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Abstract: Let a = {a,,} and b = {b,,} be two periodic sequences of complex numbers, and, addition-
ally, a is multiplicative. In this paper, the joint approximation of a pair of analytic functions by shifts
(Cnr(s+it;a),Cny (s +iT,a; b)) of absolutely convergent Dirichlet series {y, (s; a) and ,, (s, &; b) in-
volving the sequences a and b is considered. Here, nT — co and ny < T? as T — co. The coefficients
of these series tend to a;, and by, respectively. It is proved that the set of the above shifts in the
interval [0, T] has a positive density. This generalizes and extends the Mishou joint universality
theorem for the Riemann and Hurwitz zeta-functions.

Keywords: Hurwitz zeta-function; joint universality; periodic Hurwitz zeta-function; periodic zeta-
function; universality
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1. Introduction

Leta = {a,, : m € N} and b = {b,, : m € Ny = NU {0} } be two periodic sequences
of complex numbers with minimal periods q; € N and g, € Ny, respectively, 0 < a <1
a fixed parameter, and s = ¢ + it a complex variable. The periodic {(s;a) and periodic
Hurwitz (s, #; b) zeta-functions are defined, for o > 1, by the Dirichlet series

by
(m+a)s

am

— and
mS

C(s,a;6) = i

m=0

agh

G(s;a) =

m=1

When a,, = 1 and b,, = 1, the functions {(s; a) and {(s, ; b) reduce to the classical Riemann
zeta-function {(s) and Hurwitz zeta-function { (s, a), respectively. In view of the periodicity
of the sequences a and b, for ¢ > 1, it follows that
I+ zx)
92 )

Thus, the properties of the function {(s, «) imply the analytic continuation for the functions
{(s;a) and (s, a; b) to the whole complex plane, except the point s = 1 which is a simple
pole with residues

oo fas(eg) ma seon -y Bl

def 1 it
a=—

def 1 2
b= — by,
73 Z

a and
12 =0

respectively. If a = 0, then the function {(s; a) is entire, and if b = 0, then the function
(s, a; b) is entire.
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Examples of the function {(s; a) are Dirichlet L-functions

L(s,x) =) 7515), o>1,
m=1

and of the function {(s, a; b) they are Lerch zeta-functions

o) eZm')\m
LA, a,s) = —\ o >1,
( ) mX:jO CETIE

with rational parameter A.

The analytic properties of the functions {(s;a) and (s, «; b), including the univer-
sality property of the approximation of the analytic functions by shifts {(s +it;a) and
{(s+it,a;b), T € R, are closely connected to the sequence a, the sequence b, and parameter
«, respectively.

Let A = {s € C:1/2 < ¢ < 1}. Denote by £ the class of compact sets of the strip A
with connected complements, by H (K) with K € £ the class of continuous functions on K
that are analytic in the interior of K, and by H((K) the subclass of H(K) of non-vanishing
on K functions. Let M A stand for the Lebesgue measure of a measurable set A C R.

The first universality results for the function ((s;a) were obtained by J. Steuding.
In [1], he proved that if a is not a multiple of the Dirichlet character modulo 41, and a,;, =0
for (m,q1) > 1, thenfor K € &, f(s) € H(K) and all ¢ > 0,

lirninflim{r €[0,T] :sup|l(s+iT;a) — f(s)] < e} > 0. 1)
T—oo T seK
Under the above conditions on the sequence a, this sequence is not multiplicative. We
recall that the sequence a is multiplicative, if a7 = 1 and ay, = apay, for all m,n € N,
(m,n) = 1. The universality of the function {(s; a) with multiplicative sequence a was
proved in [2]. In [3], it was obtained that there exists a constant ¢y = co(a) such that, for
K € & maxgegx Ims — mingex Ims < ¢, f(s) € Ho(K) and € > 0, equality (1) holds.

The universality properties of the function {(s, «) are included in the following the-
orem [4-6]. Suppose that « is transcendental or rational, not equal to 1 or 1/2. Let K € R and
f(s) € H(K). Then, forall ¢ > 0,

hminfli)ﬁ{r € [0,T] : sup |l(s +iT,a) — f(s)] < s} > 0.
T—oo T seK

The universality of {(s,«) with algebraic irrational « remains an open problem up
to our days. A certain approximation to this problem is given in [7], and see also [8].
The best result in this direction was obtained in [9]. The universality property of the
function (s, a; b) was first studied in [10], and similar theorems to those for {(s, ) with
transcendental and algebraic irrational « were obtained in [11] and [12]. The case of rational
« is studied in [13]. In this case, some hypotheses for the sequence b are also involved.

The aim of this paper is the joint universality of certain Dirichlet series connected
to the functions {(s;a) and {(s,a; b). Recall that the first joint universality theorem for
the functions {(s) and {(s, «) with transcendental & was obtained by H. Mishou in [14].
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Suppose that K1, K; € fand f1(s) € Ho(K1), f2(s) € H(K3). Then, he proved that, for all
e>0,

1
liminf =M< 7 € [0, T] : sup |{(s +iT) — f1(s)| <&,
T—oo T { seky

s€Kp

sup |C(s +iT,a) — fa(s)] < s} > 0.

A similar result for the functions {(s; a) and {(s, «; b) was given in [15]. The approximation
problem of a pair of analytic functions by shifts ({(s + it;a),{(s + iT,a; b)) with algebraic
irrational & was considered in [16]. More general joint universality results for periodic and
periodic Hurwitz zeta-functions can be found in [17-20]. A weighted generalization of the
Mishou theorem was obtained in [21].

The abovementioned universality results are of a continuous type because T in shifts
takes arbitrary real values. Moreover, there are results of a discrete type when 7 takes
values in a certain discrete set, see, for example, [22-30].

Let 6 > 1/2be a fixed number, u > 0, and

0u(11;60) = eXp{_q)@}, ou(m, 0;0) = exp{_(m:tx>9}.

Define the series

v apoy(m;0) e byoy(m,a;0)
pion = FEE, vt - £ 0

Then, the latter series are absolutely convergent for ¢ > 1/2. Really, in view of the
exponential decreasing of v, (m;0) and v, (m, «; ), these series are absolutely convergent
for o > oy for all finite 0. We will consider the approximation of pairs of analytic functions
by shifts (i, (s +iT;a),(up (s +iT,4; b)), where ny — o0 as T — 0. For the statement of a
theorem, we need some definitions. Denote by # the unit circle on the complex plane, and
by B(X') the Borel o-field of the space X. Define two tori

0O = an and 0, = H Wy
peP meNy

where 77, = 17 for all p € P (P is the set of all prime numbers), and 77, = 7 for all m € Ny.
With the product topology and pointwise multiplication, the tori (); and (), are compact
topological Abelian groups. Therefore, by the Tikhonov theorem [31],

0201XQZ

also is a compact topological group. Thus, on (Q2, B(Q2)), we can define the probability
Haar measure yj7, and we have the probability space (Q), B(Q2), up). Denote by w(p) the
pth component of an element wy € Oy, p € P, and by wy(m) the mth component of an
element wy € O, m € Ny. Extend the functions w; (p) to the set N by the formula

wi(m)= ] wh(p), meN.
pllm
pHm

Denote by #(A) the space of analytic functions on A equipped with the topology of uniform
convergence on compact sets, let #2(A) = H(A) x H(A), and, on the probability space
(Q, B(Q), i), define the H?(A)-valued random element

C(s, &, wr,wo;a,b) = ({(s,wy;a),L(s,a,wyb)),
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where
) = ) dmwr(m) oy § bmewa(m)
g(sl w1, Cl) - mgl ms and g(S, &, Wy; b) - m;o (m + DC)S .

Note that the latter series are uniformly convergent on compact subsets of the strip A for
almost all wy and w, with respect to the Haar measures pi1 on (4, B(Q1)) and piop on
(Qn, B(£)2)), respectively. The notation x <¢ y, y > 0, means that there exists a constant
¢ = ¢(&) > 0 such that |x| < cy.

Theorem 1. Suppose that the sequence a is multiplicative, a is transcendental, and n — oo and
ny < T?as T — 0. Let Ky, Ko € &, and f1(s) € Ho(Ky), f2(s) € H(Ky). Then, the limit

1
lim Tﬁﬁ{r € [0,T] : sup |Cuy (s +iT;a) — f1(s)| < €1,

T—o0 seKy

sup |Cur (s +iT,0;0) — fa(s)| < 82}

s€Kp

- m{(wl,wﬁ € Q- sup [{(s,wi;0) — fi(5)] < €1,
s€Ky

sup |Z(s, 0, w2 b) — fo(s)] < 82}

seKp

exists and is positive for all but at most countably many e1 > 0 and e; > 0.

The first result on the approximation of the analytic functions by shifts of the absolutely
convergent Dirichlet series was obtained in [32] and generalized in [33]. Discrete versions
of the latter results are given in [34] and [35].

Theorem 1 extends the previous results on the universality of the Dirichlet series
involving periodic sequences in two directions. Firstly, Theorem 1 is a joint universality
on the simultaneous approximation of a pair of analytic functions. Secondly, the analytic
functions are approximated by shifts of absolutely convergent series. This moment is a
certain advantage in the estimation of approximated functions.

2. Approximation in the Mean

Recall the metric in the space H2(A). There exists a sequence of compact sets {K; : | €
N} C A satisfying the requirements:

1. A is the union of the sets K;;
2. K/ CKjgforalleN;
3. For every compact set K C A, there exists K; such that K C K;.

Then,
2y SuPser; |Fi(s) — Ba(s)]
P(FLFZ):ZZ 11 SEK] 7 2
=1 + Supgeg, |F1(s) — Fa(s)]
is a metric in H(A) inducing its topology of uniform convergence on compacta. Putting,
for Fy = (Fu1, Fio), Ey = (Fa1, Fn) € H?(8),

, B, B eH(D),

p2(E1, Ey) = ?:1?72((3(1:1]', bj)

gives a metric in H42(A) inducing the product topology.
Lemma 1. Suppose that ny — co and nt < T? as T — oo. Let

§(s,a70,0) = (C(s70),G(s,a;0))
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and

gnr(s,zx; a,b) = (Cur(s;a), Cup (s, ;6)).
Then,
1T , |
lim — ) P2 (Q(s +iT,;a, b),gnr(s 1T, a, b)) dr — 0.

T—o0
Proof. By the definition of the metric p», it suffices to show that

1 /T
lim —/0 p(l(s+it;a),Cup(s+iT;a))dT =0

T—oo T

and LT
lim f/ p(l(s+it,a;b),Cnp (s +iT,a;b))dT = 0.
0

T—oo
The first of these equalities follows from Lemma 2 of [33] which states that, for every
compact set K C A,

T

1
lim — +iT;0) = Lup (5 +iT;0)| dT =
Jim §21F<)|€(S iT;a) — Cup(s+iT;a)|dT =0,

and from the definition of the metric p. The second equality is obtained similarly using the
representation

1

O+ico
Tnp(s,a;b) = 5t /97ioo C(s+za;0)ly,(z0)dz,

where s € A, T'(s) is the Euler gamma-function, and
. — 1 5 s
lny(s;0) = gr(é)nT.
O

3. Limit Theorem

We will apply a limit theorem in the space 72(A) obtained in [15]. For A € B(H?*(A)),
define

Proap(A) = %93“({7 €[0,T]:f(s+it,a;0a,b) € A}.
Moreover, let Pg,a,a,b be the distribution of the random element { (s+it,a, w1, wo;0,b),ie.,
Praa6(A) = pu{(wr,w2) € Q: {(s +iT,a,w1,wp;a,b) € A}
Lemma 2. Suppose that the sequence a is multiplicative and the parameter w is transcendental.
Then, Pru,q,6 converges weakly to Py q,6 as T — co. Moreover, the support of the measure Py q,6

is the set
{g € H(A) : eitherg(s) #0onA, org(s) =0} x H(A).

Proof. The lemma is the union of Theorem 6 and Lemma 12 from [15]. O

Now, we consider a limit theorem for gnr (s +it,a;a,b). For A € B(H?(A)), define

~ 1 .
Proan(A) = sz{r € [0, T] :gnT(s+zr,o¢; a,b) € A}.

Theorem 2. Suppose that the sequence a is multiplicative, the parameter « is transcendental, and
ny — oo and ny < T as T — oo. Then, Pry o6 converges weakly to Pz o o as T — oo.
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Proof. Let 01 be a random variable defined on a certain probability space (Q), A, P) and
uniformly distributed on the segment [0, T]. Define the #?(A)-valued random elements

X106 = X1u,a,6(8) = (X1,a(5), XT0,6(5)),

Xran(s) = (s +ifr,a;b),

where
X1,4(s) = {(s +i07;0),
and R R R R
XT,a,u,b = XT,a,a,b (S) = (XT,u(S>/ XT,a,h (S)) ’
where R
XT,U(S) = gﬂT (S + leT/ Cl), XT,zx,b (S) = Z;HT (S + iGT/ n; b)
By the definitions of 6, X1, 4 » and X1, 5, for A € B(H?(A)), we have
(2)

P{Xr4ap € A} = Praas(A)

and N R
P{XT,a,a,b € A} = PT,uc,a,b(A)' (3)

Fix e > 0, a closed set F C H%(A), and define
Fo={EcH(8): pa(E F) <e},

where p(E, F) = infg_ p2(F, £). Then, Lemma 2, equality (2), and the equivalent of weak
convergence in terms of closed sets [36] show that
imsup Prg,a,6(Fe) = limsup P{X74,a6 € Fe} < Praa6(Fe)- 4)

T—o0 T—o0

It is easily seen that
{XT,a,a,b S F} C{Xrnap € Fe}U {PZ(XT,a,a,brXT,a,a,b) > 5}

Note that 02 (X7 4 o 6/ XT,a,a,b) is a random variable, and, by the definition of 07, its expec-

tation is
1 /T . . d
f/o pz(g(s—|—1T,tx,a,b),§nT(s—i—zT,tx,a,b)) T.

Thus,
P{XT,tx,a,b € F} < P{XT,a,a,b € FS} + P{pZ(XT,rx,a,b/XT,a,u,b) = S}r (5)

and Lemma 1 together with Chebyshev’s type inequality
Zm{r €[0,T]:p2 (g(s +iT, a; u,b),gnT(s +iT, a; u,b)) > s}

1 /T ) .
<E'/O P2(§(5~|—zr,zx,a,b),gnT(s+zr,a,a,b)> dr

implies that
o 1 /T i arab wan)d
\7/0 pz(g(s+zr,zx,a, ),gﬂT(squr,zx,a, )) T

(6)

P{pZ (XT,a,u,brXT,a,a,b) = 8}
=0.

Therefore, in view of (5) and (6),
lim sup P{XT,,W,& € F} <limsup P{Xr, .5 € Fe},

T—o00 T—o0
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and, by (2), (3), and (4), R
lim sup Prq,q,6 (F) < Pg,zx,a,b (Fe).

T—o0

Because F; — F as ¢ — +0, this gives

lim sup ﬁT,tx,a,b(F) < Pg,zx,a,b (F),

T—co
and the equivalent of weak convergence in terms of closed sets proves the theorem. O
Let K1, K>, and f1(s), f2(s) be as in Theorem 1. For A € B(IR?), define

Qaan(4) = g3 e 0,11 (sup long(s-+ iTi0) ()

seKy

sup |Cny (s +iT,a;b) —fz(s)|> € A}.

seKp
Corollary 1. Under hypotheses of Theorem 2, QT 4 q b converges weakly to the measure

m{(cul,wz) cq :(sup Gup (5, 0150) — f2(5)]

s€Ky

sup Gy (5,8, ~ f2(5)]) € A}, A€ BEY,

s€Kyp

as T — oo.

Proof. Define the function h : H?(A) — R? by the formula
b E2) = ((sup F(s) ~ AL sup F(s) ~ a(s)] )
s€Kj seKy

Because the space 1 (A) is equipped with the topology of the uniform convergence on
compacta, the function # is continuous. Therefore, using a property of weak convergence
preservation under continuous mappings [36], by Theorem 2, we have that Pr q ph
converges weakly to Pwla,hh’l as T — oo. However,

Praaeh ' (A) = Praops(h 'A) = %EDT{T €[0,T]:¢, (s+it,a;a,b) € h 1A}
= QT,tx,a,b (A)
and

Pg,a,u,bhil (A) = Pgtx,a,b (hilA)

= VH{(WLWZ) cO: (sup |C(s,wr;a) — f1(s)|, sup |C(s, &, wo; a) —f2(5)|> € A}.

s€Ky s€Kp
This proves the corollary. [
Taking A = (—o0,€1) X (—09,€7) in the definition of Q7 4 q p and its limit measure, we

obtain the distribution functions

1 .
FT,lx,a,b (81,82) = TW{T S [0, T] :sup |€”T (S +17T; Cl) —f1(5)| < €1,
seKy

sup |Cu (s +iT,050) — f2(s)| < 82}

seKp
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and

Fzu,00(e1,€2) = .”H{(wlrw2) € Q:sup |{(s,wi;a) — fi(s)] < ey,
- SEKl

sup (s, a0, wp; b) — fa(s)]| < 82}.

seKy

It is well-known that the weak convergence of probability measures on (R?, B(R?)) is
equivalent to that of the corresponding distribution functions. Recall that Fr, 4 5 (€1, €2)
converges weakly to Fy 4 o p(€1,€2) if

lim Fr g a,6(€1,€2) = Fra,a,0(€1,€2)

T—o00 =2

for all (g1, €2) such that ¢1 and &, are continuity points of the functions F;  q 4 (€1, +00) and
F7 0,6 (+00,€2), respectively. Thus, Corollary 1 implies the following:

Corollary 2. Under hypotheses of Theorem 2, the distribution function Fr . q (€1, €2) converges
weakly to the distribution function F , q(€1,€2) as T — co.

4. Proof of Theorem 1

Proof of Theorem 1. Because the set of the discontinuity points of the distribution function
is at most countable, by Corollary 2, the limit

lim Frgq6(e1,€2) = Fraa,0(€1,€2)
T—o00 2
exists for all but at most countably many 7 > 0 and €, > 0. Thus, it remains to prove the
positivity of F , 4 b (€1,€2).

In view of the Mergelyan theorem on the approximation of analytic functions by
polynomials [37], there exist polynomials p;(s) and p>(s) such that
!

< 5 and sup | f2(s) — pa(s)| < £ @)

sup|fi(s) — e
seKy 2

seKy

By Lemma 2, the support S of the measure Py, o is the set {g € H(A) : eitherg(s) #
O0onD, org(s) = 0}. Therefore, (epl(s), pz(s)) is an element of S. Hence,

szﬂé,a,b(Gﬁ,Ez) > O, (8)

where

G = {(Fl’FZ) € H(A) : sup|Fy(s) e )| < T sup Ba(s) — pa(s)] < 82}
seKy 2 seky 2

Define one more set

Gere = {(Flfz) € H*(A) sup|Fy(s) — f1(s)| < e1,sup |Fa(s) — fo(s)| < 82}-

seKy seKy

The inequalities (7) show that if (F,F,) € Gg,,, then (F, F) € @1,82. Thus, G, ¢, C
681,82- Therefore, in virtue of (8), Pw,a,b(égl,gz) > 0,i.e., Fyaa6(e1,€2) > 0. The theorem
is proved. O N -
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5. Conclusions

In this paper, the joint approximation of a pair of analytic functions by shifts of
absolutely convergent Dirichlet series

& Ay (m;0) & byopg(m,a;0)
Cnp(s;0) = mZ::l EE— and  {np(s,a;b) = m;O NCETE

with periodic sequences {a,, } and {b,, }, and exponentially decreasing sequences { v, (1;6)}
and {vy,, (m,«;0)}, is obtained. It is proved that if nT — o0 and nt < T2 as T — oo, then the
set of approximating shifts ({,, (s +iT;a), {uy (s +iT,&; b)) has an explicitly given density on
the interval [0, T].

A possible improvement to the main theorem is an extension of the class of functions
nt. Moreover, we are planning to invite experts in numerical methods and IT into our
group to obtain some numerical calculations of concrete examples. This is a very difficult
problem closely connected to the effectivization of universality theorems for zeta-functions.
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