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Abstract

We consider the one-loop corrections to the Zbb vertex in a C P-conserving left-right model (LRM), viz.
a model with gauge group SU(2); x SU(2)g x U(1). We allow the gauge coupling constants of SU (2),
and SU (2) g to be different. The spontaneous symmetry breaking is accomplished only by doublets and/or
singlets of SU(2)7, and SU (2) g. The lightest massive neutral gauge boson of our LRM is assumed to have
the same Yukawa couplings to bottom-quark pairs as the Z of the Standard Model (SM); this assumption
has the advantage that, then, the infrared divergences automatically cancel down in the subtraction of the
Zbb vertex in the SM from the same vertex in the LRM. We effect a proper renormalization of the Zbb
vertex and check explicitly both its gauge invariance and the cancellation of all the ultraviolet divergences.
We find out that a LRM with the above assumptions cannot achieve a better fit to the Zbb vertex than a
multi-Higgs extension of the SM, viz. both models can only achieve a decent fit when one admits scalar
particles with very low masses < 50 GeV. This is true even when we allow for markedly different gauge
coupling constants of SU (2);, and SU (2)g.
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1. Introduction
In the Standard Model (SM), the Zbb interaction is written
g -
Lypp= C_Zub)/M (gL PL+ grPR)D, (1)
w

where ¢y, is the cosine of the weak mixing angle, Pp, and Pg are the projection operators of
chirality, and g; and gg are the Zbb couplings. At tree level g; and gg have the values

2 2
tree,SM __ Sy 1 tree,SM __ Sy 2
L == 8R == (2)
3 2 3

respectively, where s, is the sine of the weak mixing angle. With slzu =0.22339 [1], Eq. (2) gives

gtLree’SM = —0.42554 and g;ee’SM = 0.07446. After inclusion of radiative corrections, the SM

prediction for the couplings is [2]

M =-0.420875,  g¥M=0.077362. 3)
In the presence of New Physics (NP), we define §g;, and §gg through

sgr=gL— 81", SgrR=gr— &R 4

Experimentally, g; and ggr are obtained from the observable quantities A, and Rj; their
precise experimental definitions may be found in Refs. [2-4] and in appendix A of Ref. [5]. One
has

A 2rpa/1 —4up
b= s
1—dpp + (14 2up) 17

&)

where r, = (g1 +gr) /(gL —gr) and pp = m3 (m%)/m%. We use the numerical values

mp (mzz) =3GeV and mz =91.1876 GeV [1]. Furthermore,

s, ¢QCD (QED

Ry = spcQCD cQED 4 g 45 450+ 54 ©
where ¢QCP = 0.9953 and ¢EP = 0.99975 are QCD and QED corrections, respectively,

sb = (1= 6mp) (g1 — 81> + (g1 + gr), (7)
and s. + s, + 55 + 54 = 1.3184. A recent overall fit of many electroweak observables gives [4]

Rbﬁt =0.21629 %+ 0.00066, (8a)

Al = 0.923 + 0.020. (8b)

On the other hand, A, has been extracted by measuring the Z-pole forward—backward asym-
metry A(})p’g at LEP1 and by measuring the left-right forward—backward asymmetry A{g at
SLAC—for details see Ref. [4] and appendix A of Ref. [5]. The averaged result of those mea-
surements is

Ay =0.901 +0.013. ©)

While the Afl' of Eq. (8b) deviates from the SM prediction A?M = 0.9347 by just 0.60, the
A} of Eq. (9) displays a much larger disagreement 2.60. The RIit of Eq. (8a) is 0.70 above
the SM value RSM = 0.21582 = 0.00002.
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Table 1

The results of Egs. (5) and (6) for g;, and g and the corresponding values of g,
and 8gp, extracted through Eqgs. (3) and (4). The superscript ‘fit’ corresponds
to the input values (8) while the superscript ‘average’ corresponds to the input
values (8a) and (9).

Solution gL 8R dgr 38R

1fit —0.420206 0.084172 0.000669 0.006810
ofit —0.419934 —0.082806 0.000941 —0.160168
javerage —0.417814 0.095496 0.003061 0.018134
paverage —0.417504 —0.094139 0.003371 —0.171501

Fig. 1. Scatter plot of the values of §g7 and §gg in the aligned 2HDM. See Ref. [5] for details.

In this work we consider both the set of values (8), which we denote through the superscript
‘fit’, and the set formed by values (8a) and (9), which we denote through the superscript ‘aver-
age’. Plugging the central values of those two sets into Eqgs. (5) and (6), we obtain four different
solutions for g; and gr—for details see Ref. [5]. Two of those solutions may be discarded by
both theoretical and experimental arguments [6], while the other two solutions are reasonable;
they are given in Table 1. Notice that §gr seems to be much larger than §g; .

The two solutions have been studied in the context of the two-Higgs-doublet model (2HDM)
and three-Higgs-doublet model (3HDM) [5,7]; it has been found that those extensions of the SM
do not improve significantly the fit of the Zbb vertex relative to the SM—see Fig. 1.

Two decades ago, research has been carried out on the Z — bb decay asymmetry in simplified
left-right models [8—10]. A model with an additional neutral gauge boson including two Higgs
doublets, a scalar singlet, and one charged and one neutral vector-like singlets has been studied
in Ref. [11]. The SM extended by an additional vector boson Z’ has been claimed to provide
a good fit to A%’g near the Z pole and to R, measured at energies above that pole [12,13].
In Refs. [14,15] it is shown that some natural composite Higgs models with a subgroup of the
custodial symmetry O(3) are able to solve the A(I):’g anomaly while reproducing the observed
Rp. There are also studies of contributions from models with extra dimensions to the process
Z — bb [16-18], an analysis of Z-pole observables in an effective theory [19], revised QCD
effects on the Zbb forward—backward asymmetry [20], and a recent explanation [21] of the Zbb
forward-backward asymmetry by adding to the SM new heavy-quark multiplets—an SU (2),
doublet with hypercharge —5/6 and an SU (2), singlet with hypercharge —1/3.

The discrepancies in A, may be evidence for NP, but they may also be due to a statistical
fluctuation or to another experimental effect on one of asymmetries; more precise experiments
are needed. Hadron colliders may cover the experimental regions of the Zbb couplings of LEP1,
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but with large uncertainties [22]. Lepton colliders of the next generation offer better opportunities
for further studies of the Zbb vertex, since they could collect a large amount of data around the
Z pole [23]. Some recent papers [24—27] propose novel methods to probe the Zbb couplings at
both existing and future colliders.

In this paper we seek to reproduce solution 1 in Table 1 by invoking a version of the left—right
model (LRM) [28-32], i.e. a model with gauge group SU (2)1 x SU(2)r x U (1), at the one-loop
level. (We also comment on the possibility of reproducing that solution at the tree level.) We are
inspired in this endeavour by the observation that, since §gr appears to be much larger than §g; ,
then maybe a model with right-handed gauge interactions provides a better fit to the Zbb vertex;
the same rationale was used before in Ref. [10]. The version of the LRM that we use here is
characterized by the following four features:

e The gauge coupling constants of SU(2); and SU (2) are allowed to differ.'-> This is done
in order to allow greater flexibility of the LRM in fitting the Zbb vertex.

e The spontaneous symmetry breaking of SU(2); and SU (2)r is achieved exclusively by
scalar doublets of those groups, avoiding the triplets that exist in other versions of the LRM.

e We assume C P conservation, both at the Lagrangian level and in the vacuum state.

e The lightest neutral gauge boson couples to the left- and right-handed fermions with exactly
the same strength as the Z gauge boson of the SM.

While the first feature above complicates our LRM, the other three features simplify it con-
siderably. The fourth feature is very helpful to our computation, because it makes the infrared
divergences in the Z;bb vertex of the LRM exactly identical to the same divergences in the
Zbb vertex of the SM; those divergences then disappear when comparing the vertices in the two
models. That feature should not constitute an unreasonable restriction, because—as discussed
below—previous studies of (different versions of) the LRM suggest that the mixing of the two
neutral massive gauge bosons of the LRM should be extremely small anyway.

Another feature of our model is that we only include in it the top and bottom quarks—we
neglect both all the other quarks and the leptons; we do this because they are inessential for the
Zbb vertex.

In this paper we carefully work out the renormalization of the vertex, which is non-trivial
because of the enlarged gauge group. This forces us to be painstaking in the definition of the
model and, in particular, of all its symmetries. The paper is organized as follows. In Sec. 2 we
describe the gauge structure of the model. Section 3 deals with the fit of the Zbb vertex in the
LRM at tree level. Section 4 proceeds with the description of the scalar structure of the model.
In Sec. 5 we collect all the parameters of the model and outline our procedure for fitting the
Zbb vertex. Section 6 deals with the one-loop calculation and the renormalization procedure. In
Sec. 7 we give the practical results of our work. Thereafter, many appendices deal in detail with
technical issues.

I This is fully compatible with left-right symmetry at very high energies. Namely, that discrete symmetry, which
has been called P in Ref. [33] or D in some other papers, may be broken at a very high energy while keeping the
SU2); x SU2)g x U(1) gauge group intact [33].

2 We do not take into account in this paper the constraints on the LRM derived in Refs. [34,35], since those papers
assume left-right symmetry, at least in the scalar potential.
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2. Description of the model: gauge interactions and quarks
2.1. Gauge coupling constants and covariant derivative

Gauge coupling constants, 6,,, and @ We consider a C P-conserving left-right model (LRM),
i.e. a model with gauge group SU(2); x SU(2)g x U(1)x. The gauge coupling constant of
SU (2)r is g; the gauge coupling constant of SU (2) g is I3; the gauge coupling constant of U (1) x
is h. We define

GEg2, L=I? H=h?, (102)

01=vGL+GH+LH, o =gJL+H, (10b)
—lh [ —gh

CwEQ, Sy = —, CaEg—, SaEi, (100c)
Q1 Q1 02 02

where ¢,y = cos by, sy = sinb,,, ¢, = cosa, and s, = sin«. The electromagnetic coupling con-
stant e is given by

—glh
e=_8" " E=¢ (11)
01
Notice that
GL?
Lcy — Gspy=——>0. (12)
Q1
Using the measured value of s,,, Eq. (12) produces the lower bound
l
‘— > |21 ~0.53. (13)
8 Cw

Covariant derivative The covariant derivative is
D' =" —ig (TFWH + T, W) —il (TS VT + T V)

!
tieAhQ —i Ci zr (TL3 — Qsi) —i X" <TR3 _ Ysﬁ) , (14)
w

o

where

TLjE and TRi are the raising and lowering operators of SU (2);, and SU (2) g, respectively;
Tr3 and Tg3 are the third generators of SU (2); and SU (2) g, respectively;

Y = T3 + X is the weak hypercharge and Q = Ty 3 + Y is the electric charge®;

AM is the photon field, which is the only massless gauge field.

Signs Itis clear in Eq. (14) that

e The sign of the field W** may be chosen so that g is positive.

3 The left-right-symmetric model assumes / = g. We allow [ to be different from g for the sake of generality.
4 X is the quantum number that generates U (1) x . It should not be confused with the gauge field X*.

5
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The sign of the field V** may be chosen so that [ is positive.
The sign of the field A* may be chosen so that e is negative.

The sign of the field Z* may be chosen so that g / cy 1S positive.
The sign of the field X* may be chosen so that / cq 1S positive.

Accordingly, from now on we shall assume that g, [, —e, ¢, and ¢, are positive. Equation (10c)
then informs us that o, and o are positive too. Equation (11) tells us that & is positive too.
Hence, 6,, and « are both angles of the fourth quadrant in our sign convention.

2.2. Gauge-boson mixing

The fields Z,, and X, mix, just as the fields W,j’ and VJ . We write

+
Zu\_ (v —sv\( Zm Wi\ _ e se | Wi
= : ) = "), (15)
Xu sy ¢y )\ Zhu Vi —s¢ g |\ Wi,
where Z;,, and Zj,, are neutral eigenstates of mass with squared masses M; and M}, respectively,

and Wl'; and Wﬁ are charged eigenstates of mass with squared masses M; and M}, respectively.

By definition, M; < M}, and M; < My,. We identify Z; as the observed neutral gauge boson with
mass mz = «/M; =91.1876 GeV and WljE as the observed charged gauge bosons with mass

my = \/ML = 80.378 GeV. In Egs. (15) cy =cosyr, sy =siny, cg = cosé, and sz = siné,
where ¢ and & are mixing angles. Note that, if our LRS model had not been assumed to be
C P-invariant, then the second Eq. (15) would have contained a phase in the mixing matrix.

Without loss of generality, one may choose the overall sign of (Zm, Zn ,L)T in such a way that

Cy 18 non-negative5 ; similarly, we also assume cg > 0. Equations (15) come about because in the
Lagrangian there are mass terms

1 VA I Wk
Lot iz, XM)Mn<XM>+(WM VM)MC<V+M> (163)
1 - - _
=5 (M Zyu Zf' + My Z4,, 7)) + My W Wy, Wy, Wi (16b)
In Eq. (162) the 2 x 2 matrices M, and M, are real and symmetric.

2.3. Quarks

Multiplets In our simplified LRM we only consider the third-generation quarks, viz. the left-
handed #7 and by and the right-handed ¢z and b r°; we disconsider both the lepton sector and the
other two quark generations. Under SU(2); x SU2)r x U(1)x,

L L\ Jiy/6 IR IR\ iy/6
(bL>—>Z/I£<bL>e , (bR)—>L{R<bR>e . 17)

The quantum numbers of the quark fields are in Table 2.

5 The relative sign of Z;,, and Zy,, is fixed by the requirement that the mixing matrix (f‘/' ZS‘// ) has positive
o Gy

determinant.
® There should be no confusion between the left-handed and right-handed bottom-quark fields—b; and bpg,
respectively—and the scalar field b.
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Table 2

The U(1) quantum numbers of the quark fields.

Fields T13 TR3 X Y=Tr3+X 0=Ti3+Y
tr, 1/2 0 1/6 1/6 2/3

br -1/2 0 1/6 1/6 -1/3

tR 0 1/2 1/6  2/3 2/3

br 0 —-1/2 1/6 -1/3 -1/3

3. Fitting the Zbb coupling at tree level in the LRM

With the covariant derivative in Eq. (14) and since the bottom quark has the quantum numbers
in Table 2, one has

_ 2 1 12
£="'+bLyu|:£Z“<s—w——>—iX“}bL

Cw 3 2 6¢cy
2 2
- 8su [ sy 1
b S W ZH 4+ —XP 2 — =) | bk. 18
+bRrYu [3% +Ca <3 2)} R (18a)

Using both Eq. (10c) and the first Eq. (15), we find the coupling of the b quark to the light neutral
gauge boson—which we identify as the observed one—written in the form of Eq. (1) as

Lawi= -2 by (87N P+ g M Py ) b, (19)
w
with
2 2
tree, LRM S 1) 85w
& =yl 5 TN T —— (20a)
L v ( 3 2) e/l —Gs2
2 2 2
L
M=y Ly = (R -2 ). (20b)
3 VLci —Gsz \3 26

One sees that, besides the Weinberg angle 6,,, the two quantities gtLree’LRNI and ggee’LRM depend

on two parameters of the LRM, viz. [/g and . It should be possible to adjust the latter in order
to reproduce the observed gy and dgr in either the ‘average’ or ‘fit’ solutions:

s2 o1 s2 o, B
3gL:<?—E> (cosw—l)—z<?cw—sw> sinr, (21a)
Sgr = % (cosy — 1) + (% - ;—22 %) (;—22 2 — s;>_1/2 siny. (21b)
The solution to Egs. (21) is depicted in Fig. 2. In particular, one sees that
é =1.112, ¥ =-0.0144 for the ‘fit’ solution 22)
and
é =0.929, ¢ =—-0.0467 for the ‘average’ solution. 23)

Thus, in order to fit the Zbb vertex in the LRM at tree level one needs a mixing angle ¢ < —1072;
moreover, one should not be very far from the left-right-symmetric case / = g.

7
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30 e SM
* 1ﬁt
20  ]average

m
= 10}
S S
4]
Q 0
~10}
S A —_ 0.90 ‘ ‘ ‘ | -
-6 -4 -2 0 2 4 6 8 -6 -5 -4 -3 -2 -1
5 x10° Wx10% [rad]

Fig. 2. Left panel: a smooth trajectory in the Sgg vs. 8g;, plane connecting the 11t and 18Vera8¢ points of Table 1. Right

panel: the same trajectory translated into the //g vs. v plane through solving Egs. (21). We have used czw =my, / my .

It remains to be seen whether values of //g and v like those in the right panel of Fig. 2 are
compatible with phenomenology. This matter goes beyond the scope of the present work. We just
refer to the rather old Ref. [36] and the more recent Refs. [37-39]; their authors have investigated
how large v is allowed to be in a left-right-symmetric model (viz. a model with [ = g). They all
conclude that || < 1073, It is conceivable that allowing for //g % 1 may give || some room
for being larger; but ¢ ~ —0.01 seems far-fetched. One thus concludes that using the LRM at
tree level for fitting the Zbb vertex does not work. It remains to be seen whether the LRM at
one-loop level can do a better job; that is the aim of this work. Unfortunately, in order to do
that job properly one must carefully renormalize the LRM; that forces us to define the model
completely, including its scalar sector. That is what we do in the next section.

4. Description of the model: scalars

4.1. Multiplets

The scalar multiplets of our LRM consist of an SU (2), doublet Hy , an SU (2) g doublet H, R,/
and a ‘bi-doublet’—i.e., a doublet both of SU (2);, and of SU (2) g—®. Thus,

[ m [P (b s . [ d* a
HL—(ﬂ)» HR_(q)’ q’—(_a* d)’ ‘D=TZ¢T2—(_C* b)’(24)

where m, n, p, q, a, b, ¢, and d are complex Klein—Gordon fields. The multiplets (24) transform
under SUQ2); x SUQR)g x U(1)x as

Hp — U Hp e'V'?, Hr > Ug Hre'V?, ®—>UrdUR", d—=UrdURT, (25)

where U, and Uy, are the 2 x 2 unitary matrices with determinant 1 representing the SU (2) 7 and
SU (2) g transformations, respectively, in the doublet representation. The phase y is the parameter
of the U(1)x transformation: both H; and Hg have X = 1/2 while ® has X = 0. The U (1)
quantum numbers of the scalar fields are given in Table 3.

7 Other left—right models use triplets of SU(2);, and SU(2)p instead of Hy and Hp.
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Table 3

The U(1) quantum numbers of the scalar fields.

Fields T13 TR3 X Y=Tr3+X 0=Ti3+Y
m 1/2 0 1/2 1/2 1

n —1/2 0 1/2 1/2 0

P 0 1/2 1/2 1 1

q 0 —1/2 1/2 0 0

a, ¢ 1/2 1/2 0 1/2 1

b, d —1/2 1/2 0 1/2 0

4.2. VEVs

The electromagnetism-conserving® vacuum expectation values (VEVs) are
(01m[0) =(01p[0) = (0la|0) = (0]c|0) =0, (26a)
(0[n]0) =ur, (0lq|0)=ur, (0[b|0)=vi, (0]d]0)=rv2. (26b)

Since we assume our model to be C P-conserving, uy, ug, vy, and vy are taken to be real.
Without loss of generality, one may choose the signs of the scalar multiplets to set uy, ug, and
vy non-negative; only the sign of v remains free. We define

Up=ul, Ur=u%, Vi=v}, V=13 27

One may interchange ® and ®, i.e. one may make a <> ¢ and b <> d. Thus, from now on we
shall assume V5 to be larger than V.

4.3. Mixing of the scalars

Definition of the mixing matrices We expand the neutral-scalar fields about their VEVs as

oL +inL PR +iNR o1 +ing p2+in

n=up+————, g=up+——r—, b=vi+——, d=v+—r—,
N 2 2 VA

(28)

where pr, r.1.2 and 1z g.1,2 are real Klein—-Gordon fields. Because of the assumed C P invari-
ance, the fields oy g 1,2 (viz. the scalars) mix among themselves, but they do not mix with the
fields nz g 1,2 (viz. the pseudoscalars). Thus,

0
P1 55
02 A
or |~ Vo A 29
PR 0

SS

where Sg 6.7 ¢ are real eigenstates of mass with masses us 6 7,8, respectively. The 4 x 4 matrix
V, is real and orthogonal. Analogously to Eq. (29),

8 We assume conservation of electromagnetism by the vacuum state.
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G}
m 0
m Gy,
=V, , 30
nL 7 9 (30)
nRr 0
Sy

where G? and G2 are the Goldstone bosons that are ‘eaten’ by Z;, and Zj,,, respectively, while

Sg and Sg are physical pseudoscalars with squared masses M| and M, respectively. The matrix
Vy is real and orthogonal. Also,

—v, , (31)

< S a9

where GIJr and GZ are Goldstone bosons that are ‘eaten’ by Wl; and W;L, respectively, while

H3+ and H;r are physical charged scalars with squared masses M1 and M, respectively. The
matrix V,, is real and orthogonal because of the assumed C P conservation.

Parameterization of V, The parameterization that we use for the matrix V), in Eq. (29) is the
following:

1 0 O 0 1 0 0 0 1 0 O 0
10 1 0 0 0 ¢ —s0 0 01 0 0
Vo= 0 0 ¢35 —s53 X 0 s ¢ O X 0 0 ¢ s6
0 0 53 C3 0 0 0 1 0 0 S¢ —C6
ct st 00 1 0 O 1 0 O
s1 —c1 0 O 0 s4 O 0 0 S5
“To o 1 0o]*lo o 1 0 0 —C5 : (32)
0 0 0 1 0 cs O 0 1
where ¢; = cos6; and 5; = sin6; for i =1,...,6. In this way one obtains a matrix V,, with a

simple first row and a simple first column:

C1l S1C4 S184C5 5154585

s162 ( ) ( ) (Vp)z4

V,= . 33

P sis2e3 - ( p)32 (Vo 33 (VP)34 9
$15253 ( p)42 ( p)az (Vo)as

The sign of Sg is chosen in such a way that det V,, = 41 is positive. We choose the signs of S,
Sg) , and Sg in such a way that c4, cs, and s5 are non-negative.

Goldstone bosons Since the scalar doublets of SU (2), are

() () = ()

and the scalar doublets of SU (2) g are

(¢) () e () 9

10



D. Fontes, D. Jurciukonis and L. Lavoura Nuclear Physics B 996 (2023) 116373

the neutral fields

urnr +vim +vanz and  ugrng —vin —v2m (36)
are Goldstone bosons. The charged fields

urm—+via+uvyc and ugpp —vya —vic (37)

are Goldstone bosons too. Thus, there are two neutral Goldstone bosons and two charged Gold-
stone bosons, and it is a non-trivial problem to find out how they mix to form the states that are
‘swallowed’ by the neutral gauge bosons Z;,, and Zj, and by the charged gauge bosons Wlt and
W;L, respectively. This problem is addressed in Appendix A. The results of that appendix may
be summarized as follows:

vi (cyo1 — sy L vy (—Syo1 —cyL
(Vn)n ( ) ( n)12= ( )

 2M L+ H' My JL¥H
(V ) _ U2 (C¢Q1 - s‘//L) (V ) _ v2 (—S¢Q1 - CWL)
VAT ML FH VT AMLNL+H (38)

(V) =“L(C1P91+SWH) (V) =“L(_SW91+C‘//H)
Vs AL+ H S N RT Mu NI+ H

(V) — ur~L+H (V) 0 ur~ L+ H
n)41 =5 7 n)ap =Y oM,

and

Vo= W=""
c§gv2+s§lv1 SggV2 —Cglvl
(V§0)21 = i ) (Vw)zz = T’
(Vo). = SE8UL l (V). = e8I ! (39)
= NGT
(V) _ —s§lbe (V) _ c;lulg
¥)41 21‘_4[ ’ 942 ZMh

The physical pseudoscalars Two orthonormalized linear combinations of the 7 fields that are
orthogonal to the Goldstone bosons (36) are

ne = v — U2 ny = Ty (upmg +urnp) +upug (ving +van2) 40)
a 7,—T1 , /—Tl /—T2 ’

where
'=Vi+ VW, Th=ULUr+Ti (UL + Ug). 41)

Note that /77 and /7> are positive—this corresponds to the definition of the signs of 1, and
np. The Lagrangian contains mass terms for the pseudoscalar fields as

_ _l Na
L= 2(7)aa nb)Mn<nh>v (42)

where M), is areal 2 x 2 symmetric matrix. This matrix is diagonalized as

cp —8y ey Sy Mg 0
(Sn Cn >Mn<_sn Cn)_< 0 Mrﬂ)’ @)

11
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where ¢; =cosn, s, =sinn, and M, < M. From Eq. (43),

(My),, = Myic; + Myps;, (44a)
(My),, —Mnls + Mypct, (44b)
(M, ) = (M2 — My1) cysy. (44¢)
Since
na\_( e s \(S (45)
b —Sy Oy Sg 7
one has
(153 VIULUR (%) ViULUR
V, =cC —S y V, =S +c s
N, N 1 LT Ak
(V) e -] s VUL UR (V) — —U1 V2ULUR
UE IV, AV v TV, A, 1Y
T T, (46)
(Vi) 33 = spur T’ (Va)ay = —Cnur T

T, T
(Vi) g3 = —snur T’ (Vi)aa = CplL, | s

In Eq. (45), we choose the sign of (Sg , SE)T in such a way that ¢, is non-negative.’

The physical charged scalars Two orthonormalized fields that are orthogonal to the charged
Goldstone bosons (37) are

Vi—=Vo)ym —viura +vourc

+_
ol = , (47a)
a /—Kl
4+ 2vivpupugrm — Kip+vug (Vi = Vo —Ur)a+viug (V2 — Vi —UL)c
Y, = , (47b)
VK1V Ky
where
Ki=Vi—V)? + (Vi + Vo) Uy, Ky =ULUg + K1+ (V1 + V2) Ug. (48)

In Egs. (47), the normalization factors /K| and /K> are positive—this corresponds to a con-
vention for the signs of ¢ and <p;. The Lagrangian contains mass terms for the charged-scalar
fields as

+

L=~ (07, ‘Pi;_)Mw(zZF)’ (49)

where M,, is a real (because our model is C P-conserving) 2 x 2 symmetric matrix. That matrix
is diagonalized as

Cop —Sy Co  Sp\ _ [ Mg 0
(Sw Co )M(p(_sw Cw>_< 0 M¢2>7 0

L . .. . - . cy S .
9 The relative sign of Sg and Sg is fixed by the condition that the determinant of the mixing matrix < ;7 C" ) is
—Sn Cn
positive.

12
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where ¢, = cos g, 5, =sing, and My < M. It follows from Egs. (50) that

(My),, = Myicg + Myos,, (51a)
(My)y, = Myis, + Myac, (51b)
(Mw)lz = (M<P2 - Mwl) CopSep- (51c¢)

Since

o\ _( co s Hf
()=(% =) ()

one has
(Vo)i3= _Cf/l;(—lluL R S/;Q;KZI i UL)’ (53a)
(Vo)ys = C(f;;(—uf TelvR S/;(I;KZZ i UL)7 (53b)
(Vo)ss = o (i//lK_—le) - ZSWJ%MR’ (530)
(Vi) gz =5 I;—; (53d)
(Vo) = =t 4 SR L), (4a)
I oo (54b)
(Vo) = o2 4 ezt (540)

K
(Ve)aa = —¢o, K—; (54d)

In Eq. (52), we choose the sign of (H3+, HI) such that ¢, > 0.10
4.4. Gauge-fixing terms
The terms in the Lagrangian that are bi-linear in either the gauge-boson fields or the scalar

fields are

1
L=wots (8,67 0GP + 8, G5, 0" G, + 9,89 959 + 9,59 957

1
0z - 0,22 (2 - 0°2)

1
_ _ W7V _ qu U
N 00z =023 (72 - 2°2))
10" The relative sign of H;r and H 4+ is not free, since altering it would change the sign of the determinant of the mixing
matrix < o Sy )
—S¢p Cp

13
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1
2 (s = 0,4,) (47— 0 A%)

My, (c0\? _ M (0\* M My

S () SR (S) S 2 S Bz

+v/'M; 21, 3" GV + /My, Zp, 94 GY, (55)

and
L=-+03,G] 0"G}' +0,G}, "G} +9d,Hy 0"Hy + 08, H, 9"H,
= (0" W) (0, W) + (9" W) (av Wl;:)
= (0" W) @ Wi) + (W) (0,W5,)
—My, Hy Hi — My, Hy H + MW, W'+ My W, Wi
+i (\/E, W, 0G4+ My, Wy 814G — H.c.) (56)
cf Eq. (A.13). We add to them the gauge-fixing terms''

(0,7 =6 VG (.7~ VG (3,47)°

Loto=— - - , 57
#£0 % %, %, e
(9w = &/ G ) (0., +i& /M1 G
Fate == ;
(0. W, = 18/ M G ) (0, W} + i VM1 G, ) -
- & '

4.5. Scalar potential

The scalar potential appears in the Lagrangian as £ =--- — V and is in our model of the form
V =Vyg + Ve + Vye, where

Vi =ur H Hy + g Hy Hg
iy H{ Hy H Hp + g Hj,Hg HyHg + Arg H) H H} H, (58a)

Vo = 1 tr (cb*cb) ot (iDTCD n c1>T<i>>
2 o~ 2 N2
e [tr(qﬂcb)] +A2{[tr<<l>‘d>)] +H.c.} +A3‘tr(<l>T<I>>’
+A4tr(q>Tc1>) tr(&ﬂ@ n CDTCB), (58b)
Ve =mj (HZ(DHR + H;CDTHL) +my <H£&>HR + H;@THL)
i3 Hi @D Hp + Asg Hy® @ Hg + hap H @D Hy, + dag Hy® D Hp
sy HY (cpc’iﬂ' + d‘>q>*) Hy +Asg H) (cp"'cb + d“ﬂcb) Hxg. (58¢)

T We restrict ourselves to Rg gauges.

14
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The parameters Az, A, ALR, A1, A2, A3, A4, A3L, A3R, AdL, AR, A5L, and Asg are dimension-
less; the parameters m| and m, have mass dimension; the parameters py, (g, (1, and po have
mass-squared dimension. All these parameters are real because of the assumed C P conservation.
Notice that we have not imposed the parity symmetry H; <> Hg, ® — &7, & - ®Ton V. In
component fields, V = V(2) + V(3) + V(4), where

Voy = (ImP? +1n) + e (11 + 1)

w1 (1al? + 6P +1eP +1dP?) + 202 (ac + ac* +b*d + bd”) (59a)
Viz) =m (—a*n*p —anp* + b*m*p + bmp* + cm*q + c*mq* + dn*q + d*nq™*)

+my (—=c*n*p — cnp® + d*m* p + dmp* + am*q + a*mq™ + bn*q + b*ng*),

(59b)

Viey = (14 1) 40k (16 +1aP) + 2k (1l 102 (1P + 1a?)

21 (1al + 1B + 1+ 1aP)’

+ 432 (a%* 4+ 524" + 2abe*d* + Hee.)

+ 433 (lacl? + b + adb*c* + a*d"be)

+ 20 (1a + b + [ + |d?) (ac + b*d +ac* + bd*)

a3 | (167 + 1612) I+ (laP? + 1d1) |n]? + 2Re[ (cd* — ab*) m*n]}

o { (167 4+ 1612) In? + (1a? + 1dP?) Im[? = 2Re[ (cd” — ab*) m*n]}

+ st (I + 1) (ac” + a*c + bd* + b*d)

x| (Il +167) 1P+ (Iel? +1d1%) | * +2Re[ (b — ad) p*q]}

+har{ (1aP +161) la? + (1e +1d?) [pI* = 2Re[(be - ad) p*q]]

+ 25 (112 +1g) (ac” +ac + bd* +b7d). (59¢)

The parameters in V(4) are constrained by the unitarity and bounded-from-below conditions;
these are worked out in Appendices B and C, respectively. Additional constraints derive from the
condition that the assumed minimum of the potential is a global, not just local, minimum; they
are partially given in Appendix D. Still other constraints have to do with the observed couplings
of the scalar of mass 125 GeV, which we assume to be Sg ,'? to pairs of gauge bosons or to quark
pairs; they are worked out in Appendix E.

12 We do not in general assume, though, Sg to be the lightest scalar.

15
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4.6. Yukawa couplings and quark masses

Yukawa couplings The Yukawa couplings are given by

- N\ ([t
Lyukawa = — (tL7 br ) <Y1<1> + )’2(1)) <bl; ) +H.c. (60a)
= — (y16* + yod*) iptr — (yic + y20) Lbg
+ (yla* + yzc*) brtg — (yid + y2b)brbg +H.c., (60b)

where the Yukawa coupling constants y; and y; are real because of the assumed C P invariance
of the model.

Quark masses When b and d acquire real VEVs v and v;, respectively, Eq. (60b) gives rise to
quark masses

m; = yivi + y2v2, mp = y1v2 + y201. (61)
From Egs. (61),
—vim; + vomy VoM — V1M
=, =" 62
i VWi »2 Vs Wi (62)

Without loss of generality, we fix the relative sign of (¢, b)) and (tg, bg)T insucha way that
y2 > 0. Since we have already fixed V, > V1, this means that we always use m; > 0. The sign of
mp—ijust as the sign of vi—remains free.

5. Parameter counting and procedure
Counting of parameters Our left—right model has in its Lagrangian the following parameters:

e The gauge coupling constants g, /, and A.

e The parameters of the potential wr, (g, (1, 2, M1, M2, AL, ARs ALR, A1, A2, A3, Aa, A3L,
A3R, AaL, AR, A5, and Asg.

e The Yukawa couplings y; and y».

This makes 24 real parameters. (There are other parameters in the model, but they are dependent
on these 24. For instance, 6,, and o depend on the gauge coupling constants; the VEVs u g and
v1 2 depend on the parameters of the potential.)

Counting of observables 'We use observable quantities as input of the renormalization proce-
dure. We choose these observables to be exclusively masses, mixing angles, and the electromag-
netic coupling constant. The quantities at our disposal are:

The squared electromagnetic coupling constant, viz. E.

The squared masses of the neutral gauge bosons, viz. M; and My,.
The squared masses of the charged gauge bosons, viz. M; and M;,.
The mixing angle ¢ between the two neutral gauge bosons.

The mixing angle £ between the two charged gauge bosons.

The masses us, (g, 47, and g of the four scalars.

16
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The six mixing angles ; (i =1, ..., 6) that parameterize the mixing matrix V,,.
The squared masses of the two pseudoscalars, viz. My and M.

The mixing angle 1 between the two pseudoscalars.

The squared masses of the two charged scalars, viz. My and M.

The mixing angle ¢ between the two charged scalars.

The masses m, and my, of the top and bottom quarks.

This makes 25 real observables. There is, thus, one more observable than there are parameters in
the model. This means that there must be one constraint among the 25 observables; that constraint
is derived in Appendix G, viz. itis in Eq. (G.11).

Procedure Our practical procedure is the following.

1. We input the following 24 quantities:

The squared electromagnetic coupling constant, viz. E = 4w / 137.035999084.

The squared masses of the neutral gauge bosons, viz. M; and Mj,. We choose /M; =
91.1876 GeV and /M, €[0.75, 4] TeV."

The squared masses of the charged gauge bosons, viz. M; and Mj. We choose \/MTZ =
80.377 GeV and v/ My, € [0.75 TeV, /M;]."*

The mixing angle between the two neutral gauge bosons is chosen i = 0. In this way
the neutral gauge boson Z; of the LRM has the same interactions, at the tree level,
as the observed boson of mass +/M; = 91.1876 GeV. As a consequence, the infrared
divergences—due to the zero masses of the photon and of the gluons—in the one-loop
diagrams for the vertex Z;bb in the LRM cancel out when one subtracts from those dia-
grams the analogous diagrams for the vertex Zbb in the SM, viz. when one compares the
LRM to the SM in order to compute g7 and Sgr.

The mixing angle between the two charged gauge bosons, viz. £ € [—0.01, 4+0.01]. In
practice, this angle cannot be larger than 0.005, because of the lower bound 0.75 TeV that
we impose on \/M_h—see Appendix H.

The masses m; = 172.69 GeV and mj = +4.18 GeV of the top and bottom quarks, re-
spectively. We choose m;, positive; the sign of m;, may be either positive or negative.

The masses of the four physical scalars, viz. us = 125.25 GeV and pg < u7 < ug <
1 TeV.15

The mass of the lightest pseudoscalar, viz. /M, <1 TeV.

The masses of the two physical charged scalars, viz. \/My1 < /My <1 TeV.

The mixing angle between the two pseudoscalars, viz. n € [—7 /2, +7/2].

The mixing angle between the two charged scalars, viz. ¢ € [—7/2, +7/2].

The six mixing angles that parameterize the mixing matrix of the scalars V), viz. the
6; i=1,2,...,6). We choose 04 € [—7/2, +7/2] and 65 € [0, 4+ /2]; the other four

13 Actually, a more realistic lower bound on the masses of the new gauge bosons of the LRM would be 2 TeV or
3 TeV [39-50]. (The precise bound depends on the ratio g/ between the gauge coupling constants of SU(2); and
SU(2) g.) We opt for the lax lower bound 750 GeV in order to explore all the possibilities to fit the Zbb vertex.

14 In our LRM M}, must always smaller than Mj,, see Appendix F.

15 We allow for very light scalars of mass as low as 10 GeV, although these are in practice most likely excluded by
experiment. We do this in order to explore whether this radical possibility might allow us to fit g; and gr adequately.
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mixing angles are in principle free, but in practice 0} 2 3 are strongly constrained by the
experimental constraints of Appendix E.

2. Following the procedure outlined in Appendix F for the case ¥ = 0, we determine G, L,
H, Vi, Vb, Ur, and Ug. In order for the procedure to run smoothly, the inequalities (F.20)
must hold, and (ax)2 — 4xyD2 in Egs. (F.22) must be positive; furthermore, all seven final
quantities must turn out positive. If any of these does not happen, then the input values are
inadequate and must be discarded. This requirement alone forces & to be very small.

3. Wefix vy = +/Va, uy =/Ur, and ug = «/Ug. We also fix v| = %+/V]; its sign is opposite
to the one of £, cf. Eq. (A.11). The gauge coupling constants g = +/G,[ =~/L,and h = vVH
are positive.

4. We compute the Yukawa coupling constants by means of Egs. (62). We check that they are
not much too large, viz. that |y;| < M and |y2| < M with M ~ 47,

5. We compute 71, 7>, K1, and K, by means of Egs. (41) and (48).

6. We compute the matrix elements of M, by using Eqgs. (51).

7. We compute M, by using Eq. (G.11). If we obtain M,, < M,;1, then we make M, <> My,
together with n — n — /2.

8. We compute the matrix elements of M, by using Eqgs. (44).

9. We compute the matrix elements of M, by using Eq. (G.2).

10. We compute the parameters of V(3y and V(4 in Eqgs. (59) by following the steps in the last
paragraph of Appendix G.

11. We check the unitarity conditions on the parameters of V().

12. We check the bounded-from-below conditions on the parameters of V(4.

13. We compute ur, g, 1, 2, and Vy by using Egs. (D.3) and (D.4).

14. We check the extra conditions in Appendix D.

15. We compute the experimental parameters « of Appendix E. We enforce the conditions [51,
52] kw €[0.59, 1.46], kz € [0.63, 1.32], «; € [0.81, 1.47], and |«p| € [0.11, 1.79]. Note
that:

We allow «;, to be either positive or negative, since experiment is as yet unable to fix its
sign.

We require the parameters « to be in their 3o ranges, because we do not want to miss out
any possibility that the LRM might offer to fit g and gr.

In our model kw and k7 always turn out to be smaller than 1 and almost equal to each
other, for reasons explained in Appendix E, ¢f. Appendix H.

6. Calculation and renormalization

We now describe the calculation of the renormalized one-loop process Z; — bb. We do it by
using FEYNMASTER [53,54], which resorts to FEYNRULES [55,56], QGRAF [57], and FEYN-
CALC [58-60]. More specifically, we use FEYNMASTER to generate the Feynman rules of the
model (both for the renormalized interactions and for the counterterms), to generate the Feynman
diagrams, and to calculate the one-loop amplitudes and the counterterms.

The ultraviolet (UV) renormalized one-loop process (denoted i f‘ﬁ’b};) is the sum of the non-

renormalized one-loop process (denoted i FlZL’ bb) and the counterterms of the process (denoted

i r,{’“’ ); that is,
CT

. NZibb __ s Zibb | . Zibb
iy —lFMl +1FM’ ot (63)
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The terms in the right-hand side of Eq. (63) are determined when considering the theory up to the
one-loop level; more specifically, one must take the original Lagrangian of the theory, identify
each parameter and each field as a bare quantity, and then split it into a renormalized quantity and
a counterterm'®; thus, for a generic bare parameter p(0) and a generic bare field ¢(g), we write

1
P =p+dp, do)=9¢+ ESZ"’ b, (64)

where p is the renormalized parameter, dp is the corresponding counterterm, ¢ is the renormal-
ized field, and 6 Z is its counterterm.

The Feynman rules for the renormalized parameters are obtained by expanding the Lagrangian
and keeping only the terms with power zero in the counterterms. They are used to calculate the

interactions of the theory; in particular, it is this set of rules that is used to calculate the (non-
renormalized, one-loop) diagrams contributing to i Fﬁ’ bb
The Feynman rules for the counterterms are obtained by expanding the Lagrangian and keep-

ing only the terms with power one in the counterterms. The set of all those terms that contribute

to Z; — bb constitutes i Filbb or By using FEYNMASTER it is straightforward to conclude that

i rﬁ””‘CT — iy, (FLPL+ FrPR), (65)
where, with ¢ =0,
_swh80a+cah8sw+casw8h gdcy +cydg

Fr

6 2
dq,L* dq,L _
Sa h 827,z 8233 82337\ . Lzibb
—34 r
+ 6 Sw + ( 2 + 2 + 2 ! L tree
8ZAz, . AbP 827,72, . zZ,bb
* 2 ! FM’L tree 2 ! F””L tree’ (663)
Fo— Swhdcy + cqhdsy + cq sy dh n SwldSy + 8o 188y + So Sy 6l
K 6 2
dgq,R* dq,R _
h l 8Z 8Z 8Z
(2o (Mg B O
’ tree
VA 7 67 A
AV (= (66b)
* ltree ’ tree
Notice that, when ¥ =0,
. ~Z1bb CaSwh cypg
r = -2 67
! m.L tree 6 2 ’ ( a)
h  syg
pAbs|  _ Cawll | SwE 67b
! K tree 6 + 2 ( )
. Zth Sa h
r = — 67
! m.L tree 6 ’ ( C)

16 For details see e.g. Ref. [61].
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. ~Z1bb CaSwh  SqSwl
re =— 4 —, 67d
! #.R tree 6 + 2 ( )
7 h  sqcyl
. FAbb _ Ca Cw o Cw
! mR tree 6 + 2 ’ (676)
. Zhbl_i Sa h Ca l
r =— — —. 67
! #.R tree 6 2 ( f)

It is important to understand the role of the neutral-gauge-boson mixing angle ¥ in these equa-
tions. As mentioned in the previous section, since we identify the LRM gauge boson Z; with the
observed neutral boson of mass 91.1876 GeV, we set the renormalized  to zero. However, there
is no symmetry of the theory that implies y = 0; the choice i = 0 is just a particular solution
of a model where v is in general nonzero. Therefore, when renormalizing that model a nonzero
bare parameter /gy must be allowed and renormalized; the circumstance that we consider a par-
ticular solution of the model where the renormalized v vanishes does not change the fact that
the bare g, is in general nonzero and has a nonzero counterterm 8v.!”

We need to compute the counterterms that appear in Egs. (66b). We perform that computation
by using on-shell subtraction (OSS), except for the independent mixing angles; the latter are
fixed through a symmetry relation [54].'

Let us start with the field counterterms. Through a trivial generalization of the field countert-
erms calculated through OSS in the SM, we find:

_ 9=V (k2)

SZVI v, = Re 2 s (68&)
ok kzzm%,i
" E}/"V" (m%,)
8Zyyy; =2Re—5——=+~ & i#], (68b)
mVj — "My
dq,L 57 5bb (2
823;)] = —Re EL (mb)
, i . _
—mp 5 Re{my |2 (p?) + 2 (») |+ =17 (7)) + 2 (P7) ) .
P p=m
(68¢)
dq,R bb (. 2
823" = —Re Ty (mb)
. ) i ) _
—mp — Re {mb [Efb <P2> + Elﬁb (pz)] + E?b <p2) + Efb (p2)} '
22
8]7 pr=my,
(68d)

17 Actually, 8v is crucial to absorb the divergences of the process Z; — bb. The non-inclusion of that counterterm
would lead to the same kind of inconsistency as the one pointed out in Ref. [62].

18 For details see Ref. [61]. Note that in this paper we use g =1 ¢ = 1, while Refs. [63,64] have used ng = —np = —1
instead. (The purely conventional parameters 1, and 7 ¢ are defined in Egs. (F.23) of Ref. [61].)
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Here, Eiy ( p2) represents the kth component of the non-renormalized one-loop two-point func-
tion for the fields x, y with 4-momentum p.'” The operator Re discards the absorptive parts of
the loop integrals but keeps the imaginary parts of complex parameters.’’

We now turn to the parameter counterterms. The first thing to notice is that not all the pa-
rameters which intervene in Egs. (66b) are independent, i.e. not all of them are counterterms of
the independent parameters. Indeed, we choose as independent parameters the squared masses
of Z;, Z,, Wi, and W), together with e, 1, and £. One may use the relations of the model to
rewrite Egs. (66b) in terms of the counterterms of the independent parameters (we omit this here
as the rewritten expressions are extremely long). Those counterterms are defined, as usual, by
the splitting of the bare version of the independent parameters:

My =M; + M, (69a)
M) = My + My, (69b)
My = M; + M, (69c)
M0y = My, + 8 My, (69d)
ey =(1+68Z,)e, (69e)
Vo) =8y, (691)
&) =§& + 6. (692)

The mass counterterms in the OSS scheme are
om3, =—Re =y (m, ). (70)

The counterterm § Z,, which a priori has a very complicated expression, may be significantly
simplified by using a Ward identity. That identity was derived in detail, for the case of the SM,
in appendix F of Ref. [61]. By generalizing it to the LRM, we obtain:

8Z, = ! 87 ! 87 42 ! 87 S (71)
=—= - — Sy € —Sy | — — —Cy —SwSy |,
e ) AA 2Cw ZI1A w Cyr Ca v 2Cw ZpA Ca v w dY

which we use after setting ¥ = 0. Note that Eq. (71) reduces to its SM version, viz. to equa-
tion (F.60) of Ref. [61], whena =4 =0and Z; = Z.

In order to fix the counterterms §¢ and §& we apply a method similar to the one described in
Ref. [54] to obtain?!:

19 For details see section 5.4.1 of Ref. [61]. We are assuming the tadpole scheme dubbed PRTS in Ref. [61]. This implies
that the Green’s functions considered here do not include the one-loop tadpoles.

20 This detail is actually irrelevant in this paper, since in our LRM there are no complex parameters. Hence, in this case
we might have used Re instead of Re.

21 Whereas the counterterms of the mixing parameters in Ref. [54] were fixed in Feynman gauge, the counterterms
8¢ and 8¢ in this paper are not fixed in any specific gauge. This has to do with the tadpole scheme. Namely, Ref. [54]
used the tadpole scheme dubbed FITS, wherein the parameter counterterms are required to behave as gauge-independent
(i.e. not to change when the gauge is changed) in order for the observables to be gauge-independent; and while that
naturally happens for the parameter counterterms fixed through on-shell or minimal subtraction, one needs to enforce it
in the case of parameter counterterms fixed by symmetry relations. In the present paper, by contrast, the tadpole scheme
at stake is PRTS, wherein the parameter counterterms are in general gauge dependent; that gauge dependence ends up
cancelling in the renormalized functions, as long as the whole set of parameter counterterms is renormalized by using
a momentum-subtraction scheme. Since the latter condition is satisfied in this paper, the renormalized functions of this
paper are gauge-independent, as we have explicitly checked (numerically). For details see Ref. [61].
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1 s
5!” = Z |:5ZZth - (SZZ;,ZI + C_w ((SZZ;,A - SZAZ;,)1| ’ (728)
w
1
0 = 4 (5ZWhW1 - 8ZWlWh) : (725)

Using Eqgs. (66b) to (72) we calculate i Ff’bg ‘CT and hence Eq. (63).

Using FEYNMASTER we have numerically checked both the UV-finiteness and the gauge-
. gl Zlbl;
independence of i I'))' .

7. Discussion

In this section we discuss the results obtained by using the procedure in section 5. In our
numerical analysis the scalar masses were assumed to be lower than 1 TeV; this bound is mostly
irrelevant, because the contributions of the new scalars to §g; and égg tend to zero when the
scalars become very heavy. On the other hand, the lower bound on the masses of the scalars is
important, because scalars with very low masses allow one to fit the Zbb vertex, as has already
been found out in the context of the 2HDM and 3HDM [5]. For this reason, in this section we
display four different fits:

In the first fit (for which we have used green points in our scatter plots) we have assumed a
lower bound 10 GeV on the masses of all the scalars.””

In the second fit (displayed through blue points in the scatter plots), the lower bound on the
scalar masses is 125 GeV.

In the third fit (red points) the lower bound is 500 GeV.

In the fourth fit (displayed exclusively in the right panel of Fig. 3), the lower bound on all
the scalar masses is 125 GeV, except only the lightest scalar and the lightest pseudoscalar,
which are allowed to have mass as low as 10 GeV.

We emphasize that we have attempted to explore whether very small masses allow one to fit g7,
and gr adequately, irrespective of whether such low masses are realistic or not; we do not claim
that our very-low-mass scalars may ever be compatible with the experimental data.

We depict in Fig. 3 the confrontation between experiment and the values of g7 and gg attain-
able in our LR model. In the left panel one sees that, when one forces the scalar masses to be
larger than 125 GeV, the LRM is unable to achieve a better agreement with experiment than the
SM—it even does not attain the 20 interval on the value of Ay (9). Only when one allows very
low scalar masses > 10 GeV are the central values of both solutions 11t and 12V°r2 attainable.
In the right panel of Fig. 3 one sees that, if both the masses of the lightest pseudoscalar, viz. m1,
and lightest neutral scalar, viz. mg, are 2 10 GeV, while all the other charged and neutral scalars
are above 125 GeV, then the central values of both solutions 11t and 12Y¢™2° are attainable too.
This shows that only one light scalar and one light pseudoscalar are needed in order to correct gg.
However, the other scalars are important too; when the lower bound on their masses is increased
to 200 GeV we are already unable to reach solution 11 (points for that fit are not shown).

22 This is avowedly a lax lower bound. In particular, there is a recent experimental lower bound of 150 GeV on the
masses of charged scalars [65,66]; but it is also true that low-mass charged scalars are not very useful to adequately fit
the Zbb vertex. We have used this lower bound to illustrate that neutral scalars with very low masses are really needed
to fit the Zbb vertex in our LRM.
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Fig. 3. Scatter plot of the values of g7 and gg in our model. The crossed circle marks the SM prediction (3); the star
marks the best-fit point of solution 111t and the cross the best-fit point of solution 12V¢73€¢_ ¢f Table 1. The orange lines
mark the 1o (full lines) and 20 (dashed lines) boundaries of the region determined by the experimental value (8a);
similarly, the violet lines correspond to the value (8b) and the blue lines to the value (9). Left panel: the three cases
where the lower bound on the masses of the scalars are 10 GeV (green points), 125 GeV (blue points), and 500 GeV
(red points). Right panel: the green points are the same as in the left panel; the magenta points have only the masses m;)|
of the lightest pseudoscalar and mg of the lightest neutral scalar above 10 GeV, while all the other scalars have masses
above 125 GeV. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

The unexpected conclusion of this paper is thus that, in spite of its many parameters—most
of them in the scalar sector—and in spite of the existence of right-handed currents, our LRM
with ¥ = 0 is basically unable to fit the experimental values of g; and—mainly—gg, unless one
resorts to scalars with extremely low masses. In particular, our LRM does not do a better job in
fitting the Zbb vertex than the much simpler 2HDM or 3HDM.

We should emphasize once again that we have assumed the renormalized mixing angle ¥ to
be zero. This assumption has a crucial technical advantage: instead of having to deal with the
effect of soft photons and gluons on the Zbb vertex, and on the way they operate to cancel the
infrared divergences in the loops—both in the SM and in the LRM—we could simply subtract
gr and gr in both models to eliminate those divergences. On the one hand, this assumption
is certainly a weakness of our computation. On the other hand, taking into account the soft
photons and gluons would certainly entail various technical difficulties; moreover, since recent
analyses [37-39] suggest that |1/| cannot be much larger than 1073 anyway, while at the tree
level one needs ¥ ~ 1072 to fit the Zbb vertex—see Section 3—we believe that allowing v # 0
would not change our final conclusions substantially.

We may also comment on the ratio //g between the gauge coupling constants of SU(2);, and
SU (2)g. The right panel of Fig. 2 suggests that / /g should not be very far from 1 in a fit of the
Zbb vertex at tree level. At loop level we see, in Fig. 6, that [/g is much freer; we have found
points (not depicted in that figure) with [ /g as high as 6. We emphasize, however, that in making
Fig. 6 we just require the points to adequately fit R, while in Fig. 2 what is at stake is fitting
both Ry, and Ap.

In Appendix H we give more information on the ranges of the parameters of the LRM.
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Appendix A. The Goldstone bosons

Gauge-boson mass matrices From Eq. (14) and Table 3, the covariant derivatives of the scalar
fields are

. . 2 2 272
ig(ss —c l
Dlm = otm — 2& Wiy 4 ieAltm + ig(u =) yu,, + Dy, (A.1a)
V2 Cuw 2Cq
, . 152
Dln = 9hn — % W Hm + % ZFn+ % X', (A.1b)
w o
il i 052 il (s2 — ¢2
D“pzaup—l—VJr“q—i—ieA“p—i-&Z“p—i-Mxﬂp, (A.1c)
«/5 Cw Ca
il il
Dtg =dtg — —V Hp+ — XHg, A.1d
q q NG p 2, q ( )
. l l S2 —C2 l
Dla = dha — % WHp 4 ’—2 VA +ieAta + W Zha — 5 xng,
Cw
(A.le)
. . . .
Db = gip — % WHa — % Vet 4 % Zhp — Ly, (A.1f)
w
D“c:D“a(a—>c,b—>d, d*—)b*), (A.1g)
D“d:D“b(b—)d,a—)c, c*—)a*). (A.1h)

When the scalar fields in Egs. (A.1) get substituted by their VEVs (26), one obtains

24



D. Fontes, D. Jurciukonis and L. Lavoura Nuclear Physics B 996 (2023) 116373

igur
Dtm — — 2 WtH (A.2a)
V2
Din — ML (i Zh 4 S X“) , (A.2b)
2 \cw Co
il
Dty — R ytu (A.2¢)
ilLlR
D* , (A.2d)
2,
l
DH*a — — (—gWHHy + 1V THy, (A.2e)
V2 = ):
pip— U (i _ lcaX“) , (A.2f)
2 \c
Dhe— — (—gWiu, + V), (A29)
\/_
phg — 12 (i zZ" — lcaX“> . (A.2h)
2 \cy

From Eqgs. (A.2a), (A.2c), (A.2e), and (A.2g) one gets the charged-gauge-boson mass matrix M.,
given by
GV} LV}
A= M)y = — B= M)y = — D= (Mc)p =—glvivy, (A.3)

where

Vi=VVi+Va+ UL, Ve=JVi+Va+ Uz (Ad)

are positive by definition. From Egs. (A.2b), (A.2d), (A.2f), and (A.2h) one has, for the neutral-
gauge-boson mass matrix M,, the formulas

GL+GH+LH

R=(My), = —SaTm VZ, (A.5a)
2 2 2
SE(Mn)zz=L (V‘JFV”J;Z:LJ;IJ; (L+H)"Ur (A.5b)
01
=M= 2L+ H) [HUL — L (Vi +W)]. (A.5¢)

Note that (M},);, cannot be made zero in any natural (i.e. enforceable through a symmetry) way.
This means that the mixing angle ¥ cannot be made zero through any symmetry.

Gﬁ, and G?,[ We define the normalized states

G@EuLm*+v1a*+v2c*, G;EuRp*—vza*—v]c*‘ (A6)
Vi Vi
Then, from Egs. (A.1a), (A.1c), (A.le), and (A.1g),
L= —i(VAWS9“Gy + VB V0" Gy ) +He., (A7)

where
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e g
«/Z_ﬁ, ﬁ_\fz

are positive by definition.

(A.8)

Diagonalization of M. From Egs. (15) and (16),

¢ —ss\(A D\( ¢ ss\_(M O
(Ss Cs)(D B)(—Ss Cs)_<0 Mh)' (A9

Therefore,
2D
ZCgSg = =, (A.loa)
My, — M;
B—A
F-si=—t, (A.10b)
My — M,

My, — M; =+/(A— B)>+4D2, (A.10c)

_ A+B—(My— M)

M, 5 , (A.10d)
M, = A+B+(2Mh - M) (A.10¢)

From Eqgs. (A.3) and (A.10a),
CeSg (Mh — Ml) = —glvivy. (A.11)

Since cg, Mh — Ml, g, 1, and v, are positive (without lack of generality), Eq. (A.11) means that
the sign of sz must be chosen opposite to the sign of vy.

GljE and G}T ‘We now define

ce VAGy —s¢ VB Gy,

G, = (A.12a)
l o,
AGy, B Gy,
G;Esf‘/— wtVBGy (A.12b)
vV My
where +/M; and /M, are positive by definition. Then Eq. (A.7) is rewritten as
L=-—i (,/M, Wi 1G4 My, Wy, B“Gh> +H.c., (A.13)

which goes into the last line of Eq. (56). Equations (A.12) are the definition of Gljt and Gf. Note
that these states are orthogonal:

VMM, G; -G =cese (A— B) + (cg - s§) VAB Gy, - Gy, (A.14a)
D B—A -2
- (A-B)+——1_ JapU™» (A.14b)
My — M, My — M VL VR

26



D. Fontes, D. Jurciukonis and L. Lavoura Nuclear Physics B 996 (2023) 116373

D B—-—A 2D
M, — M M, — M; glVL VR
D B—A
Mh — M, M; — M;
=0.

They are also correctly normalized:

MGy -Gy =c;A+siB —2c:s:vAB Gy - Gy,

14+ c2—s2 1 —c2 452 -2
=& 4 £ B Depse/AB 2

2 2 VL VR
=A+B+ B—A (A—B)— 2D_m D
2 2(My — My) My — M, VAB
A+B (A—B)? 2D?
- 2 _Z(Mh—M[)_Mh—M[
= ),

My, Gy, -Gy =s;A+ciB+2cs:vAB Gy, - Gy,

1 —c2+s2 14c¢2— )
= § § A § S B +2cese vV A iR

2 2 VLVR
A+B B—A
= - (A—B)+ =—"—"-—+VAB —
2 2(My — My) Mh — M; «/AB
_A+B (A—B)? 2D?
2 2(1\_4;1 —Ml) Mh —M]

= Mj.

Gz and Gx We define
urnr +vin +van2

URTR — V1M1 — V212
Gy = , Gy = .
‘ VL X Vi
These states are normalized, but they are not orthogonal to each other:
-V =V
Gz-Gz=Gy%-Gy=1, GZ.G/leiz,
Vi Vg

From Egs. (A.1b), (A.1d), (A.1f), and (A.1h),

12
£=~-+( g zﬂ+lxﬂ)vLaMGz+ X Vi 8,Gly.

l
V2ey V2¢q V2¢q

Using the quantities R and S in Egs. (A.5), one may rewrite Eq. (A.19) as
L=--+~RZ"3,G7+SX"9,Gx,
where

VR=S1
\/icw
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(A.162)

(A.16b)

(A.16¢)

(A.16d)

(A.16¢)
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and
Gy= ! (SZVLGZ+VRG’X>. (A22)
VS 2y V
Notice that both /R and /S are, by definition, positive. One easily ascertains that
Gx-Gx=1, GZ-GX:L, (A.23)
VRS

where T is in Eq. (A.5c¢).

GY and G) We define

0 CI/,\/EGz-i—Sl/,\/EGX 0 —s¢ﬁ62+c¢ﬂcx
G/ = , G, = . (A.24)
VM VM
Applying the first Eq. (15) to Eq. (A.20), we obtain
L= +MZ'3,G)+ My Z} 3,GY, (A.25)

as in the last line of Eq. (55). The diagonalization of the neutral-gauge-boson mass matrix pro-
ceeds as

R T\ [(cy =—sy M; O cy Sy
(T S>_(Sw C¢><0 Mh><—sw cy )’ (A.20

ie.
R=Mcj, + Mysj, (A.27a)
S=Ms;, + Mycj, (A.27b)
T =(M;— Mp)cysy. (A.27¢)
Hence,
GV-G=G6Y-6=1, GY-G)=o, (A.28)

viz. the states G? and 62 are orthonormal as they should. Equations (A.24) lead to Eqgs. (38); for
instance, defining v, = vin1 + van2,

1 v, tu l
G)=— {cwx/ﬁ n T HLAL + sy [S§ (vp+urn) +urng — Un” (A.292)

\/Ml VL \/zca
1 g l
= 5 |:c¢ o (vy +uLnL) + sy (a URNR —lcav,7>] (A.29b)
1 o1 L
:m[cwm(vn+uLnL)+sw <VL+HuRnR—ﬁvn>}.

(A.29¢)
Appendix B. Unitarity conditions
The unitarity conditions constrain the quartic part of the scalar potential in Eq. (59c¢).
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The states with T3 = Tz = X =0 Let us consider the scattering among themselves of the
twelve two-scalar states with quantum numbers 773 = Tr3z = X = 0. Those states are

aa*, cc*, bb*, dd*, ac*, ca*, bd*, db*, mm*, nn*, pp*, and gq* (B.1)

in this fixed, conventional order. The coefficients for their scattering among themselves are given
by the 12 x 12 symmetric matrix

Axx2 Baxa Corxa Daxz Exxa Faxo
Byxo Axxz Daxz Cax2 Goxz Faxo
Cax2 Daxz Haxo Dx2  JDx2 Koxo

M = , B.2
12x12 Dyy2 Coxz2 Dx2 Hya Jx2 Kaxo (B-2)
Erso Gaxa JDaxz2 Jaxa Laxa Moo
Foxo  Fax2 Kaxa Koxa Maxa Noxo
where
. 40 201 +4r3 201 20
Arva= <2x1 +4r 4Aag »Bra={ 9 o ) (B.32)
[ Ahy Ahg (204 2M4
Corxo = (4)»4 4/\4) , Dayor = (2/\4 2A4> , (B.3b)
AL A3L A3R  A4R
Eryr = , Fryor = , B.3c
22 (ML ML) 22 (MR )»3R) ( )
_ [ A3L A4L [ 2X +4A3 164,
Gax2 = <A4L A3L ) > Haxa = ( 161, 201 +4r3 )7 (B.3d)
(s 8 _(rse Ase
Iyxo = <8A2 435 ) , haxa = (KSL s ) (B.3e)
_ [ Asr Asr _(4ar 2xg
_(ALR ALR _ (4R 2R
Mayo = (kLR LR ) , Noso = (2/\R 4p ) . (B.3g)
It is readily found that M1, 17 is equivalent to the direct sum of the six matrices
211 +4A3 iYW
(20 —8x2), (211 —24r2+823), < g 2 4800 ) (B.4a)
( 20 —4h3 N2(haL —har) ) ( 20 —4hs V2(A3r — Aag) )
V2 (ar — har) 2hL ' V2 (3R — Aag) 2AR '
(B.4b)
201 + 242 + 823 1224 2v2hs1 23258
12h4 1011 + 443 V20ar +2ar) V2 A3k + Aar)
(B.4c)
23251, V2 (A3 +Aar) 6L 2ALR
2v/2hsg V2 (A3g + Aar) 2ALR 6k

Other states Besides the 12 states (B.1), there are other sets (with quantum numbers other than
Tr3 = Trz = X = 0) of two-scalar states that scatter among themselves. Most of them yield
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matrices of scattering coefficients that are equivalent to one or more of the matrices (B.4). But
there are a few extra scattering matrices, viz.

e the four states with 773 =0 and Tg3 = X = 1/2, i.e. an, cn, bm, and dm produce a 4 x 4
matrix that is equivalent to the direct sum of the two 2 x 2 matrices

<)»3L AsL > <2X3L —A4L AsL ) . (B.5)

ASL  AdL AsL 2h41, — 3L

e the four states with Tr3 =0 and 773 = X = 1/2 produce the same scattering matrices as in
Eq. (B.5) but with all the sub-indices L — R;

o the scattering of the single state mn produces the matrix (24 );

e the scattering of the single state pg produces the matrix ( 2AR );

e the scattering of the single state mp produces the matrix (A LR )

All the other scatterings just reproduce one or more of the matrices above.

Summary of the unitarity conditions Unitarity means that no scattering has too large an am-
plitude. This implies that the eigenvalues of all the scattering matrices in the previous two
paragraphs are no larger, in modulus, than a certain number M; we use M = 8. Thus, the
unitarity constraints on Vj are”’

2l < M; (B.6a)

21hgl < M: (B.6b)

[ALR| < M; (B.6¢)

hst + han ]+ Guar — har) +4Gisp)? < 2M; (B.6d)

st + har] /9 (ar — har)? +4(hsp)? < 2M (B.6e)

hsr + Akl +y Giag — har)? +4 (sp)? < 2M; (B.6D

sk + harl + /9 Oar — har)? +4 Gusp)? < 2M; (B.62)

2 1A —4ha| < M; (B.6h)

201 — 1200 +403] < M, (B.61)

1201 + 42 + 23]+ y (442 — 223)% + 16 (a)® < M; (B.6)

[2X1 —4A3 +2A1 | + \/(2)»1 —4r3 — 2)\1‘)2 + 8 (A3 — )\4L)2 <2M; (B.6k)
1271 — 4X3 + 2Ar| + \/(ZM —4r3 —2AR)% 4+ 8(A3r — Mar)? < 2M. (B.61)

Moreover, the moduli of the four (potentially complex) eigenvalues of the 4 x 4 matrix (B.4c)
must be smaller than M.

23 Clearly, some of the conditions (B.6) are redundant—for instance, inequality (B.6e) is stronger than inequal-
ity (B.6d)—but we do not have to care much about that.
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Appendix C. Bounded-from-below conditions
The bounded-from-below (BFB) conditions state that the quartic part of the scalar potential,
viz. Eq. (59¢), must be positive for any values of the fields. In order to derive the BFB conditions

on V(4 we follow Ref. [67].

Auxiliary quantities We define the quantities:

rp = Im)* + |n|?, (C.1a)
rr=Ipl*+1q1°, (C.1b)
ro=lal®> + |b1> + |c]* + |d|?, (C.1¢)
ri=a*c+ac* +b*d + bd*, (C.1d)
ry=—i(a*c—ac* +b*d — bd*), (C.1e)
=1 (C.1f)
ro
1612+ |c?) Im|® + (ja|* + |d|?) |n|* + 2 Re [ (cd* — ab*) m*n
pL = ( ) ( ) [ ], (C.1g)
rorr
la|? + 16%) | p* + (Icl* + |d[?) 19> + 2Re [(bc — ad) p*q
PR = ( ) ( mri [ ] ) (C.1h)

Equation (59c) is then rewritten

Vay =L (r1)* + AR (rR)* + ALRTLTR
A1 (r0)* + (A3 +222) (r)* + (A3 — 242) (r2)* + 2Aa 1o 7y
+A3pprrory +dar (1 — pp)rorp +Aspriry

+A3RPRTOTR + Aar (1 — PR)FOYR + ASRTITR. (C2)
Elimination of r 'We note that
2
(10 = (r)* = () = (Il + b + e + 1dI2) " —4]a*c +b*d[*
2 2\? 2 2\? 2 2
_ <|a| — el ) + <|b| —1d| ) +2(|ab* —cd*[* + lad — be| )
>0. (C.3)
Therefore, (1*2)2 < (ro)2 — (r1)2. This implies that
min [ (13 — 232) ()% ] = 63 = 242) © @2 — ) [ (0)? = ()2 (C4)
where © is Heaviside’s theta function. Therefore,
min [Vig] = AL (r)* + AR (rR)* + ALRrLIR
2+ (3 + 222K+ (3 = 22) © @i = 39) (1= ) + 20k ] (0)?

+[A3rpL +rap (1 —pr) + Aspklrorg
+[A3r PR + Aar (1 — pR) + Asrk]rorg. (C.5)
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This must be positive for any realistic values of p;, pgr, k, ., rr, and ro. We define the matrix

2 00 ArLo  ARro
A=\ iAo 2AiL Arr ). (C.6)
ARO ALR 2AR

where
200 = A1+ (A3 +202) k% + (A3 — 242) © (242 — A3) (1 - k2) + 24k, (C.72)
Apo=A3Lpr +Aap (1 —pp) + Aspk, (C.7b)
ARO = A3RPR + A4 (1 — pR) + Asgk (C.7¢)

are functions of py, pr, and k. Equation (C.5) then reads

ro
(ro. r.. rr)A| L |. (C.8)
'R

1
min [V(4)] = 3

Since ro, 1, and rg are non-negative, the BFB condition is equivalent to the requirement that
the matrix A be co-positive [68], viz. that

Xoo > 0, (C.9a)

AL >0, (C.9b)

AR >0, (C.9¢)

o >0, (C.9d)

Aro > 0, (C.9¢)

Arr >0, (C.9f)

A A A ———
AOALAR + % AR+ % AL+ % Voo +1/2XLoARoALR > 0, (C.9¢g)
where
- Aro

Ao = =N + VALAgo, (C.10a)
B} A

AR0= %0 +V/ARA00, (C.10b)
) A

,\LRE%+ ALAR. (C.10c)

The inequalities (C.9) must hold for all realistic values of pz, pr, and k. The inequalities (C.9b),
(C.9¢), and (C.9f) do not depend on those parameters; the same does not apply to the other four
inequalities.

The inequality (C.92) The quantity Agg does not depend on p;, and pg, it only depends on k.
Clearly,

(r)? — (rn)* — ()* =0 = |r| <lrol © kel-1, +1]. (C.11)

Thus, the inequality (C.9a) means that lgp must be positive for any value of k € [—1, +1].
Since Ao is a quadratic polynomial in k, it is easy to derive the conditions for this to happen.
Kannike [67] proposed
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A1 >0, (C.12a)
A =222+ A3 >0, (C.12b)
A 420+ A3 =2 4] >0, (C.120)
M =200 = a4y (1 + 200 +72)? — 4G = 0, (€.120)
A —6A2+A3+\/(A1 + 20 4+ 23)% —4(1g)? > 0. (C.12e)
Alternatively, Chauhan [69] gave
A >0, (C.13a)
A 424 + A3 —2|Ag] >0, (C.13b)
1—ﬂ> < 22X+ A3 > A4, (C.13¢)
20 4+ 23 .

(ha)?
A —2A0 + A3 — 1 >0 < 4 > |Agl. (C.13d)

2

We instead suggest

AMA20 + A3 —2| ] >0, (C.14a)

)2
Al — 2% + A3 — (41) >0 <« (4> il and 205 > A3), (C.14b)

2
1— ﬂ > < (A + A3 > |M4] and 215 < A3). (C.14¢)

22 + A3

The sets of inequalities (C.12), (C.13), and (C.14) are equivalent to each other and they are
equivalent to Loo > 0, Yk € [—1, +1].

The inequalities (C.9d), (C.9e), and (C.9g) For any values of the scalar fields, one may use an
SU (2), transformation to make m = 0 and then perform an SU (2)g transformation to render
a = 0. In the gauge a = m = 0 one has

r.=nl?, (C.152)

ro= b +lc|* +1d|?, (C.15b)

r1 =b*d + bd*, (C.15¢)

oL = L (C.15d)
bI> + lcl* + |d* '

Then,
(102 [k + @pr = 12 = 1] = (1) +4 (oro) (o1 — D 0]
=4[Re (b*d) ] ~ 41dP? (1bF +IcF)
=—4lcd* — 4]1baP? - [Re (b*a) |
= —4|cd|® — 4[Im (b*d)]’
<0. (C.16)
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Therefore,
K>+ Q2pr —1?<1. (C.17)
Inequality (C.17) tells us that, for any k € [—1, +1],
1—v1—k2 1++1—k?
— S pL=E -
2 2

The quantity Azg is, for any fixed value of k, a linear function of p;. Therefore, the inequal-
ity (C.9d) holds for every possible py, provided it holds for

1+ (=" /1 — k2
L= ,
2
where n;, may be either 0 or 1. Similarly, the inequality (C.9¢) holds for every pg provided it
holds for

(C.18)

(C.19)

1+ (=1D)""J/T—k2
= 5 ,
where ng may be either O or 1. At last, the inequality (C.9g) holds for every pr and pg provided
it holds for the py and pr given by egs. (C.19) and (C.20), respectively.

oR (C.20)

Recipe for BEB  Our recipe for ascertaining the boundedness-from-below of V(4) consists of the
following three steps:

1. Firstly we check that inequalities (C.9b), (C.9¢), and (C.9f) hold.

2. Secondly we check that inequalities (C.13) hold.

3. Thirdly we make a scan over k from k = —1 to k = +1 in steps of 0.001, i.e. we make
k=—1+0.001n, for ng =0,1,...,2000. For every such value of k, we consider the two
values of pr and the two values of pg given by eqgs. (C.19) and (C.20), respectively, de-
pending on whether n; =0 or ny = 1 and on whether ng =0 or ng = 1. We check that
inequalities (C.9d), (C.9e), and (C.9¢) hold for all those four values of the pair (o7, pRr).

Of course, step 3 is just an approximation for considering every k € [—1, +1], but we have
numerically checked that it is an almost perfect approximation because the step 0.001 is suffi-
ciently small. Provided the approximation is perfect, it is clear from our derivation that the three
requirements above are necessary and sufficient conditions for the boundedness-from-below of
Vy.

Appendix D. Other conditions on the scalar potential

Vacuum equations In the potential (59) we substitute the fields by their VEVs (26) to obtain
the VEV of the potential
(0[V]0) = Vo= p1 (Vi + Vo) +4uaviva + urUr + nrUr
+2(miv2 +mavi) uLug
+i UL + AgUg + ALrULUR
11 (Vi + V2)? + (832 +443) ViVa + 4ha (Vi + V) viva
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+23.VoUL + Aa ViU + 245, U viv2
+A3RV2UR + AqrVIUR + 205 URv1 v2.

The equations of vacuum stability are

19V
2 dvq
+241 (Vi + V2) v1 + (8%2 + 443) Vavr + 244 3V + V2) 2
FAarUrpvy + AspUpvy + AqrUgv1 + AspURvo,
1V,
0= — oo =1 +2u2v1 +miupupR
2 vy
+241 (Vi + V2) v2 + (832 +423) Vivz + 204 (Vi +3V2) vy
+A3LULva + A5 Urvi + A3rURV2 + AsrURv1,
1 9V
O==—=purur + (mivy +movy) ug
2 duy
+2A Urur + AL rURUL + A3L Vour + Aar Viug + 2ispvivoug,
1 9V
=— —— = URUR + (mvy + movy) ug
2 JupR

F2ARURuR + AL rUrur + A3pVour + AqgpViug + 2Aspv1v2UR.

Solving Egs. (D.2) for the u parameters, one obtains

mivy —mavi

n1= urug — 271 (Vi + V) —4rqviv2
Vi—V,
AL Vo —AqLVy A3rV2 — Aqr Vi
Uy R
Vi—W Vi—V,
1 mivy —movy
Ur=—|—————urur — (B8ry +4r3)vivy — 224 (V1 + V2)
2 Vo—Vy
A3L — A4L A3R — A4R
————Upvivy — ——— Urvivo — A5 .U — A5pUR |,
A LV1V2 Vi~V RU1V2 — A5 UL — Asp R:|
UR
ur = —(mivy +movy) —
ur
=2xLUp — ALRUR — A3 Vo — Aa Vi — 25,0102,
ur
WR =— (m1v2 + mavy) —
UR

=2 RUR — ALrRUL — A3r V2 — A4r V1 — 2AsRv102.
Plugging Egs. (D.3) back into Eq. (D.1) one obtains
Vo= — (miv2 +mov))upug
~ALU} —AgU3 — A rULUR
A (Vi 4 V)2 = Bag +423) ViVa — 4ha (Vi + Vo) v,
— (A3 Va+ 2L Vi + 245 v102) Ur
— (A3rV2 + A4r V1 + 2A5Rv102) UR
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Alternative vacua There are terms in the potential (59) that may induce VEVs of fields that a
priori did not have a VEV. They are the terms that are linear in any field, viz.

(202 + 224 (1aP + 16 + 1P +1dP)

st (1P + 1n2) + sk (11 + 1g12) ] (a" + b%d + He.) (D.5a)
82 (abc*d* + H.c.); (D.5b)
423 (ab*c*d + H.c.); (D.5¢)
my (—anp* + bmp* + cqm™* + dgn* +H.c.); (D.5d)
my (—enp* 4+ dmp* + agm* + bqn* + H.c.); (D.5¢)
(A3r — Aar) [m*n (cd* — ab*) + H.c.]; (D.5f)
(A3r —M4R) [p*q (bc —ad) +H.c.]. (D.5g)

The presence in the potential of these terms implies that the only possible vacua wherein some
of the eight scalar fields are identically equal to zero are the following:

1.
2.

hd

All the fields are zero.

Only p is nonzero; or, equivalently, only ¢ is nonzero; or, equivalently, only p and ¢ are
nonzero. (The three situations are equivalent to each other through gauge transformations.)
Only m is nonzero; or, equivalently, only »n is nonzero or, equivalently, only m and n are
nonzero.

. Only a and c are nonzero; or, equivalently, only b and d are nonzero.

Only a, b, c, and d are nonzero.

. Only a, c, n, and p are nonzero; or, equivalently, only b, d, m, and p are nonzero; or, equiv-

alently, only a, ¢, m, and g are nonzero; or, equivalently, only b, d, n, and g are nonzero.

Cases 5 and 6 are impossible to treat analytically. There is yet another case, wherein all eight
fields are nonzero in the vacuum, and this is also impossible to treat analytically. So, in the
following we just consider cases 1 through 4.

Case I 1In case 1 the minimum of the potential has

0vioy=0=v®P, (D.6)

Case 2 In case 2 the minimum of the potential has

2
(OIVIO):—%EV(Z). (D.7)

Case 3 In case 3 the minimum of the potential has

=v®, (D.8)

2
o1vI0) =~

L
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Case 4 Case 4 gives (with b and d nonzero)

V =1 (B+ D)+ A (B+ D)*>+4r3BD + 81, BD cos (26)

+4 [z + A4 (B + D)V BDcos6 (D.9a)
= w1 (B4 D)+ 11 (B+ D)> +4(A3 —242) BD
+16A2BD cos> 6 + 4/iv/BD cos6, (D.9b)

where B = |b|?, D = |d|?, 6 = arg (b*d), and /i = s + A4 (B + D). One must find the value of
Eq. (D.9b) when

oV
5= (4@«/BD+32AQBDCOSG> (—sinf) =0, (D.10a)
oV
gt 201 (B+ D) +4 (A3 —242) D + 161D cos> 0
~ | D
+2/1,/ Ecos@ + 4i4v/ BDcost =0, (D.10b)
Vv 2
3D =u1+211 (B+ D)+4 (A3 —212) B+ 16ABcos” 0
. | B
+2/1,/ Bcos& + 4x4v' BDcos6 = 0. (D.10c)
Equation (D.10a) has three possible solutions:
m
cosf) = ——; (D.11a)
8A2v/BD
0 =0; (D.11b)
0=m. (D.11¢)
Equations (D.10b) and (D.10c) may be subtracted from one another, producing
(D — B) [4(,\ 20) + 161 29+2’2°°SG} (D.12)
- 3 — 2 2 COS = .
B
Therefore, eqs. (D.10b) and (D.10c) have two possible solutions. One of them is
B— D=0, (D.13a)
w1 +2/1c0s0 = —4 (k) + Az — 2x2) B — 1612 B cos> 0 — 444 B cos 0; (D.13b)
and the other one is
w1 =—2x (B + D) — 424/ BDcos, (D.14a)
ficos = —8ixv/BDcos>6 —2 (W3 —202) vV BD. (D.14b)

Combining Eqgs. (D.11) with either Egs. (D.13) or Egs. (D.14), there are altogether six cases:

1. Equations (D.11b) and (D.13) give

6 =0, (D.15a)

2
D=B=— M1t 2 , (D.15b)
4 (A + 200+ A3+ 2A4)
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2
- (1 +2p42) =y, (D.15¢)
4 (A 4202+ 23+ 2)4)
2. Equations (D.11c) and (D.13) give
0=n, (D.16a)
-2
D=B=— e B , (D.16b)
4(A 4202+ 23 —2X4)
_ 2
- (1 = 2p42) =yO, (D.16¢)
4 (A 4202+ A3 —2)4)
3. Equations (D.11b) and (D.14) give
0=0, (D.17a)
—A 45
B4 D= Mt (D.17b)

A —40w)?]
A —2A
VBD = 4MA1 lﬂi’ (D.17¢)
20A —4(Ag)

— ()2 — 8 248
Ve (1) 1 (u2)” + wlﬂzz‘,(e)’ (D.17d)

4[)\11 — 2(14)2]

with A = 42, 4 2A3. This solution only exists if

2| hapr — 2012l < —Apy 4 4hapn. (D.18)

4. Equations (D.11c) and (D.14) give the same result as number 3, except that the sign of «/ BD
gets inverted.
5. Equation (D.11a) and (D.13) give

1 2hqpu1 — A
Ccosf = —— LT A (D.19a)
4 201 — Aapz

1 2Ahou1 — Agpu
B=—- 2 .

2 (h)" — 22
= P2 ()’ + 2 (ua)? — dhap

4[(r4)* — 121 ]

(D.19b)

=vD, (D.19c)

where A =4 (] — 22 + A3).
6. Equations (D.11a) and (D.14) give (A3 — 2X2) +/ BD = 0, which is a contradiction because
we are assuming that both B and D are nonzero.

The conditions One must require

Vo<V, Vo<V, Vo< V®, (D.20)
and also

Vo<V® < P g;fg 2+ 5 <0, (D.212a)

Vo<V o P17 202 <0, (D.21b)

MA2x+A3 =20
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—5»#1 +4rqpt2

Vo< VO <=2 hams — 201 0] < (—im + 4| and 220, (D21e)
)»1)» 2(Ag)

v 0 3 201 — Aapr

0 < VD &= [2hap1 — Apa| <4122211 — Aapa]  and mzo. (D.21d)
4)" — A2

In the conditions (D.20) and (D.21), the p parameters must be substituted by their expressions
in terms of the m and A parameters by using Eqs. (D.3).

Appendix E. Experimental constraints

kz and kw From Eq. (A.1),

2 2 2
8 +uy— 8 Isy 8 Lsg, 2
L=+ |E wrew 8 gy e xu) (27,
+[2 2 +<20w t o, ><2cw pt e o “)}'”'

2 12

Evﬂ*v +—X"X )|q|2

( gWTHb +IVTHA*) (—gW b* + 1V, d)
+5 (=

gWTHd 41V DY) (—gW d* +1V, D)

+
/\wl—‘wl

l l
2¢y 2 2¢cy 2
Therefore,
2 2.4 2 2
_ " 8 o, sy o glsy !
E—"-+ZlZ[MI:<4—ZC]//+4cgsw+mcws¢)‘/§"¢LﬁL+42

g2 12 2 glcy
+ 1 2 c]/, + T v ?cwsw («/51)1,01 +«/§v2p2)
w
+u
W, W,

+Tm [gzcg%ﬁMLpL + lzsgz\/iuRPR

+ (g2c§ + lzsg) («/Emp] + «/Evzpz) +2glcess (ﬁvl o2+ «/Euzpl)] . (E2)
Hence, the interactions of the scalar SO with pairs of light massive gauge bosons are given by
VAN 2 %53 2 2gls2 ?
272 ) Cy a Sy + ) CySy JUL (Vp)31 + 2 Sy UR (Vo)
2g

o
2
g 2 §2 _

w

Sy «/_MR,OR

£=...+

Ol

lcy

cw) [ (Vo) + 02 %)
W wSS
——5=
+ (g ¢t +0% ) [v1 (Vo)1) + 2 (Vo) oy ]+ 28lcese [v1 (V) ) + v2 (Vp)n]} - (E3)

In our fits, we identify Sg as the observed scalar particle of mass 125 GeV. Equation (E.3) should
therefore be compared to the corresponding interactions of the Higgs scalar H of the SM, which
are given by

Ig cgur (V) +siur (Vo)
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2
emzm m
L=+ H —22W (W*’“Wﬂ_ +—= Z”ZM) . (E4)
mZZ —m%v 2myy

We rewrite Eq. (E.3) as

2
m
EZ...+SQM<KWW'FMWM— +KZ—§ZMZM>’ (E.5)
,/mzz —m%v 2my,
with
B ﬂ m% —m?, [(GL+GH + LH)cj + H?s), +2Hoi cysy ")
2= m% \ 2EmZm? L+H “LYr)31
z zMw
+(L+ H)sjur (Vp),,
(GL+GH + LH) ¢y, + L?sj, —2Loi cysy
+ L+ H [v1 (Vp)u +v2 (Vﬂ)zl] . (E.6a)
2 2
_ Mz —my 2 2
Ky = W{GCSML (Vp)3l+LS§MR (Vp)4l
2 2
+ (Gcé T Lsé) [o1 (Vo) 1y +v2 (V) ]+ 28lcese [v1 (Vo) + 02 (Vp)n]] :
(E.6b)

In practice, we always input ¥ = 0 in Eq. (E.6a) and, besides, the mixing angle & always turns
out to be extremely small in our fits. When ¢ = & = 0 one obtains, from Egs. (10b), (11), (A.3),
and (A.5a),

GLH GV? GL+GH + LH) V?
E=———"" My = —L, MZ=( + +LH) L (E
GL+GH+LH 2 2
Then, from Egs. (E.6),
My |2(Mz — Mw)
Kz =Kw = V—L2 7EMZMW [v1 (Vp)” + vy (Vp)2] +uy (Vﬂ)31]
_ ViCl + V281C2 + ULS152C3 (E.8)

VVi+ W +UL

where use was made of Eq. (33) in the last step. Thus, in our model, with ¥ = 0 and in the limit
& =0, kz and kw become equal and are necessarily smaller than one. In our fits £ may deviate
slightly from zero and therefore for some points k is slightly larger than one, but never much.

k; and kp  The Yukawa couplings of the top and bottom quarks to the scalars include, according
to Eq. (60b),

101+ Y202 /- - 102+ Y201 /= ~
Lukawa =+ — % (FLtr + FrtL) — % (brbr + brbL). (E.9)

Using then Egs. (62),
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4
(—vim; +vamp) (Vp),; + (amy —vimp) (V,),; - -
L —...—Y g0 li 2 (fptg + gt
Yukawa ; i+4 |: \/§(V2 v ( LIR R L)
— V,),. — Vo), - -
+( vim;g + UZmb) ( '0)21 + (Uzmt Ulmb) ( p)ll (bLbR + bRbL) . (EIO)
V2(V2 = W)

The Yukawa couplings of Sg should be compared to the Yukawa couplings of H in the SM,
which are given by

emzy

Loy=-vim ———— =
2mw,/m%—m%v

One thus has

H [Imy| (iptg + trtr) + |mp| (brbg + bgbr)].  (E.11)

K = 2y, (m7 —myy) (ame —vimp) (Vo),, + (amp — vimy) (V) (E.12a)
= Em%m} (2= ¥) | |
2my, (m5 —my,) (vamp —vimg) (V,),, + (ame —vimp) (V)
o - _ (E.12b)
Em%m? V2 —=Vy)

Appendix F. Determination of the VEVs and of the gauge coupling constants

General case Part of our input is formed by M;, My, Ml, Mh, &, ¢,24 and E. Using this input
we determine the VEVs and the gauge coupling constants in the following way. We firstly define

_E _E _E =EV =EV, =EU =EU
X—G, y_L’ Z—H, ap = , @@= 2, A3 = L, G4= R-
(E.1)
Equation (11) is equivalent to
x+y+z=1. (F2)
We use the input to compute
R = Mcj, + Mys,,. S = Mysy, + Mycy,, T? = (M) — M))* sy, (E3)
- - - - - - \2
A= Mic; + My, B = Mysi + Myct, D* = (My — M;)” cs?. (F.4)
cf- Eqs. (A.27) and (A.9). The first Eq. (A.3) and Eq. (A.5a) imply
t—A— G(L+ H)
"R GL+GH+LH
1 11 1 11 177!
=|—-+- — |-t +—
l—y—z\y =z l—y—z\y =z vz
_ z+y
z+y+l—-y—z
. (E5)

24 In actual practice we always input ¥ = 0, but the method that we delineate here works for arbitrary .
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Therefore, x is computed from the input as

x=1——.
R
Since x = E /G is by definition positive, we must enforce the condition
R>A
on the input. We then define
ag =a; +ar.
The first two Egs. (A.3) and Eq. (A.5b) read, respectively,
2xA =a; + a3,
2yB =ds + ay,
2yz(y+2)S =a,7° ~|—a3y2 +as(y +2)2.

Equations (F.9) are solved as

_x?A+y(y+2?B—yz(y+2)S

[ N
y(y+2)

. xyQz+WA-y(+2*B+yz(y+2)S

3= P

y(+2)
—xy’A+y(y>—)B+yz(v+2)S

a4 = .

y(y+2)

Equation (A.5c) yields
472 = L_Fz (
xyz(y+2)
Plugging Egs. (F.10) into Eq. (F.11) one obtains

2
yas — zag)” .

2
40y +22xy2T = (x +y +2) [xyA—(y+z)zB+z(y+z)S] .

Then, using x =1 — ¢ and
y=t-—z,
one obtains
421 —0T*(t—2)z= [I2B+(t— 1)(t—z)A—tzS]2.
Equation (F.14) is a quadratic equation for z:
ozzﬂul—nA—tm?+m%1—nTﬂ
+QZ{K1—tL4—tSHfB+%t—1)A]+2ﬂ(t—l)T2]t
+[tB+ (t — 1) AP 12,

One solves Eq. (F.15), enforcing on its solution the condition

42
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O0=<z=t. (F.16)

Equation (F.13) then yields y. Equations (F.10) produce a; + a3, a3, and a4; these must all turn
out positive.

Case v =0 In practice, we input ¥ = 0. Then, according to Egs. (F.3),

R =M, S =M, T=0. (F.17)
Equation (A.5c) then implies

HUp=LVi+ V), (F.18)
which simplifies considerably the resolution of the system of equations. One obtains,

EM,;

G=—, (F.19a)
M;— A
EM; (M, — M; + A
_ 1 (M}, 1+ )’ (F.19b)
A My — B)
EM; (M, — M; + A
_ 1 (M}, 1+ )’ (F.19¢)
AA+B— M)
24(My, — B)(M; — A
Vi 4 vy = AWM = B) (M) — A) (F.19d)
EM; (M, — M; + A)
2A(M; — A)(A+ B — M,
=AM A A+ 23 (F.19)
EM; (Mp — M; + A)
2AMp, — B)(A+ B — M
Up = (M, )(A+ 1). (F.196)
EM; (M — M; + A)
Note that one must input values of M;, My, and & such that
A<M, M;—A<B<My, (F.20)

where A and B are given by the first two Egs. (F.4).

V1 and V> It remains to separate a; from a;. This we do by having recourse to the third
Eq. (A.3):

aia, = xyD?. (F21)

Therefore,

a) = % [as — /(@) — 4xyD2} ., o= % [as +1/(a5)* — 4xy02} : (F22)

In Egs. (F.22), 4/ (as)2 — 4xyD? is by definition positive, viz. we assume, without loss of gener-
ality, that V| < V5.
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Proof that M, <M, Because of Egs. (A.3)—(A.5) and (F.18), when ¥ =0
G(L+H
PRCACR SO

s F.23
7L L (F.23a)

L H
B=3Ur+3 UL (F.23b)
M _L+HU +HU
h= R+ UL

H
=B+ Ur. (F23c)

Now,

Mh=%[B+A+\/(B—A)W] (F.24)

Therefore, using Eq. (F.23c),

-1
Mh_Mh=§|:3+HUR_A_ (B—A)2+4D2}

>0, (F.25)

because both A and D are of order the electroweak scale squared, viz. Vi, V;, and Uy, while
B ~ Up, is much larger. One thus concludes that the heavy neutral gauge boson is always heavier
than the heavy charged gauge boson, at least when y = 0.

Appendix G. Mass matrices of the scalars

Mass matrix of the scalars  The mass terms of the scalars are contained in the mass matrix M,
which is defined through

L1
1 P2
V=4 - , , , M . G.1
2(,01 P2, pL. PR)M, oL (G.1)
PR
That matrix may be computed from the input observables as
M, =V, x diag (12, 13, 13, u3) x V[, (G.2)

where V,, is a function of the mixing angles 6; (i = 1,2, ..., 6) through Eq. (32). Using Egs. (28),
(59), and (D.3) one finds the matrix elements of M ,:

mivy — movj Vo
(M), = Ty _y,  ULUR + Vi—V, [((A3L —A4L) UL + (A3r — A4Rr) UR]
+411 V1 + (8ho +4X3) Vo + 8A4v 07, (G.3a)
mivy — mayvi 4
(M), = Ty Y, ULUR + Vi—V, [((A32 — A41) UL + (A3r — A4Rr) UR]
+4x1 Vo 4+ (8A2 +4X3) V1 4+ 8A4v1v2, (G.3b)
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(M ) mivy —mpavy + V1V [()\ 2 )U +()\ i )U ]
=———uru — -
0)1a Vs Wi rur + o Gar = M) Ui 3R —MR) UR
+ (4r + 8k +4r3) viva +4Ag (VI + V2), (G.3¢)
(Mp)13 =mouRr +2Agrvi +Aspva)uy, (G.3d)
(Mp)m =mouy, +2(A4rv1 + Aspv2) UR, (G.3e)
(Mp)z3 =miur +2 A3 vy +As v ug, (G.3f)
(Mp)24=m1ML + 2 (A3rv2 + Asgv) ug, (G.3g)
u
(M) 55 = 4ALUL — (m1v2 +mavy) —, (G.3h)
)33 p
u
(My),, =41rUg — (m1v2 + mavy) £, (G.3i)
UR
(Mp)34=m1v2+m2v1 +2ALRULUR. (G.3))

Mass matrix of the pseudoscalars The mass terms of the pseudoscalars are contained in the
mass matrix M,, which is defined through

1 Na
V=4 , M, , G4
2(77a ﬂb) n(nb> ( )

cf. Eq. (42). The matrix M, may be computed from the input observables as

(e s\ (Mm O =Sy
Mn_<_sn Cﬂ)( 0 Mn2)<5n Cn)’ (G2

cf. Eq. (43). Using Eqgs. (28), (40), (59), and (D.3) one finds the matrix elements of M,,:

Vi+W <m1 mz)_uLuR (mlvf—kmzv;)

Vi—WVa\wv v viv2 (Vi +V2)
A3 — A Up+ (A3g — A U
S (V4 V) 4%3—8k2+( 3L —Aap) Up + (A3p — Aap) Ug ’ (G.62)
Vi—V,
(My)yy = = e (miva - mavy). (G.6b)
VT
(Mn)lz = T (mjvy —mav2), (G.6¢)

where T and 7T are defined in Egs. (41).

Mass matrix of the charged scalars The mass terms of the charged scalars are contained in the
mass matrix My, which is defined through

_ oF
V= +(¢, (pb)M(p<(p§_), (G.7)

cf. Eq. (49). The matrix M, may be computed from the input observables as

_( o So\(Mp O Co S
M _(_Sw Cw) < 0 Mw2>(s</> Cop ) G9
cf. Eq. (50). Using Egs. (28), (47), (59), and (D.3) one finds the matrix elements of M:
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A3 — A Mpr — Mp AVIVL,ULU
(M¢)11= 3L — AL K 3R — Mg 4ViVLULUR
Vi—V, Vi—V K
mivy + movy 4V1V2ULUR>

urug (V2 — Vp)? K

4 (myv1 +mav2) vivoULUR

(—URKl -UL

) (G.9a)
(Vo= V1)?
K> (mivy +movi)uy,
M =—|(A3g — A Vi—WV)— , G.9b
(My),, X [( 3R — MR) (Vi = V2) ir } (G.9b)
VK> |: (m1v2+m2v1)uL}
M, = —2V|VULUR MR — AR —
( w)12 K ur (Vi —V2)
| v+ mav) /K. (G.9¢)
Vo — Vi
where K and K are defined in Egs. (48).
A constraint From Eqgs. (G.6) and (G.9) one obtains
T2 [ 2012k (M), + VK2 (Vi = V) (My) 1
= Ka [20102uruk (M), + VT2 (V2 = Vi) (My),, ] (G.10)

Equation (G.10) is a clear-cut prediction of our model for observable quantities (remember that
the VEVs, and hence K5 and 75 too, are functions of the input observables, cf. appendix F). That
prediction may be written

My = {Tz [2v1v2uLuR (My),, + VK2 (Vi = V) (Mw)lz]
+ [Kz\/Tz(Vg — Vi) eysy — 2v1v2uLuRK2s,2;] M,,1]
X [2v1v2uLuRch% + Kz\/Tz(Vz — Vl)cnsn]_1 . (G.11)
Thus, given My, My, M1, and the mixing angles ¢ and n, one may calculate M, .

Determination of the parameters of the potential Suppose that we already know the values of
the VEVs uy, ug, v, and v, and that we input all the scalar masses and mixing angles. We may
then

—_

. Use Egs. (G.6b) and (G.6c) to determine m and m».

2. Then use Egs. (G.3h) to determine Ay, (G.31) to determine Ag, and (G.3j) to determine Az g.

3. Next use either Eq. (G.9b) or Eq. (G.9¢c) to determine A3g — Aqg, and then Eq. (G.9a) to
determine A3; — Aqr.

4. Equations (G.3d)—(G.3g) may now be employed to separately determine A3g, Aar, A5R, A3L,
Aar,and Asy.

5. Equation (G.6a) pins down A3 — 2A;.

6. Equations (G.32)—(G.3c) separately determine A, A2, A3, and A4.
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Fig. 4. Scatter plot of the mass of the heavy charged gauge boson (,/ M},) versus the mixing angle between the two
charged gauge bosons (§), for the three cases where all the scalars have masses above 10 GeV (green points), 125 GeV
(blue points), and 500 GeV (red points).
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Fig. 5. Scatter plot of the relations among the vacuum expectation values vy, vy, and u that break SU (2),. The points,

and the colour code for them, are the same as in Fig. 3. Left panel: vo — |vq| versus vi. Right panel: ,/ vl2 + v% versus
u .. Remember that in our conventions v, and u;, are always positive, and vy is always larger than |vy|.

Appendix H. The ranges of the parameters of the LRM

In this appendix we provide more information on the fits mentioned in section 7. We present
scatter plots with green, blue, and red points following the code introduced in that section. How-
ever, the scatter plots in this appendix do not dwell on the fitting of the Zbb vertex, rather on
the parameters of the LRM itself. Moreover, in the scatter plots of this appendix we only display
the points of Fig. 3 that satisfy the 20 bounds on both Rj, and Ay, viz. the points that are both
in between the dashed orange lines and in between the magenta dashed lines in the left panel of
that figure.

In Fig. 4 we plot the mass \/A;I_h of the heavy charged gauge boson versus the mixing angle &
between the two charged gauge bosons. One sees that the mixing angle lies within a narrow range
[—0.004, 4-0.004]. This happens because of the lower bound 750 GeV that we have imposed on
\/AT;, and +/Mj; if we had opted for a more stringent and realistic lower bound [39-50], say 2
or 3 TeV, then £ would have to lie in an even narrower range. The various lower bounds on the
masses of the scalars have no effect on this scatter plot, which results almost exclusively from
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Fig. 6. Scatter plot of the gauge coupling constants g of SU(2)7, [ of SU(2)g, and i of U(1)x. Both the points and the
colour code used to mark them are the same as in Fig. 3. Left panel: h versus g. Right panel: i versusl/g.
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Yo—lyil
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-15 -1.0 =05 0.0 0.5 1.0 1.5
N

Fig. 7. Scatter plot of the Yukawa coupling y, and y;. Remember that in our convention y; is always positive and larger
than |y;|. The points and the colour code are the same as in Fig. 3.

the procedure in Appendix F. Namely, if one chooses larger values for &, then either one violates
the first inequality (F.20) or one ends up with negative values for either G, V1, or Ur—which
must all be positive, because they are the squares of real quantities. Therefore, £ must always be
very small.

In Fig. 5 we display the correlations among the vacuum expectation values. In the left panel

one sees that |v;| is always at least 30 GeV smaller than v,. Furthermore, ,/v% + v% <174 GeV
provides an upper bound both on |v;| and on v;. In the right panel one observes the almost exact

curve v% + v% + u% ~ 174 GeV that arises from the masses of the gauge bosons W; and Z;
being fixed to their observed values.

Fig. 6 displays the gauge constants g of SU(2)r, [ of SU(2)g, and h of U(1)x. One sees in
the horizontal scale of the left panel that g hardly deviates from it s SM value. On the other hand,
h may vary from 2g/3 to 3g, approximately.

In the right panel of Fig. 6 one sees the counterpart, for the gauge coupling constants, of
the relation observed in the right panel of Fig. 5 for the VEVs. Indeed, because we set ¢ =0,
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Fig. 8. Scatter plot of the coupling modifiers ky and kz, for the three cases where all the scalars have masses above
10 GeV (green points), 125 GeV (blue points), and 500 GeV (red points).

Table 4
Approximate ranges of the parame-
ters of the scalar potential.

Parameter Range

m [GeV] -300to 3
my [GeV] -140 to 130
A 0t03.6
Ao -1t00.9
A3 -3t03

Ay -1.1to 1.1
AL 0to4.2
AR 0t00.2
ALR -1.0t0 0.6
A3 -6to 11
A3R -0.71t0 0.6
AL -3.8t09.5
AR -0.71t0 0.6
Asp -6t0 6
A5R -0.8t0 0.8

Eq. (F.18) forces h/l = ./ v% + v%/uL. One sees that [/ /g saturates the bound in Eq. (13), but

may also be much higher: in a separate dedicated search we have found points with //g ~ 6 that
satisfy (at the price of very low-mass scalars) the 1o bounds on Rj, and Aj,.

In Fig. 7 we illustrate the Yukawa couplings y; and y,. One sees that in most cases |y{| and
y» are below /47 ~ 3.5; only a few points have them larger than 3.5, but always quite below
our relaxed perturbativity bound 4. One sees that y, — |y1]| is always larger than 0.8, that y; is
either positive or negative with the same likelihood, and that |y;| < 1.5.

In Fig. 8 we depict the correlation between the coupling modifiers «w and xz. One observes
that in the LRM they are equal for all practical purposes and they are always smaller than 1. We
have also examined the parameters «; and «},; they do not correlate with each other and they fully
cover their full ranges in conditions [52].
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In Table 4 we show the approximate ranges of some parameters of the scalar potential. Note
that in a left—right-symmetric model one must have Ay = Ag, A3, = A3R, Aar = Aap, and Asp =
Asg; these relations of course lead to restrictions on the masses and mixing of the scalars. It
should be noted that the various lower bounds on the scalar masses that we have imposed do not
greatly impact the ranges of the parameters of the potential.
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