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STEADY STATE NON-NEWTONIAN FLOW WITH STRAIN RATE
DEPENDENT VISCOSITY IN THIN TUBE STRUCTURE WITH NO
SLIP BOUNDARY CONDITION

GRIGORY PANASENKO'*, KONSTANTIN PILECKAS?
AND BOGDAN VERNESCU?

Abstract. The steady state non-Newtonian flow, with strain rate dependent viscosity in a thin tube
structure, with no slip boundary condition, is considered. Applying the Banach fixed point theorem
we prove the existence and uniqueness of a solution. An asymptotic approximation is constructed and
justified by an error estimate.
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1. INTRODUCTION

The asymptotic behavior of solutions of partial differential equations in thin domains is extensively studied
in a vast mathematical literature. In particular, the tube structures, introduced in [20], are considered as a
geometrical model of a blood vessels network. Viscous flows were studied in such domains and for the steady
state Navier-Stokes equations an asymptotic expansion of the solution was constructed. The non-stationary
Navier-Stokes equations in such a domain were studied in [24]. A non-Newtonian flow (Bingham flow) in a
network of thin pipes was studied mathematically in [4]. However the asymptotic behavior is described there
neglecting the boundary layer functions. The power-law rheology in a thin tube structures was studied in [16],
where the first order asymptotic approximation with boundary layers was constructed (see [15] for the existence
and uniqueness of a solutions to boundary layer problems). In the present paper we consider the flow with a
strain rate dependent viscosity, taking into consideration the boundary layers. We will construct an asymptotic
expansion of the solution by an iterative algorithm. The estimates are obtained for higher orders of asymptotic
approximations. The main application of these results is modeling for the blood flow in a network of thin vessels.

The leading term of asymptotic expansion of the pressure is described by a one-dimensional elliptic non-linear
problem on the graph. The pressure is a linear function on each edge of the graph. At the junctions (nodes) the
Kirchhoff like conditions are set. On the other hand, one-dimensional models derived from the conservation laws
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FiGURE 1. Graph B.

were introduced in [5]. These models differ from the problem on the graph: they are equations of hyperbolic
type. Below in the Conclusion we will discuss the limitations of both approaches, i.e. of the problem on the
graph and of the hyperbolic system of equations.

Let G be a bounded domain in R™. By L?(G) and W™P?(G), 1 < p < co,m > 1, we denote the usual Lebesgue
and Sobolev spaces, respectively. The norms in LP(G) and W™P?(G) are indicated by || - || » () and || - [[wm.r (),
respectively. W™~1/22(9@) is the space of traces on G of functions from W™?(G).

By W™?(G) we denote the closure of the set C§°(G) in the norm || - lwm.r(c), where Cg°(G) is the set of
all infinitely differentiable functions with compact supports in G. More information about these spaces can be
found in [1]. Vector-valued functions are denoted by bold letters, and the spaces of scalar and vector-valued
functions are not distinguished in notation. More specific functions spaces are introduced in places where they
are used.

1.1. Thin tube structure

Let us recall the definitions of the tube structure and its graph given in [21].

Definition 1.1. Let O1,02,...,0x be N different points in R",n = 2,3, and ey, es,...,ep be M closed
segments each connecting two of these points (i.e. each e; = O;, Oy, where i;,k; € {1,...,N},i; # kj;). All
points O; are supposed to be the ends of some segments e;. The segments e; are called edges of the graph. A
point O; is called a node, if it is the common end of at least two edges and O; is called a vertex, if it is the
end of only one edge. Any two edges e; and e; can intersect only at the common node. The set of vertices is
supposed to be non-empty.

M
Denote B = |J e; the union of edges and assume that B is a connected set (see Fig. 1). The union of all
j=1
edges having the same end point Oy is called the bundle B®.
Let e be some edge, e = O;0;. Consider two Cartesian coordinate systems in R™. The first one has the origin

in O; and the axis Oi:vge) has the direction of the ray [0;0,); the second one has the origin in O; and the
opposite direction, i.e. Oiicge) is directed over the ray [0;0;).

Below in various situations we choose one or another coordinate system denoting the local variable in both
cases by z(¢) and pointing out which end is taken as the origin of the coordinate system.

With every edge e; we associate a bounded domain o/ C R"™! containing the origin O and having C*-

smooth boundary 0¢7,j = 1,..., M. For every edge e; = e and associated 0/ = ¢(®) we denote by ng) the
cylinder

(e) .”L'(e)/
1 = {29 e R : ) € (0, Je]), - €a},
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FIGURE 2. Thin tube structure B,.

where 2(¢) = (x;e), ey ng)), le] is the length of the edge e and € > 0 is a small parameter. Notice that the edges
e; and Cartesian coordinates of nodes and vertices O;, as well as the domains ¢, do not depend on e. We will
define as well a semi-infinite dilated cylinder HS,Z) = {x(e) eR™: x(le) € [0, 00), z©) ¢ O'(e)}.

Let Oy,...,0p, be nodes and Op,41,...,0n be vertices. Let w!,...,w" be bounded independent of ¢

. x—0; .
domains in R™; introduce the nodal domains w! = {x € R™: ! e wi}.

Every vertex O; is the end of one and only one edge e;, which will be re-denoted as ep,; we will re-denote as
well the domain o* associated to this edge as 0%7. Notice that the subscript k& may be different from j.

Definition 1.2. By a tube structure (see Fig. 2) we call the following domain

e Qi)

Suppose that it is a connected set and that the boundary dB. of B, is C*-smooth.

C =

j=1

Let r; be the maximal diameter of domains w;, i = 1,..., N, denote » = r; + 1. Consider a node or a vertex
O, and all edges e; having O; as one of their end points. We call the union of all these edges a bundle of edges

and denote it By, i.e., B;= |J e;. By a bundle of cylinders Bp, we call the union w! U ( U ngj)>, and
j:O1€e; j:O1€e;

by O =w!U ( U H(()Zj)) a bundle of dilated cylinders. Denote also Qf = {z € R"|z/e € O;}.
j:OlEEJ'

1.2. Formulation of the problem

Let 19, A > 0 be positive constants. Let v be a bounded C®— smooth function R™"*1/2 — R such that for
all y € Rr(+1)/2,

v(y)l < A, V)] <A, V@)l < A V() < A (1.1)

where A is a positive constant independent of y.
Consider in the tube structure B. the steady state boundary value problem for the non-Newtonian fluid
motion equations

—div((vo + \2w(¥(v))D(v)) + Vp=0, =z € B,
divv =0, =€ B, (1.2)
vlop. =8,
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where D(v) is the strain rate matrix with the elements d;; = %(% + %), ¥(v) = (d12,d13,das, d11, daz, ds3) if
n =3 and ’}/(V) = (dlg,dll,dgg) ifn= 2.1
Assume that the fluid velocity g at the boundary 0B, has the following structure: g = 0 everywhere on 0B.

except for the set YN+ .. AN where 72 = 9B. N0w!, j = Ny +1,...,N, i.e.,
(-0 .
g(w)lvj—gj< . J) L j=Ni+1,...,N,
g(m)‘ N =0,
OBA\( U )

J=N1+1

where g/ € W5/22(47), 47 = ¢=1 (54 — O;) are the corresponding dilated parts of the boundary, g € W°/2:2(9B.).
Assume that

N

2 / g’ (”3_5()) ‘n(z)ds =0, (13)

j:Nl+1'Yj

€

where n is the unit outward (with respect to B.) normal vector to v7.

1.3. Main results

The first main result of the paper is the theorem on the existence and uniqueness of the solution: There
exists Ag such that for all A € (0, \g) problem (1.2) admits a unique weak solution (u,p) with u € W323(B.),
Vp € WH2(B,).

The second main result concerns the construction of the asymptotic approximations of the solution of problem
(1.2). Let us describe the algorithm.

First, let us recall the definition of a quasi-Poiseuille flow for equations (1.2). Let o be a bounded domain
with Lipschitz boundary in R"~!. Consider in the infinite cylinder II = R x ¢ the Dirichlet boundary value
problem:

—div((vg + Av(¥(u))D(u)) +Vp = 0, ze€ll,
divu = 0, zell, (1.4)
ulon = 0,

where ¥(v) = (di2,d13,d23,0,0,0) if n = 3 and §(v) = (d12,0,0) if n = 2 (below we will see that for the
quasi-Poiseuille flow d;; = 0).

Define a quasi-Poiseuille flow as a solution to the following problem: find the couple (Vp_ , Pp, ) such that
Vg, (z) = (vp, (2),0,...,0)7, and Pp_ () = —az; + B, o, B € R, 2’ = (x9,...,x,), where vp, is the solution of
the following problem

—Ldivy ((vo + W(Fp(vp,)))Vevp, ) =a, 2 €0,
2 (1.5)
UpC¥ |ag = 0.

Here 4p(vp,) = (2Vyvp,,0,0) if n =2, 9p(vp,) = (3Vawvp,,0,0,0) if n = 3, and « is the given pressure slope.
Define F,(a) = [vp, (2')da’ the flux corresponding to the pressure slope —a. Note that in the case of the

steady Newtonian flow (the steady form of Navier-Stokes or Stokes equations) F,(«) is proportional to «. This

TIn [27] the definition of 4(v) was introduced with forgotten n last components. However it should be read as above.
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case corresponds to the value of A = 0 and so, F,(a) = ka, where k = [ 0p(2’)dz’ and 0p is a solution of the
o
Poisson equation

WA Oop=1, ' €0
5 =x'VP ) )
{ op =0, '€ do. (1.6)

Consider the quasi-Poiseuille flow in a thin tube with the cross-section o. which is a contraction of o 1/e-
times. As the inflows/outflows have the velocity of order ¢ in L°°-norm, see (1.2)3, we consider the Poiseuille
velocity of the same order and it corresponds to the pressure slope of order 1/e. So, for any o € R we consider
the scaled problem (1.5) in 2’ = ez’ variables:

~dive (0 + AW(3p(vh ) Ve ) = 20 & €0,

(1.7)
vpa =0, 2 € do, .
Evidently, the solution of this problem is related to the solution of problem (1.5) as follows:
Z/
vf;’%(z’) = 5'UP04(;)- (1.8)
Denote the corresponding flux
o !
F, (=)= /vfp,g(z')dz = /svpa(—)dz
After the change of variables 2’ = z;/ we see that
Fo (%)= e / vpale’)da’ = " Fy (@), (1.9)
i.e.
Fo (B) =c"Fo(eB). (1.10)

These two last formulae give the scaling rule for the operator (function in stationary case) relating the pressure
slope and the flux.?

In the same way one can introduce k. = "'k the Newtonian flux in a contracted 1/e-times cylinder
corresponding to the pressure slope 1. Putting G,_(8) = F,_(5) — k.8, we get the relation

Gy, (B) = "Gy (ef). (1.11)

Consider now the problem on the graph corresponding to the data of problem (1.2): the cross-sections o
and the given fluxes

ZNote that the pressure slope in these problems is —a (or —a/¢) but in the name of the operator we skip the sign “minus”.
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Fy = [egh(*=24) -n(z)dS = e"F',
oA

9 W (e (es)
<~ F —(x,77))) =0, =7 €(0,|e4]),
axge])( E(al‘ge]) 1 )) 1 7
a £
. Fgg(%(o)) -0, I=1,...,Ny,
e;j:01€e; 8$1J 1.12
op* (1.12)
Fag(W(O))Z—FZE, l=Ni+1,...,N, Oleej,
1
ps(xf” =0) —ps(xgeﬁ) =0)=0, e :0,€e;, l=1,...,Ny,
p*(On) =0,

where e, is one of the edges with an end point O; called the selected edge of the node O;. It can be rescaled
using the scalings of the pressure slope - flux relation:

9 " (&) (e5)

- . Fo, (e . ('jtj J) =0, x;’ E(O,|€‘|),

83:561) ( ( agge;) 1 )) 1 j
- Z FU]‘(E 1(76)(0)):0, l=1,..., Ny,

6_7‘COL€€_7'6 B 8951 J (113)
~F,, (56 L(0) =—F, I=Ni+1,...,N, Oj€e,

xy’

Eps(mge'j) =0)— Epa(acges) =0)=0, ¢;:0;€e;, l=1,...,Ny,
ep®(On) = 0.

Notice that the operator Fi, (/) is a nonlinear operator relating the pressure slope and the flux. Now making
the change p = ep®, we get a problem which does not depend on €. If p is an affine function, then

P (@) = —s,;2() e 4 a; /e (1.14)

Let us describe the leading term of the asymptotic expansion of the solution of problem (1.2). The pressure

slope a5 = —;{fj) in every edge e; generates the quasi-Poiseuille velocity in the associated cylinder which is
1

VP e (2(¢)"). The functions VP e (2(¢3)") (velocity) and ps(xgej)) —p° (xgea‘) = 0) (difference of the pressure value

at scgej) and of the pressure at the node O; for the end of the selected edge) are multiplied by a cut-off function
(e5)

¢ (?Ts ), where ¢ is a C? smooth function equal to zero in the interval [0,1] and equal to one in the interval

[2,00). So, the regular part of the leading term is the couple v, pd:

a _ € (e;)r @y’ .
Vo _IUP,ozj(‘r / )C(W)e_ﬁ

= (p° (1)) = p= (1) = 0)¢(Br) + pF (2™ = 0),
x1€J € (07‘ej|/2)

(1.15)

where e; is the director vector of the edge e;. This formula holds in the half of the edge e;. For the other half
we may use the analogous formula associated to the second end of the edge e;.
This regular part of the leading term is completed with the boundary layer corrector also considered in the

(e5) 2

part B, corresponding to z; °’ € (0,]e;|/2). We say that the function ¢ € L7, .(©2) exponentially stabilizes to
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constants q1, qo, . .., qy at infinity if

/exp(2ﬁx1 )g(x )—qj|2dx<oo, j=1,2,...,J,
QJ

for some S > 0. The space of such functions we denote LZOC(Q) Let Ng € Wh2(Q;) and Py € Lloc(Ql) be solution
of the following problem in dilated variables & = £ EOZ in the unbounded domain €2;:

—dive((vo + Av(Fe(No(€) + VE(€))) De(No(€) + VE(€)))
+Ve(Po(€) + P2(E)) =0, €,
dive(No(€) + V2(£)) =0, £ € U,

No(§) =0, £ €0,

(1.16)

where

(eJ
(eJ

= > c Jup,s, (£ )e;, P2(€)

j:01€e; 7:0,€¢€;

dive,qe, De, Ve are operators written for ¢ variable. Notice that this problem is independent of €. Here and
below for vertices O; condition Ny = 0 on ~! is replaced by N = g'.
So, the leading term with the boundary layer corrector has the form:

(e5)

T = Ve (20))C (S Yo + €N (52

5 = (@) — (el = 0)G(5) + 7 (e = 0) + P2, (.17

ﬁ”e@mw»

For the construction of high order asymptotic approximations of the solution we use a non-standard approach:
instead of construction of asymptotic series as in [21] or [24] we construct a chain of successive iterations. Namely,
in [26] it is proved that the pressure P, in (1.16) tends to some constants in the outlets. Taking into consideration
that the pressure is defined up to an additive constant, we can absume that Py tends to zero at the outlet H(es)
corresponding to the selected edge es of the bundle B;. Denote by ¢ cl J the constants which are the limits of P,

in the outlets ngj), j # s. Then we define the first iteration of the problem on the graph (1.12) where the
condition

pE(xgej) =0) —pg(zﬁes) =0)=0, e¢;:0,€e;,l=1,...,N;
is replaced by
P =0) —pfal) =0) =&, ¢;:0€e;, I=1,..., Ny, (1.18)
The first iteration of the boundary layer corrector is the solution of problem (1.16) where in the expressions
Vg and Pg the constant s; is the slope of the solution of the problem on the graph p° of the first iteration.

In turn, the pressure of this boundary layer problem tends to constants Ellj and these constants appear as the
right-hand side in of(1.18). This iterative procedure is continued. For the J-th iteration we get the estimate



8 G. PANASENKO ET AL.

of the error of order O(e?~2|In¢g|?/*2) in W12(B.)-norm for the velocity and of order O(e’/~3|In¢e|?/*2) in
L?(B.)-norm for the pressure.

The stucture of the paper is as follows. In Section 2 the auxiliary domains are introduced: a covering of
the tube structure and domains with cylindrical outlets to infinity. In Section 3 several embedding inequalities
are proved for thin tube structures as well as a priori estimates for solutions of the divergence equation and
Stokes problem posed in thin structure. Section 3 contains a generalized formulation of the Banach fixed point
theorem used further for improving the regularity of solutions. Section 4 is devoted to the proof of the theorem
on existence and uniqueness of a solution of the main problem for non-Newtonian flow and of a priori estimates
for this solution. Sections 5-7 recall the results obtained in [25] and [26] on the steady non-Newtonian Poiseuille
flow, on the problem on the graph, on the boundary layer problem in domains with cylindrical outlets. Finally,
Section 8 is devoted to the construction of high order asymptotic approximations of the solution and the proof
of the error estimates.

2. DEFINITIONS OF AUXILIARY DOMAINS
2.1. Covering of the domain B,
Let us construct a covering of the domain B.. Take domains Aie,i) ={z e ) ;2 e ek—2,k+2)}, j=
1,...,N,k=2,..., LI LI ~ |ele™!, and define Ag,)c =wlU{z € HEej) i) € (0,2¢)}, j=N1+1,...,N (ie.,

when O7 are vertices), and Aij,)c =wlUJ{z € Hiekj) : x;ekj) €(0,2¢)}, 5=1,..., Ny (i.e., when O7 are nodes),
) Pt

where the union over k; is taken over all edges of the bundle BY) associated with the node O7. Obviously,

N LI N 4
p- (VU U (U
=1k =

We denote this covering by 2.. )
In parallel with the covering 2(. we take the covering 2. containing larger domains

N LI N
B.=|JUAY |UUA% ],
j=lk=2 =

where flie,]c) ={z € ) 2 ¢ e(k—3,k+3)}, j=1,...,N,k=3,...,LI, L7 ~ |ele~'. Then we define

ASI)g =wl U{r € me) . ) e (0,3¢)}, g = N1 +1,...,N, and ASI)g =w! UJ{z € Hiekj) : xifkj) €
k;
0,39)}, j=1,..., Ny
Obviously,
A c Ay, AY) c 4Y). (2.1)

2.2. Domains with cylindrical outlets to infinity

Consider the domain €2 C R™ with J cylindrical outlets to infinity which will be used in the construction of
the boundary layer correctors for the asymptotic expansion of a solution of problem (1.2).

J
Let @ =Q°J (U ©9), where Q° is a bounded domain, QN Q7 =0 for j € {1,...,J}, ¥ N Q' =0 for
=1

j#1, j,1€{l,...,J}, and the outlets to infinity Q7 in some coordinate systems z/) = (:cgj), ()", having the
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origins within the boundary of domain Q°, are given by the relations
O = {29 eRr", 20V € o, 2 > 0},

where o; are some bounded domains in R~ cross-sections of the cylinders. Assume that for any k € {1,...,J}
there exists a d; > 0 such that the cylinder {z/) € R", 20 € ¢; , —4; < x(lj) < 0} € Q°. Denote d, the maximal

diameter of the cross-sections ;. We assume that the boundary 99 is C*-regular and that 92 N 9N # () has
a positive measure. In particular, Q can be just a semi-infinite cylinder: Q = {z € R", 2’ € 0 C R""1 2; > 0}.
Evidently there exists a positive real number R > d,, such that the ball B = {z € R", || < R} contains Q.

Note that Q7 = I for one of the edges of the bundle.
We also introduce the following notations:

. J
Q= {oe @ al? <k}, 00 = U( U ), (2.2)

Jj=1

where k£ > 0 is an integer.
Let 2 C R",n = 2,3, be domain with J outlets to infinity. We define in 2 weighted function spaces. Denote
B =(B,...,0) and define by ¢g(z) a smooth function

0, T € Qo,

= j j 2.3
%8(®) {ﬁwW veq;, ¥ >2 j=1.. (2:3)

We also set Eg(x) = exp 2¢g(x).
Denote by WSQ(Q), [ >0, the space of functions obtained as the closure of C5°(2) in the norm
1

lulhgeio = (22 /Eﬂ($)|Dau(x)|2dx)1/2

[a|=0 ¢
and set WB’Z(Q) = E%(Q) Notice that for 5 > 0 elements of the space W;,Q(Q) exponentially vanish as :Ugj) — 00.

3. AUXILIARY RESULTS

3.1. Embedding inequalities in tube structure B

Lemma 3.1. (Poincaré inequality) There the inequality holds
|ull2(p.) < cel|Vull 2,y Yu € WH(B,), (3.1)

where the constant c is independent of €.

The proof of this lemma is obvious.

Let G be a bounded, Lipschitz domain in R™. Let us introduce in the Sobolev space W%?(G) the equivalent
(for the fixed €) norm

l
—2(l—k k
ull[f g =D e 27RF20 Thy| 3, 6.
k=0
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Obviously,
ulllfa.g = e**Ilulllo,g-
Lemma 3.2. Let B. CR", n=2,3, u € WY2(B.). Then
||UH%4(AE) < ce "M [[ulll o4,
where Ac is arbitrary domain from the covering 2., and
lullzap.y < e llullli 0,5,

Proof. In any bounded Lipschitz domain G the inequality holds (see [13])

a6y < (@) (allFaqg) + I Vulag) )
By scaling, it is easy to see that in any A, the estimate holds
||U||i4(AE) <ceeTH (572HU||%2(A5) + HVUH%Z(AE))Q = ce 7" MY[Jull|1 0,4
with the constant ¢ independent of . From this it follows that

lullZscany < e Al o p llulllf 0,4,

and summing the last inequalities over all domains A, from the covering 2. we get (3.2).
By same token using the continuous embedding W?22(Q) into L>°(£2) we get the following
Lemma 3.3. Let B. C R", u € W22(B.). Then the following inequalities

[l oo (a.) < ce™ D72 [u][]2,0, 4. »
ull oo () < ce= D72 ||ul||2,0,5.

hold with the constant c independent of €.

Proof. In a bounded Lipschitz domain G the inequality holds (see [13])

el gy < e(9) (IullEg) + IVullfeg) + 1V2ullEe) ) -
Then, by scaling, we obtain the estimate
[ullf o a.) < g™ A llulll3 0,4,
with the constant ¢ independent of €. From this it follows that

—(n—4)/2

el sy < sup fullza.) < ce [Ilulll20,B. -

e €

From Lemmas 3.2 and 3.3 follows
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Lemma 3.4. Let u € W32(B,). Then

IVullgoe 5.y < ce™ D2 |[ull]s,0,8. (3.5)

IVullpas,y < =" lullls,0,5., (3.6)

—(n—4)/4

IV?ullLa(p,) < cs [ul]3,0,B. - (3.7)

The same inequalities hold for functions u € W32(A,).

3.2. Divergence equation

Let G C R™ be a bounded domain with Lipschitz boundary. Consider in G the following problem:
For given h € L?(G) with [ h(z)dz = 0 find a vector field w € W?(G) satisfying the equation
4

divw =h in G, (3.8)
and the estimate
VWllL2g) < ellhllr2(g)- (3.9)

Lemma 3.5. Problem (3.8), (3.9) admits a solution. The constant ¢ in (3.9) depends only on the domain G.

Lemma 3.5 is proved in [12].

Consider now problem (3.8), (3.9) in the tube structure B.. The following result is obtained in [22].
Lemma 3.6. There exists a solution w € WY2(B.) of problem (3.8), (3.9) in Be.. There the estimate holds

IVWliz2(s,) < ce™H Rl r2(a.)- (3.10)

with the constant ¢ independent of .
Let us assume that 9B, € C* and introduce the notation YT = I1%) n {zle) ngej) € (3lejl, 3le;) ),
T =1 0 {0 i) € (el e}

Lemma 3.7. Let h € WQ’Q(Y‘gej)), supph C T and | h(z)dz = 0. Then there exists a solution w €

2

VOVLQ('Y‘SJ')) N W3’2('Y§ej)) of the divergence equation (3.8). There the estimate holds
”W”Ws,z(fj) < 0573||h||wz,2(?j) (3.11)

with the constant ¢ independent of €.

Moreover, suppw C {z : z1 € (%]e;], 2le;]), 2" € 07 }.

o~
—_

Proof. First consider the divergence equation in the domain Z; = {y : y1 € (3|e;|, 3le;]),y’ € 07} assuming
that h € W22(Z;), supph C Z; = {y :y1 € (§lejl, ilej]), ¥/ € 07} and [ h(z)dz = 0.
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=

The lateral boundary of fj is C4-regular, supph C Z B, Bj CE = and = E; 7é Z;. So, by results in [8], there exits
a vector field w € W12(2 ) NW3 2(_]) such that div,w(y) = h(y), and

||V~VHW3‘2(§J.) < CHhHW’M(Ej)' (3.12)

Moreover, w(y) can be constructed such that

suppw C {y typ € (%|ej|,%|ej|),y’ € aj}.

Here h(y) = h(z)|g=x(y), and X(y) is defined by z1 = y1,2" = ey’
Define the vector field w with components w1 (z) = w1 (y)|x -1 (), wi(T) = eW;i(y)|x-1(), # = 2,...,n. It is
straightforward to show that div,w(z) = h(z), W|T<8j> = 0. Passing in (3.12) to coordinates x we obtain the

inequality

2 2
J (Ze2l|V'l€v|2+Z| Y Yar<e [ (L VIR 4 Y 15h2)de
=0 =0 =0 !

<e ) fieﬁ
which implies
3 Lo,/
zg (EZ_IHV/ZW I, 2709 +~€l||V/lw1|| FD) +e |5 ||L2(T )
155 g ) < ; (alnv“hum@(e ) HIZR g0, ):
from which we obtain (3.12). O

3.3. Stokes problem

Denote by H(B.) the subspace of divergence free functions from W2(B.).
Consider in B, the Dirichlet problem for the Stokes system

—vAv+Vp=1f, z¢€ B,
divv =0, =€ B, (3.13)

The weak solution v € H(B.) to (3.13) satisfies the integral identity

I//VV-V’I’)d:L':/f”I]dx Vn € H(B.),
B. B.

and hence the estimate
IVVIZ25. < c®lEl72(m.)- (3.14)
Lemma 3.8. Let B, € C'*2, £ ¢ W'2(B.). Then v € W*22(B,), Vp € W'2(B.) and

VI 2,0,8. + VP 6 5. < Cllfllla 5. (3.15)
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with the constant ¢ independent of €.

Proof. Let A, C A be domains from the covermg A, and 2[ of B.. Consider (3.13) in A Makmg the change
of variables y = e 'z we transform A, and A, into the fixed (independent of €) domains Ay and Ag. The Stokes
problem in coordinates y takes the form

—vA, v+ V,(ep) = *f in Ao
divyv =0 in Ay, (3.16)

V|aBsmaA'0 =0.

ADN local estimates for elliptic problems (see [2]) yield the inequality

+1
z IV 20y + 2 197022 a9
m=1 (3.17)

2
HLZ(%))’

4 m 2 —q
(e mz:Onv €2, 5, + IV 5, + 0 =7

where ¢(y) = ep(y), 7= I% [ q(y)dy. Since [ (q(y) —q)dy = 0, there exists w € WI’Q(/TO) such that divw =
0

" AO IZ{O
q(y) —q in Ap and

||VW||L2(A0) < cllg - qHL2(ZO)'
Multiplying (3.16) by w and integrating by parts we obtain

||q—6||iz(A ) f q(y ) —q)dy = f q(y)divwdy
—yva VWdy—Efo wdy
Ao Ao
SVl g2 VWl 24,y + €208 Lo gy Wl 221,
< CHVVHLZ(,ZU)HQ _q”m(}{o) + 652||f“L2(Zﬂ)Hq _q”m(ﬁo)-
Therefore,

llg — aHLz(ZO) < C(||VV||L2(,ZO) +52||f“L2(Zo))- (3.18)

From (3.17), using (3.18) and the Poincaré inequality, we derive

+1
Z IV 240y + 22 IV™all72(4,
~0 ( = (Ao)

(3.19)
( z IV )+ IV 5, )
Returning to coordinates x we obtain
42 ) , )
> EIVEVITaay HE7 2 VDA,
m=0 m=1 (320)

l
Selst X mel2, 5, + 2 IVVIEL 4 )

m=0
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Summing up (3.20) over all domains A, C A, and estimating the last term in the right hand side by (3.14)
yields

+2 5 9 9 I+1 9 5
2 eMIVEVILap,) +€° X e IVEDIL s,
m=0 m=1 (3.21)

l l
< 6(64 3 EQmeH%?(BE) +52||V$v||%2(35)) < cet 2_052m||f“%2(35)_

Multiplying the last inequality by e ~2(+2)+2¢ we obtain (3.15). O
Consider now the Stokes problem in the domain Q with J outlets to infinity:
—vVAv+Vp=~f, z€Q,
divw =0, =z €, (3.22)
V|39 =0.
We have the weak solution v € H(2) to (3.22) which satisfies the integral identity

y/Vv-Vnda::/f-ndx Vn € H(Q),
Q Q

and the estimate
IVV[[Z20) < cllfll7z()- (3.23)

The following theorem was proved in [30] (see also [28], Thm. II1.3.2).

Theorem 3.9. Let 0Q € C't2 and let f € W:l)ﬁ(Q), B > 0. Suppose that the number 0 < 8 < By. If By is
sufficiently small, then the weak solution u belongs to the space Wé? () and there exists a pressure function p

with Vp € Wéﬁ(Q) such that the pair (u(z), p(z)) satisfies equations (3.1) almost everywhere in Q0. There the
estimate holds

Fullptes oy + 1980wy e < g oy (3.24)

3.4. Weak Banach contraction principle
Theorem 3.10. Let X and Y be reflexive Banach spaces, X C Y,

lz]ly < |lzl|lx VzeX. (3.25)
Suppose that M C X is closed, bounded set, M # 0, and the mapping T : M —— M satisfies the inequality
Tz —Tylly <Ekllz—vyly, k<I. (3.26)
Then T admits exactly one fized point x, € M:
Tr, = ..

This result is well known and widely used in the mathematical community. For the proof of it see, for example,
[26].
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4. EXISTENCE AND UNIQUENESS OF THE SOLUTION OF THE MAIN PROBLEM

Since divv = 0, the problem (1.2) can be written in the form

—22Av + Vp = —Adiv (V(ﬁ(v))D(v))),
divw =0, =€ B, (4.1)
v]oB, = €8,

Let e = ep, be the edge with the end O; and let 2(®) be the Cartesian coordinates corresponding to the
origin O; and the edge e, i.e., z(®) = Pe)(z — 0;), P(¢) is the orthogonal matrix relating the global coordinates

(e)' .
x with the local ones 2(¢), ¢ = {z : % €o, asge) = 0}. Denote g(®) = P(©)gi.

Let

Fi=¢ [gx) n)dS=c[gl (x60j> -n(z)dS

2 e (4.2)
—n [ 55(a,(e) (e) = gnpy i = - N
=€ fgn(y )dy =€ y J = 1+1a"'7 )
~i

(6)
where n is the unit outward (with respect to B.) normal vector to v, y(¢) = , 87 (y®)) = g ((P)*y©)),

FJ does not depend on . Assume that for the flow rates F7 the compatibility condltlon

N
> Fi=0 (4.3)

j=Ni1+1

is valid.
Let g be the divergence free extension of the boundary function g (which we denote by the same symbol
g, g € W32(B,)) satisfying the following asymptotic estimates

||vlg||L2(AE) < CGO€%7 I= 0717233; (44)
for any domain A, from the covering 2[.. Using Lemma 3.3 we see that

sup |g(z)| < cGy, sup |Vg(z)| < cGoe™t,
z€B. v€B (4.5)

ne(3141)

||V g||L2(B ) < CG()E 2 s [l = 0, 1,2,3,

where the constant c is independent of € and g and G is independent of €.
Representing v as the sum v = u + g we obtain the following problem

—% Au+ Vp = Adiv (V("y(u +eg))D(u+ Eg))

—xdiv(v(i(eg)) Dicg)) +F, (4.6)
divu=0, ze€ B,
ul(’?BE = 07

where f = S0 Ag + )\dlv( (Y(eg))D(e )) Below we consider problem (4.6) with arbitrary f € W12(B,).
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Theorem 4.1. Let f be a vector-valued function from W12(B.) and g € W32(B.) be a described above
extension.

(i) There exists Ao such that for all X\ € (0, Xg) problem (4.6) admits a unique in some ball solution (u,p)
with u € W32(B.), Vp € WY2(B.). There holds the estimate

1alllf 0.5, + 1IVPIIR 0,5, < cllfll 0 5. (4.7)
Here and below constants ¢ with or without subscripts are independent of €.

(i) The pressure p is unique up to an additive constant. Being normalized by the condition of the zero mean

value [ pdx = 0, the pressure satisfies the estimate
B

||p||2L2(BE) < C52|Hf|||%,o,32~ (4.8)

Proof. (i) Let M be the operator H(B.) N W32(B.) — H(B.) N W32%(B,), such that for any U € H(B.) N
W32(B.), (MU, P) is a solution of the problem

—BAMU+ VP =h(U+eg)+f, z€B.
divMU =0, x¢€ B. (4.9)
MU|pp. =0,

where

h(U + eg) = )\div(y(f‘y(U +eg))D(U + 6g)> - Adiv(u(f‘y(sg))D(sg))

= Mdiv [V(5(U + ¢g)) D(U) + (v(3(U + cg)) — v(i(c8)) ) D(cg)|
= AVTu(3(U + eg)) - D(U) + Av(5(U + eg))divD(U)

A (Vv(3(U + ) = VIv(i(cg)) ) - D(eg) + A(V(3(U +=8)) — v(3(cg)) ) divD(cg).

Here and below the gradient V is a column vector.
Note that

Vr(3(U +€g)) = (Vyr(y)ly=;(Uter)” V(U + £g)
and
Vr(¥(eg)) = (Vyr(y)ly=4(cw)” Vi(eg),

where V7 is the Jacobian matrix of 4. Let us subtract and add in the term )\(VTV(ﬁ(U +eg)) — VTI/("y(Eg)))

the expression

MV ()ly=suteg)” V7 i(c8)
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and notice that
MV (W)ly=4(U+2g)) T VAU +8)) = MVyv(y)ly=5(U+g)) T VT (e8)]
< cAsup, |Vyu(y)\|V2U\
and
MV (W)ly=5u+2e) " VT H(€8)) = A(Vyr(W)ly=1ce) " V" T(e8)]
< cAsup, [V20(y)] V(=) VU,

These estimates will be used below.
Let us estimate the right hand side of equation (4.9). By (1.1) and (4.5), we have

lh| < cX sup Vv (y)|[VU[[ V(U + eg)| + cA sup v(y)[V*U
+C>\Sgp Vv (y)|[VU[[eV2g| + X sup Vv (y)|[V?U||eVg|
+cA Sup IVov()|[VU|[eVg|leVg]
< cAA(\VU||V2U| +|VU|[eV3g| + |V2U| + |V2U||eVg| + |VU||5V2gH5Vg\>.

Using (3.5) we obtain

[ IVPUEIVURds < sup (VU@ [ [920Pde < e 20,
rEBe
B.

B.

where oy =1 for n = 2 and «; = 1/2 for n = 3. Further, applying (4.5) we get

& [ 1VePIV*UFdr < sup (V@) [ 1V°UF < cGRe21UIIB 5.
x e
B, B.

17

Let us estimate the integral containing the term £2|V2g|?|VU|?. First consider this integral over the domain

Ae, where A, is an arbitrary domain from the covering 2. Inequalities (3.5), (4.4) yield

52/|V2g|2\VU|2dx < ¢e? sup |VU(x)\2/|V2g|2dx
rEA.
Ac A

< ce®P2|[U[[5 0,4 GEe" " < G (IIU]][3 0,4,
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=t [ V8P V8PV UPds < co* sup [Ve(a)* [ V7 TUPds
TEAe
A Ac

< cet sup [Vg(o)] / V2| VU Pz < cGie?||[U]| o
reB,
A

Summing these inequalities over all A, € 2., we derive
g2 / |V2g|?|VU|?dz + &* / |V2g|?||V2g|?|VU|?dz
B. B
< cGR(1+ GH)e|||U]l[5 0,5 -
Collecting the above estimates we get

BlIBI2a s,y < X242((1+ G301+ )1V,

o ) (4.10)
+¢21[[U]|l4,,5, )-

Analogously, we have

[Vh| < AA((IV?U] + [V2UP + £[7*U]|Vg]) (1 + [V U))
+(e|V2U||V2g| + €| VPUP*|Vg|) (1 + |[VU|) + % V?U||V?g| | Vg

HIVU| (e o] + < 92e) (1 + <[ Ve)).

The L? norm of this expression is evaluated according to the following scheme: in each product of gradients
the first order terms |VU| and ¢|Vg| are evaluated by sup,cp_ |VU(z)| and sup,.p_e|Vg|, the second order
terms |V2U]| and ¢|Vg| are evaluated in the L* norm, finally the third order terms |V3U| and £|Vg| are evaluated
in the L? norm. Then we apply the embedding inequalities of Lemma 3.4. So, for the gradient of h using (1.1),
(4.4), (4.5), (3.5)—(3.7) we obtain the estimate?

< N A1+ GG+ GO (TS o 5, + I1TN115,0,5, + 1U113,0,5.)-

Let us define in W32(B.) a closed bounded set Br, = {u € W32(B.) : |||[u]|
U € Bg,. Then (4.10) and (4.11) yield the estimate

308, < Ro}. Assume that

b+ £]3 5 5. < eA?ARE(1+ G5+ G§)(1 + RS + Rp)

4.12
211112 0.5, (4.12)

SWithout loss of generality we suppose that ¢ < 1.
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and, by (3.15), we obtain

IIMull3 o 5. + VPR o 5.

< NAZRE(1+ G2+ G (1 + RE + RE) + ol If]] %,O,BE'

Put M3 = C2mf|||%,0,Ba and R% = 2M¢. Suppose that

A2 < 1

< =\2
21 A2(1+GF + Go)(1 + 2¢2||[F]3 o, 5, + 4c3[I£]1[6,5.)

Then from (4.13) it follows that

[[|Mu]] %,O,BE < Rg-

The last inequality implies that the operator £ maps the closed bounded set Br, C W3?(B.) into itself.

19

(4.13)

(4.14)

Let us show that £ is a contraction in H(B.). Multiplying equations (4.9) by an arbitrary n € H(B.) and

integrating by parts we get

% [ V(MU)-Vnpdz = -\ [ v(¥(U +eg))D(U +eg) - Vpda
B. B.
+A [ v(§(eg))D(eg) - Vpdz + [ f-nda.
Be B.

From (4.15) it follows that for any U, Us € Bp, the equality holds
% [ V(MU; — MU,) - Vpdz
B.
= =\ [ V(3(U +¢g)) (D(U) — D(Uy)) - Vnda

€

A (v(3(Uy + c)) — v(5(Us + ) ) D(Us + <g) - Vs
’ =Ji + Jo.

Since by (1.1),

v ((U1 +eg)) — v(¥(Uz +eg)* < sup [V,v(y)]*|D(Ur) — D(Uy)|?
Y
S A2|D(U1) — l)(tjg)‘2 S CA2|VU1 - V-U—2|27

we have

v 2c\2A?
|Jo| < §/|Vn|2dx+ ” /|VU1 — VU2|2|V(U2 +6g)|2dx

BE BE

2cA\2 A2
¢ sup |V(Ugq +€g)|2/|VU1 — VU, |*dz

< @/Iande
83 Vo z€B.

B,

(4.15)

(4.16)
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7 2c\2 A2
<0 [ 1vnPde + 2 @ |UslB 5, + GR) [ VU1 - VU
Be B

2c\2 A2
Vo

< %/|V’I’]‘2dx+ (RE+G}) | [VUL — VU, |*da;
BE €

B

2e\2 A2

|J1] < %/\Vnﬁdaﬂr - /|VU1—VU2|2dz
0
BE BE

Taking in (4.16) n = MU; — MU, we derive the inequality

14 14
S VMU= MUs) 25, < VMU = MUs)|[72 5,

Y csA%[1+ R + GE]

V(U1 = Us)|72,)-

Yo
Therefore,
des A%[1 + R2 + G2
V(MU = MU,) 725, < A2 [ 2 o+ G V(U1 = Us)[72(5.)-
0
Let
)\2 : {)\2 Vg }
= min .
0 ' 4c3A2[14 RE + G2

Then for any A € (0, \g) the operator M is a contraction with the contraction factor

4es A% [1 + R?2 + G?
g=\= [V2O 0]<1
0

(4.17)

and, by Theorem 3.10, there exists a unique fixed point u of the operator M which is a solution (together with
the corresponding pressure function p) of problem (4.6). Estimate (4.7) for the fixed point u and the pressure

p follows from the fact that u € B and inequality (4.13).

(ii) If the pressure p satisfies the condition | p(z)dz = 0, it can be represented in the form p = divw, where

B,
w € WY2(B,) and

IVWllz2(s.) < e Hipllza(e.)-
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(see Lemma 3.6). Multiplying equations (4.6) by w and integrating by parts we derive

% [ Vu Vwde ) [ (v3(u+g)Dlu+eg) — vli(eg))Dieg) ) - Vwd

_ fsf.wdx: [ pdivwdz = [ |p|*d.
B. Be Bs

Therefore,
[ pPPdz < ||fllp2s)y[IWllL2 sy + 21Vl 25 VW L2 (8,)
Be

A ] i+ )i+ ce) — v(3(er) Der)Pds) [ Vwliaqm,

< cellfllz2m)IVW 2B, + F IVl 2 VWl L2 (5.
+cA(L+ Go) 2| Vull 25 VWl L2 (5.

< c(Ifllz2em.) + M IVullz2s, ) 2] 205,
and we obtain
191355,y < (1612205, + =2V, )-

From the last inequality it follows that

191355, < e (IIEII 0,5, + 1all30,5, ) < c=2NIElI13,5,-

5. NON-NEWTONIAN POISEUILLE FLOW

5.1. Existence of non-Newtonian Poiseuille flow with prescribed pressure slope

The non-Newtonian Poiseuille flow with the strain rate dependent viscosity was studied in the book [6] and
recently in [27]. We will need below some extended versions of theorems proved there. Namely we will use the
results on the regularity of this flow obtained in [26].

Theorem 5.1. (i) Let o € C3. For any ag > 0 there exists Ao = Ao(ap) such that for all A € (0, o] and
any |al < ag problem (1.5) admits a unique® solution vp, € Wh2(o) N W32(c). The solution vp, satisfies the
estimate

o, s < clal. | [ or,@)ds] < cal, (1)

o

where the constant ¢ depends only on o, vy, A.
(i1) For any Fy > 0 there exists Ay = M\ (Fo) such that for all A € (0, \1] and every F € (—Fy, Fp)
problem (1.5) admits a unique solution (vp,,a) with F,(a) = [vp, (2')da’ = F. Moreover, the following

estimates
lvp, lws20) < CIF],  |a] < c|F]. (5.2)
THere and below the uniqueness takes place only in some ball where the contraction principle is applied.
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hold.
(ii) Let a1, g be two real numbers such that |a;| < ap, i = 1,2, let vp, , vp,, be two solutions of problem
(1.5). There exists A3 = Az(cw) such that for all X € (0, As] the following estimates hold

| [wr, —vr, x| < clas —aal, Jor,, = v lwaoe) < clas -l (5.3)
(o

where the constant ¢ depends only on o, vy, A.

The proof is given in [26]

5.2. Operator relating the pressure slope and the flux

Let us recall the notations from the Introduction: Fy( f vp, (z')dz’ is the flux corresponding to the
pressure slope —a, and G(a) = Fy(a) — ka.

Lemma 5.2. For any ag > 0 there exists a number Ao = Aa(ag) < Ai(ag) such that for all X € (0, 2] the
operator k=G (a) is a contraction on the interval [—ay, o).

Remark 5.3. If the constant ™! is replaced by another constant K ~' > 0 then for any oy > 0 there exists
a number X, = Xy(cg) < Ai(ap) such that for all A € (0,)}] the operator K~1G(«) is a contraction on the
interval [—ag, ap].

6. EQUATION ON THE GRAPH

N
Consider the following problem on the graph B: given constants F;,l = Ny +1,...,N,such that Y. F; =0
I=N;+1
and constants ¢;; , [ =1,..., Ny (here for any { subscript j is such that the edges e; have an end point O;), find

a function p which is affine with respect to xgej),

p(xgej)) = —ijgej) +aj, (6.1)

and such that

) (6.2)
_Faj(aTlej)(O)):_Fh l:Nl—i—l,...,N, OlE@j,

p(mgej) =0) —p(x%eﬁ) =0)=c¢j, €:0/€e;, l=1,...,Ny,

where ey is a selected and fixed edge of the bundle.
This problem can be generalized as follows. Denote by H(B) the space of functions defined on the graph and
belonging to Wl’z(ej) on every edge e; of the graph and vanishing at On. The norm in H(B) is defined by

|p||7-[(B) Z ||P||W1 2(ey)
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Given F; € R, 1=1,...,N, f®) € L?(e;), j=1,....,M, c;; €R,1=1,...,Ny, (for j such that the edges

N
e; have an end point O;), and such that ) F; = 0 find a function p € H(B) satisfying the equations

=1
9 ap ‘

- (e (eJ (EJ) .

9z (7 (G oy @) = D), 2l € e,
— Y E () =R, (=1,....N,

ey on (6.3)
_ng(%(o)) =-F, l=N;+1,...,N, O €e;j,

83716]

p(x(lej):()) ( (es) 0)_Clj7 ejiOl€6j, l:]-v"’le,
p(On) = 0.

in the sense of the following weak formulation:

M lejl 9 ) N
p €;j q €j
> [ Foy (e @) —ydat™ + 3 Fa(O0y)
j=10 . 0x; O0x; =1 (6.4)
T e () o (24
=L [ 1))
]:

for all ¢ € W12(B) equal to 0 at Oy

Theorem 6.1. There exists A1 such that VA € [0, A1) problem (6.3) admits a unique weak solution from H(B).
Let f(e)(m) ¢ L%*(ej), j=1,...,M, Fl(m) (m) ¢ R,m = 1,2, be two sets of data and let p™ be solutions of
problem (6.3) corresponding to these data sets Then there exists a constant C' depending on A, 0, B, such that

M
9 = 5P ) < C 2 15D = 7O
i= (6.5)

N Ny
1 2 1 2
FL IO SR S gy - dPP).

l=1e;:0€e;

Proof is given in [25].

Corollary 6.2. There exists A1 such that for all X € [0, A1) problem (6.2) admits a unique solution from H(B).
Let Fl(m) eR, =Ny +1,...,N, cl(;n) €R, I=1,...,Ni,m=1,2, be two sets of data and let p\™ be solutions
of problem (6.2) corresponding to these data sets. Then there exists a constant C, depending on \,c;,B, such
that

N
1 2 1
P = pP 2 <CC D R~ FPPR +Z STl e P). (6.6)
I=N1+1 I=1e;:0.€¢;

7. SCALING OF THE NON-NEWTONIAN QUASI-POISEUILLE FLOW IN A THIN
TUBE OF THE TUBE STRUCTURE. SCALING OF THE EQUATION ON THE
GRAPH

In the introduction we have found the relations between the fluxes and Poiseuille velocities in the tubes with
the section ¢ and o.:
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vp
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F,.(8) = " Fy(eB). (7.2)

Consider now the problem on the graph corresponding to the data of problem (1.2): the cross-sections o
and the given fluxes Ff = [ eg!(2=21) - n(z)dS = e"F',

&€

Ve
9 M (es) (e5)
o (#177))) =0, a1 € (0,]es]),
awgey)( E(a.’l,'gej) 1 )) 1 J
a =

— Y Fu(—5(0) =0, I=1,..., Ny,

e;j:01€e; 81‘1 ’ 73

p° . (7.3)

Fag(ax(lej)(O))z Fe, =Ny +1,....N, Oj€e;,
pg(xgej) =0) —ps(xﬁes) =0)=g¢y, € :0/€e;, l=1,...,Nq,
pg(ON) =0.

and it can be rescaled using the scalings of the pressure slope - flux relation:

9 W (es) (es)
T T (e FUJ' 57.(‘@ ]) =0, zy’ E(OJ@'D,

83:563)( ( 8352) 1 )) 1 j
— Y F(e-5(0) =0, 1=1,...,N,

. ) (e5)

SR 0z, (7.4)
—R,j(sa i‘)(())):—Fl, I=Ni+1,...,N, O €ej,

;'

spe(xgej) =0) fsps(x(leS) =0)=¢ccy, €:01€e;, l=1,...,Nq,
ep*(On) = 0.

Notice that the operator Fi, (/) is a nonlinear operator relating the pressure slope and the flux. Now making

the change p = ep®, we get a problem of (6.2) type where the left hand side does not depend on €. If p is an
affine function, then

P = —sjai Je + ay /e (7.5)

8. EXISTENCE, UNIQUENESS AND STABILIZATION OF A SOLUTION TO THE
NON-NEWTONIAN FLOW EQUATIONS IN AN UNBOUNDED DOMAIN WITH
CYLINDRICAL OUTLETS TO INFINITY

In this section we will recall the theorems from [26] which will be used in the construction of the boundary
layer correctors for the asymptotic expansion of a solution of problem (1.2).
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Consider in the domain 2 the steady state boundary value problem for the non-Newtonian fluid motion
equations

—div((vo + Av(¥(v))D(v))+Vp = 0, z€Q,
divv = 0, z€Q, (8.1)
vipga = 0.

We look for the solution v having prescribed fluxes F}; over the cross sections o; of outlets to infinity:

v.-ndS=F;, j=1,2,...,J,
J

gj

(8.2)

where

J
F; =0. (8.3)
=1

J

8.1. Existence and uniqueness of a solution

Consider the domain  C R" with .J cylindrical outlets to infinity. We assume that the boundary 92 is C*-
J
regular. Consider in € the problem (8.1), (8.2), (8.3). Denote F = , [ >~ F?. By Theorem 5.1, for any set of fluxes
j=1

(Fi,...,Fy) such that F < Fj, there is a number Agg depending on Fp, such that for every A € (0, \gg) there
exist J pressure slopes a; and corresponding J quasi-Poiseuille flows Vp, (x) = (Upaj (2),0,...,00T € W32(a;),
defined in cylinders {z(9) € R™, ()" € 0j ,xgj) €R}, j=1,...,J, such that F, (a;) = Fj.

We define the cut-off functions x; associated to each outlet €2/ as C**-smooth functions vanishing everywhere
in Q except for the outlet €/, where they depend on the local longitudinal variable xgj )
if mgj) < 1 and equal to one if xgk) > 2. Put

only, are equal to zero

J J
V=Y xjVra,, Px=- ZXjajffgej)'
j=1 j=1

It is easy to see that for h given by the formula
J

h(z) = div Vy(2) = Y (@) v, (z1),
Jj=1

supph C Q) \ Q). (8.4)

J
Moreover, from the condition ) F; = 0 it follows that
j=1

h(z)dx = 0.

Q2)
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Finally, estimates (5.1) and (5.2) yield

J
[Bllwz2ey <€ lvp.,, w220, < cF (8.5)
=1
Since h € W22(Q®)), by results in [8], there exits a vector field W € W12(Q®)) 0 W32(Q®)) such that
div W(zx) = h(x),
and

||W||W3,2(Q(3)) <c HhHW?’?(Q(?')) < cF. (8.6)

(2

Moreover, since supp h C Q ), W can be constructed such that

supp W C Q. (8.7)
Extend the functions W and V,, by zero into the whole © and set
Vi(z) = W(z) + Vy(2). (8.8)

Then,

divV(z) =0, V(z)|,, =0, /\A/'(x)-n(a:)ds:Fj,j:l,...,J,

and for z € Q9 \ QO the vector-field V(z) coincides with the velocity part Ve, ()"} of the corresponding
Poiseuille flow. '
By denoting in (1.2)

~

v=u+V,, p=q+7P,, (8.9)

J _
where Py, = >~ xj 2], we obtain the following problem
j=1

—div [(VO + Av(y(u+ \A/'X))D(u + \A/'X)} +V(g+Py)=f inQ,

divu=0 1in Q,
u=0 on 09, (8.10)
Ju-ndS=0, j=1,...,J

9j

Theorem 8.1. For any fo > 0 and Fy > 0 there exist numbers Ao = Ao(Fo, fo) > 0 and B. > 0 such that
VYA€ (0,A0], V5 € (0,84 and for any f € Wéz(Q) satisfying Hf”W;*z(Q) < fo and any set (F1,...,F;) with
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J
= Y. F? < F§ the problem (8.1), (8.2), (8.3) has a unique solution (v,p)° admitting the representation (8.9)

j=1
with u € W;’2(Q), Vg € Wl;’z(ﬂ), [ q(z)dz = 0. The following estimate
Q®)
[y ) + 1Val2y12 ) < c(IE2y1 ) + F2) (8.11)
holds. Moreover, there exist constants qi,qo,...,qy such that

MWWM+ifm@m%mwwmm

I=1; (8.12)
<d% )IVa(a)2de < (2,10 g +F?).
The proof is given in [26].
Below we will say that the function ¢ € L?, () exponentially stabilizes to constants qi, ga, ..., ¢y at infinity

if
/exp(Qﬁxl )g(z )—qj|2dx<oo, i=12,...,J,

Qi

for some B > 0. The space of such functions we denote LZOC(Q).

8.2. Continuity of the solution with respect to data of the problem

Assume that we have two sets of fluxes (Fl(l), cee F}l)) and (F1(2), cee F}Z)) satisfying the condition (8.3), and
two functions f(V) £(2) € W;Q(Q) Let VS) and \7;2) be flux carriers corresponding to fluxes (Fl(l)7 cey F}l)) and
(F1(2)7 e 7F§2)), respectively (see formula (8.8)). Denote by (u"), ¢™) and (u(®, ¢(?) the solutions of problem
(8.10) corresponding to the flux carriers {7;1), v;z) and the right hand sides f(), f(). Assume that

Denote
J
1 2
Q= IF" = FPP 480 — D1

Theorem 8.2. There exists A = A1(Fp, fo) and B such that for VX € (0,A1], V5 € (0,8.] and sufficiently
small Q for arbitrary £ and (Fl(l)7 cee F} )) i =1,2, satisfying (8.13), the following estimate holds:

Hu(l) - u(z)”%/[/z,z(g) + ||V(q(1) - 9(2))“%2(9) < cQ|In Q|2~ (8.14)

ﬁ . . . . . . . . .
The uniqueness takes place only in some ball where the contraction principle is applied and we have in mind the uniqueness

only for solutions admitting the representation (8.9). Moreover, as usual, the pressure p is unique up to an additive constant.
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Moreover, there exist constants (q§ ), . ,qgl)) and (q (2), . ,qL(IZ)) such that if ¢V and ¢ are normalized by
the conditions [ ¢ (z)dz = [ ¢ (x)dz =0, then
Q®) Q)
J
> / exp (2823)1q™) (2) — ¢\ Pdw < e(Fy + fo), m =12, (8.15)
Jj= 103
and
J
Z 2<eQ|InQ% (8.16)

The proof is given in [26].

9. CONSTRUCTION OF AN ASYMPTOTIC APPROXIMATION OF THE SOLUTION

The algorithm of the construction of an asymptotic approximation is a sequence of iterations where at each
step we solve a problem on the graph and a set of boundary layer problems (see [21]). Namely, the asymptotic
expansion consists of two addends. The first addend is a quasi-Poiseuille flow multiplied by a cut-off function
vanishing within some neighbourhood of the the nodes/vertices O;. Substituting this first addend in problem
(1.2), we derive N boundary layer problems which are obtained by scaling of problem (8.10) in the neighbourhood
of nodes and vertices. These two addends are matched via the constants ¢;; in the problem on the graph (7.3)
and the constants ¢;; to which stabilizes at infinity the pressure in (8.10). Constants ¢;; and ¢&; should be the
same. By an iterative process this condition will be achieved with the accuracy O(g”).

Step 0.1. Given F;, | = Ny +1,..., N, we first solve on the graph the problem of order zero

0 o (eny)) o 4
7ot (P (e D) =0+ € Oles).
— Y F (-0 =0, I=1,...,N,
7 (€5)
e; Oleg Oz, (9.1)
—Fy (—22(0) = —F', I=Ni+1,...,N, Oi€e;,
ey (e2)
po(x17’ =0) —po(z;’ =0)=0, e;: O €e¢;, L=1,...,Ny,
po(On) = 0.
and define p§ = e~ 1po,
Pi(al) = —sjoa™ Je t ajofe, vhas, (2)) = cvp, (21 fe). (9:2)
Multiplying by a cut-off function we introduce for xgej ) € (0, le;|/2) the functions
ey (e
a — 8 . € 1 i
Vo UR% (‘T )C( dre )e] (ej) (93)

g = (p5(t)) — py (@t = 0)¢(Bm) + p(at™) = 0),

where ((t) = 0if [t| <1, ((¢t) = 1if [t| > 2, and ¢ € C*(R) and e, is the direction vector of the edge e;.
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(e5)
Step 0.2. Denote 7 =z — O, VE(T) = 3 ((%0)05 p e (209))e;, PE(T) = PR 3j )s;24%) /. Sub-
j:O1€e; > O €ey
stituting (9.3) into (1.2) and formally extending the branches to infinity, we get for each Oy the following problem

posed in €2f: find N§ € Wt 2(Q5) and F§ € LlOC(Qf), such that

—div((vo + Av(y(N§(z) + VE(2)))D(N=(2) + V§(2)))
+V(F§ — PE(2)) =0, T € Q7 ,
div(N§(2) + VE(2)) =0, 2 € OQf ,
N() = O, S anE y

(9.4)

and so in dilated variables £ = ITOL in the unbounded domain €;: find N € Wt 2(€y) and Py € LZOC(QZ), such
that

—dive((vo + Av(Fe(No(€) + VE(€))) De(No(€) + VE()))
+Ve(Po(€) — P2(€)) =0, €,
dive(No(§) + V2(§)) =0, £ € U,

No(§) =0, €0,

(9.5)

where

(e5)
> e RO = Y 1 sj,oée”,

j:O1€e; j:01€e;

dive, e, De, Ve are operators written for £ variable. Notice that this problem is independent of e, N§(z — O;) =
5N0(I;Ol ), F§(x — O)) = PO(%O’). Let P, tends to zero at the outlet TT%") corresponding to the selected edge
es of the bundle B;, and denote by Eloj the constants which are the limits of P in the outlets Hg:;j ), j # s. Here

and below for vertices O; condition N = 0 on 7' is replaced by Nj, = g'; in this case there is only one outlet
and the pressure tends there to zero. Then we pass to the order one.

Step 1.1. Given F;, | = Ny +1,..., N and constants E?j (all constants are independent of €) we solve again
problem on the graph of the first order, that is

9 Ip €j e
: (F‘”(ax&lj)(ffg )))> =0, 21 € (0, les1),
1

axgej) v
— Y F(-S(0)=0, I=1,...,N,
e;:01€e; 63;1 ’ (96)

—F, ( 61’1»(0)):*1?2 I=Ni+1,...,N, O)€e;,

(e

pi(a “”—0) p(a\ =0)=cd), e;:O1€e), I=1,.... Ny,
p1(Ox) = 0.

and define p§ = e 1py,

pi(a\)) = —sj1a8 e +aju /e, (9.7)
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and v o (z(ed)y = EVPs; (2(%3)" /¢). Consider the functions
a5, :

pt = (s — ) = 0)) o) + 5l =0, ©8)

2 € (0,]e;1/2).

Applying the estimates of Theorem 5.1, Corollary 6.2 and Theorem 8.2, we get the estimates for the differences
P1 = Doy Sj,1 = 8,0, Upse |~ Vpee !

lp1 — pOHH(s <CZ > ‘E(Cllj_cloj)‘ga
1eJ O€e;

Z |55 = sj0* < C Z > lelel; = )%, (9.9)

I=1e;:0;€e;

Z [vps; — vps;, OHHl (o) = ¢ E > |€(cllj - C?j)|2a
j=1 I=1e;:0;€¢;

where C' is a constant independent of ¢ and C?j =0, cllj = 6%.
Step 1.2. Solve the following problem in dilated variables £ = % in the unbounded domain €2;: find N; €

Hl(Ql) and P, € Lloc(Ql)7 such that

—mw«w+Aw7<1@»+Va®»DANm®+Vyo»
+Ve(PL(€) — PL(€) =0, €y,
dive(Ny () + V(€)= 0, £€

N (€)= 0, € €00

(9.10)

Here and below

(e5)
Z C( ;)T )WU,P,Sj,l(g(ej)/)ej
j:O1€e;
and
(e5) )
= Y s k=1,
j:O1€e;

As in the previous step we assume that P; tend to zero in the selected outlet H((,ZS)7 and by éllj are denoted the

constants which are the limits of P; at the outlets Hé?).

Applying the estimates of Theorem 8.2, we get that
|&); — @] < Cellnel.

Assume that we have constructed functions py, constants s; i, a; x, functions vp,,, and for all I =1,..., N,
functions Ny, P, and constants cfj = Effl such that

|cl] _Czj ~1 < CeP gD



STEADY STATE NON-NEWTONIAN FLOW WITH STRAIN RATE DEPENDENT VISCOSITY

and

N1
ok = pre-1l3ym <C X X le(ef; — gy DI,

1= 1eJ O €e;
k
Z |8Jk_sjk 1| <CZ Z ‘E(Cl]_cl] 1)‘27
=1le;:01€¢;
M
k—
> Mvps = 0P e ooy < € Z > el = P
Jj=1 I=1e;:0€¢;

Ny
where ([ >° > |5(cfj —cfj D2 = O(*|Ing[>*=1). Define
I=1e;:0,€¢;

Qr —Z Z cl] c;‘; D2 —O(E%|ln£|4(k_l)).

I1=1e;:01€¢;

Then

”Nk - Nk—l”wl 2(Q) < CQk‘ ank| = ( 2k| ln€|4k73)7
|Py — Pe—1— > g( )(ij ~k 1)HL2(Q) < CQp|In Qy

j:01€e;
= O(e%*|Ine|*—3),

ety — a2 < CQu M Qi = O nef#4-2),

k+1 _

Define now ;i

= clj So,

|ck+1 — ;] = O(¥|Ine[** 1) = O(e*|Ine*).
Step k+1.1. Given F;, | = Ny +1,..., N and constants 6;“»
respect to €), we solve the problem on the graph of the (k + 1) order, that is

9 OPkv1, (e5) (e;)
—— (Fo, ( (x177)) =0, z;7" € (0,]e;]),
&rﬁeﬂ( P (6) ) 1 J
- ¥ R <ap’““<o>>—o, =1,
e;j:01€e; 8
0
_Faa(ﬁplz;‘:i()) Fl) l:N1+17"'7N7 Oleejv

pk-‘rl(xg % = 0) _pk-i-l(x(IES) = 0) = €6{€j7 Ol € €5, l= 1)"'aN17
pr1(On) = 0.

and define p; ,, = e ppy,

pk+1(£§61)) = _537k+1x1 /5 + ajk+1/€,
O,P,ocj,k+1 (x(ej)/) = €V0,P,s; 141 (‘r(ej)//€)'

31

(9.11)

(9.12)

(these constants are uniformly bounded with

(9.13)
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Applying Theorem 5.1, Theorem 6.1 and Theorem 8.2, we get the estimates for the differences pg+1 — px,

. — . £ __ mE .
Sjk+1 = Sj k> rUP,s? k1 UP,sj .

~k ~k
ot~ peldusy <C S X Jeleh — )P
= 16] O€e;

< C2Qi| In Q| = O(e? k+1)|lns|4k),

M
> [8jk41 — sj6]% = O(2*FD | In e[ *F),
=1
M

21 ||vP75j,k+1 — UPs; “12/111‘2((;9') = O( (k+1) |1n€|4k)'

(9.14)

Define now cfjﬂ = cfj

Step k+1.2. Solve problem in dilated variables £ = x_EO‘ in the unbounded domain ©;: find Ny 3 € WhH2(Q))
and P41 € ZZQOC(Q[), such that

—dive((vo + A(Fe (Nip1 (&) + VET(€)) De (N1 (§) + VET(€)))
+Ve(Peya(§) — P (€) =0, £,
mw@@ﬂ©+V“%m=0,§em,

Np1(§) =0, £€0Q; .

(9.15)

Let éfjﬂ be the constants which are the limits of Py1(&) at the outlets Hf,zj) for the edges of the bundle B;.
Applying Theorem 8.2, we get the estimates

INit1 = Nillfpie(q) < CQk+1| InQpi1| = O(e2F+2|Inelt+1),

IPii—Pe— ¥ C(% )(4““—%)”

J:O1€¢; 9.16
S CQk+1| ank+1| = O(€2k+2‘ 1n€|4k+1), ( )

& = &1 < CQurya| I Qpya|? = O 2| Ine|[*+2).

So, the algorithm is based on the fact that if the difference cf; — ¢7" is of order e~ Ine[>* =1, then ||px —

Pr—1ll2(p) is of order £F|Ine|>*=1 due to the scaling between p, and py, = epy; then [lvp o,k —Vps; k—1llw12(09)
is of the same order as the pressure, then ¢j; — Efj*l is of order £*|Ing|?*. So, CZ-H —¢f; = O(e¥| Ine|?F).
Let us define the asymptotic expansion of the solution in each part of the domain B, corresponding to the

bundle By, truncated at the distance |e;|/2 for every edge of the bundle e;:

(e5) (e5)

VG = Ui, (1)) + NG (52 (1= () )
+¢€j( )va( v
5 = 05) — 5 el = 0, + p3 ) = 0) (9.17)

_ ~ (J Gz( J
H(Py (522) = () X) (L= C (i) A)
~ () (e;) .
+(@; — ) ()1 = CE) A, @ € Boy,al™) € (0,1¢;1/2),

where A; is the characteristic function of ngj), ., is a vector valued function with the support in

{xles) 24 e (Lle;], 2ej]), a(s) € 07}, vanishing at the lateral boundary of the cylinder 1) and such that
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i o Arles) _rples) e;) . .(€5) 1 1 I(e; j
within the domain Y7’ =TI N {z(@) : ;%7 € (Le;], 3lej]), /(%) € o7},

x—Ol

2\€)
-yl

div,, = —div{eNJ(
lej

(¢)
(see Lem. 3.7). The factor 1 — C(6Tel,‘]
J
near the note the divergence is equal zero due to the construction of N (see the second equation in (9.15)).
Note that v satisfies exactly the boundary condition and div v4 = 0. Let us calculate the discrepancy in the

equations (1.2). The couple (v5 - (o) )ej,pf,(xgej ))) is an exact solution of the equations within the cylinders
k) Js -

) is introduced to remove the tails of N ; far from the nodes. Notice that

11 the couple

(e5)
. x z— O
(vha, (@ )ey +eNS (=),
e ey _ e (e) e z =0
(05 (@\?) = (el = 0)¢(F) +p3(al = 0)+ Py (=)

is an exact solution of the equations within the bundle Bp,. This pressure term can be rewritten as

(e5) (e;)
e es Ty’ es x— Oy - zy’
(5 (i) = P31 = 0) = e)A(G—) + 03 = 0) 4+ (Pr () = #¢(F0)
(e5)
~J L1
+Cle( re )a
or,
e (p(€5) e (p(es) xgej) e (.(es) z— O =J l'gej)
(p5(zy7") = p5(z) :0))4(%) P (2" = 0) + (Ps( ) = Gi5¢( e )

+(&f; — ef)<(

So, the residual r.(z) is generated by the difference between constants 5i]j and c;’j (the last term in the approxi-
(ej)

mation of the pressure), by the cut-off factor 1 — ¢ (%)Xj in the boundary layer term and by the divergence

corrector ®.; (because the multiplication of the boundary layer by the cut off function slightly violates the

"divergence free” equation):

r. = —div((vo + \v(3(¥)) D + Vi, (9.18)
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where

(o) = NS (=21 - () 2) + b, (2) X1
(e5) (e5)
(@) = (Pr(552) = 0 (50) X)) (1= () X)) (9.19)

7 gy 629 !
+(¢; — ei)C(Hm) (1 — ﬁ(@T))Xj-

The difference between constants Ele and Ci]j is of order O(e”|Ine|?/+2). The multiplication of the term

=01 xgej)

) Cle(

Py ( )

€ 3re

(ej)
by the cut-off factor 1 — C(%)Xj brings a residual of order O(e~%/¢) in W2 norm with some positive ¢
=]

independent of &, due to the exponential stabilization of P;(§) to the constant 6fj as £ tends to infinity in
an outlet (so it is exponentially small in subdomain where ¢ changes its value from one to zero; only in this
subdomain the boundary layer correctors do not satisfy exactly the equations). Let us evaluate

|div((vo + M\ (5(®))D®| < ¢| V2| + cAA|VZE|(VE| + 1),

|Vdiv((vo + AW (5(®))D®| < (| V2| + cAAIVZE D) (V| + 1),
and so,
[rellmp) < el (IVP®] + [V2E| + [V2E?)(1 + [VE])| 12(5.)
< c(emV2)|1®|[[3.0,5. + 1)?[|[®]][3,0,5. = O(e™%); (920)

1IVY]]1,0,B. = O(gJ—2+("—1)/2| ln5|2J+2)_

Taking together these estimates we conclude that in W?'2(B.) norm the residual has order
0(6']_2|ln6|2‘]+2)€("_1)/2.

Applying Theorem 4.1, we prove the following theorem.

Theorem 9.1. Assume that g/ € W5/22(~7) satisfy condition (1.3) and let v satisfy conditions (1.1). There

exists \ > 0 independent of small parameter such that for all A € [0, 5\) there exists a solution of problem (1.2),
such that

||Vf} - V6||W1'2(Bg) < CéJiZ‘ 1n€|2j+27 (9 21)
P9 — pellL2(p.) < Ce’7?|Inel?/+2 '

with a constant C independent of €.

Remark 9.2. The obtained estimates can be applied to justify the method of asymptotic partial decomposition
of the domain for the non-Newtonian flows in thin tube structures. This method was tested in [17] however the
question of the reconstruction of the pressure is still an open question in the case of the non-Newtonian flows.
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10. CONCLUSION

The paper considers the stationary non-Newtonian Stokes system of equations in a thin tube structure
modeling a network of blood vessels with the no slip boundary condition. The viscosity depends on the shear
rate. The small parameter is the ratio of the radius of a vessel to its length. The complete asymptotic expansion
of the solution is constructed and justified by the error estimates. These estimates evaluate the limitations of the
asymptotic approximation, however, the numerical experiments often confirm wider frames for the asymptotic
theory. The leading term of the asymptotic expansion is presented by (1.15) corresponding to the Poiseuille-like
flow in the inner part of the vessels corrected with some boundary layer functions in the neighborhood of the
junction zones. The Poiseuille part of the leading term is defined by a non-linear elliptic problem on the graph
with the Kirchhoff type junction conditions at the nodes for the macroscopic pressure (1.12). Comparing this
approximation to the one-dimensional models of the blood flow [5], we notice that the model in [5] is essentially
non-stationary, having hyperbolic type; it is suitable for the description of the flows with high Reynolds’ number
when the inertial term dominates over the viscous term, while (1.15) is more advantageous for the quasi-
stationary flows with dominating viscous term and modest Reynolds’ number. Also the derivation of (1.15)
starts with the non-Newtonian version of the Stokes system of equations while [5] derives the one-dimensional
model directly from the conservation laws.
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