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1 I�VADAS

Atstatymo procesai daug kur taikomi gamyboje ir i�vairiu� sud
etingu� teoriniu�
modeliu� iliustraciniuose uºdaviniuose. �ioje teorijoje esmin
e yra atstatymo
funkcija, kuri tiesiogiai sunkiai apskai£iuojama, ta£iau nelabai sunkiai yra
surandama i² integralin
es atstatymo lygties, taikant Laplaso transformacijos
metodus.

Nagrin
ejamas dvimatis atstatymo procesas

N(s, t) =
∞∑

n=1

1I(T 1
n ≤ s)1I(T 2

n ≤ t),

kur T 1
n =

n∑
i=1

Xi, T 2
n =

n∑
i=1

Yi, X1, ..., Xi (atitinkamai Y1, ..., Yi) - nepriklau-

somi, teigiami, vienodai pasiskirst¦ atsitiktiniai dydºiai, apibr
eºti tikimy-
bin
eje erdv
eje (Ω, F, P ).

Mano darbo uºdavinys: surasti i�vairiu� eiliu� atstatymo procesu� pradiniu�
momentu� funkcijas Lk(s, t) = M(N(s, t))k, k ∈ N+ = {1, 2, 3, 4} ir i²tirti
tu� funkciju� Laplaso transformacijos, kai λ, p → 0+, bei dvima£iu� atstatymo
funkciju�, kai s, t → ∞ asimptotik¡, kai dvima£io atstatymo proceso N(s, t),
s, t ≥ 0 tarpiniai atsitiktiniai atstatymo momentai Xi ir Yj priklauso stabilaus
d
esnio traukos zonai su eksponent
emis α ∈ [0; 1) ir β ∈ [0; 1), t.y.

1− F (x) ∼ x−αL1(x), x →∞;

1−G(y) ∼ y−βL2(y), y →∞;

kur
F (x) = P (X1 ≤ x), x ≥ 0;

G(y) = P (Y1 ≤ y), y ≥ 0.

�io uºdavinio sprendimas susideda i² keturiu� etapu�:
1. Atstatymo funkcijos Lk(s, t) integralin
es diferencialin
es lygties radimo.
2. Lk(s, t) integralin
es diferencialin
es lygties pavertimo algebrine lygtimi

Laplaso transformacijos pagalba.

2



3. Atstatymo algebrin
es lygties sprendimas ir jos sprendinio asimptotikos
nustatymas, kai Laplaso parametrai p, λ → 0+.

4. Taikant Taubero teoremas gaunamos atstatymo funkcijos Lk(at, bt)

asimptotin
es i²rai²kos, kai t →∞.
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2 VIENMATIS ATSTATYMO PROCESAS

Turime atstatymo proces¡

N(t) =
∞∑

n=1

1I(Tn ≤ t),

kur Tn =
n∑

i=1

Xi, X1, ..., Xi - nepriklausomi, teigiami, vienodai pasiskirst¦

atsitiktiniai dydºiai, apibr
eºti tikimybin
eje erdv
eje (Ω, F, P ).

2.1 teorema [9]. Atstatymo proceso N(t) skirstinys nusakomas formule

P (N(t) = n) = Fn(t)− Fn+1(t),

kur Fn(t) = P (Tn ≤ t), Tn =
n∑

i=1

Xi, F0(t) = 1, t ≥ 0.

2.2 teorema. Atstatymo proceso vidurkis MN(t) apskai£iuojamas pagal

formul¦

MN(t) =
∞∑

n=1

Fn(t),

kur t ≥ 0.

H

M(t) = MN(t) =
∞∑

n=1

nP (N(t) = n) =
∞∑

n=1

n(Fn(t)− Fn+1(t)) =

=
∞∑

n=1

n(Fn(t))−
∞∑

n=2

(n− 1)Fn(t) = F1(t) +
∞∑

n=2

n(Fn(t))−
∞∑

n=2

(n− 1)Fn(t) =

= F1(t) +
∞∑

n=2

(n− n + 1)Fn(t) = F1(t) +
∞∑

n=2

Fn(t) =
∞∑

n=1

Fn(t).

N
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2.3 teorema. (Didºiu�ju� skai£iu� d
esnis)

Tegu atstatymo proceso vidurkis MX1 = a < ∞, tada N(t)
t

P→ 1
a
, t →∞.

2.4 teorema. Atstatymo proceso vidurkis L(t) = MN(t) tenkina toki¡

integralin¦ atstatymo lygti�

L(t) = L(t) ∗ F (t) + F (t),

kur L(t) ∗ F (t) =
t∫

0

L(t− x)dF (x).

H

L(t) =
∞∑

n=1

Fn(t) | ∗F (t),

Fn(t) ∗ F (t) = Fn+1(t),

L(t) ∗ F (t) =
∞∑

n=1

Fn+1(t) =
∞∑

n=2

Fn(t) =
∞∑

n=1

Fn(t)− F (t),

L(t) ∗ F (t) =
∞∑

n=1

Fn(t)− F (t),

L(t) ∗ F (t) + F (t) = L(t).

N

2.5 teorema [4]. Atstatymo funkcija Lr(t) = M(N(t))r tenkina toki¡

integralin¦ atstatymo lygti�:

Lr(t) = Lr(t) ∗ F (t) + C1
r (−1)2Lr−1(t) + C2

r (−1)3Lr−2(t) + ...+

C2
r (−1)r−1L2(t) + C1

r (−1)rL1(t) + (−1)r+1F (t),

kur L(t) ∗ F (t) =
t∫

0

L(t− x)dF (x), Ck
n = n!

k!(n−k)!
.
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3 DVIMATIS ATSTATYMO PROCESAS

Turime atstatymo proces¡

N(s, t) =
∞∑

n=1

1I(T 1
n ≤ s)1I(T 2

n ≤ t),

kur T 1
n =

n∑
i=1

Xi, T 2
n =

n∑
j=1

Yj, X1, ..., Xi (atitinkamai Y1, ..., Yj) - neprik-

lausomi, teigiami, vienodai pasiskirst¦ atsitiktiniai dydºiai, apibr
eºti tikimy-
bin
eje erdv
eje (Ω, F, P ).

3.1 teorema. Dvima£io atstatymo proceso N(s, t) skirstinys nusakomas

formule

P (N(s, t) = n) = Fn(s)Gn(t)− Fn+1(s)Gn+1(t),

kur Fn(s) = P (T 1
n ≤ s),Gn(t) = P (T 2

n ≤ t), T 1
n =

n∑
i=1

Xi, T 2
n =

n∑
i=1

Yi,

F0(s) = 1, s ≥ 0, G0(t) = 1, t ≥ 0.

3.2 teorema. Dvima£io atstatymo proceso vidurkis MN(t) apskai£iuo-

jamas pagal formul¦

MN(s, t) =
∞∑

n=1

Fn(s)Gn(t),

kur s ≥ 0 ir t ≥ 0.

H

M(t) = MN(s, t) =
∞∑

n=1

nP (N(s, t) = n) =

=
∞∑

n=1

n(Fn(s)Gn(t)− Fn+1(s)Gn+1(t)) =

=
∞∑

n=1

n(Fn(s)Gn(t))−
∞∑

n=2

(n− 1)Fn(s)Gn(t) =
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= F1(s)G1(t) +
∞∑

n=2

n(Fn(s)Gn(t))−
∞∑

n=2

(n− 1)Fn(s)Gn(t) =

= F1(s)G1(t) +
∞∑

n=2

(n− n + 1)Fns)Gn(t) =

= F1(s)G1(t) +
∞∑

n=2

Fn(s)Gn(t) =

=
∞∑

n=1

Fn(s)Gn(t)).

N

3.3 teorema. (Didºiu�ju� skai£iu� d
esnis) Tarkime, kad MX1 = a1 < ∞,

MX2 = a2 < ∞, tada N(x1t,x2t)
t

P→x1

a1
∧ x2

a2
, t →∞ ir a ∧ b = min(a, b).
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4 TAUBERIO TEOREMOS STABILIEMS

DYD�IAMS

4.1 apibr
eºimas [1]. Funkcija L(t) vadinama l
etai kintanti, jei L(t)

apibr
eºta, kai t > 0, teigiama ir

lim
t→∞

L(xt)

L(t)
= 1,

kai ∀x > 0.

4.2 apibr
eºimas [1]. Sakome, kad pasiskirstymo funkcija F (t) priklauso
stabilaus d
esnio traukos zonai su eksponente α, ºymime F (t) ∈ Vα, kur α ≥ 0,
jei egzistuoja l
etai kintanti funkcija L(t) tokia, kad 1 − F (t) ∼ t−αL(t), kai
t →∞.

4.1 lema [1].

1. Jei L(t)l
etai kintanti ir u > 0, tai L(ut)
L(t)

→ 1, kai t → ∞ tolygiai

kiekviename baigtiniame intervale:

L(t)tγ →∞, jei γ > 0;

L(t)tγ → 0, jei γ < 0.

2. Jei L1(t) ir L2(t) yra l
etai kintan£ios,tai L1(t) · L2(t) ir L1(t)
L2(t)

taip pat

l
etai kintan£ios.

3. Jei L1(t) yra l
etai kintanti, kai t ≥ a, tai
t∫

a

1
x
L(x)dx taip pat l
etai

kintantis.

4.1 teorema [8]. Tarkime, kad U - matas, kuriam apibr
eºta Laplaso

transformacija w(λ), λ > 0. Tada tokie teiginiai seka vienas i² kito:

w(τλ)

w(τ)
→ 1

λρ
, τ → 0

ir
U(tx)

U(t)
→ xρ, t →∞,
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kartu

w(τ) ∼ U(t)Γ(ρ + 1).

Komentaras. Jei f(t) = tρ, tai

f(t)
L→F (p) =

ρ!

pρ+1
=

Γ(ρ + 1)

pρ+1
,

kai t →∞.

4.2 teorema [8]. Jei L(t) l
etai kintanti begalyb
eje ir 0 ≤ ρ ≤ ∞, tai

w(τ) ∼ 1

τ ρ
L(

1

τ
), τ → 0

tada ir tik tada, kai

U(t) ∼ 1

Γ(ρ + 1)
tρL(t), t →∞.

4.2 lema [1]. Jei F (t) ∈ Vα, 0 ≤ α < 1, tada

∞∫
0

e−st(1− F (t))dt ∼ sα−1Γ(1− α)L(s−1),

kai s → 0+.

4.3 teorema [8]. Tarkime 0 < ρ < ∞. Jei U(t) nuo tam tikros vietos

turi monotonin¦ i²vestin¦ (tanki�) u(λ), tai

u(λ) ∼ 1

λρ
L(

1

λ
), λ → 0

tada ir tik tada, kai

U(t) ∼ 1

Γ(ρ)
xρ−1L(x), x →∞.
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5 PAGRINDINIAI REZULTATAI

5.1 DVIMA�IO ATSTATYMO PROCESO

INTEGRALIN 
ES LYGTYS IR JU� SPRENDINIAI

5.1.1 teorema. Dvima£io atstatymo proceso vidurkis L1(s, t) = MN(s, t)

tenkina toki¡ integralin¦ lygti�

L1(s, t) = L1(s, t) ∗ F (s)G(t) + F (s)G(t),

kur L1(s, t) ∗ F (s)G(t) =
s∫
0

t∫
0

L1(s− x, t− y)dF (x)dG(y).

H

�inome, kad

L1(s, t) =
∞∑

n=1

Fn(s)Gn(t).

Abi lygties puses per s¡s	uk¡ padauginkime i² F (s)G(t):

L1(s, t) ∗ F (s)G(t) =
∞∑

n=1

Fn(s)Gn(t) ∗ F (s)G(t).

Tada

L1(s, t) ∗ F (s)G(t) =
∞∑

n=1

Fn+1(s)Gn+1(t) =
∞∑

n=1

Fn(s)Gn(t)− F (s)G(t);

L1(s, t) ∗ F (s)G(t) = L1(s, t)− F (s)G(t);

L1(s, t) = L1(s, t) ∗ F (s)G(t) + F (s)G(t).

N
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5.1.2 teorema. Dvima£io atstatymo proceso antras momentas L2(s, t) =

M(N(s, t))2 tenkina toki¡ integralin¦ lygti�

L2(s, t) = L2(s, t) ∗ F (s)G(t) + 2L1(s, t)− F (s)G(t),

kur L1(s, t) ∗ F (s)G(t) =
s∫
0

t∫
0

L1(s− x, t− y)dF (x)dG(y).

H

L2(s, t) = M(N(s, t))2 =
∞∑

n=1

n2P (N(s, t) = n).

�inome, kad

P (N(s, t) = n) = Fn(s)Gn(t)− Fn+1(s)Gn+1(t),

vadinasi, galime ra²yti :

L2(s, t) =
∞∑

n=1

n2Fn(s)Gn(t)−
∞∑

n=1

((n + 1)− 1)2Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n2Fn(s)Gn(t)−
∞∑

n=1

((n + 1)2 − 2(n + 1) + 1)Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n2Fn(s)Gn(t)−
∞∑

n=1

(n + 1)2Fn+1(s)Gn+1(t)+

+2
∞∑

n=1

(n + 1)Fn+1(s)Gn+1(t)−
∞∑

n=1

Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n2Fn(s)Gn(t)−
∞∑

n=2

n2Fn(s)Gn(t)+2
∞∑

n=2

nFn(s)Gn(t)−
∞∑

n=2

Fn(s)Gn(t) =

= F (s)G(t) + 2
∞∑

n=1

nFn(s)Gn(t)− 2F (s)G(t)−
∞∑

n=1

Fn(s)Gn(t) + F (s)G(t).

Vadinasi:

L2(s, t) = 2
∞∑

n=1

nFn(s)Gn(t)−
∞∑

n=1

Fn(s)Gn(t);

L2(s, t) = 2
∞∑

n=1

nFn(s)Gn(t)− L1(s, t). (5.1)
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Abi lygties puses per s¡s	uk¡ padauginkime i² F (s)G(t):

L2(s, t) ∗ F (s)G(t) = 2
∞∑

n=1

nFn+1(s)Gn+1(t)− L1(s, t) ∗ F (s)G(t).

Tada

L2(s, t) ∗ F (s)G(t) = 2
∞∑

n=1

((n + 1)− 1)Fn+1(s)Gn+1(t)− L1(s, t) ∗ F (s)G(t) =

= 2
∞∑

n=1

(n + 1)Fn+1(s)Gn+1(t)− 2
∞∑

n=1

Fn+1(s)Gn+1(t)−

−L1(s, t) ∗ F (s)G(t) =

= 2
∞∑

n=2

nFn(s)Gn(t)− 2
∞∑

n=2

Fn(s)Gn(t)− L1(s, t) ∗ F (s)G(t) =

= 2
∞∑

n=1

nFn(s)Gn(t)− 2F (s)G(t)− 2
∞∑

n=1

Fn(s)Gn(t)+

+2F (s)G(t)− L1(s, t) ∗ F (s)G(t) =

= 2
∞∑

n=1

nFn(s)Gn(t)− 2L1(s, t)− L1(s, t) ∗ F (s)G(t). (5.2)

I² (5.1) lygyb
es atimame (5.2) lygyb¦ ir gauname:

L2(s, t)− L2(s, t) ∗ F (s)G(t) = 2
∞∑

n=1

nFn(s)Gn(t)− L1(s, t)− 2
∞∑

n=1

nFn(s)Gn(t)+

+2L1(s, t) + L1(s, t) ∗ F (s)G(t) =

12



= L1(s, t) + L1(s, t) ∗ F (s)G(t). (5.3)

I² (5.1.1) teoremos ºinome, kad L1(s, t) ∗F (s)G(t) = L1(s, t)−F (s)G(t).
�i¡ i²rai²k¡ i�statome i� (5.3) ir gauname:
L2(s, t) = L2(s, t) ∗ F (s)G(t) + 2L1(s, t)− F (s)G(t).

N
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5.1.3 teorema. Dvima£io atstatymo proceso vidurkis L3(s, t) = (MN(s, t))3

tenkina toki¡ integralin¦ lygti�:

L3(s, t) = L3(s, t) ∗ F (s)G(t) + 3L2(s, t)− 3L1(s, t) + F (s)G(t),

kur L1(s, t) ∗ F (s)G(t) =
s∫
0

t∫
0

L1(s− x, t− y)dF (x)dG(y).

H

L3(s, t) = M(N(s, t))3 =
∞∑

n=1

n3P (N(s, t) = n).

�inome, kad

P (N(s, t) = n) = Fn(s)Gn(t)− Fn+1(s)Gn+1(t),

vadinasi, galime ra²yti:

L3(s, t) =
∞∑

n=1

n3P (N(s, t) = n) =
∞∑

n=1

n3Fn(s)Gn(t)−
∞∑

n=1

((n + 1)− 1)3Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n3Fn(s)Gn(t)−
∞∑

n=1

((n + 1)3 − 3(n + 1)2 + 3(n + 1)− 1)Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n3Fn(s)Gn(t)−
∞∑

n=1

(n + 1)3Fn+1(s)Gn+1(t) + 3
∞∑

n=1

(n + 1)2−

−3
∞∑

n=1

(n + 1)Fn+1(s)Gn+1(t) +
∞∑

n=1

Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n3Fn(s)Gn(t)−
∞∑

n=2

n3Fn(s)Gn(t) + 3
∞∑

n=2

n2Fn(s)Gn(t)−

−3
∞∑

n=2

nFn(s)Gn(t) +
∞∑

n=2

Fn(s)Gn(t) =
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=
∞∑

n=1

n3Fn(s)Gn(t)−
∞∑

n=1

n3Fn(s)Gn(t) + F (s)G(t) + 3
∞∑

n=1

n2Fn(s)Gn(t)−

−3F (s)G(t)− 3
∞∑

n=1

nFn(s)Gn(t) + 3F (s)G(t) +
∞∑

n=1

Fn(s)Gn(t)− F (s)G(t) =

= 3
∞∑

n=1

n2Fn(s)Gn(t)− 3
∞∑

n=1

nFn(s)Gn(t) +
∞∑

n=1

Fn(s)Gn(t).

Kadangi

L1(s, t) =
∞∑

n=1

Fn(s)Gn(t)

ir i² (5.1) formul
es

∞∑
n=1

nFn(s)Gn(t) =
1

2
L2(s, t) +

1

2
L1(s, t),

tai

L3(s, t) = 3
∞∑

n=1

n2Fn(s)Gn(t)− 3(
1

2
L2(s, t) +

1

2
L1(s, t)) + L1(s, t) =

= 3
∞∑

n=1

n2Fn(s)Gn(t)− 3

2
L2(s, t)−

1

2
L1(s, t). (5.4)

Abi lygties puses per s¡s	uk¡ padauginkime i² F (s)G(t):

L3(s, t)∗F (s)G(t) = 3
∞∑

n=1

n2Fn+1(s)Gn+1(t)−
3

2
L2(s, t)∗F (s)G(t)−1

2
L1(s, t)∗F (s)G(t).

Kadangi
L1(s, t) ∗ F (s)G(t) = L1(s, t)− F (s)G(t),

L2(s, t) ∗ F (s)G(t) = L2(s, t)− 2L1(s, t) + F (s)G(t)

ir i²

L2(s, t) =
∞∑

n=1

n2Fn(s)Gn(t)−
∞∑

n=1

n2Fn+1(s)Gn+1(t)
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gauname

∞∑
n=1

n2Fn+1(s)Gn+1(t) =
∞∑

n=1

n2Fn(s)Gn(t)− L2(s, t),

tai

L3(s, t) ∗ F (s)G(t) = 3
∞∑

n=1

n2Fn(s)Gn(t)− 3L2(s, t)−
3

2
L2(s, t) + 3L1(s, t)−

−3

2
F (s)G(t)− 1

2
L1(s, t) +

1

2
F (s)G(t) =

= 3
∞∑

n=1

n2Fn(s)Gn(t)− 9

2
L2(s, t)+

+
5

2
L1(s, t)− F (s)G(t). (5.5)

I² (5.4) lygyb
es atimame (5.5) lygyb¦ ir gauname:

L3(s, t)− L3(s, t) ∗ F (s)G(t) = 3
∞∑

n=1

n2Fn(s)Gn(t)− 3

2
L2(s, t)−

1

2
L1(s, t)−

−3
∞∑

n=1

n2Fn(s)Gn(t) +
9

2
L2(s, t)−

5

2
L1(s, t) + F (s)G(t) =

= 3L2(s, t)− 3L1(s, t) + F (s)G(t).

Vadinasi

L3(s, t) = L3(s, t) ∗ F (s)G(t) + 3L2(s, t)− 3L1(s, t) + F (s)G(t).

N
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5.1.4 teorema. Dvima£io atstatymo proceso vidurkis L4(s, t) = (MN(s, t))4

tenkina toki¡ integralin¦ lygti�:

L4(s, t) = L4(s, t) ∗ F (s)G(t) + 4L3(s, t)− 6L2(s, t) + 4L1(s, t)− F (s)G(t),

kur L1(s, t) ∗ F (s)G(t) =
s∫
0

t∫
0

L1(s− x, t− y)dF (x)dG(y).

H

L4(s, t) = M(N(s, t))4 =
∞∑

n=1

n4P (N(s, t) = n).

�inome, kad

P (N(s, t) = n) = Fn(s)Gn(t)− Fn+1(s)Gn+1(t),

vadinasi, galime ra²yti:

L4(s, t) =
∞∑

n=1

n4P (N(s, t) = n) =
∞∑

n=1

n4Fn(s)Gn(t)−
∞∑

n=1

((n + 1)− 1)4Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n4Fn(s)Gn(t)−
∞∑

n=1

((n + 1)4 − 4(n + 1)3+

+6(n + 1)2 − 4(n + 1) + 1)Fn+1(s)Gn+1(t) =

=
∞∑

n=1

n4Fn(s)Gn(t)−
∞∑

n=1

(n + 1)4Fn+1(s)Gn+1(t) + 4
∞∑

n=1

(n + 1)3−

−6
∞∑

n=1

(n + 1)2Fn+1(s)Gn+1(t) + 4
∞∑

n=1

(n + 1)Fn+1(s)Gn+1(t)−

−
∞∑

n=1

Fn+1(s)Gn+1(t) =

17



=
∞∑

n=1

n4Fn(s)Gn(t)−
∞∑

n=2

n4Fn(s)Gn(t) + 4
∞∑

n=2

n3Fn(s)Gn(t)−

−6
∞∑

n=2

n2Fn(s)Gn(t) + 4
∞∑

n=2

nFn(s)Gn(t)−
∞∑

n=2

Fn(s)Gn(t) =

=
∞∑

n=1

n4Fn(s)Gn(t)−
∞∑

n=1

n4Fn(s)Gn(t) + F (s)G(t) + 4
∞∑

n=1

n3Fn(s)Gn(t)−

−4F (s)G(t)− 6
∞∑

n=1

n2Fn(s)Gn(t) + 6F (s)G(t) + 4
∞∑

n=1

nFn(s)Gn(t)−

−4F (s)G(t)−
∞∑

n=1

Fn(s)Gn(t) + F (s)G(t) =

= 4
∞∑

n=1

n3Fn(s)Gn(t)− 6
∞∑

n=1

n2Fn(s)Gn(t) + 4
∞∑

n=1

nFn(s)Gn(t)−
∞∑

n=1

Fn(s)Gn(t).

Kadangi

L1(s, t) =
∞∑

n=1

Fn(s)Gn(t),

i² (5.1) formul
es

∞∑
n=1

nFn(s)Gn(t) =
1

2
L2(s, t) +

1

2
L1(s, t)

ir i² (5.4) formul
es

∞∑
n=1

n2Fn(s)Gn(t) =
1

3
L3(s, t) +

1

2
L2(s, t) +

1

6
L1(s, t),

tai

L4(s, t) = 4
∞∑

n=1

n3Fn(s)Gn(t)− 2L3(s, t)−

18



−3L2(s, t))− L1(s, t) + 2L2(s, t) + 2L1(s, t)− L1(s, t) =

= 4
∞∑

n=1

n3Fn(s)Gn(t)− 2L3(s, t)− L2(s, t). (5.6)

Abi lygties puses per s¡s	uk¡ padauginkime i² F (s)G(t):

L4(s, t)∗F (s)G(t) = 4
∞∑

n=1

n3Fn+1(s)Gn+1(t)−2L2(s, t)∗F (s)G(t)−L2(s, t)∗F (s)G(t).

Kadangi

L2(s, t) ∗ F (s)G(t) = L2(s, t)− 2L1(s, t) + F (s)G(t),

L3(s, t) ∗ F (s)G(t) = L3(s, t)− 3L2(s, t) + 3L1(s, t)− F (s)G(t)

ir i²

L3(s, t) =
∞∑

n=1

n3Fn(s)Gn(t)−
∞∑

n=1

n3Fn+1(s)Gn+1(t)

gauname

∞∑
n=1

n3Fn+1(s)Gn+1(t) =
∞∑

n=1

n3Fn(s)Gn(t)− L3(s, t),

tai

L4(s, t) ∗ F (s)G(t) = 4
∞∑

n=1

n3Fn(s)Gn(t)− 4L3(s, t)− 2L3(s, t) + 6L2(s, t)− 6L1(s, t)+

+2F (s)G(t)− L2(s, t) + 2L1(s, t)− F (s)G(t) =

= 4
∞∑

n=1

n3Fn(s)Gn(t)− 6L3(s, t)+

+5L2(s, t)− 4L1(s, t) + F (s)G(t). (5.7)
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I² (5.6) lygyb
es atimame (5.7) lygyb¦ ir gauname:

L4(s, t)− L4(s, t) ∗ F (s)G(t) = 4
∞∑

n=1

n3Fn(s)Gn(t)− 2L3(s, t)− L2(s, t)−

−4
∞∑

n=1

n3Fn(s)Gn(t) + 6L3(s, t)− 5L2(s, t)+

+4L1(s, t)− F (s)G(t) =

= 4L3(s, t)− 6L2(s, t) + 4L1(s, t)− F (s)G(t).

Vadinasi

L4(s, t) = L4(s, t) ∗ F (s)G(t) + 4L3(s, t)− 6L2(s, t) + 4L1(s, t)− F (s)G(t).

N
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5.2 DVIMA�IU� ATSTATYMO FUNKCIJU�

LAPLASO TRANSFORMACIJA

5.2.1 teorema. Atstatymo proceso pirmojo momento L1(s, t) tankio

l1(s, t) = ∂2L1(s,t)
∂s∂t

Laplaso transformacija l1(λ, p) =
∞∫
0

∞∫
0

l1(s, t)e
−sλ−tpdsdp

turi pavidal¡:

l1(λ, p) =
f(λ)g(p)

1− f(λ)g(p)
.

H

I�rodysime formul¦

L1(s, t) ∗ F (s)G(t)
L→l1(λ, p) · f(λ)g(p) :

L1(s, t) =
∞∑

n=1

Fn(s)Gn(t);

L1(s, t)
L→
∞∑

n=1

∞∫
0

e−λxfn(x)dx

∞∫
0

e−pxgn(y)dy =
∞∑

n=1

fn(λ)gn(p) = l1(λ, p) =
∞∑

n=1

(f(λ))n(g(p))n;

L1(s, t) ∗ F (s)G(t)
L→

∞∑
n=1

fn+1(λ)gn+1(p) =
∞∑

n=1

(f(λ))n+1(g(p))n+1 =

=
∞∑

n=1

(f(λ))n(g(p))n · f(λ)g(p) = f(λ)g(p)
∞∑

n=1

(f(λ))n(g(p))n =

= f(λ)g(p)l1(λ, p).

Turime atstatymo lygti�

L1(s, t) = L1(s, t) ∗ F (s)G(t) + F (s)G(t).

Vadinasi, jos Laplaso transformacija:

l1(λ, p) = l1(λ, p) · f(λ)g(p) + f(λ)g(p).
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I²rei²kiame l1(λ, p) ir gauname:

l1(λ, p)(1− f(λ)g(p)) = f(λ)g(p);

l1(λ, p) =
f(λ)g(p)

1− f(λ)g(p)
.

N
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5.2.2 teorema. Atstatymo proceso antrojo momento L2(s, t) tankio l2(s, t) =
∂2L1(s,t)

∂s∂t
Laplaso transformacija l2(λ, p) =

∞∫
0

∞∫
0

l2(s, t)e
−sλ−tpdsdp turi pavidal¡

l2(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))2
+

(
f(λ)g(p)

1− f(λ)g(p)

)2

.

H

Turime atstatymo lygti�

L2(s, t) = L2(s, t) ∗ F (s)G(t) + 2L1(s, t)− F (s)G(t).

Analogi²kai (5.2.1) teoremos i�rodymui jos Laplaso transformacija

l2(λ, p) = l2(λ, p) · f(λ)g(p) + 2l1(λ, p)− f(λ)g(p).

�inodami i² (5.2.1) teoremos, kad

l1(λ, p) =
f(λ)g(p)

1− f(λ)g(p)

i²rei²kiame l2(λ, p) ir gauname:

l2(λ, p)(1− f(λ)g(p)) = 2
f(λ)g(p)

1− f(λ)g(p)
− f(λ)g(p);

l2(λ, p)(1− f(λ)g(p)) =
2f(λ)g(p)− f(λ)g(p) + (f(λ)g(p))2

1− f(λ)g(p)
;

l2(λ, p)(1− f(λ)g(p)) =
f(λ)g(p) + (f(λ)g(p))2

1− f(λ)g(p)
;

l2(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))2
+

(
f(λ)g(p)

1− f(λ)g(p)

)2

.

N
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5.2.3 teorema. Atstatymo proceso tre£iojo momento L3(s, t) tankio

l3(s, t) = ∂2L3(s,t)
∂s∂t

Laplaso transformacija l3(λ, p) =
∞∫
0

∞∫
0

l3(s, t)e
−sλ−tpdsdp

turi pavidal¡

l3(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))3
+ 4

(f(λ)g(p))2

(1− f(λ)g(p))3
+

(
f(λ)g(p)

1− f(λ)g(p)

)3

.

H

Turime atstatymo lygti�

L3(s, t) = L3(s, t) ∗ F (s)G(t) + 3L2(s, t)− 3L1(s, t) + F (s)G(t).

Analogi²kai (5.2.1) teoremos i�rodymui jos Laplaso transformacija

l3(λ, p) = l3(λ, p) · f(λ)g(p) + 3l2(λ, p)− 3l1(λ, p) + f(λ)g(p).

�inodami i² (5.2.1) ir (5.2.2) teoremu�, kad

l1(λ, p) =
f(λ)g(p)

1− f(λ)g(p)

ir

l2(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))2
+

(
f(λ)g(p)

1− f(λ)g(p)

)2

,

i²rei²kiame l3(λ, p) ir gauname:

l3(λ, p)(1− f(λ)g(p)) = 3

[
f(λ)g(p)

(1− f(λ)g(p))2
+
(

f(λ)g(p)
1− f(λ)g(p)

)2
]
− 3

f(λ)g(p)
1− f(λ)g(p)

+ f(λ)g(p);

l3(λ, p)(1− f(λ)g(p)) =

=
3f(λ)g(p) + 3(f(λ)g(p))2 − 3f(λ)g(p)(1− f(λ)g(p)) + f(λ)g(p)(1− f(λ)g(p))2

(1− f(λ)g(p))2
;

l3(λ, p)(1− f(λ)g(p)) =
f(λ)g(p) + 4(f(λ)g(p))2 + (f(λ)g(p))3

(1− f(λ)g(p))2
;

l3(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))3
+ 4

(f(λ)g(p))2

(1− f(λ)g(p))3
+

(
f(λ)g(p)

1− f(λ)g(p)

)3

.

N
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5.2.4 teorema. Atstatymo proceso ketvirtojo momento L4(s, t) tankio

l4(s, t) = ∂2L4(s,t)
∂s∂t

Laplaso transformacija l4(λ, p) =
∞∫
0

∞∫
0

l4(s, t)e
−sλ−tpdsdp

turi pavidal¡

l4(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))4
+11

(f(λ)g(p))2

(1− f(λ)g(p))4
+11

(f(λ)g(p))3

(1− f(λ)g(p))4
+

(
f(λ)g(p)

1− f(λ)g(p)

)4

.

H

Turime atstatymo lygti�

L4(s, t) = L4(s, t) ∗ F (s)G(t) + 4L3(s, t)− 6L2(s, t) + 4L1(s, t)− F (s)G(t).

Analogi²kai (5.2.1) teoremos i�rodymui jos Laplaso transformacija

l4(λ, p) = l4(λ, p) · f(λ)g(p) + 4l3(λ, p)− 6l2(λ, p) + 4l1(λ, p)− f(λ)g(p).

�inodami i² (5.2.1), (5.2.2) ir (5.2.3) teoremu�, kad

l1(λ, p) =
f(λ)g(p)

1− f(λ)g(p)
,

l2(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))2
+ (

f(λ)g(p)

1− f(λ)g(p)
)2

ir

l3(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))3
+ 4

(f(λ)g(p))2

(1− f(λ)g(p))3
+ (

f(λ)g(p)

1− f(λ)g(p)
)3,

i²rei²kiame l4(λ, p) ir gauname:

l4(λ, p)(1− f(λ)g(p)) = 4

[
f(λ)g(p)

(1− f(λ)g(p))3
+ 4

(f(λ)g(p))2

(1− f(λ)g(p))3
+ (

f(λ)g(p)

1− f(λ)g(p)
)3

]
−

−6

[
f(λ)g(p)

(1− f(λ)g(p))2
+ (

f(λ)g(p)

1− f(λ)g(p)
)2

]
+

+4
f(λ)g(p)

1− f(λ)g(p)
− f(λ)g(p);
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l4(λ, p)(1− f(λ)g(p)) =

=
4f(λ)g(p) + 16(f(λ)g(p))2 + 4(f(λ)g(p))3 − 6f(λ)g(p)(1− f(λ)g(p))

(1− f(λ)g(p))3
−

−6(f(λ)g(p))2(1− f(λ)g(p)) + 4f(λ)g(p)(1− f(λ)g(p))2 − f(λ)g(p)(1− f(λ)g(p))3

(1− f(λ)g(p))3
;

l4(λ, p)(1− f(λ)g(p)) =
2f(λ)g(p) + 8(f(λ)g(p))2 + 14(f(λ)g(p))3 − f(λ)g(p)

(1− f(λ)g(p))3
+

+
3(f(λ)g(p))2 − 3(f(λ)g(p))3 + ()4f(λ)g(p)

(1− f(λ)g(p))3
;

l4(λ, p)(1−f(λ)g(p)) =
f(λ)g(p) + 11(f(λ)g(p))2 + 11(f(λ)g(p))3 + (f(λ)g(p))4

(1− f(λ)g(p))3
;

l4(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))4
+11

(f(λ)g(p))2

(1− f(λ)g(p))4
+11

(f(λ)g(p))3

(1− f(λ)g(p))4
+

(
f(λ)g(p)

1− f(λ)g(p)

)4

.

N
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5.3 LAPLASO ALGEBRINU� I�RAI�KU�

ASIMPTOTIKA

5.3.1 teorema. Atstatymo funkcijos l1(s, t) Laplaso transformacijai l1(λ, p)

teisinga tokia asimptotin
e formul
e:

l1(λ, p) ∼ 1

pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
) · λβΓ(1− β)L( 1

λ
)
,

kai λ, p → 0+.

H

Tarkime,kad turime Laplaso transformacij¡

l1(λ, p) =
f(λ)g(p)

1− f(λ)g(p)
.

Apskai£iuojame tankius f(λ), g(p) ir ju� sandaug¡:

f(λ) =

∞∫
0

e−λsf(s)ds =

∞∫
0

e−λsdF (s) = −
∞∫

0

e−λsd(1− F (s)) =

= −e−λs(1− F (s))
∞∣∣
0

+

∞∫
0

(1− F (s))de−λs =

= 1 +

∞∫
0

(1− F (s))(e−λs),
sds =

= 1− λ

∞∫
0

e−λ;s(1− F (s))ds; (5.8)

g(p) =

∞∫
0

e−ptg(t)ds =

∞∫
0

e−ptdG(t) = −
∞∫

0

e−ptd(1−G(t)) =

= −e−pt(1−G(t))
∞∣∣
0

+

∞∫
0

(1−G(t))de−pt =
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= 1 +

∞∫
0

(1−G(t))(e−pt),
tdt =

= 1− p

∞∫
0

e−pt(1−G(t))dt; (5.9)

f(λ)g(p) = (1− λ

∞∫
0

e−λs(1− F (s))ds)(1− p

∞∫
0

e−pt(1−G(t))dt) =

= 1− p

∞∫
0

e−pt(1−G(t))dt− λ

∞∫
0

e−λs(1− F (s))ds+

+p

∞∫
0

e−pt(1−G(t))dt · λ
∞∫

0

e−λs(1− F (s))ds. (5.10)

Tada

l1(λ, p) =

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)
=

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds

.

Remdamiesi (4.2) lema, gauname:

l1(λ, p) ∼

∼ 1
p · pα−1Γ(1− α)L(1

p) + λ · λβ−1Γ(1− β)L( 1
λ)− p · pα−1Γ(1− α)L(1

p)λ · λβ−1Γ(1− β)L( 1
λ)

.
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Vadinasi

l1(λ, p) ∼

∼ 1

pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
) · λβΓ(1− β)L( 1

λ
)
.

N
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5.3.2 teorema. Atstatymo funkcijos l2(s, t) Laplaso transformacijai l2(λ, p)

teisinga tokia asimptotin
e formul
e:

l2(λ, p) ∼ 2

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
).λβΓ(1− β)L( 1

λ
))2

,

kai λ, p → 0+.

H

Tarkime, kad turime Laplaso transformacij¡

l2(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))2
+

(
f(λ)g(p)

1− f(λ)g(p)

)2

.

Tada i² (5.8), (5.9) ir (5.10) formuliu� gauname:

l2(λ, p) =

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

(1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds))2
+

+

 1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)


2

=

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

(p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds)2
+

+

1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds


2

.

Remdamiesi (4.2) lema, gauname:

l2(λ, p) ∼
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∼ 1
(p · pα−1Γ(1− α)L(1

p) + λ · λβ−1Γ(1− β)L( 1
λ)− p · pα−1Γ(1− α)L(1

p)λ · λβ−1Γ(1− β)L( 1
λ))2

+

+

(
1

p · pα−1Γ(1− α)L(1
p) + λ · λβ−1Γ(1− β)L( 1

λ)− p · pα−1Γ(1− α)L(1
p)λ · λβ−1Γ(1− β)L( 1

λ)

)2

.

Vadinasi,

l2(λ, p) ∼ 2

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
).λβΓ(1− β)L( 1

λ
))2

.

N
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5.3.3 teorema. Atstatymo funkcijos l3(s, t) Laplaso transformacijai l3(λ, p)

teisinga tokia asimptotin
e formul
e:

l3(λ, p) ∼ 6

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
)λβΓ(1− β)L( 1

λ
))3

,

kai λ, p → 0+.

H

Tarkime, kad turime Laplaso transformacij¡

l3(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))3
+ 4

(f(λ)g(p))2

(1− f(λ)g(p))3
+

(
f(λ)g(p)

(1− f(λ)g(p)

)3

.

Tada i² (5.8),(5.9) ir (5.10) formuliu� gauname:

l3(λ, p) =

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

(1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds))3
+

+4
(1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)2

(1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds))3
+

+

 1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)


3

=

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

(p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds)3
+

+4
(1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)2

(p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds)3
+
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+

1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds


3

.

Remdamiesi (4.2) lema, gauname:

l3(λ, p) ∼

∼ 1
(p · pα−1Γ(1− α)L(1

p) + λ · λβ−1Γ(1− β)L( 1
λ)− p · pα−1Γ(1− α)L(1

p)λ · λβ−1Γ(1− β)L( 1
λ))3

+

+
4

(p · pα−1Γ(1− α)L(1
p) + λ · λβ−1Γ(1− β)L( 1

λ)− p · pα−1Γ(1− α)L(1
p)λ · λβ−1Γ(1− β)L( 1

λ))3
+

+

(
1

p · pα−1Γ(1− α)L(1
p) + λ · λβ−1Γ(1− β)L( 1

λ)− p · pα−1Γ(1− α)L(1
p)λ · λβ−1Γ(1− β)L( 1

λ)

)3

.

Vadinasi,

l3(λ, p) ∼ 6

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
)λβΓ(1− β)L( 1

λ
))3

.

N
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5.3.4 teorema. Atstatymo funkcijos l4(s, t) Laplaso transformacijai l4(λ, p)

teisinga tokia asimptotin
e formul
e:

l4(λ, p) ∼ 24

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
)λβΓ(1− β)L( 1

λ
))4

,

kai λ, p → 0+.

H

Tarkime, kad turime Laplaso transformacij¡

l4(λ, p) =
f(λ)g(p)

(1− f(λ)g(p))4
+11

(f(λ)g(p))2

(1− f(λ)g(p))4
+11

(f(λ)g(p))3

(1− f(λ)g(p))4
+

(
f(λ)g(p)

(1− f(λ)g(p)

)4

.

Tada i² (5.8),(5.9) ir (5.10) formuliu� gauname:

l4(λ, p) =

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

(1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds))4
+

+11
(1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)2

(1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds))4
+

+11
(1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)3

(1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds))4
+

+

 1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

1− (1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)


4

=

=
1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

(p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds)4
+
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+11
(1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)2

(p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds)4
+

+11
(1− p

∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds)3

(p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds)4
+

+

1− p
∞∫
0

e−pt(1−G(t))dt− λ
∞∫
0

e−λs(1− F (s))ds + p
∞∫
0

e−pt(1−G(t))dt · λ
∞∫
0

e−λs(1− F (s))ds

p
∞∫
0

e−pt(1−G(t))dt + λ
∞∫
0

e−λs(1− F (s))ds− pλ
∞∫
0

e−pt(1−G(t))dt
∞∫
0

e−λs(1− F (s))ds


4

.

Remdamiesi (4.2) lema, gauname:

l4(λ, p) ∼

∼ 1
(p · pα−1Γ(1− α)L(1

p) + λ · λβ−1Γ(1− β)L( 1
λ)− p · pα−1Γ(1− α)L(1

p)λ · λβ−1Γ(1− β)L( 1
λ))4

+

+
11

(p · pα−1Γ(1− α)L(1
p) + λ · λβ−1Γ(1− β)L( 1

λ)− p · pα−1Γ(1− α)L(1
p)λ · λβ−1Γ(1− β)L( 1

λ))4
+

+
11

(p · pα−1Γ(1− α)L(1
p) + λ · λβ−1Γ(1− β)L( 1

λ)− p · pα−1Γ(1− α)L(1
p)λ · λβ−1Γ(1− β)L( 1

λ))4
+

+

(
1

p · pα−1Γ(1− α)L(1
p) + λ · λβ−1Γ(1− β)L( 1

λ)− p · pα−1Γ(1− α)L(1
p)λ · λβ−1Γ(1− β)L( 1

λ)

)4

.

Vadinasi:

l4(λ, p) ∼ 24

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
)λβΓ(1− β)L( 1

λ
))4

.

N
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5.4 DVIMA�IU� ATSTATYMO FUNKCIJU�

ASIMPTOTIKA

Tegul F (t): 1 − F (t) ∼ tαL(t), L(t) - l
etai kintanti funkcija, ºym
esime
V (α).

Tada, jei F (s), G(t) ∈ V (β), β ∈ [0; 1), tai

1− F (s) ∼ tαL1(s),

1−G(t) ∼ tαL2(t).

5.4.1 teorema. Jei tarpiniu� momentu� pasiskirstymo funkcija L1(at, bt)

yra l
etai kintanti ir jos Laplaso transformacijos asimptotika yra

l1(aλ, bλ) ∼ 1

(a + b)λβΓ(1− β)L( 1
λ
)
,

kur λ → 0+ ir a, b = const, tai atstatymo funkcijos asimptotika yra tokia:

L1(at, bt) ∼ 1

a + b
· tβsin(πβ)

L(t) · πβ
,

kur t →∞, sin(πβ)
πβ

= 1
Γ(1+β)Γ(1−β)

.

H

(5.3.1) teoremoje imdami λ = p gauname:

l1(aλ, bp) ∼ 1

aλβΓ(1− β)L( 1
λ
) + bλβΓ(1− β)L( 1

λ
)− aλβΓ(1− β)L( 1

λ
) · bλβΓ(1− β)L( 1

λ
)
,

l1(aλ, bp) ∼ 1

λβΓ(1− β)L( 1
λ
)(a + b− abλβΓ(1− β)L( 1

λ
))

,

l1(aλ, bp) ∼ 1

(a + b)λβΓ(1− β)L( 1
λ
)
.

Pagal (4.2) teorem¡:

L1(at, bt) ∼ 1

a + b
· tβ

Γ(1 + β)Γ(1− β)
· 1

L(t)
=

1

a + b
· tβsin(πβ)

L(t) · πβ
.

N
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5.4.2 teorema. Jei tarpiniu� momentu� pasiskirstymo funkcija L2(at, bt)

yra l
etai kintanti ir jos Laplaso transformacijos asimptotika yra

l2(aλ, bλ) ∼ 2

((a + b)λβΓ(1− β)L( 1
λ
))2

,

kur λ → 0+ ir a, b = const, tai atstatymo funkcijos asimptotika yra tokia:

L2(at, bt) ∼ 2

(a + b)2
·
(

tβsin(πβ)

L(t) · πβ

)2

,

kur t →∞, sin(πβ)
πβ

= 1
Γ(1+β)Γ(1−β)

.

H

(5.3.2) teoremoje imdami λ = p gauname:

l2(aλ, bp) ∼ 2

(aλβΓ(1− β)L( 1
λ
) + bλβΓ(1− β)L( 1

λ
)− aλβΓ(1− β)L( 1

λ
) · bλβΓ(1− β)L( 1

λ
))2

,

l2(aλ, bp) ∼ 2

(λβΓ(1− β)L( 1
λ
)(a + b− abλβΓ(1− β)L( 1

λ
)))2

,

l2(aλ, bp) ∼ 2

(a + b)2(λβΓ(1− β)L( 1
λ
))2

.

Pagal (4.2) teorem¡:

L2(at, bt) ∼ 2

(a + b)2
·
(

tβ

Γ(1 + β)Γ(1− β)
· 1

L(t)

)2

=
2

(a + b)2
·
(

tβsin(πβ)

L(t) · πβ

)2

.

N
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5.4.3 teorema. Jei tarpiniu� momentu� pasiskirstymo funkcija L3(at, bt)

yra l
etai kintanti ir jos Laplaso transformacijos asimptotika yra

l3(aλ, bλ) ∼ 6

((a + b)λβΓ(1− β)L( 1
λ
))3

,

kur λ → 0+ ir a, b = const, tai atstatymo funkcijos asimptotika yra tokia:

L3(at, bt) ∼ 6

(a + b)3
·
(

tβsin(πβ)

L(t) · πβ

)3

,

kur t →∞, sin(πβ)
πβ

= 1
Γ(1+β)Γ(1−β)

.

H

(5.3.3) teoremoje imdami λ = p gauname:

l3(aλ, bp) ∼ 6

(aλβΓ(1− β)L( 1
λ
) + bλβΓ(1− β)L( 1

λ
)− aλβΓ(1− β)L( 1

λ
) · bλβΓ(1− β)L( 1

λ
))3

,

l3(aλ, bp) ∼ 6

(λβΓ(1− β)L( 1
λ
)(a + b− abλβΓ(1− β)L( 1

λ
)))3

,

l3(aλ, bp) ∼ 6

(a + b)3(λβΓ(1− β)L( 1
λ
))3

.

Pagal (4.2) teorem¡:

L3(at, bt) ∼ 6

(a + b)3
·
(

tβ

Γ(1 + β)Γ(1− β)
· 1

L(t)

)3

=
6

(a + b)3
·
(

tβsin(πβ)

L(t) · πβ

)3

.

N
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5.4.4 teorema. Jei tarpiniu� momentu� pasiskirstymo funkcija L4(at, bt)

yra l
etai kintanti ir jos Laplaso transformacijos asimptotika yra

l4(aλ, bλ) ∼ 24

((a + b)λβΓ(1− β)L( 1
λ
))4

,

kur λ → 0+ ir a, b = const, tai atstatymo funkcijos asimptotika yra tokia:

L4(at, bt) ∼ 24

(a + b)4
·
(

tβsin(πβ)

L(t) · πβ

)4

,

kur t →∞, sin(πβ)
πβ

= 1
Γ(1+β)Γ(1−β)

.

H

(5.3.4) teoremoje imdami λ = p gauname:

l4(aλ, bp) ∼ 24

(aλβΓ(1− β)L( 1
λ
) + bλβΓ(1− β)L( 1

λ
)− aλβΓ(1− β)L( 1

λ
) · bλβΓ(1− β)L( 1

λ
))4

,

l4(aλ, bp) ∼ 24

(λβΓ(1− β)L( 1
λ
)(a + b− abλβΓ(1− β)L( 1

λ
)))4

,

l4(aλ, bp) ∼ 24

(a + b)4(λβΓ(1− β)L( 1
λ
))4

.

Pagal (4.2) teorem¡:

L4(at, bt) ∼ 24

(a + b)4
·
(

tβ

Γ(1 + β)Γ(1− β)
· 1

L(t)

)4

=
24

(a + b)4
·
(

tβsin(πβ)

L(t) · πβ

)4

.

N
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6 I�VADOS

1. Nustatytos dvima£iu� atstatymo funkciju� Lk(s, t) = M(N(s, t))k, kai
k ∈ N+ = {1, 2, ...}, integralin
es lygtys.

2. Gauti dvima£iu� atstatymo funkciju� Laplaso transformacijos pavidalai,
kai k ∈ N+ = {1, 2, 3, 4}.

3. Taikydami atstatymo funkciju� asimptotin¦ teorij¡, gavome nagrin
ejamu�
dvima£iu� atstatymo funkciju� asimptotines formules:

3.1 Galime teigti, kad atstatymo funkcijos lk(s, t) Laplaso transformacijai
lk(λ, p) teisinga tokia asimptotin
e formul
e:

lk(λ, p) ∼ k!

(pαΓ(1− α)L(1
p
) + λβΓ(1− β)L( 1

λ
)− pαΓ(1− α)L(1

p
)λβΓ(1− β)L( 1

λ
))k

,

kai λ, p → 0+ ir k ∈ N+ = {1, 2, ...}.

3.2 Jei tarpiniu� momentu� pasiskirstymo funkcija Lk(at, bt) yra l
etai kin-
tanti ir jos Laplaso transformacijos asimptotika yra

lk(aλ, bλ) ∼ k!

((a + b)λβΓ(1− β)L( 1
λ
))k

,

kur λ → 0+ ir a, b = const, tai atstatymo funkcijos asimptotika yra tokia:

Lk(at, bt) ∼ k!

(a + b)k
·
(

tβsin(πβ)

L(t) · πβ

)k

,

kur t →∞, sin(πβ)
πβ

= 1
Γ(1+β)Γ(1−β)

ir k ∈ N+ = {1, 2, ...}.
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7 SUMMARY

In graduate research a two-dimensional renewal process

N(s, t) =
∞∑

n=1

1I(T 1
n ≤ s)1I(T 2

n ≤ t),

where T 1
n =

n∑
i=1

Xi, T 2
n =

n∑
i=1

Yi, X1, ..., Xi and Y1, ..., Yi - independent, posi-

tive with same distribution, de�nable on probability space (Ω, F, P ) random
values, is obtained.

The integral di�erential equation of renewal function Lk(s, t), its Laplase
transform and asymptotic's by Teugels theorems was found.
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