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Chapter 1
Introduction

The Navier—Stokes equations are a mathematical model aimed to describe the mo-
tion of an incompressible viscous fluid, for instance, water, glycerine, oil, etc. We
consider the stationary nonhomogeneous boundary value problem for the Navier-

Stokes equations

—vAu+ (u-V)u+Vp = 0 in Q,
divua = 0 in Q, (1.1)

u = a on Of).

Here u = u(z) = (ui1(z), us(z), us(x)) and p = p(z) are the unknown velocity field
and the pressure of the fluid, while a(x) = (al(x)7 as(x), a;;(x)) is given boundary
value; v > 0 is the constant coefficient of viscosity.

In the thesis problem (1.1) is studied in domains € with noncompact multiply
connected boundaries 0€2. We consider domains with two types outlets to infinity:
paraboloidal and layer type. Both of them can expand at infinity. We prove the
existence of solutions to problems (1.1) in the case when the boundary value a

has nonzero fluxes over the connected components of the boundary 0f2.

Actuality and literature review

The Navier-Stokes equations are of great importance in the mathematical hydro-
dynamics. The solvability of the boundary and initial-boundary value problems
for the Navier—Stokes equations has been studied in many papers and monographs
(see, for example, [13], [31], [68]). Indeed, such problems are important from both
points of view: applications and theoretically. Concerning the applications, one
could image, for example, a flow of oil in a system of pipelines, blood flow, etc.
The rigorous mathematical analysis of Navier-Stokes equations started at the be-

ginning of the XX century in works of the famous French mathematician prof. J.



Leray. He had formulated several problems (called Leray’s problem) which remain

open until nowadays.

Bounded domain

In bounded domains €2 with multiply connected boundaries OS2 consisting of N

disjoint components I'; problem (1.1) was studied first by prof. J. Leray in his

Figure 1.1: Domain ().

celebrated paper [36] published in 1933, and thereafter by many mathematicians
etc.). Continuity equation (1.15) implies in the case of a bounded domain € the

necessary compatibility condition for the boundary value a:

N
8{2a-ndS:Zfa-ndS:0, (1.2)

j=1T

where n is a unit vector of the outward (with respect to 2) normal to J€2. However,
for a long time the existence of a weak solution u € W?(Q) to problem (1.1) was

proved only either under the condition of zero fluxes

]—"j:fandS:O, j:17277N7 (13)
L

(see, for example, [30], [31], [36], [69]), or assuming the fluxes F; to be sufficiently
small (see, for example, [2], [9], [10], [13], [14], [29]), or under certain symmetry
assumptions on the domain Q and the boundary value a (see, for example, [1],
[11], [12], [28], [41], [53], [54], [58]). Recently problem (1.1) was solved for arbi-
trary large flux F having "correct' sign in a plane domain with two connected
components of the boundary (the fluid flows in through the outer component, and
flows out through the inner component) [27]. Condition (1.3) requires the fluxes
F; of the boundary value a to be zero separately on each connected component
I'; of the boundary 02, while the compatibility condition (1.2) means only that
the total flux is zero. Obviously, condition (1.3) is stronger than (1.2), and (1.3)

does not allow the presence of sinks and sources. In [36] J. Leray formulated a
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question whether problem (1.1) is solvable only under the necessary compatibility
condition (1.2). In general case this Leray’s problem still remains open despite of
efforts of many mathematicians (see the above references and, in particular, the

review papers [53], [54]).

Homogeneous boundary value problem in unbounded do-
main

In domains with noncompact boundaries problem (1.1) with homogeneous bound-
ary conditions (below we denote it by (1.1y) ) was exhaustively studied during the
last 35 years. After the work of J. Heywood [22] such problems have got a great
progress in a row of papers. Problem (1.1y) was investigated in a wide class of
domains {2 having "outlets to infinity", and it was found that for the correct for-
mulation of (1.1y) it is necessary to prescribe additional conditions: for example,
fluxes over the cross sections of outlets to infinity (see [22], [25], [32], [33], [59],
[60]). However, any solenoidal vector field v(z) with the finite Dirichlet inte-

gral [|Vv|*dz < oo has necessary zero fluxes over the cross sections of "narrow’
Q
(for example, cilindrical) outlets (see [59]). Therefore, the usual energy estimates

method becomes insufficient in this case, and the Navier-Stokes problem (1.1p)
with additionally prescribed fluxes in "narrow" outlets has to be studied in a
class of functions having infinite Dirichlet integrals. The basic results concerning
such problems were obtained by O.A. Ladyzhenskaya and V.A. Solonnikov [34],
[61]-[64]. In [34] the special technique of integral estimates (so—called "techniques
of Saint—Venant’s principle') is developed and the existence of solutions having
prescribed fluxes is proved. The solutions have either finite or infinite Dirich-
let integral over the outlets to infinity depending on geometrical properties of
them. Note that all these results are obtained without any restrictions on data
assuming only that the total flux is equal to zero. There are also many papers
(see, for example, [43], [49], [48]) devoted to the investigation of related questions,
such as regularity, asymptotic behavior and uniqueness of solutions to the steady

Navier—Stokes problem in domains with noncompact boundaries.

Nonhomogeneous boundary value problem in unbounded

domain

However, not much is known about the nonhomogeneous boundary value prob-
lem (1.1) in domain with noncompact boundaries. To the best of our knowl-
edge the first time problem (1.1) with nonhomogeneous boundary condition was

solved without prescribing a "smallness condition" in 1999 by S.A. Nazarov and K.



Pileckas [42]. In [42] problem (1.1) was studied in an infinite layer L = {x € R? :
0 < w3 < 1} under the assumption that on the bottom Sy = {z € R? : z3 = 0}

there is a compactly supported sink or source of an arbitrary intensity:

suppa C B, = {x : \/ai + 123 < Ry,23 =0}, [ as(x1,20)dz1drs = F,

Bg,

where the flux F is arbitrary large. In [42] the existence of at least one weak
solution is proved. Moreover, in [46], [52] the asymptotic behavior of this solution
is investigated. Notice that the constructed solution has an infinite Dirichlet
integral.

Next, we should mention the series of papers by H. Morimoto, H. Fujita and H.
Morimoto [37]-[40], where problem (1.1) is studied in symmetric two-dimensional

multiply connected domains €2 with channel-like outlets to infinity containing a

AD—
Uv\

Figure 1.2: Domain ().

finite number of "holes" (so called, Y-shaped, V-shaped, I-shaped, cross-shaped
channels, or semi-infinite channels). Assuming that the boundary value a is zero
on the "outer" boundary and that a satisfies symmetry assumptions on bounded
connected components of 02 (boundaries of the "holes"), it is proved in [37]-[40]
that problem (1.1) admits at least one solution which tends in every channel to
the corresponding Poiseuille flow. These results are obtained under assumptions
that the total flux is zero (i.e., the sum of fluxes of the Poiseuille flows and of
the fluxes of the boundary value a over the holes is equal to zero), the fluxes of
Poiseuille flows are assumed to be "small", while the fluxes of boundary value a
can be arbitrary large.

Recently, J. Neustupa [44], [45] has studied problem (1.1) in unbounded do-
mains ) with multiply connected boundaries. He supposed that the fluxes of a
over bounded components of the boundary are "'small", but he did not impose any
conditions on fluxes over infinite components of the boundary (of course, the total
flux is equal to zero). Assuming that the boundary value a admits a solenoidal
extension A with A € L3(Q), VA € L?(Q), J. Neustupa proved the existence of
at least one solution to (1.1). Note that the existence of the solenoidal extension

A with above properties and also the method used in [45] (a priori estimates of
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the solution are obtained using a contradiction argument) impose restriction on
the domain €. The solutions found in [45] have finite Dirichlet integrals and,
therefore, the domain 2 should expand at infinity sufficiently rapidly, in order to
have enough place to transfer a flux of the fluid from a bounded part of 92 to
infinity.

The advanced theory of the Stokes and the stationary Navier—Stokes equations
in exterior domains is presented in the books of G.P. Galdi ([13]). The solvabil-
ity of the Navier-Stokes equations and asymptotics of the solutions in exterior
domains was also studied in many papers [6], [15], [16], [17], [18], [19] and [20].

In the thesis we study the stationary Navier—Stokes equations with nonhomo-
geneous boundary conditions in domains €2 which may have two types of outlets
to infinity: paraboloidal and layer type. The boundary 0f2 is multiply connected
and consists of connected noncompact components, forming the outer boundary;,
and connected compact components, forming the inner boundary. We suppose
that the fluxes over the components of the inner boundary are sufficiently small,
while we do not impose any restrictions on fluxes over the infinite components
of the outer boundary. Note that the total flux of sources and sinks is equal to
zero. Depending on the geometry of outlets to infinity, the Dirichlet integral of

the solution may be either finite or infinite.

Aims and problems

The main aim of the dissertation is the analysis of the stationary Navier—Stokes
equations with nonhomogeneous boundary conditions in unbounded domains with
noncompact multiply connected boundaries. To prove the existence of solutions
of the boundary value problem for the Navier—Stokes equations we need to con-
struct a suitable extension A of boundary value a. Since the construction of the
extension is complicated, we start with two examples. In the first case we con-
sider nonhomogeneous value boundary problem for the stationary Navier—Stokes
equations in the domain with one paraboloidal outlet to infinity, and in the second
case - the domain consists of two connected layers. The next part of the thesis

consists of the generalization of these examples. We study the following problems:

 the solvability of the nonhomogeneous boundary value problem for the sta-
tionary Navier— Stokes equations in the domain with one paraboloidal outlet

to infinity,

 the solvability of the nonhomogeneous boundary value problem for the sta-
tionary Navier— Stokes equations in the domain consisting of two connected

layer type outlets,

11



» the construction of special extensions of the boundary value in domains with

finite number of paraboloidal outlets to infinity,

» the construction of special extensions of the boundary value in domains with

finite number of paraboloidal and layer type outlets to infinity.

Methods

In the thesis we apply the methods of functional analysis, fix point theory, proper-
ties of Sobolev spaces, estimates of Saint Venant type and some special techniques
developed by V.A. Solonnikov [61] and O.A. Ladyzhenskaya [30], [31]. The most
important is the Hopf’s cut—off functions techniques which is used to construct

special vector fields satisfying Leray—Hopf inequalities.

Novelty

All results obtained in the thesis are new. The existence of solutions with infinite
Dirichlet integral of the nonhomogeneous boundary value problem for the sta-
tionary Navier—Stokes equations in domains with noncompact multiply connected

boundaries was not known.

Structure of the dissertation and main results

Dissertation consists of six chapters, conclusions and bibliography. The first chap-
ter contains a short review about actuality and history of the problem. It describes
also shortly the main results obtained in the dissertation.

The second chapter provides the reader with some preliminaries such as basic
notations and known auxiliary results used in this thesis.

In the third chapter we formulate the problem in general case and give general
schemes of the proof of its solvability.

In the fourth chapter we consider two examples, i.e., we study the problem in
a domain with one paraboloidal outlet to infinity and in a domain consisting of
two connected layers. For both examples we construct a suitable extension of the
boundary value and prove the existence of a solution.

In the fifth chapter we generalize the first example and consider the problem in
domains with finite number of paraboloidal outlets to infinity for the two and three
dimensional cases. We construct a suitable extension of the boundary value and
formulate the theorem about the existence of a solution (without proof, because

the proof is the same as in the case of one paraboloidal outlet (Subsection 4.1.3)).

12



In the sixth chapter we consider the problem in domains with finite number of
paraboloidal and layer type outlets to infinity. We construct an extension of the

boundary value and formulate the existence theorem.
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Chapter 2
Notations and preliminary results

We use ¢, C,¢;, j =1,2,..., to denote constants whose numerical values or whose
dependence on parameters in unessential to our considerations. In such case ¢
may have different values in a single computation.

Let V be a Banach space. The norm of an element u in the function space V'
is denoted by ||u||y. Vector-valued functions are denoted by bold letters; spaces of
scalar and vector-valued functions are not distinguished in notations. The vector-
valued function u = (uq,...,u,) belongs to the space V, if w; € Vi = 1,...,n,
and |lully = ; il v

Let 2 bezgmn arbitrary domain in R”. As usual, denote by C'*°(2) the set of
all infinitely differentiable functions defined on €2 and let C§°(§2) be the subset of
all functions from C'*(2) with compact support in 2. For a given nonnegative
integer k and ¢ > 1, L4(€Q) and W*4(Q) indicate the usual Lebesgue and Sobolev

spaces with the norms

k
1 o 1
[ullzall = (/|u(x)|qu) M and ullwra) = (Y [Du(x)|dz)",
Q

=0

respectively. W*=1/249(9Q) is the trace space on JQ of functions from W*4(()

with the norm
[l wr—r/a.000) = Df{][U]lprao) : &= u on 0N}

WHa(Q) is the closure of C5°(Q) in the norm of W*9(Q); we write u € W,}29(Q) if
u € WHk4(QY) for any bounded subdomain Q' with €’ C Q.
Let D(2) be the Hilbert space of vector functions formed as the closure of

Cg°(2) in the Dirichlet norm |juf|p) = ||Vul|r2(q) generated by the scalar pro-
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duct

(u,v) = [Vu: Vv dz,
Q

n no 1 O0u, Ov;
where Vu : Vv = j;Vuj -V, = ;,glﬁ_x;i@_z;
all solenoidal (divu = 0) vector fields u from C§°(2). By H(€2) we indicate the
subspace of D(2) consisting of solenoidal vector fields, and by H(2) — the space
formed as the closure of J&°(€) in the Dirichlet norm. Obviously, H(2) C H(Q).
In general, the spaces H(2) and H(2) do not coincide (see, for example, [22],
[25], [32], [59], [61]). However, if 2 is a bounded domain with Lipschitz boundary,

~

then H(Q) = H(N) (see [32]).

. Denote by J5°(2) the set of

Lemma 2.1. (Cauchy inequality with €). For any a, b € R the following inequal-
ity

lab| < EW + i|by2 Ve >0 (2.1)

~ 2 2¢ ’
holds.
. . . 1 1 .
Lemma 2.2. (Hoélder inequality). Letq > 1, —+— =1, f € L(Q), g € L7 (Q).
qa g

Then the following inequality

1/q 1/q
[ flgteds| < ([ 1f@rde) ([l do)
Q Q Q
(2.2)
= [ fllze@llgll Lo )
holds. For q = ¢' = 2 Holder inequality
g{f(x)g(x) dr| < |fllzz@llgllzz (2.3)

is called the Cauchy—Schwarz inequality.

Lemma 2.3. (Poincaré inequality). Let 2 be bounded domain in R™. Then for
any u € W2(Q) the inequality

S{|u(x)|2 dx < c(diam(Q))QS{ |Vu(x)|* dz, (2.4)

holds, where c is an absolute constant.

Lemma 2.4. (Ladyzhenskaya inequality). Let Q € R® uw € W2(Q). Then the

following inequality

lullZa) < (4/3)*2(lull 2@ I Vull3a (2.5)

16



holds.
For the proofs of the last two lemmas see, for example, [3] and [31], respectively.

Lemma 2.5. Let Q be a bounded domain with Lipschitz boundary and f € L*(2)

satisfies the condition

[ fdx=0.
Q
Then problem
di = Q
ivu f, €9, (2.6)
u = 0, z €.
has a solution w € W'2(Q) and there holds the estimate
IVull2@) < |V (2.7)

with the constant ¢ independent of uw and f.

Lemma 2.6. Let € be a bounded domain with Lipschitz boundary. If ¢ €

W22(99Q) and [ @-ndS = 0, then there exists solenoidal extension ® € WhH2(1)
80
of function :

divd = 0, x €
iv , X , (2.8)
b = ¢, xe0
Morover, the estimate
[®lwr29) < cllellwzzon (2.9)

holds.

For the proofs of the last two lemmas see, for example, [32].

Let us introduce bounded domains

R
wi) ={z:|2'| < g(x3), R<z35< R+ %}

and
wg) ={z: 23 < h(|]2']), R < |2| < 2R},

where the function g satisfies the Lipschitz condition
l9(t1) — g(t2)| = Lty — ta], 11,82 > 1, g(t) = 1 Vt,
and the function h possess the following properties

pih(t) < max  h(ty) < ugh(t), h(t) >1 Vi >1,

T <t1<2t

17



|h(t1) — h(ta)| < L(t)|t1 — ta|, t1,t0 € [t,2t].

Here pi1, puo are certain positive constants and for L(¢) holds the inequality

~
—~
~
S—
~

< const, L(t) < const Vt.

Lemma 2.7. Let u € Wl’z(wg)), j =1,2. Then the following inequalities

[ fu(z)?dz < cg*(R) [ |Vu(z)]?dz,

b b (2.10)
R R
[ |uw(@)]?de < ch*(R) [ |Vu(z)*de, (2.11)
W@ w®
R R
hold, where the constant c is independent of u and R.
Lemma 2.8. Let u € W2(w)). Then the following inequalities
full ) < g (B) [Vl oo, (212)
HUHL‘*(wg)) < ch1/4(R)HVuHL2(wg)) (2.13)

hold, where the constant c is independent of u and R.

The proof of this lemma follows directly from Ladyzenskaya inequality (2.5)
and Poincaré inequalities (2.10), (2.11).

Lemma 2.9. Let f € L2(w)) and

[ fdx=0.

e
R
Then problem (2.6) admits a solution u € Wl’Q(wg)) satisfying the estimate
Hqup(wg)) < CvaHLz(wg>) (2'14)

with the constant ¢ independent of w, f and R.

Lemma 2.10. Let f € L*(w) and

[ fdx=0.

(2)
wR

18



Then problem (2.6) admits a solution u € Wl’g(wg)) satisfying the estimate

R
IVl oy < gl 97 oy (2.15)

with the constant ¢ independent of w, f and R.
For the proofs of the last two lemmas see in [32] and [47], respectively.

Lemma 2.11. (Gauss-Ostrogradsky theorem). Let Q C R"™, n = 2,3, be a bounded
domain with Lipschitz boundary 0S). Then the following relation

[divFdS = [ F-ndS
Q oN

holds.

Lemma 2.12. (Stokes theorem). Let Q C R? be a bounded domain with Lipschitz
boundary 0S). Then the following relation

[ewl FdS = [ F-dl
Q onN

holds.

Lemma 2.13. (Leray-Schauder theorem). Let H be a Hilbert space and A : H —
H be a nonlinear compact operator. If norms of all possible solutions of operator
equation

u™ = Au™, X e0,1],

are bounded by the same constant ¢ independent of A, i.e.,

||U(>\)||H(Q) <c VA€ [0, 1],

then the operator equation

u = Au
has at least one solution w € H (see, for example, [31]).

Lemma 2.14. Let € be a bounded domain with Lipschitz boundary 052, L C OS2
and the function h € WY22(0Q) satisfies the conditions [ h-ndS =0, supp h C
C

L. Then h can be extended inside 2 in the form
bi(z,e) = curl (x(z, ) E(x)), (2.16)

where E € W2(Q), curl E|lpq = h and x is a Hopf’s type cut-off function, i.e., x

19



is smooth, x(x,€) =1 on L, supp x is contained in a small neighborhood of L and

ec

< — .
V(. e)l < dist(z, L)

(2.17)

The constant ¢ is independent of ¢.

Lemma 2.15. Let Q2 be a bounded domain with Lipschitz boundary 052, £ C 051,
u e Wh(Q) and u|z = 0. Then the following estimate

u? dx

— < Vul?d 2.18
g{distQ(x,E) - Cg{| uf*dz (2.18)

holds.
For proofs of the last two lemmas see [31].

Lemma 2.16. Let non-negative numbers yi, k = 1,..., N, satisfy inequalities

Y1 = Yr and

1
Uk < c1(Yps1 — Yi) + 02“2/2(%“ — yk)3/2 + §Qk, (2.19)

where Q. satisfy

1
§Qk > c1(Qr+1 — Qr) + 02511/2(62“1 — Qp)¥2. (2.20)
If N <00 and yy < Qn, then y, < Qr Vk < N.

The proof of this lemma see in [61].

Let M be a closed set in R". By Ap(x) we denote the regularized distance
from the point x to the set M. Notice that A (z) is infinitely differentiable

function in R™ \ M and the following inequalities
ardp(z) < Ap(x) < asdpq(z), |D*Apg(z)| < asdly, ™ (2) (2.21)

hold. Here dyy = dist(x, M) is the real distance from x to M, the positive
constants ai, as depend only on the dimension n, while a3 depends on n and on
the order of differentiation |a| (see [66]).

Let v be an infinite ! smooth simple curve. Define in R? the vector field b(z),

!'Defining an infinite curve we have in mind that the curve is infinite to both sides, so it is
"closed" at infinity.
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corresponding to v, by the formula

x dl,,. (2.22)

Vector field b(x) is a magnetic field generating, upon passage through v, an electric
flow of unit intensity.

If v is an x3 axis, then magnetic field b(x) can be rewritten in the form

b(x)

1 i) T
).

= %( - |x/‘2> ’x/’2’ (2.23)

Lemma 2.17. The vector field b is solenoidal in R3 \ ~y, curlb = 0, and the
circulation of b along any closed contour, enveloping v, is equal to —1 if the
direction of integration along this contour and along v are connected by the gimlet
rule. If this contour does not envelop v, then the circulation of b along it is equal

to zero. At points whose distance from v is not less than dy, we have the estimate

c(a, dy)

&y (z)

| Dgb(z)| <
where d.(x) = dist(z,v), do is sufficiently small positive number.
For the proof see in [59].

Below we will use the following cut-off functions. Denote by 0 < ¥ < 1 and o

the smooth monotone functions such that

U(t) = = (2.24)

aq a9
—dy, for 7 < —d,

or)=142" 2" (2.25)
T, for 7 < asdy,

where aq, ay are constants from inequality (2.21).
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Chapter 3

Formulation of the problem and

the general scheme

Let 2 C R? be an unbounded domain which splits outside the ball Bg,(0) = {x €

R3 : |z| < Ry} into J > 1 noncompact disjoint components, i.e.,

Q=0,Jo0yUe®...uaw,

where Qy = Q) Br,(0). The unbounded components Q). j =1, ...,J, are called
"outlets" to infinity. We study two types of outlets to infinity: paraboloidal and
layer type outlets. When the cross section of paraboloidal outlet is constant, we
have a cylinder. Therefore, cylinders are included as well. We denote paraboloidal
outlets by D; and layer type outlets - by F;.

The bounded domain €2y has the form

I —
GO \ U Gi7
i=1
where Gog and G;,i = 1,...,1, I > 0, are bounded simply connected domains
such that G; C Gy, Eil ﬂ@lé = () for iy # iy. Therefore, boundary of the
domain 2 consists of inner and outer boundaries. Let us denote them by I' and S,

respectlvely Both of these boundaries may consist of finite number of components,
ie, ' = U I, I'; =0G;, and S = U S(m) - Components of inner boundary are

m=1
bounded surfaces and components of outer boundary are unbounded.
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3.1 Formulation of problem

We consider the stationary Navier—Stokes system with nonhomogeneous boundary

condition in a domain 2 with outlets to infinity

[ —vAu+ (u-V)ju+Vp = 0 in ©
divu = 0 in €,
u = a on 0, (3.1)
[ u-ndS = F, j=12,...,J, R> Ry,
\ o;(R)

where Fj, j = 1,...,J, are the prescribed fluxes of the velocity field over cross
sections o;(R) of the outlets Q) n is the unit vector of the normal to o;.

We assume that the boundary value a € W'/22(9Q) has a compact support:
suppa C 9Q( Bg,(0) = (['US) N Br, (0), R > Ry. (3.2)

Denote A,, = suppa()S™ c S™ M Bg,(0).
Integrating the divergence equation divu = 0 over the domain QN Bg(0) with
sufficiently large R we obtain the following necessary compatibility condition for

the fluxes F; and the boundary value a:

0= f divudzx = f u-ndS

QNBR(0) 9(2NBRr(0))

:zljfa-ndS—i-%[: fa~ndS+ZJ: J u-nds.

i=1T; m=1A, i=1o;(R)
Denote by

ngn”) = [a-ndS, i=1,...1, Flout) = [a-ndS, m=1,.., M,
r; Am
the fluxes of the boundary value a over connected components of the inner and

the outer boundaries, respectively. Then condition (3.3) can be written as

, M J
> F™ 4+ Py st + X Fi=0. (3.4)
Condition (3.4) means that the total flux is equal to zero.

Assumption (3.2) on the boundary value a is made in order to insure that the
fluxes SSZM) of a over unbounded parts S of the boundary 99 have sense. In
general, the question to which functional space belongs the trace of the solenoidal

vector field having a finite Dirichlet integral in a domain with noncompact bound-
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ary is rather complicated and the answer essentially depends on the geometry of
outlets to infinity (see [45], Example 3). This question is related to a problem of
the correct functional setting for the divergence operator. It is well known that

for domains 2 with outlets to infinity the problem

divu = ¢ in €,
u = 0 on 0,

with arbitrary right-hand side g € L*(€) is not solvable in a class of functions
u with finite Dirichlet integral, and the inverse of the divergence operator is
well defined on some weighted subspace of L*(2) (see [60] for domains with the
"paraboloidal" outlets, and [42] for the infinite layer). The similar weighted sub-
spaces of W1/22(9Q) will appear, if we try to describe traces of solenoidal vector
field with finite Dirichlet integrals in noncompact domains (see, for example, [50]).
However, even for elements of these complicated spaces it may not make sense to

speak about the fluxes over infinite parts of the boundary (the integral [ a-ndS
S(m)
could be infinite). Therefore, having in mind that we allow also solutions with

infinite Dirichlet integrals, we suppose, for simplicity, that a has a compact sup-

port.

3.2 Solvability of problem (3.1); general scheme

Definition 3.1. By a weak solution of problem (3.1) we understand a solenoidal
vector field u € I/Vlif(Q) satisfying the boundary condition u|aQ = a, the flux
conditions
f u-ndS:fj, j:1,2,...,J, RZR(), (35)
o (R)

and the integral identity

v[Vu:Vnde— [(v-V)n-vde =0 Vne Q). (3.6)
Q Q

Assume that the necessary compatibility condition (3.3) is valid. Let A €
W2(Q) be a solenoidal extension of the boundary value a satisfying flux condition
(3.5):

divA=0, Al|,,=a [ A-ndS=F;, j=12..,J
a;(R)

We reduce problem (3.6) to the problem with homogeneous boundary condition
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and zero fluxes. We substitute u = v + A into (3.6)

VS{VVZV’I’] dx—bf(V-V)n-de—g{(A~V)n-vdm—hf(v-V)n-Adx
(3.7)

=[(A-V)n- Adx—VfVA Vndzr Vm e J(Q),
0

and look for the new unknown velocity field v € W,2%(Q) satisfying (3.7) and such

loc
that
divv =0, =0, [ v-ndS=0, j=12,....J

o (R)

V|aQ

The existence of v satisfying integral identity (3.7) could be proved following
the general scheme proposed by V.A. Solonnikov [61] (see also [34], [62]-[64]). It
is assumed in [61] that there is a sequence of bounded domains {€), [ > 1} such
that Q) C Qq41) and € exhausts 2 as [ — oo. The first step is to prove the
existence of a weak solution v for any bounded domain Qqy, i.e., to find in every

Q) a vector field vl e H (2q)) satisfying the integral identity

v [V :Vnde— [ (vD - V)p - vOdz
Q) S

— [(A-V)n-vOdz — [ (v .-V)n-Adz (3.8)
0 0 '

:Qf (A-V)n-Adm—ugf VA :Vnds Vne H Q).
(1) 1)

Since €2 is a bounded domain, it is well known (see [31]) that integral identity

(3.8) is equivalent to the operator equation in the space H(£)):
D — gy

with the compact operator A. Therefore, by Leray—Schauder Theorem (see Lemma
2.13), for the existence of the solution v() it is enough to prove that all possible

solutions v(») of the operator equation
v = XAvEY X €0, 1]

are bounded by the same constant independent of A. To obtain an a priori estimate

we have to construct a special extension A of the boundary value a satisfying for
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arbitrary solenoidal vector field w € W,2(Q), W‘ a0 = 0, the inequalities

loc

[ JAPw]rde <§ [ |[Vw|*dz,
k) k)
(3.9)

[ JAPwPEdz<d [ |[Vw]rd.
Q) \Q—1) Q) \Qr—1)
Here ¢ is arbitrary small positive number, which we fix later in order to prove
the estimates. Inequalities (3.9) are usually called Leray-Hopf inequalities. Using

Cauchy-Schwarz (2.3) and Poincaré (2.4) inequalities, from (3.9) we derive that

| [ (WY)W Ads| <6 [ [Vw] e,
Q) Q)

(3.10)

I (w-V)w-Adm‘gé [ |Vw]?da.
Q) \Q—1) Qi \Qk—1)

Let A satisfies (3.10). Taking in (3.8) 7 = v(¥) and choosing sufficiently small

€, we obtain

v [[|[VWOPde=—v [ VA:VvDdz+ [ (A-V)vD . Adx

Q) Qq) Qu
+Qf( V)v®. Adx<c<\|VAHL2 @) + 1AL %>+ f Vv |2 da.
® Q)
Therefore,

S IVOPdr < a(IVARq,,) + Al ) = a2,
O]

where ¢; is independent of [. Thus, the existence of v(¥) follows from the Leray-
Schauder Theorem.

Next, we have to control the Dirichlet integral of v over subdomain Quy C
Quy,k < 1. If () grows "not too fast" as [ — oo, then using the second of
inequalities (3.10) it can be proved that

Q(fk) (Vv de < cr®(k) (3.11)

with ¢y independent of k£ and [.
Since for every bounded domain Q) the embedding W2(Q) — L4(Q)
is compact, estimate (3.11) guarantees the existence of a subsequence {v(m)}

which converges weakly in W1?(Q) and strongly in L*(Q) for ¥k > 0 (such
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subsequence could be constructed by Cantor diagonal process). Taking in integral
identity (3.8) an arbitrary test function 1 with compact support we can find k
such that suppn C Q) and, hence n € H(Qy)). Extending m by zero into
O\ Qu, and considering all integrals in (3.8) as integrals over {2, we can pass
in (3.8) to a limit as [,,, — co. As a result we get for the limit vector function
v integral identity (3.7). Obviously, estimate (3.11) remains valid also for v.
Moreover, the obtained solution has the following property: if the vector field
A has the finite Dirichlet integral over some outlet Q) then the weak solution
v also has finite norm ||[Vv| ;2qu)). Finally, we mention that the weak solution
is unique in a class of functions that grow at infinity not "too fast" (see [34],
[61]). The above mentioned results were obtained in [34], [61] in the case of the
homogeneous boundary conditions (a(x) = 0).

In this thesis we reduce the nonhomogeneous boundary value problem to ho-
mogeneous one, by constructing a suitable extension of the boundary value a, and
then we apply the above mentioned methods to the reduced problem. Therefore,
the main purpose of the thesis is to construct an appropriate extension of bound-
ary value which gives the possibility to reduce the nonhomogeneous boundary

conditions to the homogeneous ones. This extension is constructed as the sum

M
A = B(znn) + Z B%’“t) + B(flua:)’

m=1

where B(™ extends the boundary value a from the inner boundary I, B{*"

extend a from the connected component S of the noncompact outer boundary
S, and BU"?) has zero boundary value over 02 and removes the fluxes over the
cross sections of outlets to infinity. The vector fields B and BU™2) are con-
structed to satisfy Leray—Hopf’s inequalities (3.10) which allow to obtain a priori
estimates of the solution for arbitrary large fluxes S,(f;m) and F;. The construc-
tion of the vector fields Bgﬁ”t) and BU"?) is based on methods proposed in 133],
[59], [61]. Notice that the Leray—Hopf’s inequality cannot be true, in general,
for the vector field B, If the fluxes of the boundary value over connected
components of the boundary do not vanish, in [67], [23], [4] there are constructed
counterexamples showing that in bounded domains Leray—Hopf inequality can be
false whatever the choice of the solenoidal extension is taken. Therefore, we have

(inn
%

to suppose that the fluxes F ) of a over the compact components I'; of the inner

boundary I' are "sufficiently small".
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3.3 Construction of the extension; general scheme

The first step in the construction of the extension A is to reduce the problem
(3.1) to the case of boundary value with zero fluxes and to "transport" the fluxes
from bounded parts of 9€) to infinity, i.e., we have to construct solenoidal vector
fields bﬁ,‘i“t), m=1,..., M, and b0 satisfying the following conditions

(@) [y ndS=— [ b ndS=F", m=1,...,M,
Am 05 (1)
[ mas = F, i1,
r;
I . .
[ b . nds = — ZFZ(Z"") = —Fm) 5o {l,...,J}
o). (R) =1

(b) suppb™, supp b (Q ﬂBRQ(0)> UQU) for some Ry > R;.

The vector fields b and b "drain’ the fluxes from the outer and inner
boundaries to some outlet to infinity QU=). Following the terminology of H. Fujita
[11] we call this method by wvirtual drain method and vector functions b and
b by wvirtual drain functions.

By constructing virtual drain functions b'e"” and b we have an arbitrari-
ness in choosing the outlet QU*) to which we "drain" the fluxes. We choose the
"widest" outlet QU+) in order to minimize the generated by the drain function dis-
sipation of energy (Dirichlet integral). Choosing different virtual drain functions
we may get, in general, different solutions of problem (3.1) (a solution is known
to be unique only for small data). It is well known (see [31]) that a solenoidal
vector field with a nonzero flux over cross sections of the outlets to infinity can
have finite Dirichlet integral only if this outlet is sufficiently "wide'. In order to

explain this, consider the outlet D which has the form
D ={z:|2| < g(x3), 23 > 1}, 2’ = (21, 22),

and function ¢ satisfies the Lipschitz condition. Take a solenoidal vector field
u with the finite Dirichlet integral over the paraboloidal outlet D and let F be
the flux of u over the cross section o(t) = {x € R® : |2/| < g(t), z3 = t}. By
Cauchy—Schwarz (2.3) and Poincaré (2.4) inequalities we have

2
7P = <mg*(t) [ fus(x’,t)[Pda’

o(t)

[ us(2,t)da’
o(t)

< cgi(t) f |V'uz(2’, t)|2da’,
o(t)
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Dividing both sides of the last inequality by ¢g*(¢) and integrating over ¢ from 1

to R we obtain

R R
\FI? [g72(t)dt < c [ [ [V'us(2/,t)|*dz'dt
1 1 o(t)
(3.12)

<c¢ [|Vul*dz < c0.
D

From (3.12) it follows that either 7 = 0 or [ ¢~*(t)dt < co. The latter condition
means that the outlet to infinity D is sufficiently "wide" (grows at infinity suffi-
ciently rapidly). For example, if D is a cylinder (g(¢) = 1), there are no solenoidal
vector fields with the finite Dirichlet integral and nonzero flux (see, for example,
[59])-

After problem (3.1) is reduced (with the help of virtual drain functions) to the
case of a boundary value with zero fluxes over all connected components of the
boundary 0f2, we can extend this boundary value from each component A,,, T';

into Q using the standard method (see, for example, [31]), and we get solenoidal

(out)
0m

extensions b and b{"™ where b

satisfies Leray—Hopf inequalities (3.10).
Finally, as in [59], [61], we construct in  a solenoidal vector field B(f%?) satisfying
zero boundary conditions and having given fluxes over the cross sections of all

outlets. The vector field

0Om

, . M
A = (b(znn) +b(()lnn)) + Z (b,(fim) +b(out)) _i_B(flU@
1

m=

M
— Rlinn) + Z Bsg”) + (fluz)

m=1

gives the desired extension of the boundary value a, and it satisfies the flux con-
ditions (3.5).
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Chapter 4

Examples

4.1 Domain with one paraboloidal outlet to in-
finity
In this chapter we consider the following problem

—vAu+ (u-V)u+Vp = 0 in Q,
divu = 0 in Q) (4.1)

u = a on 0f)

in the domain  C R* with one paraboloidal outlet to infinity D; = {z € Q :
7' < gi(w3), x5 > 1}, ie., Q = Qo D1, where Qy = Gy \ G1, G1 C Gy, Gy
and (G; are bounded simply connected domains. Denote 0G; = I'y = I'. The
outer boundary S consist of one component S . Therefore, 9 = I'; | J S, By
the assumption the boundary value a has a compact support (see (3.2)), therefore
Ay =supp a) SM = S N Bg,(0).

NS =80T,

Figure 4.1: Domain ).
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The function g, satisfies the Lipschitz condition
g1(t1) — g (t2)| < Lilts — ta, ti,ta > 1, gi(t) > 1 Vi (4.2)
Below we will use the following notations:
Q= QUDY, w =0\ ),

91(1)

where Dgl) ={reD :x3< R}, Ri=1 Ry1=R+ 5
1

Let

CI> 1

F{" = [a-ndS, §™ = [a-ndS

Fl A1
be the fluxes of the boundary value a over the inner and outer boundaries, re-

spectively. Since the total flux has to be equal to zero, condition (3.3) implies

(fR) u-ndsS = —(ng’m) + 3§OUt)), (4.3)

where 01(R) = Dy ({x : x3 = R} is the cross section of the outlet D;.

We construct a suitable extension A = B! + B and prove the existence

of at least one solution to problem (4.1). Since the domain €2 has only one outlet

to infinity, compatibility condition (3.4) has the form

ngnn) 4 Sgout) + fl —0. (44)
Hence, in this case we cannot prescribe additionally the flux Fi, i.e.,

FL = _(ngnn) + Sgout))

and the extension B/ can be taken equal to zero.

4.1.1 Construction of the extension B

We start with the construction of the virtual drain function b, TLet us first

define in D a solenoidal vector field b{™™ such that

1 )($)|5D1m89 =0, [ bgmn) ‘ndS = ]Fgmn)-

o1(R)

Let v4 ={x € Dy : |2/| =0, x3 > 1}. Define in D; the cut-off function

Glz) = \p(m (Qf((;)”)) (4.5)
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where

(5($) = A"H(‘r)? A<I> = Aaplmag(l’),
functions W and p are given by formulas (2.24) and (2.25), respectively.

Lemma 4.1. The function (i(x) is equal to zero at those points of D1 where
0(6(x)) < A(z), while the dy/2-neighborhood of the line v, is contained in this
set; (1(z) = 1 at those points of Dy where A(x) < e 'o(d(x)). The following

estimates
c

Alz)’

‘5@ (x)

82@(:1:)’ < ¢
8mk

‘ <
- Oxrdx; | — A2(z)

hold.

Proof. The proof of the lemma follows directly from the definition of the functions
(1, ¥ and p, properties of the regularized distance (see estimates (2.21)) and the
fact that suppV(; is contained in the set where A(x) < p(d(x)). O

Set
bgi”")(x) _ —]ng”")curl (C1($)b($)) — _F(f"")VQ(x) X b(z), © € Dy,

where b(z) is the magnetic field defined by (2.23); properties of b(z) are given in
Lemma 2.17.

Lemma 4.2. The solenoidal vector field bg”‘"’ is infinitely differentiable, vanishes
near the surface 0D, N OSY and the contour vy, the support of bgi”") s contained
in the set of points x € Dy satisfying the inequalilies

o(0(x))e™! < A(z) < o(6(x)). (4.6)

Moreover,
f bgznn) .ndS = Fgmn)7
o1 (R)

and the following inequalities

b)) < (4.7
b ()| < =L |Vby(z)] < 1, (4.8)
PEENS ey VPN S T

hold. Here d(z)=dist(z, 0Dy N ON).

Proof. Relation (4.6) follows from Lemma 4.1. Since (;(z) = 1 on 9Dy N 092, by
the Stokes Theorem (see Lemma 2.12) and properties of the magnetic field b we
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get

[ b nds=—F"" [ curl((b) -ndS=-F" § b.dl=F""
0'1(R) o1(R) do1(R)

From the definition of bgi"") (x) and Lemma 4.1 follow the estimates

B{™ )] < B8V ()Ib)] < DL
Lo =A@ ]
Vb @) < [F (9(Va @] )] + [V @) b)) (49)

; 1 1
< F(znn) < )
=N\ Ewe * a@er
It is easy to see that for points x € supp b(lmn) the inequalities
0 < c16(z) < A(x) < 0(),  cagn(ws) < |o'] < cag(zs) (4.10)

hold. Since dist(z, ;) = |2/| for € Dy and dist(z,v,) > dy/2 for = € supp bginn),
estimates (4.7), (4.8) follow from (4.9), (4.10). ]

Lemma 4.3. For any vector field w € W22 (Dy) with W|ap,naa = 0 the following

inequalities

[ b Rlw]2 de < c[F"™ 12 [ |Vwl? de,

Dy e (4.11)
[ PP dr < F TP Ve |
D \D{ D\
hold. The constant c is independent of k.
Proof. Estimates (4.11) follow from (4.7) and the well known inequality
2
|W2(x)| dr<c¢ [ |Vw(z)]? dz
ppsip PN b g
(see Lemma 2.15). O

Let 2™ € G4, be a point lying inside the "hole" G';. Denote ¢;(x) = g(x—zW),

where
1 1

q(z)
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is the fundamental solution of the Laplace operator in R?, and let
by (z) = F{"Va(x). (4.12)
Obviously,
div bémn) = Fgmn)div Vg (z) = ]ng””)Aql(x) =0, "
Moreover, we have

Iy

Q0
Denote
O, x € Fl,
h, = bgmn)bnomﬁl - bémn)bﬂoﬂﬁla x € 08 ﬂﬁh
—b{" | pnp,r € 0%\ (D1 UTY).
Then

[ hindS= [ b™.ndS— [ b ndS=F""-F"=0. (413
Qo 8Q0ﬂ51 Q0

Because of (4.13) the function h; can be extended inside the domain €2 as a
solenoidal vector field b{™ € W'2(€)) and

168" w20y < ellBallw22 900
(4.14)

< (I llyr/22(@20) + IBE™ lawir2omynyy ) < clFE™)
where the constant ¢ depends only on the domain € (see Lemma 2.6). Define

béznn) + b(()zlnn)’ = QO,

bgznn)’ z €Dy

The vector field b "removes" the non-zero flux from the component I'y and,

as we have mentioned before, we call it a virtual drain function.

!The function v = Vg is not only solenoidal and harmonic; it satisfies together with the
pressure p = %\Vq|2 the system of the homogeneous Navier—Stokes equations

—vAv+ (v-V)v+ Vp=0.
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Set
a— bélnn)h‘l, T e Fl,

0, T e 890\F1

Obviously,

Jhy-ndS= [a-ndS— [b" ndS=TF"" —F" =o.
INT I I
Therefore, the function hy can be extended inside €2 in the form
by () = curl (x())E(2)),

where E € W2(Qy), curl E|gq, = hg and x is a Hopf’s type smooth cut-off function
and x(z) = 1 on I';. Moreover, for any w € W,*(Q) with w|sq = 0 the following

estimate . .
Qf by () 2w (2)[? de < c|F{™)? Qf Vw(x)|? da (4.15)
0 0

holds (see Lemma 2.14 with ¢ = 1 and Lemma 2.15).
Finally, we put
B = plinm) 4 b, (4.16)

Lemma 4.4. The vector field B(™™ is solenoidal, B"™|p, = a|p,, BO|gq) = 0,
B ¢ WL2(Q). For any solenoidal w € W,22(Q) with W‘m = 0 the following

loc

estimates

[ BEPwde < B [ | Vw]de,

Q) \2k—1) Qi \Qk—1)
(4.17)
J B 2lw(2 da < o[ F{"™ 2 [ |Vwl|*da
k) (k)
hold. Moreover,
B () < | gy < 1 cp,
gl (x?’) gl (w3) (4 18)

B (2)] + [VBO™) (2)] < CIF™), @€ Q\ Dy.

Proof. By the construction B is solenoidal, Bi"|. = a, B"|sq) = 0.
From (4.11), (4.14), (4.15) and definition (4.12) of the vector field bgmn) (x) follow
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the estimates

[ IBOMPwPde= [ [b{"™]P|w[?dx
Q) \ Q1) D\ pk—1

< AF™P [ [Vw]d,
Q) \Qk—1)

[ (B2 |W|2dx<c<f b5 P de -+ [ b w do

Q) Q0

+ [IDE P de) + [ bl da

Dk

< e(Ib™™ 1124 ) + D6 124 000 W12 40y + [ FS™ 2 [ [V W ? d
Qo

FAFY™2 [ Vw2 de < F)2 [ | Vw]? da
D{¥ Q)
for any solenoidal w € VV;?(Q) with w| o = 0. Finally, inequalities (4.18) follow
from (4.16), (4.8). O

Remark 4.1. It is easy to see from the above construction that in the case
Fg""") = 0 and, hence, supp B < Q.

= 0 we have b inn)

4.1.2 Construction of the extension Bg‘)“t)

We start with the construction of virtual drain function b{®". Take any point

) e Ay € SW. Let 4, be a smooth simple curve which intersects 9Q at the

Figure 4.2: Contour ~q;.
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point (M and
Y11 = U;}’\il) Uk,

where 7; is a semi-infinite line lying in Dy, %1) C (2N Bg,(0)) is a finite simple
curve connecting 7, and the point ™, and I, € R?\ Q is a semi-infinite line
starting at the point z(.

In the domain 2 we introduce the virtual drain function
bl (z,) = §\"eurl(Gu(z,€) - bYY () = §7 V¢ (z,e) x b (z),  (4.19)

where

00" ()
Gz, e) = \Il(&? In W), (4.20)

W (z) = A, (z), b{"(z) is a magnetic field defined by formula (2.22) (the
properties of b{" (z) are given in Lemma 2.17), functions ¥ and o are defined by
(2.24) and (2.25), respectively.

Lemma 4.5. The vector field bgout) is infinitely differentiable and solenoidal, bﬁ"“”
vanishes near the surface 0Q\ A1 and in a small neighborhood of the curve 11 NSY.

The following estimates

b\ (1, 6)| < «“ ,
B (el < daa\a, (7)d,, (7)
(4.21)
1 1
Vo™ ()| < e + ,
' <d§Q\A1 <x>d711 (.T) dﬁQ\Al (.CC) ’ d’2yl1 (:C>>
(out) (out)
plovt) z,¢e))| < —6(6”31 |, vble z,e)| < —c(g)|31 |, reD (4.22)
1677 (,€))| 2 (za) Vb ™ (z,¢)l (@) 1

hold. Here doo\a, () and d.,, (x) are distances from the point x to 0Q \ Ay and
M1, respectively. The constant ¢ in (4.21) is independent of . Finally,

f bgout) .ndS = Sgout)'
Ay

Proof. The first statement of the lemma follow from definitions (4.19), (4.20) of
bgom) (x,€) and (i1(z,¢) and from the properties of the regularized distance (see
estimates (2.21)). Estimates (4.21), (4.22) can be proved just is the same way as
the analogous inequalities in [59], [61]. Since b(lom) (r,e) =0 and (11(x,e) =1 on

00\ Ay, the Ostrogradsky—Gauss and the Stokes formulas (see Lemma 2.11 and
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Lemma 2.12, respectively) yield

fbgout) ) nds _ f bgout) . ndS _ —Sgout) f Cul"l(gubgl)) . ndS
A o1(R) o1(R)

_ _ggout) f Cllbgl) cdl = _Sgout) f bgl) . dl = ggout).
001(R) 001(R)

Let hy(z) = a(z)[s, — b (z,€)|x,. Then

[hy-ndS= [a-ndS— [b™ ndS=0.
Al Al Al

Therefore, h; can be extended inside €2 in the form
b (z,¢) = curl (xa(, €)Eq (),

where E; € W3(Qy), curl Eq |5, = h; and x; is a Hopf’s type cut-off function such
that x1(x,e) = 1 on Ay, supp x1 is contained in a small neighborhood of A;, and

ec

< -
Vxi(z,e) < dist(z, Ay)

(4.23)

(see Lemma 2.14).
Define
B! (z,e) = b\ (z,£) + b3 (x, €).
Obviously,
divB{™ =0, By, =a, B |sqn, = 0.

Lemma 4.6. The following estimates

[ BUP WP dr < e3P [ [Vwlrda,
Q) \Qr—1) Q) \Qk—1)
(4.24)

[ B P|w]?de < ec|F) [ |Vw] da,
705 705

hold for any solenoidal w € W,2(Q) with w|69 = 0. Moreover,

out
oz

g%(fcs) ’

The constant ¢ in (4.24) does not depend on € and k, while C = C(e) in (4.25)

depends on ¢.

out
CI3e)]

VB(OUt)l' < .
VB S

B (2,)] < (4.25)
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Proof. Inequality (4.21) yields (see Lemma 2.15)

2
[ BEORwdr < el [ -
Q) \Qr—1) Q) \ k1) dist*(z, 002)

<clF™P [ [Vwlde,
Q) \Qk—1)

[wi*

B(out)2 20y < (out)|2
f‘ 1P wlPdr < cel§7| f dist2(x,(9Q)

dr < ce|FY)2 [ |Vw|*da.

0! 0! 0!
Estimates (4.25) are the consequence of (4.22). O
4.1.3 Existence of a solution
We look for the solution u in the form
u(z) = A(z,e) + v(x), (4.26)

where
A(z,¢) = B (z,e) + B (z)

and as it follows from (4.17), (4.24) the following estimates

[ AP WRde < (@ FR +F)2) [ |Vw]Pda,
Q) \Qw-1) Qi \Qk—1)
(4.27)

[ APRw dz < c(e|F0 )2 + B2 [ [ Vw]de
Qi) Q)

holds for any solenoidal w € W,2*(Q) with w|sq = 0.

loc

Definition 4.1. By a weak solution of problem (4.1) we understand a solenoidal
vector field u which has representation (4.26) with the solenoidal vector field v €
Wh2(Q), vlgq = 0 and satisfies the integral identity

loc

y({Vv:Vnda:—J((A%—v)-V)n-vc&—({(v-V)n-Ada:
(4.28)

— v [VA:Vnde+ [(A-V)n-Adr ¥ne Q).
Q Q

Theorem 4.1. Assume that the boundary value a € WY*2(99Q) has a compact

support and that the fluz 7 is sufficiently small. Then there exists at least one
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weak solution w of problem (4.1), (4.4) and there holds the estimate

Rk d
[ |Vul?dz < c(data)<1 + [ #), (4.29)
Q) 1 9i(3)

etdtata) = co( Il + Nl sson )
where ¢ is independent of [.

Proof. In every bounded domain g there exists a vector field v(D € H(Q)
satisfying the integral identity

v [ Vw:Vnde — [ (A+vD)-V)nvlde — [ (vD.V)n-Adx

Q) Qa) Q)
(4.30)
=—v [ VA:Vndz+ [ (A-V)n-Adz Vne H(Qq).
Qq) Q)
Indeed, this integral identity is equivalent to the operator equation
v = Av0, (4.31)

where A is a compact operator (see [31]). By Leray-Schauder Theorem (see
Lemma 2.13) operator equation (4.31) admits at least one solution if norms of

all possible solutions of the operator equation
v = A AVEN X e [0, 1], (4.32)

are bounded by the same constant independent of .
Taking 7 = v(U? in (4.30) and using Leray-Hopf (3.10) and Cauchy—Schwarz (2.3)

inequalities, we obtain

[ vvD)2dz = A [ O - V)vO . Adr— X [ VA:VvOdz
0! Yaq Q)

A .
+5 [ (A VIO Ade < ol &P+ [FYUP) [ VO (4.33)
Q) Q)

+( [ [VARd2)? - (f [VVORd) P+ ([ |ARdz)? ([ [VvORde) .
Q) Q) Qa) Q)

2For simplicity, we omit the index \.
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Using Cauchy inequality with € (2.1), we recieve

t mn
(1= el = o™ P) [ VO,

< (19 ARy + 14Ty ) + eI TVl

Taking sufficiently small € and F; ", we have

19VO a0, < <(IV A0 + 1AlEsn ) (4.30)

Since
I+ Y™ < cllallwa e on,

VA3 lal? (1+ [ -5
<cl|la —_
LQ(Q l) = W1/2,2(3Q) / g%(l'g) )
Rl x3 Rl dxg
< < 4
||A\|L4(Q<l)) C”anl/22 20) (1 + ‘1[ 75 3>) = CHa||W1/2,2(aQ (1 + f (3:3))’
the inequality (4.34) yields
B dy
0 3
va ||L2 Q(l) (Ha||W1/22 o0) + Ha||W1/22 aQ)) (1 + f g%(m?))) (4‘35)

Hence the existence of the solution v(!) of operator equation (4.31) follows from
Leray-Schauder Theorem.

Let us estimate the norm ||[Vv(®|| £2(9) for k <I. We introduce the function

vi(z), = e Qu
l ~
UP(@) = { 0 (x)vO (@) + 90 (@), 2 € Qo \ iy = wi, (4.36)
0, Q\Queyr),

where 0 (x) is a smooth cut-off function with the following properties:

1, z € Q(k)
0, € \ Q(k+1),

VO(@)] < o

(4.37)
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and 9,(;) is the solution of the problem

div 9,(!) = -V, vl in wg, (4.38)
9,(;) = 0 on Owy. .

Since [ VO -vWdz = [div(0vWD)dz = [ O0v) -ndzx = [ wvydx =0, the

Wi Wk Owy, o1(k+1)
solution @,(Cl) of problem (4.38) exists and satisfies the estimate

IV 2w < el VO - VOl 2, (4.39)

where c¢ is independent of k (see Lemma 2.9). Using estimate (4.37) and Poincaré

inequality (2.10), from (4.39) we derive the estimate

~(1
IV 20 <l VO - VOl () < VOl 2 SelVVO 200y (4.40)

91(Ry,)

Let us take in the integral identity (4.30) n = U,(Cl). Since

[ (vO+A)-v)UY . UV dz =0,
Qk+1)

we obtain

v [ IVVOPdr= [ (vVO+AV)UHVO-UY) do—v [ VOV U da

Qry Wk Wi

(4.41)
+ [ vOV) UV Ade— [ VAVUYdet [ (A-V)UVA da.

Qper ) Q1) Qk+1)

Using inequalities (4.40), (2.12) and Puancaré inequality (2.10), we obtain
VOl < o BOIVVO 2o,

! ~(1
“V(l) - Ul(€)||L4(Wk) < ||V(l)||L4(wk) + ||Vl(g)||L4(‘*’k)

1/4

< g™ (R)IVVO || 2o + ¢t (RIVVO |20 < e’ (RIVYO| 1200,

l ~(1
IVUL | 220 < IV OV |20 + 1V 220
C

= 91(Ry,)

Therefore, using the above estimates and inequalities (4.27) we can estimate the

HV(Z)HLZ(Wk) +c ||VV(I)HL2(wk) + C||Vv(l)||L2(wk) < Cva(l)|lL2(wk)‘
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right hand side of (4.41) as follows

[0 +4) - V)UY (v = U) da

Wk

l l
< VO 24y VP = UL 210 IVUL 220

l l 1/2 1/2
HIVUD |2 ([ JARVO = UL 2 d) " < cgy! (R IVYO 1220,

Wi

ou inn l 1/2
+e(VEZ ) + [F NIV VO L2 ([ V(v — UYY2 dx)
Wk

out mn
< gt P (RR)IVVO [,y + c(VEIT™ |+ [F D IVVO 200, o

v| [vv® . vUl dx

Wi

<V VVO ) VUL |20y < vel VYOI 20,

[ (v0.-v)UY . Adz

1/2
l
§||VU,2)||L2(Q(k+1))( J \v(z>|2|A|2dx)
Q1)

(k+1)

out nn
< (V™ + IFTDIVVO 22,
out nn
< o(VEIF| 4 |F >|>(HVv“HL2 e Hm)

[ VA :vUYdz|+
Qrs1)

[ (A-V)UY . Ads
Qr+1)

< (198000 + A ) IVOY o

<

f (0
<HVA||L2(Q<’“+1> + HA||L4(Q(k+1))> HVU HL2 (k1)

cyE

2

<

Sle B

(174 s+ WA ) + 25

c B day
< 2 Ialhvveaon + 12l ae )\ 1+ ] Sic s

—l—cf(HVV(l 172 Q) T HVV(Z)“%?(W,C)))'

Therefore, from (4.41) it follows that

= lIvv® ||L2(Q(k+1)

JIVVORde < eq(R)IVVO |2, + c(VER™ |+ IFT DIVVO |2,

Q)

wk wk

(VAR + FE) (vaa a0 + ||Vv<l>||%2<wk>)
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L T £ Jlaj 14 f dzs
V2 8l 2200y + 2l zao) J (1S 05 )

Taking Fgmn) and e sufficiently small, we obtain

J1VVOR dr < gy (ROIVYO |2 + el VYO 2,
k)
By dl‘g
o (Il + Tl o ) (14 255 )
Denote yp = [ |[Vv[?dz. Since [ = [ — [, we can rewrite the last in-
Q) R S L)
equality as
U < e(Wrr — i) + Cogt 2 (Ri) (st — v)*? + Qe (4.42)
where
By dﬂfg 9 4
Qi = c(data) | 1+ f i)’ c(data) = cq ||a||W1/2’2(8Q) + ||a||W1/2’2(8Q) .
We have
e (Qr1 — Q) + C**g%ﬂ(Rk)(QkJrl — Qu)*?
Rp 1 Rp 1 dt 3/2
= c.c(data) + ¢n9)* (Ry) (c(data) :
1 5o (etdata) | @)
0o R 41

f o < oo, then f —~ — 0as k — oo, and there holds the estimate
1 1 Ry, 91( )

L dt 1/2 Rkt dt 3/2 Ry, dng
c.c(data) —— teang! (Ry) (c(data) <éc(data) <1~|— —)
i i e P dea) Jo) [ it
for sufficiently large k. If [ —— = oo, then ?
1 gi(t)
Ri41 Rpq1 dt 3/2
coc(data) + c**gl/Q(R ) (c(data)
i 5o edate) I o)

< é.c(data) gy (Ry) + 6. (c(data)) g7 *(Ry,)

Ry,
< ¢.c(data) + &,.(c(data))?/? < éc(data) (1 + f dzg ),
g ($3)

g1(Ry)

3We have used that Ryi1— Ry = 5T
1

(see [59]).

<3
27

and gl(Rk) < g1(t) < 591(Ry) for ¢ € (R, Riev1)
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Ry
because | —— — o0 as k — o0.
i

Since @y satisfy condition (2.20), by Lemma 2.16 inequality (4.42) together
with (4.35) implies the estimate

Ry
yr = [ |VvO P de < c(data) (1 + f&) VE <L (4.43)
) 1 g1(3)

This estimate guarantees the existence of a subsection {v()} which converges
weakly in W1’2(Q(k)) and strongly in L*(Q) for every k. Therefore, passing to a
limit in the integral identity (4.30) we find that the limiting vector field v satisfies
(4.28) for any n € J3°(Q) (or for any H() with compact support). The sum
u = A + v is a weak solution of the problem (4.1). The estimate (4.29) for v
follows from (4.43). Since for A the analogous to (4.29) estimate is obvious, we
obtain (4.29) for the sum u= A +v. O

4.2 Domain with two connected layer type out-

lets to infinity

In this section the domain  C R? consists of two layer type outlets to infinity
E,={reQ:1< a3 < h(d))}and By = {2z € Q: -2 < 23 < —1},
Qo = Q) Br,(0). Let Qy = Gy \ G1, G1 C Gy, Gy and G, are bounded simply
connected domains. Let 0G; = I'y = I" be the inner boundary of 9€). The outer
boundary of 9§ consists of three components, i.e., S = SM U SZ U SG):

SW =z € OF, : 253 = hy(«])},

S(Q) = {ZL‘ € 8E1 X3 = ]_}U (8H\(8E1 U@Eg)) U{ZE € 8E2 X3 = —]_},
S® = {1z € OF, : 23 = —2},

where H C () is a finite cylinder, containing the origin, which connects the layers

E; and FEjs. In the domain §2 we consider the following problem

(—vAu+ (u-V)u+Vp = 0 in Q
divu = 0 in Q,
u = a on 01, (4.44)
[ u-ndS = F, R>Ry, j=12,
\ oj(R)
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/ ----------- 5@ /

EZ
/ i s /

Figure 4.3: Domain ().

where 0;(R) = E;({z : |2/| = R} are the cross sections of layers E;, F; are
prescribed fluxes over o;(R), j = 1,2.

Function hy(t) possess the following properties

ulhl(t) < max hl(tl) S Mghl(t), hl(t) 2 1 Vit Z 1,

= <t <2t
\hi(t1) — ha(ta)| < Li(t)[ts — taf, t1,ts € [t,21],
where pi1, po are certain positive constants and for L;(¢) holds the inequality

ha(t)

< const, Li(t) < const Vt.

Suppose that the boundary value a has a compact support (see (3.2)) and
Ay =suppa)S c S©®.

Below we use the following notations:
Quy = QUEYUEY, wir=Quun \ Q.
where B\ = {z € E; : [¢/| < Ry}, Ry =1, Ruyn=2Ry, 1>1, j=1,2
Let

F{™ = [a-ndsS, gl = Ja-ndS
Fl A1

be the fluxes of the boundary value a over the inner and outer boundaries, re-

spectively. Since the total flux has to be equal to zero, condition (3.3) implies
Fi+ R+ T 45 =0, (4.45)
We construct the suitable extension A = ngut) + B BU2) and prove

the existence of at least one solution to problem (4.44).
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4.2.1 Construction of the extension B

Let us start with the construction of the "virtual drain" function b which
"drains’ the flux FU™ from the inner boundary T' to infinity. We choose the
"widest" outlet F;, in order to minimize the dissipation of energy generated by
b Let us first define in F; a solenoidal vector field bgi”") such that

! )($)|3E1r189 — 0’ f bgmn) .n dS = Fgmn)'

o7 (R)
Let 71 = {z € E; : |2/| = 0}. Define in E; a cut—off function

Clz) = U ( In (%)) (4.46)

where
6<$> = A%US(U (ZE), A((L’) = AaEl\S(l)(x)v
functions ¥ and p are defined by formulas (2.24) and (2.25), respectively.

Lemma 4.7. The function (;(x) is equal to zero at those points of Ey \ 71, where
0(0(z)) < A(x) and (i (x) =1 if A(z) < e to(d(x)). The following estimates

8C1 (fﬂ)

44
. (4.47)

¢ 82@(35)‘ < _ ¢

< Aw) | omom | = 22

hold.

Proof. The proof of the lemma follows directly from the definition of the functions
(1, ¥ and p, properties of the regularized distance (see estimates (2.21)) and the
fact that suppV(; is contained in the set where A(x) < o(0(z)). O

Define
b{"™" () = F{"eurl (¢ (2)b(z)) = F{""V(i(x) x b(x), © € By,
where b(z) is a magnetic field defined by (2.23) (the properties of b(x) are given

in Lemma 2.17).

Lemma 4.8. The solenoidal vector field bgi””) is infinitely differentiable for x €
Ey\{z : |2'| = 0}, vanishes near the set OFE, | J{x : |2'| = 0}, and satisfies the

conditions

(inn) _ m(inn) 1 X2
o RETET m = () (445)
b (4] < IE1 4.49
b ) < L, (4.49
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ha(j2']) |#')
(4.50)
plimm) < ! 1 Eq\ Q.
VOIS el * e e S
In (4.49) d(z) = dist(z, 0F; N 0\ SW).
1 1
Proof. Since (VQ X b) ‘n = o 2_2, . W, we obtain
[ b nds=F"" [ (V¢ xb)-ndS
o1(R) o1(R)
oy B2 M g1 oy D OC
! 27r0f¢{8x3Rx3 ! ‘[8x3 v
= _]ng'rm) (Cl(xl, T, hl(R>> - Cl(.fl, I, ].)) == ngnn)
From the definition of b{"™ (z) and estimates (4.47) it follows that
by ()| < Fy™ VG (2)|[b(2)] < NOIL
VB (@) < [FE|([9(VG@)Ib@) + VG @)IVb@))  (@51)
; 1 1
<N g7 * )
It is easy to see that for points x € supp b§mn) the inequalities
crhy (7)) < A(x) < exhy(|2']) (4.52)

hold with positive constants ¢; and ¢y. Then estimates (4.49), (4.50) follow from
(4.51), (4.52). O

Let us briefly describe the construction of the virtual drain function, which
"removes' nonzero fluxes from the inner boundary I'y. Let (Y € G4, be the point

lying inside the "hole" G;. Denote q;(z) = q(x — (), where

11
 An ||

q(z)
is the fundamental solution of the Laplace operator in R3, and let
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Then

divb{™ =0, b . ndS=F"", [ b ndS=-F""
I Qo

(remind that G C Q).

Set
07 YRS Fla
hl = bg_lnn)‘agomﬁl - bélnn)|8QOmE17 X E 8@0 m E:[?
_béznn)|aQO\El’ xr e 890 \ (El U Fl)
We have

JhindS= [ b ndS— [ b{™ . ndS=F"" -F" =o.

00 80NE 00

Therefore, the function h; can be extended inside the domain {2y as a solenoidal
vector field b{"™ € W'2(Q,) and

168" w200y < el Ballwr2290,)

S C(”béznn)HWl/Q,Q(aQO) + Hbg_lnn)le/2,2(8QOmE1)) S C|F§”m)’7

where the constant ¢ depends only on the domain € (see Lemma (2.6)).

As in Subsection 4.1.1, define the virtual drain function by the formula

béznn) _‘_]:)(()zlnn)7 = QO,
b(znn) — bg”m)7 T € E1 \ QO,

0, T € E2 \ Qo.
Set
a— bémm)h‘l, x € Fl
ho -
0, S 890 \ Fl.
Then

Jho-ndS= fa-ndS— [b™ ndS=F"" —F" =0,
I

I't I'1

and, therefore, the function hg can be extended inside €2y in the form

by () = curl (x(2)E(x)),
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where E € W3(Qy), curl E|sq, = hg and y is a smooth cut-off function with
x(z) = 1 on I';. Moreover, for any w € WL*(Q) with w|sg = 0 the following

estimate

f by (2) P w(@)[? do < c|F{™™ 2 f [Vw(z)|? dx
holds (see Lemma 2.14 with ¢ = 1 and Lemma 2.15). Finally, we put

As in Subsection 4.1.1, the vector field B satisfies the following lemma.

Lemma 4.9. The vector field B is solenoidal, B/ |r, = a|p,, BO|gm) =
0, m=1,2,3, B ¢ W-(Q), B (2) =0, 2 € E;\Qp. For anyw € WL2(Q)

loc

with W}m = 0 the following estimates

[ BERwPRde < BR[| Vwda,

Qi \ k-1 Q) \ Q-1
(4.54)
[ 1Bl d < cFCR [ [Vwp d,
Q) Qry
hold. Moreover,
. CIF{™|
Binm(p)| < ——L L e E\Q
‘ (l’)| — h1(|l’,|)|]},|’ T 1\ 05
CIE™  oFt) (4.55)

VBT < el T (e e P

I‘EEI\Q(),

[BO) (2)] + VB ()] < CIF™), @ € Q.

4.2.2 Construction of the extension B§Out)

We start with the construction of virtual drain function b(om) Let v; = {z :
|a:’ | = 0} be an infinite line which intersects 9 at the points () € A; ¢ S® and
) € S Define

bi™ (z,2) = =1 eurl (G (w, £)- b (x)) = =F\" V¢ (w,€) x b{V (w), (4.56)
where

500 ()
Culz,e) = xp<g In W>’ (4.57)
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Figure 4.4: Contour ~y;.

pl ($)A(711US(1))0E1 ('T) + p2($)|x - $0|
s = +(1 = p1(z) — p2(2))A,, 050 (7)), € IQN\ (Y11 U S, 2o € y11 N Q,
07 T e U 5(1)7

3
1, z € E;\ BV,

pi(x) = @ .
0, x € (0Q\E)UED, j=12,

bgl) (x) is the magnetic field (2.23) corresponding to the contour ;1 (the properties
of bgl)(a:) are given in Lemma 2.17), the function ¥ is defined by formula (2.24).

Lemma 4.10. The vector field bg‘”‘t) is infinitely differentiable and solenoidal,
b§°“” vanishes near the surface 02\ A1, in a small neighborhood of the curve

Y11 NQ and for x € Ey with |x| > 1. The following estimates

ce

b (2,¢)] < ,
! daﬂ\(AluS(U)(x)‘x,l

(4.58)
1 1
VB, 2)] < o ¥ ).
1 dgﬁ\(Alus<1))(x)|$/| dao (ausm) (T)] 2]
(out)
b(om) S < M’
677 (,¢))] < IS
(out) (out)
Vb (g, o) < SN OS] g g (4.59)

RN (]2
167 (2, 0))| + VB (2, )] < e(e)[F)], z € Q\ By

hold. Here dyo) (x,us0) () is the distance from the point x to OS2\ (A U Sy,

Finally,

f bgout) .ndS = {S:gOUt)-
Ay
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Proof. The first statement of the lemma follow from definitions (4.56), (4.57) of
b{"(z,¢) and (11(z,¢) and from the properties of the regularized distance (see
estimates (2.21)). Ineqalities (4.58), (4.59) can be proved just is the same way as
the analogous estimates in [59], [61]. Since b{™*" (z,€)]onnn, =0, b\ (z,e) = 0
for z € B, |x| > 1 and (j1(z,¢) = 1 on 92\ (A, USW), and (y1(z,€) = 0 on SV,
the Ostrogradsky—Gauss and the Stokes formulas (see Lemma 2.11 and Lemma

2.12, respectively) yield

™. nds=— [ b . nds=g" [ (V¢éuxb)-nds
A Ul(R) Ul(R)
™ hl(R) hl(R)
_ oy BT VO L w00
Sl 27'({ ¢ {‘ 8.’133 R 3 31 if 8353 3

(out) .

= —ng) (Gu(z1, 22, i (R)) — Gz, 22, 1)) = F;

Let hy(z) = a(z)]y, — b (x,€)|s,. Then

h,-ndS= [a-ndS— [bl® . ndS =0.
1

Al Al Al

Therefore, h; can be extended inside €2 in the form
by (2,2) = curl (i (z, ) B (),

where E; € WZ(Qp), curl E1 |5, = hy and x; is a Hopf’s type cut-off function such
that x1(z,e) =1 on Ay (see Lemma 2.14).
Define
By (,2) = bi""(z,€) + (" (2, ).

Obviously,
divB{™ =0, By, =a, B son, =0, B =0,z € By, |z| > 1.

Lemma 4.11. For any solenoidal w € W1’2(Q) with W‘m = 0 the following

loc

estimates

[ B Pwde <eeld)2 [ |Vw]dz,
Q) \2r—1) Q) \Qw-1)
(4.60)

[ B2 |w2de < ec|F™)2 [ |Vw]? de,
Q) Q)
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hold. Moreover,

C|;§(OUt)|
B (1) < —PL L 0 B\ Q,
‘ 1 ( )| — h1<|fL’/|)|l’/| 1\ 0
o o (4.61)

VB (z)] < z € B\ Q,

R2(ja' )] " (|22
B (2, )] + VB (2)] < CI3|, = € B2\ Q.

The constant ¢ in (4.60) does not depend on € and k, while C' = C(e) in (4.61)

depends on ¢.

Proof. Inequality (4.58) yields

2
f |BgOUt)‘2|W‘2d£IZ’ < C€|S§0ut)|2 f lW—| v
Q1) \Qre—1) Q) \ k1) dist*(x, 0Q)

<celg™P [ | Vwlde,
Qi) \Q(k—1)
jw|

—d < (out) V 2d
dist(z, 09) vl [ Vwide

Q)

J 1B PIwPds < ce[§0P
Q) Q)

(see Lemma 2.15 and [59] for details). Estimates (4.61) are the consequence of
(4.59). O

4.2.3 Construction of the extension B(f/u?)

Now we need to compensate the fluxes over the cross sections of outlets to infin-
ity, i.e., we have to construct a solenoidal vector field BY"™®) gatisfying the flux

conditions

{R) BU™) . ndS = Fy +F 4 gl (fR) BUM . ndS =F. (462)

Denote
by (z,¢) = curl(Ca(z,e)b1) (2)) = V(a(2,€) x b (),

where b1 (z) is the magnetic field (2.23) corresponding to the contour vy, (the

properties of b () are given in Lemma 2.17),

(A, use (7)) )
Aams(z) (z) ’

6172(113,5) =W (6 lTLQ
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the functions ¥ and p are defined by formulas (2.24) and (2.25), respectively. The
vector field bgf;l“‘””) has the following properties (see [59], [61], [47]).

Lemma 4.12. The vector field bg{;lm) (x,€) is solenoidal, bg{;lux)bg =0 and

J OB nds =1, [ b nds =1.
o1(R) o2(R)

For any solenoidal w € Wl’Q(Q) with W‘m = 0 the following estimates

loc

[ B RwRde <ee [ |Vw]rda,
Q(m) \Lm-1) Q) \ Q1)
(4.63)
[ BE I Rwdr < e [ |Vw[rde
Q(m) Q(m)

hold with the constant ¢ independent of € and m. Moreover,

C(e)
b(flua:) <
| 1,2 (CC,E;‘)' — h5<|l’/|)|l’/|7

- C(e) C(e)
Vb, (@, €))| < ’
Vo2 (@l < el T e P

re BN\ Q, s=1,2, (4064

85 (2, 0)| + [V (2, €))| < Cle), z € Q.

Vector field
BU)(z,2) = —(Fy + B+ 5" )biS " ()

satisfies the flux conditions (4.62).

4.2.4 Existence of a solution
We look for the solution u in the form
u(z) = Az, e) + v(z), (4.65)

where
A(z,¢) = B (z,6) + B (2) + BV (2, ¢).
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As it follows from (4.54), (4.60), (4.63), for any solenoidal w € W,*(Q) with

loc

w|ao = 0 the following inequalities

=4 out inn
[ |ARwde < c(e| FL2+e[3 2+ F12) [ | Vwde,
Q) \Q—1) Q) \Q—1)
(4.66)

[ |ARw]? dz < c(e| F12 4 |32 + [F™12) [ Vw2 da,
Qk) Qk)

hold, where |F| = \/F2 + F2, F = (F1, Fo).

Definition 4.2. By a weak solution of problem (4.44) we understand a solenoidal
vector field w which has the representation (4.65) with the solenoidal vector field
v € WEA(Q), vaq =0, satisfying the integral identity

VS{V'U:Vndx—g{((A—l—'v)-V)n-’udw—g(vV)n-Adx
(4.67)

=—v [VA:Vnde+ [(A-V)n-Ade Vg e J&°(Q).
Q Q

Theorem 4.2. Assume that the boundary value a € W%2(9Q) has a compact
support and that the flux ngm) is sufficiently small. Then there exists at least one
weak solution w of problem (4.44), (4.45) and there holds the estimate

20 dt
[ |Vul*dzx < c(data) (l—l—f 3 ) (4.68)
Q) thi(t)

where c¢(data) = CO(||aH12/V1/2a2(8Q) + ||a||W1/22 o) T |-7:|2 + |~7:|4)

Proof. In every bounded domain € there exists a vector field v() € H(£))
satisfying the integral identity

v [ v Vndr — [ (A+vD)-V)nvde — [ (vD.V)n-Adx
Q) Q) Q)

(4.69)

=—v [ VA:Vndz+ [ (A-V)n-Adx Vn e H(Qq).
Qu Q)

Taking 7 = v\ in (4.69) and using Leray—Hopf (3.10) and Cauchy-Schwarz (2.3)
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inequalities, we obtain

v [ Vv dx
0!

= [(vO - V)VO - Adz—v [ VA:VvOde+ [(A-V)vD . Adx
Qq Qa

< c(e A 4 e3P + [FE12) [ wvO)? da (4.70)
Q)

+( [ IVARdR) ([ |VvORdr)'?
Q) Qu

+( [ A dR) ([ VO Rdr)

0! Q)
Using Cauchy inequality with € (2.1), we obtain

out inn)
(v — ce| Fi | = cel[§ 12 — [FY™ )| Vv O ||L2 Q)

< (19 ARy + 1ALy ) + eI TY I

Taking sufficiently small F; " and ¢ yields

IVVO 220, < OVAMHM%WAMHMQ (4.71)

Since
VA2 0, + Al

a ﬁ 2
< C(HaHxQ/Vl/z,z(aQ) + ||a||;1/1/1/272(ag) + ’-7:|2 + |-7:‘4) (1 + f th5 ))

from (4.71) it follows that

[Vv® ||L2 Q)
S W (4.72)
< C(Ha||wl/22 8(2 + Ha||W1/22 E)Q + “F| + |f| )(1 + f th3( ))
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Let us estimate the norm ||Vv(l)||L2(Q(k>) for k < . Introduce the function

V(l)(x), r € Quy,

2 J
U (2) = { O (2)vO (2) + 21 V@), e U wp, (4.73)
Z ~

7=1

0, Q \ Q(k+1)7

where 0 (x) are smooth cut-off functions with the following properties:

1, z € Q(k),
07 r e \ Q(k+1)7

VO (z)] < c27F, (4.74)

and lek) € Wl’z(wjk) are solutions of the problems

div ka? = —Vb,- vl in wj,
vig, = 0 on  Owjp.

Since [ VO, -vWdz = [ div(pvW)dz = [ 6v¥ -ndz = [ wyde =0,

Wik Wik 3wjk a']'(k—‘rl)

there exists the solutions ka) of problems (4.75) satisfying the estimates

HVGEQHLQ(ka) < C(k)Hvek : V(l)||L2(wjk)7 .] = 1727 (476)

k

where for j = 1 the constant ¢(k) can be estimated by hc ,and for j =2 — by
1

(2%)

c2* cis independent of k (see Lemma 2.5). Using (4.74) and Poincaré inequality
(2.11), from (4.76) we derive

k
~(0) c?2
VYVl 22 () < WHV% VO L2 (u)

c2b 477
< ey 2 IOl SeIVYO i )

~(1
vaélg HLQ(W%) < CQkHvek vl |’L2(W2k) SCHV(Z) HLQ(W%) < CHVV(Z) HLQ(W%)'

Taking in integral identity (4.69) n = Ug) and using the fact that

[ (vO+A)-v)UY . UV dz =0,

Qk+1)
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we obtain

v [ VvORdz = [ (v +A)-V)UY . (vO = Uy da

Q(k) Wik
v [0 VU dr+ [ (vO-V)UY - Ade (4.78)
Wik Qk+1)

—v [ VA:VUVde+ [ (A-V)UY . Ada.
Qr+1) Qr+1)

Using definition (4.73) of the function Ug) and estimates (2.13), (4.77), we obtain

1/4
VOl z g < em @25 VVO |20y,

VOl gy < VYO L2

l ~(1
VO = UL 1) < VO 24 + eV 24

< eh (29 [VVO| 2wy + e h VI L2 < e by (29 [VVO | 12

wlk
¢ NU)
VO = U 1) < elVOlliaon + TRzt < lVVO | r2yy)-

Definition (4.73) of the function Ug), estimate (4.74), inequalities (4.77) and
Poincaré inequality (2.11) yield

_ ~(1
VU200 < 275 vO |z + el VVO 2 + 1V 22 wrn)

wlk

< 2 (29)[VVO | a(eng) + el FVO |y < € VO 1z

Wlk wlk

l _ ~(1
VU 20 < 27Oz + el VVO 2ae) + VIV 22 00

w2k

< 277 Vv 2y + I VVO || 20 < el VVO | L2000

W2k w2k

Therefore, we can estimate the right hand side of (4.78) as follows

J (O +A) VU (v = U da

wjk

1)
< VO Nzt VO = U a0 VUL |12

(wWjk) (wjr)

l l 1/2
HIVUL [ r20,0 ([ 1AR VO — U2 dx)
w]k

1/2
< chy (@) [VVO |,
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ou = inn 1/2
Fe(VEIF) 4+ VEIF + [FDIVVO] 200 ([ V(O — U2 da)

Wik

< el (@) VYOI, ) + e(VEIR™ | + VEIF] + [FTDIVVO 2,

wk)’

v f \VAROM VU,(CZ) dx

ij

l
<V VYO 200y VUL (120000 < vl VYO 2y,

[ (vO-v)UY . Adz

1/2
(i
< YUYl 12ge W( / \v<l>\2rA|2dx)
Qr+1)

Qk+1)

< e(WER + VAIF] + BN IVVO 2

< (VeI | + VEIF] + [F)) (HvV“ IZ200,) + 2 Vv 13200 )

[ VA:vUY dz| +

Qk+1)

[ (A-V)UY. Ads

Qk+1)

l
< (19 A0 + 18T ) IVUL 0

\/_

<

0
— VU, ”L2 (Qk+1))

\/_Hv O]

5 (HVAHLz(Q(Hl) + HA||L4(Q(1€+1))>

< ||L2 (Qk+1))

Slo B

(I 1A, ) +

C
S_

, , 2 dt
2 4
- ”a”Wl/zz (99) + ”a”wl/zz (99) + | F[* + | F] ) (1 + f th3( ))

VR

2
FeE (1900 + 2 IOl )
j:

Hence,

1/2
VQf (Vv dr < Chl/ (2°) Z A ||L2 (Wik)
(k) J=1

Fe(VEIF| + B F) + [FE) Z IVvO 2200

e S 1TV + e (199 + 2 190, )

2l
c =, =y dt
+ (Il + Tl + 17+ 1710) (14 ] )

Taking ¢ and F{"™™ sufficiently small, we obtain

2
1/2
v [ |VvO2dz < e.h /(Qk)ZHVV [ +c*§;||vvl||m(wk
Q) J=1
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a . 2 dt
ol sy + Il oy + 12+ 1710 ) (14 s ).

2
Denote yp = [ |Vv|2dz. Since > [ = [ — [, we can rewrite the last
Q) J=lwjk Querny Qe

inequality as

Y < C*<yk+1 - yk) + C**hi/2(2k)(yk+1 - yk)3/2 + Qp, (4-79)

where

Qx = c(data) (+ kathii ))

c(data) = co(||a||12/vl/22((99 + ||a||W1/22 o) T IFI? + | ).

It is easy to see that

Ce(Qrr1 — Qi) + coht2(29)(Quyr — Qu)?/?

ok+1 dt . ok+1 di 3/2
= c.c(data + ey’ 7 (2%) (e(data
(data) | saggpy * e @Oate) [ e
0o dt 2k+1
If [ ) < 00, then [ 0] — 0 as k — oo, and for sufficiently large k there
1 thy ok 1
holds the estimate
2k+1 2k+1 dt 3/9 2k dt
c.cldata —_—+ c**h1/2 28y (¢(data 2 < ¢e(data) (1 + )
data) Iy + et Adet) [y e [
oo dt
If | ———= then*
[ gy = o then
2k+1 dt 2k+l dt 3/9
c.c(data — + c**h1/2 28 (¢(data /
data) I faggpy * e @ etdate) [ )

< &.c(data)hy?(2%) + G.lc(data))3?hy*(2%) < éc(data) (1 + 2f thﬁz ))

2k

because f — 00 as k — oo. Since Q) satisfy condition (2.20), by Lemma

0

4We have used that pyhi(2%) < hy(t) < pohi(2F) Wt € (28,2541 g, po are positive con-
stants.
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2.16, inequality (4.79) together with (4.72) implies the estimate

20t
Q(k) 1 thl (t>

This estimate guarantees the existence of a subsection {v{=)} which converges
weakly in I/OI/I’Q(Q(k)) and strongly in L*(€Q)) for every k. Therefore, passing to
a limit in integral identity (4.69) we find that the limiting vector field v satisfies
(4.67) for any m € H(Q2) with compact support. The sum u = A +v is a
weak solution of problem (4.44). Estimate (4.68) for v follows from (4.80). Since
for A the analogous to (4.68) estimate is obvious, we obtain (4.68) for the sum
u=A+v. O
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Chapter 5

Domain with finite number of

paraboloidal outlets

In this chapter we generalize the case of the domain 2 with one paraboloidal
outlet to infinity (see Chapter 4, Section 4.1). Let domain 2 C R", n = 2,3, be a

domain with finite number of paraboloidal outlets to infinity D;, j =1,...,J, i.e.,

Q=0UDUD.U..UDs, D/OD; =0, 14},

where £y = QN Bg,(0).
We study the case of outlets to infinity D; which in some cartesian coordinate

systems z) ' have the form
D; = {z(j) cR”: z(j)’gj_l(zéj)) € aj(-o), 20 S 1}, j=1,..,J,

where 201)/ = (z§j),z§j)) if n =3, 20 = z%j) if n = 2, the functions g;(¢) > 1
satisfy the Lipschitz condition

19;(t1) — g;(t2)| < Ljlts — to| Vi1, 12 > 1, (5.1)

) © R™! are bounded domains (in the two-dimensional case o\ are intervals).

J
Without loss of generality we assume that o; contains the point 20" = 0. In the

o’
three-dimensional case 05-0) C R? may be multiply connected. Then

© _ O 0

where a](g), k =0,1,...,N;, are bounded simply connected plane domains such

INotice that z(/) means the local coordinate system in the outlet Dj, while x is the global
coordinate system in R"™.
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that 7)) C ol k=1,.... Ny, and 3y N7 =0 for k # 1, k,1 # 0.

J

&N
=Y

Figure 5.1: Domain €2 with paraboloidal outlets to infinity.

We assume that:
(i) The boundary 0f is Lipschitz.
(ii) The bounded domain 4 has the form

~

(2

Q0 = GO\ aia
1

where Gy and G;,2 = 1,...,1,1 > 0, are bounded simply connected domains such

— - I
that G; C Gy, Gi1 ﬂGw = () for 21 7é i5. Denote I' = U I, I'; = 0G;.
i=1
(ili) The outer boundary S = 09 \ I' consists of M > 1 disjoint unbounded
components S™). We denote by A,, = supp a[)S C S™,

Below we will use the following notations:

(R.
Rj =1, le+1:le+932(L7l>, I>1,j=1,...,J,

J

Qp=20UDPU...UDY, DO = {z(j) eD,;: 2V < le}7

o;(R) = D;N{z0) : 2§ = R}.
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In this chapter we consider the following problem

[ —vAu+ (u-V)u+Vp = 0 in @
divu = 0 in €,
u = a on 0, (5.2)
[ u-ndS Fi VYR>Ry, j=12,...,J,
\ o;(R)

with the necessary compatibility condition

! (inn) M (out) J
LET A S S+ 2 Fie=0, (5.3)
m= j=

i=1
where o;(R) is the cross section of the outlet D;, n is the unit vector of the normal
to ;. Remind that F'™ and §'o"” are the fluxes of the boundary value a over
the components of inner and outer boundaries, respectively.

Constructing virtual drain functions b and b we choose the "widest"
outlet, say Dj,, in order to minimize the generated by the drain function dissipa-

tion of energy (Dirichlet integral).

5.1 Three dimensional case

5.1.1 Construction of the extension B

The idea of the construction of extension B! is the same as in Subsection 4.1.1.

Therefore, we just formulate the main results and indicate the differences which

appear. As in Subsection 4.1.1, we start with the construction of the virtual drain

I
function b, We denote Fi" = STF™ and first, we construct in D;. a
i=1

inn)

solenoidal vector field bg- such that

*

_ (inn) _ mnn
. (g;)\aDj*maQ_o, [ b -nds=Fm.

o5 (R)

In order to simplify the notations, we omit the index j, in notation of local coor-
dinates zU+) and write just 2. Let v, = {z € D;, : |¢/| =0, 23 > 1}. Define in D;,

6 = (m (). (5.4)

a cut—off function

where

o(x) = A, (7), A(z)= Asp, noa(T),

functions ¥ and p are defined by formulas (2.24) and (2.25), respectively.
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As in Chapter 4 (Subsection 4.1), we obtain the following properties of the
function ¢, ().

Lemma 5.1. The function (;,(x) is equal to zero at those points of D;,, where
0(6(x)) < A(z), while the dy/2-neighborhood of the line v, is contained in this
set; (;.(x) = 1 at those points of D;, where A(x) < e 'o(d(z)). The following

estimates
’ a¢;, ()
8xk

c 9%Cj, () ‘ < ¢

‘ = A(z)’ Oxpdz; | — A?(x)

holds.

Define the vector field

b (z) = —Fmmeurl (¢, (2)b(z)) = —FV(¢; () x b(z), = € D;,,

VES

where b(z) is a magnetic field defined by (2.23). The properties of b(z) are given

in Lemma 2.17.

Lemma 5.2. The solenoidal vector field bﬁm) is infinitely differentiable, vanishes

near the surface 0D;, N 0 and the contour ., and satisfies

J bl nds = Flnm,

5. (R)
b @) < © ) : (5.5)
CIFy™) CIFtm)]
b’ < 5L |Ub,(2)] < —, (5.6)
| ( )| g]*( ) | ]( )| g?*(Z;J,)

where d(x)=dist (z, dD;,NAQ), [Fim)] =/ (F"™)2, Flnm) = (g gl glin),

Proof. Since (j,(xz) =1 on 9D;, N 0L, by the Stokes Theorem (see Lemma 2.12)
and properties of the magnetic field b, we get

J b nds = —F@m [ curl(¢,b) -ndS=-F  § b.dl
7. (R) 7. (R) Doy, (R)

Fi (f bedl- Z § b-dl) = Flm),

00j.0 k=100,
The rest of the proof is the same as in Lemma 4.2. n

Lemma 5.3. For any vector fieldw € W,22(D;.) with W|ap,,naa = 0 the following
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inequalities

[ b Rlw]2 do < c[Fem2 [ |Vwl? da,
Dj(_k) D;k)

[ BRI de < cFm2 | Tw]de
DO\ p D\ p o

(5.7)

hold with the constant ¢ independent of k (see Lemma 2.15).

Let () € Gy, be a point lying inside the "hole" G;. Denote ¢;(z) = q(z — 2@),

where
11

q(z)

is the fundamental solution of the Laplace operator in R?, and let

. 1 .
b (x) = S F"Vg(x). (5.8)
i=1
Then
. I I
div bémn) => Fgmn)div Vai(x) =" ngn")Aqi(x) =0,
i=1 i=1
S ndS =F"™, i=1,..,1,
ry;
(inn) 4 (inn) i
J b ndS = -3 " = —FU,
Q0 i=1
Denote
0, WS Fi, 1= ].,...,I,
hl - bginn) ‘8QOHD3‘* - béznn) |QQOﬂDj* 3 X 6 aQO ﬂ Dj*,
_bémn)}aQo\Bj*’ x € 08 \ (Ej* yrn).
We have

[ hi-ndS= [ b"™.ndS— [ b ndS=FC—Fm =0, (5
Qo 890ﬂDj* Qo '

Because of (5.9) the function h; can be extended inside the domain €y as a
solenoidal vector field b{™ € W12(€)) and

b6 llwr2(00) < ellbillwi/zzan,)
(5.10)
< C(Hbéz'ﬂn)“WlM,z(aQO) + |’b§znn)HW1/2’2(BQOQD]'*)) < C|F(znn)’7

*
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where the constant ¢ depends only on the domain € (see Lemma 2.6). Define

béznn) _'_l;)(()zlnn)7 = QO,
bl = ¢ by e D,

0, ©€Dj, j#Ju
Vector field b "removes" nonzero fluxes from the components I';. Denote

a—béinn)|ri7 zely, 1=1,..,1,
O7 :CE(?QO\F

hy =

Obviously,

Jho-ndS=[a-ndS— [b"™ ndS=F""-F" =0
I; Iy I

k3 (3

Therefore, the function hgy can be extended inside €2 in the form
by () = curl(x(z)E(2)),

where E € WZ(Q), curlElso = hy and x is a smooth cut-off function with
x(z) = 1on T (see Lemma 2.14 with € = 1). Moreover, for any w € W,2*(Q) with

w|sq = 0 the following estimate

QJO" by () 2w (2)[? dx < || g{ [Vw(2)[? do (5.11)

holds (see Lemma 2.15).
Finally, we put

Lemma 5.4. The vector field B is solenoidal, B"™ |- = alp,, i = 1,...,1,
B | gy =0, m=1,..., M, Bt ¢ VV;?(Q) and B = 0 forz € D;, j # j.,
|z| > 1. For any solenoidal w € VV;DCQ(Q) with W}BQ = 0 the following estimates

[ BERwRdr <dFOR [ Vwlde,
Q) \Q—1) Q) \Q—1)
(5.13)

f |B(mn)|2|w|2 dx < C|F(inn)|2 f |VW|2 dz
k) Qe
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hold. Moreover,

g2 (23)

B(znn) )| <
Bl e

, [VBE ()] < , T €D,

* )

(5.14)

|B(i"")(:£)| + |VB(mn)(fB)| < Olﬁ(inn”’ x € ) \ D-*.

Proof is the same as in Chapter 4 (see Subsection 4.1.1, Lemma 4.4).

5.1.2 Construction of the extensions Bgf{“t), m=1,..., M.

We start by the construction of the virtual drain functions bsg“t), m=1,..., M.
Take any point (™ € A,, ¢ S(™. Let Ymj. be a smooth simple curve which

intersects 0 at the point 2™ and has the form
=3 U™
’ij* 7]*,4* 73* U ms
where 7;, is a semi-infinite line lying in D, ﬁj(:”) C Q) Bg,(0) is a finite simple

R

Figure 5.2: Contour 7,,;, .

curve connecting 7;, and the point (™) and [,, C R®\ Q is a semi-infinite curve
starting at the point ™ and does not intersecting any D;, j=1,...,J. Assume
that the distance from 7,,;, to S (m)\ A,, is not less than dy > 0, where dj is
sufficiently small number, and that the direction of the curve ,,;, coincides with

the direction of increase of the coordinate z*).

68



In the domain 2 we introduce the virtual drain functions

b (w,2) = F'eurl (G (2,2) - BT (2)
(5.15)
= F0 Vs (,8) x DU (2), m=1,..., M,

where b;in) (x) is a magnetic field corresponding to the contour ,,;, (see formula
(2.22) and Lemma 2.17),

_ 8" ()
Cmj. (2,€) = ﬁf(s In Doon. (x)), (5.16)

U is defined by formula (2.24),

;

@A @)+ S i@l — 2™t
J=1,j#7«
5032 () = (1_sz< DA (2), @ € 0\ g, 2™ €7

0, T € Ymgss

\

1, xeD;\DY
pi(x) = @)
0, ze(Q\D;)UD!.

mjs)

Obviously, the function 60™7*)(x) is continuous in Q and infinitely differentiable in

Q\ Ymj., |V (2)] is bounded. Moreover, it is easy to check that

3
Az, (x), weD;\DY,
AA(m)(I), WS QO'
Vs

Lemma 5.5. The vector field bgﬁ“t) 1s infinitely differentiable and solenoidal, bfﬁ“t)
vanishes near the surface O\ A, for x € D;, j # ji, with |x| > 1, and in a
small neighborhood of the curve 7,,;, N Q. The following estimates

b (1, )| < ce 7
b ) < e @ (@)
(5.17)
1 1
Vb ()| < ¢ + 7
<d§Q\A (@)dy,,, () dooa,, (2)d3 (93)>
ou St o Fhont
e (o)) < B gy e < B op )
9 (257) gj*(z?; )
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hold. Here dao\a,, (z) and d
Ymj., Tespectively. The constant ¢ in (5.17) is independent of €. Finally,

(x) are distances from the point x to 0Q\ A, and

Ym g

[ b . nds = g
Am

Proof. The first statement of the lemma follow from definitions (5.15), (5.16) of

bg;:ft) (x,¢) and (j, (z,€) and from the properties of the regularized distance (see

estimates (2.21)). Since b (z,¢) = 0 and ;. (2,€) = 1 on 9Q \ A,,, using the
Ostrogradsky—Gauss and the Stokes theorems (see Lemma 2.11 and Lemma 2.12,

respectively), we obtain

Af b . ndS = — {R) be")  nds =~ { | curl(¢ry,b™) - ndS
m T gy O jx R

=32 [ Cub™ ondl=-35 [ b a=F,
00, (R) 00, (R)

Let hy,(z) = a(z)|s,, — b (z,¢)|s,,. Then

[ h,-ndS= [a-ndS— [ b . ndS=0.
Am Am Am

Therefore, h,, can be extended inside €2 in the form

plovt) (x,€) = curl (xm(z, e)Ey(2)),

0m

where E,, € W}(Q), curl E,,|a,, = h,, and x,, is a Hopf’s type cut-off function
such that x,,(z,e) =1 on A,, (see Lemma 2.14). Define

ngut) (z,6) = plout (z,e) + plout (z,€).

0m

Obviously, B°*) has the following properties:

divB =0, B[y, =a, BE"|sqa,, =0,

B =0, z € Q\ D;., |z| > 1.

m

Lemma 5.6. For any solenoidal w € W2 (Q) with W‘aﬂ = 0 the following esti-

loc
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mates

[ BEOPIwRdr <ecdFOP [ [Vwlde,

Q) \Qr—1) Qi \Qw—1)
(5.19)
[ B2 lw|? de < ec|30)2 [ |Vw|? dz,
Q) Q)
hold. Moreover,
o C gsut) . (out)
B, o)) < SOl B, o) < S e,
ACE 9. (") J
Jx \73 Jx \73 (520)

BY (@, e)| + VB (2,0)] < Ce)[F], = € Q\ Dj..

Proof. The proof of this lemma is analogous to the proof of Lemma 4.24 in sub-
section 4.1.2. n

5.1.3 Construction of the extension B/

Now we need to compensate the fluxes over the cross sections of outlets to infin-

ity, i.e., we have to construct a solenoidal vector field BU™#) satisfying the flux

conditions ~
[ BUM) .ndS=F;, j=1,...,J, (5.21)
o (R)
where
‘fj:‘/—'.ja j: J]?’éjﬂm ]*_‘F?*_’_an +8(om

Flout) = Z 3 Note that in virtue of (3.3) the total flux is equal to zero:

Such flux carriers were constructed in [59], [61]. However, we briefly describe
the construction. Let 7% be an infinite smooth simple curve consisting of two
semi-infinite lines 7Y) C D;, 3 C Dy and a finite curve ’yj C Q) Bg,(0)
joining them. We assume that the distance from %) to 0 is not less than
dy > 0 and that the direction of the curve 7Y% coincides with the direction of

increase of the coordinate zéj ).
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Figure 5.3: Contour V%),

Denote
b\ (2, ) = curl(u(, £)b\” (2)) = V(. €) x bl (),

where bg.k) (r) is a magnetic field (2.22) corresponding to the contour vU*) (the

properties of bgk) (x) are given in Lemma 2.17),

§Uk) ()
Aasz($>> ’

Cp(z,e) =T (5 In

U is defined by formula (2.24),

(

()50 () + @) s (0) + 52 i)l = ")
VR

. J . .
0(@) = § +(1 = 3 pila)) Ao (2), 2§ € 39 for o € @\ UM,
=1

|0, for z€ k)

1, xzeD;\DY,

o) = 0, ze(@Q\D)UDY.

As before, the vector fields b%lw) have the following properties (see [59], [61]).

Lemma 5.7. The vector field b%lw) is solenoidal, b%l“x)bg =0, b%lux) (z,¢)

72



=0 forxz € D, l# 3k, |x|>1, and

J b%luz)'ndS:—(;lj"‘@m I=1,...,J
ou(R)

01 is the Kronecker’s delta.
For any solenoidal w € W,22(Q) with W‘aﬂ = 0 the following estimates

J ]b%lw)\2|w|2d:c <e [ |Vw|? dz,

(5.22)
i |b§£l“z)]2\w\2dx <ec [ |Vw|[rdx
Q(m) Q(m)
hold with the constant ¢ independent of € and m. Moreover,
B0 (@, 2)] < VB (@) < . TED,
g=") g3(=")
(5.23)
5" (2, 0)| + VB (2, 0))] < €, w € Q\ (D;U D),
s=jors=k.
Let us take the vector fields b/;lﬁ ,j=1,...,J —1, and define
BU")(,¢) = 2 b (@e) aj= L F j=1 T L
By the construction BY"®) satisfies flux conditions (5.21).
5.1.4 Solvability of problem (5.2)
The vector field u
A =B S B 4 BU) (5.24)

gives the desired extension of the boundary value a. For all w € VV;E(Q) with
W|aQ =0 from (5.13), (5.19), (5.22) follow the estimates

[ JAPw]Pde < c(e|FOD P +e| FR+F@D 2y [ |Vw|2dz
Qi) \Qr—1) Qi \Q—1)
(5.25)

[ APw] dz < c(e]FOD|? + e| F|2 + [FO2) [ |Vw|?d,
Qk) Qk)
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— _, N M .
where |F[? = Zf% = (Fiu By i)y B0 = 5 (3002, §lo =

m=1

(Sgom), 350“”, . g&“t)). The constant ¢ is independent of € and k. Moreover,
C(e € .
A << wawic -9 wep, gt (g
9; (257) 9; (z57)

From (5.26) follows the inequality

| IVA@)Edr+ [ |A@)[* de < o(data) (1+ >

(k) (k) =1

HHM:U

c(data) = C()<||a||[2/[/1/2a2(8§2) + ||a||W1/22 oa) T | FI? + | F] )

Since the proof of the existence of the weak solution to problem (5.2) is analo-
gous to the considerations of Chapter 4 (see Subsection 4.1.3), we formulate the

corresponding theorem without the proof.

Theorem 5.1. Assume that the boundary value a € WY*2(9Q) has a compact

(znn)

support and that the fluzes T, = 1,...,1, are sufficiently small. Let the
compatibility condition (5.3) be satzsﬁed. Then problem (5.2) admits at least one
weak solution u = v+ A € W*(Q), where A is the vector field (5.24) and the

loc

following estimate

J R]k ])
[ |Vu(z)]? de < ¢(data) (1 +> d23 )
1

Q(k:) J=1 j 3 )
holds.

o dt
In particular, if [ —— <o0,j=1,...,J, then [ |Vu(z)|*dr < occ.
1 gj (t> D;

5.2 Two dimensional case

In this section we consider problem (5.2) in the two-dimensional domain Q C R?.
Remind that for the two-dimensional 2 cross sections o; of outlets to infinity are
open intervals, and we may assume, without loss of generality, that O'J(»O) =(-1,1).

As above, we look for A in the form

Bg?zut) + B(flu:v)

M=

m=1

The idea of the construction is the same as in the three-dimensional case. There-

fore, we only briefly indicate the differences arising for two-dimensional domains.

74



Constructing the virtual drain function b we choose, as before, the "widest'
outlet D;, and define in D;, the vector field b;im) by the formula

0G.(z) 3G (x)

b(mn) (ZE) _ _F(mn)( 8I2 7 al,l

J=

), xGD;:.

Here D = {U") € D, : 2 > 0},

& (o) = G (@) = w (b <QXS<(§>))>’ v e Dy

0, =€R?\ D,

functions ¥ and g are defined by formulas (2.24) and (2.25), respectively. Notice
that ¢, (z) = 0 in a small neighborhood of the line v, = {zU+) : |Z§j*) =0, 209 >
1} and (j,(z) = 1 near the boundary 9D;, N 0S2, and there holds the following

estimates

‘ 9G, ()

c ¢, (x) o
ka ‘

< .
‘ — Az)’ Oxpdx; | — A%(x)

(5.27)
Lemma 5.8. The solenoidal vector field bﬁ"m (x) is infinitely differentiable, van-
ishes near the boundary 0D;, N 02 and in the neighborhood of the contour v,
the support of bginn)(x) is contained in the set of points x € Djt satisfying the

inequalities
0(6(z))e ™t < Az) < o(6()). (5.28)
The following estimates
b, (2)] < i) x € D}, (5.29)
b ()] < ] o3 | Vb, (z)] < —2‘ (j*)’ (5.30)
gj*(z2 ) .gj*(z2 )

hold. In (5.29) d(x) = dist(z,0D;, N 0Q). Finally,

J bl nds =i,
5. (R)

Proof. Estimates (5.29) and (5.30) follow from the definition of bﬁnn)(m), (5.27)
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and relations (5.28). By construction

. 95 (R) 95x(R) 9
(inn) . (inn) inn C *
[ b ndS= [ b .ndS=F0n" f J

5. (R) ~9;. (R) ~g;. (R 92(]*

(]*
1

= FO) (G (95 (R). ) = G (=95, (R). R) ) = B0,
[

The rest of the construction of the virtual drain function b and the exten-

sion B ig the same as in the three-dimensional case; we only mention that the
fundamental solution of the Laplace operator in R? has the form ¢(z) = Py In |z|
T

and that instead of (5.14) we have the following estimates

_’(mn) _’(mn)
B < UL VB < S, e b,
g;.(257") gj*(ZQ )

In order to construct the virtual drain functions b (out) " we take a point (™ €

A, C S, and a smooth simple curve 7,,;, = 7;, U %(.* , where 7;, = {zU*)

z§ D = = 0, z(j*) > 1} is a semi-infinite line lying in Dj,, %(m) C  is a finite
simple curve connecting 7;, and the point ™). Assuming that the distance from

Ymj. 10 Sm \ Ay, is not less than dy > 0 and that the direction of the curve v,,;,

coincide with the direction of increase of the coordinate zéj *), we define, as in the

three-dimensional case, a Hopf’s cut-off function by the formula

L)
Cmj. (z,6) =W <5 In m), (5.31)

U is given by formula (2.24),

(

P @)Bs (@) 4 Y gyl — 2
J=1,j#]«
603 (@) <1—sz» @), 7€ D\ s o™ €3,

07 S TYmj.

\

3
1, zeD;\DY,

pale) = 0, ze(Q\D;)JD?.

Further, defining g:mj* (x,€) = (mj. (x,€) on the right-hand side of curve 7,,;, and
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fmj* (x,¢) = 0 on the left-hand side of 7,,;., we introduce the vector field

b(out)(xyg) _ (Out)(aémj* (z,¢) OCmJ*(x 5))

m
m 61’2 ’ (91‘1

Lemma 5.9. The vector field bgf;"t) is infinitely differentiable and solenoidal, bg;;“t)
vanishes near the boundary OQ\ A,,, for x € D;, j # j., with |x| > 1, and in a

small neighborhood of the curve ;.. The following estimates

ce ce
VB (2,e)] < S,
d?)ﬂ\/\m (2) (5.32)

b,(ﬁ“t) x,e)| <
b, (2, €)]| o (@)

(out) (out)
( )lg(] ) |7 |Vb§sut)(x7€)| < C(i)|ga) |
QJ*< z5") gj*(z2 )
hold. The constant ¢ in (5.32) is independent of €. Finally,

16 (1, €))| < , €D, (5.33)

[ b . ds = g

Am

The extensions B(Om) =1

, ..., M, are constructed in the same way as in the
three dimensional case and they have the same properties with the only difference

that instead of (5.20) the following estimates

(out) (out)
C
B < B B, < SEEL (g
2 %) IPWRBN
5. (23 ) 9]*(22 )

hold.
Finally, the solenoidal vector field BY%*) satisfying the flux conditions

[ BUWM2).pndS = F], jg=1,...,J,
05, (R)

where ]?j are defined analogously to in the three dimensional case, can be con-
structed as in [59], [61].
The vector field

M
A = Bim) ¢ 3 B 4 gl (5.35)
m=1

has all necessary properties that insure the validity of the following theorem.

Theorem 5.2. Assume that the boundary value a € WY22(9Q) has a compact
support and that the fluzes ]Fgmn),i = 1,...,1, are sufficiently small. Let the
compatibility condition (5.3) be satisfied. Then problem (5.2) admits at least one
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weak solution u = v+ A € W2(Q), where A is the vector field (5.35). Moreover,

the following estimate

f IVu(z)|? de < ¢(data) (1 + > ifj

Q) =1

c(data) = co<||a||%vl/272(m) + ||a||;1/V1/2,2(aQ) + | FP? + |~7:|4>
holds.

In particular, if [ ;Z_t <o00,j=1,...,J, then [ |Vu(z)]*dz < oo.
1 g](t> D;
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Chapter 6

Domain with finite number of
paraboloidal and layer type

outlets to infinity

In this chapter we consider domain 2 C R? with two types of outlets to infinity:
paraboloidal and layer type outlets. Layer type outlets we denote by E,, r =
1,..., P, and paraboloidal ones by D,,p = P+ 1,....J",J' + 1, ..., J. We assume
that outlets D,,p = P+ 1,...,J', are connected to the first layer E; and outlets
D,,p=J+1,...,J, are connected to the last layer Ep. Paraboloidal outlets with
a constant cross section are cylinders. Notice that layer type outlets also can be
expanding at infinity or not expanding. However, to expand can only the first
and the last layer-type outlets (otherwise, they will intersect other outlets).

In some local coordinate systems z) outlets D, and E, have the forms:

D, = {z(p) 2P < gp(zép)), Z:(.)p) > 1}, p=P+1,..,J,J+1,..,J

B = {z(l) 0 < 28 < By (l2V7)), 207 > 1} ,
E, = {zﬁ") 0< 2 <1, |2 > 1} =2 .. P—1,
Ep = {Z(P) 10 < zép) < hp(|2P)), |20V > 1} )
where the functions g,(t) satisfy Lipschitz conditions
9p(t1) = gp(t2)| < Lplts —tof, ta, 82 2 1, gp(t) 2 1 V8,
and the functions h,.(t), r = 1 and r = P, possess the following properties

pihe(t) < max  h.(t;) < poh,(t), h.(t)>1, Vt,

t<t, <2t
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\he(t1) — he(t2)] < Lo(8) |ty — ta], t1,ts € [t, 21]

where p1, p2 are certain positive constants and for L,.(t) holds the inequality

t
< const, L,(t) < const Vt.

Remark 6.1. Notice that functions h;, hp and g,, p = P +1,...,J, can be
constants. In this case outlets to infinity Fy, Ep and Dpyq, ..., D; do not expand

at infinity. Instead of layers E,., r = 1,2, ..., P, one can take also outlets to infinity
of the form {z® : B{"(|20)|) < 23 < Rt (|z(7")’|)7 |2’ > 1}, where

0 < h® < h®(1) < W (1) < B Vi > 1,

h&o), A are constants.

Layers E, are connected to each other by bounded domains which we denote
Hl(j’jH) C Qp, | = 1,...,L. Here the upper indices show which two layers are
connected by H. l(j I+ Number of these connectors can be bigger than number of
layers.

We assume that

(i) The boundary 02 is Lipschitz.

(ii) The bounded domain €2y has the form

I —_—
Q0 =Go\ UG,
i=1

where Gy and G;,i = 1,...,I, I > 0, are bounded simply connected domains

such that G; C Gy, G, NGy, = 0 for iy # iy. Denote I' = U I, I = 0G,;.

(iii) All connectors H7™) are contained in Q: H(“Jrl C Q. By oH

we denote the "lateral" surface of H. l’ JH).

(iv) The outer boundary S = 0Q \ I' consists of P + 1 disjoint unbounded

connected components

J/
SO = J T,UxOULEO € a2 = hi(]207), [z > 1},

p=P+1

Smmtl) — £:0m) ¢ 90 : 2™ =0, [z > 1}) Jx™ Y
L
( U aHl(mam'H) \ F) U x(m+1)
=1
Uf{ztmtD) e o0 : 2™ =1, |2mt)| > 1}, L>0, m=1,..,P—1,
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J
SO = () T, UXEU{2P) € 09 : 287 = hy(|2EV]), |2BV| > 1},

p=J'+1
where T, is a lateral surface of D,, p = P +1,....J', XM is a union of surfaces
connecting Y,, p = P+ 1,...,J', and {z) € 99 : zél) = hy(|21)), |20 > 1},

X(™ is a union of surfaces connecting {z(™ € 9N : zém) =0, |2™’ > 1} and

L
(U oH, (mym+1) \T), X"+ is a union of surfaces connecting
=1

L
(UoH™™ N\ T) and {z07) € 90 = 2" = 0, [20mH7] > 1}, 2P s
=1

a union of surfaces connecting {27 € 90 ¢ 24 = hy(|2®)), 2P| > 1} and
T,p=J+1,..,J

In order to alleviate the notations, we omit the second index in SOV, 12
SP=LP) "GP0 and set SOV = 5O g2 — g)  — gP-1LP) — g(P=1) §(P0) —
).

Figure 6.1: Domain ().

Below we shall use the following notations:
EY — {z(’”) cE. : |2 < er},

erz]-a er+1:2er7 lzlv 7’:1,...7P,

DY) = {z(p) eD,: 2 < Rpl},
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R
Rplzla Rpl-l—l:Rpl‘i‘%, lzl, p:P—l-l,?J,
p

Qp=UEYu.. . UEYUDY, u...uDY,

O’EE)(R) =FE.N {Z(T) : ]z(r)'\ = R}, UI()D)(R) =D,N {z(p) : zép) = R},
ie., 01(,D) and JEE) C R? are the cross sections of the outlets D, and E,, respec-

tively.

Remark 6.2. Without loss of generality we assume that cross sections O']S.D) are

bounded simply connected domains. However, all results of this chapter remain
valid in the case when the cross sections of paraboloidal outlets are bounded

multiply connected domains (see Chapter 5).

Consider the following problem

([ —vAu+ (u-V)u+Vp = 0 in Q
divu = 0 in Q,
u = a on 0f,
[ undS = F” VR>1,r=1.2,...,P, (6.1)
ot (R)
[ u-ndS = FP” VR>1,p=P+1,...,J,
\ Uz(?D)(R)

where n is the unit vector of the normals to O'](;D) and o).

We suppose that the boundary value a € W'/22(9Q) has compact support
suppa C 0. (6.2)

Denote by A,, simply connected sets such that supp anS™ c A,, ¢ 8™ m =
0,..., P! Let

F" = [a-ndS, i=1,...1, 3= [a-ndS, m=0,..,P,
I; Am

be the fluxes of the boundary value a over inner and outer boundaries, respectively.
Then the necessary flux compatibility condition (3.3) can be written as
I P P
STET LI e 4N FE 4 Y FP =0 (6.3)
m=0

J
i=1 r=1 p=P+1

(the total flux is equal to zero).

IThe sets suppan S™), m =0, ..., P, are not necessary simply connected.
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6.1 Construction of the extension B

Let us start with the construction of the "virtual drain" function b{™? which

"drains" the the fluxes ngnn) from the bounded parts I'; of the inner boundary I"
I

to infinity. Denote F(") —= Z]Fgmn), and, as usual, choose the "widest" outlet
i=1

to infinity, in order to minimize the dissipation of energy generated by b
Suppose that such outlet is of the layer type, say F;%.

As in Chapter 4, Subsection 4.2.1 let us construct in F; a solenoidal vector
field b such that

b 0, [ b .nds=Fm,

) _
(x) |aEmaQ = "
g4 (R)

Introduce the infinite layer L; = {y € R® : 0 < y3 < hy(|]y/]), v’ € R*} which for
|y/| > 1 coincides with the outlet Ey. Let 41 = {y € L : |y/| = 0}. Define in L a

cut—off function 0(6(y))
Gly) = ‘1’<ln (Téﬁ)) o

where
6(y) = Aniugys=m (D} (¥)s  AWY) = Dor\ fys=h (')} (Y):

functions ¥ and p are defined by formulas (2.24) and (2.25), respectively.

Lemma 6.1. The function (1(y) is equal to zero at those points of Ly \ v1 where
0(0(y)) < A(y) and (1 (y) =1 if Aly) < e to(d(y)). The following estimates

)%(y)‘ c 82(1(y)‘< c
Oy, A(y)’ QyOy | = A2(y)

IN

(6.5)

hold.

Set
b (y) = —Fimcurl (¢ (y)bo(z)) = —FMV¢ (y) X bo(y), y € Ly,

where by(y) is a magnetic field defined by formula (2.23) with properties given in
Lemma 2.17.

Lemma 6.2. The solenoidal vector field B?"”) is infinitely differentiable for y €

2To expand at infinity can only the first and the last layer type outlets E; and Ep. If E; and
Ep are not growing at infinity, then we can "drain" the fluxes to any outlets E,., however, for
the unity of presentation, we choose in this case also the same outlet F;. If we have to "drain"
the fluxes from the bounded parts of 92 to a paraboloidal outlet expanding at infinity, then
extension A can be constructed combining the methods of this and previous chapters.
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Ly \{y : |¥'| = 0}, vanishes near the set 0L, U{y : |y'| = 0},

J b nds = Femm),

s (6.6)
and < imm)
. IE* mn ’
b ()] < C|—, (6.7)
~(inn) |F(mn)|
b (y)] <
! ha(y']) |
C|Finn)| C|Finn)] (6.8)

VB (y)] <

+ , T € E17
Ry 1y ha(ly]) Y2

b ()| + |VB{™ ()| < CIETM|, 2 € Q\ B

In (6.7) d(y) = dist(y, OL1NOQ\{y € 00 : y3 = hi(|¥'])}), |]I_f(m”)| = Z( (inn) )2,

Proof of this lemma is analogous to the proof of Lemma 4.8 (see Subsection
4.2.1).
Define

Then, we can introduce the virtual drain function

b(znn) + b(znn = QO;
b(znn) — bgmn)’ rc El,
0, $€Q\(E1UQ()),

where bémn) and b{"™ are constructed as in Chapter 4, Subsection 4.2.1.

Since
Znn

a—b, Vp, zely, i=1...1,
0, anQO\F

is such that

Jhy-ndS=fa-ndS— [b"™ ndS=F""-F" =0, i=1,...,1,
T

r; I';

we can extend the function hy in the form

by (z) = curl (x(2)E(x)),
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where E € W3(Qy), curl E|sq, = hg and y is a smooth cut-off function with
X(x) =1 onT (see Lemma 2.14).
Finally, we put
B = bl 4 b, (6.10)

Lemma 6.3. The vector field B is solenoidal, B |p, = alp, i =1,...,1,
B | gy = 0, m = 0,..., P, Bi" ¢ W2(Q), Bin(z) =0, z € QW j +

loc

1, |z| > 1. For any w € W,22(Q) with W‘BQ = 0 the following estimates

[ B < FWE [ [Vwlde,
Q) \Q—1) Qi \Q—1)
(6.11)
[ BERwl2dr < dFO [ (Vw2 dr,
Q) Qry

hold. Moreover,

| < ,
ha(J207])]z0)]

B (1) T € Fy,

| < + (6.12)
= RO (RO

VB () x € By,

B ()] + |[VBE) (z)| < C[F@)| 2 € Q\ By.

(out)

6.2 Construction of the extension B,

In this section we construct the vector fields Bq(ﬁut), m = 0,..., P, extending the
boundary value a from the outer boundary S. We start with the construction of

the "flux carriers" bﬁ,‘iut) which "drain" the fluxes 3£,3Ut)

parts of S to infinity. The construction of bé‘;“t), m =20,..., P, depends on the

, m=0,..., P, from bounded

location of A,,, m = 0,..., P, i.e., there are some differences between the cases
m =0 and m =1, ..., P. We submit the details of the construction for both cases
in parallel.

1. Let m =1, ..., P. Denote by 7,1 a smooth simple contours which intersect
99 at the points 2™ € A,,, € S and (¥ € S© N JE, and have the forms

Ym1 = :}/\1 U ll U;)/\im) U lm,

where 7 is a finite curve lying in E; and intersecting boundary S(® NOFE, at the
point 2@, 3™ c Q) By, (0) is a finite curve connecting ; and the point z(™),

lo, I, C R3\ Q are semi-infinite curves which begin at the points (*) and z(™),
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respectively.
2. Let m = 0. Denote by 791 a smooth simple contour which intersects 0¢2 at
the points (0 € Ay € S© and 2 € SM NOE; and has the form:

Yoo = UL U %0) U lo,
where 71 C Ej is a finite curve intersecting the boundary S N oE; at =™,

%0) C Q[ Bg,(0) is a finite curve connecting 7, and z(©, Iy, I; € R\ Q are
©

) and (I, respectively.

semi-infinite curves which begin at x

Figure 6.2: Contours vy; and 7.

Assume that the direction of 7,,;,m =0, ..., P, coincides with the direction of
increase of coordinate zél) and that the dist(y,,1, S™ \ A,,)> do > 0, where dj is
sufficiently small number, m =0, ..., P.

In the domain 2 we introduce the virtual drain functions

bl (1 e) = am&(fim)curl(le(w, £) - bgm) (7))
(6.13)
= a4 F0 NV (2,6) x b (2), m=0,...,P,

where b{™ (x) is a magnetic field (2.22) corresponding to contour 7,,; (properties
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of b"™ (z) are given in Lemma 2.17),

Ay =
-1, m=0,

Cmi(w, €) —\I/<5ln () ) (6.14)

e Ava\ (k) (X)) '

A function 6™ (2) and a set K depend on the location of A,,. If A,, C
S m =1,..., P, then K = S© and

( J J’
ml
P (@) Aqiuknm (@) + X pi@)]e — 2V pi(2)dg
j=2 j=P+1
j#£P+1,...,J’

J
1= 2 () Ay, (@), @ € QN (UK, zg™ e 3,
]:

O, Z‘G’leUK.

\

P
If Ay © SO, then K = S\ S© = J §9 and

j=1
( J J (o1)
p1(@)Ag ey (@) + X0 pi()do + D pi(x)|r — xy |
j=2 j=P+1
JEP+1,...,J’

5OV () = J (01) - 2(0)
+(1 - lej(x))AwowK(x)y T €l \ (’701 U K)v Ty €N
]:

07 IEVOIUKa

\

where g is a sufficiently small positive constant,

e ve D\ D or e B\ EY, 6.15)
pi(x) = .
’ 0, z€ (Q\D)UDPorze (Q\EHUE?, j=1,..J

The function §™Y(z) is continuous in the domain © and infinitely differentiable
in Q\ (Y1 UK), |V (2)| is bounded. Moreover, it is easy to check that

(

Asiunen(@),  w € B\ EY,

o — x(()ml)” lz| > 1, v € E,,r=2,..., P,
6 (z) = orx€D,p=J+1,..,J,
do, |lz|>1, xe€ D, p=P+1,..,J,

\AmuK(x), x € Qo,
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form=1,..., P, and

( (3)

A:ﬁU(KﬂEl)('xL T c El \ El ;

do, |z| >1, v e E,,r=2,..,Porxe D, p=J+1,..,J,

2 — 2|, |z|>1, €D, p=P+1,..,.J,

5OV () =

\Aqu(a:), x € Q.

Lemma 6.4. The vector field bq(z“t) 1s infinitely differentiable and solenoidal, bﬁﬁ“t)
vanishes near the surface O\ A,,, in a small neighborhood of the curve Yy, N Q
and for x € Q\ Ey with |x| > 1. The following estimates

bg,‘;“t) x,e)] < c , x e
b (2, €)] < T oo @ oo @) (6.16)
(out)
(out) c(€)|3m |
|bm (x7€))| S hl(\z(l)’]) |Z(1)/|’ T € E17
(6.17)
(out) (out)
|Vb(out( )|< ( )lg ’ + ( )’% | —, = El,

Rz ) [z ha(J207]) [20]
hold. The constant ¢ in (6.16) is independent of €. Finally,

[ b ds =g

Am
Proof. The first statement of the lemma follow from definitions (6.13), (6.14) of
b and (,,; and from the properties of the regularized distance (see estimates
(2.21)). Since bl (z,&)|aqa,, = 0, b (z,e) = 0 for z € Q\ By, |z| > 1,
Cmi(z,e) =1 on 00\ (A, UK) and (1 (z,¢) = 0 on K, the Ostrogradsky—Gauss
(see Lemma 2.11) and the Stokes (see Lemma 2.12) formulas yield

b ndS=— [ bE™.ndS
Am O.(E)(R)
1

— —q,,Zow i curl(lebgm ) -ndS = —a,, Fou i lebgm)
o (R) 001" (R)

= —a, 35 [ Gub™ - dl+ [ Gub(™ - )
lo(R) l1(R)

e o™ dl, m=1,.., P,
lo(R) o (out)
s [ opi™ - dl, m=o,
l1(R)
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where ly(R) = (9<7£E)(R) NSO [(R) = &TgE)(R) n (8E1 \ S(O))'3 =

Let h,,(z) = a(z)|s,, — b (z,¢)|s,,. Then

[ h, -ndS= [a-ndS— [ b .ndS=0.
Therefore, h,, can be extended inside €2 in the form

plout) (x,€) = curl (xm(z, e)Ep(2)),

0m

where E,,, € W2(Qy), curl E,|5,, = h,, and x,, is a Hopf’s type cut-off function
such that x,,(z,e) =1 on A,, (see Lemma 2.14).
Define
B (z,¢) = b\ (x,¢) + b{w (,¢€).

m

Obviously,

div Bg,ol“t) =0, B O“t)| A, = Q, B |aQ\A =0,

Bl =0, z € Q\ By, |z| > 1.

m

loc

Lemma 6.5. For any solenoidal w € W" 2(Q) with W‘BQ = 0 the following esti-

mates

[ BRPwdr <edFP [ [Vwlde,

Q) \Qr—1) Q) \Qk—1)
(6.18)
[ B2 w2 da < ec|3™| [ |Vw|?da,
Q) Q)
hold. The constant ¢ does not depend on € and k. Moreover,
o Ce)[F)]
B (x,e)| < ., zeB,
ha(|2W7]) |20
C(e)[Fn| Ce)[F)] (6.19)
VB (z, )| < , x€F,
VB ) S g o ¥ i e o €

BY (@,0)| + VB (2,2)] < C(2)[35], x € Q\ By,

3Notice that the contours lo(R) and I;(R) have opposite direction.
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Proof. Inequality (6.16) yields (see Lemma 2.15)

2
[ BOwldr < g0 [ W
Q) \Qr—1) Q) \ k1) dist*(z, 002)

el [ |Vwlde
Qi) \Q(k—1)
|wl?

B%utm 20y < 7(gut)z
[ B Plwlde < e3P [ ot s

Q) Q)

Estimates (6.19) follow from (6.17).

Q)

6.3 Construction of the extension B/

dr < ce|F0 )2 [ |Vwl|*da.

Now, we need to compensate the fluxes over the cross sections of outlets to infin-

ity, i.e., we have to construct a solenoidal vector field BY™#) satisfying the flux

conditions
[ BUm) .ngs=F" r=1,... P
o (R)
[ BUm) .ngs=F" p=P+1,...,/J
)
where

FE=FP  r=2...pP; FP =FF y Rl 4 glou

P
Flu) = 39 Note that the total flux is equal to zero:
m=0

R J
YR+ » BV =

r=1 p=P+1
For the construction of the extension BU*%) we use the vector field

1 Tr—y
b (z) = —
AT (i) |z —yf?

x dl,

(6.20)

(6.21)

which describes a magnetic field corresponding to the contour v*™ (the properties

of b®™ are given in Lemma 2.17). However, introducing this contour we have to

distinguish between three different cases.

1. Contour vU7tY j = P4+ 1,...,J' —1,J +1,...,J — 1, goes through the

two paraboloidal outlets. In this case v9J*1) is an infinite smooth simple contour,
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consisting of two semi-infinite lines V) C Dj, AU ¢ Dy and a finite curve
%(j ™) < Q) Bg, (0) joining them. The direction of the curve y@+1 coincides
with the direction of increase of the coordinate zéj ),

2. Contour 7*™ goes through the two outlets, one of which is of paraboloidal
type and another - of layer type. Actually, there are only two possibilities: either

k=J,n=1or k=P, n=J. Define
’Y(Jl D _— 7( )Uv(l)Ul U’YJ/)

VB Z 3P YR U 1, A,

where 7) ¢ D, AY) € D; are semi- 1nﬁn1te lines, ¥V ¢ By, 7" C Ep are finite
curves intersecting 02 at the points 2™ € S N OE; and x(P € S(P N 8Ep,
respectlvely, ~ J,), %(;]) C QN Bg,(0) are curves joining 7/ with ) and A/

with 7)., and I}, Ip C R3\ Q are semi-infinite curves which start at the points

J/71)

M and 2), respectively. The directions of the curves v’V and /) coincide

with the directions of the axis z?()l) and zép) in the layer type outlets to infinity.

3. Contour 47+ j =1,... P — 1, goes through the two layer type outlets.
Then fy(j’j“) is an infinite smooth simple contour which intersects 9 at the
points ) € SU=Y N JE; and 2U+Y € SUY N IE;,,. Contour 4+ consists
of finite curves 3V C E;, v AU ¢ E;. intersecting 02 at the points x| U+
respectively, a finite curve %(J ™ Q2 Bg,(0) joining them, and semi-infinite
curves [, I;11 C R3\ Q that begin at the points ), 20+1):

7( Ji+1) _ ’\(J Ul U 7(J+1) lis1 U %(JH)

The direction of the curve yU9*1) coincides with the direction of increase of the
coordinate z(jJr ). In all three cases we suppose that dist(v03+D), 9Q)> dy > 0,
where dj is sufficiently small number.

Denote

byl (x,2) = curl (G, £)b®™ () = V(. £) x BE (),

s

where (k) (2)
o™ (x
ChnlT,€) =W <€ ln—).

kol ) Aoo\k (2)
In the last formula the set K depends on the location of the contour v*™ . In
the first case, i.e., when & = j,n = j + 1 and both outlets D; and D;;; are of
paraboloidal type, we take K = () and the construction of ¢; j41(z,¢) is the same

as in Chapter 5, Subsection 5.1.3. In the second case, when one of the outlets is
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Figure 6.3: Contours 71?2, v38) and ~(45)

paraboloidal and another is of the layer type (i.e., we either have the pair D and
P
E; or the pair D; and Ep) we set K = K"D = |J SW

(

J
pJ’(x>A§(J')ﬁDJ,+p1(x)A(’7\(1)UK)ﬂE1($)+ _22 p;(x)do
Iy
, J'—1 ') J
UV (x) =4+ X2 pi@)|r —ag U+ (1- Z ()AL vy (2),

j=P+1 j=
wEQ\W“”UK%(JDEﬁK

0, rey VUK,

P,J
(@) D, + pp(E) AgE urns, (@ D+ pi@)e — o)

Jj=J'+1
J J
+ pi(x)do + (1 — ()AL ),
5P () = j;: ()00 + ( J;lpj( DA enuk ()
GEPJ +1,...,J
v €Q\ (Y UK), o) €7y,

0, reyPIUK,
\

respectively.
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In the third case, when both outlets £; and E; 1,5 =1,..., P —1, are layers,
K =5\ 5Y9 and

(
Pj(x)A(amuK)mEj + pira(z )A(WH JUK)NEj+1 T Z i ()0
k#JJIJrl

J -
+(1 = 3 (@) Aok (2), @ € Q\ (YWY UK),
k=1

0, awe€rUrHyUK.

50D (z) =

\

The functions ¥ and p; are defined by formulas (2.24) and (6.15), respectively.
The vector fields by f (hue) pave the following properties (see [59], [61], [47]).

Lemma 6.6. The vector fields b,(g{flux)(x,s) are solenoidal, b,(fiux)bg

=0, b;ﬁuw)(x,a) =0 forx € Dy,, Es,m,s # k,n, |x| > 1, and

f bfm ‘ndS = i + O,
o1(R)
where (k,n) = (3,j+1),j=1,..,.P—1, P+1,..,J =1, J+1,..,J—1, (k,n) =
(J',1) and (k,n) = (P,J), O is the Kronecker’s delta, o,(R) stands either for
O'l(E)(R) or for O'Z(D)(R).

For any solenoidal w € T/V;CQ(Q) with W‘aﬂ = 0 the following estimates

i ]b,i{i“x)ﬂdex <ec i |Vw|?dx,

Q) \Qm—1) Q) \Q(m—1)
(6.22)
f |bﬂ“x Plw*de <ec [ |Vw|[*dx
Q(m) Q(m)
hold with the constant ¢ independent of € and m. Moreover,
C C
93(25") 93(=5")
(fluz) Cle)

by (2,6)] < NECHIECTR
IVb (fluzx) (.T,E))| < C<€) C<€) = Es; (624)

(BT R (ECT ) K

B (2, €)] + |V (,2))] < C(e), 2 Q\ QP UQW,

s=k ors=n.
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Let us take bg’;lﬁ , j=1,...,J — 1, and define
ux 1
BU") (z,¢) = z B ()

J#PJ’
+BJ’b fluz ( )‘i‘ﬁpb(ﬂum ( ,5).

(6.25)

Calculating the fluxes of the vector field BY™®) over the cross section 0j,] =
., J, and using (6.21), we find the coefficients 3; so that BY™) satisfies flux
conditions (6.20).

6.4 Solvability of problem (6.1)

The vector field p
A = B(mn) 4 Z BgrOLU‘t) + B(flux) (626)

m=0

gives the desired extension of the boundary value a. For all w € W?(Q) with
W|aQ =0 from (6.11), (6.18), (6.22) follow the estimates

[ AP w]Pde
Q) \ Q-1
< c(e|FEWP2 + | FOI2 4 g| FEI2  |FEmm)2) - [ | Vw|%da,
P09\ (6.27)
J AP W dx
Q)
< ce|FW? + | FPI2 4 g| FE2 4 [Fm) 2) [ | Vw|? do,
Q)
. P . . J
where [FP2 = 32 (FP)2, FO = (FP, FP, . FI), I FOPR = > (R,
r=1 p=P+1
P
~ D D) ou ou
FO = (Fi2 Fpl o F7), B0 = 30 @),
Flou) = (Soout) S (ou) |, g;m)). The constant ¢ in (6.27) is independent of € and
k. Moreover,
C C
Ao €~ [vA@e <~ sep,
gp(’z?) ) gp(ZS )
Cle)
|A($,€)| —_ h7‘<|Z(r),|)|Z(T)/|’ (628)
C C
IVA(z,e)| < 2 (¢) x €k,

= W2 T R ()R
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where r=1,...,P, p=P+1,...,J.
Estimates (6.28) yield the inequality

[ IVA(z,e)Pdz+ [ |A(z,e)|*dx

Qry Qr)
P Ry r J Bor oy
< c(data)(1+ + ;
date)(14+ 3 [ S+ 2 T o)

where

e(data) = co (11213200 + 1l 00 + 1FP
HFEP 4 | FO 4 |FOPR),

Leray—Hopf’s inequalities (3.10) with given 6 > 0 follow from (6.27) if we take ¢

),z' = 1,...,1, are sufficiently

sufficiently small and assume that the fluxes F\™"
small. Therefore, the proof of the existence of the weak solution to problem (6.1),

(6.3) is analogous to proofs given in Chapter 4, Subsections 4.1.3 and 4.2.4.

Theorem 6.1. Assume that the boundary value a € WY22(9Q) satisfies condition
(6.2) and that the fluzes ngnn),i =1,...,1, are sufficiently small. Then problem
(6.1), (6.3) admits at least one weak solution u = v + A € WL(Q), where A is
vector field (6.26). The following estimate

i |Vu(x)\2dx<c(data)<1+z7k a7 + EJ: T dt)
Uy N =11 ThA(T) S 1 ga(t)/]

holds. In particular, if either [

<oo, r=1,...,P or <00, p=
e | o
P+1,....J, then [ |Vu(z)*dz < oo, where QW is either E; or D;.

QW
Remark 6.3. All obtained in the thesis results remain valid for the nonhomoge-

neous Navier—Stokes system if the external force f have an appropriate behavior

at infinity.

Remark 6.4. The extension A of the boundary value a, when we "drain" the
fluxes from the bounded parts of 92 to a paraboloidal outlet to infinity (in order
to "minimize" the dissipation of the energy), can be constructed combining the

methods of this and the previous chapters.
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Conclusions

The main goal of the thesis was to construct a suitable extension of boundary value
which gives the possibility to reduce the nonhomogeneous boundary conditions to

the homogeneous ones. This extension is constructed in the form

A = B(mn) + z ngu) + B(flmc)7

m=1

where B(™ extends the boundary value a from the inner boundary T, B

extend a from the connected component S of the noncompact outer boundary
S, and BU™?) has zero boundary value over 02 and removes the fluxes over
the cross sections of outlets to infinity. The vector fields B and BUM) are
constructed to satisfy Leray—Hopf’s inequalities which allows to obtain a priori
estimates of the solution for arbitrary large fluxes &(3“” and F;. However, Leray—
Hopf’s inequality cannot be true, in general, for the vector field B If the fluxes
of the boundary value over compact connected components of the boundary do
not vanish, there are counterexamples (see [67], [4]) showing that in bounded
domains Leray—Hopf inequality can be false whatever the choice of the solenoidal

(inn
%

extension is taken. Therefore, we assume that the fluxes F ) of a over the

compact components ['; of the inner boundary I' are "sufficiently small".

(out
m

1. If fluxes F 57'””) are sufficiently small ( ) and F; are arbitrary), then prob-
lem (3.1) in domains with noncompact multiply connected boundaries ad-

mits at leats one solution, having either finite or infinite Dirichlet integral.

2. If fluxes R(mn) are "large', then it is impossible to prove the existence of

solution to problem (3.1) by using the extension method.
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