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c Institució Catalana de Recerca i Estudis Avançats (ICREA), Passeig Lluís Companys 23, 08010 Barcelona, Spain 
d Universitat Politecnica Catalunya (UPC), Rambla Sant Nebridi 22, 08222 Terrassa, Barcelona, Spain 
e Vilnius University, Faculty of Physics, Laser Research Center, Sauletekio Ave. 10, Vilnius, Lithuania 
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A B S T R A C T   

The design and development of advanced devices based on metamaterials to control the transmission of acoustic 
waves is a hot topic. An important class of these metamaterials is based on phononic crystals with Locally 
Resonant Structure, included in those commonly known as Locally Resonant Sonic Materials. In these meta
materials, wave control is basically performed by two mechanisms: internal (or local) resonances in the scatterers 
that form the phononic crystal, and Bragg bandgaps due to structural periodicity. Their main control feature is 
the resonance peaks forming additional stop-bands away from the Bragg frequency, mainly in the low frequency 
regime. For some applications, coupling of the two phenomena is necessary to create a broad transmission gap. 
However, when both are located in close frequency ranges, some destructive interferences can occur. In this 
paper, the authors develop a comprehensive numerical model of periodic arrays of Hemholtz resonators, which 
explains in detail the physical mechanisms of this destructive interference and, simultaneously, allows the 
reproduction of the consequences of the interference. The numerical results are supported by experimental tests.   

1. Introduction 

Metamaterials are defined as artificial structures that present phys
ical properties not found in nature. In particular, acoustic metamaterials 
exhibit high wave control characteristics [1–4] that enable the design of 
advanced devices for a large number of applications, as atenuators 
[5–8], antivibration systems [9,10], lenses [11] or gas sensing [12]. A 
particular class of these metamaterials, included in those known as 
Locally Resonant Sonic Materials [13–18], is based on phononic crystals 
formed by periodic arrays of Helmholtz Resonators (HRs) [19–24]. 
Here, the existence of HRs allows the sub-wavelength Locally Resonant 
Stop Bands (LRSBs), typically in the low frequency regimes. On the other 
hand, the periodicity of the structure is responsible for the formation of 
Bragg bandgaps (BGs). Intuitively thinking, a broad stop-band could 
potentially be created if both LRSBs and BGs are joined together. Such 
extremely broad bands would be particularly interesting for some 

applications such as noise control or mechanical engineering. However, 
some destructive interferences appear if BGs and LRSBs are located in 
close frequency ranges, as has been reported in some works [25–27]. A 
first approach to the explanation of this BG/LRSB interference phe
nomenon was presented by some of us in a previous work [28], in which 
the main physical mechanism underlying this interference was sug
gested, and a simple model to partially reproduce its effect was 
proposed. 

Here the authors present a comprehensive model that explains and 
reproduces this interference phenomenon in a general way, including 
the cases analyzed in previous works and extended by other ingredients 
such as the orientation of the HR aperture or the relative position of BG/ 
LRSB in the frequency domain. A simplified numerical model has been 
built based on the Boundary Elements Method (BEM), taking into ac
count the thermoviscous losses and supporting the results obtained with 
accurate laboratorial experiments performed under controlled 
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conditions. The model has been developed using different two- 
dimensional samples of a particular type of phononic crystal formed 
by rigid scatterers in air [29–31]. 

2. Numerical model 

For the BEM model used in this work, the classic Helmholtz equation 
is solved, accounting for the linear acoustic response of the system, 

Δp+ k2
0p = 0 (1)  

where Δ = ∂2/∂x2 +∂2/∂y2 and k0 = ω/c0, ω being the angular fre
quency and c0 the sound propagation velocity. To solve this governing 
equation, a classic BEM is applied, in the form of the boundary integral 
equation, 

c p(x0) = − iρ0ω
∫

Γ
G(x, x0)v(x, n→)dΓ −

∫

Γ
H(x, x0, n→)p(x)dΓ+ pinc(xf , x0)

(2)  

where ρ0 is the density of the medium, p(x) is the acoustic pressure at 
point x along the boundary Γ, v(x, n→) is the particle velocity at x in the 
outward pointing normal direction ( n→), c is a constant equal to 0.5 for 
smooth boundary segments, and G(x, x0) and H(x, x0, n→) are the Green’s 
functions in terms of pressure and of its derivative, i.e. the fundamental 
solutions excited by a point source at x; pinc(xf , x0) accounts for possible 
sources within the domain. Further details of this formulation can be 
found for instance in [32]. 

A sketch of the model is presented in Fig. 1a, in which periodic 
boundary conditions are imposed on the top and bottom boundaries, 
whereas the absorbing boundary conditions are considered on the left 
and right boundaries. To account for the effect of possible thermal and 
viscous losses occurring along the boundaries of the sonic crystal’s 
scatterers, a special boundary condition is imposed, in the form of a 
Boundary Layer Impedance (BLI). Several possibilities exist, such as 
those proposed by Bossart [33] or Schmidt [34]; in this work, the 
Wentzel-type boundary condition proposed by Berggren [35] is used, 

− δV
i − 1

2
ΔT p+ δT k2

0
(i − 1)(γ − 1)

2
p+

∂p
∂n

= 0 (3)  

where ΔT represents the sum of the second order spatial derivatives in 

the tangent directions; δv and δT are the viscous and thermal acoustic 
boundary-layer thicknesses, respectively, which can be defined as (ν 
being the kinematic viscosity of air), 

δV =

̅̅̅̅̅
2ν
ω

√

δT =

̅̅̅̅̅̅̅̅̅̅̅̅̅
2λ

ωρ0Cp

√

(4) 

It should be noted that the indicated BLI condition is only valid 
when, in the case of narrow paths, there is no overlapping of the viscous 
or thermal layers associated to neighbouring surfaces (a detailed dis
cussion on this point can be found in [36]). For the different geometries 
analysed in the present paper, this condition was always fulfilled. 

To obtain the results presented throughout this paper, the BEM was 
implemented using quadratic discontinuous elements, with 3 internal 
nodes per element, which allow evaluating the second order spatial 
derivatives required in Equation (3) in a simple manner. 

The geometry of the BEM model is also shown in Fig. 1a. The two- 
dimensional computational domain of length L = 1 m includes rigid 
scatterers (from 1 to 3) with external (internal) radius rext (rint). This 
model works with arrays of Closed Cylinders (CC), which serve as a 
reference, or with cylindrical HRs with length and cross-sectional area of 
the neck, An and Ln respectively. The scatterers are separated by the 
lattice constant of the square array, lc. In a previous work [28] two 
orientations of the HRs neck, 0◦ (HR0◦) and 180◦ with respect to the 
direction of an incident plane wave travelling from left to right were 
considered, showing that the insulation behaviour of both HRs arrays 
was exactly the same. However, in order to expand the scope of the 
previous model, the 90◦ orientation of the HRs (HR90◦) has been also 
considered here. A scheme of the geometry of the different scatterers 
used is given on the right of Fig. 1a, with the specific geometrical values 
of the model: lc = 0.085 m; rext = 0.0633 m; rint = 0.0417 m; d = 0,5 m; 
Ln = 0.0108 m and An = 0.015 m. With these specifications, BG and 
LRSB are around 2000 Hz and 1000 Hz respectively. However, a small 
variation in the position of the LRSB in the frequencies domain can be 
observed in Fig. 1a depending on the orientation of the HR neck [37]. 

The effect of the destructive BG/LRSB interference is apparent in 
Fig. 1b, which shows the BGs in HR0◦ (blue dotted line) that was 
analyzed in [28], and HR90◦ (red dotted line) cases, compared to the 
reference case with CC, where no interference between the two band 
gaps was identified. It can be seen that in both HRs situations the BG/ 
LRSB interference causes two effects in the BG with respect to the CC 

Fig. 1. (a) Scheme of the BEM model to explore the 
destructive BG/LRSB interference. The different types 
of CCs/HRs scatterers used are presented on the right; 
(b) Numerical insulation spectra showing the 
destructive interferences BG/LRSB for HR0◦ (blue 
dotted line) and HR90◦ (red dashed line) arrays with 
LRSB located below BG in the frequency range. The 
array of CCs, in which there is no interference, (black 
continuous line) appears as a reference; (c) Variation 
of the equivalent lattice constant in the direction of 
wave propagation, lcx, as a function of the frequency 
due to HR-induced phase shift for arrays formed by 
HR0◦ and HR90◦.   
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case,  

(i) its displacement in the frequencies range;  
(ii) a variation in its width. 

In the previous paper, the authors concluded that the displacement is 
related to the phase shift produced by the HRs in the transmitted wave. 
As shown in Fig. 1c, this phase shift can be interpreted as a change in the 
lattice from its actual value, lc = 0.17 m, in the direction of the propa
gation of the wave, OX. Therefore, an equivalent lattice constant in that 
direction, lcx, can be defined as a function of frequency, which would 
successfully explain this part of the interference phenomenon. One 
should note, however, that the second effect of the of the BG/LRSB 
interference, corresponding to the variation in the BG insulation level, 
cannot be explained using this approach. 

3. Numerical analysis 

To define a model that can successfully account for the variation in 
the insulation level occurring in the BG due to the BG/LRSB interference, 
an analysis of the insulation produced by a single row of scatterers 
located in the perpendicular direction to the wave propagation in the 
BEM model has been carried out, and is shown in Fig. 2a; this corre
sponds to removing rows 2 and 3, for the cases CC, HR0◦ and HR90◦, and 
the dependency on the lattice constant lcx is thus eliminated. Fig. 2a 
shows that the insulation of the HR0◦ case (blue dotted line) presents a 
slight increase below the LRSB and a decrease above it with respect to 
the reference case with closed cylinders (CC, black solid line), whereas 
the HR90◦ case (red dashed line) shows an opposite trend. This inter
pretation following from the same reasoning as in [28] justifies just the 
displacement of the BG in the frequency domain. Thus, the actual 
behaviour can be related either to the variation of the radii of the 
scatterers or to the variation of the equivalent lattice constant in the 
direction perpendicular the incident wave, hereafter lcy (not to confuse 
with the lattice constant in the forward direction of the wave, lcx, whose 
variation is responsible for the displacement of the BG). 

The variation of the scatterer radii in the single rows considered, 

keeping lcy constant, is presented in Fig. 2b, where several different 
calculations of a single row formed by CC varying their radii (dashed 
black lines) were superimposed with the insulation spectra shown in 
Fig. 2a. First, the radii of the scatterers have been varied by ± 25%. The 
use of this parameter does not allow obtaining single CC equivalent rows 
that reproduce the insulation behaviour of the HRs arrays, mainly due to 
the lack of insulation variation that occurs especially around 3000 Hz 
(Fig. 2b). On the other hand, some results of the insulation achieved by 
single CC rows varying lcy by ± 25% and keeping the radii of the scat
terers constant are presented by black dashed lines in Fig. 2c, super
imposed with the insulation spectra shown in Fig. 2a. From the 
intersections of the insulation spectra for HR0◦ and HR90◦ cases with the 
estimated CC ones, it is possible to approximate the equivalent lattice 
constant in the OY direction, lcy, of a CC row that presents the same 
insulation than the HR0◦ and HR90◦ cases for each frequency. The result 
is shown in Fig. 2d, where the variation of the equivalent lcy around its 
real value as a function of frequency for both HR0◦ and HR90◦ cases is 
presented. As an example, the red circles in Fig. 2c and 2d show the 
intersections of two single-row CC insulation curves with that of the 
HR90◦ case together with their corresponding equivalent lcy values. 

Application of the model of single rows to the case of arrays is further 
explored in Fig. 3. The upper part of Fig. 3a represents the variation of 
both the equivalent lcx and lcy as a function of frequency for HR0◦ (lcx by 
blue continuous line and lcy by blue dotted line) and for HR90◦ (lcx by 
red continuous line and lcy by red dashed line) arrays. Analyzing this 
figure, it follows that the variation trend of the equivalent lcx and lcy is 
different according to (i) the orientation of the HRs’ necks and (ii) the 
OX/OY directions. From these values, at the bottom of Fig. 3a, the 
equivalent CC arrays calculated for both cases (HR0◦ in blue circles and 
HR90◦ in red circles) at three frequencies (marked by vertical black 
dotted lines in the upper part of the figure) is shown. Note that for the 
first case considered (200 Hz), the equivalent CC arrays for the HR0◦

(blue cylinders) and HR90◦ (red cylinders) cases are almost the same as 
the original ones. This means that for frequencies far away from the 
resonance peak, the lc change induced by the HRs is negligible. How
ever, for the following two cases (850 Hz and 1400 Hz), at frequencies 
closely above and below the resonance frequency, the equivalent CC 

Fig. 2. (a) Insulation spectra for a single row directed 
perpendicular to the wave propagation direction, as a 
function of frequency: CC (black continuous line), 
HR0◦ (blue dotted line) and HR90◦ (red dashed line); 
the same figure but including different insulation 
spectra obtained for single CC rows by varying (b) the 
radius of the scatterers, (c) the lattice constant in OY 
direction, lcy; (d) variation of the equivalent lcy ob
tained from the previous figure for both HR0◦ (blue 
dotted line) and HR90◦ (red dashed line) rows. The 
red circles in Fig. 2c and 2d illustrate, as an example, 
the approach followed to obtain the equivalent lcy 
values.   
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arrays are deformed by the HRs in both OX and OY directions. 
These results explain the complete BG/LRSB interference phenom

enon as a change of the equivalent lattice constant produced by the HRs 
in the two directions of the original HRs array. This can be confirmed in 
Fig. 3b, where the insulation values for the different equivalent arrays of 
CC, calculated as a function of frequency (blue circles for HR0◦ and red 
squares for HR90◦), are plotted, together with the simulations of the 
destructive BG/LRSB interference for both HRs cases, already reported 
in Fig. 1b. A very good agreement between both types of simulations is 
observed. 

4. Validation and numerical experiments 

In order to validate these calculations experimentally, a set of mea
surements in an anechoic chamber of dimensions 8.00 × 6.00 × 3.00 m3 
have been carried out as summarized in Fig. 4. A prepolarized free-field 
1/2′′ microphone Type 4189B&K and a directional sound source GEN
ELEC 8040A emitting continuous white noise, located at 1 m from the 
sample have been used. The position of the microphone is determined by 
using a Cartesian robot, called three-dimensional Robotised e-Acoustic 

Measurement System (3DReAMS) [38]. This robot is capable of 
sweeping the microphone through a 3D grid of measuring points located 
at any trajectory inside the chamber. The microphone acquires the 
temporal signal when the robotised system is turned off. Then the signal 
is saved and the frequency response of the measured sample is obtained 
using the Fast Fourier Transform (FFT). For both the data acquisition 
and the motion of the robot, National Instruments cards PCI-4474 and 
PCI-7334 have been used together with the Sound and Vibration Toolkit 
and the Order Analysis Toolkit for LabVIEW. A picture of 3DReAMS is 
shown at the upper part of the Figure First, the insulation spectra for the 
CC, HR0◦ and HR90◦ cases have been measured with the original lcx and 
lcy values (lcx = lcy = 0.17 m). 

These measurements demonstrate experimentally the existence of 
the BG/LRSB interference previously shown by BEM simulations. 
Furthermore, in order to validate our comprehensive model, the insu
lation of several equivalent CC arrays determined by varying their 
equivalent lcx and lcy has been measured for both HR0◦ and HR90◦

cases. A good agreement between these values and the insulation spectra 
obtained for the HR0◦ and HR90◦ starting arrays can also be observed, 
which supports our model. The possible difference between the 

Fig. 3. (a) Variation of the equivalent lcx and lcy as a 
function of frequency for the starting HR0◦ and HR90◦

arrays, calculated according to our approach. The lc 
value of the starting square array is shown as a 
reference (black continuous line). Three examples of 
equivalent CC arrays formed with the corresponding 
equivalent lcx and lcy for different frequencies can be 
seen at the bottom of the figure. The starting HR0◦

array is represented as an eye guide in black; b) Nu
merical simulation of the insulation versus frequency, 
showing the destructive BG/LRSB interference for 
HR0◦ (dotted blue line) and HR90◦ (red dashed line) 
cases. Different numerical values of the insulation 
have been added, obtained with the proposed model, 
using the corresponding equivalent CC arrays for 
HR0◦ (blue circles) and HR90◦ (red squares) cases.   

Fig. 4. A) experimental insulation spectra versus frequency showing the destructive bg/lrsb interference for hr0◦ (blue continuous line) and hr90◦ (red continuous 
line). experimental insulation values for some equivalent cc arrays following the model proposed have been measured for hr0◦ (blue circles) and hr90◦ (red squares) 
cases. the diffraction limit due to the finite size of the samples is also represented (black dotted line). b) a picture of the experimental setup used is shown in the inset. 
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numerical and experimental results can be explained by the finite size of 
the sample considered, which implies the appearance of a diffraction 
limit, understood as the maximum insulation value that can be obtained 
for these finite samples. 

Finally, to show the robustness of the proposed model, Fig. 5 shows 
its applicability to three different cases in which the relative positions of 
BG and LRSB in the frequency domain are varied, verifying its results 
against those provided by the complete BEM model, including the 
resonant elements. 

In Fig. 5a results are presented for the case, already analysed, in 
which the LRSB is below the BG in the frequency domain (BG≈2000 Hz 
and LRSB≈1000 Hz). On the left side of the figure the simulated values 
of the equivalent lcx and lcy for the HR0◦ and HR90◦ cases can be seen, as 
a function of frequency. On the right side, the simulated insulation 
spectra of the starting CC, HR0◦ and HR90◦ arrays are plotted, together 
with the insulation results of some equivalent CCs arrays calculated 
following this model. In addition, Fig. 5b and 5c represent the results 
where there is an overlap in the position of BG and LRSB (BG≈2000 Hz 
and LRSB≈1600 Hz) and where LRSB is above BG in the frequency 
domain (BG≈2000 Hz and LRSB≈2200 Hz), respectively. A good 
agreement is observed between the results of both the HR0◦ and HR90◦

cases with the equivalent arrays formed by CCs, showing the suitability 
of the model. 

5. Conclusions 

In the present paper, the authors presented a complete model that 
successfully explains and reproduces the interference between the Bragg 
Bandgap and the Local Resonance Stop Bands in acoustic metamaterials 
consisting of phononic crystals formed by periodic arrays of Helmholtz 
resonators. This interference has a double effect on the Bragg Bandgap of 
these metamaterials: (i) a displacement in the frequency domain and (ii) 
a variation in its insulation level. In a preceding work it was proved that 
the displacement of the Bragg Bandgap can be understood as a virtual 
change in the lattice constant of the array in the direction of the prop
agating wave, and allows the definition of an equivalent lattice constant 
in that direction, lcx, which exactly reproduces this phenomenon. In the 
same line, the variation in the insulation level of the Bragg Bandgap can 
be explained as the lattice constant change however in the direction 
perpendicular to the direction of the wave, lcy. In order to generalise the 
proposed model, which postulates the existence of equivalent arrays of 
closed cylinders formed with equivalent lattice constants, lcx and lcy, it 
has been successfully applied to three cases where the relative Bragg 
Bandgap/Local Resonance Stop Bands position has been varied. The 
numerical results obtained show the robustness of the proposed model. 
The numerical simulations performed for the formalisation of the model 
have been validated with accurate experiments under controlled con
ditions. The results obtained may help to improve the design of 

Fig. 5. Application of the comprehensive model to 
three different cases of interference as a function of 
the relative position of the BG/LRSB in the frequency 
domain. On the left is plotted the variation of the 
equivalent lcx and lcy as a function of frequency for 
the HR0◦ and HR90◦ cases. On the right the insulation 
spectra is shown for the CC (black solid line), HR0◦

(Blue dotted line) and HR90◦ (red dashed line) cases, 
together with the results of the adjustment performed 
following the proposed model for both HR0◦ (blue 
circles) and HR90◦ (red squares) arrays; (a) LRSB 
below BG (LRSB≈1000 Hz and BG≈2000 Hz); (b) 
LRSB/BG overlapping (LRSB≈1600 Hz and BG≈2000 
Hz); (c) LRSB above BG (LRSB≈2000 Hz and 
BG≈2200 Hz).   
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advanced technological devices for wave control based on this kind of 
metamaterials. 
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