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Introduction

Let s = o + it be a complex variable. The Lerch zeta-function L(\, «,s)
with parameters A € R and o € R, 0 < a < 1, is defined, for ¢ > 1, by

27r1)\m

L\ a, ) Zera

m:O

and by analytic continuation elsewhere. If A € Z, then L(\, «, s) reduces to the

Hurwitz zeta-function

o0
sazzm+a o>1,

m=0

which is a meromorphic function with a simple pole at s = 1 and Ress—1({(s,a) =
1. If A € Z, then L(\, «,s) is an entire function. In this case, without loss of
generality, we can suppose that 0 < \ < 1.

The Lerch zeta-function was introduced independently in [52] and [53]. For
all s, the function L(\, «, s) with 0 < A < 1 satisfies the functional equation

_T(s)
(2m)°

(exp{% —2mia}L(—a, A, s)+

exp{—% +2mia(l — N)}L(e, 1 — A, 5)).

Several proofs of this equation are known. The first proof was given in [52].
A proof in [1] is based on a transformation formula and difference differential
equation satisfied by the function L(A, «,s). In [65], the Poisson summation
formula is applied, while the paper [64] uses the Fourier series method. B.C.
Berndt proposed [4] simple proofs using the contour integration as well as the
Euler-Maclaurin summation formula, see also [46].

The theory of the function L(\, «, s) is given in [46]. Chapter 5 of [46] is
devoted to statistical properties of the Lerch zeta-function. There limit theorems

in the sense of weak convergence of probability measures in various spaces for
L(\, a, s) can be found, see also [12], [16], [47], [49] and [50].

Actuality

The Lerch zeta-function is not so important in analytic number theory as,
for example, the Riemann zeta-function or Dirichlet L-functions. On the other
hand, the function L(\, «, s) is a classical zeta-function, except for some particu-
lar cases, having no the Euler product over primes, therefore, it is interesting to



compare its properties with those of zeta-functions with Euler product. More-
over, the function L(\, a, s) depends on two parameters A and «, and is governed
by arithmetic nature of them. Thus, the Lerch zeta-function is a very attractive
classical mathematical object.

An idea of application of probability methods in the theory of zeta-functions
comes back to H. Bohr. He prevised that the complicated value distribution
of zeta-functions can be described by probabilistic laws. H. Bohr, B. Jessen
and A. Wintner [6], [7], [33] were the first who proved probabilistic limit the-
orems for zeta-functions. Last fifteen years is a new period of development
of Bohr’s approach. D. Joyner [34], B. Bagchi [2], K. Matsumoto [56]-[63], J.
Steuding [66], A. Laurincikas [40] and his students R. Kacinskaité [35], [36],
R. Slezeviciené [67], I. Belovas [3], J. Ignataviciate [27]-[32], J. Genys [25], V.
Garbaliauskiené [11], R. Macaitiené [55] created the modern probabilistic the-
ory of zeta-functions having important applications in the universality theory.
Therefore, this research direction has a large influence in development of math-
ematics.

Probabilistic limit theorems for the Lerch zeta-function with transcendental
and rational parameter a were obtained by A. Laurincikas, R. Garunkstis, K.
Matsumoto, J. Steuding and others [12], [16], [19], [23], [41], [43], [44], [46], [47],
[48], [50], [51]. However, the most complicated case of algebraic irrational
remained an open problem till now. In the thesis, this gap in the theory of the
Lerch zeta-function is filled.

Aims and problems

The aim of the thesis is to prove probabilistic limit theorems of the Lerch
zeta-function L(\, «, s) with A € (0,1) and algebraic irrational parameter .
The specified problems are the following:

1. To prove a limit theorem on the complex plane for L(\, a, s) with alge-
braic irrational parameter a.

2. To prove a joint limit theorem on complex plane for a collection of Lerch
zeta-functions with algebraic irrational parameters.

3. To prove a limit theorem in the space of analytic functions for L(\, «, s)
with algebraic irrational parameter «.

Methods

Proofs of limit theorems are based on the analytic theory of the Lerch zeta-
function as well as on the theory of weak convergence of probability measures.
The method of contour integration, Prokhorov’s theorems and elements of er-
godic theory are applied. Also, a result of Cassels on the linear independence of
the system {log(m + «) : m € Cy} with algebraic irrational « plays an impor-
tant role in proofs. This is a new moment in the theory of value distribution of
zeta-functions.



Novelty

All results of the thesis are new. Limit theorems for the Lerch zeta-function
with algebraic irrational parameter « are obtained for the first time.

Defended results of the thesis

1. A limit theorem in the sense of weak convergence of probability measures
on the complex plane for the Lerch zeta-function L(\, «, s) with algebraic irra-
tional parameter a.

2. A joint limit theorem in the sense of weak convergence of probability
measures in the complex plane for Lerch zeta-functions with algebraic irrational
parameters.

3. A limit theorem in the sense of weak convergence of probability measures
in the space of analytic functions for L(\, «, s) with algebraic irrational param-
eter a.

History of the problem and main results

For a long time, the Lerch zeta-function L(\, «,s) was forgotten. Only in
1987, D. Klusch [37] obtained the asymptotic formula for the mean square of
L\ a,s)

T

N TlogT if o=31,
/\L()\,a,0+zt)| dt { T¢(20,0) if L<o<l,
0

as T— oo. Two years later, he gave [39] the asymptotic expansion in ¢ for the
integral

oo

/ |L(\, o, 0 + it)| e 04t
0

The above results stimulated the probabilistic investigations in the theory of
the Lerch zeta-function.

The results mentioned of D. Klusch were improved in [20] by using an approxi-
mate functional equation for L(\, a, s) obtained in [21].

Let, for T > 0,

vh(..) = %meas{t €1[0,7]: ...},



where in place of dots a condition satisfied by t is to be written. Throughout
the dissertation we suppose that 0 < A < 1. First we recall some limit theorems
on the complex plane for the function L(A,a,s). Denote by B(S) the class of
Borel sets of the space S, and define

Pr(A) = Vi (L(\, a,0 +it) € A), A€ B(C).

In [15] the following assertion is given (see also [46]).

Theorem A. Let o > % be fized. Then, for arbitrary o, 0 < o < 1, there
exists a probability measure P on (C,B(C)) such that the probability measure
Pr converges weakly to P as T — oo.

In Theorem A, only the existence of the limit measure for Pr is obtained.
However, it is important for applications to know an explicit form of the limit
measure. Such the form of the measure P in Theorem A in the case of tran-
scendental or rational « follows from limit theorems in the space of analytic
functions.

Denote by 7 the unit circle on C,i. e. vy = {s € C: |s| = 1}, and define

0o
Ql = H Tms
m=0

where 7, = v for m € Cy. By the Tikhonov theorem, with the product topol-
ogy and pointwise multiplication the infinite-dimensional torus 2 is a compact
topological Abelian group. Therefore, on (21, B(;)), the probability Haar
measure mjy exists. This gives the probability space (Q1,B(Q1), m1g). Let
wi(m) be the projection of wy € €; to the coordinate space v,,, m € Cy. For
o> % and wi € Q4 define

e e27ri)\mwl (m)
Ll()‘a Q, o, Wl) = Z T No
m=0 (m + Oé)

Then Lq (A, a, 0,w1) is a complex-valued random variable defined on the proba-
bility space (21, B(21), m1p). Theorem 5.2.2 of [46] implies the following result.
We recall that « is transcendental if there is no polynomials P(s) # 0 with ra-
tional coefficients such that P(a) = 0.

Theorem B. Suppose that the parameter « is transcendental. Then the
probability measure Pr converges weakly to the distribution of the random vari-
able
Li(\a,0,w1) as T — oo.



We recall that the distribution of L; (), v, 0,w1) is the probability measure
Pr,, defined by

PLI(A)=m1H(W1 e :L1(>\,Oé,0',wl) EA), AE%(C)

Now let

Q2 = HVpa

peP

where v, = ~ for all primes p. Similarly to the case of §};, we obtain the
probability space (22, B(22), mag ), where mop is the probability Haar measure
on (Q2,B(s)). Denote by wa(p) the projection of wy € Qs to the coordinate
space vp, p € P. For m € C, we put

wa(m) = T wi(p),

p¥[|m

where p*|m means that p*|m but p**1 /m. This construction allows us to

consider the case of rational a. Let o = %, a,q€C,1<a<ygq,and (a,q) = 1.

For o > %, define on (Q3, B(Q2), map) the complex-valued random variable

LZ()\7O‘7 S7w2) by

s —2miNL - e2ﬂi>\%w2(m)
Lo\ o, 5,w2) = wa(q)q°e - Z s w2€ Qo,

m=1
m=a(modq)

and let Pr, denote the distribution of La(\, a, s, wa):

PL2(A) = mQH((UQ € Qo : LQ()\,Q, S,WQ) € A), Ae B(C)

Then from Theorem 5.4.1 of [46] the following statement follows.

Theorem C. Let a = ¢, a,q € C, 1 < a < ¢, and (a,q) = 1. Then the
probability measure Pr converges weakly to the measure Pr, as T — oo.

J. Ignataviciuté [27], [32] obtained the discrete versions of theorems A, B,

C. Theorems B and C show that it remains to consider the case of an algebraic
irrational parameter . We recall that « is algebraic number if it is a root of a
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polynomial with rational coefficients. Chapter 1 of this dissertation is devoted
to the latter problem. So, o denotes an algebraic irrational number, 0 < o < 1.
Let

L(a) = {log(m + a) : m € Cp}.

In [8] J. W. S. Cassels obtained that at least 51 percent of elements of the set
L(a) are linearly independent over the field of rational numbers Q. Let I(«)
be a maximal linearly independent over Q subset of L(«). If I(«) = L(«), then
we have the same situation as in the ease of Theorem B, since the set L(«)
with transcendental « is linearly independent over Q. Therefore, we suppose
that I(a) # L(a) and denote D(«) = L(«) \ I(w). Then, for any element
dm € D(w), the set {d,} |JI(«) is linearly dependent over Q. Therefore, there
exist a finite number of elements i, (m), ..., im, ., (M) € I(a) and numbers
ko(m), ..., kn(m) € Z\ {0} such that

Fo(m) e ()

Since the elements of L(«) are log(m + «), we find that

ky(m) —kn (m)

m+a = (mi(m)+ a) Folm ...(mn(m) (m) + @) Folm) (0.1)

Now define two subsets M («) and N («) of Cy by

M(a) ={m e Cqy : log(m+ «) € I(a)},

N(a) ={m € Cq : log(m + a) € D(a)},

and let

Q= H Tms

meM (o)

where v, = v for m € M(«). Then Q is also a compact topological Abelian
group. Therefore, on (2, B(£2)), the probability Haar measure my exists, and

11



this leads to the probability space (2, B(Q2), mpy). Denote by w(m) the projec-
tion of w € Q to the coordinate space v,,, m € M(«). We extend the function
w(m) to the whole set Cq by putting, for m € N («),

ky(m) K (m)

w(m) = w Fotm (my(m))..w Fo (My () (M)) (0.2)

if (0.1) takes place. Here the principal values of the roots are taken. So, we
have that {w(m) : m € Co} is a sequence of complex-valued random variables
defined on the probability space (2, B(Q2),mg).

Denote by A a class of algebraic irrational numbers o, 0 < o < 1, for which
Z;Ezg s k%g?;(f)n) in (0.2) are integer. If o € A, then is easily seen
that {w(m) : m € Cy} is a sequence of pairwise orthogonal random variables on
the probability space (2, B(Q2), my). Therefore, using the Rademacher theorem
on series of pairwise orthogonal random variables, see, for example, [54]) we can
obtain in a standard way that, for o > %,

the numbers

e27ri>\mw(m>

L\ a,0,w) = Z —
= (m+a)

is a complex-valued random variable defined on the probability space
(Q2,B(2),mp). Denote by Pr, the distribution of the random variable L(\, o, o, w).
The main result of Chapter 1 is the following assertion.

Theorem 1.1. Suppose that X € (0,1), « € A, and 0 > % Then the
probability measure Pr converges weakly to Pp as T — oc.

Note that an analogue of Theorem 1.1 for Hurwitz zeta-function was ob-
tained in [51]. However, we propose a simpler and shorter proof.

Chapter 2 is devoted to a joint limit theorem on the complex plane for Lerch
zeta-functions with algebraic irrational parameters.

The first joint limit theorem in the complex plane for Lerch zeta-functions
was obtained in [47], see also [46].

Theorem D. Suppose that r > 1 and 1I<IllI<1 o; > % Then, for all real
<j<r

Ay Apand o, .00, 0 < a5 <1, j = 1,...,r, there exists a probability
measure P on (C",B(C")) such that the probability measure

Vi ((L(A\1, 00,01 +it), ... LA, o, 0 +it)) € A), A€ B(C),

converges weakly to P as T — o0.

12



In Theorem D, the limit measure P is not explicitly given. A joint limit
theorem with explicitly given limit measure in the space of analytic functions for
Lerch zeta-functions was obtained in [47], [49] and [46]. Let D = {s € C: o > 1},
and let H(D) denote the space of analytic on D functions equipped with the
topology of uniform on compacta. Denote by H"(D) the Cartesian product
H(D) x ... x H(D). From the mentioned limit theorem in the space H" (D), a

T
joint limit theorem on C” follows.

Denote Q" = [] Qi;, where Q;; = Q for j = 1
j=1

,..,7.  Then again

Qg’h) is a compact topological Abelian group, and we have a probability space

(QY)7 B(QY)), mg?l), where mgrf)l is the probability Haar measure on (Qgr), B(QY))).

Denote by w; = (w11, -..,w1,) the elements of QY), where wy; € Q45,5 =1,...,7.

Let, for brevity, A = (A\,..., \s), a = (a1,...,), ¢ = (01,...,0,). Define on
(QY), B(QY)), m(l?l) the C"-valued random element

1

where, for o; > 3,

L(Nj, oj,05,w1j) =

Py(4) = m{ (w, € 0 LA a,0,0) € 4), A€ B(C),

and define the probability measure
Pr(A) = vk ((L(A1, a1, 01 + it), ..., L(A, a0y + it)) € A), A€ B(C).

The numbers aq, ..., o, are algebraically independent over Q if there is no
polynomial P # 0 with rational coefficients, such that P(aq,...,a,) = 0.

Theorem E. Suppose that \; € (0,1), j = 1,...,r, the numbers a1, ..., a,
are algebraically independent over the field Q, and 1I<mr<1 o; > % Then the prob-
<j<r

ability measure Pp converges weakly to the measure Py, as T — oo.

13



If the numbers ag, ..., . are algebraically independent over Q, each number
aj, j = 1,...,r, is transcendental. Our aim is to obtain a joint limit theorem
with algebraic irrational numbers aq, ..., a;.

Now suppose that «,...,a, are distinct algebraic irrational numbers, 0 <
aj <1,j7=1,..,7 Define

= H o
j=1

where

Qj = H Tm

meM(ay)

with v, = v for m € M(q;), j = 1,...,r. Since each torus €; is a compact
topological Abelian group, 2" is such a group as well. Thus, we obtain a prob-
ability space (2", B(Q"),m%;), where m}; is the probability Haar measure on
(Q",B(Q27)). Let, as above, w = (wl,...,w,.) € 0, where w; € Q;, j =1,...,r,
A= (A, N), a = (a1,..,0a,) and ¢ = (01,...,0,). On the probability
space (Q7,B(Q"),m};) define the C"-valued random element L(),a, o,w), for

1
1r<njlgr oj > 3, by

L(Avgag7ﬂ) - (L()\laalval7wl)7 7L()‘7"7a7“70-7"aw7'))a
where

27N m, )

e
LA, aj,05,w;)
(Aj, a,05,wj) = Eo: m—l—a]

and w;(m) is the projection of w; € Q; to 7y, if m € M(a;) or the relation of
type (0.2) if m & /\/l(aj) j=1,..,r. Let Qp denote the distribution of the

Theorem 2.1. Suppose that \; € (0,1), j =1,...,r, and that a1, ..., o, are
distinct algebraic irrational numbers from the class A such that the set

LTJIa

j=1

14



is linearly independent over Q, and 1r<r11£1 o; > % Then the probability measure
IST

P converges weakly to the measure ZQL as T — oo.

The aim of Chapter 3 is to obtain an analogue Theorem 1.1 in the space of
analytic functions.

Let L()\, a, s,w) be the H(D)-valued random element defined on the proba-
bility space (2, B(Q2), mg) by

> 2miAm

L\ a,s,w) = Z eiw(m)

! (0.3)
m=0 (m + OL)

Define

Pru(A) = vi(L(\a,s +ir) € A), A€ B(H(D)).

The main result of Chapter 3 is the following statement.

Theorem 3.1. Suppose that A € (0,1) and « € A. Then the probability
measure Pr g converges weakly to the distribution Pr, of the random element
L\ a,s,w) as T — oo.

In the case of an absolute convergence region, we can remove the condi-
tion « € A. Let Dy = {s € C: 0 > 1}, and the H(D;)-valued random element
L(\ o, s,w) is a restriction of L(\, o, s,w) to H(Dy).

Theorem 3.2. Suppose that A € (0,1) and « is an algebraic irrational
number. Then the probability measure

vp(L(A\,a,s+i1) € A), A€ B(H(Dy)).

converges weakly to the distribution of the H(D1)-valued random element
L\ a,s,w) as T — oo.

Discrete limit theorems in functional spaces for the function L(\, a,s) are
obtained in [28]-[32]. The universality and functional independence of Lerch
zeta-functions are investigated in [13], [17], [19], [42], [45], [48] and [32]. The
zeros distribution problems are treated in [14], [18], [19], [22] and, in connection
with the Lindel6f hypothesis, in [24]. The results of the thesis are theoretical.
They fill a gap in probabilistic theory of the Lerch zeta-function, and can by
applied for further investigations of this function.

15



Approbation

The results of the thesis were presented at the Conferences of Lithuanian
Mathematical Society (2007, 2008, 2009), as well as at the seminar on number
theory of Vilnius University and the seminar of the faculty of Mathematics and
Informatics of Siauliai University.
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Outline of the thesis

The thesis consists of the introduction, three chapters, conclusions, bibli-
ography and notation. In Introduction a short review on the actuality of the
research field is given, the aims and problems are stated, the methods and the
novelty of results are discussed. The history of results related to the thesis is
also presented. In Chapter 1, a limit theorem on the complex plane for the
Lerch zeta-function with algebraic irrational parameter is proved. Chapter 2 is
devoted to a joint limit theorem on the complex plane for Lerch zeta-functions
with algebraic irrational parameters. Finally, in Chapter 3, the limit theorems
in the space of analytic functions for the Lerch zeta-function with algebraic
irrational parameter are proved.
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Chapter 1

A limit theorem on the complex plane for
the Lerch zeta-function with algebraic
irrational parameter

Let 0 < A < 1, and «a be an algebraic irrational number, 0 < o < 1. In
this chapter, we obtain a limit theorem on the complex plane for the Lerch
zeta-function defined, for o > 1, by

27iAm

L\ a,s) = ZO(:;HrOL)S' (1.1)

Since A\ € Z, the function L(\, a, s) has analytic continuation to an entire func-
tion.

1.1. The statement of the main theorem

Denote by meas{A} the Lebesgue measure of a measurable set A C R and
let, for T' > 0,

vh(..) = %meas{t €0,17]:...},

where in place of dots a condition satisfied by ¢ is to be written. Define the
probability measure Pr on (C, B(C)) by

Pr(A) = vh(L(\, o, 0 +it) € A), A e B(C),

where, as usual, B(S) stands for the the class of Borel sets of the space S.
Let

L(a) = {log(m + a) : m € Cp},

and let I(a) be a maximal linearly independent over the field of rational num-
bers Q subset of L(«). We suppose, that I(«) # L(«) and denote D(«a) =
L(a) \ I(a). Then, for any element d,, € D(«), the set {d,,}|JI(a) is already
linearly dependent over Q. Therefore, there exist a finite number of elements

17



iy (M), ey T,y (M) € I() and numbers ko(m), ..., k,(m) € Z\ {0} such that

Wiml(m) (m) — . — ko(m) imn(m) (m)

Since the elements of L(«) are of the form log(m + «), we have that

]{)1 (m)
ko(m)

kn(m)
Fo(m) log (M (m) (M) + ).

log(m + o) = — log(m1(m) + @) — ... —

Hence we find that

k1(m) kn(m)
m+ o = (my(m) + @) R0 (M) (M) + @)~ Fatm (1.2)

Now define two subsets M («) and N () of Cy by

M(a) ={m € Cy : log(m + a) € I(a)},

N(a)={m e Cy:log(m+a) € D(a)},

and let

Q= H Yms

meM(a)

where v, = {s € C : |s| = 1} déf’y for m € M(«a). Then € is also a compact
topological Abelian group; therefore, on (2, B(€2)), the probability Haar measure
my exists, and this leads to the probability space (2, B(2), my). Denote by
w(m) the projection of w € Q to the coordinate space v, m € M(a). We
extend the function w(m) to the whole set Cy by putting, for m € N («),

_k1(m) _kn(m)
w(m) = w™ Fotm (my(m))..w FoT™ (Mg (M)),

if relation (1.2) takes place. Here the principal values of the roots are taken.
For a given algebraic irrational «, there is no any concrete information on the

18



set L(a). Therefore, all hypotheses are possible. In the sequel, we suppose that
ﬁ;% e 2’;((::)) are integer for all M € N(a) and denote the class
of such numbers o, 0 < @ < 1, by A. Then we have that {w(m) : m € Co} is
a sequence of pairwise orthogonal complex-valued random variables defined on

the probability space (2, B(Q),mg). For o > % on (9, B(), mg) define the

2
complex-valued random variable L(\, a, 0,w) by

the numbers

L\ a,0,w) =

m=0

e27r7,'/\’rnw(,,n)

(m+a)” -

Denote by Py, the distribution of the random variable L(\, o, 0,w).
The main result of this chapter is the following assertion.

Theorem 1.1. Suppose that X € (0,1), « € A, and ¢ > % Then the
probability measure Pr converges weakly to Py, as T — oo.

1.2. A limit theorem on the torus (2

In this section, we prove the weak convergence of the probability measure

Qr(A) =vh ((m+a) ™ :me M(a) € A), AcB(Q).

Theorem 1.2. Let o be algebraic irrational. Then the probability measure
Q1 converges weakly to the Haar measure my as T — oo.

Proof. The dual group of 2 is isomorphic to

B Zm,

meM(a)

where Z,, = Z for all m € M(«). The element k = {k,, : m € M(a)} €

@D Z,,, where only a finite number of integers k,, are distinct from zero,
meEM(a)
acts on €2 by

w— wk = H wkm(m), weQ.
meM(a)

Therefore, the Fourier transform gr(k) of the measure Q7 is
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ar)= [ T] w*mdQr =

Q meM(a)

el

1 T
0

meM(a)

T

1

= T/GXP —it Z kp log(m + ) p dt.
0 meM(a)

The set I(«) is linearly independent over Q. Thus

— expq —iT km log(m+a) » —1
gr(k) = p{ A me%m) & )} if E#0
ST T Tog(mTa) S
meM(a)

From this we have that

Thi%ogT(k):{ 0 if k#£0.

Therefore, in view of Theorem 1.4.2 of [26] we obtain that the measure Qr
converges weakly to mpg as T' — oo.
Note, that Theorem 1.2 is also given in [51], Lemma 4. However, the above

proof is shorter and clearer.

1.3. Limit theorems for absolutely convergent
Dirichlet series

Let 01 > £ be fixed. For m € Cy , define

lu(s,a) = —T (3) (m+a)*,

01 01
where I'(s) denotes the Euler gamma-function. For o > %, define
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1 0’1+iDO d
L,(\a,s) = 5 / L\ a,s+ z)ln(z7a)?z
Ul—iOO

We have o + o1 > 1; therefore, for Rez = oy, the function L()\, «, s) is repre-
sented by the absolutely convergent Dirichlet series

> Zm)\m

L(A,
( OéS“FZ Z:Om+as+z

Now define
2miAm a1t oo l d
bn(/\,oz7m): e ‘ / n(ZaOé) i
2mi - (m+a) 2

Then, in view of the well-known estimates for the function I'(s), we find that

In( t)]
bn (A, a,m) <5 (M + @)™ / bn(o1 +it) dt L (M +a)™7
|0'1 +’Lt|

Here f(z) <g g(v), g(x) > 0, € X, means that there exists a constant
C = C(0) > 0 such that |f(z)| < Cg(z) for all z € X. Therefore, the series

L ba(\ a,m)
2 oty

converges absolutely for o > % Now the interchange of order of summation and
integration yields

o1-+100 .
i b (A, o, m) 1 1/ In(z, @) i e2miAm 4
_— = — Z =
= (m+a) 2mi z (m+ )5tz

01 —100
=L,(\q,s). (1.3)
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Now let

vn(m, ) = exp{ @iz)g}

Then the Mellin inversion formula

1 b+ico
— / T(s)a *ds=e"% a,b>0,
2mi

b—ioco

shows that

bu(\, a,m) = XAy (m, a).

Thus, we have by (1.3) that

o 2miAm

Lo\ a,s)= ZO (m

)

the series being absolutely convergent for o > %
For o > % and wg € (2, define

ezﬂi’\mvn(m, a)wo(m)

(m+a)?

L,(\ a,s,w) = i

m=0

In this section, we consider the weak convergence of the probability measures

Pr,(A) = vk (L,(\, a0 +it) € A), AeB(C),

and, for wy € Q,

Prn(A) = vh (Ly(\, o, 0 +it,w) € A), A e B(C).
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Let S and S be two metric spaces, P be a probability measure on (S, B(S5)),
and let h be Si-valued measurable function defined on (S, B(S)). Then P in-
duces the unique probability measure Ph~! on (S1, B(S1)) defined by the equal-

1ty

for A € B(Sy).
Denote by Dy, the set of discontinuity points of h.

Lemma 1.1. Suppose that P(Dy) = 0 and P, converges weakly to the mea-
sure P as n — co. Then P,h™! converges weakly to Ph™' as n — oo.

Proof. The lemma is Theorem 5.1 from [5].

Theorem 1.3. Let a be algebraic irrational and o > % Then the probability
measures Pr, and PT,n both converge weakly to the same probability measure

on (C,B(C)) as T — oo.

Proof. Define the function u : Q — C by the formula

> e2m Ay (m, a)w(m)

(m+a)

u(w) =

m=0

Since the series converges absolutely for o > %, the function u is continuous.
Moreover,

u({(m+a) " :me M(a)}) =

& e27ri)\mvn(m’ a) )
=2 eyt = baao i),

m=0

Therefore, we have that Pr, = Qru~!, where, for A € B(C), Qru=1(A) =
Qr(u~tA), and using the continuity of u, Theorem 1.2 and Lemma 1.1, we
obtain that the measure Pr, converges weakly to m gu~las T — oo.

Now define uq : Q@ — Q by the formula 11 (w) = wwp. Then we obtain that

(s ({(m + )~ s m € M(@)}) =
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2771;)\m,Un (m, Oé)wo (m)

o0 e .
- Z (m + Oz)‘”rit = Ln()\, a,0 + zt,wo).
m=0

Therefore, similarly to the case of Pr ,, we find that the measure PT,n converges
weakly to mz(uuy)~! as T — co. However, the invariance of the Haar measure
mpy shows that mpy (uui) ™" = (myuy)u = myu~', and the theorem is proved.

1.4. Approximation in the mean

To prove that the function L(\, «, s) has a limit distribution, i. e., that the
measure Pr converges weakly to some measure on (C, B(C)) we have to pass
from the function L, (), «,s) to L(A, a, s). For this, we need an approximation
of L(\, a, 8) by L, () «,s) in the mean.

Lemma 1.3. Let 0 > % Then

T
1
lim lim sup T / |IL(A\, o, 0 +it) — L (A, o, 0 +it)|dt = 0.
0

n—oo T—o00

Proof. Let K be a compact subset of the half-plane {s € C: o > 3}. In
[46], Lemma 5.2.11, it is proved that, for transcendental «,

T
1
lim limsup — / sup |L(\, a,0 +it) — L(\, o, 0 +it)|dt = 0. (1.4)

n—=00 T—oco sEK

However, it is easily seen that the proof is independent of the arithmetic of the
number «. Thus, the lemma is a corollary of relation (1.4).

The case of approximation L(\, a, s,w) by L, (A, a, s,w) in the mean is more
complicated. First, we have to establish the boundness of the mean square
for L(\, a, s,w). For this, we will apply the Birkhoff-Khintchine theorem from
ergodic theory.

For t € R, we put

ar={(m+a)™™:meM()},

and define the family {¢; : t € R} of transformations on Q by ¢;(w) = a;w for
w € Q. Then {y; : t € R} is an one-parameter group of measurable measure-
preserving transformations on the torus . We recall that a set A € B(Q) is
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invariant with respect to the group {p; : t € R} if, for each ¢, the sets A and
Ay = ¢1(A) differ one from another by a set of zero mpg-measure. The group
{¢¢ : t € R} is ergodic if its o-field of invariant sets consists only of sets having
mp-measure equal to 1 or 0.

Lemma 1.4. Suppose that « is algebraic irrational. Then the one-parameter
group {p; : t € R} is ergodic.

Proof. The lemma is Lemma 7 from [51].

Let Y be the space of finite real functions y(7), 7 € R. If is well known that
the family of finite-dimensional distributions of each random process determines
a probability measure @ on (Y,B(Y)). On the probability space (Y, B(Y),Q),
the translation g, : Y — Y can be defined by ¢,(y(7)) = g(7 — u). A strongly
stationary process X (7,w) is called ergodic if its o- field of invariant sets consists
only of sets having @-measure equal to 0 or 1.

The following statement is the classical Birkhoff-Khintchine theorem, see,
for example, [10].

Lemma 1.5. Suppose that a process X (t,w) is ergodic, E|X (t,w)| < oo,

and that sample paths are integrable almost surely in the Riemann sense over
every finite interval. Then

T

. 1

Tl;r{l)oT/X(t,w)dt—EX(O,w).
0

Lemma 1.6. Suppose that o € A and o > % Then, for T — oo,

T
/ IL(\, 8,0 +it,w)|?dt < T
0

for almost all w € Q.

Proof. For m € Cgy, we put

e?ﬂ'i)\mw(m)
X (A = —).
m( 7a7s7g’w) (m_’_a)o-
Then, obviously,
E| X, (A 2= L
[ Xm (A, 0,w))| _W.
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Thus, in view of the orthogonality of the random variables w(m),

oo o0 1
E|L(\, o, 0,w)|* = Z E| X\, o, 0,w)|? = Z T <oo.  (1.5)

m=0 m=0
However,

|IL(\, @, o, cpt(w))|2 =|L(\, a,0 4+ it,w)\g,

and Lemma 1.5 implies the ergodicity of the process |L(\, a, 0 +it,w)|?. There-
fore, by Lemma 1.5

i
T—

T
1
lim T/|L()\,oz,a+it,w)\2dt:E|L()\,oz,a,w)|2
0

for almost w € Q. This togehther with (1.5) proves the lemma.

Theorem 1.4. Suppose that « € A and o > % Then

T
1
lim limsup — / LA\, i, 0 +it,w) — Ly (A, o, 0 + it w)|[dt = 0
0

for almost all w € Q.

Proof. Similarly to the case of L(\, «, s) we have that

o1+1i00
1
L,(\ a,s,w) = 3 / L\ a,s+ z,w)ln(z,a)%. (1.6)
T

The function L(\, @, s,w) is analytic in {s € C: o > %} for almost all w € Q.
Let 05 > 1, and 0 > 05. Then by the residue theorem from (1.6) we deduce

that

0o —0+100
1 d
Lo(h0,5,0) = 5 / L5+ 2,9)ln(,0) % + L), a,5,0).

™
09 —0—100
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Hence, we find that

oo

L\ a,0+it,w)—L,(\, a,0+it,w) < / |L(A, o, o2+it,w)|- |l (02 —o+it, o) |dT.
Therefore, in view of Lemma 1.6,
. T
T / |L(\, a0 4+ it,w) — Lp,(\, a, 0 + it,w)|dt <
0
00 1 T
< / |ln(og — o +iT, oz)|f / |L(A, «, 00 + it +iT,w)|dt | dT <
—o00 0
o'e) ‘Tl—‘rT
1
< / |1 (02 —J+i7,a)|f / |L(A, a, 090 4 it,w)|dt | dT <
oo -
< / ln(02 — o+ im, )| (1 + |7])dr (L.7)

— 00

for almost all w € 2.
Since o9 — o < 0, by the definition of I,,(s, @) we have that

o0

lim [lp(o2 — o + i, a)|(1 + |7|)dr = 0.
n—oo

This and (1.7) prove the theorem.

27



1.5. Proof of Theorem 1.1

Let S be a metric space, P be a probability measure on B(S) and let 0A
denote the boundary of A. A set A € B(S) is called a continuity set of the
measure P if P(0A) = 0.

Lemma 1.7. Let P and P,, n € C, be probability measures on (S, B(S)).
The relations:
1) P, weakly converges to P as n — oo;
2) ,linéoff(x)dPn(a:) = [ f(z)dP(z) for all bounded uniformly continuous
n— S S

real functions f;
3) limsup P, (F) < P(F) for all closed sets F C S;
4) liminf P,(G) > P(QG) for all open sets G C S;
n—oo
5) lim P,(A) = P(A) for all continuity sets A of the measure P

are equivalent.
Proof. The lemma is Theorem 2.1 from [5].

The family {P} of probability measure on (5, B(S)) is called relatively com-
pact if every sequence of elements of {P} contains a weakly convergent sub-
sequence. The family {P} is called tight if for arbitrary ¢ > 0 there exists a
compact set K € B(S) such that P(K) > 1 — ¢ for all P from {P}.

The following statement is the well-known Prokhorov theorem, see, for ex-
ample [5] Theorems 6.1 and 6.2.

Lemma 1.8. If the family of probability measure {P} is tight, then it is
relatively compact. If S is a separable complete metric space and the family {P}
on (S, B(S)) is relatively compact, then it is tight.

Now suppose that S-valued Arandg\m elements Y,,, X1,,, Xo,, ... are defined
on the same probability space (92, B(Q2), P) and that the space S is separable.

Denote by L., the convergence in distribution.

Lemma 1.9. Suppose, that for every u X, 2, X, and X, P, x.
n—oo

n—oo

Suppose also, that, for every e > 0,

lim limsup P{o(Xun,Yn) > e} =0.

n—00 n—oco

Then Y, P, X.
n—oo

Proof. The lemma is Theorem 4.2 from [5].

For A € B(C) and w € Q, define

Pr(A) = Vi (L(\, a,0 + it,w) € A).
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Theorem 1.5. Suppose that X € (0,1), « € A and o > % Then the

probability measures Pr and Pr both converge weakly to the same probability
measure, say, P on (C,B(C)) as T — .

Proof. By Theorem 1.3 the probability measures Pr , and ]ADT,n both con-
verge to the same probability measure, say, P, on on (C,B(C)) as T — oo.
The first step is to show that the family of probability measures {P, : n € Co}
is tight.

Let 6 be a uniformly distributed on [0, 1] random variable defined on a certain
probability space (Q, B(Q),P). Define

Xrm =Xrn(o) =L\ a0 +1ith).

Then by Theorem 1.3

X — X, (1.8)

7 T—o0

where X,, = X,,(0) is a complex-valued random variable with distribution P,.
Since the series for L, (A, o, s) converges absolutely for o > 1, we have that

T—o0

1
lim f/|Ln()\,a7J+it)|2dt:
0

oo o0
Z: m+o¢ Z (m+ «a)?

m=0 m=0

Therefore, there exists a real number 0 < R < oo such that

1
sup limsup — / |Ln(A, o, 0 +it)|dt <
n€Cop T—oo0 T

T 3
1
< sup limsup T / L.\, a,0 +it)|?dt | < R.

necCy T—oo
0
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Thus, taking M = Re~! with arbitrary £ > 0, we find that

limsup Pr.,({s € C: |s| > M}) = limsupvr (| L,(\, o, 0 + it)| > M) <
T—o0

T—o0

T—o0

T
1
< lim sup yYi / |L, (A a,0 +it)|dt < e. (1.9)
0

Clearly, the weak convergence of the measure Pr , implies that of the measure

Vh(|Ln(\ a,0 +it)| € A), A€ B(R).

Therefore, by Lemma 1.7 and (1.9)

P,({s€C:|s| > M}) < lijmianTﬂL({s eC:ls|>M}) <

<limsup Pr,,({s € C:|s| > M}) <e.

T— o0

Now, taking K. = {s € C : |s| < M}, hence we obtain that

P, (K:)>1—¢, neC,.

Since K. is a compact set on C, this proves the tightness of the family {P, : n €
Cop}. By the Prokhorov theorem (Lemma 1.8) now it follows that {P, : n € Co}
is relatively compact. Therefore, there exists {P,,} C {P,} such that P,
converges weakly to some probability measure P on (C, B(C)) as n; — oo, and
we have that

X, = P (1.10)

ni— 00

Let
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Xr = XT(U) = L()\,Oé70+iT9).

Then using Lemma 1.3, we find that for every ¢ > 0,

lim limsup[@(ﬂXT(U) — Xrn(o)] > ¢e}) =

n—oo T—00

= lim limsup vk (|L(\, o, 0 +it) — Lp(A, o, 0 +it)] > ) <

n—oo T—00

T
1
< lim limsup—T/|L(/\,a,ar+it)—Ln(/\,a,a+it)|dt:0.
0

n—o0 T, &€

Now from this, (1.10), (1.8) and from Lemma 1.9 we deduce that

Xr Tl P. (1.11)
This shows that the measure P is independent on the sequence {P,,}. Conse-

quently, we have that

X, =P (1.12)

n—oo

Now define

XT,n = XT,n(U) =L\ a,0+iT0,w)

and

Xr=Xp(o) =L\ a,0+iT6,w).

Then by the same arguments, using Theorems 1.3 and 1.4 and (1.12), we obtain
that
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Xr 2P

T—o0

This and (1.11) prove the theorem.

Proof of Theorem 1.1. In view of Theorem 1.5, it remains to show that
P=Pp.

Let A € B(C) be a fixed continuity set of the measure P. Then by Theorem
1.5 and Lemma 1.8

Jim vh (LA, a,0 +it,w) € A) = P(A). (1.13)

On (9, B()), define a random variable £ by

B [ 1 if L\ a,o,w) € A,
£—£(W)—{ 0 if L\ a,0,w)¢ A

It is easily seen that
E@¢) = /fde =mg(w e Q: L\ a,0,w) € A) = P(A). (1.14)
Q
By Lemma 1.4 the process {(p;(w)) is ergodic. Therefore, by Lemma 1.5

T
lim ~ / E(p(w))dt = E(€) (1.15)
0

T—oo T

for almost all w € ). However, the definitions of £ and ¢; show that

T
1

T /ﬁ(gpt(w))dt =V (L(\ a,0 +it,w) € A).

0

This, (1.14) and (1.15) yield

lim vh(L(\, a,0 +it,w) € A) = P(A)

T—o00

for almost all w € Q, and in view of (1.13), the equality P(A) = Pr(A) holds
for every continuity set A of P. Hence, we have that P(A) = Pp(A) for all
A € B(C), and the theorem is proved.
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Chapter 2

A joint limit theorem on the complex
plane for Lerch zeta-function with
algebraic irrational parameters

2.1. The statement of a joint limit theorem

Suppose that ag,...,a, are distinct algebraic irrational numbers from the
class A. Define

o =1J9.
=1
where

Qj = H Tm

meM(ay)

and v, = v for m € M(a;), j =1,...,7, M(c;) being defined as in section 1.1.
Since each torus 2; is a compact topological Abelian group, 2" is as well. Thus,
we obtain the probability space (Q7, B(Q"), m%;), where m?; is the probability
Haar measure on (2",B(2")). Let, for brevity, w = (w1,...,w;) € Q", where
wi €Q,5=1,...,7, A= (A,..,\), a= (v, ...,), and ¢ = (01, ...,0,). On
the probability space (Q7, B(Q"),m%;), define the C"-valued random element
1 by

***** 1<5< 2’

where

> eQwi)\j mwj (m)

L()\j,Olj,O'j7wj): (m—f—oz')"i
J

m=0

and w;(m) is the projection of w; € €2, to the coordinate space v, if m € M(«q;),
and the relation of type (0.2) if m € N(e;), j = 1,...,r. Let Qr denote the

QL(A) =mly (weQ : L\ a,o,w) € A), AecB(C).
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For A € B(C"), define

BT(A) = V;«((L(Al,al,dl +’Lt), ...,L()\T,ar,ar +Zt>) € A)

Theorem 2.1. Suppose that \; € (0,1), j = 1,...,r, that a1, ..., are
distinct algebraic irrational numbers from the class A such that the set

I(ay)

J

T

is linearly independent over Q, and 112111<1 o; > % Then the probability measure
<j<r
P converges weakly to the measure Qr as T — 00.

2.2. A limit theorem on )"

In this section, we consider the weak convergence of the probability measure

Qr.a(A) = ytT(((m +a)®:me M(ar),...,(m+a.)* :me ./\/l(oz,.)) € A),

A€ BQ),

as T' — oo.

Theorem 2.2. Suppose that the numbers oy, ..., a,. satisfy the hypotheses of
Theorem 2.1. Then the probability measure Qr converges weakly to the measure
my as T — oo.

Proof. The dual group of Q" is isomorphic to

é D Znm:

i=1 meM(a;)

where Z,,; = Z for all m € M(¢;) and j =1,...,7. The element

k= ((kml)meM(m)v sy (k:mr)me./\/l(ar)) € @ @ ij

J=1 meM(a;)
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acts on Q" by

LT I« m),

J=1meM(ay)

where only a finite number of integers k,,; are distinct from zero. Hence, we
have that the Fourier transform gr (k) of the probability measure Qr 4 is

gr.alk —/H [[ «™dQr=

Qe I=1meM(a;)

T
1 . r
:T/exp ztz Z kmjlog(m + ;) ¢ dt, (2.1)
0

Ji=1meM(ay)

where only a finite number of integers k,,; are distinct from zero. Since the set

U I(ay)

is linearly independent over Q, from (2.1)we obtain that

1 if k=0,

expq iT i > kmj log(m4aj) p —
gra(k) = { J=1meM(ay) ! ! .
- otherwise,

Ty, > kmjlog(mtay)
j=lmeM(ay)

and that

Tll_I)I;ogT,a(E) —{ 0 if k#0.

This proves the theorem.

35



2.3. Case of absolutely convergent Dirichlet series

For a fixed 015 > % and m,n € Cy, let

m+a;\7"
vi(m,n,a;) =expq — P ,
j

and let, for o > %,

X 2miA;m
2N My (m,n, o)
Lnj()‘jaaj75):2 K - o =1
m=0 <m+aj)é

the series being absolutely convergent for o > %, see [46]. Obviously, the series

XA (m)v;(m, n, o)

(m + ay)°

Loj(Ajs 0, 8,05) = D

m=0
is also absolutely convergent for o > % For brevity, denote

Ln(A7 g) Q) = (Lnl (A17 alaal)y '-'7L’I’LT<U’I‘; aT7UT‘))7

and, for w € Q7

Ln(A,Q,Q, Q) - (Lnl(Ala 04170'1,(,«)1), --~>Lnr(07'7 a,-,a,.,wr)).

In this section, we consider the weak convergence of the probability measures

Pr,(A) = vp(L,(A e, +it) € A), AeB(C),

and, for a fixed ¥ € O,

Pr o (A) = vh(L,(\ a,0 +it,0) € A), AeB(C),
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where o + it = (01 +it, ..., 0, + it).

Theorem 2.3. Suppose that the numbers o, ..., a,. and A1, ..., A\, satisfy the

hypotheses of Theorem 2.1, and 1I<nu<1 oj > 1. Then on (C",B(C")) there exists
<g<r

a probability measure P, such that both the measures P, and BT’,L converge
weakly to P, as T — oo.

Proof. Define a function b, : Q" — C" by

h, (({wl(m) :meM(a)}, ..., {w-(m): me M(ar)})) =

= (m+ a1)%1wi(m) ’ — m+ a; )% w,(m)

( 00 e27ri)‘1m111(m,7h051) i eQﬂi/\rm,UT(m’n,Ozr)
) :
(

Then the function h,, is continuous, and

ho (({(m+ 1) :m € M(ar)}, ... . {(m+ )" :m € M(ey)})) =

=L,(\a,0+it).

This, Theorem 2.2 and Lemma 1.1 show that the probability measure P,
converges weakly to the measure m’;h, " as T — oco.
Now define a new function A : Q") — Q) by

h(({wi(m): me M)}, ..., {w(m): me M(a,)}))

— ({@u(m)wr () s me Ma},... {w (m)wr (m) : m € M(ar)}).

Then one easily sees that

L,(\a,0+it,©) =
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= h, (R(({(m + 1) :m e M(a1)}, ..., {(m + o) : m € M(a,)}))).

From this, reasoning similarly to the case of the measure Pr,, we find that

the measure Pr, converges weakly to the measure m}i(ﬁnﬁ)_l as T — oo.
However, the Haar measure m/; is invariant, and, therefore, we obtained that

m{ (h,h) ™ = (mP Rt = my

and the theorem is proved.

2.4. Approximation in the mean

Denote

1

2

1 2
oz, 2) = | Y1V =P |
j=1

29 = <Z£j),--.,z7(nj)) e C", j = 1,2, the metric in C" which induces the
topology of C".

In this section, we approximate in the mean the vectors L(\, a, o + it) and
L(\ a,0 +it,w) by the vectors L, (A a,0 + it) and L, (A, a,0 + it,w), respec-

tively.

Theorem 2.4. Suppose that the numbers aq, ..., a,. and A1, ..., A\, satisfy the

hypotheses of Theorem 2.1, and min o; > % Then
1<<r

T
1
lim Tim sup - / o(L(r a0 +it), L, (A a0 +it))dt = 0,

n—oo T—00

0

and, for almost all w € Q"

T
1
lim limsupf/Q(L(A,g,ﬁit,g),Ln(A,g,gﬂt,g))dt:0.

n—oo T—o00
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Proof. From Lemma 5.2.11 of [46], as in Lemma 1.3, it follows that, inde-
pendently of the arithmetic origine of the numbers o and A € (0, 1), for o > %,
we have

N0 Toco

T
1
lim limsup T / |L(A\, a0 +it) — Ly(A, a, 0 +it)|dt = 0.
0

Consequently , we have that, for min o; > 1,
1<j<r

N0 Tooo

T
1
lim lim sup T / ’L()\j,aj,aj +it) — Ly(N\j, 5,05 + it)’dt =0,
0

j=1,...,r. From this, using the definition of the metric ¢, we obtain the first
assertion of the theorem.

Similarly, by Theorem 1 of [51] we have that, for min o; > 3,
1<j<r

T
1
lim limsupT/’L()\j,aj,aj +it,wj)—Ln()\j,aj,aj—i—iuwj)‘dtzo
0

n—00 oo

for almost all w; € Q;, j = 1,...,7. Since the measure m}; is a product of the
Haar measures on (€2, B(2;)), j = 1, ..., r, the statement of the theorem follows.

2.5. Proof of Theorem 2.1

We start with an analogue of Theorem 2.3. Define, for w € 2", the proba-
bility measure

~

Pr(A) =vh(L,(\ a,0 +it,w) € A), AecBC").

Theorem 2.5. Suppose that the numbers Ay, ..., A\, and aq, ..., ;. satisfy the
hypotheses of Theorem 2.1, and that 1I<nl£1 oj > 1. Then on (C",B(C")) there
<j<r

erists a probability measure P such that both the measures Pr and ET converge
weakly to P as T — o0.
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Proof. Theorem 2.3 shows that both the measures Py, and ET,n converge
weakly to the same probability measure P, as T" — oo. It is not difficult to
see that the family of probability measures {P, : n € Cy} is tight. Really, the
definition of Py, and the Chebyshev inequality, for M > 0, give

Pr({z€C": 0(2,0) > M}) = v (o(L, (A, o, 0 +it),0) > M) <

(NI

r

T
1 . 1 1 SN2
0 o /=

2

T
/|Lm-(xj,aj,aj +it))?de | . (2.2)
0

<

el

1
fM -
Jj=1

For each j = 1,...,r, the series for L,;(\;, a;,0; + it) converges absolutely;
therefore

T—o0

T
1
limsupf / |Lnj()\j,0éj70'j + it)|2 dt =
0

T

1 2

= tim 2 [ L2000 =
0

j=1,...,r. This together with (2.2) shows that

lim sup Pr, ({g eC: o(z,0) > M}) <

T—o0
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[N

: (2.3)

Sk

_ 1 [&1
sup limsup —

neto Tooo M \ T

T
/|Lnj()\j,0éj,0'j+it)|2dt <
0

where

Nl

> 1
R» = _—_—
’ mz::o (m + a7

Let ¢ > 0 be an arbitrary number, and let M = Re~!'. Then, taking into
account (2.3), we find that

limsup Pr,, ({z € C":0(2,0) > M}) <e. (2.4)

T—o0

The function h : C" — R defined by h(z) = o(z,0), clearly, is continuous.
Therefore, Theorem 2.3 and Lemma 1.1 show that the probability measure

Vi (o(L, (A a, 0 +it),0) € A), AeB(C"),

converges weakly to P,h~! as T — oo. The set {z € C" : o(2,0) > M} is open.
Therefore, by Lemma 1.7 and (2.4), for all n € Cy, we have

Pn({ge C": o(z,0) > M}) <

< lim inf Pr,({z€C" :0(z,0) > M}) <e. (2.5)

The set K. = {z € C" : 9(2,0) < M} is compact in C", and in view of (2.5)

P, (K.)>1—-¢
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for all n € Cy. This means that the family of probability measures {P, :
n € Co} is tight. Hence, by the Prokhorov theorem, (see Lemma 1.8) it is
relatively compact. Thus, there exists a subsequence {P,, } C {P,} such that

P, converges weakly to some probability measure P on (C", B(C")) as ny —

c0. Let X, (c) be a C"-valued random element having the distribution P,,.
Then we have from above that

X, (0) 2 P (2.6)

Now we take a uniformly distributed on [0, 1] random variable 6 defined on
some probability space (€2, B(Q2),P). Let

Xr,(a)=L,(A a,0+1i0T).

Then by Theorem 2.3 we have that

Xop,(0) 2 X, (0). (2.7)

T— o0

Moreover, by the first assertion of Theorem 2.4, we obtain that, for every € > 0,

lim limsupP(o(Xr1n(c), X7(0)) >¢) =

n—oo T—00

= lim limsup vf(o(L(A a0 +it), L, (A, a,0 +it)) > &) <

n—0o0 T_,50 -

n—0 T .00 £

T
1
< lim limsup7/Q(L(A7g,g+it)én(A,g,ngit))dt=0,
0

where

Xp(o) = L(A, o, 0 +i0T).

Now this, (2.6), (2.7) and Lemma 1.9 imply the relation
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Xp(0) = P, (2.8)

7 T—oo

which is equivalent to the weak convergence of the measure P, to P as T' — oo.
To show the weak convergence of P, to P as T — oo, first we observe that,

in view of (2.8), the measure P is independent of the choice of the sequence
{P,,,}- Thus, we have that

X, (o) = P. (2.9)

n—oo

Now define

~

&T,n(g) = Ln (A7 a,0+ Z@T, Q)

and

~

Xp(o) = LA a,0 + 0T, w).

Then, repeating the above arguments for )?Tm(g) and )?T(g), and applying
Theorem 2.3 as well as the second assertion of Theorem 2.4, we obtain that the
measure P also converges weakly to P as T' — oo.

To complete the proof of Theorem 2.1, we need some ergodicity arguments.
For t € R, define

aro = ({(m+a1)™: me M(a)},.... {(m+a,)"": me M(a,)}),

and let {¢;, : t € R} be the one-parameter family of transformations on Q")
defined by

Pra(W) = arow, we QM.

Then we have that {¢;, : t € R} is a one-parameter group of measure preserv-
ing measurable transformations on Q("). We recall that a set A € B(Q(")) is
invariant with respect to the group {¢: o : t € R} if, for each ¢ € R, the sets A
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and A; = ¢y o(A) differ one from another by a set of m},-measure zero. All in-
variant sets form a o-subfield of B(2"). The one-parameter group {¢; : t € R}
is called ergodic if its o-field of invariant sets consists only of sets having m/;-
measure equal to 0 or 1.

Lemma 2.1. The one-parameter group {p: o : t € R} is ergodic.

Proof. We already have seen in the proof of Theorem 2.2 that the dual group
of Q) is

T

D D zw

Jj=1 meM(ay)

where Z,,; = Z for all m € M(a;) and j = 1,...,7. Therefore, if y : Q") — v is
a character,

W =[I II w5 om

Ji=1meM(ay)

where only a finite number of integers k,; are distinct from zero. If x is a
nonprincipal character, from this we have that

H H (m+ ay) ik"”'t.

J=1meM(ay)

Since the set

is linearly independent over Q,

H H (m+ ;) Yemi £ 1,

J=lmeM(ay)

Therefore, there exists a number ¢ty € R such that x(ay, o) # 1.
Denote by I4 the indicator function of a set A. Let A be an invariant set of
the one-parameter group {¢; o : t € R}. Then, for each fixed t € R,
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Li(asqw) = Ta(w)
for almost all w € Q". Thus, the Fourier transform T, 4 0f I4is

Tatx) = / X(@)La(w)m') (dw) =
QT

- / X(@)Ia(ar, qw)my (dw) =
Q)

~

— X(ay.) / X(@)La (@) (dw) = x(ar a)Ta(0).
Qr)

Since x(aiy.o) # 1, this shows that Iy (x) = 0 for all nontrivial characters x of
IO

Now let xo be the principal character (yo(w) = 1 for all w € Q7). Denote
ITa(x0) = u. Using

we obtain that, for any character y of Q"

Falx) = u / x(@m$ (dw) = uTa(x) = a0x).
Qr)

Consequently, I4(w) = u for almost all w € Q). However, v = 0 or u = 1,

hence, m(HT) (A)=0or m(HT) (A) =1, and the lemma is proved.

Proof of Theorem 2.1. We fix a continuity set of the limit measure P in
Theorem 2.5. Then the latter theorem, together with Lemma 1.7, yields

lim v (L(A, a,0 +it,w) € A) = P(A). (2.10)

T—o00
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On (Q),B(Q2(M)) define a random variable ¢ by

(1 Lhvaso,w) € A,
5_ﬂw_{01fMA323¢A

By this definition,

E&i/mm = (weQ: L\ a,0,w) € A) = QL(A). (2.11)

Q)

In view of Lemma 2.1, the process £(¢¢,q(w)) is ergodic . Thus, by Lemma 2.2

Jim / E(pra(w))dt = E€ (2.12)

for almost all w € Q. On the other hand, by the definition of ¢, , we find
that

T
;/f(‘ﬁt(x( )dt = v (LA, a,0 +it,w) € A).
0

This relation together with (2.11) and (2.12) shows that

Jim Vi (LA, a, 0+ it,w) € A) = QL(A)

for almost all w € Q7). Thus, by (2.10) we have that P(A) Qr(A) for every
continuity set A of the measure P. Hence, P(A) = Q(A) for all A € B(C").
The theorem is proved.
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Chapter 3

A limit theorem in the space of analytic
functions for the Lerch zeta-function with
algebraic irrational parameter

3.1. The statement of the limit theorem in the
space of analytic functions

We recall, that D = {s € C: 0 > 1}, and H(D) is the space of analytic on
D functions equipped with the topology of uniform convergence on compacta.
As in Chapter 1, we suppose that o € A.

For s € D and w € (Q, define

L\ a,s,w) i N ) (3.1)
0 m + a

Then L(A, o, s,w) is an H(D)-valued random element defined on the probabil-
ity space (Q,B(2),my). Indeed, in view of the orthogonality of the random
variables w(m), defined in Section 1.1, and the classical Rademacher theorem
[54], for every o > 1, the series

271'1)\m )

e
Z m+a

m=0

converges for almost all w € Q. Therefore, by the well-known property of
Dirichlet series, the series(3.1), for almost all w € 2, converges uniformly on
compact subsets of

1 1
A7.:{SE(CIO'>+}, r e N.
2 r

Hence, it follows that this series, for almost all w € €2, converges uniformly on
compact subsets of D.
Define

Prp(A) =vp (LA a,s+i1) € A), AeB(H(D)).
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Theorem 3.1. Suppose that A € (0,1) and o € A. The probability measure
Pr i converges weakly to the distribution Pr, of the random element L(X, o, s,w)
as T — oo.

Let D; ={s € C: 0 > 1}. Then the condition € A can be removed from
Theorem 3.1. Suppose that the H(D;)-valued random element is a restriction
of L(\, a, s,w) to H(Dy).

Theorem 3.2. Suppose that A € (0,1) and « is an algebraic irrational

number. Then the probability measure

vp (LN, a,s+1i1) € A), A € B(H(Dy)),

converges weakly to the distribution of the H(D1)-valued random element
L\ a,s,w).

3.2. Case of absolutely convergent series

In this section, we prove limit theorems in the space of analytic functions
for an absolutely convergent Dirichlet series related to the function L(\, «, s).
Let, as in Chapter 1, for o1 > % be fixed,

o1
vp(m, o) = exp{ (m+a> }, m,n € Np.

n-+a«a

In section 1.3, it was obtained that the series

o0 e27ri)\mvn(m7a)
m=0
and
> e2miAmy (m, a)wo(m)
Ln(A,a,S,WO) = Z (m+a)s )

m=0

where wy € €, both converge absolutely for o > 1. On (H (D), B(H(D))), define
two probability measures

Prn(A) = v} (La(\ a, s +i7) € A)

48



and
Proa(A) = Vi (La(A\ a, s +i7,w0) € A).

Theorem 3.3. Let A € (0,1) and o € A. Then the probability measures

Pr,, and ﬁT’n both converge weakly to the same probability measure P, on
(H(D),B(H(D))) as T — oc.

Proof. Define the function u, o :  — H(D) by the formula

s eQm‘/\m,Un (m, a)w(m)

(m +a)°

un,a(w) =

m=0

The continuity of the function u, , follows from the absolute convergence of
this series for o > 1. Moreover,

- 2widm

tna({(m+0)"7 :me M@)}) =Y ey (m, @)

—~ =L, (\ a,s+ir).
s+t
m=0 (m + a)

Thus, we have that the Pp, = Qru,},, where, for A € B(H(D)), Qru, L, (A) =
Qr(u, +,A). Therefore, by Theorem 1.2 and Lemma 1.1 we find that the measure
Pr,, converges weakly to m Hu;yla as T — oo.

The weak convergence of IST,n is obtained similarly. Define @, : & — H(D)
by the formula

> eZmidmy, m, a)wo(m)w(m

m=0

Then, analogically to the case of Pr,,, we find that the measure ]3T7n converges

weakly to mHun’la as T' — oo. Thus, it remains to prove that mHu;_}x =
mut, . For this, we define ug : @ — Q by the formula ug(w) = wwo. Then

Un,a(W) = Un,a(uo(w)), and the invariance of the Haar measure mpy shows that

o~

M, o, = mu(tnato) " = (mpug Y, o, = mgu, 5.

-1
n,a’

Thus, ]3n =mgu and the theorem is proved.
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3.3. Approximation in the mean

To pass from the measure Pr, to Pr, we need an approximation of the
function L(A, «, s) by L, (), «, s) in the mean.

Theorem 3.4. Let A € (0,1), a € A and K be a compact subset of D.
Then

T
1
lim limsup — / sup ’L()\, a,s+i1) — Lpn(A\ o, s+ iT)|dT =0.
n—x T 0o seK

Proof. In [46], Lemma 5.2.11, the equality of the theorem was proved for
transcendental . However, it is easily seen that the proof is independent of the
arithmetic of the number «. Therefore, Theorem 3.3 is true for every fixed «,
0<a<l.

The case of the functions L(\, a, s,w) and Ly, (A, a, s, w) is more complicated.

Theorem 3.5. Suppose that A € (0,1), a € A and that K is a compact
subset of D. Then

T

1

lim limsup — / sup |L(/\, a, s+ iT,w) — Ly (A, s + i, w)’dT =0
n—oo T 500 seK

for almost all w € Q.

Proof. For o1 > % and n € Ny, define

where, as usual, I'(s) denotes the Euler gamma-function. Let,

. o1+1i00
e2miAm ,(m) In(z,a)

271 (m+ a)?z
g1 — 100

bn(A\, a, myw) =

Then the well-known estimates of I'(s) imply
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bn(A, o, m,w) < (m+a)” 7 /

— 00

ln(o1 +it, @)
|01 + Zt|

Hence, we obtain that the series

i bn(\, a, m, w)

(m+a)

m=0

dt <, (m+ a)7 7.

converges absolutely for o > % Therefore, the interchange of order of summa-

tion and integration yields

2771)\m )

50 o1+100 50
= (m + a) ©2mi (m+ a)st>

. m=
01 —100 0

>dzz

o1+ic0
1 In(z, @)
=5 / L\ a,s+ z,w)idz. (3.2)
o1 —100
On the other hand, the Mellin inversion formula
1 b+ioco
3 / L(s)a™ds=e"% a,b>0,
b—ioco
and the definitions of b, (A, &, m,w) and v, (m, «) show that
bu(\, a,m,w) = 2™ Ay (m, a)w(m).
From this and (3.1), we deduce that
1 o1+i00 l
Lo\ a,s,w) = — / L\ a,s+ z,w)mdz. (3.3)
27
o1 —100
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Since the series (3.1) converges uniformly on compact subsets of D for almost all
w € Q, the function L(A, a, s,w) is analytic on D for almost all w € Q. Suppose
that g9 > % and oo < ¢. Then the above remark, (3.3), and the residue theorem
yield

o9 —0+100
1 In(z,
L,(\ a,s,w) = 5 / L()\,a,s—kz,w)@dz+L()\,oz,s,w). (3.4)
00 —0—100

Suppose that % st+n= min Res. Clearly, n > 0. Let L be a simple closed contour

enclosing the set K such that 1 T = HllIl Res, 0 > 7, where ¢ is the distance

of L from the set K. Then by the Cauchy 1ntegral formula

sup |L()\7 a, s+ iT,w) — Lp(A, a, s + iT,w)‘ <
seK

%/ N a,z+iT,w) — n(/\,a,z+i7,w)||dz|.
L

If |L| denotes the length of the contour L, then this, for sufficiently large T,
gives

1
f/sup|L)\as—|—z7' w) — n()\,a,s+ir,w)‘dr<<
seEK

1 T T+Imz
< T5 |dz] / |L()\7 a,Rez +itm,w) — L, (\, o, Rez + iT, w)|d7’ <
0 Imz
< —sup/ |L(A\, a0 4 iT,w) — Ly (A, a, 0 + iT,w)|dr. (3.5)
Té seL

By (3.4) we have
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LA a,s+im,w) — L\ a,s +iT,w) <
o9 — 0 +it, )]

- dt.
|og — o + it

oo L
<</}L()\,a,02+it+i7,w)|| (

— 00

Therefore, taking into account Lemma 1.6, we obtain that

2T
1
?/|L(x\,a,a+i7,w)an()\,oz,a+iT,w)|dT<<
0
oo 27+t
1
<</|ln(agfa+it,a)|f / |L(\, a, 00 + iT,w)|[d7 dt <
—o0 =t
oo 2T+t 3
1
<</|ln(02—a+z’t,a)| 7 / |L(/\,a,ag+i7,w)}2d7 dt <
—oo It

o 1
t 2
<</]ln(ag—a+it,a)\<1+|T> dt <

< / ln (02 — 0 +it,a)| (1+|t]) dt.

— 00

Combining this with (3.5), and taking o2 = 5 + 2, we find that

T
1
Al / sup }L()\,Oé,s + iT’w) - Ln()\,O[,S =+ iT,W)|dT <
T 0 seK

oo

< sup /}ln(a+it,a)|(1+|t|)dt.

_n
o<—7

Since, for o < 0,

lim / |ln (0 + it, )| (14 |t]) dt = 0,

the theorem is proved.
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3.4. Proof of the Theorem 3.1

For A € B(H(D)) and w € €, define the other probability measure

Pr(A) =vi(L(\, o, s +iT,w) € A).

To prove the weak convergence for the measures Pr and ﬁT, we need a metric
on H(D) which induces its topology of uniform convergence on compacta.

Tt is well known, (see, for example, [9]) that there exists a sequence {Kj : [ €
N} of compact subsets of D such that

(oo}
1) D = U Kl;
1=1
2) K C K1, leN;
3) If K is a compact subset of D, then K C K for some .
For f,g € H(D), define

o sup |f(s) — g(s)|

_ 91 sEK; .
Q(f’g) ; 1+6521}5) ‘f(5>—g(s)|

Then o(f, g) is the desired metric.

Theorem 3.6. Suppose that A € (0,1) and o € A. Then the probability

measures Pr and ﬁT both converge weakly to the same probability measure P on
(H(D),B(H(D))) as T — oo.

Proof. We have obtained in Theorem 3.3 that the probability measures
Pr, and Pr, both converge weakly to the same probability measure P, on
(H(D),B(H(D))) as T — oo. Now we will show that the family of probability
measures {P, : n € Np} is tight.

Let 6 be a uniformly distributed on some probability space ((AZ,B(SA)),IP).
Define

X170 =Xrn(s) =L,(\ a,s+iTH).

Then we have by Theorem 3.3 that

Xrom Tl X,, (3.6)
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where X,, = X,,(s) is an H(D)-valued random element with distribution P,.

The series for L,()\, a,s) converges absolutely for ¢ > 1. Therefore, for
1
o> bR

lim —/|L )\aa+zt|dt

e <Y Gy

m+a

From this, using the Cauchy integral formula, we deduce that there exists a
positive constant C; such that

T

: 1 S 1
hgljolip T / Sseupl |L7L )\ a, s+ T | dt < Cl Z:O W, le N, (37)
0 m=

with some o; > % Therefore, there exists a number 0 < R; < oo such that

T
1
sup limsup—/ sup |L Ao, s +1iT ‘dT <
neNyg T—oo TO seK;
1
T 2

1
< sup limsup T/ sup ’L N a,s+ir ’ dr <R, leN. (3.8)

neNg T—oo seK;

By (3.7) we can take, for example,

o 1 3
Rl_(ClZW_a)UZ> 5 leN.

m=0

Let € be an arbitrary positive number, and M;, = 2!R;e~!. Then, in view of
(3.8),
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lim sup Pr,y, ({g € H(D) : sup |g(s)| > Ml@}) =
T—o0 seK;

= lim sup vy (sup |Ln(X, o, s +i7)| > Ml@) <
T—o0 seK;

T

-/
< sup |Lnp(\, a, s +i7)|dT <
Mls 0 s€K1,| ’fl( )|

s

£
o LeN. (3.9)

The function h : H(D) — R given by the formula h(g) = sup |g(s)|, g €
seK;

H(D), is continuous. Therefore, Theorem 3.3 and Lemma 1.2 imply the weak
convergence of the probability measure

vy (Sup |Ln(\, o, s +i7)| € A) , AeB(R),
seK;

to the measure P,h~! as T — oo. Thus, by Theorem 1.8 and (3.9),

P ({o € HD): sup l9(0)] > Mo} ) <

< liminf Pr, ({g € H(D) : sup |g(s)| > Ml’€}> <
T—o00 seK;

< limsup Pr,, ({g € H(D) : sup |g(s)| > Ml,e}) < %, leN. (3.10)
seK;

T— o0

Now let

K. = {g € H(D) : sup |g(s)| < M, l € N}.
seK;

Then the set K, is uniformly bounded and, therefore, a compact subset of H(D).
Moreover, by (3.10),
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N
5
!
|
=
=
-
v

- ip ({g € H(D) : sup |g(s)| > M})

seK;
[e%S) 1 B
1—525—1_5
=1

v

for all n € Ny. By definition, this means that the family {P,, : n € Ny} is tight.
The Prokhorov theorem (see Lemma 1.8) now implies the relative compactness
of the family {P, : n € No}. Therefore, there exists {P,,} C {P,} such that
P, converges weakly to some probability measure P on (H(D),B(H(D))) as
k — oo. Hence, we have the relation

L. p (3.11)

Now define

X7 = Xr(s) = L(\, a, s +14T9).

Then, using Theorem 3.4, we obtain that, for every ¢,

lim limsupIP’(g(XT,XT,n) > 8) =

n—oo T—o00

= lim limsup vy, (Q(L(/\,a,s+iT),Ln(/\,oz,s—|—z'7')) > 5) <
T

n— o0 oo

T

1
< lim limsupT— o(L(\, o, s +i7), Ln(A, a, s + iT))dr = 0.
n—o0 T 500 €

0
From this and from (3.6), (3.11) and Lemma 1.9 we deduce that

Xr 2 P (3.12)

T—o0

Thus, we have that the measure Pr converges weakly to P as T — oo.

Relation (3.12) shows that the limit measure P is independent on the se-
quence {P,, }. Hence, since {P, : n € Ny} is relatively compact, we obtain the
relation
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X, 2P (3.13)

Now define

)?T,n = )A(T,n(S) =L,(\,a,5+iT0,w)

and

~

Xr = Xr(s) =L\ a,s+iT0,w).

Then reasoning similarly as above and applying Theorems 3.3 and 3.5 and (3.13),
we find that

e D
XT Pa
T—o0

i.e., the measure ]3T converges weakly to P as T — oo.
The theorem is proved.

Proof of Theorem 3.1. By Theorem 3.5, we have to show that the measure
P coincides with Py,.

Let A € B(H(D)) be a fixed continuity set of the measure P. Then Theo-
rem 3.5 and Lemma 1.8 imply the relation

Jim vi(L(A a,s +it) € A) = P(A). (3.14)

In the sequel, we use some elements of ergodic theory. For 7 € R, we put

ar={(m+a)"" :me M)}

and define the family {¢, : t € R} of transformations on 2 defined by ¢, (w) =
arw,w € §. Then {¢, : t € R} is a one-parameter group of measurable measure-
preserving transformations on the torus 2. By Lemma 1.4, the one-parameter
group {p, : t € R} is ergodic.

On (9, B(9)), define the random variable £ = £(w) by
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¢ = 1 if LA\ a,s,w) € A,
~]o if L\ a,s,w) ¢ A.

Then we have that
E() = /gde =mp(weQ: L\ a,s,w) € A) = Pr(A). (3.15)
%)

In view of ergodicity of the group {¢, : t € R}, the random process &(p,(w))
is also ergodic. Therefore, by the classical Birkhoff-Khinchine theorem (see
Lemma 1.6),

lim = / E(pr(w))dr = E(€) (3.16)

for almost all w € 2. On the other hand, the definitions of £ and ¢, show that

T
%/f(cpf(w))dT =vp(L(\, o, s+ iT,w) € A).
0

From this and from (3.15) and (3.16) we find that

Jim v (LA, o, s +iT,w) € A) = Pr(A)

for almost all w € Q. Therefore, in view of (3.14), P(A) = P (A) for every conti-
nuity set A of the measure P. Since the continuity sets constitute a determining
class, we have that P(A) = Pr(A) for all A € B(H(D)).

The theorem is proved.

Proof of Theorem 3.2. The theorem follows similarly to Theorem 3.1, but
its proof is simpler because the series converge absolutely, and we do not need
the orthogonality of random variables w(m). Therefore, we can remove the
hypothesis « € A from Theorem 3.1.
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Conclusions

In the thesis, the following statistical properties for the Lerch zeta-function
are obtained.

1. For the Lerch zeta-function L(\, «,s) with parameters A € (0,1) and
algebraic irrational parameter o from the class A, a limit theorem in the sense
of weak convergence of probability measures on the complex plane is valid.

2. For a collection of Lerch zeta-functions with algebraic irrational parame-
ters from the class A, a joint limit theorem in the sense of weak convergence of
probability measures on the complex plane is valid.

3. For the Lerch zeta-function L(\, a, s) with parameters A € (0,1) and
algebraic irrational parameter a from the class A, a limit theorem in the sense
of weak convergence of probability measures in the space of analytic functions
is valid.
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Notation

set of all non-negative integers
set of all positive integers

set of all integer numbers

set of all real numbers

set of all prime numbers

set of all complex numbers
imaginary unity: 2 = —1
complex variable

Lebesgue measure of the set A
class of Borel sets of the space S
expectation of the random element X
boundary of the set A

convergence in distribution
complement of the set A
Lerch zeta-function

Euler gamma-function
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