti stimulia-
cijos parametrus, neZinant neurono modelio iSraiSkos ir netaikant fazinés

redukcijos teorijos.

3. Neurony tinklo lygtys taip pat gali buti redukuotos j ta pacia fazes lygtj,
kaip ir vienas neuronas; Siuo atveju neurono FAF pakei¢iama efektyviaja
tinklo FAF. Optimalioji neurony tinklo valdymo srové taip pat sudaryta
1§ periodiSkai pasikartojanciy teigiamy ir neigiamy, bendruoju atveju
skirtingo plocio ir amplitudés, sta¢iakampiy impulsy, priklausanc¢iy nuo
tinklo FAF amplitudés ir atstumo tarp jos globaliyjy ekstremumy.

4. Teorinius rezultatus patvirtina trys skaitiniai pavyzdZiai: optimalus
valdymas pritaikytas dviems maZo masto sinapsémis bei elektrine sgveika
susietiems FHN neurony tinklams ir didelio masto sinapsiSkai susiety QIF
neurony tinklui. Pirmuoju atveju gauta, kad osciliuojanciy eksitatoriniy
neurony stimuliacija yra efektyvesné nei kiti stimuliacijos protokolai
— sinchronizacija pasiekiama su keturis kartus maZesniu stimuliacijos

srovés modulio vidurkiu.

5. Pilnasis sinapsémis sujungty dviejy eksitatoriniy ir inhibitoriniy QIF

neurony populiacijy tinklas turi tris galimus dinaminius reZimus: vieng
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stabily rimties taSka, vieng stabily ribinj ciklg ir bistabily reZimg su
Siais dviem kartu egzistuojanciais atraktoriais. Visi trys reZimai uZima
pakankamai didelius plotus parametry erdvéje, todél jie yra atsparus

parametry pokyciams placiose ribose.

6. Vidutinio lauko lygtys, suvidurkintos per AD stimuliacijos perioda, yra
tapacios nesutrikdytoms vidutinio lauko lygtims, taciau su pakeistu
suzadinimo parametru. Taikant AD stimuliacija inhibitorinei neurony
populiacijai padidéja impulsus generuojanciy neurony dalis, o tai le-
mia tinklo nekoherentinés nestabilios rimties busenos stabilizavimg ir
kolektyviniy virpesiy nutraukima. Slenkstiné stimuliacijos amplitude,
reikalinga Siam tikslui pasiekti, AD srityje yra proporcinga stimuliacijos

dazniui.

7. Eksitatorinés neurony populiacijos AD stimuliacija yra neefektyvi sie-
kiant nuslopinti tinklo virpesius, nes padidina impulsus generuojanciy
neurony dalj Sioje populiacijoje. Nepaisant to, jei sistemos parametrai
yra bistabiliame reZime, galimas kitas stimuliacijos protokolas. Veikiant
eksitatorinius neuronus sta¢iakampiu slopinan¢iuoju impulsu, sistemos
parametrai pervedami j fazinés erdveés sritj, kurioje egzistuota vienintelis
rimties taSkas. Tokiu budu, sistema pereina } stabilia nekoherenting
rimties buseng, kurioje ir lieka iSjungus stimuliacijg ir parametrams

grjZus ] bistabilig sritj.

8. Remiantis atliktais tyrimais, galima teigti, kad vidutinio lauko lygtys,
gautos 18 saveikaujanciy QIF neurony mikroskopinés dinamikos, gali
buti efektyvus jrankis kuriant jvairius didelio masto neurony tinkly

sinchronizacijos valdymo algoritmus.
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AD auksto daznio (stimuliacija)

E eksitatoriné (populiacija)

FAF fazés atsako funkcija

FHN FitzHugh-Nagumo

GPe globus pallidus externus

GSS giluminé smegeny stimuliacija
HH Hodgkin-Huxley

I inhibitoriné (populiacija)

QIF quadratic integrate-and-fire

STN subthalamic nucleus (nucleus subthalamicus)
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