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Abstract: This paper is devoted to the approximation of a certain class of analytic functions by shifts
Z(s+it), T € R, of the modified Mellin transform Z(s) of the square of the Riemann zeta-function
{(1/2 + it). More precisely, we prove the existence of a closed non-empty set F such that there are
infinitely many shifts Z(s + it), which approximate a given analytic function from F with a given
accuracy. In the proof, the weak convergence of measures in the space of analytic functions is applied.
Then, the set F coincides with the support of a limit measure.
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1. Introduction

Recall that the Riemann zeta-function ((s), s = o + it, is defined, for ¢ > 1, by the
Dirichlet series
> 1
= Lo

and is analytically continuable to the whole complex plane, except for the points = 1,
which is a simple pole with residue 1. It is well known that the function {(s) has good
approximation properties, its shifts {(s + it), T € R, approximate every non-vanishing
analytic function defined on the strip {s € C: 1/2 < ¢ < 1}. On the other hand, in the
theory of the function {(s), there exists several important unsolved problems. One of them
is the moment problem on the asymptotic behavior as T — oo for

T

/|§(U+it)\2kdt, c>
0

, k>0.

Y. Motohashi introduced [1], see also [2], the modified Mellin transforms

()

and applied them for investigation of the latter problem. He first considered the case
k = 2. The integral for Z;(s) [3] is absolutely convergent for o > 1if 0 < k < 2, and for
o> (k+2)/4if 2 < k < 6. Hence, the function Zi(s) is analytic in the corresponding
half-planes. Later, the Mellin transforms Z(s) with applications were studied in [4-6].

x%dx, keN,
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We give one example from [4]. Define E»(T) by

O/T]g(;+it)

4
dt = TPy(log T) + E»(T)

with
4 A 1
Py(x) = Zajx], ay = —.
=0

There exists a problem to estimate E>(T). In [4], using the mean square estimates for Z(s),
it was obtained that, for ¢ > 0,
Ep(T) <, T?/3F¢,

and this estimate is the best up to . The notation a < b, a € C, b > 0, means that there
exists a positive constant ¢ = ¢(¢) such that |a| < cb.

In function theory, much attention is devoted to the approximation of analytic func-
tions. We recall some results related to number theory. S.N. Mergelyan obtained [7] a
very deep result connected to polynomials. Suppose that K is a compact set with a con-
nected complement, and f(s) a continuous function on K, which is analytic inside of K.
Mergelyan proved [7] the existence of a polynomial sequence uniformly convergent on
K to the function f(s). From this, it follows that, for any ¢ > 0, we can find a polynomial

Pr.e(s) satisfying
sup|£(5) — pre(s)] <

seK
Thus, a function satisfying the above hypotheses can be approximated by a polynomial.
In 1975, it turned out that there exist functions that approximate a whole class of
analytic functions. The first example of such functions is the Riemann zeta-function.
S.M. Voronin proved [8] that if 0 < r < 1/4, the function f(s) # 0 is continuous on the disc
|s| < r, and analytic inside that disc, then, for any ¢ > 0, there is a real number T = 7(¢)
satisfying the inequality

max
[s|<r

f(S)—C<S+Z+iT>‘ <e

This shows that a set of non-vanishing analytic functions defined in the strip {s € C:1/2 <
o < 1} is approximated by shifts {(s + i7) of one and the same function. In other words,
((s) is universal with respect to the approximation of analytic functions. The Voronin
universality theorem was reinforced and extended for other zeta-functions. We recall its
last form, see [9-12]. Suppose that K C D is a compact set having a connected complement,
f(s) is continuous, having no zeros on K and analytic in inside of K function. Then, for any
positive g,
liminfly{r €[0,T] :sup |l(s+it) — f(s)| < s} > 0.
T—eo T seK

Here, u stands for the Lebesgue measure on the line R.

The proof of the Voronin theorem in [8] is based on the rearrangement theorem for
series in Hilbert space. B. Bagchi proposed [12] a new original probabilistic method that
uses weak convergence of measures in the space of analytic functions. The Bagchi method
was developed in [9,10]. Other results on the universality of zeta-functions are discussed
in a survey paper [13]. We notice that an idea of application probabilistic methods in
the theory of {(s) was proposed by H. Bohr and B. Jessen. In [14,15], they obtained the
existence of the limit

lim %]{t €[0,T): (0 +it) R}
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for every rectangle R C C with edges parallel to the axis and o > 1/2. Here, ] denotes
the Jordan measure on R. A modern version of the Bohr—Jessen theorem in terms of weak
convergence is presented in [9].

In general, for description value distribution of {(s), various methods and terms are
used. For example, it was observed in [16] that the distribution of a-points of {(s), a # 0
(the solution of {(s) = a), has a certain relation to a Julia line [17] with respect to the
essential singularity of {(s) at infinity.

In the present paper, we are connected to a new problem—the approximation of

analytic functions by the function Z(s) & Z1(s). We need some results from [3]. The
function Z(s) is analytic in the half-plane ¢ > —3/4, except for a double pole at the point
s = 1, and has simple poles at the points s = —(2k — 1), k € N. Let -y be the Euler constant,
E(T) be defined by

[

2
dt = Tlog o + (290 ~ )T + E(t),

and

T T
G(T) :/E(t) dt —nT,  Gy(T) :/G(t)dt.
1 1

Then, it was obtained that

1 279 —log?2
+’)/0 Ogﬂ’_

Z(S):(s—l)z | E(1)+m(s+1)
T 3
+5s(s+1)(s+2) /Gl(x)x_s_3dx, 7>—7 1)
1
Moreover, for0 < o <1, >ty > 0,and fixed € > 0,
Z(o+it) < t17TE,
and .
2 T340+ if 0<o <3,
J12 (@ inp a <<€{ T2t it l<o<l @
1

Let D = {s € C:1/2 < ¢ < 1}, and H(D) be the space of analytic on D functions
equipped with the topology of uniform convergence on compacts. The main result of the
paper is the following theorem.

Theorem 1. There is a non-empty closed subset F C H(D) such that, for arbitrary compact set
K C D, f(s) € F, and every € > 0,

T—o0 seK

liminf;y{T € [0,T] : sup|Z(s +it) — f(s)| < e} > 0.

Moreover, except for at most a countably set of values of € > 0, “lim inf” can be replaced by “lim”.

Theorem 1 implies that there are infinitely many shifts Z(s + iT) approximating a
function from the set F. Theorem 1 is a certain version of the modern form of the Voronin
universality theorem [8] for the Riemann zeta-function, see, for example, [9,10]. In the case
of (s),F={g€ H(D) : g(s) #0o0r g(s) = 0}.

Unfortunately, in the case of Theorem 1, the set F cannot be explicit described. Let
B(X) stand for Borel o-field of the space X. We will show that F is the support of a
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probability measure on (H(D), B(H(D))). Theorem 1 is a corollary of a limit theorem for
weakly convergent measures in the space (H(D), B(H(D))). For A € B(H(D)), set

1
Pr(A) = T u{t €0, T]: Z(s+it) € A}.
Denote by 2, the weak convergence.

Theorem 2. On the space (H(D), B(H(D))), there is a probability measure P such that Py N, p

T—o0

For the proof of Theorem 2, the auxiliary function

Z,(s) = l/oo g(i + ix>
o) =ep{ (X)) xyenw),

with a fixed oy > 0, will be useful.

2
v(x,y)x°dx,

where

2. Case of Finite Interval

Leta > 1, and
2

v(x,y)x°dx,

C(;—i—ix)

Zay(s) = /’1
1

For A € B(H(D)), set
1 .
Proy(A) = T u{te[0,T]: Z,y(s+it) € A}.

Lemma 1. On the space (H(D),B(H(D))), there is a probability measure Py, such that

w
Pray —— Pay.

The proof of Lemma 1 is divided into parts. In the first part, we will deal with weak
convergence on a certain Cartesian product. Let y be the unit circle on C, and

Q= I]

u€(1,a]

In virtue of the Tikhonov theorem, the set (), with the product topology is a compact
topological Abeliam group. For A € B(Q),), set

Qra(A) = %‘M{T €f0,7T]: (u*iT TS [1,{1]) € A}.

Lemma 2. On the space (Qq, B(Qy)), there is a probability measure Q, such that Q4 TL> Qa.
— 00

Proof. The character group of (), is isomorphicto & Z,, where Z,, = Z for all u € [1,a].
ue(l,a|

Therefore, the Fourier transform gt ,(k, : u € [1,a]) of Q, is given by

gratk:ue L)) = [ [T »kdora,
O, ue(l,a]
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where x;, € 7, ky, € Z, and only a finite number of k,, are not zeros. Thus,

T
gra(ky iu € [1,a]) = ! /exp{iT ) kulogu}dr
0

u€(1,a]
1 if Y kylogu=0,
ue(l,a]

lfexp{fir Yue[1,q) kulog u} .
T e a ks og if Y kylogu#0.
’ ue(l,a]

I
—_— N

Therefore, we have

1 if Y kylogu=0,

. ] def . B ue(l,a]
%EgogT,u(ku'ue [1,61]) —ga(ku.ME [LQD* 0 if Z kulogu;«éo.
ue(l,a

This shows that Qt, TL> Qg with Q, on (Qy, B(Q),)) with the Fourier transform
— 00
Qalky :u € [1,a]). O

Lemma 2 implies a certain limit lemma in the space H(D). We recall thatifh : X — &)
isa (B(X), B(X}))-measurable mapping, then a probability measure P on (X, B(X)) de-
fines the unique probability measure Ph~! on (X7, B(X})) defined by Ph=1(A) = P(h='A),
A € X;. Moreover, if the mapping & is continuous, then the weak convergence is preserved,

ie., if P, _)L> Pin X, then also P,h 1 %) Ph~1in Xj. The latter remark is sometimes
n—oo n—,oo
a—1 i

very useful.
1
(5%
k=1 2

Let
where ¢y € [x;_1,x;] and xy =1+ ((a —1)/n)k. For A € B(H(D)), let

2
Snay(s) = o(Cry)C;

1 .
Pryay(A) = T u{te[0,T]: Spay(s+it) € A}.

Lemma 3. On the space (H(D), B(H(D))), there is a probability measure Py 4,y such that Pt 4,

W
— Puay-
T—o0

Proof. Let the mapping hy,, : QO — H(D) be given by the formula

(3 + %)

Then, hy,q is a continuous in the product topology, and hy o ({u =" : u € [1,a]}) = Syay(s +
it). Thus, Pr 4y = Qr,alty, 1, where Qr,, comes from Lemma 2. This equality, the continuity
of hy, 4, Lemma 2 and the above remark on the preservation of weak convergence show that
Pr 1,0,y converges weakly to Ppay = Qahy, L'as T — co with Q, defined in Lemma 2. [

a—1

n
i, (y) = 7 kZ:l

2
0 ¥)C Ve, Yy ={yu € v:u €[l al}.

In the sequel, we will use one lemma on the convergence in distribution (&). Recall

that the random element X, converges in distribution to X as n — oo, if the distribution
P, of X, converges weakly to that P of X as n — oo. In this case, we use the notation

Xn L P as well.
n—oo

Suppose that the metric space (X, d) is separable and the X'-valued random elements
X, Y, and X, are defined on the same probability space with measure P.
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Lemmad4. Fork € N, let
D

Xk 2= Xk
and >
X — X.
k—o0
If, for any € > 0,
lim lim sup P{d(X,x, Yn) > €} =0,

k—eo  ye0

then Y, L X.
n—oo

The lemma is proved, for example, in [18], Theorem 4.2.

We note that the space H(D) is separable and metrizable. It is known that there is a
sequence {K; : I € N} C D of compact embedded sets such that D is the union of K;, and
every set K C D lies in some set K;. Then,

SUPgek, [81(5) — 82(5)|

7 7 € H D 7
T+ sup,cy 1516) — o)) S8 € HD)

p(g1,82) =Y 27"
=1

is a metric in H(D) which induces its topology of uniform convergence on compacts.

Lemma 5. The equality

T
lim lim sup 1 /p(SM,y(s +1T), Z4y(s +i1)) dT =0
n—co T—o0 T 0

holds.

Proof. The definition of the metric p implies that it suffices to show that

T
1
lim lim sup — / SUP|Say (s +iT) — Zoy(s +i7)|dT =0 3)
" Toeo Lo seK
for every compact set K C D. Let L be a simple closed contour lying in D and enclosing

a compact set K; suppose also that infseg inf,¢r [s — z| > ¢(L) > 0. Then, by the integral
Cauchy formula, we have

sup|Say (s +it) — Zay(s +i7)| <1 /]Sn,a,y(z +1iT) — Zay(z +i7)||dz].
sekK
L

Therefore,

T
1 . .
= /sup|Sn,u,y(s +1iT) — Zay(s +iT)|dT
T 0 seK

T
1 . )
<<L/|dz\ (T/|Sn,a,y(z+zr) —Zu,y(z+zr)|dr). (4)
L 0

Clearly,
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T

17 . .

7 / |Snay(z+iT) — Zay(z +iT)|dT
0

T 1/2
1 . .
< (T /|Sn,a,y(z+ iT) — Zay(z+ zr)|2dr)
0

We have

|Snay (2 +iT) = Zay(z +i7)|
= (Snay(z+i7) = Zay(z +1i7)) (Snay(z +iT) — Z4y(z +i7))
= Snay (2 +1T)Snay(z +iT) = Spay(z +iT) Z4y(z +iT)

= Snay (2 +1iT) Z4y(z2 +1T) + 24y (2 +1T) 24 (z +iT),

where Z denotes the complex conjugate of z € C. By the definition of S, 4, (s),

n 4
Snay (2 + 0Snag(z 1 70) =(”‘1) Lo+ )| g
P
() L L) [ m)
ky=1ky—1
ky#ko
0(8ky y)v(Gk y)é‘_zé_z(ékl>_n.
1/ 2/ k1 ©ky €k2
Therefore,
7 [Snas(z+ 0800y z T T d
0
4
— (a—l) (;—Hé‘k) o2 (&, )2 2R
21 noon 2 1 2
ro( (% )T £ 3 oL )[e (3 e
ki=1ky=1
ky#ka
Rez zRez || €k1 -
0(Zk, )0 (@, VG log 2| ).
Since

®)

(6)

lim 2 L Z (f(l +i§k) 2(Ey S 2Rez / < +1x> 2(x,y)x"2Rez dy,
n—oo N = 2 /

hence we obtain, forallz € L,

lim lim sup % / Snay(z+1T)Spay(z+iT)dT = 0.

n—oo T—00

Similarly, by the definition of Z, ,(s), forallz € L,

@)
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T
lim sup Zay(z+1iT) Z4y(z +iT)dT
T—o00
T a a 2 2
1 7 ' 1
= limsup — / </ /’C( —|—ix1> g(l +ix2)
TP 2 2
0 M1
x v(x1,y)v(x2, y)x = Tay 2 dxy dx2> dt
1 2
= limsup = //’@( —l—le) é( +ix2)
T—o00 T 2
Xl%xz
~1
% v(xl/y)v(XZry)xl_szZ (e—iTIOg(Jq/Xz) _ 1) (10g ?) dx;dx, = 0. (8)
2

The latter equality suggests that the set of values of the function Z, ,(s) is not dense. On
the other hand, this case is convenient for our investigations. Moreover,

T
1/Sna,yz+zT )Zay(z+iT)dT
0
T 1/2 T 1/2
1 N 1 NV
< T/]Sn,a,y(z%-wﬂ dr ?/|Za,y(z+zr)| dr ,
0 0

and this is true for the integral of S, 4/ (z + iT) Z,,,(z + iT). This and (4)—(8) show that

1
lim limsup — /sup’Sn,a,y (s +i1) — Z4y(s +it)|dT = 0.
seK

n—oo
T—o0 0

O

Proof of Lemma 1. Suppose that 07 is a random variable uniformly distributed on [0, T]
and defined on a certain probability space with measure P. Define the H(D)-valued
random element

XT,n,a,y (s) = Sn,a,y(s +i07).
In view of Lemma 3, we have
D
XT,n,a,y H—w> Xn,a,y, )

where X, 5, is the H(D)-valued random element with the distribution P,; .
Now, we will prove that the sequence {Pn,u,y :n € N} is tight, i.e., that, for every ¢ > 0,
there exists a compact set K = K(e) C H(D) such that
Puay(K) >1—¢

for all n € N. Let K; be a compact set in the definition of the metric p. Then, (7) and the
integral Cauchy formula imply

. 1
sup limsup — sup|SM,y (s 4iT)| dT < Ry < 0.
neN T—oo

Lete > Obea fixed, and M; = M, 5, = Rlla,yzls’l. Then, in view of (9),
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T
1 ' .
P( sup|Xpay(s)| > M; | <suplimsup —— / sup|Spay (s +it)| dt < % (10)
sek; neN T—oo MIT'O seK; 2

forallnand ! € N. Let

K =K(e) = {g € H(D) :sup|g(s)| < M;, 1 € N}.
sekK;

Then, the set K is compact in the space H(D), and, by (10),

P(Xpay €K) =1-P(Xpay €K) >1-e) 27 =1-¢
=1

foralln € N. This and the definition of P, ; , prove the tightness of the sequence { P4, : 1 €
N}. In the theory of weak convergence of probability measures, the Prokhorov theorem, see,
for example, [18], occupies an important place. Let { P} be a family of probability measures
on (X, B(X)). The Prokhorov theorem connects the tightness and relative compactness of
{P}; namely, if the family { P} is tight, then it is relatively compact.

Since the sequence { Py} is tight, by the Prokhorov theorem [18], it is relatively
compact, i.e., every subsequence { Py, 4} contains a subsequence weakly convergent to a
certain probability measure on (H(D), B(H(D))). Thus, there exists a probability measure
Psyon (H(D),B(H(D))) and a sequence { Py, 4, } such that P,, ; , converges weakly to P, ,
as r — oo. In other words,

D
Xy a,y — Pyy. (11)
Now, we are in position to apply Lemma 4 for the random elements
YT,u,y (S) = Zﬂ/y (S + iGT),
X, 0y and X, where X, has the distribution P, ;. By Lemma 5, we have, for every e > 0,

lim lim sup P (P(YT,a,y/ an,a,y) > S)

n—oo

T—oo
L T
< lim limsup — /p(Snr’,W(s +iT), Z4y(s +i1)) dT = 0.
N e 1€ )

This, (9) and (11) together with Lemma 5 prove Lemma 1, i.e., Pr 4, converges weakly to
P;yasT — o0, [

3. Case of Infinite Interval

In this section, we will prove a limit theorem for the function Z,(s). Since
7(1/2 +it) < t'/6 ast — oo, and v(x,y) with respect to x is decreasing exponentially, the
integral for 2, (s) is absolutely convergent for o > 0y with every fixed ¢y and y > 0.

For A € B(H(D)), define

Pry(A) = %V{T € [0,T]: Zy(s+it) € A}.

Lemma 6. On (H(D), B(H(D))), there exists a probability measure Py such that P, TL> Py.
— 00



Axioms 2023, 12, 520

10 of 19

Proof. First, we observe that the equality

T
lim lim sup % /p(Zy(s +iT), Z4y(s +i1)) dT =0 (12)
0

n—oo T—00

holds. As in the case of Lemma 5, it suffices to show that, for every compact set K C D,

T
1
lim limsup T /su11<3|Zy(s +iT) — Zay(s +i7)|dT = 0. (13)
se

n—o00 T—00 5

It is easily seen that, for every fixed y > O and s € K,

2
o(x,y)x T dx

Zy(s +iT) — Zay(s +iT) = 7’5(; + ix)

as a — oo in view of convergence of the integral. From this, equality (13) follows.
Let 01 be the same random variable as in the proof of Lemma 1. Define

2
o(x,y)x V2 dx = 0y(1)

YT,y(S) = Zy(s + iQT),

and denote by Y, the H(D)-valued random element with the distribution P, ;. Then,
Lemma 1 implies the relation

D
YT,u,y T—>—oo> Ya,y' (14)

Let Kj, | € N be a compact set from the definition of metric p. Then, (8) and the integral
Cauchy formula give

T
1
sup lim sup T /sup|Za,y(S +it)|dT < Ry < oo
0

a1 T—oo s€kK;
Thus, taking M, = M,,y = Rl,yZZs’l, we find by (14)

T
. 1
]P’(sup‘Ya,y(s)] > Ml> < sup limsup —— /sup]Za,y(s +it)|dT < %

s€K; az1 T—oo 1 0 sk

This shows that
P(Yay € K) >1—¢,

foralla > 1, where K = {g € H(D) : sup g, [8(s)| < M,, | € N}. Therefore, the family
of probability measures {P,, : a > 1} is tight. Thus, there exists a sequence P, , weakly
convergent to a certain probability measure P, asr — oo, i.e.,

D
Yoy — Py
This, (12), (14) and Lemma 4 prove that
Yr, 2 P (15)
Ty Toeo

and the lemma is proved. O
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4. Formula for Z,(s)

As usual, denote by I'(s) the Euler gamma-function, and define

s s
L(s)= T2 )y
v(8) 70 (Uo)y '
where 0y is from definition of v(x, ).

Lemma 7. The integral representation, for s € D,

1 op+ioco d
z
() = 5 / Z(s+2)ly(2) 2
gp—100
is valid.
Proof. We will apply the classical Mellin formula
a-+ioo
= —s _ b
7o / I(s)b=°ds=e¢"", a,b>0,
a—100
and obtain
0p+Fico op+ico
dz 1 (z\[(x\ "
—.dz _ 1 1 /rz\[(x
27 / hy(z)x z 27 / Uor(Uo)(y> dz
op—ioo op—ioo
1+ico — ooz
= — / (z)<x> dz
271 y

:exp{—<;>%} =o(x,y). (16)

2

Setting, for brevity,

_ 1 ly(UO + it) 1 : —s—op—it
f(x/t)—ﬁiao_._it ‘C(2+1x> X
and applying theorem from ([19], §1.84), we obtain
T X X T
/ dt/f(x,t) dx = / dx / Flx, ) dt, (17)
-T 1 1 -T

forany X, T > 1. Next, the well-known estimate
I'(oc+it) <exp(—c|t]), ¢>0,
which is uniform in any fixed strip 07 < ¢ < 0, together with the inequality

1/X€<i+ix)

2
dx < X(log X)

imply
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+

e}

400 X X
/ at [(UfGe ]+ 1f (e =nDdx, [ dx [ (7Gx 0] +1f - dt <R,
1 1

S—

where
+oo X )
R = R(X, T) — ytfo / e—ct/o dt/‘g(z +ix) X779 dy
T 1
<y® eXP{—CT} (14 X777} (log X)2 (18)
00
Hence, using (17) and (18), we find that
+oo X T +o0o - X
/ dt/f(x,t)dx: (/+/+/ dt/f(x,t)dx
—00 1 b .

T
dx/fxtdt+O (R)
-T

x<70 ]F)fxtdt—l—O( )

+
dx/fxth—O R).

'*]\ér

|
H\N H\N H\X
Q.

Tending T — co, we obtain

“+o00

X X
/dtl/f(x,t)dle/dx/f(x,t)dt

—00

for any X > 1. Therefore, the application of a theorem from ([19], §1.84) together with (16)

yields
0’g+i00 d
z
— / Z(s+2)ly(2)
gp—100
00 400 2 .
_//Zm'é(2+lx>’00+it X dx
—0 1
400 400 +o0 +oo
= / dt/fxt = / dx/f(x,t)dt
—o0 1 1 —o0
+00 2 op+ioo
- 1 . s 1 _,dz
= / §<2 +1x) X / ly(z)x 7dx
1 Uo—iOO
+o0 2

xPo(x,y)dx = Zy(s).
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5. Approximation of Z(s) by Z,(s)
Lemma 8. The equality

Y= 1%

T
lim lim sup % /p(Z(s +it), Zy(s +i1)) dT =0
0

holds.

Proof. Let K be an arbitrary fixed compact set of the strip D. Then, there exists a number
¢ > 0suchthat, foralls = o +it € K,1/2 4+ 2¢ < 0 <1 — ¢ Denote
0o =0—¢&— 1 oy = 1 +e
1= 2/ 0— 2 .
Then, 0; > 0 for all s € K. Since the point z = 1 — s is a double pole, and z = 0 is a simple
pole of the function

l
Z(S +Z) in)r
Lemma 7 and the residue theorem imply
—01+ico
Z,(5) = Z(s) = —— [ 26+2) ()% £ Ry (s) (19)
Y C2mi ) Vg DY
—01—i00
where 1 (2)
z
= Z S
Rls) = Bs, 2o +2)%
Let ay = 279 — log 27t. Then, in view of (1),
L(z)\’ I,(1—5s)
Y Y
Ry(s) = <Z> 1 +a0ﬁ. (20)
z=1-s

By (19), for all s € K, we have

27T

—00

Zy(s+1it) — Z(s +i1) _ L / Z<U+it—o+;+e+ir+iv>

Iy(1/24¢e— 0 +iv)
X
1/2+e—0c+iv

dov + Ry (s +iT).
Hence, writing v in place of t + v, gives, for s € K,

ly(1/2+&e—s+iv) d

Zy(s 4+ iT) — Z(s 4 iT) =me / Z<1+£+ir+iv>

2n 2 1/24e—s+iv
+ Ry(s +iT)
- 7z i L,(1/24€—s+iv)
J2(g +erivrio)| sl

+ sup|Ry (s + iT)|.
sek

Thus,
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LT
—/sup|Zy(s—|—i’r)—Z(s+iT)|dT
TO seK
0 T .
<</ l/Z Y evittiv)|dt|su h(1/2+e—s+iv)
T 2 P 124 e—s+i
— 00 0
17 def
. e
+?/sup‘Ry(s+lT)‘dT: L+ b. @1)
0 seK

First we estimate I;. The definition of /,,(s) and (17) imply that, for s = ¢ + it € K,
(w(aremeiee))
N —(5te—oc—it+iv
0p 2
<Lg y1/2+8_0 exp{ -Z ‘t - Z)| }
0o
<o yHHET eXP{—CU - tl}
0o

< y1/2+€Vexp{c|t|}exp{—c|v|}. (22)
00 0o

Since o > 1/2 + 2¢,then 1/2 4+ ¢ — 0 < —¢ for any s € K. Therefore,

I,(1/2+e—s+iv)
Y 1/2+e—0
1/2+e—s+iv oo ¥

ly(1/2 +e+iv—s)

Sup 1/2+e+iv—s

seK

<k Y~ exp{—afol}.

Thus, we obtain

+00 T
 Jepf- Sl L flz(Lverins

I gk Y /exp{ 0_0|U|} T ‘Z(2+£+1T+IU drdo.

— 00 0

Given 0 < &1 < g, Cauchy inequality together with (2) imply
1 17|, (1 2\

Z<2+s+ir+iv>‘d7< T/‘Z(2+s+ir+iv> dr)

0

T
7/
T
0
T+v 2 1/2
_ (1 / Z 1+£—i-iT dt
T 2
(4

1/2

4 5
2 1
< | = Zl = ]
T /’ <2+£+1T> dt

1 1/2
< (T(T+ |v|)2—2(1/2+€)+81>

b

VT

‘U|1/2

il

<<€ T*€+€1/2 4 |1/27£+£1/2

v

< T¢2 4

Hence,
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—+o0
1/2
0
Il <<(7'0,K,€ y*s / ecl‘v‘ (TE/Z + |\|/T> do <<0'0,K,8 yfe (T*S/Z + T*l/Z)

Loy, Ke y—sT—s/Z.

Passing to the estimate of I, and setting g(z) = I,(z)/z, we obtain

76 = 57 (5) (&0(5) +rwv)

where (x) = I"(x)/T(x) denotes the digamma-function. Hence,

Ry(s) = g'(1—s) + (270 —log2m)g(1 —s)

1-s
(s (L (1 .
B 0o r( 0o )(‘TOIP( 0o >+10gy+270 logzn)

1—0 1—-0c t+T71
r(ia ) [+ s 1)

< yl_”exp{;o|t+‘t|}<log ’+logy+1)

Thus, we find

Ry(s+it) < y'™°

and therefore

sup |Ry (s + iT)| <o i y' =12 eXp{ - ;T} (log (7 +2) +logy)
seK 0

1/2—¢

Lo ke y ' exp{—ea|7[}.

Thus, we obtain

yl/z I3 1/2—¢
/sup IRy(s +i7)| AT <oy ke = /exp{—cZT} dt <y ke =
T seK T / T
Consequently,
1 ) yl/Zfe
T /sup‘Zy(s +it)— Z(s+ iT)| dt =L+ L < ke y‘ST_S/ + T

0 seK

Tending T — oo, we find
T

lim — sup| 2, (s +it) — Z(s +it)|dT = 0.
T—c0 5 seK

Then, the desired assertion follows. [

6. Proof of Theorem 2

We return to the limit measure P, in Lemma 6. We recall that Pr, TL> Py.
— 00

Lemma 9. The family of probability measures {Py : y > 1} is tight.
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Proof. Let K C D be a compact set. Then, we have

T T
1 1
—/sup|Zy(s+iT)]dT <= /sup]Z(s+iT) — Zy(s+it)|dt
T 0 seK T'O seK

/sup|Z s+it)|dt. (23)
T seK

Let L be a simple closed contour lying in D, enclosing a compact K and such that

inf inf |z —s| > ¢(L) > 0.
z€LseK

Then, the application of the integral Cauchy formula gives

Z(
12(s +i7)] /' Z+ZT||d|

and

sup | Z(s +iT)| < —/|Z z+i7)||dz] <<L/|Z (z+iT1)||dz|.
sekK

Setting z = o + it for z € L, and using the inequality (2), we find

T
1
/sup|Z (s +iT) |dT<<L/T/|Z(Z+iT)|dT|dZ|

seK i3
T 1/2
<L ( / Z+1T)|2dT> |dz]
0
T+t]+1 1/2

1
<<L / Z(o+it)|?dT |dz|
0

Sl =

1 1/2
<<L (T T+ |t‘ 2 20’+€1> |dZ| <] T—S/Z_
Thus,
1 F
limsup = [ sup|Z(s+it)|dt < C < co.
T—c0 T. seK
0
Therefore, by (23) and Lemma 8,
1 F
sup lim sup — /sup|Zy(s +i7)|dt < R < oo.
y=21 T—oo 0 sekK

Fix e > 0 and put M; = R2'e"!,1 € N. Let Y, (s) be a H(D)-valued random element with
the distribution Py. Then,

T
1 €
P( sup|Yy(s)| > M, suphmsup—/supz (s+it)|dT < .
(sEKl g y=1 T—oo ™, 0 sEKZ’ Y ‘ 2!

Hence, we have
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P(Y,(s) €K) >1—¢

forall y > 1, where

s€K;

K= {g € H(D) :sup|g(s)| < My, I € N},

and the lemma is proved. 0O

Proof of Theorem 2. By Lemma 9 and the Prokhorov theorem, the family {P, : y > 1} is
relatively compact. Therefore, there exists a sequence {y;}, yx — o0 as k — oo such that
{Py, } converges weakly to a certain probability measure P on (H(D), B(H(D))) as k — oco.
Since the distribution of Yy, is P, we have

Y,, —— P. (24)

Define

Then, in view of Lemma 8, for every € > 0,

lim limsup P(p(Z(s), YT y(s)) > ¢)

Y= T

T
< lim lim sup % /p(Z(s +it), Zy(s +i1))dT = 0.
0

Y= T

The latter equality, relations (15) and (24) show that all hypotheses of Lemma 4 are satisfied.

Therefore, we obtain the relation

D
Zr -2 p,
T—o0

and this is equivalent to the assertion of the theorem. [

7. Proof of Theorem 1

We derive Theorem 1 from Theorem 2 by applying properties of weak convergence of
probability measures. We will approximate functions from the support of the limit measure
P of Pr in Theorem 2. The application of Theorem 2 is based on the following equivalents
of weak convergence, see, for example, [18].

Lemma 10. Let P, n € N, and P be probability measures on (X,B(X)). Then, the following
statements are equivalent.

1°p, 2 p.
n—oo

2° For every open set G C X,
h}ggf P,(G) = P(G).

3° For every continuity set A of the measure P (A is a continuity set of P if P(dA) = 0, where 0A

is a boundary of A),

lim P, (A) = P(A).
Proof of Theorem 1. Denote by F the support of the limit measure P in Theorem 2. The
set F is a minimal closed subset of H(D) such that P(F) = 1. The set F consists of all
elements f € H(D) such that, for every open neighborhood G of f, the inequality P(G) > 0
is satisfied. Obviously, F # @.
For f € F, define
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Ge = {g € H(D) :sup|g(s) — f(s)| < s}.
sekK
Then, G; is an open neighborhood of the element f of the support of P. Therefore,
P(G¢) > 0. (25)

References

Thus, by Theorem 2, and 1° and 2° of Lemma 10,

liminf;,y{r € [0,T] : sup | Z(s +it) — f(s)| < e} > P(G.) > 0.

T—o0 seK

To prove the second assertion of the theorem, we notice that the boundary 0G; lies in

{g € H(D) :sup|g(s) — f(s)| = 8}-
seK

Hence, 0G¢, N 0G,, = @ for &1 # €. Thus, P(dG,) can be positive for at most countably

many positive ¢, in other words, G is a continuity set of P, except for all but at most a

countable set of values ¢ > 0. Therefore, Theorem 2, 1° and 3° of Lemma 10, and (25) show

that the limit

T—o0 seK

lim ;y{r €[0,T] :sup |Z(s+it) — f(s)] < e} = P(G¢) > 0.

exists for all but at most countably many ¢ > 0. The theorem is proved. O

8. Conclusions

In this paper, we found that the shifts of the Mellin transform of the square of the

Riemann zeta-function {(s)
TI(1 .
Z(s) = /‘§(2+1x>
1

approximate a certain class F of analytic functions defined in the strip {s € C:1/2 < ¢ < 1}.
The main ingredient of the proof of the above result is a limit theorem for the function
Z(s) in the space of analytic functions. Note that a problem of approximation of analytic
functions by shifts of the function Z(s) is new, and it is discussed for the first time. The
main result and method are inspired by universality theorems for {(s). Unfortunately, the
set F is not explicitly given. This is a complicated future problem. Additionally, we are
planning to extend the results of the paper for Mellin transforms of other powers of {(s).
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