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Abstract: In this paper, a theorem is obtained on the approximation in short intervals of a collection
of analytic functions by shifts ({(s + it'),..., (s +it;")) of the Riemann zeta function. Here, {t; :
k € N} is the sequence of Gram numbers, and a1, .. ., &, are different positive numbers not exceeding
1. It is proved that the above set of shifts in the interval [N, N + M], here M = o(N) as N — co, has a
positive lower density. For the proof, a joint limit theorem in short intervals for weakly convergent
probability measures is applied.
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1. Introduction

Let s = ¢ + it be a complex variable, and P the set of all prime numbers. The Riemann
zeta function {(s) is defined, in the half-plane o > 1, by

()= Y o

m=1

or by the infinite Euler product

aw=n@-1>i

S
pelP P

and has analytic continuation to the whole complex plane, except for a simple pole at the
point s = 1 with residue 1.

The function {(s) is a significant analytic object which is used not only in many
branches of mathematics, but also in solving problems in other natural sciences, see, for
example, [1-3]. This is due to deep connections between {(s) and objects of arithmetic,
analytic and probabilistic character. It is not surprising that the function {(s) has a certain
link to the famous mathematician and philosopher Pythagoras, who was not only a geome-
ter but also the founder of mathematical philosophy. He saw mathematics everywhere,
and said that all things are numbers, and began to use mathematics in astronomy and
even music. Since the function {(s) is the main tool for the investigation of numbers, and
has unexpected results even in cosmology and music (tuning problem), the theory of {(s)
supports and develops the Pythagorean philosophy. Last time, applications of {(s) crossed
the threshold of numbers, and the function {(s) became universal among functions. This
paper is devoted to approximation problems of analytic functions by shifts {(s + iT), and
is a continuation of the works in [4,5]. We recall that a possibility of the approximation of
a class of functions by shifts of one and the same function is called universality, and was
found by S.M. Voronin in [6], see also [7,8]. The discrete variant of the Voronin theorem
was proposed by A. Reichin [9]. Let® = {s € C:1/2 < ¢ < 1}, and let & stand for the
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set of compact sets lying in ® and having connected complements. Moreover, denote by
Hy(K), K € R the set of non-vanishing continuous functions on K € 8, which are analytic
inside of K. Let #A stand for the cardinality of the set A, and let N € Ng = NU {0}. Then,
the last discrete version of the Voronin universality theorem is the following statement [9].
Forall K € R, f(s) € Ho(K), and positive h and ¢,

1
im i <k< : — ] .
lwor;fN+1#{0\k\N sup |f(s)] @(s+1kh)<s}>0

seK

In [10], we began to consider the joint approximation of analytic functions by shifts
(C(s+it?), ..., o(s +ity")), where {t;} is the sequence of Gram numbers. Let I'(s) be the
gamma function. Then, the function {(s) has the functional equation

n*s/zr(%)é(s) = n<1s)/2r<12_s>g(1 —s), seC.

Let @(t), t > 0 be the increment of the argument of the product 7775/?T'(s/2) along
the segment which connect the points sy = 1/2 and s, = 1/2 + it. Since the function O(t)
increases and is unbounded from above for t > t* = 6.2.. ., the equation

O(t)=n(n—-1), neN, 1)

has the unique solution ¢, for t > t*. ].P. Gram was the first to consider the points ¢, in
connection to non-trivial zeros 1/2 + i<y, of the function {(s) [11], therefore they are called
Gram points. More information on Gram points can be found in [12-14]. Equation (1) is
also considered with arbitrary real T > 0 in place of n. In this case, we have the Gram
function t-.

In [10], we obtained a joint universality theorem on the approximation of analytic func-
tions by shifts ({(s + it7'),...,{(s +ity)) with different fixed positive numbers ay, ..., a;.
The latter theorem was extended to short intervals in [4]. The paper in [5] is devoted to the
discrete version of the results of [10].

Theorem 1 ([5]). Let a1,...,a, be fixed different positive numbers not exceeding 1, and for
j=1,...,r,K; € Rand f;(s) € Ho(K;). Then, for any e > 0,

1 o5
T i <k< . i+ _ f. .
hmmfN 1#{O\k\N sup sup [{(s + it ) — fi(s)] <£} >0

N—reo 1<j<r s€kK;
Moreover, the lower limit can be replaced by the limit for all but at most countably many e > 0.

Keeping in mind the effectivization of Theorem 1, we prove in this paper a version of
Theorem 1 in short intervals. Without a loss of generality, we may suppose that a1 < ap <
-+ - < a;. For brevity, we set

¥a() = ()" (log #)*/1°,

where & = a1. Moreover, we use the notation (t§;)" = (t3)”_ . The objective of the paper is
to prove that the set of approximating shifts ({(s +it;!),...,{(s +it;")) in Theorem 1 has a
positive lower density for every ¢ > 0 (and a positive density for all but at most countably
many ¢ > 0) for k in the interval [¥,(N)((t%)) ", N —1].

The paper is organized in the following way: In Section 2, some mean square esti-
mates for the function {(s) in short intervals are obtained. Section 3 is devoted to a joint
discrete limit theorem in short intervals on weakly convergent probability measures in
r-dimensional space of analytic functions. Finally, in Section 4, we prove the main theorem.
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2. Some Estimates

It is well known that mean square estimates occupy a central place in the proofs of
universality theorems on the approximation of analytic functions by zeta functions. This,
in a more complicated form, also takes place in the case of short intervals. Recall that the
notation x <5 y, x € C, y > 0 means the existence of a constant ¢ = ¢(J) > 0 such that
|x] < cy.

We start with recalling a mean square estimate for the function {(s) in short intervals.

Lemma 1. Suppose that o € (1/2,13/22] is fixed, and TY/3(log T)?*/15 < H < T. Then,
uniformly in H,
T+H

/ C(o+it)Pdt <, H
T—-H

Proof. Suppose that the exponential pair (x,A) and ¢ are connected by the inequality
14 A —« > 20, and T/ (41) (100 T)(2+6)/ (k1) < H < T. Then, Theorem 7.1 of [15]
asserts that, uniformly in H,

T+H

/ C(o+if)2dE <o H
T—-H

Therefore, the exponential pair (4/11,6/11) gives the lemma. [

For the proof of a discrete limit theorem for the function {(s) twisted by Gram points
in short intervals, we need the corresponding mean square estimate. Unfortunately, we do
not know a discrete version of Lemma 1. Therefore, we will derive the desired estimate
from a continuous one which is contained in the next lemma.

Lemma 2. Suppose that 0 < a < 1and o € (1/2,13/22] are fixed, ¥,(T)((#%)) ! < H < T,
and t € R. Then,

T+H
/ 1C(0 + it + it%) 2 dt <o H(1+ |#]).
T—-H

Proof. Itis known [12] that, for T — oo,

27TT
= iog (10 &)
and o
o = fog 21T 00) ©)

Thus, since 0 < a < 1, the function (#£)’ is decreasing for large 7. Hence,

T+H T+H
I =9 [ |7(c+itt+it)|?dTr = [ 1

T T
T+H (t‘“rt ) T+H gt

= @myd| [ [Glo+im)Pdu)= d{ J 1g(o+iu)]? du
T

|g o+ ith 4 it)|> d(t%)

T

T
. Byttt ) Hﬂf\ - 4)
RGN tw{t 6o+ iFdu < (tZT)/ ta_fltl el P
¢ T
tr+H )+t
< @ f 1Z(o 4 iu)|? du,

= H(#7) =]
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where T < ¢ < T + H. In view of the hypotheses for H,
H(t3) + [t = H(t7)" = ¥a(T).

Therefore, by Lemma 1, and if H(t})" + |¢| < t§, then, by (4),

1<<0W<<U,WH+G!;T|),<<U,D¢ H(1+ [t]). (5)
It is well known that, for1/2 < o < 1,
T
/ C(o+it)2dt <o T. ©)
—-T

If H(t5)" + [t| > tf, then t§. 4+ H(t})" + [t| < 2(H(t5) + |t]), and t§ — H(t}) — |t| >
—2(H(t})" + |t|). Thus, by (6), if H(t})" + [t| > t}, then

. 2(H(t€}?’+|t|) H(t"‘)’ N |t|

[ <€ — / 10(0 + iu)|?du < — L~

(t57)' (t57)'
—2(H() +)

Lo H(1 A+ |t]).

This and (5) prove the lemma. O

The next lemma (Gallagher lemma) together with Lemma 2 will imply the bound for
the discrete mean square.

Lemma 3 ([16]). Suppose that T, T, > n > 0, A is a finite non-empty set in the interval
[Ty +1/2, Ty +To — /2], and
Zy(x)= ) 1L

teA
lt—x|<n
Let a complex valued function F(t) be continuous on [Ty, Ty + To] and have a continuous
derivative on (T1, Ty + Ty). Then,

T +T, T +T, T\+T, 1/2
Yz 00k < | |P<t>|2dt+( [ E®Ra [ F'(t)zdt) .

te A 77 7 T, T
Unfortunately, an application of Lemma 3 requires the restriction & < 1.

Lemma 4. Suppose that 0 < a < 1land o € (1/2,13/22] are fixed, ¥o(N)((t5)) ™! < M <
N —1,and t € R. Then,

N+M
Y [Q(o+itf +it) | <oa M(1+|t]).
k=N

Proof. We takeinLemma3y =1,T1 =N-1,T, =M+2and A={N,N+1,..., N+
M}. Obviously, Z,(x) = 1. Therefore, an application of Lemma 3 with the function
F(t) = {(0 + it§ + it) yields

N+M+1
Y e+ it +i)P < [ [Q(o+itt +it)[PdT
N-—1
N+M+1 N4+M+1 1/2
+| [ [gle+itt+it)|2dr [ I (c+itt +it)PdT| .
N-1 N-1

@)
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By Lemma 2, we have

N+M+1
|C(0 4 it +it)|> AT <o M(1+|t]). 8)
N-1

The Cauchy integral formula gives
. . 1 C(s 4 ity +it)
/ « — T 7
'(s+itf +it) = zm.L/ Z—o2 dz,

where L is a circle |z — o] = r lying in the strip 1/2 < ¢ < 13/22. Therefore,

. . d . .
|§’((7+ztﬁ+zt)2<</|Z|_Z(l|4/|§((7+zti+lt)2|dz|.
L L

Hence,

N+M+1 ) N+M+1
/ 17 (0 + it + i) 2 dT <ot / dz| / IC(Rez + it® + it + ilmz) 2 dr.
N-1 L N-1

Thus, in view of (8),

N+M+1
|0 (0 4 it +it) [ AT < g0 M(1+ |t]).
N-1

The latter estimate, and (7) and (8) prove the lemma. O

Now we are ready to approximate (s + it{ ) by an absolutely convergent Dirichlet
series. Let k > 1/2 be a fixed number, and

vy (m; k) = exp{—(%);{}, m,n € N.

Then the series

o« Un(m;x)
Gols) = 3, )

is absolutely convergent for o > oy with arbitrary finite oy.

Lemma 5. Suppose that K C D is a compact set, and Yo (N)((t5,)") ™1 < M < N — 1. Then,

N+M
lim lim su sup|(s +it}) — {u(s +it})| = 0.
=00 N-)oopM+1k:ZI\ISQII()|( k) n k|
Proof. The Mellin formula
b+ico
77 I(s)a*ds=e"", ab>0,
b—ico

implies the integral representation, see, for example, [17],

K+ico
g"(s):%m' / L(s+ 2)ln(z,x) dz, 9)
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where [,,(z;x) = 1/xT(z/x)n*. There exists 0 < § < 1/11suchthat1/2+26 <o <1-9§
for s = o + it € K. The integrand in (9) has simple poles at z = 0 and z = 1 — s. Therefore,
takingx =1/2+dand x; = 1/2+ 6 — 0 < 0, we find by the residue theorem

K1 +ico

gn(s)—g(s)zzim, [t +Dh(En dz+ (1 —s)

Kl—ioo
Thus, for all s € K,
Cn(s +itg) — ¢(s +ity)

T /1 1
—,/g(z+5+it+it,”§+ir>ln<2+5—a+ir;x> dr+1,(1 —s —it; x)

—o0
T (1 o

<</§ §+5+ztk+zr
—00

in virtue of a shift t + T — 7. Hence,

1
Ly = +5—s+iT;K> dt +sup|ly (1 —s — ity )|
2 sekK

sup
seK

1 N+M
_— sup|Cn(s +ity) — (s +it})]
M+1k:ZN seK " k k
e 1 N+M 1 N 1
<  a— —+J+it iT I|=+0—s+it;x||dt 10
[ (s L (g rosmeie)| Jsuplu (3 +0 s+ imm)ar a0
+ ! NiMsupU (1—s—itg K)|def5 +S
— —s—it; k)| = S1+ S
M+1k:NseI<n

In view of Lemma 4,

N 172
A Do (3 +o+i+ir)| < (Mil TMe (L +o+ ity +it)| ) an
g (L4 [TV
It is well known that, for large |¢|, the estimate
I'(c+it) < exp{—c|t|} (12)

with ¢ > 0, uniformly in ¢ in any interval [07, 03], 07 < 07, is valid. Therefore, for all s € K,

1 . - c _
ln<2+(5—s+11> &y nt/FHe ”eXp{—§|T—t|} Lk 1 exp{—cy|t[}

with ¢; > 0. Thus, by (11),
-6 1/2 -6
S1 L5k M / 1+ |t))“ exp{—ci|T|} dT <sapx 1 °. (13)

To estimate Sy, we observe that (12), for all s € K, implies the bound

. _ c _
(1 —s—ith) < ! ‘Texp{f;hf% + 1} <ok /7 exp{ et}
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with c; > 0. Hence, in view of (2),

22 1N w 1/2-2 "y kN
SZ <<K,K n m k:ZN exp{—cztk} <<;<,[( n k:ZN eXp{_C3 (10gk> }

N 4
Soxn eXp{ o (log N> }

with positive c3 and c4. This, (13) and (10) show that

1 NM 5, ,1/2-28 N \*
oy o _ _ B
Vi k;\] §1€111?|C(s+ltk) Cn(s+ity)| Ksuxxn °+n exp{ C4<logN> }

Now, taking N — oo, and then n — co, we obtain the equality of the lemma. O

3. Weak Convergence

Let X be a certain topological space with the Borel o-field B(X), and P and P,, n € N,
probability measures on (X, B(X')). By the definition, P, converges weakly to P as n — oo,

P, X pyif
n—,oo
,}grgo/gdpn :/gdP
X X

for every real bounded continuous function g on X'. In this section, we will obtain the weak
convergence for some measures in the space of analytic functions. Denote by H (D) the
space of analytic on ® functions endowed with the topology of uniform convergence on
compacta, and set

H(D)=H(D) x - x H(D).

r

For A € B(H" (D)), define

1

PumalA) = 37

#H{N <K< N+M:g(s+itg) € A},

where a = (a1,...,0), t; = (;',...,£"), and

G(s+ity) = (E(s+it), o L i)

We consider the weak convergence of Py a1, as N — co, where M = o(N).
For the definition of the limit measure, we need some notation. Define the

Cartesian product
QO=][{seC:|s| =1}
peP

The infinite-dimensional torus () equipped with the product topology and operation
of pointwise multiplication becomes a compact topological Abelian group; therefore,

O =0y x - xQ,

where O); = Qforj=1,...,r, again is a compact topological group. Hence, the probability
Haar measure py on the space (), B(€)")) exits, and we arrive to the probability space
(Q,B(QY),uy). Forj =1,...,r, let wj = {wj(p) :peP}e Qjand w = (w1,...,wy)
be the element of (). Now, on the above probability space, define the H"(D)-valued
random element

- ([(-22)"o-222)")

S
pelP p
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The latter infinite products, for almost all w;, converge uniformly on compact sets of
the strip © [17]. Let

PL(A) = yH{w € {(s,w) € A}, A€ B(QY),
i.e., P, is the distribution of {(s, w). Now we state a limit theorem for Py 14

Theorem 2. Suppose that 0 < ay < -+ < ay < 1, and ¥o(N)((£%)") 1 < M < N — 1. Then,
W
P — Pr
Nma P

Before the proof of Theorem 2, we prove several separate lemmas. First of them is
devoted to the space (). For A € B(Q)), set

OnMma(A) = ﬁ#{N <k<SN+M: ((p_itg1 ip € ]P),..., (p"'t?r ip€ P)) € A}.

Lemma 6. Suppose that 0 < a; < -+ < ay < 1, and ¥o(N)((£%)") 1 < M < N — 1. Then

w
ONMa — HH-
N—oo

Proof. On groups, it is convenient to apply the Fourier transform method. Let
FNmalki, .. k), ki = (kjp : kjp € Z,p € P),j = 1,...,r, be the Fourier transform
of On - It is well known that

r

% ki
Fumake k)= [TT11 w;"(p) AQN,Mar
O J=1peP

where the star “ * ” shows that only a finite number of integers k;, are distinct from zero.
Thus, the definition of Qn a1, implies

x —ik; 1
Fumaky k) = i e Tl Tpep™ p ' )
. 451 *
= MLH Z}I{\I:}\ZIVI exp{—z ](:1 t/ Yper kjp 108P}~
Clearly,
J_-.N,M,Q(QI"'/Q) = 1/ (15)

where 0 = (0,...,0,...).

Now suppose that (kq,...,k,) # (0,...,0). Then there exists at leastone j € {1,...,r},
such that k; # 0. Since the set {logp : p € P} is linearly independent over the field of
rational numbers,

def *
LZ]‘IeZ k]plogpgéo
peP

for such j. Let jo be the largest of j with a; # 0. Hence,

def ! «; Jo a;
Au(T) = ZajtT = ZajtT,
j=1 j=1

and

. ) . 1
Ay(t) =1, a;(t7) = B ajajty (14 0(1))
(16)

a; —1
_ ()0
—27Tﬂj006jow(1+0(1)), T — 0,
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in view of (2) and (3). For the estimation the sum (14), we apply a representation of
trigonometric sums by integrals, see, for example, [18]. Suppose that the real-valued
function g(x) has a monotonic derivative on (4, b], such that |¢'(x)| < ¢ < 1. Then,

b
Z e2mig(m) _ /e27rig(x) dx+0O <1) (17)

a<m<b 1- g

Relation (16) shows that the function A, (1), for sufficiently large N, satisfies the above
requirements on [N, N + M]. Thus, by (14) and (17),

N+M
1 . 1
Fumalky k) = o5 [ exp{—zAa(T)}dT+o((M+1)(l_JN)), (18)
N

with
(27tN) o~
(log N)*o -

Moreover, by the mean value theorem and (16),

5N = 47'(&1]'006]'0

and
(log(N + M))%o
(N +M)%o

/ sin(Ay (7)) dt <4
N
Therefore, by (18), for sufficiently large N,

1 14, ‘ 1
Fumaki, .. k) <o MNl “0 (log )" <y 3-N'""1log N. (19)

By the hypotheses for M and (2) and (3),

26/15
M >, Na/3+1-a (log ) (log N)~*/3+% > N'=(2%/3)(1og N)?, b > 0.

log N
Hence, in view of (19),
Fnumaky, .. k) <o N"%3(log N)1 0.

This, together with (15), shows that

{1 if (ky,....k)

I\%i_rgofN,M,&(klr-..,kr) = 0 if (kl/"'/kr) £

and the lemma is proved because the right-hand side of the latter equality is the Fourier
transform of the measure . O

Lemma 6 implies the weak convergence for

1

Puamnald) = 3

#{N SkSN+M:g (s+it) € A}, A€ B(H (D)),
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as N — oo, where
2,5+ ity) = (Cu(s+ityh), ..., Cul(s +ity)).
Define the mapping u, : " — H' (D) by

up(w) =g (s, w)

with
g, (s,w) = (Culs,wr), ..., 0(s,wr))

and
®  w;i(m)vy(m;x)

@n(S,w]’) = Z !

m=1

- , j=1...,r

Then the measure py on (O, B(Q)')) defines the unique probability measure U, =
iyt on (H'(D), B(H'(D))), where

pry ' (A) = uu(u,'A), A€ B(H'(D)).
Lemma 7. Under hypotheses of Lemma 6, PN p1p a NL> U,.
- —00

Proof. Since the series for {; (s, w;) converges absolutely for ¢ > 1/2, the mapping u, is
continuous. Moreover,

un((p_”zl ip € ]P’),..., (p_itzr ip€ IP’)) =g (s +it).
Therefore,

PN,M,n,g(A)

= ﬁ#{N<k<N+M: ((p_itil p GIP’),...,(p_”? p 6[?’)) c u;lA}

= QN,M,&(”;lA)r A€ B(,Hr(g))
Thus, we have
Py Mg = QN Mally

The latter equality, Lemma 6, the continuity of u, and the well-known property of
preservation of the weak convergence, see, for example, Theorem 2.7 of [19], prove the
lemma. O

The weak convergence of the measure U, is very important for that of Py 51,. The
following statement is true:

Lemma 8 ([10]). The relation U, Hloo> Pr holds.

To prove Theorem 2, we need one statement on convergence in distribution of random
elements. Let X,,, n € N, and X be X'-valued random elements. Recall that X,, asn — oo

converges to X in distribution (X _}L> X) if the distribution of X, converges weakly to
n—oo
the distribution of X.

Lemma 9 ([19]). Suppose that the space (X, d) is separable, and the X -valued random elements
Xnn and Yy, m,n € N are defined on the same probability space (Q), B(QQ), P). If

D D
an ? Xm; Xm ? Xr
n—oo m—o0
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and for every 6 > 0,
lim limsup p{d(Xmun, Yn) =} =0,
m—0 4 s00

then also Yy, L X.
n—oo

Before the proof of Theorem 2, recall the metric in the space H' (D). There exists a
sequence {K; : I € N} C © of embedded compact subsets such that the union of the sets K;
is the region ©, and, for every compact set K C D, there exists K;, K C K;. Taking

©  supp |81(s) — g2(s)]
d , = 2 ! : 4
(81,82) l; 1+ supcy, [81(5) — 82(5)]

$1,82 € H(D),

gives a metric in 7 (®) inducing the topology of uniform convergence on compacta. Then,

d(8,,8,) = max d(g1j,8;), & = (8k1,---,8k) € H' (D), k=1,2,

1<j<r
is a metric in #"(®) which induces its product topology.

Proof of Theorem 2. Denote by X, the H"(D)-valued random element with distribution
U,. Then, by Lemma 8, we have

D
Xy —— Py (20)

Let {n a1 be a random variable on a certain probability space with measure P with the

distribution ,
P =k} = ——
{&nm =k} M1

Define two H"(D)-valued random elements

k=N,...,N+ M.

XNMua = XNMna(s) = gn (s+ it%N,M)

and
XnMa = XNMa(s) = g(s + li%N,M)'

Lemma 7 implies the relation
D
XN,M,n,g > Xn. (21)
N—ro0

From the definitions of the metrics d and d, and Lemma 5, it follows that

N+M

Jim limsup 1 3 p(gls +i]) €, o i) <o

Therefore, the definitions of Xy a1, and Xy a1, together with Chebyshev’s type
inequality, give, for every § > 0,

i, lim sup y {d(XNMa XN M) =6}

#{N SkSN+M:d(f(s+ity), g, (s +ity)) > 5}

= lim limsup !
a +1

n—0 N oo

1 N+M a i

< m Z d(g(s + li%),én(s +ltE)) =0.
k=N
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This, (20) and (21) show that all hypotheses of Lemma 9 are satisfied. Thus,
X L,
N.Ma N—o0 &

and the theorem is proved. [

4. Main Theorem

The main result of the paper is the following theorem:

Theorem 3. Suppose that a1, ...,«, are different fixed positive numbers not exceeding 1, and
Ya(N)((t)) ' <M< N—1 Forj=1,...,r,let K; € Rand fi(s) € Hy(K;). Then, for
every e > 0,

o 1 e
hmme—i—l#{Ng k< N+M: sup sup|{(s+it,/) — fi(s)] < e} > 0.

N—oo 1<j<r s€K;
Moreover, the lower limit can be replaced by the limit for all but at most countably many e > 0.

Theorem 3 easily follows from Theorem 2 and the Mergelyan theorem on the approxi-
mation of analytic functions by polynomials [20].

Let P be a probability measure on (X, B(X')), and the space X is separable. Recall
that the support of the measure P is a minimal closed set Sp C X" such that P(Sp) = 1. The
set Sp consists of all x € A" such that, for every open neighbourhood G of x, the inequality
P(G) > Ois satisfied. Let S = {g € H(D) : g(s) # 0 or g(s) =0}, and

Lemma 10 ([10]). The support of the measure Py is the set S'.

Proof of Theorem 3. By the Mergelyan theorem, there exist polynomials q;(s), ..., gr(s)
such that

< ; (22)

<&
5(

In view of Lemma 10, (eT ©),..., eq’(s)) is an element of the support of the measure P;.
Therefore, G; is an open neighbourhood of an element of the support, hence, we have

sup sup’f]-(s) — i)

1<]<7 SEK]‘

Consider the set

Ge = {811- ..,8r € H(@) : sup sup g](s) _e%’(s)

lgjgrseK]-

P;(Ge) > 0. (23)

From this, using Theorem 2 and the equivalent of weak convergence in terms of open
sets, see, for example, Theorem 2.1 of [19], we find

lim inf Py o (Ge) > Pz(Ge) > 0.
N—oo = z

This, the definitions of Py 51, and G, and inequality (22) prove the first assertion of
the theorem.
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To prove the second assertion of the theorem, define one more set

Ge = {(glr---,gr) € H'(D) : sup suplg;(s) — f(s)| < S}'

1<]<1’ SEK]‘

Then the boundaries 8@1 and aégz do not intersect for different positive €1 and ¢;.
Hence, the set @g is a continuity set of the measure F, i.e., Pg(aég) = 0, for all but at most
countably many & > 0. Therefore, by Theorem 2 and the equivalent of weak convergence
in terms of continuity set, see, for example, Theorem 2.1 of [19], we have

lim Py aa(Ge) = P (Ge) (24)
N—=oco

for all but at most countably many & > 0. In view of (22), the inclusion G¢ C Ge holds.
Therefore, by (23), the inequality P;(G,) > 01is valid. This, (24) and the definitions of Py 1«

and G prove the second assertion of the theorem. [

Theorem 3 is stronger than Theorem 1 because the numbers k for which ({(s +
it,'),...,{(s +it;")) has the approximating property of analytic functions lie in the in-
terval of length M, which may be taken M = o(N) as N — co.

5. Conclusions

Let {t,} be a sequence of Gram points, and 0 < a1 < - -- < &, < 1 fixed numbers. In
this paper, it is obtained that the interval [¥, (N)((t}}))"},N — 1] with
Yo (N) = (£3)Y3(log#31)?%/15 contains infinitely many k € N, such that the shifts
(C(s+ityh), ..., {(s +it")) approximate every collection (fi(s), ..., fr(s)) of analytics in
{s € C:1/2 < ¢ < 1} non-vanishing functions.

The problems for future studies are the following:

1° To remove the requirement o, < 1;

2° To decrease the lower bound for ¥y, (N).
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