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Abstract: In the paper, the simultaneous approximation of a tuple of analytic functions in the strip
{s =0+it € C:1/2 < ¢ < 1} by shifts ({(s +ig1(T)),...,{(s +igpr(T))) of the Riemann zeta-
function {(s) with a certain class of continuously differentiable increasing functions ¢y, ..., ¢r is
considered. This class of functions ¢y, . .., ¢, is characterized by the growth of their derivatives. It is
proved that the set of mentioned shifts in the interval [T, T + H] with H = o(T) has a positive lower
density. The precise expression for H is described by the functions ((p/(‘c))l/ 3(log ¢/(T))26/ 15 and
derivatives (p}(‘r). The density problem is also discussed. An example of the approximation by a
composition F({(s +i¢g1(7)),...,{(s +ip.(T))) with a certain continuous operator F in the space of

analytic functions is given.
Keywords: joint universality; Mergelyan theorem; Riemann zeta-function; weak convergence

MSC: 11M06

1. Introduction

As usual, let {(s), s = ¢ + it denote the Riemann zeta-function. Recall that, in the
half-plane o > 1, the function {(s) is defined by the Dirichlet series or infinite product over
prime numbers

1\ !
)

and has analytic continuation to the whole complex plane, except for the point s = 1,
a simple pole with residue 1. The function {(s) is not only the main object of analytic
number theory but also has applications in other regions of mathematics and even physics.
Therefore, it is not surprising that much attention is devoted to investigating the function
(s). One of the most interesting properties of the Riemann zeta-function is its universality
discovered by S.M. Voronin in [1]; see also [2]. He observed that a wide class of analytic
functions can be approximated to the desired accuracy by shifts {(s +it), T € R. More
precisely, Voronin proved that, for every continuous non-vanishing in the disc |s| < 7,
0 < r < 1/4,and analyticin |s| < r function f(s), and every ¢ > 0, thereexists T = 7(¢) € R
such that

=% - I (1
m=1

p — prime

max
[s|<r

<E&.

((s+5+i) £

Voronin himself applied the universality property of (s) to investigate the denseness
of the set of its values, and also used it for the proof of its functional independence [3].
Physicists obtained [4] estimates for integrals over analytic curves used in quantum me-
chanics. Other applications of the universality of zeta-functions and some related problems
can be found in a survey paper [5].

Attention to the universality of zeta-functions has not stopped for almost half a century.
Currently, the Voronin universality theorem has a more general form. Let D = {s € C :
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1/2 <0< 1}, IC be the class of compact subsets of the strip D with connected complements,
and Hy(K) with K € K be the class of continuous non-vanishing functions on K that are
analytic in the interior of K. Denote by measA the Lebesgue measure of a measurable set
A C R. Then, the following assertion is valid; see [6,7].

Theorem 1. Suppose that K € K and f(s) € Hy(K). Then, for every ¢ > 0,

liminflmeas{r €[0,T] :sup |l(s+it) — f(s)] < s} > 0.
T—oo T seK

Moreover “liminf” can be replaced by “lim” for all but at most countably many e > 0.

In place of shifts (s + iT), generalized shifts {(s + ig(7)) with a certain function ¢(7)
can be used. For example, in [8], the function ¢(7) = 7% log/5 T with some «, 8 € R was ap-
plied. In [9], the increasing differentiable function ¢(T), such that ¢(27) max,<,<2¢(¢' (7))~}
< T, T — oo, was used. Here, and in sequel, the classical Landau notation, a < b, b > 0,
means that there exists a constant C > 0 such that |a| < Cb. More generally, 1 <y b means
that the constant C depends on 6, 4 and b can depend or not on 6. For example, the famous
Lindelof hypothesis asserts that, for every ¢ > 0,

§<;+it> < t5, >ty > 0.

More general joint universality theorems on the simultaneous approximation of a
tuple of analytic functions by shifts of zeta or L-functions are also known. The first theorem
of this kind was obtained in [2] for Dirichlet L-functions L(s, x1), . .., L(s, xr) with pairwise
non-equivalent Dirichlet characters x1, ..., xr. The modern version of this theorem is given
in [10]. Joint universality theorems for more general functions can be found in [11-13].
In addition, some works on joint approximation of a tuple of analytic functions by shifts
(C(s+igp1(T)),...,C(s +ig.(T))) with some functions ¢1(7), ..., ¢,(T) are known. In the
joint case, the shifts {(s +ig1(7)), ..., (s + i@, (7)) must be independent in a certain sense.
Thus, the functions ¢1(7), ..., ¢,(T) must satisfy some requirements. For example, in [8],
the functions 7% logﬁf T,j=1,...,r, with reals a; # a; of B; # i for j # k were used.
In [14], a joint universality theorem on approximation by shifts ({(s + ia17), ..., (s +ia,T))
was obtained, where a4, . .., 4, are real algebraic numbers, linearly independent over the
field of rational numbers Q.

In the present paper, we will prove a joint universality theorem in short intervals for
the Riemann zeta-function on the approximation of analytic functions by generalized shifts
with certain differentiable functions ¢;(7). We say that (¢1,..., @) € Uy if the following
hypotheses are satisfied:

1° ¢1(7),..., ¢,(7) are increasing to +oo functions in [T, o], Ty > 0;

2° ¢1(7), ..., ¢(7) have continuous derivatives such that

Pi(t) = (1) (1+0(1)), T—oo j=1,...,7,

where ¢;(T) are monotonic functions compared with respect to their growth. Without loss
of generality, we require that, for T — oo,

¢i(t) =0(@j41(7)), j=1,...,r—1L
3° the estimates
9;(27)
?;(7)
$;(7)
9;(27)

<1 if $;(7) is increasing,

<1 if gﬁj(r) is decreasing, j =1,...,7,
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are valid.
For (¢1,...,¢;) € U,, define

() = (9;(1))!>(log (1)),

¥i(t) o .
ﬁ(r) _ #;(27) if (P](T) is increasing,
] %8 if p;(7) is decreasing, j =1,...,r,
20 s isi ,
A= w9 " 9j(7) is increasing,
] 22;2) if §;(t) is decreasing, j = 1,...,7,

»

~

and H(1) = max <<, Hj(T) and H(t) = min; ¢, H;(7).Then, the following statement
is valid.

Theorem 2. Suppose that (¢4, ..., ¢,) € U, and IA{(T) <HK f{(T) <T.Forj=1,...,r, let
K;j € Kand fi(s) € Ho(K;). Then, for every e > 0,

| .
11Trrl>1£meeas{T € [T, T+ HJ: sup sup|l(s+ipj(T)) — fi(s)| < 8} > 0.

1<]‘§}’ SGK]‘
Moreover “liminf” can be replaced by “lim” for all but at most countably many e > 0.

Theorem 2 is an example of a universality theorem in short intervals because the

length of the interval [T, T + H] is o(T) as T — oo for H(T) < T. This type of universality
theorem is one of the ways of their effectivization. In short intervals, it is easier to detect a
shift with the approximation property. The first one-dimensional universality theorem was
obtained in [15] for shifts (s + iT), and in [16] for generalized shifts.

Approximation of analytic functions is also possible by some compositions of gen-
eralized shifts. Denote by H(D) the space of analytic on D functions endowed with the
topology of uniform convergence on compacta,

= H(D) : = = . Then, it i ibl
and S = {g € H(D) : g(s) # 0 or g(s) =0}, S S X - -+ x S. Then, it is possible to

r
approximate the functions defined on H(D) by shifts F({(s + i@1(7)),...,{(s + ip:(T)))
for some classes of operators F : H'(D) — H(D). For results of this type, see, for
example, [17,18]. We will give only one example of such compositions, and other results
will be given in a subsequent paper. Let H(K) with K € K be the class of functions
continuous on K that are analytic in the interior of K. Thus, Hy(K) C H(K).

Theorem 3. Suppose that (¢1,...,¢,;) € U, H(T) < H < IfI(T) < T,and F : H' (D) —
H(D) is a continuous operator such that, for every polynomial p = p(s), the set (F~'{p}) NS is
non-empty. Let K € K and f(s) € H(K). Then, for every € > 0,

liﬂgf;meas{f € [T, T+ H] :sup|F({(s+ip1(T)),...,L(s +ipr(T))) — f(s)] < e} > 0.

seK

Moreover “liminf” can be replaced by “lim” for all but at most countably many e > 0.

For example, the tuples of functions (tlogT,..., 7" log7) and (t + 1,72+ 7+1,...,
7" 4+ 1771 + ... +1) satisfy the hypotheses for the class U,.
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Unfortunately, it is not easy to present an example of the operator F satisfying the
conditions of Theorem 3. In [15], it was observed that a continuous operator F : H" (D) —
H(D) such that the set F(S") being dense in H(D) satisfies the hypotheses of Theorem 3.

For V> 0,letDy = {s € C:1/2 <0 <1, |[t| < V}. In place of H(D), the
space H(Dy) of analytic in H(Dy) functions can be studied. Then, S is replaced by
Sy = {g € H(Dy) : g(s) # 0, or g(s) = 0}. Suppose that V is such that K C Dy,
and F : H"(Dy) — H(Dy) is a continuous operator such that, for every polynomial p,
the set (F~!{p}) NS}, # @. Then, the assertion of Theorem 3 remains valid. Since the
non-vanishing of a polynomial in a bounded region can be controlled by its constant term,
for example, the operator F(gy,...,8r) =& +---+8;, 8 € H(Dy),j=1,...,r, satisfies
the condition (F~{p}) N S}, # @.

Note that a polynomial appears in the above hypothesis because of the application
of the Mergelyan theorem on approximation of analytic functions by polynomials, see
Lemma 6.

Theorems 2 and 3 are derived from weak convergence of some probability measures
in the space of analytic functions.

2. Estimate for the Second Moment

It is well known that estimates for the second moments play an important role in the
proof of the universality of the Dirichlet series. We need the estimate for

def (T+H ) N
I(T,H,o,t) = / |C(c+ip(T)+it)|"dT
T
for fixed 1/2 < 0 < 1, t € R and ¢(7) satisfying the hypotheses 1° and 2° of the class U,.

Lemma 1. Suppose that H(T) and ﬁ(T) correspond ¢(7) and H(T) < H < ﬁ(T) < T. Then,
I(T,H,o,t) <s; H(1+ [t]).

Proof. It is well known that, for fixed 1/2 < ¢ < 1, uniformly in H, T1/3 (log T)26/ 15 <
H<T,

T+H 2
/)H|aa+ﬁﬂdf<aH. (1)
This is implied by an analogous estimate of Theorem 7.1 from [19] for T(<+A+1)/2(x+1)

x (log T)2+9)/(c+1) < H < Tand 1+ A — k > 20 with application of the exponential pair
(K, A) = (4/11,6/11).

From 1
a
=1- -1
1+a 1+a’ a7 =L
it follows that ,
— =1 1). 2
1+o0(1) +o(1) @

Suppose that the function ¢(7) corresponding ¢(7) is increasing. Then, in virtue of
the mean value theorem,
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T+H T+H

7 |C(o+ig(T) +it)*dTr = [; (a+i(p(r)+it)2d¢(r)
T+H

0 4 o()ig(e + i) + iR do(x)
< T+H%d( 9(7) +t|§(a+zu)|2du)
( 7 +f|@<a+m>|)
17 Jorae Y1Z(o + iu) |2 du
(1T (:ﬂ(TT)H;‘Ht‘ |C(0 +iu)|> du

L [ j‘ﬁﬁ (o + iu)2 du
(T)+2H @T)+t]
% ;;QT) 2H(;P(2T |t (o + i) du,

T

‘S)

®)

‘H

J
f‘P

VAN /AN
)| -e>‘ e>‘ )

where T < ¢ < T + H. The definitions of H and U, show that

P(2T)
o(T)

Thus, we can apply (1), and, for 2H@(2T) + |t| < ¢(T), we find, in view of (3),

NpS]

2HG(2T) + |t] > 2¢(T) > ((T))"/3(log ¢(T)*/ ™.

HG(2T) + |1 i 1t
amy S fH ¢<T> < H(1 - Ham)
H(2T) 1t

<<"H(1+¢(T)cp(ir)> <<‘7H<1qL 1P(T)> <y H(1+ [t]).

I(T,H,0,t) <o

If2H@Q(2T) + |t| > ¢(T), then ¢(T) +2H@(2T) + |t| < 4(H$(2T) + |t|) and ¢(T) —
2H$(2T) — |t| > —4(H@(2T) + |t|). Therefore, the classical estimate

ﬁi|§(a+it)\2dt <o T @)

and (3) imply
1 4(Hp(2T)+[t]) H((2T) + |¢|
I(T,H,o,t <<A7/ oc+iu)[Fdu <, — L <, H(14+ |t]).
( ) @(T) J-a(Hgr)+t)) i ) o(T) (1)

Let ¢(T) be decreasing. Then, similarly as above, we have

(T, H,o,t) < - T+H)f”Hd(ﬁ"(mtlé(wriu)lzdu)
T+H .
< ér) ;’z%)L " lgto 4 i) P du ®

T)+2H$(T)+|t
et g (o ) 2 d

Since, by the definition of H,

2HP(T) +[t] > (¢(T))""(log ¢(T))**/™,

this and (1) show that, for 2H@(T) + |t| < ¢(T),

1
I(TrH/O-/ t) <<(7' —~

#(2T) (H@(T) + [t]) <o H(1 +[t]).

If2HY(T) + |t| > ¢(T), then, in view of (5) and (4),

1 AHET+) , H(T) + |t|
I(T,H,o,t o+iu)|?du < 7<< H(1+|t]).
(T H, 00 € sy [ o g 1000+ 0P o om0 L)
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3. Absolutely Convergent Series

In this section, we will show that there exists a collection of absolutely convergent
Dirichlet series that approximates in the mean the collection ({(s + i@1(T)),...,{(s +

ip:(7))) with (¢1,...,¢,;) € U,.
Let 6 > 0 be a fixed number,

vy (m) = exp{—(m)e}, m,n €N,

n

where exp{a} = e”. Define the series

[e9)
vn(m)
Tu(s) = Z .
m=1
Since the coefficients of the latter series decrease exponentially, this series is absolutely
convergent in the half-plane ¢ > ¢y with an arbitrary finite op.

Recall the metric in H"(D). There exists a sequence of embedded compact subsets
{K; :1 € N} C D such that

[e9)
D=JK,
=1
and every compact set K C D lies in some K. For g1,¢> € H(D), define

©  sup,.g |81(s) — g2(s)]
) =Y 27! ’ '
p(81,82) 1:21 1+ sup,cg, [91(5) — £2(5)]

Then, p is a metric in H(D) inducing its topology of uniform convergence on com-
pacta. Putting

r(8,,8,) = {g%p(gljlgzj)/ 8, = (&k1,---.8) € H'(D), k=1,2,

gives a metric in H" (D) inducing the product topology.
Define

S(s+ig(T)) = (G(s +ig1(T)),..., C(s +ipr(T)))
and

0, (s +ip(7)) = (Gu(s +i91(T)), - -, Culs +igr(1)))-
We will prove the approximation in the mean of {(s +i¢(7)) by ¢ (s +i¢(7))

Lemma 2. Suppose that (¢1,...,¢,) € U, and H(T) < H < ﬁ(T) < T. Then, the equality

T+H
lim limsup%/TJr B(g(s—i—ig(r)),gn(s—i-if(r))) dt =0

©
n— T—o0

holds.

Proof. In view of the definition of metrics p and p, it suffices to show that, for every

compact set K C D, ﬁj(T) <HK flj(T) <Tandallj=1,...,r,

lim limsup % /TT+H sullg\é(s +i9;i(1)) — Cu(s +igj(t))|dT = 0. (6)
¢ se

n—oo T—00
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Let ¢(7) be one of the functions ¢1(7), ..., ¢,(T). We will prove (6) for the function
¢ (7). We will use the representation, see, for example, [6]

@ joo
) = g [t g %

- 27Ti Jh—ioo z
where § > 1 /2 is a fixed number,
_ S5+ (5\ s
ha(s) = 9F<9>”'

6 is from definition of v, (m), and I'(s) denotes the Euler gamma-function. Let K C D be
an arbitrary compact set. Fix e > O such that1/242e <0 <1 —efors = o +it € K. For

d ~
such o, we have 6; gl/Z—i— e—0<0.Letd =1/2+¢ > 1/2. Then, (7) and the residue
theorem imply, for s € K,

1 01+ico

Cn(s) — C(s) —/9 @(s+z)l"iz)dz+

B I,(1—s)
270 Jo,—ico '

1-—s

Thus, for s € K,
Cn(s +ig(T)) — 0(s +ig(7))
z;m/toé(;—i-s—b—it—l—iq)(r)—i-iv)
<<217Ti/0;‘§<;+£+igo(r)+iv)
I(1—s—ip(T))
1—s—ig(7) ‘

1,(1/2+¢e—0 +iv) I,(1—s—ig(T))
—~ dv -
1/2+e—0+iv 1—s—ip(7)
ln(1/2+€—5+.1’0) o
1/24+¢e—s+iv

sup
seK

+ sup
seK

after a shift t + v — v. Hence,

LT sup e |2(s + ig(T)) — Culs +ig(t))| dT
< ffooo<% fTT*Hﬂg T+e+ip(r) —l—iv)‘dr) SUPyck

T+H In(1—s—i
1 Jr ' supek g_TJZ(TS))‘ =l i+ Ja.

1 (1/2+e—s+iv)

T/25e—stro |90 8)

Lemma 1 implies the estimate
1/2

T+H . . T4+H ] N2
wlrt ’g(%+e+zqo(7)+w>‘d~r < (élfTJr ‘C(%+e+z(p(r)+w)’ dr) 9
< (14 [o])1/2.
It is well known that, with a certain ¢ > 0
['(0+it) < exp{—c|t|} (10)

uniformly in every interval 07 < 0 < 0y, 07 < 03. Therefore, for all s € K,

I,(1/2+¢e—s+iv)
1/2+e—s+iv

c
< n1/2+€*‘7exp{—§|v - (7\} Lgx h ‘exp{—ci|v|}, c1>0.

Thus, in view of (9),
(o)
J1 ep "75/ (1+ [o])/? exp{—c1v|} do <ok n*. (11)
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Applying the estimate (10) once more, we obtain that, for all s € K,
In(1—s —ig(7))
1—s—ip(T)

Thus,

<gnl™? exp{—g\t + (p(T)|} <ok 12 Eexp{—c20(1)}, 2> 0.

1/2-2¢ L [THH _ 1/2-2¢ _
J» gk 1 "/ exp{—c¢(7)}dTt <px 1 exp{—c29(T)}.

This and (11) show that the left-hand side of (8) is estimated as
Legx N °+ nl/2-2¢ exp{—c2(T)}.
Since ¢(T) — o0 as T — oo, this proves (6) for the function ¢(7). O

4. Limit Theorems

Denote by B(X) the Borel o-field of the space X. In this section, we will consider the
weak convergence for

Pr(A)Y %meas{r € [T,T+H]: {(s +ip(r)) € A}, A€ B(H'(D))

as T — co. We divide the study of Pr p into lemmas. Let P the set of all prime numbers.
Define the set
Q= H Mz

peP

where 7, = v for all p € P. The infinite-dimensional torus () with the product topology
and pointwise multiplication is a compact topological Abelian group. Let

Q’lex---er,

where (); = Qforall j =1,...,r. Then, again, )" is a compact topological Abelian group.
Thus, on (), B(€)")), the probability Haar measure m exists, and we have the probability
space (OO, B(QY"), mp).

For A € B(Q)), define

Qru(A) = %meas{’r e [T, T+H]: ((p_i"’l(T) ‘pE IP’),..., (p_i"”(T) ‘pE IP’)) € A}.

Lemma 3. Suppose that (¢1,...,¢,) € Uyand H(T) < H < H(T) < T. Then, Q5 converges
weakly to the Haar measure my as T — oo.

Proof. By w]-(p), denote the pth component, p € P, of an element w; € O, j = 1,...,7.
Then, the Fourier transform 80ry (ky, .-, k), kj = (k]-p 1 kip €Z,p € P),j=1,...,ris
given by

gQT/H (kll s rkr) = /Qr (H H* (U;(/p(P)> dQT,H/

j=1 peP

“u

where the star “+” shows that only a finite number of integers k;, are distinct from zero.
Thus, by definition of Q7 y,

T+H " ik
gorulky k) =4 Ji T (T I per p "rgy(x) ) dr

1 rT+H

o ) (12)
— 1 exp{—l - @j(T) Y peP kjp log p} dr.
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Obviously,
gQT’H(Q,...,Q) =1. (13)

For brevity, let

aj :Z*kjplogp, j=1,...,r
peP

Now suppose that (ky,...,k,) # (0,...,0). Hence, for at least one, j € {1,...,r},
k; # 0. Since the logarithms of prime numbers are linearly independent over Q, 4; = 0 if
and only if kj = 0. Hence, by the properties of the class U, as T — oo,

<ii‘1j4’j(7)> :i%”j(i’;’ 2“;4’] )(1+0(1)) = aj,@j, (T)(1 +0(1)),
j= j=

where jo = max(j : a; # 0). This together with (2) implies, for T — oo,

-1

! / 1 1
((;”“”"(T)> ) S e @A Tom) a9

Put

;
T) =) a;9;(7)
j=1
Then, in view of (14),

T+H T+H 1
/T cosb(T)dT:/T e )dsmb( T)

T+H T+H
= i/ ! dsinb(t +/ o(1) dsinb(T).
i (P]o( 7) q)]o( )

Since @j, (T) is monotonic, the first integral on the right-hand side of the latter equality
has the estimate - o . .
< P, (T) if ¢;,(7) is increasing,
Agl (T+H) if ¢j,(7) is decreasing.

For the second integral, by (14) again, we have

THH o)1 +o(1) | (TR _
/T Tdsmb(r)_/T o(1) cosb(t) dt = o(H).

The same estimates remain valid for the integral of the function sin b(7). Therefore,
returning to (12), we find that, in the case (ky,...,k,) # (0,...,0),

% if ¢;, (1) is increasing,
gorn(bu k) <@ Ty o) < gy +e(l) = o1)
GO 9 (1) is decreasing v

as T — oo. This and (13) show that

Ilgl}ogQT,H(kll"'/kr) _{ 0 if (kl’ k ) 7& (g “,7)_

Since the right-hand side of the latter equality is the Fourier transform of the Haar
measure my, the lemma is proved. [
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Extend the functions w;(p) to the set N by the formula
wim)= ] w}(p), m €N,
pllm
PHUW
and define
g, (s,w) = (Culs,wr), ..., Cnls, wr)),
where w = (wy, ..., w,) and
X vp(m)w;(m
oy £ 0 "
m=1

The series (15), as {,(s), are absolutely convergent for ¢ > oy with arbitrary finite
0p. Define the mapping u, : Q" — H'(D) by un(w) = ¢ (s, w). In virtue of the absolute
convergence of the series (15), the mapping u;, is continuous.

For A € B(H"(D)), define

1 .
Prya(A) = Emeas{r € [T, T+ H] :gn(s —i—zg(r)) € A}
and V,, = myu;; !, where V,,(A) = mpu; 1(A) = my(u; L A).

Lemma 4. Suppose that (¢1,...,¢,) € U, and H(T) < H < ﬁ(T) < T. Then, QT
converges weakly to Vi, as T — oo.

Proof. We have
un((p_i(/’l(T) 'p c P), ., (p—i<Pr(T) ip c [P)) = gn(s +l£(T))
Therefore, for A € B(H"(D)),

Prn(A)

= %meas{r € [T, T+H]: ((p*i"’l(T) ‘pe IP’),..., (p*i"”(T) tpE P)) € u;lA}

= Qru(u,'A) = Qr.uu, H(A),

where Q7 p is the measure from Lemma 3. Thus, the lemma is a consequence of the preser-
vation of weak convergence under continuous mappings, see, for example, Theorem 5.1
of [20], continuity of u,, Lemma 3 and definition of V,,. O

The measure V,, plays an important role in the study of Pr . The measure V;, depends
only on the tuple { (s), and appears in all joint limit theorems for the function {(s). It is
proved that the limit measures for the joint distribution of {(s) and V;, coincide. We will
use the paper [14]. On the probability space (Q)", B(Q)"), my), define the H"(D)-valued
random element (s, w) by

g(S,Q) = (C(s, wl)/ s g(S, wr))/

where )

{(s,wj) = H(l— wj(p)> , i=1,...,r

S
peP p

Denote by P; the distribution of {(s,w), i. e.,

P (A) = mH{g e {(s,w) € A}, A € B(H'(D)).
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In [14], see proofs of Lemma 10 and Theorem 3, and the following assertion was ob-
tained.

Lemma 5. V), converges weakly to P; as n — co. Moreover, the support of Py is the set S'.

Now, we are ready to prove a limit theorem for Pr p.

Theorem 4. Suppose that (¢1,...,¢,) € U, and H(T) < H < IfI(T) < T. Then, Pry
converges weakly to Py as T — oo,

Proof. On the probability space ((A), A, u), define the random variable {1y uniformly
distributed on [T, T + H]. Thus, {T g has the density

0 ift<T,
pru(t)=4 4 #T<T<T+H,
0 ift>T+H.

Denote by X, the H"(D)-valued random element with the distribution V,,, and define
the H"(D)-valued random elements

X1 = X1,Hn(s) =, (s +ig(lrH))

and
Yr.u = Yr,u(s) = (s +ip(CT,n))-

D e
Denote — as the convergence in distribution. Then, by Lemma 4,

D
XT,H,n — Xn/ (16)
T—oo
while Lemma 5 gives
Xy —2— Py (17)
n—oco 2

The definitions of X7 p ,, and Y7 i together with Lemma 2 show that, for every € > 0,

lim limsup y{g (Y10, X1,H) 2 S}

n—o0 T—o0

T+H
< lim limsupsiH/T " Q(Q(S+iQ(T))/§n(S+iQ(T))) =0.

n—o0 T—00

Thus, by (16) and (17), we have that all hypotheses of Theorem 4.2 of [20] are satisfied
by the random elements X,;, X7 1, and Y7 i, and we obtain that

D
Yr g —— P
T.H T—o0 ¢
The latter relation is equivalent to the assertion of the theorem. [

Corollary 1. Suppose that (¢1,...,¢,) € U, and H(T) < H < fl(T) < Tand F: H'(D) —
H(D) is a continuous operator. Then,

Pror(A)™ %meas{‘r e [T, T+H]: F(g(s+ip(r)) e A}, AeB(H(D)),

converges weakly to P;F~1 as T — oo.

Proof. The corollary follows from Theorem 4, continuity of F and Theorem 5.1 of [20]. [
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5. Proof of Universality

We recall the Mergelyan theorem [21] on the approximation of analytic functions by
polynomials.

Lemma 6. Suppose that K C C is a compact set with a connected complement, and g(s) is a
continuous function on K and analytic in the interior of K. Then, for every e > 0, there exists a
polynomial p(s) such that

sup [g(s) — p(s)| <e.

seK

In addition, we will use two equivalents of weak convergence of probability measures;
see, for example, [20], Theorem 2.1.

Lemma 7. Let P and P,, n € N, be probability measures on (X, B(X)). Then, the following
statements are equivalent:

1° Py, converges weakly to P as n — oo;

2° For every open set G of X,

lim inf P,(G) > P(G);
3° For every continuity set A of P, i. e., P(0A) = 0, 0A is the boundary of A,

nlgrc}OPn(A) = P(A).
Proof of Theorem 2. The case of lower density. Lemma 6 implies the existence of polyno-
mials p1(s), ..., pr(s) such that

sup sup‘fj(s) —elil)| < % (18)

1<j<r s€K;

By Lemma 5, (er1(s),...,ePr(9)) is an element of the support of the measure P;. There-
fore, putting N

Ge = {(gl,...,g» € H'(D) : sup sup|g;(s) — /)] < ;},

1<j<r sek

we have

Define one more set

Ge = {(gl,...,gr) € H'(D) : sup sup|g;(s) — fi(s)] < 5}'

1<j<r seK

The inequality (18) shows that G, C Ge. Thus, Pg(@g) > 0 by (19). Hence, in view of
Theorem 4 and 2° of Lemma 7, B

~

liminf Pr(Ge) > P;(Ge) > 0,
T—o00 z

and the definitions of Pr i and Ge, prove the assertion of the theorem.
For the case of density, the boundary of the set G; lies in the set

{(gl" ..,8r) € H'(D) : sup sup|g;(s) — fi(s)| = 8}.

1<j<r seK
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Therefore, aégl N 8@2 = ¢ for different positive £1 and e,. Hence, Pg(a(/}\g) = (0 forall

but at most countably many ¢ > 0, i. e., the set G, is a continuity set of P; for all but at most
countably many ¢ > 0. Thus, Theorem 4 and 3° of Lemma 7 prove the theorem. [

Lemma 8. Let F satisfy the hypotheses of Theorem 3. Then, the support of the measure P,F~ is
the whole of H(D).

Proof. First, we observe that the hypothesis (F~1{p}) N'S" # & for any polynomial
p = p(s) implies that (F"!1G) NS" # @ for any open set G C H(D). Lete > 0 be
such that

Yo« % (20)

1>y

and {K;} C D be a sequence of compact sets with connected complements from the defini-
tion of the metric p. We take an arbitrary element ¢ € H(D) and its open neighborhood G.
Since the sets K; are embedded, by Lemma 6, there exists a polynomial p(s) such that

&
sup [g(s) —p(s)| <5, 1=1....10.

seK;

This and (20) show that p(g, p) < e. Thus, if ¢ is sufficiently small, then the polynomial
p(s) lies in the set G and has a preimage § € S lying in the open set F~!G. Thus,
(F71G)NS" # @. Since, by Lemma 5, S” is the support of the measure P;, the inequality

P;(F~'G) > 0 holds. Hence,

P;,FY(G) = P;(F'G) > 0.

Since g and G are arbitrary, this shows that the support of P;F~! is the whole of
H(D). O
Proof of Theorem 3. The case of lower density. By Lemma 6, we find a polynomial p(s)
satisfying the inequality
€
sup |f(s) = p(s)| < 5, (21)

seK
and take the set

Ge = {g € H(D) : sup|g(s) — p(s)| < ;}.

seK

Then, in view of Lemma 8, the set G, is an open neighborhood of an element p(s) of
the support of the measure PgF —1 Thus,

PiF1(Ge) > 0. (22)
This, Corollary 1 and 2° of Lemma 7 imply

li]{nianT/H,F(gs) > PCF_l (gs) >0,
—00 =

and it remains to use the definitions of Pr g r and G.
For the case of density, define the set

Ge = {g € H(D) :sup|g(s) — f(s)] < s}.

seK
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Then, gAg is a continuity set of the measure PéF —1 for all but at most countably many

e > 0. By (21), we have the inclusion G, C Ge. Hence, by (22), P,F ’1(@_) > 0. Therefore, by
Corollary 1 and 3° of Lemma 7, -

lim Prpr(Ge) = P.F1(Ge) > 0
T—o0 z
for all but at most countably many & > 0. The theorem is proved. O

6. Conclusions

Universality theorems for zeta-functions are not effective in the sense that, for example,
in the case of the function {(s), we do not know any specific value T with shift {(s + iT)
approximating a given function. Clearly, it is impossible to find such a value t; therefore,
the easier problem of finding the interval [T, T + H| containing T with approximating shifts
is considered. The first results in this direction were obtained in [22], where the interval
[T, 2T] with explicitly given T was indicated. Denote by f = (fo, fi,..., fu—1), n € N the
vector composed from the Taylor coefficients for f at the pBint sg, and let, for e > 0,

Aln, £,¢) = | log [fol | + (””) ,

€

where

IfIl="3" [fk(s0)l-
0<k<n
Then, in [22], it was proved that, if 0y € (%, 1), so = 0p + ity, the function f(s) is

continuous on the disc |s — so| < 7,7 > 0, f(sg) # 0, and analytic for |s — sg| < r, then, for
any ¢ € (0, |f(so)]), there exist real numbers T € [T,2T], and é = (¢, f, T) > 0 defined by

. o € 5r
‘s{r;?‘irw(s—i—zrﬂl_& = g(?.—e )
such that

max |{(s+iT) — f(s)| <e,

[s—sg|<or

where T = T(f,¢,0p) satisfies

8/(1—0p)+8/(0p—1/2
T2max(r,C(n,UO)expexp{5A(n,f,;) (1=00)+8/ (e >}),

C(n,0p) is a positive effectively computable constant, and J is effectively computable.
The effectivization problem of universality for {(s) consists of the description of the
interval as short as possible containing T satisfying

sup|l(s +1iT) — f(s)| < e

seK

This leads to universality in short intervals. The first result in this direction was
obtained in [15]. Suppose that T'/3(log T)?/1®> < H < T. Let K € K and f(s) € Hy(K).
Then, for every ¢ > 0,

liminflmeas{r €T, T+ H]:sup|l(s+it) — f(s)] < e} > 0.
T—oo H seK

In [16], the latter theorem was extended for generalized shifts {(s + i¢(7)). Suppose
for T > T that the function increases to 4+co0 and has a monotonic derivative which satisfies
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estimates of type 3° of the class U,. Then, the main result of [16] asserts that, if H; coincides
with Hy(T) in Theorem 2, H) < H < T,K € K and f(s) € Hy(K); then,

liminflmeas{r € [T, T+ H]:supl|l(s+ip(T))— f(s)| < s} > 0.
T—o0 H seK

In the present paper (Theorem 2), a joint version of the above theorem is obtained.

In our opinion, researching universality theorems in short intervals for zeta-functions
has a good future. It stimulates the investigations of mean squares in short intervals and
leads to the effectivization of universality. Therefore, we are planning to continue this
direction and obtain a discrete version of the results of this paper on the approximation by
shifts {(s +ig;(k)), k € [N, N + M] as well as by some compositions of generalized shifts.
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