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PRESSURE BOUNDARY CONDITIONS FOR VISCOUS FLOWS IN
THIN TUBE STRUCTURES: STOKES EQUATIONS WITH LOCALLY
DISTRIBUTED BRINKMAN TERM

GRIGORY PANASENKO!"* AND KONSTANTINAS PILECKAS?

Abstract. The steady state Stokes-Brinkman equations in a thin tube structure is considered. The
Brinkman term differs from zero only in small balls near the ends of the tubes. The boundary conditions
are: given pressure at the inflow and outflow of the tube structure and the no slip boundary condition
on the lateral boundary. The complete asymptotic expansion of the problem is constructed. The error
estimates are proved. The method of partial asymptotic dimension reduction is introduced for the
Stokes-Brinkman equations and justified by an error estimate. This method approximates the main
problem by a hybrid dimension problem for the Stokes-Brinkman equations in a reduced domain.
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Mathematical models of viscous flows in thin domains have multiple applications. Such domains have one or
several dimensions which are much smaller than other ones. In particular, tube structures are some unions of
thin cylinders or rectangles (pipes or channels) [28]. This geometry simulates a network of blood vessels as a
biological application or pipelines and cooling systems as industrial applications.

Full dimension numerical computations of flows networks of thin tubes require huge computer resources. To
reduce these resources and accelerate computations we use asymptotic analysis where the small parameter is
the ratio of thickness of pipes or channels to their length. This analysis leads to the construction of asymptotic
expansions justified by error estimates [30], [33], [5], [24], [25], [19], [18], [26], [6]. It is also implemented in
some special numerical methods combining the description with reduced dimension and full dimension zooms
for small zones of singular behavior of the solution. For example, method of asymptotic partial decomposition
of domain was introduced for the stationary Navier-Stokes equations in [29] and then developed in [30], [33],
[3]. Another practical approach coupling models of different dimension was developed in [11], [36], [37].

Basically, the Newtonian rheology for the fluid motion corresponding to the stationary and nonstationary
Navier—Stokes or Stokes equations was considered, while several papers studied non-Newtonian models ([34],
[5], [25]). However, the modeling of zones of thrombus formation could be better described by the Brinkman
equations combining the Stokes description of the fluid motion with the Darcy filtration law. Indeed, the external
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part of the thrombus behaves as a porous medium, but approaching the surface of the thrombus it corresponds
better to the Newtonian fluid.

Also in the present paper we will consider the inflow-outflow boundary conditions involving pressure. These
conditions are more convenient from the computational point of view. They also allow to compute the perme-
ability of a piece of tissue containing a network of vessels. An extensive studying of the Stokes and Navier—Stokes
equations with boundary conditions involving pressure started in the pioneer paper [8] and since then continues
in a vast mathematical literature (see [35], [25], [17], [13], [16] and the bibliography there).

For classical theory of the Navier—Stokes equations see [20], [42], [12].

1. DEFINITION OF A THIN TUBE STRUCTURE

Let us remind the definitions of the tube structure and its graph given in [30].

Definition 1.1. Let O1,Os,...,On be N different points in R, n = 2,3, and ey, €3, ..., epsr be M closed segments
each connecting two of these points (i.e. each e; = Oy, Oy, where i, k; € {1,..., N},i; # k;). All points O; are
supposed to be the ends of some segments e;. The segments e; are called edges of the graph. A point O; is
called a node, if it is the common end of at least two edges and O; is called a vertex, if it is the end of the only
one edge. Any two edges e; and e; can intersect only at the common node. The set of vertices is supposed to
be non-empty.

M
Denote B = |J e; the union of edges and assume that 5 is a connected set (see Fig. 1). The union of all edges
j=1
having the same end point Oy is called the bundle B;. Fig. 1 a) presents the graph as a union of edges ey, ..., es,
points O1, Oz, O3 are the nodes, points Oy, Os, Og are the vertices. Each point O;, a node or a vertex, with all
edges containing O; as an end point, form bundle B;, for example, O; with edges e; and e5 form bundle Bj.
Fig. 1 b) presents the graph as a union of edges e, ..., eg, points O1, Oz, O3, Oy are the nodes, points Os, Og, O7
are the vertices.

Let e be some edge, e = O;0;. Consider two Cartesian coordinate systems in R™. The first one has the origin
in O; and the axis Oi:vgf) has the direction of the ray [0;0;); the second one has the origin in O; and the
opposite direction, i.e. Oj;%,(f) is directed over the ray [0;0;).

Below in various situations, we choose one or another coordinates system denoting the local variable in both
cases by z(¢) and pointing out which end is taken as the origin of the coordinate system.

With every edge e; we associate a bounded domain ¢/ C R"~! containing the origin and having C?- smooth

boundary 0¢7, j = 1,..., M. For every edge e; = e and associated 0/ = () we denote by Hée) the cylinder

2@

e = {x<e> ER™: 20 € (0,]e]), — € a<e>},

£

where z(¢) = (xge), ...,xifll), le| is the length of the edge e and € > 0 is a small parameter. Notice that the
edges e; and Cartesian coordinates of nodes and vertices Oj;, as well as the domains ¢/, do not depend on e.
We will define as well a semi-infinite dilated cylinder ) = {w(e) eR": 2 € [0, 00), (¢ € J(e)}.

Let Oy, ...,Op, be nodes and Oy, 11, ..., On be vertices. Let w?, ..., w™ be bounded independent of ¢ domains

) —0; )

in R™; introduce the nodal domains w! = {x € R™: Sl R wl}.

Every vertex Oj is the end of one and only one edge e; which will also be denoted as eop,; we will re-denote
as well the domain o* associated to this edge as 97. Notice that the subscript k& may be different from j.
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FIGURE 2. Tube structures.

Definition 1.2. By a tube structure, we call the following domain

B. = (Q ) (;LV_J1 w!)

Suppose that it is a connected set and that the boundary 0B, of B. is C?-smooth except for the parts of the
boundary which are the bases 77 = {x(¢)" € 095, 2le) = 0} of cylinders 9 j=N +1,.,N (see Fig. 2).

Let 71 be the maximal diameter of domains w?, i =1, ..., N, denote r = r; 4+ 1. Consider a node or a vertex
O and all edges e; having O; as one of their end points. We call the union of all these edges a bundle of

edges and denote it B, i.e., B = |J e;. By a bundle of cylinders Bp, we call the union w! U ( U ng"))
j:Oleej j:Oleej

We will consider as well the half-bundle HBp, = w! U ( U {eem 2{ e, |€j|/2]})- We will use also
j:01€e;

O =wu ( U HS,?')), a bundle of dilated semi-infinite cylinders.
7:0€e;

2. FORMULATION OF THE PROBLEM. EXISTENCE AND UNIQUENESS OF A
SOLUTION

N .
Let I'=0B.\ |J 7! be the lateral surface of the domain B.. In the tube structure B. we define the spaces
j=Ni1+1

Wl’z(BE) = {71 € Wl’z(BE) : T’|F = 07 7l-r|7g = Oa ] = Nl + ]-7- .. 7N}7
(2.1)
KY2(B.) = {n e W'2(B,) : divyy = o},

We denote B(O, R) the open ball in R™ with the center O and the radius R.
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Let us consider the following boundary value problem for the steady-state Stokes equations in a tube structure
B.

~div(v.(2)(V + V7 )u) + K.(z)u+ Vp =0 in B.,
divu =0 in B,
u=0 on B\ Uy 7, (22)
u, =0 on 7,
—vOpu-n+p=c/e? on~l, j=N;+1,..,N,

where v, is the function (effective dynamical viscosity related to the porosity) equal to the positive constant
v\Y) everywhere except for the balls 1, 7€) and equal to the given functions v.(x) = v\ { ==L | in the balls
©) ywh pt for the balls B(O,, d equal to the given functi (D (2=C1) in the ball

B(Oy,re), 1 = 1,..., Ny, K. is the n x n symmetric matrix-valued function (inverse to effective permeability
of porous medium) equal to zero everywhere except for the balls B(O;,re) and equal to the given functions

K. (x) = K(l)(i—a) in the balls B(Oy,re), | = 1,...,Ny, v, K. € CY(B.), v. is greater than some positive

constant independent of ¢, K. > 0 (non-negative matrix) ; v, KO are independent of &; n is the unit normal
vector to v/, u, = u— (u-n)n is the tangential component of the vector u, 9,9 = Vg-n is the normal derivative
of g, ¢/ are some given constants. This model was rigorously derived from the Navier-Stokes equation in a porous
medium in [2] and was extensively studied in fluid mechanics [14]. This model describes the Newtonian flow in
the tubes combined with the fluid filtration process through the zones B(Oy, re), simulating the eventual clots
or thrombi. In these zones v, stands for the effective dynamical velocity taking into account the porosity of the
clot, while K. stands for the inverse to the effective permeability of the clot. The coefficients K., v, is supposed
to be C'-smooth function, while v, is continuous in the closure of B..

In this section we prove the existence and uniqueness of the solution to problem (2.2) with the right-hand
side f € L?(B.). From the boundary condition u-|,; =0 and the divergence equation divu = 0, it follows that
—vopu - n| i =0. Thus we can rewrite (2.2) with the right-hand side in the following form

—div(qu)Du) + K (z)u+ Vp=1(z) in B,
divu =0 in B,
u=0 on 0B\ Ué'v:Nﬂrl v, (2.3)
T = 0 on '75;7
p=p; onvyl, j=Ni+1,..,N,

where p; stand for the constants ¢/ /e?, D =V + V7.
Let us define a weak solution of problem (2.3) as a vector field u € K?(B.) satisfying the integral identity

J (%yg(x)Du-Dn—&—KE(x)qu de = — Z pj [ Mads+ ff ndz (2.4)

B. j=Ni1+1 2

for every n € K'2(B.). Here and below for any two n X n matrices A and B having entries a;; and b;; denote
A - B the sum Z?jzl a;jbij.

Introduce p; = p; —pn, Jj = Ni,...,N. Consider an equivalent weak formulation: find a vector field u €
K L.2(B.) satisfying the integral identity

Bf (%ug(w)Du-Dn—i—Kg(x)uﬂ?) dz = — Z p; [ mada’ + [ f(z)-ndx (2.5)

B J=Ni+1 g B.
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for every n € K L2(B.). The equivalence of these formulations follows from the identity

Z p]/nndx Z p]/nndx

j=Ni1+1 ,- j=Ni1+1

which is a corollary of the relation

N

Z n,dz’ =0

j=N1+1

for the solenoidal vector-valued function 7.

Let us explain this weak formulation heuristically; the rigorous analysis of the equivalence of the weak
formulation and the classical one needs to study the regularity of the weak solution, see [9], [1] for the methods.

Identity (2.4) follows from equations (2.3) after multiplying them by n € Kb 2(B.) and integrating by parts
in B.. On the other hand, for a sufficiently regular solution u satisfying (2.4) there exists a pressure field p
such that the pair (u,p) satisfies equations (2.3)1 2 a.e. in B,. Boundary conditions (2.3)3 4 5 are satisfied in the
sense of traces (see the definition of the space K L2(B.)). More exactly, function p is defined up to an additive
constant but this constant can be chosen so that p satisfies (2.3)5. Indeed, take in (2.4) a smooth solenoidal
function n satisfying the boundary conditions n|r = 0, 77.,.\7%' =0, j = N; +1,...,N. Integrating by parts in
(2.4) yields

N
= —U(O) ‘_Z fanll ’I’]dS— _Z Pj fnn dz’ (2 6)
J=Ni+1.7 J=Ni+1 i
N
- Z pj fnn da’
j=Ni1+1 2

If n € J§°(B:) = {n € C§°(B;) : divn = 0}, then it follows from (2.6) that

/ ( - div(ue(x)Du + K. (z)u— f(x)) ~77) dz =0 Vn e J°(B:).

B.

Hence, there exists a pressure function p such that
—div (z/s(x)Du) + K. (x)u+Vp={ ae. in B..

Then

/(—div(ve(ﬂf)Du)+Ks(56‘)u—f( -nde = - /Vp ndr = — Z /P 1y da’

B. Jj= N1+1
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for every m € 1?1’2(36). Therefore,

N N
> o= Y b [0

j:N1+17§ j=Ni1+1 4
Thus,
N A~
> /(p —pj) - nada’ =0 Yne K"*(B.). (2.7)
j:N1+1'Yj

Let us fix arbitrary j € {N; +1,...,N}. Taking n € Ké’z(BE) such that n|,» = 0 for k # j, we get

[ pn-nasr o (28)

~2

The normal traces of functions 1 from Ké’Q(BE) satisfying the conditions n[,x = 0 for k # j compile the whole
space W/22(y1) N1 L2 ().
Since Cg°(B.) N L?(B.) is dense in W'/22(37) N L?(+Z) from the last equality it follows that
(P—pi)ls = ¢

where ¢; is a constant (similarly to [16], [17]). Using these relations and taking now in (2.8) a test function

n € K“2(B.) such thaut/77~nd30’:Ofork';«réjaundk:;aféN7 /n~ndx’:1 and /n-ndm':—l, we get

vk 2 et
N
Z cj/n'ndx’:cj—cNécj =cn.
j=Ni1+1 J
’YE
Thus,
Cj =CN V]:N1+1,,N (29)

Since the pressure p in the weak formulation is defined up to an additive constant, we may set ¢; = cy =0, j =
Ny +1,...,N. Then from (2.9) we have

p|,yg‘ = Dj, j= Ny+1,...,N.

These considerations justify the definition of the weak solution.

Theorem 2.1. For arbitrary f € L*(B.) and p; €R, j=Ni+1,..,N —1 problem (2.5) admits a unique weak
solution u € K“2(B.). There holds the estimate

N-1

IVallzam, < (e > Wil +elflim.)) (2.10)
j=N1+1
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with the constant ¢ independent of €.

Proof. Define in K2(B.) the inner product [u,n] = f 3Ve(z)Du- Dn + K (x)u-ndz. Due to the Poincaré-

Friedrichs inequality and the Korn inequality the correspondmg norm is equivalent to the Dirichlet norm with a
constant independent of €. Using the Cauchy-Schwarz, the trace theorem and the Poincaré-Friedrichs inequality
we derive the estimates

> (S inan) " pape

Z p; [ muda’| <

=N j=N1+1 i (2.11)
<ee? Y |plIVallres.)-
j=Ni+1
Finally,
’ I f-ndx’ < (f \fIde)W( I |T’|2dx)l/2
J J J (2.12)

< cellfll 2oVl L2(s.)-

Consider the linear functional ® : K12(B.) — R defined by

Z p]/nndx+/f ndx.

] N1+1 j

Due to estimates (2.11) and (2.12) it is bounded in the Hilbert space K12 (B:) and so, by the Riesz theorem
there exists a unique function u € K?(B.) such that for all n € K12(B.),

®(n) = [u-n).

So, this function u is a unique solution to the weak formulation (2.3). Due to estimates (2.11) and (2.12) it
satisfies estimate (2.10). O

Remark 2.2. Notice also that the weak solution u of problem (2.3) belongs to the space W?22(B.) whenever
f € L?(B.). The corresponding pressure belongs to W12(B.). This can be proved extending the solutions and
the data by reflection over the sections 74 to a larger domain (see [9], [1]).

Remark 2.3. We will also consider problem (2.3) with f € W~12(B.) such that

s or,
ox;

i=1 ¢

f=1f— , fie L*(B.), i=0,1,...,n, (2.13)

f;(z) = 0 in the neighborhood of bases 7J. A weak solution is defined as u € K'2(B,) satisfying

/ (3v-(@)Du- Dn + K.(@)u-n) da

SR> pgfnnds+f(fo n+ i f %)dw

j=N1+1 2

(2.14)
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for every n € K L2(B.). In this case Theorem 2.1 can be easily generalized with the estimate

N-1

IVullzcs < e(2 D Wil + elifollzaen + Y I6illzees) ) (2.15)
j=N1+1 i=1

with the constant ¢ independent of €.

Let us now recover and estimate the pressure p corresponding to the weak solution u € ﬁ/\lvz(BE) of problem
(2.3). To do this, we need to prove that a linear bounded functional £ defined on the space W12(B.) and

vanishing on the subspace [?1’2(35) can be represented in the form L£(7n) :/ p(z)divn(x)dx, where p €
B.
L?(B.). First of all, let us study the divergence equation in the space W12(B.) with the right-hand side from
L?(B.). First of all recall the well-known result on the divergence equation.
Let ©Q be a bounded domain in R™, n = 2,3. Denote

L*(Q) = {h € L*(Q) : /h(x)dx =0}.
Q

Consider the following problem (divergence equation): for given h € L2(f), find a vector field w € W12(0Q)
satisfying the equation

divw = h, (2.16)
and the estimate
IVWllz2(0) < cllhllL2(q) (2.17)

with some constant ¢ depending only on 2.
Notice that the condition [ h(z)dz = 0 is necessary for the solvability of the above problem. Indeed, by the
Q

Stokes formula,

/hdx:/divwdx: w-nds =0.
Q Q o0

The following lemma was proved in [21].

Lemma 2.4. Let Q be a bounded domain in R™, n = 2,3, with Lipschitz boundary. Then (2.16) admits at least
one solution w € W12(Q) satisfying estimate (2.17).

The next lemma is proved in [31] (Lem. 3.6).

Lemma 2.5. Consider equation (2.16) set in ) = 1LY, Then (2.16) admits at least one solution w € WI’Q(HS))
satisfying estimate

”VW”Lz(HgE)) < 05_1||h||L2( (2'18)

ey

This lemma yields the following assertion.
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Lemma 2.6. Consider equation (2.16) set in Q@ = B.. Then (2.16) admits at least one solution w € W12(B,)
satisfying estimate

IVwllzz(s.) < eIl 2. (2.19)
Its formulation follows [31] (Lem. 3.7). However, in [31] there is a misprint in the constant which we fixed
here. Its proof is in Appendix B.

Let 0 C R"™! be a bounded domain with Lipschitz boundary and IT = {:U v eo,0<a, < 1}, be a cylinder
in R™. First, we consider the divergence equation in the cylinder II.

Lemma 2.7. Let h € L?(I1). Then the divergence equation
divw(z) = h(z), z €Il (2.20)

admits at least one solution w € W12(I1) vanishing on the part of the boundary O\ {x : x, = 0} and wWr|,, —o =
0. The solution satisfies the estimate

VW2 < cllhllz2qm).- (2.21)

Proof. Let us extend h as an odd function to the larger cylinder I = {x ' €0, -1 <a, < 1} (with respect
to ). Consider in II the following divergence equation:

divw =
W =

5 h(z), = ell,
h(z) = { -
—h(z',—xzy,), xelIl\IL

(), @<l (2.22)

(an) >

, xeaﬁ,

where

Note that /iz(x)dx =0.
ﬁ o
Then, according to Lemma 2.4, there exists the solution W € W2(B,) satisfying the estimate
||W||W1,2(ﬁ) < C||hHL2(ﬁ) < C||h||L2(H) .
Without loss of generality we can assume that W has the odd component W’ and even component W,, (with

respect to x,). Indeed, if we have some solution W to this divergence equation (2.22), we can consider the
function W defined by relations

1
Wn(xlaﬁn) = i(Wn(flaIn) + Wn(x/» *l’n))v

W (2! ) = %(W’(w’,xn) W ().
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Then W is still a solution to the divergence equation (2.22) and it satisfies the above parity conditions with
respect to x,. This 1mphes that W’ = 0 on the section r, = 0, that is W.,. =0 for x,, = 0.
The restriction w of W on II is a solution to problem (2.20). O

Lemma 2.8. Let h be a function from L?(B.). Then the divergence equation
divw(x) = h(z), = € Be, (2.23)
admits at least one solution w € Wl’z(BE), satisfying the estimate

VWl 25 < ce ||kl L2(s.)- (2.24)

Proof. Let us fix a cylinder ng) having the base 7. Let us cut this cylinder at the distance ¢ from the base
N. Denote the cut piece by C.. Introduce (h)p. = / h(z)dz/mes(B.) the mean value of h in B.. Let x4 be
B

the characteristic function of the set A. For the function by = h — (h) 5. Xc, (x) we construct a solution of the
divergence equation

divwy(x) = hy(z), = € Be, (2.25)

from the space W12(B,).
According to Lemma 2.6, it satisfies the estimate

IVWillr2(s.) < ce 2 ||hillz2ep.) < ce*2||hllr2(B.), (2.26)

because

1Yo X (@)p2(5) = hda|v/mesCs < c2V2||hl (.. (2.27)

esB
BE

Now, in the cylinder C. we construct a solution wo € W12(C.) of the divergence equation
divwg(z) = <h>BE Xe. (z), z€Cq, (2.28)

satisfying W,.|75v = 0 and the estimate

IVwollz2(c.) < ell(h) n, Xo, (@)lz2c) < e 2IIR]l 2., (2.29)

The first inequality in (2.29) follows from Lemma 2.7 contracting 1/e-times the cylinder IT in (2.21), the second
inequality follows from (2.27). Since, by the construction of Lemma 2.7, the vector-function wy vanishes on the

second base of the cylinder C¢, it can be extended by zero into B, \ C.. So, wq € WI’Q(BE). Finally, taking
w = w; + W, we finalize the proof. O

Theorem 2.9. Let ® be a linear bounded functional defined on the space Wl’Q(BE), n — ®(n) vanishing on
the subspace KY2(B.). Then there exists a unique function p € L*>(Be) such that ®(n) can be presented in a

form [ p(z)divy(z)dz.
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Proof. In the proof of Lemma 2.6 for any h € L?(B.) there was constructed a function w, belonging the space
W12(B.), satisfying the relation

divw(z) = h(z), z € B, (2.30)

and estimate (2.19). One can easily check that this construction defines a bounded linear operator M ~! from
L%(B.) onto W12(B,).

Let us define the equivalence classes in /WLQ(BE). We say that two functions w and v belong to the same
class if they have the same divergence: divw = divv. We will call functions w belonging to the class W as
representatives of this class. Define the sum W + V of two classes W and V as the equivalence class containing
the function w 4+ v, where w € W and v € V are the representatives of W and V respectively. Also, define the
product aW of the equivalence class W by a real number « as the equivalence class containing the function
aw, where w € W is a representative of the class W. So, we can consider the vector space of the equivalence
classes (known in the literature as the quotient space). Introduce the inner product in this space: if W and V
are two classes and w € W, v € V, then the inner product in this quotient space is defined as

(W, V) = / divw - divvdz. (2.31)

e

One can easily check that this definition satisfies the axioms of the inner product (bilinearity, symmetry and
positivity of the associated norm) and is stable with respect to the choice of the representatives w and v of the
classes W and V respectively. .

Consider the value ®(w) for some w € WH2(B.). Let W be its equivalence class corresponding to the
divergence h € L*(B.), i.e. w € W and M ~'h € W. Then ®(w) = ®(M ~'h), because w — M ~1h is divergence
free, and so ®(w — M~1h) = 0. So, ®(w) is uniquely defined for all functions of the class W, and so, one can
consider @ as a linear functional on the vector space of equivalence classes. As the functional ® is bounded with
respect to the norm of W12(B,) and the operator M ! is also bounded,

|®(M~'h)| < cel|hll2(e) = cel|divw]| 2 (Be),

where c. is a constant depending on . So, ® is bounded on the space of equivalence classes with inner prod-
uct (2.31) and so, according to the Riesz theorem, there exists a unique equivalence class U such that for a

representative u of U and for any w € Wl’Q(Bg) it can be represented in a form of an inner product
d(w) = / divu - divwdz. (2.32)

Taking now p = divu we complete the proof of the existence of p. Its uniqueness follows from the uniqueness of
the equivalence class U, so that for all u from U divu is the same.
O

Now we can introduce another weak formulation for problem (2.3), namely, formulation “with pressure”: find
ue Wh%(B,) and p € L?(B.) such that

/(%ys(x)Du-Dn+Ks(w)u-n) dx*/p(x)divndw: - i pj/n~nd8+/f~ndx (2.33)

B. B J=N1+1

= €

holds for every n € Wh2(B.).
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Theorem 2.10. For arbitrary f € L*(B.) and p; € R, j = N1 + 1,..., N, problem (2.3) admits a unique weak
solution (u,p), u € Wh2(B.), p € L*(B.). The following estimate

N
E_B/QHVLIHLZ(BE) + ||p||L2(BE) < 66_3/2 (5”/2 Z |pj| + €Hf||L2(BE)> (234)
j=N1+1
holds with the constant ¢ independent of €.
Proof. Applying Theorem 2.9 to the functional
1 N
L(n) = / <§u€(x)Du -Dn+ K. (x)u- n) dz + Z D /77 ‘nds — /f -nda, (2.35)
B. Jj=Ni1+1 J B.

Ye

defined on n € Wwi2 (B.), we get the existence and uniqueness of the pressure p € L?(B.) such that

L’(n):/ pdiv i dz.
B

=

So, u and p satisfy integral identity (2.33).
Evidently, applying estimates (2.11), (2.12), we get:

N
L] < IVl +2 S oyl + elfle ) 9o (2.36)
j=Ni1+1

Using Lemma 2.8, we can take in (2.33) the test function 1 such that divp = p(z) and

IVnllz2s.) < 05_3/2||p||L2(BE)-
Then (2.36) yields:

N

|L(n)| = Hp||2L2(BE) < 8573/2<||VUHL2(BE) +en/? Z Ip;| + €HfHL2(BE)) lpllz2 (., (2.37)
Jj=Ni1+1
and from (2.10) we get (2.34). O
Note that u is the same in both weak formulations.
Remark 2.11. As before if
"L Of; 9 ,
f=1f— oz f, e L (BE), 1=0,1,...,n, (238)
i=1 Ot

f;(z) = 0 in the neighborhood of bases 77, then the term ||f[|,2(p.) in (2.34) is replaced by e||fo||r2(5.) +
> il 2 s
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In this case a weak solution is defined as u € K L2(B,) satisfying

Bf (%us(:r)Du -Dn+ K.(x)u- 77) dz

€

N B (2.39)
== % pfmdst [ (fnt Xl 6 S ) de
J=Ni+1 i B. '
for every n € K'2(B.). Now, Theorem 2.1 can be easily generalized with the estimate
N—-1 n
IVullzes < e(? D Wil +elfollas, + Y il ) (2.40)
j=N1+1 =1

with the constant ¢ independent of e.

2.1. Asymptotic expansion of the solution

In this section we describe the construction of the asymptotic expansion. Let ¢ € C?(R) be even function
independent of € such that, {(t) = 0if [t| < 1/3, and {(t) = 1 if [t| > 2/3. Denote e = ep, (the edge with the end
0;) and 2(®) the Cartesian coordinates corresponding to the origin O; and the edge e, i.e., z(&) = Ple)(z — 0;),
P(e) is the orthogonal matrix relating the global coordinates x with the local ones z:(¢).

The asymptotic expansion of the velocity field is sought in the form:

!
el = 27y e (2
U(J)(l‘) = ZOZ,I:NlJrl,...,N;e:OlOiZ C( )U[ ] (7)

3rie c
=05 o\ lel = 2N e >
+Zezoaoﬂ;a’ﬁSN1<<3r1€><( 3rie )U’ ( € ) (2.41)
)

where the first sum is taken over all edges having a vertex as an end point (and with the origin of the local
coordinate system at the vertex), the second sum is taken over all remaining edges, and all terms in these

sums are extended by zero out of cylinders ng); the terms of the third sum are extended by zero out of the
corresponding bundles; functions U7l are the Poiseuille flow’s velocities corresponding to the cylinders ng)
(they will be defined below), they are expanded in powers of €; functions UBLO:] are the boundary layer type
functions exponentially decaying at the infinity, they as well are expanded in powers of e:

uledl = (P (0,...,0,0 ),
e e)\ ¢ ~(e)\¢t .
U = (PO)(0,...,0,U), j=0,1,....J,

UleJ] (y(e)/) _ i 63‘6](6) (y(e)/)’ (2.42)
=0

U[BLOMJ] (y) =

EjUgBLOI] (y)

M-

Jj=0
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The asymptotic expansion of the pressure for every half-cylinder Hg ), x, < le|/2, corresponding to the edge

e=0,0;,l=N;+1,...N, (O is the origin of the local coordinate system) is sought in the form:

p(J) (x) = 75(6)1:7(16) + a(e)’ (243)

and on every half-bundle HBy,, I =1, ..., N1, (O is the origin of the local coordinate system) we define:

(e)
PD@) =Y, 4( In ) (= 5@z + a© — ge) 4 gleo)

3rie (2.44)
-2 man(==2)
€ le]min €
where the terms of the sum are extended by zero out of cylinders ng),
1 &
e DOEN SRR D3l 249
j=0
and
pIBLOLII(y Z JP[BLOL’J] (y). (2.46)

Here e is the selected edge of the bundle (arbitrary chosen among edges of the bundle) and the local coordinates
2(©) are redefined so that all of them have the same origin O;.
The algorithm of successive determination of the terms in asymptotic expansions (2.41), (2.43) is as follows.

The base case. For any edge e define Uée) (y(©)") as the solution of the Dirichlet problem

CUOA U () = 1, 4l € 01O
UO(e)‘Ba(@ =0,

and define k. as the integral [ ., Uée)(y(e)')dy(e)’.
Solve the conductivity problem on the graph for the function pg:

62 (e) . .
ke IOy =0, 2 € (0,]e]),
ax(eﬂ

0)=0, I=1,... Ny, (2.47)

p(()e)(o):cl’ l=Ni+1,..,N,
p(0) = pi)(0), Yec By, 1=N.

Here the local coordinates z(¢) are redefined so that all of them have the same origin O;. So, pq is a continuous
function on the graph. Indeed, the last condition of this problem means that the values of the function pg for the
values of local variables acgf) = 0 associated to all edges e of the bundle B; are the same. Note that introducing
the weak (variational) formulation in appropriate spaces and applying the Lax-Milgram lemma as in the first

part of [32] one can prove the existence and uniqueness of the solution of this problem.
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Solving the above conductivity problem, we define for every edge e the constants sge) and aée) such that
Py (@) = =st7a) + af”
and the velocity

~(e e e e e 3 e e)\ !t rr(e e
Utoy (0 =56"U57 ('), U7 () = (P)(0,..., 0,0 (5. (2.48)

Introduce the notation:

DO = —div, (v (y)D, - ),

where functions #® and K® are extended out of the ball B(0,R) by v(*) and zero respectively. Now to
compensate the residual due to the multiplication of the Poiseuille flow by a cut-off function, we consider the
boundary layer correctors and problems for these correctors set in a dilated bundle of semi-infinite cylinders €;:

For I =1,..., Ny the boundary layer problem for (UgBLOl](y), PéBLO‘](y)) is:

,D(l)U%BLOL] i vyP(gBLOL] _ f(gREGOl] I f(gBLOL]7 ye,
div, UIPEOL = plREGOL e o (2.49)
U([)BLOL] |BQZ — 0,

where

£ (y) "
= > {7 (-v0a, (c(%)(P<e>)t(0,...,O,U([f}(y(e)'))*) (2.50)

e:0€e
(e)

-V, <<(g§f)ys>>) +(af? =l v, (5}

f(gBLOI](y) =0, (2.51)
()
REGO . e Yn e)\? el (e
HEEOl) = aiv, 3 {7C(4) P 0, 0 UG (2.52)

e:0€e

Here the sum Y is taken over all edges e having ends in the node O; and the terms are extended by zero out

e:O€e
of each cylinder ngj ). Here we have an unknown quantity in the right-hand side, the constant age) — ages) is

unknown. Let us address this term. Denote by (UE)BLO’](y)7 ﬁéBLOZ](y)) the solution of problem (2.49) without

(e)
the last term (age) - ages))vy (C(%)) in f([)REGO’](y) (since this term is of gradient form, the solutions differ
T1

only by the pressure components). The right-hand sides of system (2.49) have compact supports. Therefore,

according to results of Propositions A.1 and A.2 [33], the pressure ﬁéBLO’](y) exponentially stabilizes in each

outlet (corresponding to the edge e) to a constant, say a{)BLO“e], in the sense of integral estimates

k——+oo

lim 2 / (PIBLOU () —glBEOLey2 4y — 0, B> 0. (2.53)
(vt €k, k+1) N0



16 G. PANASENKO AND K. PILECKAS

This constant can be set equal to zero at one of the outlets, corresponding to the edge e;. Then we define the

(©) _ gles) _ glBLOI]

constants a; and define the boundary layer corrector for the pressure as

(e)
BLO SIBLO; Yn "\ ~[BLOy,e
POy = BP O - Y o )alr,
e:O€e, eFeg 1

Consider now the conductivity problem of rank 1 on the graph for the function p;:

9
- ¥ ke p}e)(O):o, I=1,.., N, (2.54)

@ =0) =" 1= N+ 1N,

where e, is the selected edge of the bundle. Here and below Oy is the node connected by an edge e = O O; with
the vertex Oy, a{,BLol”e] is the limit of ﬁéBLo“’e] (y) at the outlet corresponding to the edge e = O O;. So, in
this problem on the graph the solution may be discontinuous at the nodes. Namely, at each node O; there are
prescribed jumps of pge) between the edges e and eg of the bundle. This problem as well has a unique solution
p1. Note that problem (2.54) can be reduced to a problem on the graph with a right-hand side for a continuous
unknown function as in [32].

Now, constants sge) and age) are known: ple) (xSf)) = —sge)ng) + age)7 and we can completely determine the
pressure in the boundary layer problem (2.49):

(e)
BLO S[BLO Yn ' \~[BLO,,e
P(g z](y) _ Pé l](y) _ § : ¢ . )a([) 1 ].
e:O;€e, eFeq 1

Suppose that all terms of expansion (2.41)—(2.46) corresponding to the rank less or equal to j — 1 are known,
and that the macroscopic pressure p; on the graph is known as well. Let us describe the passage from the rank
J — 1 to the rank j.

Step 1. As the macroscopic pressure on the graph p; is known, define for every edge e constants s and

J
age) such that

and

(2.55)
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[BLO)| p[BLOI]
UJ 1 an l )

Step 2. The boundary layer solution is a pair ( solving the following Stokes system in 2,

= 1, ceey Nll
Dél)UBBLOl] n Vyp_[BLOl] _ f][REGOl] 4+ glBLon
div, UPFOT = plFEaol (2.56)
U 0 =0, j=0,...7,
where

fj[REGOL}(y(e)) - ¥ { —uA, [C(yr(le))UBe] (y(e)’)}

ezoleé) 3ry
v, [C(%) (= s94)] (2.57)

+a£_BLOL,e] Vyc(?;iej)}

A[BLOl,e]

(for j = J the coefficient a; (t) is omitted),

fj[BLOl](y(e)) _ K(Z)Uﬁéol], (2.58)
h[REGOz]( t)=— S div (C(y%{i))U[?]( (e)! t)) (2.59)
J v e:0,€e Y 3T1 / Y ’ . .

Here the sum >~ is taken over all edges e having ends in the node Oy, the terms of the sum are extended by
e:0j€e

zero out of cylinders ng) and by convention, the terms with the negative subscripts j are equal to zero. Note
that by construction, suppf][REGol] N suppK® = 0.
[BLO,] 7[BLO]
(U7, Pt
last term in the definition of fj[REGOl]
A.2 [33], that UBBLO’] exponentially tends to zero as |y| — 400, while the corresponding pressure function

PIBEO gtabilizes in outlets to infinity to some constants GBBLO“e] in the sense of (2.53); these constants may

be different for different outlets. Since the pressure function is defined up to an additive constant, we can fix
the limit constant equal to zero for the outlet corresponding to the selected edge e,.
Step 3. Solve the conductivity problem on the graph for the function p(e) (j < J):

First, we find the couple which is the solution to the same problem (2.56) without the

(see (2.57)). It can be proved by induction, using Theorems A.1 and

j+1
62]7(‘6)1 . .
S D)) =0, @ € (0,]el),
Tn
3p(e)1
- Y ke J(Z) (0)=0, I=1,.., Ny,

e:0€e 8.13n
Ph(0) =@ = Ny 1N,
p$(0) =Pl (0) = PP e C Bre # e,

where the local coordinates z(¢) are redefined so that all of them have the same origin O;.
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Step 4. Finally, we find the pressure PJ[BLO’](y) in boundary layer problem (2.56), (2.57) for [ =1, ..., Ny:

(eam)
[BLO,] _ BIBLOY] . Yn ~[BLOy €]
Pj (y) = Pj (y) ; EE , 4(73741 )a] .
e:0;€e, eFes

This step finalizes the passage from j to j + 1.

2.2. Residual
Consider the asymptotic expansion (u(J),p(J)) of order J (see (2.41), (2.43)). By construction

u) e Wh2(B,),p) € L*(B.). (2.60)

Put L(u,p) = —div(us(x)Du) + K_(z)u + Vp. Let us calculate £(u'”),p{))) in a half-bundle HBop,, | =
1,..., N;. We obtain

£ () = L, p)

(e)
= I ROYIBLOL | I ylBLO) -2 Z af}BLOl’e]VyC<yL>
e:0O,€e 37"1

{e(c(E=Cyutmonn ) (O pioronig)) ).

‘6|min |e|min
H =0 g _ 29 is the characteristic function of the set (1
rey =—— Y= x= Xsupp(l—c(\zﬁﬁg)) is the characteristic function of the set supp
¢ ( lli‘_o_yll )) As before the terms of the sums > are extended by zero out of cylinders ng).

e:0€e
Here the first line of the right-hand side is the residual of the term K®u(”), the second line of the right-
hand side comes from the pressure gradient term; this term is the only one that was not compensated by the

boundary layer-in-space problems. The last line is the residual generated by the multiplication of the boundary
II*O[ I

layer correctors by the cut-off function C(r) Notice that terms appearing in this last line exponentially

vanish because in the set supp(l — C(lx_oll)) (where x # 0) the order of this term in L?-norm is O(e™¢/¢)

lelmin

with some positive constant ¢; (see the Appendix in [33]). From the obtained formulas it follows that

£ 28,y = 1LY, pD)]| 125,y = O 7). (2.61)

In the vertex associated cylinders Bp,, l = N1 + 1, ..., N, the residual is equal to zero.
Let us calculate the divergence of u(’). In any half-bundle we have

‘$701|

|e|min

divu) = ~v¢( ) - UlEEOI () — ().
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Obviously, h(/) € W12(B,). Since the support of the function V¢ ( ‘“9”) belongs to the middle third of every
cylinder, there the relations

|e‘mzn

1R w25,y = O(e™2/%) (2.62)

hold for some ¢y > 0.
It is easy to see that

/ h (y) dy = 0.
B.

Therefore, by Lemma 2.6, there exists a vector field w() € W2(B.) such that divw(”) = —h()). Moreover,
the estimates

HW(J)HWL?(BE) < 573/20”}1(])\&2(35) (2.63)

hold.

Set u) = ul”) + wl/). Then diva'’) = 0, ul’) satisfies the lateral boundary T' the no-slip boundary
conditions without residual, and because of (2.62) we have

J _
IE 225,y = O 2), (2.64)

where fl(J) =L@, pt)).
As for the pressure boundary conditions, the non-compensated values EBBLO“’e},l =Ny +1,..., N (limits of

fA’L[]BLO“’E] at the outlets corresponding to edges OpO;, | = N1+ 1,..., N generate a constant residual in the

. . _1~[BLOy,
boundary condition on ~}, that is ” 1a[, el

2.3. Error estimate
Theorem 2.12. The following error estimates
[u =0 |yro(p) = O D2)lp = p L2,y = OV (2.65)

hold.

Proof. Let v=u—u’), g = p—p). Then the integral identity
iv.(z)Du) - Dn+ K. (z)u?) - ndz — [ g(z)divpdz
B, B.

N
= EJfla‘[IBLO“"e] [ nads— [ £ . nda

j=Ni1+1 ~i Be

holds for every n € Wtz (Be).
Applying Theorem 2.10 with estimate (2.34) we get:

Ivilwrzp) = l|lu— l~1('])HWL’A’(BE) =0(e’ ™) (2.66)
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and
lallz2(s.) = llp _p(J)HLQ(BE) = O(EJ_5/2)- (2.67)
Evaluating now the norm of the difference u(”) and u(/*2 we obtain:
16 = 8D |y, = O(7HD/2),
Replacing J by J + 2 in (2.66) yields:
Ju— 82y, = O(7FL).

So, the triangle inequality gives the first estimate (2.65). Applying the same argument to p) and p/*Y | we

get the second estimate (2.65). O
Remark 2.13. The asymptotic expansion (2.41)—(2.46) can be slightly modified without loss of the accuracy.
-0 -0
Namely, the argument |T | ! of the cut-off function ¢ may be replaced by lz =0 with § = Cye|Inel|e|min,

€|lmin
where the constant C; is chosen in such a way that
E§/5 _ HU[BLOLJ]sz,z(ﬂlyws) + ||p[BLol,J]||W1,2(QW5) — 0(5J+(n—1)/2). (2.68)

Here Q1 r = U {|y| > R}. Indeed, by Theorem A1 [33], UBLOWII(y) and PBLOLII(y) exponentially vanish
as |y| = oco. Thus,

Er < c1e7E ¢/ co > 0.
So, the estimate
Eyje = O +n072)
is true for § such that
c20/e > (J+ (n—1)/2)|Ine|,

i.e. for § = Cje|lnel.

Notice that the constant C; = ¢;J 4 ¢, where ¢, ¢o are constants independent of J.

Then the W2(B,)-norm of the difference of the constructed asymptotic expansion u(’) and the modified
one is of order O(g’/+(=1)/2),

2.4. Method of asymptotic partial decomposition of the domain for the inflow-outflow
boundary condition involving pressure

Using the obtained results we introduce and justify the method of asymptotic partial decomposition of the
domain (MAPDD) for problem (2.2). This method first published in [27] reduces the dimension on the main
part of B. replacing the solution by the Poiseuille type flow and keeps the original full dimension in small
neighbourhoods of the nodes and vertices. By this, it reduces the computational costs and accelerates the
traditional numerical strategies.

Let us describe the algorithm of the MAPDD for the Stokes problem set in a tube structure B.. Let § be a
small positive number much greater than ¢ (it will be chosen of the order O(e|Iln¢|)). For any edge e = 0,0,
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of the graph (0O;,0; are two nodes) introduce two hyperplanes orthogonal to this edge and crossing it at the
distance ¢ from its ends. If in the edge e = O;0; only one end O; is a node and the second end is a vertex,

then we introduce only one hyperplane at the distance § from the node O;. Denote the cross-sections of the

cylinder ng) by these two hyperplanes respectively, by S; ; (the cross-section at the distance ¢ from O;) and

Sji (the cross-section at the distance § from Oj) and denote the part of the cylinder ng) between these two
cross-sections by B?jec’e (if O; is a vertex, then B?jec’e stands for the part of the cylinder I between S;.; and
the base of the cylinder 47 containing the vertex Oj; in this case this base of the cylinder 4?2 is denoted Sji)-

Sij Sii

o dec € o

Truncation of the cylinder ng)

Let Bf’é be the connected, truncated by the cross-sections .S; ;, part of B, which contains the node O;.

Sijg Sijy

Sij 3 S

Connected component Big’[s

ij,

Define the subspace Wyec(Be,d) of ﬁ/\l’Q(BE) such that on every truncated cylinder B;ijec’s its elements
(vector-valued functions) have on Bf;ec’a vanishing tangential entries of the vector-function and independent of
the normal variable normal component of the vector-function. Let Hgec(Be, d) be the subspace of Wyec(Be, 9)

consisting of the divergence free functions. We will consider as well the subspace L2 (B.,d) of the space

L?(B.) such that its elements are affine functions of xge) on every truncated cylinder B?;C’E. The MAPDD
approximation to problem (2.2) is formulated as a projection of the weak formulation (2.4) with £ = 0 on the
subspace Hgec(Be, ), namely
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find vq € Haec(Be, d), such that Vn € Hgec(Be,d), the following integral identity

/;VE( )Dvg-Dn+ K. (z)vg-ndx = — Z pj/nnds (2.69)

B. j=N1+1

FYE
holds.

Applying the standard Lax-Milgram lemma arguments one can prove the existence and uniqueness of the
solution v, to this problem.

Note that the corrected, according to the above Remark 1.1, asymptotic solution u(’/) belongs to the space

Haec(Be, §) and still satisfies the weak formulation (2.4) with the same residual as before, i.e., of order O(e”~2)
in L?(B.)-norm:

1
/iz/s(a:)Du(‘])'Dn—i—KE(x) ) pde = — Z pj/nnds—i—/f(‘]) ndx

B. j=N1+1

for all n € K12(B.), where

IE£7 |22,y = O(e772). (2.70)
Respectively, ul’/+2) satisfies
/ %%(@Du“”)ﬂnwe( Jul+ . pde = — Z P / M ds + / £ nda,
B. j=Ni1+1 i
where
£ | 25,y = O(E”). (2.71)

Of course, this identity is still true for 1 € Haec(Be, ), because Hyee(B:,d) is a subspace of 1?1’2(35).
Evidently, the difference vy — u(’/*?) belongs to Haec(B:,d) and for every 7 € Haee(B:, ) satisfies the integral
identity

1
/ 0 (@) D(va — a7 ) Dyt Ko@) (va — u+2) - pda = / £+ pda
B. B.
Taking 7 = vq4 — ul/+2) we get the estimate

[va — U(J+2)|\W1x2(35) = O(EJH)- (2.72)

Using estimates (2.72), (2.65), and applying the triangle inequality we get

Theorem 2.14. Let ¢ be Cjiqe|lne| with constant Cyyo satisfying (2.68) with J replaced by J + 2. Then the
following error estimate

IV = Vallwes.) = O™ =D72) (2.73)
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holds.
This estimate justifies the MAPDD.

Remark 2.15. The variational formulation (2.69) is equivalent to the following one, which uses functions
defined only in the “octopus-like” domains B, Let (UB)™% = UM, B, Introduce the space Waee((UB)*%)
of functions 1 belonging to Wh2(B°) for all i = 1, ..., Ny, such that n = 0 on dB. NIBS° and for all e = 0,0;

77|Slj = 77|Sjl = (73(6))* <07 -0, ﬁn(x(e),)> 3T € WLZ(US))' (2'74)
Also, introduce the space Hdec((U B)=?) as the subspace of dlvergence free functions of the space Wdec((UB )E:0).

Then problem (2.69) can be stated as follows: find vq € Haec((UB)™9), such that Vn € Haee((UB)®), the
following integral identity

S [pes 3v-(@)DVa- Dy + Ko (2)vq - nda

N
+3M dy faiﬁ” VOV Vi Voepmde® = — S p; [n,ds

J=Ni+1 i

(2.75)

holds. Here d; = |e| — 26, the distance between the cross-sections S;; and Sj; cutting the segment e (for segments
with the both end points which are nodes, e connects two nodes), d; = |e| — ¢ if one of the end points is a vertex,
i.e. e connects a node and a vertex. In the last case, in (2.74) with j = Ny +1,..,Norl=N;+1,...,N, by
convention Si; = 72 (respectively, Sy = 4L ). The advantage of this form of the integral identity is that it uses
only functions defined in small truncated domains.

It is possible to “recover” the MAPDD pressure and get an equivalent formulation “with pressure”:
find the vector-field v4 and the “MAPDD pressure” py for all ¢+ = 1,..., Ny belonging to the spaces v4 €
Waee ((UB)#) and py € L? (BS%), and satisfying for all € Waee((UB)® 5) the following integral identity

ZZ 1 fBE s 2ve(z)Dvq - Dn + K. (z)vy - ndz
+Zl 1dlf ({'l)I/( VI(EL)/Vd Vw(pl),ndx(el)’

=Y [ padivnda — Z pj [ M ds.
o j=Ni1+1 ,YJ

(2.76)

Theorem 2.16. There exists a unique solution to problem (2.76) such that the vector field vq is the same as in
Theorem 2.14, and the uniquely defined in all domains Bf"s pressure pg can be extended on all cylinders Bffc’g

(e)

as an affine function of the local variable xy’ so that the following error estimate

lp = pallwiz(s.) = O(e7+(n=3)/2) (2.77)

holds. Here 6 = Cyyonti1€|Ine| with constant Cjyyany1 satisfying (2.68) with J replaced by J + 2n + 1.

The details of the proof of this theorem are presented in the Appendix A.

2.5. Some comments on the mixed boundary conditions

Consider now the case when on some part of the surfaces 77, j = Ny +1, ..., Na, one sets the pressure conditions
(2.2)5 while on the other part (j = No + 1,..., N) the inflow/outflow velocity is given. This case is treated in
the same way as above. The boundary layers are constructed as above. There is no need of the compatibility
condition on the integrals of the boundary value function g-n over 4, j = Ny + 1,..., N (if No < Ni). The
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equations on the graph have then boundary conditions for fluxes at the vertices O;, j = No +1,..., N, and the
boundary conditions for the unknown macroscopic pressure p at the vertices O;, j = N1 + 1, ..., Na.

Also note, that the results can be generalized to the case when v. and K. are less regular: boundad measurable
functions.

2.6. On the Darcy law for a tissue with network of vessels

The constructed above asymptotic expansion of the solution to problem (2.2) can be applied to the deter-
mining the permeability of a piece of tissue containing a network of vessels. The derivation of the Darcy law
for flows in porous media with periodic structure from the Stokes and Navier—Stokes equations was introduced
n [22], [10], [39]. Its justification was based on the method developed in [38], [40], [41] and the Appendix by
L.Tartar in the book [39] (see also [22] for non-stationary setting and [43] and [4] for asymptotic expansions of
the solution).

Consider a domain G containing a tube structure B.. For simplicity, assume that G is a cube (0,1)" and
that all vertices and the surfaces v/, j = Ny + 1,..., N belong to the faces of the cube Sy = {z1 = 0, (z2,73) €
(0,1)" '} and Sy = {z1 = 1, (z2,23) € (0,1)""'}. Let all constants c¢; corresponding to v/ C S; are equal to
€2, so that pj = 1, while all remaining constants ¢; = 0. The cube G can be considered as a porous medium
and according to the Darcy’s law (confirmed by the above asymptotic expansion) the pressure gap (here equal
to one) is proportional to the average velocity in the direction z1, equal to @ = | B. up(z)dz. According to
the above asymptotic analysis, this integral is of order e"*! because the velocity magnitude is O(g?) and the
measure of the domain B, is of order " ~!. Using the leading term of the asymptotic expansion 52Uée)(x(e)/s)

)

M
in each cylinder ng and replacing the integration over B. by the integration over ( U Héej)> we modify the
j=1

average velocity with an error of order €"*2 because the measure of all smoothing domains wj is of order ", and
the integral of the exponentially decaying boundary layer correctors is of order "2, Therefore, the algorithm
to compute the permeability in z; direction is as follows: solve the problem on the graph (2.47), compute the
approximate average velocity

M
uy = E / 208 (204 /&) cos(n, 21 )da,
— H(ej)
]: €

where cos(n, z1) is the cosine between the edge e; and the axis x1, and define the permeability in z; direction
as the average velocity divided by the pressure gap (equal to one), so, the permeability is equal to @. Note that
for u§ we get the following expression:

M
af = e"tt Z lej| e, séej) cos(n, 7).

j=1
(ej)
’ (

(ej) _ _ Opy-
0 =

Here s t77- In the case of the round cross-sections of the tubes I1c ), having radius er;, we get for

the permeability: "’

M
af = etr(8v)7! Z |€j|7’?58€j) cos(n, 7).

j=1
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3. CONCLUSION

The stationary Stokes equation with Brinkman term in small parts of the domain is studied in thin tube
structures with the pressure condition at the inflows and outflows and no-slip boundary condition on the lateral
boundary. This boundary value problem models the blood flow in a network of blood vessels, where the Brinkman
flow zones simulate the filtration of the blood through thrombi. Also, it can be used to model the flow through
a roll of thin capillaries, part of the network. The leading term of the asymptotic expansion can be used to
determine the permeability of the tissue. The obtained MAPDD model of the flow can be coupled with the
diffusion-convection equations modeling the transport of cells or substances by the blood in the same way as it
was done in [7]. Such coupling can be done as well for the non-Newtonian flows in a network of vessels.

APPENDIX A. PROOF OF THE RECOVERY OF THE PRESSURE IN THE
MAPDD PROBLEM

Denote () = (meSBs)il/ ~dz, ()i = (meSBf’g)il/

- dz and define
Bs,é
€ 7

Qi(w) = / w - nds.
B

Lemma A.l. There exist N1 vector-valued functions U; € Waec(Be,6), @ = 1,..., N1, such that Q;(U;) =
5ija ] = 1, ...,Nl, and

”Ui”QL?(BE) < Ce=(n=1), HVUiH%Z(BE) < Chem (D (A1)

with constant C, independent of € and 9.

Proof. Consider for any i = 1,..., Ny the following problem on the graph B: Find a function ¢; € W12(B), affine
at each edge e of the graph (¢;(z) = —sge)xge) + az(-e)) and satisfying the conditions ¢;(0;) =0,j = N1 +1,...,. N
and

- Z ng)sge) = 0yj, (A.2)

e:Oj€e

for each node or vertex O;, j = 1, ..., N — 1, where the local coordinate system has the origin O;, ug . € Wl’z(age))
is a solution of the problem

VO (@) = 1, 2l eol?, (A.3)
wo @) = 0, o € a0l
and k9 = /( )uoﬁ(:c(e)’)dx(e)’.
Clearly, 5t = e"+15(9), where 1(¢) = / uo(y@)dy® and ug is a unique solution of the problem
o(e)
CVOA ue ) = 1, 4@ e o©
v o) UolY , Y o\,
{ " (A.4)
(Yoo = 0, y© edol®.

Note that £(¢) does not depend on .
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Problem (A.2) is a particular case of problem on the graph

9?%p(© :
(@) =0 21 € (0.Je),
Tn
ople)
- Z /‘GGW(O):\P[, l=1,.., Ny, (A5)
e:0;€e T

where W; are given real numbers. The existence and uniqueness of the solution to this problem is proved as in
[32].

Relation between ng) and k() yields: sge) = 5*(’”1)556), where 3¢

i

are the scaled pressure slopes and they
do not depend on €. Let us construct now for every cylinder B;ijec’a, corresponding to the edge e, a function Uj;

as Poiseuille velocity equal, in the local variables z(¢), to sge) (Ple))* (0, ey 0, uovs(z(e)')) Note that the order of
the measure of cross section of the cylinder is e”~! and the magnitude of uo,s(x(e)’ ) in the Poiseuille velocity is
of order 2 (and respectively, * is the square of the magnitude of ug .) while its derivatives are of order . So,
we have:

||Ui|| < ce 2D+ (n—1)+4 _ ca_”'H, HUzH

2 2
LQ(B:_ijec,E) = W1'2(B:-jjec’s) =

Then we extend Uj; inside the domains BZ"S as an arbitrary function from Wl’Q(BZ’é) with the given boundary
values (we keep the same notation for the extended function). In particular, we can do it just by multiplication

of the Poiseuille velocities Ul-(ac(e)’ ) by cut-off functions n. = 1 — ¢ depending only on the longitudinal variable
(e) (e)
xy —0 -

siceme(af? = 8) =1 - = and we obtain the same estimates in B, namely
Ne L1 :
||Ui||2LQ(BZ,5) < e L \|Ui||€vl72(B;,5) < e (D),

In fact, the last estimates will contain an extra factor € but it doesn’t improve the overall result: let us calculate,
for example, the norm

Hv(nfUi)”iz(Bz«‘) = anlfUi||2L2(B;’5) + ||77V/Ui)\|iz(3iﬁ)

= [0 + [[nVU,) ||

2 2
L2(BS°) L2(BS°)

< el 3 (0.0 103y + 103 0. IV UL

<e(e7teT M feem (D) = e

Here we used the estimates n. = O(1), . = O(¢71), so that ||7];||2L2((0 o) = O(e™') and H%H%z((o o) = 0(e).
Summing up all these estimates for U; we get estimate (A.1). The proof of the Lemma is completed. O
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N
Lemma A.2. Let p be a function defined in | Bf’é, belonging to LQ(B?(;) for all i =1,..., Ny. Then there

=1
exists a vector-valued function U € Waec(Be,0) such that

Ny 5
p(x), z € U B,

divU(z) = e s (A.6)
0, ze€ B\ U B;”.
i=1
There holds the estimate
IO s2gs.) < O (720070 +e7207%2) Z 2122 e (A7)

with some positive constant C independent of € and 6. For 6 = O(g|lnel|) we get

[U[fy12p,y < Ce™~ 3/22 IplI7.2, ey (A8)
Proof. Consider the sum
Ny
v = <p>iUz7
1=1
where U, are functions constructed in the previous lemma. By Stokes formula, ) divUgdz = Qx(Uy) = dkx = 1,
BS
and so, ’
/ div®dz = (p)y / divUgdz = (p)x.
Bi,o Z,J
Thus,

/ (p — div®)dz = 0.
B

Now we need to solve the divergence equation in BE’ , i.e. to construct a function © € WLQ(B;"S) such that
dive® = —div® + p. (A.9)
The existence of a solution of (A.9) follows from Lemma 2.7. However, in order to obtain an appropriate estimate

(with a constant independent of € and §), we need to reduce this problem to the same problem in the § ~!-times
dilated domain

6_132’5 ={z:624+ 0 € BZ"S}.

This domain is a thin tube structure with £/§ as a small parameter replacing former small parameter e (recall
that § = ce|lnel). So, we can apply Lemma 2.7 and construct the solution satisfying the estimate in original
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variables:
H®||W12 Bfé) — (8/5) 3||_d1Vq’+pHL2 BE 5)
(A.10)
< ele/0) 7 (IVLI2, e, + 12122 ) ) -
Here and below c is a generic constant independent of small parameters.
Let us evaluate the norm ”‘I’HWL?(BZ‘;)' It is majorated by the sum
N-1
LR [LAm—
i=1
where
[Pl < e~ V67| / T L i 7 e
By k
and
1Uillyy 1225 < NUillwizs,) < Cem D/
(see the previous lemma). So, finally,
1212,y < @y < O S 2, .
All
||®||W1 2(35 5) < C€—2n 3622 ||pHL2 BE 5)

Let us take U = ¥ + @, where O is extended by zero to the cylinders Bfljec’e. Then U = ¥ for the remaining

Ny
part of the tube structure. Recall that div® = 0 for 2 € B\ |J BZ’. So, using estimate (A.11) we finalize the

proof. [

Now we are in position to prove the existence of the solution (v4, pg) to problem (2.76) with the test functions
from the space WdeC(BE, 9).
Introduce the space Ldec(BE) as the space of scalar functions ¢ € L2 .(B:), equal to zero on all cylinders

dec,e
Biees,

Theorem A.3. There exists a unique function pg € LdPC(BE) satisfying integral identity (2.76).

Proof. The proof of this theorem repeats the proof of Theorem 2.9 where the spaces L2(B.), K'2(B.), and
VV1 2(B.) are replaced by L2__.(B:), Haec(Be, 6), and Waec(Be, ) respectively, while the bounded linear operator
~1 from Lgec(BE) onto Wyee(Be, ) is defined by the formula w = M ~1p = ¥ + ©, where ¥ and © are defined

in the proof of Lemma A.2.
O

Theorem A.4. For § = Cyioni1€|lnel the estimate

de pHLz(BE Sy = O( TH(n= 3)/2) (A’12)
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holds, and there exists an extension pg € L3,.(B:) of pa such that the following estimate
1Pa = pllL2(s.) = O7H3)72) (A.13)

holds.

Proof. The asymptotic expansion (u(’), p(”)) satisfies the following integral identity:

5. tve(z2)Du) - Dn+ K. (z)ul) - ndz + Z;-V:Nlﬂ PjJyimads,

E (A.14)
for all n € W12(B.), where r'”) = £7) = £(@"), p()) and, according to (2.64),
”rng)HL?(BE) =0(e’7?). (A.15)

Let us take the approximations (u(/+27+1 5(/+2n4+1)) modified according to Remark 2.13 and denote J' =
J +2n+ 1. Choose § = Cye|lnel.

Consider the difference ¢ = pt7") — p,.

Applying Lemma A.2; we can construct a function U € Wyec(Be,d) such that

N1 5
q(x), v € U B,
divU(z) = = (A.16)
0, z € B\ U B,
=1

and
Ny
HUH%/VL?(BE) < CS_Qn_S/Q Z ”quz(BfJ) <A17)

i=1

with some constant C' independent of e, and §. Taking U as a test function in (A.14) and in (2.76) with J’

instead of .J, consider the difference between these integral identities. Denoting u = u’") — v, we get
S )
[5. 3ve(z)Du- DU+ K. (z)u-Udz = Y [z q(z)divUdz + [ r’’ - Uda, (A.18)
: i=1" :

and so,

Ny
Z/Bs,é q2dx < C(HVUHL2(BE) + ”r‘(sJ )”LQ(BE)) HVU||L2(BE)
i=1 i

So, applying (A.17), (2.73) and (A.15) we get

(3 [, i)

Nl=

< e (V) 2oy + ) 2o,
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— O(g—n—3/4+J’_2) _ O(EJ+n_2) _ O(€J+(n—3)/2).

Applying estimate (2.67) for p — pt/ "), and then the triangle inequality we prove estimate (A.12).
Let us extend now pg to the cylinders ngec’s as an affine function by the following formulas:

(pa)s;; — (pa)s,,

() _g54 %
s e (29— 6+3), (A.19)

pd(x;E)) = <pd>sij + 9

where for any function ¢ € L?(B;) we denote by (g)s,, the mean value of ¢ in the cylinder Cj; = {2\ €
Sij x (6 —¢€,0)}, having one of the bases at the cross section S;; and the height of the length €. Note that the
asymptotic approximation p(/) satisfies the relation analogous to (A.19):

<p(J/)>Sji - <p(J/)>Sij
le] — 25+ ¢

’ ’ E
P @) = 0)s, + (a0 =6+ 5). (A.20)

2

because it is affine function of 2\ within the cylinder 0! x {x%e) € (6 —e,le] —d 4+ &)}. On the other hand,
|<pd>Sij - <p(J )>Sij |2 < 05(mescij)71”pd - p(J )||iz(35,5)' (A21)

Applying estimate (A.12) of Theorem A.4, we get:

(Pa)s,, — P17))s,,” = O(e™"F27H2n=2) = O(e> 7). (A.22)

So, taking into account that all cylinders have measure of order of O(s("’l)/ 2) we finally have
Ipa =" ll12(.) = O =972), (A.23)

As in the proof of Theorem A.4, using estimate (2.67) for p — pt/ ,), and then the triangle inequality we get
estimate (A.13). O

APPENDIX B. PROOF OF THE ESTIMATE FOR THE DIVERGENCE
EQUATION IN THIN TUBE STRUCTURES

Lemma B.1. Consider equation (2.16) set in Q = B.. Then (2.16) admits at least one solution w € W2(B.)
satisfying estimate

-3/2

IVWliL2(s.) < ce™/ZllhllL2.) (B.1)

)y
1= , L=
L,..., M, suppprrir CwF k=1,..., N;. We can take the functions ¢; so that |V, ()| < ce~!. We represent
the function h in the form

Proof. Let {p; (x)}M'le be a partition of unity subordinated to the covering of B, i.e., supp p; C ﬁée"'

M+N,

hz)= Y ¢i(z)h(x) VxeB.
i=1
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and denote p; = [ ¢;(2)h(z)dz. Evidently
B,

il < e V2| L2p,)-

Since

/BE h(z)dx =0,

we have
> pi=0. (B.2)

Put ~; = ng"), i=1,...,M, ypsr =wF k=1,...,Ny, and v;; = ; N ;. Notice that mes~y; is of order
e",n = 2,3. For each pair of intersecting domains v; and v; we introduce a C?-regular function 7;;(x) defined

C
on B. such that suppna C v, |na(z)| < o |Vnu(x)] < and

EnJrl

/v ni(z) dz = 1. (B.3)

Let {Kii}ii=1,...,m+nN, be a skew-symmetric matrix such that K; = 0 if 7;; is empty, and

M+N,
Z CilKil:Nia i=1,...,M + Ny, (B4)
=1
where {ci}ii=1,.. m+nN, is the adjacency matrix of the graph of the covering {’yi}?i"le of the tube structure
B, i.e., ¢ =1, if i # [ and ~; is nonempty, and ¢; = 0 in remaining cases. The existence of the matrix
{Kit}ig=1,. m+n, is proved by induction on the number M + Ny. If M + Ny = 2, then ¢12 = ¢21 = 1 and
by virtue of (B.2), one can set K19 = —Ko1 = p1, K11 = Koo = 0. Assume that the assertion is valid for
M + Ny = m — 1. We prove it for M + Ny = m. Let us set K;; = 0 for those i and [ for which ¢;; = 0. As it
is well known (see [15]), from a connected graph with the number of vertices greater than two, one can always
discard one vertex so that the remaining graph is connected. From here there follows the existence of an index
A, 1 < A < m, such that the matrix {c;}, i # A, I # A, is the adjacency matrix of some connected graph with
(m — 1) vertices. Without loss of generality one can assume that A = m. We consider the m-th equation from
(B.4):

m—1

Hm = Z leKml~ (B5)
=1

Since the initial graph is connected, there exists an index l;, such that cp,;, = 1. We set Ky, = —Kiym = tim,
while K,,; = — K}, = 0 for [ # ;. The remaining equations from (B.4) will be written in the form:

m—1
=Y cuKy, i=1,...,m—1, (B.6)
=1
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where fi; = p; — CimKim. We note that by virtue of (B.2) and (B.5), we have the equality

m—1
Z fi = 0.
=1

Indeed,
m—1 m—1 -1 m—1 m—1 m
Zﬂizzui— Cz‘mKim:Zﬂri-zcmiKmi:Z,ui:Q
i=1 i=1 i=1 i=1 i=1 i=1

In addition, as it is mentioned above, the matrix {¢; }i1=1,....m—1 satisfies the induction hypothesis for M + N; =

m — 1. Consequently, system (B.6) has a solution with the required properties.

Note that the matrix {¢;}ii=1,.. ,m+n, is independent of ¢, and it can be proved by induction (as before)

that

|Ka| < cmax {[um (b)), [ua+n |}
with the constant ¢ independent of €. Therefore,
|Kil| < CE(n_l)/QHhHLz(BE).

Define on B, the function

M+ N4
ni(z) = Z Kynu(z), i=1,...,M+ Ny.
=1

Using the skew—symmetry of {K;;}; =1, m+n,, it is easy to see that
suppm; C v; and

M+N,
Z ni(r)=0  Vre B..
=1
Set
R () = @i(x)h(x) — n;(x) for x € B..

The functions h(Y have the following properties:

(i) h() have the same regularity as h,
(i) supp h) C 7;,
M+N;

(i) Y Ar9(z)=h(z) Vz € B,

=1
(iv) [, D (z)dz =0,i=1,...M,M +1,....,M + N.

(B.7)

(B.8)

(B.9)

Let w(¢)(z),i = 1,..., M, be solutions in 1% of problem (2.16) with the right-sides h(9 (z), and w*) (z), k =
N +1,...,M 4 Ny, — solutions of (2.16) in w” with the right-sides h(*)(z). For w(¢) and w(*) hold estimates
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of Lemmas 2.5 and 2.4 (for the contracted 1/¢ times domain Q) , respectively. Extend the functions w(®) and
w(*) by zero into B. and put

Then

M M+Ny
w(z) = ZW(()i)(x) + Z w® ().
i=1 k=M+1
M+N,

divw(z) = Z h9 (z) = h(z).

According to (B.7),

M+N;
Inill2sy < ™ V2R 2y D Imallzgay < e V2Bl 2.
1=1
So,
jAQ) < & h
1R | L2 (B.) < \/gll lL2(8.)-
Therefore, using Lemmas 2.4 and 2.5 we obtain required estimate for w. O
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