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Notation

Cumulative distribution function;
Probability density function;

Survival function;

Sample size;

Failure time

Explanatory variable;

Hazard rate function;

Cumulative hazard rate function
Failure times of n; units tested in ”hot”
conditions;

Failure times of n, units tested in
"warm” conditions;

Mean failure time;

Variance;

Scale parameter;

Hypothesis;

Parameters;

Cumulative distribution function of re-
dundant system;

Probability density function of redun-
dant system;

Confidence interval;

Fisher information matrix;

Inverse of the Fisher information ma-
trix;

Likelihood function;

Loglikelihood function;

Degradation process;

Critical level;

Moment of the non-traumatic failure;
Moment of the traumatic failure of the
kth mode;

Survival function of the non-traumatic
failure;
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Survival function of the traumatic fail-
ure of the kth mode;

Conditional failure rate;

Probability;

Censoring time of the ith unit .
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Introduction

To warrant high reliability of key components of reliability systems, stand-by units
are used. If any component fails then a stand-by unit operates instead of the failed
component.

If the stand-by units are functioning in the same ”"hot” conditions as the main
unit then usually after switching the reliability of the stand-by units does not change.
But "hot” redundancy has disadvantages because any of stand-by units fails earlier
than the main one with the probability 0.5.

If the stand-by units are not operating until the failure of the main unit (”cold”
reserving), it is possible that during and after commuting the failure rate increases
because the stand-by unit is not ”"warmed” enough. So ”warm” reserving is sometimes
used: stand-by units function under lower stress than the main one. In such a case
the probability of the failure of the stand-by unit is smaller than that of the main
unit and it is also possible that switching is fluent, i.e. switching from ”warm” to
"hot” conditions does not do any damage to units.

The definition of ”fluent switching” as statistical hypothesis on the conditional
distribution of the failure time of the system after the switch is given. Well known
survival regression models such as Sedyakin’s and accelerated failure time (AFT)
model are used.

Goodness-of-fit tests for obtained redundant systems reliability models are pro-
posed. Asymptotic properties of proposed test statistics are investigated.

Parametric and non-parametric estimation procedures for the reliability of such
systems are given. Properties of the proposed parameter estimators are obtained.

Failures of highly reliable units are rare. One way of obtaining a complementary
reliability information is to do accelerated life testing (ALT), i.e. to use higher level of
experimental factors, hence to obtain failures quickly. Another way of obtaining com-
plementary reliability information is to measure some parameters which characterize
the aging or degradation of the product in time.

Statistical inference from ALT is possible if failure time regression models relating
failure time distribution with external explanatory variables (covariates, stresses)
influencing the reliability are well chosen. Statistical inference from failure time-
degradation data with covariates needs even more complicated models relating failure
time distribution not only with external but also with internal explanatory variables
(degradation, wear) which explain the state of units before the failures. In the last
case models for degradation process distribution are needed, too.

Hence, the second direction of the work is modelling and statistical estimation of



the reliability of systems or units in the case when joint failure time and degradation
regression data are available.

The modified maximum likelihood method for estimation of failure process and
degradation process parameters using simultaneous degradation and multi-mode fail-
ure time regression data is introduced.

Estimators of various reliability characteristics of the units related to traumatic
and non-traumatic failures are given.

Examples when the degradation process is modelled by time scaled gamma pro-
cess, path processes, shock processes with the number of shocks modelled by non-
homogenous Poisson process are considered.

Actuality

There are many publications on probabilistic modelling of redundant systems relia-
bility given the reliability of the system components. Applying of these results in real
analysis of system reliability is possible if the probability distribution of the compo-
nents is known. So a very actual problem is the estimation of the redundant system
reliability and the properties of the estimators using estimators the reliability of the
components.

Methods of accelerated life testing and degradation process analysis separately
are well developed but joint modelling and statistical analysis of simultaneous failure
time-degradation data with covariates is very recent research direction. The last
international conferences ”Mathematical methods in reliability ” (2005, 2007, 2009)
show increasing interest in this direction.

Aims and problems

The main problems are the following:

1. to formulate mathematical definition of stand-by unit fluent switching from
"warm” to "hot” conditions;

2. to construct tests for general "fluent switching hypothesis” formulated using
Sedyakin’s "reliability principle” and for particular fluent switching hypothesis for-
mulated using accelerated failure time model;

3. to investigate asymptotic properties of the test statistics;

4. to construct parametric and nonparametric estimators of the cumulative distribu-
tion function of redundant system using reliability data of components tested under
different stresses;

5. to investigate asymptotic properties of the parametric and nonparametric estima-
tors;

6. to construct asymptotic confidential intervals for cumulative distribution function
of redundant system,;

7. to investigate finite sample properties of the parametric and nonparametric esti-
mators by simulation;



8. to formulate general simultaneous failure time and degradation regression data
models;

9. to modify maximum likelihood method for estimation of failure process and degra-
dation process parameters using simultaneous degradation and multi-mode failure
time regression data using predictors of degradation processes;

10. to investigate the structure of modified likelihood function when the degradation
process is modelled by time scaled gamma process, path processes, shock processes
with the number of shocks modelled by non-homogenous Poisson process.

Methods

Counting process techniques, delta method, parametric and non-parametric estima-
tion methods, limit theorems for the sequences of random variables and stochastic
processes, numeric and simulation methods were used.

Novelty

All results of the thesis are new.

Statements presented for the defence

1. Mathematical definition of stand-by unit fluent switching from ”warm” to ”hot”
conditions is formulated.

2. Goodness-of-fit test for a general "fluent switching hypothesis” based on Sedyakin’s
principle is constructed.

3. Goodness-of-fit test for a "fluent switching hypothesis” based on accelerated fail-
ure time model is constructed.

4. Asymptotic properties of the two test statistics are investigated ;

5. Parametric and nonparametric estimators of the cumulative distribution function
of redundant system using reliability data of components tested in "hot” and ”warm”
conditions are constructed;

6. Asymptotic properties of the parametric and nonparametric estimators are inves-
tigated;

7. Asymptotic confidence intervals for cumulative distribution function of redundant
system are constructed.

8. Finite sample properties of the parametric and nonparametric estimators are in-
vestigated by simulation.

9. General simultaneous failure time and degradation regression data models are
formulated.

10. Maximum likelihood method for estimation of failure process and degradation
process parameters using simultaneous degradation and multi-mode failure time re-
gression data is modified using predictors of degradation processes.

11. The structure of modified likelihood function when the degradation process is



modelled by time scaled gamma process, path processes and shock processes is inves-
tigated.

History of the problem

Traditional life data analysis involves analyzing times-to-failure data (of a product,
of a system or component) obtained under normal operating conditions in order to
quantify the life characteristics of the product, system or component. Failures of
highly reliable units are rare, for example, the lifetime of semiconductors is very
long, and to test devices under usual conditions would require far too much test time
and excessively large sample size. So other information should be used in addition
to failure-time data, which could be censored.

One way of obtaining a complementary reliability information is to use higher
level of experimental factors, stresses or covariates (such as temperature, voltage or
pressure) to increase the number of failures and, hence to obtain reliability informa-
tion quickly. This procedure provides the methods known today as the accelerated
life testing (ALT). These methods were developed by many researchers, see wide sur-
veys of the models and methods in Singpurwalla (also can be found in [6], [26], [28],
[32], [37], [40] ).

The first part of this work is the first attempt in the scientific literature to apply
known models of ALT to the statistical analysis of redundant systems with stand-by
units in "warm” operating conditions. Stand-by units operate in "warm” conditions
when the main unit functions and in "hot” conditions after their switch on after the
failure of the main unit, so the models of ALT can be applied. The problem is that
in ALT the moments of stress level change is usually planned and fixed before the
experiment. In the analysis of redundant systems the moments of stress change are
random and are related with the failure of the main unit. So special goodness-of-
fit tests for the redundant system models are needed. Another particularity is the
following. In ALT identic units are tested in various stress conditions and inference
about the reliability of these units in usual stress conditions is done. In the case of
redundant systems components of the system function in different stress conditions
and the inference about the reliability of the system, not of the components must be
done.

Differently from ALT another way of obtaining complementary reliability infor-
mation is to measure some parameters which characterize the aging or wear of the
product in time. In analysis of longevity of highly reliable complex industrial or
biological systems, the degradation processes provide an important additional infor-
mation about the aging, degradation and deterioration of systems, and from this
point of view these degradation data are really a very rich source of reliability infor-
mation and often offer many advantages over failure time data. Degradation is the
natural response for some tests, and it is natural also that with degradation data it
is possible to make useful reliability and statistical inference , even with no observed
failure.

Statistical inference from ALT is possible if failure time regression models relating
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failure time distribution with external explanatory variables (covariates, stresses)
influencing the reliability are well chosen. Statistical inference from failure time-
degradation data with covariates needs even more complicated models relating failure
time distribution not only with external but also with internal explanatory variables
(degradation, wear) which explain the state of units before the failures. In the last
case models for degradation process distribution are needed, too.

The most applied stochastic processes used as degradation models are general path
models ([7], [8], [27], [29], [30]) and time scaled stochastic processes with stationary
and independent increments such as the gamma process ([5], [21], [34]), compound
Poisson process ([14], [18], [19], [20], [42], [43]), and Wiener process with drift ([11],
[12], [13], [44], [45], [46], [22], [23], [33]). Harlamov [17] discusses inverse gamma-
process as a wear model. Zacks [49] discusses general compound renewal damage
processes.

If joint failure time and degradation data are available models and estimation
methods for analysis of such data are needed. Excellent introductions to failure
time-degradation models is given by Singpurwalla [38], Yashin and Manton [48]. More
recent developments can be found in Bagdonavi¢ius and Nikulin [3], Finkelstein [15],
Lehmann [24], Yashin [47]. Methods of estimation from failure time-degradation
data may be found in Bagdonavicius and Nikulin [5], [6], Lehmann [22], [24], [25],
Bagdonavicius et al [7], [8], Lawless and Crowder [21], Couallier [9].

The second direction of this work is to formulate general simultaneous failure time
and degradation regression data models and give methods of estimation.

Approbation

The results of the thesis were presented at the 6" St. Petersburg Workshop on
Simulation, St. Petersburg, Russia, 28 June - 4 July, 2009; at the Second International
Conference, ALT 2008, Bordeaux, France, 9-11 June 2008; at the Mathematical
Methods in Reliability Conference, Glasgow, Scotland, 1-4 July 2007; as well as at
the conferences of Lithuanian Mathematical Society (2008, 2009).

11



Principal publications

The main results of the thesis are published in the following papers:

1. V. Bagdonavicius, I. Masiulaityté, M. Nikulin, Statistical Analysis of Redundant
System with one Stand-by Unit. In Mathematical Methods in Survival Analysis,
Reliability and Quality of Life, (eds. C.Huber, N.Limnios, M.Mesbah, M.Nikulin) ,
ISTE&Wiley : London 2008, p. 179-189.

2. V. Bagdonavicius, 1. Masiulaityteé, M. Nikulin, Statistical analysis of redundant
systems with 'warm’ stand-by units. Stochastics An International Journal of Proba-
bility and Stochastic Processes, Volume 80, Issue 2 and 3, 2008, p. 115 - 128.

3. V. Bagdonavicius, I. Masiulaityté, M. Nikulin, Statistical analysis of reliability of
a redundant system with one operating unit and one stand-by unit in warm operating
state. Proceeding of ALT, 2008.

4. V. Bagdonavicius, I. Masiulaityte, M. Nikulin, Asymptotic properties of redundant
systems reliability estimators. In: Advances in Degradation Modelling Applications
to Reliability, Survival Analysis, and Finance. M.S. Limnios, N. Balakrishnan, N.;
Kahle, W.; Huber-Carol, C.(Editors). Birkhauser, 2010, p. 293-310 ISBN: 978-0-
8176-4923-4.

5. V. Bagdonavicius, I. Masiulaityté, M. Nikulin, Reliability estimation from failure-
degradation data with covariates. In: Advances in Degradation Modelling Applica-
tions to Reliability, Survival Analysis, and Finance. M.S. Limnios, N. Balakrishnan,
N.; Kahle, W.; Huber-Carol, C.(Editors). Birkhauser, 2010, p.275-292 ISBN: 978-0-
8176-4923-4.

12



Acknowledgments

My first, and most earnest, acknowledgement must go to my scientific supervisor
Professor V. Bagdonavicius. I would like to express deep and sincere gratitude to
Professor for his constant attention, care and belief. Many thanks also to Professor M.
Nikulin, members of the Department of Mathematical Statistics of Vilnius University,
Professor G. Kulldorff, doc. D. Krapavickaité for their support during the period of
my doctoral studies.

I owe my loving thanks to my parents and friends. Without their encouragement
and understanding it would have been impossible for me to finish this work.

Structure of the Thesis

The thesis consists from introduction, three chapters and conclusions. In addition,
the notation of the function is presented in the thesis. Volume of work is 97 pages.

In the Chapter 1 the main issues and results which other authors analyzed that
theme are presented.

In the Chapter 2 redundant system with one main unit and m — 1 stand-by
units operating in "warm” conditions are analysed. Goodness-of-fit tests for a gen-
eral stand-by unit "fluent switching hypothesis” based on Sedyakin’s principle and
for "fluent switching hypothesis” based on accelerated failure time model are con-
structed. Parametric and nonparametric estimators and properties of the estimators
of the cumulative distribution function of redundant system using reliability data
of components tested in "hot” and "warm” conditions are presented. Asymptotic
confidential intervals for cumulative distribution function of redundant system are
constructed and investigated by simulation.

In the Chapter 3 general simultaneous failure time and degradation regression
data models are presented. Maximum likelihood method for estimation of failure
process and degradation process parameters is given.
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Chapter 1

Accelerated life models

1.1 Introduction

Accelerated life models relate the lifetime distribution to the explanatory variable
(stress, covariate, regressor). This distribution can be defined by the survival, cu-
mulative distribution or probability density functions. Nevertheless, the sense of
accelerated life models is best seen if they are formulated in terms of hazard rate
function.

Suppose at first that the explanatory variable is a deterministic time function:

z(-) = (21(-), ..., 2 (-))T :[0,00) — B € R™.

If 2(-) is constant in time, we shall write x instead of () in all formulas.
Denote informally by T} the failure-time under z(-) and by

Sa(y(t) = P{Toy > t}, Foy(t) = P{Tu) <t} fay(t) = =S5 (1),

the survival, cumulative distribution and probability density function, respectively.
The hazard (rate) function under z(-) is

Sy
Ser(0)

1
Aoy (1) =l o P{Toy € [t 8+ 1) | Ty 2t} = =

Denote by
t
Asy(t) = /0 Aoy (W)du = —In{Sy(t)}

the cumulative hazard (function) under z(-).

Each specified accelerated life model relates the hazard rate (or other function)
to the explanatory variable in some particular way.

If the explanatory variable is a stochastic process X (t), t > 0, and Tx(, is the
failure-time under X (-), then denote by

Sx(.)(t) = P{TX(.) > tHX(s) =x(s), 0 < s <t}

14



/\I(')(t) = _S;(~)(t)/sx(')(t)7 Ax(')(t) == ln{Sx(')(t)}

the conditional survival, hazard rate and cumulative hazard rate functions. In this
case the definitions of models should be understood in terms of these conditional
functions.

To be short we shall use the word the stress for the explanatory variable in this
chapter.

Suppose that Fi(t) and Fy(t) are the c.d.f. of units functionning under accelerated
and usual stresses, respectively.

We suppose that for all positive ¢ the following inequality is valid:

Fy(t) < Fi(t), (1.1)
and we can find some function g(¢) which satisfies the equation:

B(t) = Filg(1)). (1.2)

Below the different expression of function ¢(t) is given. The c.d.f. F} and F» are
from the same distribution family.
Example 1.1.1. Exponential distribution
Suppose two cumulative distribution function of exponential distribution have
following form:
Fl(t) =1- 6_)\1t, Fg(t) =1- €_>\2t.

Cumulative distribution function, Exponential distribution

Probability of failure

Graph 1.1. Cumulative distribution function
The function g(t) which satisfied (1.2) has the following form:

g(t) = 224, (1.3)

Example 1.1.2. Weibull distribution Suppose two cumulative distribution
function of weibull distribution have following form:

Fu(t) = 1 — exp (- (é)a> . R(f) =1—exp (— (é)a) .

15



Cumulative distribution function, Weibull distribution

Probability of failure

Graph 1.2. Cumulative distribution function
The function g(t) which satisfied (1.2) has the following form:

Q 1/
. l1 e as /o
9(t) = | Za e (1.4)

2

If «; = ay = 1 then (1.4) has the following form: g(t) = (%) t. Moy =1and ay =2
then (1.4) has the following form: ¢(t) = (%) t2. If a1 = ap = 2 then (1.4) has the
following form: ¢(t) = (%) t.

Example 1.1.3. Loglogistic distribution Suppose two cumulative distribution
function of loglogistic distribution have following form:

1 1
s Blt) =
1+ (%)

Cumulative distribution function, Loglogistic distribution

Fi(t) =

Probability of failure

Graph 1.3. Cumulative distribution function
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The function g(t) which satisfied (1.2) has the following form:

+ va/v1
t) = _ . 1.5
o) =m () (15)
If 1 = vy =1 then (1.5) equation is
M1
t) = —t.
9(t) ="~

In the examples the function ¢(¢) is linear function, which in general can be
defined:

g(t)=r-t. (1.6)

If the function g(t) has the form (1.5) then obtain Fy(t) = Fi(r - t).
The kth moments are:

_ / tdFy(t), (1.7)
0

ozgk) —/tde2<t) :/tdel /tdel ret), (1.8)

0 0 0

and the central moments are:
/ t — Oél dFl ) (19)
0

s = / (t — oS edFy(t) = / (t — i) dFy (g(t)) = / (t = ag”) dF (- 1). (1.10)

0 0 0

Using property of the moment p¥)(r - ) = 7*u*)(¢) we obtain:

k k k
(k) (k) t ' '
Qg Ho

In this chapter we describe simplest accelerated life models given the literature.
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1.2 Generalized Sedyakin’s model

1.2.1 Definition of the model

Accelerated life models could be at first formulated for constant explanatory vari-
ables. Nevertheless, before formulating them, let us consider a general method for
generalizing such models to the case of time-varying stresses.

In 1966 N. M. Sedyakin [36] formulated the physical principle in reliability. The
idea is the following. For two identical populations of units functioning under different
stresses x1 and x9, two moments t; and ¢, are equivalent if the probabilities of survival
until these moments are equal:

P{Tzl > tl} = S$1 (tl) = SIQ (tg) = P{Tm2 > tQ}

If after these equivalent moments the units of both groups are observed under the
same the stress x5 , i.e. the first population is observed under the step-the stress

ZL’(T)— x, O§T<t1,
| we, T2,
and the second all time under the constant stress xs, then for all s > 0

Aoy (t1 +8) = Agy(t2 + 5).

Using the idea of Sedyakin, Bagdonavicius [1] generalized the model to the case of
any time-varying stresses by supposing that the hazard rate A;()(t) at any moment
t is a function of the value of the stress at this moment and of the probability of
survival until this moment. It is formalized by the following definition.

Definition 1.2.1 The generalized Sedyakin’s (GS) model holds on a set of stresses
E if there exists a positive on E x RY function g such that for all x(-) € E

Ary (1) = g (2(t), Sz (1)) - (1.12)
Equivalently, the model can be written in the form
Aa(y(t) = g1 (2(t), Au (1)) - (1.13)

with g1(z, s) = g(z, exp{—s}).

1.2.2 GS model for step-stresses

The mostly used time-varying stresses in accelerated life testing (ALT) are step-
stresses: units are placed on test at an initial low stress and if they do not fail in a
predetermined time t;, the stress is increased. If they do not fail in a predetermined
time t5 > tq, the stress is increased once more, and so on. Thus, step-stresses have

the form
xy, 0 S u < tly
<
SRR S (1.14)

L, tm—l S u < tmu

18



where x4, --- ,x,, are constant stresses. If m = 1, the step-stress is called simple.
Sets of step-stresses of the form (1.14) will be usually denoted by E,,.
Let us consider the meaning of the rule (1.13) for the step-stresses.
Let E; be a set of constant stresses and E5 be a set of simple step-stresses of the

form
. X1, 0 S u < t17
z(u) = { B — (1.15)
where x1, x9 € E.

Proposition 1.2.1 (Bagdonavicius [1]). If the GS model holds on Ey then the
survival function and the hazard rate under the stress x(-) € Ey verify the equalities

_ Sml<t>7 0§t<t17
and
_ Oéxl(t), O§t<t17

respectively; the moment t} is determined by the equality Sy, (t1) = S, (t7).
Corollary 1.2.1 Under conditions of the Proposition 1.2.1 for all s > 0
A:c(-)(tl +8) = A, (1] + 5).

It is the model of Sedyakin [36].
In terms of cumulative distribution functions the model graphically can be pre-
sented by following in the following figures :

Cumulative distribution function

Probability of failure

Graph 1.4. Cumulative distribution function: F,,(t) — red, Fy, (t) — blue, Fyy(t) — green
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Cumulative distribution function

Graph 1.5. Cumulative distribution function: Fj (t) — red, Fy,(t) — blue, F,((t) — green
Let us consider a set E,, of more general stepwise stresses of the form (1.13). Set
to = 0. We shall show that the rule of time-shift holds and for the general step-stress.

Proposition 1.2.2 (Bagdonavicius [4]). If the GS model holds on E,, then the
survival function Sy.y(t) verifies the equalities:

Sx()(t) == Sa:i(t_ti—l—f't:_l)a Zf t e [ti—lati)7 (Z == 1,2,...,m), (118)
where where t7 verify the equations
Se(t1) = Sap(t1)s -+, Sa (s —tici + 1) = Spy, (87), (i=1,...,m —1). (1.19)

N.M. Sedyakin called his model the physical principle in reliability meaning that
this model is very wide. Nevertheless, this model and it’s generalization can be not
appropriate in situations of periodic and quick change of the stress level or when
switch-up’s of the stress from one level to the another can imply failures or shorten
the life.

1.3 Accelerated failure time model

1.3.1 Definition of the model for constant stresses

Suppose that under different constant stresses the survival functions differ only in
scale: for any z € F;

S.(t) = G{r(z)t}, (1.20)

where the survival function G' does not depend on z.
Applicability of this model in accelerated life testing was first noted by Pieruschka
[35]. Tt is the most simple and the mostly used model in FTR data analysis and ALT.
Under the AFT model the distribution of the random variable

R =r(x)T,

20



does not depend on z € F; and it’s survival function is G. Denote by m,o? and ¢,
the mean, the variance and the p-quantile of R, respectively.
The AFT model implies that

E(T,) = m/r(z), Var(T,) = o*/r*(z), t.(p)= tp/r(x),

where t,(p) is the p-quantile of T,.
The coefficient of variation

E(T),) m

Var(T,) ©

does not depend on x.
The survival functions under any zq,xy € E; are related in the following way:

S-TQ (t) = Sx1{p(x1’ 752) t}7

where p(x1,29) = r(xa)/r(zy).

Set ¢ = ln{r(_x)} +In{T.,}, a(x) = —In{r(z)}. Then
In{7T,} = a(x) +e.

The distribution of the random variable ¢ does not depend on x. The last equality
implies that
Var(InT,) = Var(e).

The variance of the random variable In{T,} does not depend on .

1.3.2 Definition of the model for time-varying stresses

The model (1.20) is generalized to the case of time-varying stresses by supposing
that the GS model also holds, i.e. the hazard rates under time-varying stresses are
obtained from the hazard rates under constant stresses by the rule (1.13).

Proposition 1.3.1 (Bagdonavicius [4]). The GS model with the survival functions
(1.20) on Ey holds on E D E\ if there exist a positive on E function r and a positive
on [0,00) function q such that for all x(-) € E

Aoy () = r{z(t)} ¢{Sa() (1)) }- (1.21)
Proposition 1.3.1 suggests the following model.

Definition 1.3.1 The accelerated failure time (AFT) model holds on E if there
exists a positive on E function r and a positive on [0, 00) function q such that for all
z(+) € E the formula (1.21) holds.

Under the AFT model the hazard rate A;((t) at any moment ¢ is proportional to
a function of the stress applied at this moment and to a function of the probability
of survival until ¢ under z(-).

21



Let us find the expression of the survival function under time-varying stresses.

Proposition 2.6. (Bagdonavicius [4]). Suppose that the integral

[ 0
o q(v)
converges for all x > 0.

The AFT model holds on a set of stresses E if there exists a survival function G
such that for all x(-) € E

Suy(t) =G ( /O t r{z(u)} du) . (1.23)

If the AFT model holds on E, then the survival function under any stress z(-) € Es
of the form (1.15) verifies the equality

. le(t), 0< 1<ty
where ()
T\T1
* = 1.2
tl T’(LL’Q) 1 ( 5)

1.3.3 Relations between the means and the quantiles

Suppose that x(-) is a time-varying stress. Denote by t,)(p) the p-quantile of the
random variable Ty, and by x, = 2(7)1y>0; a constant stress equal to the value of
time-varying stress z(-) at the moment 7.

Proposition 1.3.3 (Bagdonavicius [4]). Suppose that the AFT model holds on E
and (), x € E for allt > 0. Then

ta(y(®)
/ U (1.26)
0

te, ()

If the means E(T,.)), BE(T,,) exist then

E (/0% E(CZT)) —1. (1.27)

The model (1.27) is the model of Miner .
Corollary 1.3.1 For the stress of the form (1.14) the formula (1.27) implies the
equality

; F?(%kk)) =1, (1.28)




where

07 Tx() < Zfk‘*la
T = To) —te1, tho1 < Ty < iy,
te — tk—1, Toy = t,

is the life in the interval [ty_1,tx) for the unit tested under the stress x(-).
The formula (1.26) implies that for t,.y(p) € [tx—1,tx) the following equality holds:

k—1

ti—tion tay(p) — tre
) Ly leoP) Zter (1.29)

In the case m = 2, the formula (1.28) can be written in the form

E(T)  E(D)

=1 1.30
E(L,) BT, (1.30)
and the formula (1.29) can be written in the form
t ta(- —1
L () —t - (1.31)
tz () tes (D)
So ET)
1
E(T,,) = T B (1.32)
~ E(Tu,)
and .
1 :
te, (p) = PO, if t.()(p) > t1. (1.33)
- tzz(p)

Thus, if the AFT model holds on Ey then E(T}), E(T,) and E(T,,) determine E(T,),
and t,(y(p) and t,,(p) determine ¢, (p).

1.4 Proportional hazards model

1.4.1 Definition of the model for constant stresses

In survival analysis the mostly used model describing the influence of covariates on
the lifetime distribution is the proportional hazards (PH) or Cox model, introduced
by D. Cox [10].

Suppose that under different constant stresses x € F; the hazard rates are pro-
portional to a baseline hazard rate:

Az (t) = r(x) A(t). (1.34)
For x € E; the survival functions have the form
Se(t) = Sr(x)(t) = exp{—r(z)A(t)}, (1.35)

where

S(t) :exp{—/ot)\(u)du}, A(t):/ot)\(u)du:—lnS(t).
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1.4.2 Definition of the model for time-varying stresses

In the statistical literature the following formal generalization of the PH model to
the case of time-varying stresses is used.

Definition 1.4.1 The proportional hazards (PH) model holds on a set of stresses
E if for allz(-) € E
Aoy () = r{z(t)} A(L), (1.36)

This definition implies that

t
Aoy (1) = /0 r{(u) YA (u). (1.37)
In terms of survival functions the PH model is written :

Su(s(t) = exp {— /0 tr{x(u)}dl\(u)}. (1.38)

The AFT, PH a are rather restrictive. More given in Bagdonavic¢ius and Nikulin
(2002).

1.5 Wiener process

A Wiener process (or Brownian motion; notation W; or W) is a time-continuous
process with the properties

1. Wy =0.

2. Wy ~ N(0,t) for all ¢ > 0. That is, for each ¢ the random variable W; is
distributed normally with mean E(TV;) = Oand variance Var(W;) = E(W}?) = t.

3. All increments AW, := Wy, A, — W, on the nonoverlapping time intervals are in-
dependent. That is, the displacements W, —W;, and W;, —W,, are independent
fora110§t1<t2§t3<t4.

4. Wy depends continuously on ¢.
Generally for 0 < s < t the property Wy — W ~ N(0,t — s)holds, in particular

EW,—-W,) =0, Var(W,—W,)=E(W,—-W,)?) =t—s. (1.39)

1.6 Wiener process with drift

A stochastic process {W(t),t > 0} is called a Wiener-process with drift if it has the
following properties:

1. W(0) =0;
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2. {W(t),t > 0} has stationary, independent increments,

3. Every increment W (t) — W (s) has a normal distribution with expected value
u(t — s) and variance 2|t — s|.

Equivalently, {W(¢),t > 0} is a Winer process with drift if
W(t) = pt + X (1),

where {X(t),t > 0} is a Wiener process with 0> = Var(X(1)). The constant p is
called drift parameter.

1.7 (amma process

Stochastic process is a gamma process with the shape parameter v and the scale
parameter o, denoted by Z(t) inG(v(t),1/0), if

1. Z(0) = 0;

2. Z(t) has independent increments, i. e. for any 0 < ¢; < ... < t,, the random
variables Z(t1), Z(ts) — Z(t1), ..., Z(tm) — Z(t;—1) are independent;

3. the distribution of Z(t) — Z(s) is gamma with density

1

Dz(t)—7(s) (x) = m1.1/@)*!/(8)*1Of(I/(z‘/)*u(s))efgc/a’x > 0.

The gamma process is non-decreasing and its increments AZ(t) = Z(t + At) — Z(t)
are from the same family of gamma distributions.
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Chapter 2

Statistical analysis of redundant
systems

2.1 Redundant system with one main and one stand-
by unit

Consider a redundant system with one operating and one stand-by unit. If the main
unit fails then the stand-by unit (if it is not failed yet) is commuted and operates
instead of the main one. We suppose that commuting is momentary and there are
Nno repairs.

If the stand-by unit is not functioning until the failure of the main unit (”cold”
reserving), it is possible that during and after commuting the failure rate increases
because the stand-by unit is not ”"warmed” enough [39]. The probability density
function of the main element presented in the graph.

If the stand-by unit is functioning in the same "hot” conditions as the main unit
then usually after commuting the reliability of the stand-by unit does not change.
But "hot” redundancy has disadvantages because the stand-by unit fails earlier than
the main one with the probability 0.5. So "warm” reserving is sometimes used [41]:
the stand by unit functions under lower stress than the main one. In such a case the
probability of the failure of the stand-by unit is smaller than that of the main unit
and it is also possible that commuting is fluent. So the main problem is to verify the
hypothesis that the switch on from ”warm” to "hot” conditions does not do some
damage to units.

Let us formulate the hypothesis strictly.
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2.1.1 The models

Suppose that in "hot” conditions the failure times of the main and the stand-by units
are absolutely continuous and have the same c.d.f. F; and the probability density
function f; (see Graph 2.1.), the failure time 75 of the stand-by element has the c.d.f.
F5 and the probability density f;. Similarly, in "warm” conditions the c.d.f. is Fj
and the p.d.f is fs.

Density function of the main element

Time, t

Graph 2.1. Density function of the main element

The failure time of the system is T = max (11, T3).
Denote by

17(@) = frmi—y(2)
the conditional p.d.f. of T given that the main unit fails at the moment y. If x <y

then f{"(z) = fo(x).
The c.d.f. of the system failure time 7" is

- /0 t { /0 " h(@)de + /y t f§y>(az)dm} fily)dy. (2.1)

When stand-by is ”cold” then fy(z) = 0 for z < y and féy) (x) = fi(x —y) for
x>y, SO

P~ [ { / tfl(fﬁ—y)dx}ﬁ(y)dy: [ - irw),
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Density function of the stand—by unit in "cold" resenving

f_1(1)

Density,

Graph 2.2. Density function of the stand-by unit in ”cold” reserving

When stand-by is "hot” then fQ(y)(:v) = fo(z) = fi(z),
SO

F(t) :/t /Oy fz(x)dw+/tfz(x)dx hly)dy = [F(1)].

Density function of the stand—by unit in "hot" reserving

f_1(1)

Density,

Graph 2.3. Density function of the stand-by unit in "hot” reserving

In the case of "warm” reserving the following hypothesis is assumed:
Hy : éy)(x) = filr+9g(y)—y), forall z>y>0, (2.2)

where g(y) is the moment which in "hot” conditions corresponds to the moment y in
"warm” conditions in the sense that

Fi(g(y)) = P(Th < g(y)) = P(1Tx < y) = Fa(y).

We suppose that the c.d.f. F; are continuous and increasing on (0, 00). In such a case

9(y) = F ' (Fa(y))-
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Conditionally (given 77 = y) the hypothesis corresponds to the Sediakin’s model [36].
In [2] a goodness-of-fit test of logrank-type for Sediakin’s model using experiments
with fixed switch off moments is proposed (see also [6]). In the situation considered

here the switch off moments are random. So we need a goodness-of-fit test for the

model (2.2).
The formula (2.1) implies that under the hypothesis Hy

F(t) = /Ot {Fz(y) + /yt filz +9(y) - y)dw} fily)dy =

-/ B + Rt +9) — ) — Fo(y)} fily)dy = / Rt + 9(y) — )R ),

P - [ Rt + 9(y) — ) () (23

In particular, if we suppose that the distribution of the units functioning in ”warm”
and "hot” conditions differ only in scale, i.e.

F2<t> = Fl(T’t), (24)

for some r > 0, then g(y) = ry.
In such a case instead of the hypothesis Hy narrower hypothesis

Hi:3r>0: fP2)=filz+ry—y), forall z>y>0, (2.5)

is to be verified. Conditionally (given T} = y) the hypothesis corresponds to the
accelerated failure time (AFT) model [1], [31]. In [4] a goodness-of-fit test for AFT
model using experiments with fixed switch moments is proposed (see also [6]). So we
need a test for the hypothesis Hj.

2.1.2 Goodness-of-fit test for the hypothesis [

Suppose that the following data are available :

a) the failure times Ty, ..., T1,, of ny units tested in "hot” conditions;

b) the failure times Ty, .. ., To,, of ny units tested in ”warm” conditions;

c¢) the failure times Ti,...,T,, of n redundant systems (with ”warm” stand-by
units).

The tests are based on the difference of two estimators of the c.d.f. F(t) of
the system. The first is the empirical distribution function obtained from the data
T17 ey Tnl

. 1
FO(t) = - > lm<y. (2.6)
=1

The second uses the data Tiy,...,71,, and Tb,...,T5,, and is based on the
formula (2.3):

FO®) = /Ot Fu(t+4(y) — y)dEi(y),
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where (if we test the hypothesis Hy)

i) = FP W) BO =Y lge. ) =i A 21, @0

or (if we test the hypothesis Hf)

The tests are based on the statistic
X=vn / (EW(t) — FO(¢))dt. (2.9)
0

In the following sense it is analogous to the Student’s t-test for comparing the
means of two populations. Indeed, the mean failure time of the system with c.d.f. F’
is

u= [ =P

so the statistic (2.9) is the normed difference of two estimators (the second being
not the empirical mean) of the mean p. Student’s t-test is based on the difference of
empirical means of two populations.

It will be shown that in the case of both hypothesis Hy and H{ the limit distri-
bution (as n;/n — I; € (0,00), n — o0) of the statistic X is normal with zero mean
and finite variance o2

Let us find the asymptotic distribution of the statistic (2.9).

Theorem 2.1.1 Suppose that n;/n — I; € (0,00), n — oo and the densities fi(x),
i = 1,2 are continuous and positive on (0,00). Then under H{ the statistic (2.9)
converges in distribution to the normal law N(0,0?), where

1 2,.2
o = Var(T;) + l—Var(H(Th-)) + %Var(Tgi), (2.10)
1 2
H(z) =zlc+r—1=Fi(z/r) = rFy(z)] + rE(1n,<opryThi) + TE(L{ry,<0)T2i),
1 oo
C= — y[l—F2<y)}dF1(?/)-
K2 Jo

Proof. The limit distribution of the empirical distribution functions is well known:
Vil - F) B U, va(FY -F) 2U (2.11)

on DI0, 00), where L, means weak convergence, Uy, U; and U are independent Gaus-
sian martingales with U;(0) = U(0) = 0 and the covariances

cov(Ui(s1),Ui(s2)) = ll Fi(s1 A s2)(1 — Fi(s1V s2)),

2
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cov(U(s1),U(s2)) = F(s1 A s2)(1— F(s1V s2)).

The Glivenko-Cantelli theorem states that the empirical distribution functions con-
verge in probability two the c.d.f. uniformly on R:

sup |(Fy(x) = Fi(x)| =0, sup|(F(z) = F(x)] = 0.
zeR zeR
Under the hypothesis Hj the difference of the two estimators of the distribution

function F can be written as follows:

~

FO(1) - FO (1) = PO (1) — F(t) - / Byt +3(y) — v)dFi (y) + / Fi(t+ 9(y) — y)x

X
.

=

N~—
I
=SH

()~ F0) [ T+ 000) )~ Filt+ 9l0) ~ )ldFi )
—/Ot[(ﬁl(tw(y)—y)—Fl(Hg(y)—y))—(Fl(t+9(y)—y>—Fl(t+g(y)—y))]dF1(y)—
— [ 1B+ 30 =) = e+ o) — DI ) - dF )~
— /Ot[fl(t +9(y) —y) — Rt +g(y) — y)ldFi(y)-

— [ 1B+ 90 =) = Fie-+ o) — ) - dF )~

_/0 Fi(t+g(y) — y)(dFi(y) — dFi(y)).

The statistic (2.9) can be written

/ dt/ Fi(t+ g(y) —y)d{v/n[Fi(y) — Fi(y)]} + op(1); (2.12)

here op(1) denote a random variable which converges in probability to zero: op(1) EiR
0.
Set 02 = Var(T};), j = 1,2. The convergence

il v / B~ By 2, = [ " Uy ~ N (0, 02/1)
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implies the convergence

2
Vil = 2y = L =) ~ N, 71l +Ql2)
o Liaps

The formulas (2.11)-(2.13) imply

/ T RlEO@) — Pt 2 / o

/oo dt/ ValFL(t+ 7y —y) — Fy(t +ry — )] dFi(y) >

). (2.13)

Y/o dt/yf1t+ry y) dFi(y) = Y/o de1<y>/y falt + 1y — ) dt =

o0

=Y y[l — Fy(ry)] dFi(y) = cY1 — rcYs = —c/ Uy (y)dy + rc/ Us(y)dy,
0 0 0

/D dt/o ValFi(t +ry —y) — Fi(t +ry — y)] dFi(y) >
g/ooodt/otUl(t—irry—y)dFl(y)Z/OoodF1(y)/T:OUl(u)du:
_ /0 Uy () F () du

/ "t / R+ ry — (VAR ) - R 2

[e’e) t
3/ dt/ it +ry — y)dUs(y) =
0 0

o0

:/OOO[Fl(Tt)Ul(t)—/OtUl(y)dFl(t+ry—y)]dt:/0 Fy(t)UL(t) di—
—/Ooodt/t” Us((v — 0)/(r — 1))dEy(v) :/OooFg(t)Ul(t) dt+
+/0°OdF1(v) /tv/TUl((v—t)/(r—1))dt:/OOOF2(t)U1(t) dt+

(1 =) /OOOdFl('U) /OU/TUl(u))du:/OOOFQ(t)Ul(t)dt—i—

1) / 1= R U () du = / T U Faly) -+ 1dy.

We obtained
XE2Vi+ V415
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where

V- / Uy, Ve = / " () U () dy,

hMy)=c+r—1—F(y/r) —rE(y), V3= —7“0/00o Us(y)dy.

We shall show that if G(x fo u)du then
Var(G(T})) = Var( / U(y)dG(y)). (2.14)
0

Indeed, set S(x) = F(z).

Var(G /G2 )dS(z /G )dS(z —2/ G(z (x)—

/ S(z)dG(x —2/ S(z)dG(x /dG(y)—
-2 [ s@cia) / Sact) =2 [ S@acte) [ Fic) -
iy / / BU(2)U (y)dG(2)dG (y) = Var( / T UG ).

Analogous to (2.14) equalities are true replacing the r.v. T; by Tj; and the random
processes U by Uj, j = 1,2. These equalities imply that the variances of the random
variables V; are:

C27”2

Var(V}) = Var(T;), Var(Vs) = l—Var(Tgi)
2

Var(e) = ¢ [T 1L= Ay [ Fih(s = Var(HTD),

where

H(z) = /Ox hy)dy = zlc+r—1— Fi(z/r) — rFy(x)] + /0z ydFy(y/r)+

r /0 ydFy(y) = e+ — 1 — Fy(a/r) — rFy(x)]+

+TE(1{TM§£/7‘}TU) + TE(l{Tgigz}TQi)-
The proof is complete.

A consistent estimator of the variance o2 is

ni A9 A9 ng

A

= — Z 1 Z[H(TN) - F[]Q + c:;%n Z(T2l MZ) ’

i=1 =1
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1 1 [ ~ ~ 1
= =S"T, = — 1— By(y)|dE Tyl — Fy(Ty;
i 3 ‘= yl > (y)]dF(y) = WMZ 1 >(Thi)],

H(ZL‘) = $[6+ r—1-— Fl(I/f) — TAFQ( + — Z 1{T11<x/r}T17, + — Z 1{T21<x}T217

=1 i=1
- 1 & .
1o

The statistic

X=vn /0 OO(F(l)(t) — F@(¢))dt

can be written

_Jm / THAFEO (1) - FO (1)),

Note that

ni

A

t
o . 13
FO(t) = / Fi(t+7ry —y)dFi(y) = — ZFl(t + 71 — Ty) Lyry,<y =
0

ni

i=1
ny ni 1 ny ni
= — E E Lor <evrm—miy Ymu<ey = E E Ymax(ry;, 1y —imy,+115) <t}
=1 j=1 =1 j5=1

So
ny ni
N n N
—\/ﬁ,u + \7{—2_ E E maX(TM, le — TTM + Th)
I og=1 j=1

The test statistic has the form
X
T = )
o

where . The distribution of the statistic 7" is approximated by the standard normal
distribution.

The test. The hypothesis H is rejected with the asymptotic significance value « if
| T |> za /2, Where 2,/ is the a /2-critical value of the standard normal distribution.

2.1.3 Goodness-of-fit test for the hypothesis H,

As in the case of the hypothesis H{ the test for the hypothesis H, is based on the
statistic (2.9). Let us find the asymptotic distribution of this statistic under the
hypothesis Hy.
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Theorem 2.1.2 Suppose that n;/n — I; € (0,00), n — oo and the densities f;(x),
i = 1,2 are continuous and positive on (0,00). Then under Hy the statistic (2.9)
converges in distribution to the normal law N(0,0?), where

o = Var(T;) + Var(H<T12)) T

ll l2 Var(Q(TQz))

where
H(z) = Qx) —xFi(g7 ' (2)) + g(x)[1 — Fa(x)] + E(Lgg(r)<ap9(Th:))+
+E(1(ny,<19(T2)) — 7,  Q(x) = E{li1, <y [1 — F2(Tw)]/ f1(9(T1)) }-

Proof. Similarly as in Theorem 2.1.1 we obtain

/ T REO@) — Pt 2 / S Ut

/0 o / VAR 4 30) — 1) — Pt + o(y) — v)] dFu(y) D

o [T Ui) = Ua(y) B
/0 Filgw) L)1 — Fa(y)]dy,

/0 i / CVRIB 4 9(y) — 1) — Pt + o(y) — v)] dFu(y) D

o / U (w)Fy (g7 (u))d

/mdt/FltJrg y)d{V/alEi(y) — Fiy)y 2

Ellwﬁ 0E@+g@%—wﬂhwﬁjéw5@ﬂu@ﬁ_

_ / T UL - Ba)ld(gy) — y) = / T Uiy)dy - / TV - Bay)ldg(y).

We obtained
X2 Vi+ Vet Vs,

where

Vi = /0 T Ulydy, Ve = /0 W)U (y)dy,
fl(y)

fMD—ﬁ@@»U—E@H—E@A@D—1+ﬂwﬂ—&@ﬂ
_ > Us(y) _
Vs = o Jilg(w)) 1~ By)ldhi).
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The variances of the random variables V| and V3 are
1

Var(V1) = Var(Ti), Var(Vs) = - Var(Q(Tu));
2

here
11— Fy(y)
o Ji(g9(y))

The variance of the random variable V5 is

Qx) = ————dF(y) = E{1 i1, <oy [1 = Fo(Tw)]/ f1(9(Tw)) }-
Var(V;) — %Var(H(TM)),
where

[T = Fy(y)] Y A S A _
H(x)—/0 W) dF (y) /0F1(9 (y))dy +/0 [1 = Fa(y)]dg(y)

— Q) — P (g7 (2)) + / CydR(g (y)) — x + [1 - Fa(@)g() + / " g dBs(y) =

= Q) —zFy (g7 () + g(x)[1 = Fo(2)] — 2+ E(lign,)<a19(T0)) + E(L{my, <oy (1))

The proof is complete.
A consistent estimator of the variance o2 is

) 1 & . N =, - N . A 2
6% ==Y (T i)+ 5 > J[H(Tu) = HE + 5> 1Q(Tw) - QF,
i=1 Li=1 2 =1

where

A

H(z) = Q(z) — aF1 (57 (z)) + §(x)[1 — Fy(z)] — = + nil Z Ligeri<ar9(Ti)+

. 1 & . .
Z Lir<ay9(Ti), Qx) = o > <oyl = Ba(T0)]/ f1(9(Tw)),
— :

fi(z) = %Z %K (x —th) 7

—V/nji+ Z Z max (T4, Thj — §(Th:) + T1;).

=1 j=1
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The test statistic has the form

X
TZT?
o

where 6. The distribution of the statistic T" is approximated by the standard normal
distribution.

The test. The hypothesis H is rejected with the asymptotic significance value « if
| T'|> zaj2, where 2,5 is the o/2-critical value of the standard normal distribution.

2.1.4 Simulations: power of the tests

We investigated the power of the proposed goodness-of-fit tests when the distribution
of the units in ”warm” and ”hot” conditions is exponential, Weibull and loglogistic.
Let us consider the following alternative hypothesis Hj:

@) = file+ Fr Y (Fa(y) +p(1— Fa(y)) —y], 0<p<l1.

It means that at the switching time y the c.d.f. of the stand-by unit has a jump of

size p(1 — Fa(y)).
Set

9(y) = Fy 1 (Fa(y) +p(1 = Fa(y)).
Under the alternative the c.d.f. of the stand-by system is

Ft) = / Fi(t + g,(y) — y)dF:(y) = Fi(t) — / Sit+ g,(y) — y)dF ().  (2.15)

Example 2.1.1. Simulated exponential distribution:
le ~ 5()\1), ng ~ S()\Q), )\2 = 7")\1.

The c.d.f. of Tj; for all t > 0 is Fj(t) =1 — e,
In this case the hypotheses H, and H{ coincide and under these hypotheses the
c.d.f. of the redundant system is

A2+ M e—)\lt + ﬁe—(M—l—)\z)t‘

F(t)=1-
(1) N N

Under the exponential distribution and under the alternative hypothesis I:I[)k we

have ) )
2
=22y — —In(l—
gp(y) Aly )\1 n( p)?

and the c.d.f. of the redundant system is

t
Ft)y=1—eM - \(1— p)e_)‘lt/ e My =
0
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A
=1l—e™M —(1- p))\—le*’\lt(l — e,
2

In this example the test for the hypothesis H is considered, so the following values
of the parameters were used:

A1 =1/100, X =1/300, r=1/3.
The distribution function of a redundant system in this case is
F(t) -1 46715/100 + 367(4/300)1‘/.

The hypothesis Hj was tested using a = 0.05 asymptotic significance level and several
values of the sample size n, n = n; = ny. The number of replications was 3000.

Table 2.1. Significance level of the test

| Sample size | Significance level (%) |
50 7.5
100 5.3
200 5.1

Under the Exponential distribution and under the alternative hypothesis ﬁg we
have

F(t) —1— eft/lo(] . (1 _p)367t/100<1 . eft/300>'

Table 2.2. Power of the test
| Sample size \ Constant [ 0.1 ]0.25 [ 0.5[0.75] 0.9 |

20 ) 8 241 45 |79
100 6 12 | 32 | 8 | 100
200 15| 39 | 88 | 100 | 100

Example 2.1.2. Simulated distribution: Weibull:
Ty ~ Wlay, B1), To; ~ W(ag, Bs),

The c.d.f. of Tj; for all t > 0 is Fj(t) = 1 — e~ ¢/,
Under the hypothesis Hy the function g is g(t) = Bi(t/F2)?2/* and the c.d.f. of
the redundant system is

t
F(t) = Fi(t) — ﬂ/ yal—le—(y/ﬁﬂ“l—[(t—y)/ﬁ1+(y/ﬁz)“2/“1}"1dy'
0

a1

The hypothesis Hy coincides with the hypothesis Hj if oy = 9. In such a case

g(t) =rt and r = (/0s. )
Under the Weibull distribution and under the alternative hypothesis Hg we have

9p(y) = Bi[—In(1 — p) + (y/Ba) ]/,
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and the c.d.f. of the redundant system is
F(t) = Fi(t)-

o531

t
_. / =T /B = [=0) B+ (- (=) (/B2 ] g
1 0

In this example the test for the hypothesis Hj is considered, so the following values
of the parameters were used:

] = Qg = 2, 61 == ]_00, ﬁz = 300.

The distribution function of a redundant system in this case is

t
Flt)=1— /% - 2 / eV (Pt ) g
Ith
0
The hypothesis Hg was tested using o = 0.05 asymptotic significance level and several

values of the sample size n, n = n; = ny. The number of replications was 3000.

Table 2.3. Significance level of the test

’ Sample size H Significance level (%) ‘

20 4.7
100 5.3
200 5.0

Under the alternative hypothesis ﬁg the c.d.f. of the redundant system is

t

e ol 2 )
Ft)=1- e t/8 _ %/ye_yg/@e ((t y)/ﬁ1+\/ log(1 p)+96%) dy.

1
0

Table 2.4. Power of the test
| Sample size \ Constant || 0.1 ]0.25[0.5]0.75 | 0.9 |

20 9 21 | 30| 71 | 88
100 141 35 | 45| 76 | 95
200 25| 58 | 74 | 100 | 100

Example 2.1.3. Continuing Example 2.1.2, instead of the hypothesis Hj we
considered the hypothesis Hy, taking different values of a; :

a1 = 17 Oy = 2, 61 = 100, 52 = 300.

Since the Gauss error function is

erf(z) = %/e‘tht
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and relation between the Gauss error function er f and the c.d.f. of the standard nor-

mal distribution ® is er f(z) = 2®(xv/2) — 1, the distribution function of a redundant
system is

_t 1 _+ t 2 2
F(t) =1—e Bt ——e A / e Y /(Qﬂl)dy —
1 0

=1—e P11+ 37(D(tV2/(351)) — 0.5)].

The hypothesis Hy was tested using 5 per cent significance level and several values
of the sample size n, n = n; = ny. Number of replications was 3000.
Table 2.5. Significance level of the test

| Sample size | Significance level (%) |

20 5.6
100 5.2
200 5.1

Taking into account that

2
. Y
Fl 1(U) = —ﬁlln(l—u), gp(y) = —ﬁlln(l_p)+9_/617
we obtain that the c.d.f. of the redundant system under the alternative hypothesis
HO 18

1 [t -
F(t)=1- e P _ (1 —p)e_t/ﬁlﬁ—/ e Yldy =
1Jo

— 1 e R L4 31— p)VA(D(V2/(351) - 0.5).

Table 2.6. Power of the test

| Sample size \ Constant | 0.1]0.25]0.5[0.75] 0.9 |

20 7 11 |45 79 | 93
100 151 33 | 56 | 92 | 100
200 24 | 45 | 77 | 100 | 100

Example 2.1.4. Simulated distribution: loglogistic:

Ty ~ L(ay, Br), Ty ~ L(ay, B2),

The c.d.f. of T;; for all t > 0is Fi(t) =1 — W

Under the hypothesis Hy the function g is g(t) = B1(t/52)?2/* and the c.d.f. of
the redundant system is

_R@ o [ &
RO = A0 -5 | G T T S Gl
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Under the loglogistic distribution and under the alternative hypothesis ]:Ig we have

p+ (y/By)\ V™
9p(y) = B (T; 5
and the c.d.f. of the redundant system is
F(t) = Fi(t)-

1-p

g ¢ yOqfl 1 ]
? 0 (1 + (y/ﬁl)a1>2 o () a)2 /a1 ¢ Y-
1+ ﬂ_ly + (p Y/ P2 )

In this example the test for the hypothesis H is considered, so the following values
of the parameters were used:

] = g = 27 ﬁl = ]_00, 52 = 300.

The distribution function of a redundant system in this case is

1 2 [ 1 y
F(t):l—l—i_ﬁ—?/ ) ) 2* 22dy.
w e (ea) ()

The hypothesis Hj is tested using 5 per cent significance level and several values of
the sample size n, n =n; = ny. Number of replication was 3000.

Table 2.7. Significance level of the test

| Sample size | Significance level (%) |

50 8.1
100 6.3
200 5.2

Under the alternative hypothesis H the c.d.f. of the redundant system is

Ffy=1- ———

Y 2
1+ (E)
2 [ y 1
—— dy.
612/0 2\ 2 ,11/2\ 2
¥ t—y p+(y/B2)*
Q+Q))1+(m+[ 22| )

1-p
Table 2.8. Power of the test
| Sample size \ Constant | 0.1 [0.25] 0.5 [ 0.75 | 0.9 |

20 14 | 42 | 60 | 100 | 100
100 21 | 57 | 73 | 100 | 100
200 29 | 62 | 100 | 100 | 100
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Example 2.1.5. Continuing Example 2.1.4., instead of the hypothesis Hj we
considered the hypothesis Hy, taking different values of «; :

ar =1, a=2, [ =100, [(y=300.

The distribution function of a redundant system in this case is

B

1 1 [t 1 1
F(t):1_1—|——i_ﬁ_/ X 5dy.
w A (g (%)) ()

The hypothesis H is tested using 5 per cent significance level and several values of
the sample size n, n =n; = ny. Number of replication was 3000.

Table 2.9. Significance level of the test

| Sample size | Significance level (%) |

50 7.7
100 6.5
200 5.4

Under the alternative hypothesis Hy the c.d.f. of the redundant system is

1 1/ y 1
F@)=1- __/ 2 dy.
g Bido (1.+.é%) 1+ (%ig.+,[p+uﬂﬂﬂ2}>

1-p

Table 2.10. Power of the test
| Sample size \ Constant || 0.1 ]0.25]0.5[0.75 | 0.9 |

20 9 | 27T |39 ] 64 | 75
100 15 ] 41 | 52| 71 | &
200 23 | 49 | 79| 97 | 100
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2.2 Redundant system with one main and (m — 1)
stand-by units

Let us consider a system of m units: one main unit and m — 1 stand-by units. We
shall use notation S(1,m — 1) for such systems.

Denote by T3, F; and f; the failure time, the c.d.f. and the probability density
function of the main unit. The failure times of the stand-by units are denoted by
Ts,...,T,,. In "hot” conditions their distribution functions are also F}. In ”warm”
conditions the c.d.f. of T} is F; and the p.d.fis fo, 2 = 2,...,m. If a stand-by unit is
switched from ”warm” to "hot” conditions, its c.d.f. is different from F} and F5.

The failure time of the system S(1,m — 1) is T = Ty V Ty V ---V Tp,. As
T = (TyVTyV -V Th_1) V Tp,, we can consider this system as a system S(1,1)
with one main element (which itself is a system S(1,m—2)) and one stand-by element.

Denote by K; and k; the c.d.f. and the p.d.f. of T, respectively, (j = 2,...,m),
Ky = Fi, k1 = fi. The c.d.f K; can be written in terms of the c.d.f K;_; and Fi:

t
K1) = P(TV) < 1) = P(TY) < 1,7y < 1) = / P(T; < 1|79 = y)dK, 1 (y).

j

(2.16)
We generalize (2.2) modelling the conditional distribution P(7; < #|TU~Y = y) and
define the following hypothesis.

Hypothesis Hy:

Irro-n=yf) = { Alt+gy) —y) if t>y; (217)

here (as in the case of the hypothesis (2.2))
9(y) = Fy ' (F(y)).
The formulas (2.16) and (2.17) imply the equality

K0 - [ Rt + 9(y) = )dK; 1 (9). (2.18)

So the cumulative distribution function of the system with m — 1 stand-by units is
defined recurrently using formula (2.18) (j = 2,...,m).

In particular, if we suppose that the hypothesis Hj is true and the distribution of
units functioning in "warm” and "hot” conditions differ only in scale, i.e.

for all t > 0 and some r > 0, then g(y) = ry. So we define the following hypothesis.

Hypothesis Hj:

o(2 if t<uy,
ijlT(lf—l):y(t) = { ;12t>+ ry — y) if > z (2'20)
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Under the model (2.20) the cumulative distribution function of the system is obtained
using recurrent formulas

Kﬁ%=£lﬂt+w—yﬂKfﬂw. (2.21)

If switching from ”"warm” to "hot” conditions does not damage units in the system
S(1,1) then it is natural that this is true for the system S(1,m — 1), m > 2. So it
is sufficient to use goodness-of-fit tests for the hypotheses Hy and Hj when only one
stand-by unit is used. Such tests were given in Chapter 2.1.

In what follows we suppose that one of the hypothesis Hy or H{ is verified and
we shall consider nonparametric and parametric estimation methods for redundant
systems reliability estimation using data from units reliability trials.

2.2.1 Nonparametric estimation

Suppose that the hypothesis Hj is true and the following data are available:

a) complete ordered sample T}y, ..., T1,, of the failure times of n; units tested in
"hot” conditions;
b) the ordered first my failure times Ty, . .., T5,,, obtained by testing of ny units

up to the time ¢; in "warm” conditions.

The second sample is censored because the time to obtain complete data in
"warm” conditions may be long.
Set

ni n2
N(t) =) <y, Na() =D Lmy<rasny,
=1

=1
Vi) = Lgrzng Yat) = Limysrecny
=1 i=1

Note that the random variables Ty;/r and Ts; can be interpreted as order statistics
from samples of size ny; and ns, respectively, from the population having the c.d.f F5.
So if we denote

ny
Nl(t) = Z 1{T1i/7"§t} = Nl(rt)a N2(t) = NQ(t)’

i=1

ni

Yil) =) Lineen = Yi(rt),  Ya(t) = Ya(t),

i=1
then the following Nelson-Aalen type estimator (still depending on 7) of the cumula-
tive hazard function Ay = —In Sy can be considered:

_ _ ["dNi(u) + dNo(u) (" ANy (ru) + dNo(u)
“@”‘A ﬁ@+%@)_l Yi(ru) + Ya(u)

(2.22)
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Taking into consideration the fact that the difference

My(t) = Nyt) — / Yy () dAs (1)

is a martingale on [0,%;] with respect to the filtration generated by the data, and
EM,(t1) = 0, the parameter r can be estimated using the estimating function

T(r) = N(tr) — /0 Ya(w)dAg(u, r) = (2.23)

_ [ Ya(v/r)dNi(v) (" Ya(u)dNs(u)
= Ny(ty) /0 Yi(0) + Ya(o/r) /0 Vi (ru) + Ya(u)’

U(r) is a non-increasing step function,
~ Y5 (u)d Ny (u) ~ * nydNy(v)
U(0+) = Nyt —/ 22 50, Ul+oo _—/ = <,
( ) 2( 1) o 7’L1+)/2(u) ( ) o }/1(?1)4’”2
so the parameter r is estimated by the statistic
F=U"Y0) = sup{r: U(r) > 0}. (2.24)

The c.d.f. K,, of the redundant system is estimated using the following recurrent
equations (7 =2,...,m): A )
Ky(t) = Fi(t),
t
Bi(t) = Rimal0) = [ St 4y~ )Ry (o) =
0
= Kjfl(t) - Z Syt + Ty — Tu)(f(jfl(Tu) - [A(jfl<T1,i71))§
0T, <t

here S; = 1 — F}. The estimator of the mean failure time p of the system is

= [ R0 = 3T R (Ta) = Ko(Tiim)
0 i=1

The following alternative estimators of the c.d.f. F; may be considered.
The estimators of the cumulative hazards A; and A, are

e [ dANi(w) T __dNy(w)
Av(t) = As(t/7,7) :/o Yi(u) + Ya(u/7) +/0 Vi(7u) +Yalu)

1 1
- Z Yi(T) + Yo (Thi/7) * Z Y1 (7T%) + Yo (To;)’

T1:<t To; St/TA

A5 (t) = Aj(rt).
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The estimators of the c.d.f. S; = 1 — F; are the product integrals of the estimators
Aj(t) and Aj(t), so

Fr(t) =1—Tocuct(1 — dAs(s)) =

=1 H (1 ~ Yi(Tw) —|-1Y2(T1i/72)> T}:[t/f (1 V(T 1+ YQ(TQi)) |

T1:<t
F5(t) = Fy(rt).

Mixing all moments Tj; and #75; and ordering them, we obtain the sequence of
random variables Ty < -+ < T}, 1,n,. The estimators Fj(t) and F5(t) can be written:

Frt)=1-] (1 v +1Y2(Ti/f)) LB = F(t).

T, <t

The c.d.f. K,, of the redundant system is estimated using the following recurrent
equations (j =2,...,m):

K;(t) = Kj_,(t) —/0 §1(t+ Py —y)dK; i (y) =

= K7 \(t) = Y Si(t+7T; — T)(K; y(T)) — K y(Tie));

Ty <t

here S; =1 — Fy. The estimator of the mean failure time p of the system is

ni+mse

W= / UKL= > TG(T) ~ (T,

The graphs of the trajectories of the estimators of the c.d.f. F} and K,,, (m = 2,3,4),
in the case of complete samples and different distributions are presented in Graph
2.4, 2.5 and 2.6. Increasing the number of stand-by units increases the reliability of
the redundant system.
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Graph 2.4. Graphs of the trajectories of the nonparametric
estimators F, K; (Exponential distribution)
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Graph 2.5. Graphs of the trajectories of the nonparametric
estimators Fy, K; (Weibull distribution)
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Graph 2.6. Graphs of the trajectories of the nonparametric
estimators F, K; (Loglogistic distribution)
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2.2.2 Parametric estimation

Suppose that in hot conditions the c.d.f. Fi(¢; ) is absolutely continuous and depends
on finite dimensional parameter § € © C R*. Set v = (r,07)T.

The maximum likelihood estimator v* = (r*, (6*)7)T of the parameter v maxi-
mizes the loglikelihood function

U(vy) = Zln J1(T1350) +maInr + Zln f1(rTy;0) + (ne — ma) In Sy (rty; 0). (2.25)
i=1 1=1

Under Hj for any ¢t > 0 and j > 2 the c.d.f. K;(¢) is estimated recurrently:

~

K;(t) = /0 t Fi(t 4y —y;0°)dK,;_1(y), Ki(t) = Fi(t;0%). (2.26)

2.3  Asymptotic distribution of K ; and confidence
intervals for K;(t)

We need for an asymptotic distribution of the estimator of the c.d.f K,,(t) of the
redundant system to construct confidential intervals for K, (t). Suppose that

i 1
n—:li—i-O(—), l; €(0,1), as n=ng+ng — oo.
n n

2.3.1 Nonparametric case
The limit distribution of the empirical distribution functions is well known:
Vi(E - F) 2y, (2.27)

on D(A;), where D(A;) is the space of cadlag functions with supremum norm met-

ric, L, means weak convergence, A; = [0,00), Ay = [0,11], Uy, Us are independent
Gaussian martingales with U;(0) = 0 and the covariances

cov(U;(u),Ui(v)) = % Fi(u Av)Si(uVv). (2.28)
Using (2.27) we get
V(S —8) B ~U; (2.29)

Let us find the asymptotic distribution of the estimator 7 defined by (2.24). Denote
by 7o € (0,1) the true value of r. Under the hypothesis H{ it is the ratio of the
mean failure times p; and po of units functioning in "hot” and ”warm” conditions,
respectively.
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Lemma 2.3.1 Suppose that the c.d.f. Fy is absolutely continuous with positive p.d.f.
f1 on (0,00) and the equality F»(t) = Fy(rot) is true for allt > 0. If

A —% Orotl whi(w)dAy () — 1 fi(rot) # 0, (2.30)
" Vi —re) Y = _Wiro) (2.31)
-,
where )
W (ro) = — / U (rou) — Us(w)dAs(u) — Us(roty) + Us(ty),  (2.32)

Proof. Set U(r) = —2-U(r), S; = 1 — F};, where U(r) is defined by (2.23). For
any r >0

t1

00 = o [ [ */1 (1 Frmiag) o)

0 0

[ S(u)dSilr) [ 8 (ru)da(u)
0 u—) Jo

T o mSi(rum) + 25 BSi(ru—) + 2 S(u)

t1 N . t1 . .
_ / T, r)d 1 (ru) — / Z(u,1)d S (u),
0 0

A n

Zo(u,7) (1— 22 (u, 7).

N9 n

The convergence sup |S;(u) — S(u)| Lo, sup 15;(u—) — S;(u) £ 0 implies that

ucA; ucA;

U(r) R U(r), where

U(r) :/ll Sa(u)dSy(ru) _/ S1(ru)dSs(u)

Sl (ru) + ZQSQ(U) l181 (’I“U) + leQ(u)
0 0

_. /O ' Zo(u, 7)dSy (ru) — /0 70w, 7)dSs(w), (2.33)

1
Zs(u,r) = ;i

2
Using the equality Sy(rou) = Sa(u), we obtain U(ry) = 0.

Using the convergence \/5(5'2 - 5;) A —U; and the functional delta method we
obtain

Vil = Z)(u,r) = v ( Si(ru) Si(ru) > KA

(1 =1L Zy(u,r)).

LSy (ru) + 15Ss(u)  LiSi(ru) + pSs(u)
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(Ui (ru)Sa(u) + Us()Si(ru)\ _ . wr
12< (150 T LS, () >_. U7 (u, ) (2.34)
and
- - Sy(u) _ So(u) KA
Vn(Zy — Zy)(u,r) \/_(llﬁl(ru)+l2§2(u) [151(7«“)+1232(u)>
a4y (Ulra)Sa(w) — Ga@Si)\ _ b
zl( 05 () T oSa(a)? ) lel( ) =:Us(v,7) (2.35)

on D([0, 4] x [0,1]). Note that

Urre) = b (—Ul(rou)Sg(u) + Ug(u)Sl(rou)> _

(llsl(r()U) + l282(u))2
B Us(u)Sa(u) — Ur(rou)Sa(u)\ , Us(u) — Ui(rou)
“u (] )~ |

lng(u) + lQSQ(U))z SQ(U)
Sl(’l”ou) SQ(U) o
A1) = e+ 1aSa(@)  LSa) + laSa(w) =
Sa(r4) S (u) _

Zo(u, o) =

l151 (’r'o'LL) + lgSQ( ) llsg(lb) + lQSQ(U) -

By the functional delta method for stochastic integrals (see Theorem A.0.2) and using
(2.34), (2.35), (2.29) we have

vn ( ] ZydS, (ru) — ] Z1dS,(u) — ] Z5dS; (ru) + ] Zlng(u)) <

0 0 0
/ Us (u,r)dS1(ru) — Za(u, r)dU; (ru))—
0

t1

_ / (U (4, 1)dSa(u) — 7 (u, r)dUs(u)) (2.36)

on [0, 1].
By the functional delta method (see Theorem A.0.3) and using (2.24), (2.36)we
get

V(i = o) = V(U (r) = U} (ro)) =
= Vi (R0 () = R0 ) )

d . W(To) . W(T’o).
I T B

20



here
/ (U (row) — Us(u)]dAs(u) — Ui (roty) + Us(t).

Using the equality

T Surdsiw) [ Si(ru)dS(u)
btr) = 0/ 1151 (v) + 19S2(v/r) B 0/ 1151 (ru) + 1352(u)’

we obtain the derivative

C L SEAGL) L Luf/r)Si(0)ds (o)
U (T) N tl llsl(’l"tl) + l252(t1) + 0/ T2(l181(2}) —+ ZQSQ<U/T))2

rot1

t lowfi(ru)Ss(u)dSs(u) . - l
+0/(l131(v)+l252(v/r))2’ U'(ro) = —t1f1(t1) o /vfl( JdA;(v).

0
The proof is complete.
Remark 2.3.1. If samples are complete and tfi(t) — 0 ast — oo then

/U1 Tou )]dAQ( ) A= _’["_10 . ufl(u)dAl(u), (237)
0
and
Vi —rg) 2 Y = —% N<O, T 11A2)' (2.38)

Proof. By (2.27) U;(v) ~ N(O, Fi(v)Si(v)) and Si(v) — 0 as v — o0. So

Ui(v) L0 as v — oo and the formula (2.31) implies the first formula in (2.36). The
condition tf;(t) — 0 and the formula (2.29) imply the second formula in (2.36).
Using the equality cov(U;(s1), Ui(s2)) = E%_Fi(sl As9)(l— Fi(s1Vsy)), i=1,2

) )
we obtain the variance

Vv =& ([~ - Ug(u))dAQ(u))Q .

= /000 dAy(u) /000 E (Ui (rou) — Us(u)(Uy(rov) — Us(v)) dAa(v) =

= /000 dAs(u) /000 (EU; (rou)Uy (rov) + EUs(u)Usz(v)) dAg(v) =

—9 /0 " dh(u) /O ' (Sl(rouzfl<rov) + SQ(“ZVZ(U)) dAs(v) =
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- 2/000 dAs (1) /0 (52(“2?(”) n 52(“252(“)> dAs(v) =

2 o0 u
— o | Swita) [ Fa(wana(o) -
2 [ 8 (u)dSy(u) [* Fy(v)dSa(v)
T Gl /0 S (u) /0 So(v)
2 1= S5(0)]dSs(v)
=06, o [T =
__2 Oo(lnSQ(u) — Sy(u) + 1)dSa(u) = |S(u) = x| = -

ey
The proof is complete.

2%

Theorem 2.3.2 [f F is continuously differentiable on [0, 00) then under Hf for any
t > 0 and any natural 7 > 2

V(K (s) — Kj(s) 2

Wits) = [ Ualstrap=n) kg a0 6+ [ Filstrop—y)dWyoao) (239
on D|0,t], where Wy(s) = Uy(s), U= (s) = Jo ufi(s 4+ roy — y)dK; 1 (y).

Proof. Let us prove that under conditions of Lemma 2.3.1 for any ¢t > 0

VA(Ey(t+ 7y —y) — Fi(t+roy — y)) > Us(t+ 1oy — y) + yfi(t + 1oy — y)Y (2.40)

on DI[0,t]. It is sufficient to verify the conditions of the Theorem A.0.4.

Fix e : 0 <& <min(rg,mot) and 7 : ¢t < 7 <t +¢. Then

1) z = F} is continuously differentiable on [0, 7];

2) o(y,r) =t + ry — y is continuous on [0, 7] x U.(ry), non-increasing in y and
©(0,1m9) =t <7, p(T,10) =t + 70T — T > —c + 17 > 0;

3) X" = e D|0, 7] is a sequence of stochastic processes such that

Va(Xm—2) 2 7z =,

on DI[0, 7], where Z = U; is a continuous on [0, 7] stochastic process;
4) 7 is a sequence of random variables such that

V(i —ro) 2 Y.

So all conditions of the Theorem A.0.4 are verified. This theorem implies the con-
vergence (2.39) on DJ0, 7] and consequently on DI[0,¢] because z’'(¢(y,7)) = fi(t +

ToYy — y)a SD;(Z% TO) =Y.
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We prove the theorem by induction. If j = 2 then using (2.26), (2.40), the
functional delta method for integrals and the estimator of (2.18)

~

Ro(s) = / CRi(s 4 iy —p)di(y), Kuly) = Bi(y)

we obtain

VAlRa(s) - Kols)) =
ﬁ(/osﬁmswy—mdﬁl(y)—/os

D

Fis+ roy = )dFi() ) 2
A /s Ul(s—l—roy—y)dFl(y)—i—/s yf1(5+r0y—y)YdF1(y)+/s Fi(s+roy—y)dU;(y) =
0 0 0

— /08 Ur(s 4 roy — y)dFy(y) + pP (s)Y + /08 Fi(s+roy —y)dUi(y) = Wa(s) (2.41)

on DI[0,t]. So (2.39) is true for j = 2.
If 5 = 3 then by the functional delta method for integrals and using the estimator

~

R(s) = / CBi(s + fy — y)dRa(y),

we obtain

V(Ks(s) — Ks(s)) =
o (/0 ol fy — p)dialy) /0 Fi(s+ 1oy — y)dKz(y)) 5

S

yfi(s+roy—y)Y dKa(y)+ / " Fi(stroy—y)dWa(y) =

2 [ vistroirain+ [
0 0
= / Ur(s +roy —y)dis(y) + p® (s)Y + / Fi(s +roy —y)dWa(y) = Wi(s) (2.42)
0 0
on D[0,t]. So (2.39) is true for j = 3.
Supposing that (2.38) is true for j = [ and using the functional delta method for
integrals we obtain the result for j =1+ 1:

Vi(Ki1(s) — Kia(s) =

D

N (/OS Fl(s + 7y — y)df(l(y) — /05 Fi(s+roy — y)dKl(y)> -
- /OS U1(8+roy—y)dKz(y)+/os yf1(8+roy—y)YdKz(y)+/os Fi(s+roy—y)dWi(y) =

= /0 Ui(s + oy — y)dKi(y) + P (s)Y + /0 Fi(s+roy —y)dWi(y)  (2.43)

on D[0,¢].
The proof is complete.
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The asymptotic variance of v/n(K;(t) — K;(t)), 7 > 2 might be estimated recur-
rently, using the equation (2.39): the covariances

Cov(IW;(s), W, (1)) = E(W;(s), W, (1))
can be written in terms of the covariances
EW;_1(w)W;_1(v)), EW;o1(w)Ui(v)), EW;-1(w)Uz(v)),
E(Ui(w)Ui(v)), E(Uz(u)Us(v)).

Note that for j = 2 these covariances are

E(Wi(uw)Wi(v)) = E(Wi(u)Up(v)) = E(Up(u)U(v)) = ll Fi(uAv)Si(uVw),

1

E(W;(u)Va(v)) = E(Uy(u)Usz(v)) =0, E(Us(u)Us(v)) = % Fy(u A v)Ss(u Vo).

Let us find the asymptotic variance of /n(K5(t) — K(t)) which coincides with the
variance of Wy(t).
Suppose first that samples are complete. In the following we skip the index in rq

Using (2.37) we get

W2(t):/0 Ul(t+ry—y)dF1(y)+,u(1)(t)Y+/O Fi(t+ry —y)dUi(y) =

= B0 + [ O+ ry -9~ [ URGE+ry - o
+@ (/OOO Uy(ry)dAs(y) — /OOO Ug(y)dAg(y)) =WV +Va+Va+Vi)(t). (244)

u(t) = u(t) = / Yt +ry— y)dF(y), A= —> / T ufi(w)dhi(u).  (2.45)

T Jo

The random variable W5(t) has zero mean. Set

t
) = [ Filt+ry ) dFi ).
0
Taking into account that 0 < r < 1 and using the equality (2.27) for any ¢ > 0
we obtain the variances and the covariances of the random variables V;(¢) multiplied
by lli
LhEVY(t) = F; () Fi(t) Si (1),

t t
LEVR(H) = I, / / BUL(t+ 1y — y)Us(E+ 12 — 2)dFy (y)dF (=) =
0 0

= 2/; (/Oy Sy(t+rz— z)dFl(z)) Fi(t+ry —y)dFi(y) =

o4



2

9 /Ot Fu(2)Fy(t+ 12 — 2)dFy (=) — (/Ot Fi(t+rz — z)dFl(z)) _
_y /Ot Fu(2)Fy(t + 12 — 2)dFy(2) — 12(0),
LEV2(H) = /0 t /0 BUW)UL (ARt + vy — y)dB(t 47z — ) =
_s /Ot (/Oy Fu(=)dFy(t + s — z)> Sy (y)dFy (¢ +ry — y) =

= 2F5(t) /t Fi(z)dFy(t+rz—z) — Q/t Fi(2)Fi(t+rz—2)dFi(t+rz—2)—

2

— (/Ot Fi(z)dF(t +rz — z)) = 2F5(t)(Fi(t) Fa(t)—
—v(t)) — 2/0 Fi2)Fi(t+7rz—2)dF(t+rz — 2) — (Fi(t) Fa(t) — V(t))2 ,

2
20\ 2 2 M (t)
LEVi(t) = Lp“(t)EY* = —l2A2 ,

LEVA (Vi) = hFafe) [ CBUL(t+ 1y — ) U (D)dFL (y) =
= SOR) [ R+ )dF ) = SOE0)
LBVOV(0) = () [ BUGUL IR+ ry ) =

= —S1(t) F»(t) /Ot Fi(y)dFi(t +ry —y) = =S1(t) Fa(t) (Fi(t) Fa(t) — v(t)),

t/r 00

Fz(tjl“ Oy / EU, (ry)U1(t)dA2(y) + / EU(ry)U1(t)dA2(y)] =

0 t/r

LEVI(OVa(t) = I

t/r 00

= B0, [ ot + o) [ Sitra)ana(o)] -

0 t/r

oo

t/r
- B ) [ s+ ) [ s -

t/r

=

_ FM)%& () In Sy (1),
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—LEVL()V5(t) =1 /t /t EU,(t 4+ ry — y)Ui(2)dF (y)dF(t +rz — 2) =
t t+ry—y
- /0 (Sl(tJrry—y)/ Fi(z)dF(t+rz—2)+

0

CR(t4+ry—y) / SR e - z)) AF\(y) =

_ /0 t ( /O Y AR+ e — z)) dF(y)—

_ /Ot (/OW“ Fy(2)dFy(t + 12 — z)> Fy(t +ry — y)dFy (y)+
N /Ot (/t;y_y AFy(t+ 7 — z)) Fi(t+ry — y)dF (y)—

_ /Ot (/t;y_y Fi(2)dFy(t + 7z z)) Fu(t +ry — y)dF (y) =
=~ [([ mera e 2) an -/ -
v R — i+ (= 1) + 1y — ) Fult + ry — p)dFa(y)—
_ /Ot (/Ot Fu(2)dFy(t + 12 — z)) Fi(t +ry — y)dFy(y) =
__ /0” </: AR ((t—u)/(1 — r))) Fu(2)dFy(t 4+ 72 — 2)—

- [ ([ amte-wsa-m) BER e
v (Fa(rt) = Fat+ (= 1)(t +ry — 1)) Bt + ry — y)dFs ()
_ /Ot Fi(t +ry — y)dFi(y) /Ot Fi(2)dF\(t + 12 — 2) =
_ R /O " R+ e — )t
+ /: Fi((t = 2)/(1 = 1) Ey(2)AE(t + 72 — 2) + Fy(t) /t Fi(t+ry — y)dFi(y)—

0

_ / Fi(t+ (r = 1)(t + 1y — ) Fi(t + ry — y)dF (y)—

_/0 Fl(t+ry—y)dF1(y)/0 FI(Z>dF1(t+TZ—z) _
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= Fi(t) /Tt Fi(2)dFi(t+rz — 2)+
+ /t B ((t=y)/(1 =) Fu(y)dFi(t +ry —y) + Fa(t)v(t)+

+ /t Fi(t+rz—2)Fi(2)dFi((t —2)/(1 —71)) — v(t)(Fi(t)Fa(t) — v(t),

LBV = 1,1 / / EUL(t + ry — y)Us(r2)dF (y)dAs(z) =

(t+ry—y)/r

o =

+ / Fi(t+ry —y)dFi(y) / dSz(y)] =

(t+ry—y)/r

:__) [/Sl(t—i—ryy) InSi(t+ry—y)—Si(t+ry—y)+ 1] dFi(y)—

/Fl(t+7“yy)Sl(tHyy)dFl(y)] =

0

— _%/0 Sl(t—}-ry — y) lnSl(tJrry - y)dFl(y>’

t y/r oo
LEV3(t)Va(t) = —ll@E/Uﬂ?/)dﬂ(t—l—ry—y) |:/+/] Ui(rz)dAs(z) =

0 0 y/r
= % [/t Si(y)dFi(t +ry —y) y/h[s;(z) - 1] dSy(z)+

+/F1(y)dF1(t+7"yy)/ng(z)] — %/Otsl(y) In S1(y)dFi(t +ry —vy).

y/r

So the variance Var(Ws(t)) is defined by the following formula:

lyVar(Wy(t)) = —Fl(t)FQQ(t)—4u2(t)+/0 Fy(t+ry—y) [Fi(t+ry—y)+2F1(y)] dFy (y)+
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F2F (v (rt) + 2 /t Fi(t+ry —y)F((t—y)/(1—r))dFi(y) + %+

rt

20t !
280 o)+ [+ - i)~
0
= Sit+ry—y)mSi(t+ry —y)ldFi(y))].
Set
Zyi = Fi(t+ (F— 1)T,—) F(t—)—lil Z F(t_T“ -)
15— I'1 r 1i— ), 1 = ny 4= {Tyi<t}> 2; — 11 1—7 )
Zsi = F(Tu=),  Zu = filt+(P=1)Thi—), Z T\iZsis  Zsi = fi(Tu—).

T1,L<t

The variance Var(Wa(t)) is estimated using the statistic

UVar (W (1) = ~ B (0F3(0) ~ 460) + date) + ) 1 05

here

1 leZ57,
Z Zi, A= _EZ 1—Zs’

T12<t

1 .
Pa(t) = — Z Z0i[Z1i + 223 4 2F0 () Lipy <iey + 2295117y, 500,

n
T <t

Ds(t) = — 3 [Zus(1 + (1 = Zg)) — (1= Zug) In(1 — Z,7)].

! 11, <t

So the variance 022 of the estimator K,(t) is estimated by

52 —Var(WQ( )= L - ("ar(wy(1))).

K ny

The asymptotic 1 — a confidence interval for Ky (t) is

K(t) £ 6,210/ (2.46)
Alternative asymptotic confidence interval of the form (K,(t), Ko(t)), where
1— Kyt Or Z1—a

Ky(t) = |1+ ——— 20 LS e

K(1) \/ Ro(t)(1 — Kot
— 1 — Kot 0k,
Ko(t) = o0 ) ekl (2.47)

K,(t) \/ RKo(t)(1 — Kot
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can be considered.
Remark 2.3.2. In the case of censoring the expression in parenthesis of the term

t1
Vi in (2.44) is replaced by [[Uy(ru) — Uz(u)dAa(u) + Ui (rty) + Uz(t1), so only minor
0

modifications are needed.

Example 2.3.1. Exzponential distribution: S;(t) = e=*. We investigated finite

sample confidence level of the proposed asymptotic confidence intervals. The failure
times 77, and T5; were simulated from exponential distribution:

1 1
Ty, ~ E(\ Ty, ~ E(A A =—, X=—, t; =500
15 ( 1)7 27 ( 2)7 1 1007 2 3007 1
The number of replications was 2000. For various values of t the proportions of
confidence interval realizations covering the true value of the distributional function

K, (t) are given below:
Table 2.11. Confidence level for finite samples (nl = n2 = 100)

| Time, t | 50 | 100 | 200 | 300 | 400 | 500 |
Ks(t) 0.114 | 0.319 | 0.667 | 0.856 | 0.941 | 0.977
Confidence level (%) | 94.5 | 91.9 | 91.8 | 90.4 | 90.7 | 89.2

Example 2.3.2. Weibull distribution: S,(t) = e~ /)". The failure times T},
and T5; were simulated from exponential distribution:

Ty~ W(ar, ), Toy~ Wlay,B),

ap = =2, [ =100, (=300, ¢t =>500.

The number of replications was 2000. For various values of t the proportions of
confidence interval realizations covering the true value of the distributional function
Ks(t) are given below:

Table 2.12. Confidence level for finite samples (nl = n2 = 100)

| Time, t | 50 | 100 | 200 | 300 | 400 | 500 |
K> (1) 0.018 [ 0.194 [ 0.822 [ 0.992 | 0.999 [ 1.000
Confidence level (%) | 88.9 | 91.7 | 90.7 | 90.0 | 89.4 | 89.9

Example 2.3.3. Loglogistic distribution: S,(t) = W The failure times

Ty and T5; were simulated from exponential distribution:

Ty ~ L(ow, B1), Ty~ L(ou, Br),

1 = Og = 2, 51 = ].00, 62 = 3007 tl = 500.
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The number of replications was 2000. For various values of t the proportions of
confidence interval realizations covering the true value of the distributional function
K, (t) are given below:

Table 2.13. Confidence level for finite samples (nl = n2 = 100)

| Time, t | 50 [ 100 | 200 | 300 | 400 | 500 |
K> (t) 0.016 [ 0.138 [ 0.517 [ 0.743 [ 0.851 | 0.905
Confidence level (%) || 92.1 | 91.7 | 91.3 | 89.2 | 90.5 | 91.5

2.3.2 Parametric case

Let us consider the parametric estimator (2.25). Denote by I,(y) = —El(y) the
Fisher information matrix and suppose that %In(w) — (). Under classical assump-
tions on the family of distributions f;(¢,6) the maximum likelihood estimator v* is
asymptotically normal:

V(Y =) S Y = (Y1, YT ~ Niga (0,i71(7)).

Y] is one-dimensional, Y5 — k-dimensional.
Using delta method we obtain:

Vi(Ka(t) = Ka(t) 2 Wal(t) = YTColt; ),

where

t
0
Co(t;7) = (Car(8;7), Co(t57)", 021(75;7):/ —Fi(t+ry —y;0)dF(y; 6),
0

or
Lo 0
Coa(ti7) = | zpfa(t+ry —y;0)dFa(y; 0) + Fi(t +ry — y; 0)d(55 Fa(y: 6)).
0
The random variable Ws(t) is linear function of Y.
If 7 > 2 then

- D
V(K;(t) — K;j(t) = Wy(t).
Let us prove by recurrence that the random variable W;(t), j > 2, is also linear

function of Y:
W;i(t) =YTCy(t;7),  Cytiy) € (Clo, 1))

We showed that it is true for £k = 2. By functional delta method for integrals
(Theorem 1.3.2) and using the assumption that the statement is true for W,_; we
obtain

t
0
Wi(t) = YT(/O a—vFl(t +ry —y;0)dK;-1(y; ) + Fi(t +ry — y;0)dC_1 (¢ 7).

So the variance

Var(W;(t)) = Var(C;(t;7)"Y) = CJ (t;7)i " (7)C;j(t; )
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is estimated by nC7 (t;4)I~*(9)C;(t; 4), and the variance o2
is estimated by

K;(t)
K ) — CJT( NI~ (ﬁ)cj(tﬁ/)

The matrix /() may be replaced by —¢(%).
The asymptotic 1 — « confidence interval for K;(t) is

Kj (t) :|: &Kj(t)zl_a/g,

or, alternatively, (K, (t), K;(t)), where

Ok Z1-a/2
K.(t)=[1+ J )exp LSl

551 VEOa-Ka))

— 1— K. (t (3“‘,2’_04
K;(t) = 1+A—j()exp B K;*1-a/2

K, (t) \/ K;(1)(1 — K;(t))

—At

Example 2.3.4. Exponential distribution: S,(t) =e

of the estimator K (t)

(2.48)

(2.49)

Let us consider the case of complete samples. By (2.25) the loglikelihood function

has the form
6) = Zlﬂfl(Tu; 0) +nylnr + Zlnfl(Tsz;Q).
i=1 Jj=1

In the case of exponential distribution
fit; ) =Xe ™ Infi(t; ) =In )\ — At

SO

ni n2
l(r; \) :nlln)\—)\ZTli+n21nr+ngln)\—/\rZng =

i=1 Jj=1

=nlnA+nylnr — X\ ZTM—FTZTQ]
7=1

Equating the score function to zero we obtain the system of equations

. ol ne = . ol n <& 2
bpy=—=-—"=XA) Tp:=0, ly=—=—— T — T,; = 0.
or r ; & ATON T A ; ! r; 2

So the estimators of the parameters r and A are:

11
i, Ty

T .
F=t A=
T
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Second partial derivatives are

0%l ny 0%l n
=R G 8)@7’ Z 2

so the Fisher information matrix and the inverse of the Fisher matrix are

n2 n2 ni? _ &
Y — P2 V- I =1/ 1) —
I(r;\) = ( - ) s I (mA) = My, G
Ar A2 T

ni ni

If ny and ny are large then the distribution of the estimator (7, 5\) is approximated
by the normal N((r, \), I=(r, \)).
Taking into consideration the equality

j—1 1\ =2 ] — e nt
Kt =] (1 + ;) D (N
=1 =0

the weights C; = (Cj1,Cj2)" can be computed:

j—1 Jj-1 1 Jj-1 R e*)\(l‘i’i'r’)t
Cii(t;r, N) = 1 —= )c: | —
n(kr H( +ZT) rzl+zrz 1)'Cim 1+ar *

=1 =1 =0

I —1yC e~ MFDNL(T + ir) + 1] —

* P (1+ir)? ’
IROL IO = - (i e v
CjQ(t7 r, >\) - a/\ - tH 1 + ir 2:0 ’

The estimator of variance of the estimator K (t) is

= CT(t;7, NIV (7, \)Cy(t; 7, ).

2
K;(t)

and the asymptotic 1 — « confidence interval for Kj(¢) has the form (2.48) or, alter-
natively, (2.49).
In the case j = 2 the estimator of the function

Ko(t) = 1— e 4 %(6)\(1+r)t — e MY = Fy(t) — Sl(t)er(t);
Ko(t) = Fy(t) — gl(t>fA2(t) e L S gy
So
Con(tm, \) = S;(f) (Fy(t) — rALSy (1)), Conltir A) = 1L t”ts (1) Fy(1)
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So we obtained

Cy(t;r, A) = (Car(t;7, ), Cas(t57,0)T =
- (S;gt) (Fy(t) — rAtSy(t)), L+ r)tSl(t)B(t)) :
. OKo

The estimator of the variance of the estimator Ky(t) is

o4

here [; = n;/n.

We found by simulation finite sample confidence levels of the intervals obtained
using asymptotic formulas with 1 — a = 0.9. The failure times 7}; and T5; were
simulated from exponential distribution with following parameters:

Ty ~ E(X\), Ty~ E(X\g),

1 1
1000 "7 300°
The number of replications was 2000. For various values of t the proportions of

confidence interval realizations covering the true value of the distributional function
K, (t) are given below:

Table 2.14. Confidence level for finite samples (nl = n2 = 100)

A

| Time, t | 50 | 100 | 200 | 300 | 400 | 500 |
K>(t) 0.114 ] 0.319 | 0.667 [ 0.856 [ 0.941 | 0.977
Confidence level (%) || 89.9 [ 89.4 | 8389 [ 90.2 | 90.0 | 91.5

For various values of ¢t the proportions of confidence interval realizations covering
the true value of the distributional function K3(t) are given in Table 2.15.

Table 2.15. Confidence level for finite samples (n; = ny = 100)

| Time, ¢ | 50 | 100 | 200 | 300 | 400 | 500 |
K;(t) 0.018 [ 0.092 [ 0.309 [ 0.479 [ 0.573 | 0.617
Confidence level (%) || 88.6 | 91.8 | 92.8 [ 90.8 [ 89.9 | 90.3
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Graph 2.7. Graphs of the trajectories of the parametric
estimators Fl, Kg, Kg, K4, (Exponential distribution)

Example 2.3.5. Weibull distribution: S,(t) = e~ *#". Let us consider the
case of complete samples. By (2.25) the loglikelihood function has the form

l(r;0) =1n L(r,0) Zlnfl T )+n21n7"—|—21nf1 155 6);

here

At =" (L)W

1\ p

Infi(t;v,p) =lnv—Inp+ (v —1)(Int —Inp) — (%)V =

t v
—lny—ylnu—l—(y—l)lnt—(—) ;
1

ni

ni T v
Zlnfl(TM;V,,u) = Z (lny—yln,u—i-(u—l)lnTM— <j> ) =
i=1

i=1 I

Ny (T

:nllny—nlylny+(y—1)ZlnTu—Z 7 :
=1 i=1

So in the case of Weibull distribution the loglikelihood function is

[(r;0) =n(Inv —vinp) +vnglnr+ (v —1) (ZIHT“+ZIHTZJ>_
1 n1 no
LSS,
i=1 j=1
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Equating the score function to zero the following system of equations is obtained:

_ n
- ol nov vt &
by = — = — —

= Ty = 0;
or r M ; N ’
. al  n
gyzazz—nln,u—i—nﬂnr—i—(g lnTh—i-]EllnTQ])

ln n1 na 1 ni n2
3 (B £m) - (Srmm e S
i=1 j=1 =1 =

no ni n2
0> Ty, 1nT2j> = g —nlnp+nplnr+ ) T+ > InTy+
j=1 i=1 j=1

/li (ln,u <2Tﬂ+r ZTQ}) —iT{’ilnTu—r”mriT;j—
=1 j=1
_rViT;jlnng) = 0;

j=1
ol nl/

by = o (ZTﬁ+T ZTZVJ> =0.

Resolving this system of equations we obtain that the estimators g and 7 are explicit
functions of the estimator ©:

ng o\ /P 1/
1% 14
2. T Z T
N | M2a=
:u’ - n ’ r= n
1 1 1%
ST
J=1

The estimator v satisfied the equation:

n ni no Zn_l T InTy; Z@il TQVj In ng
-+ InTy; + InTh, —n Z_1n : — Ny =% n '
2Tt 3 Ty~ S =

Second partial derivatives of the loglikelihood function are

. 0?1 ngv vy —1)rr? &
i M TR D
. Pl ny T urt lne — vV M np s, Yl
by=5 =" - > o1y - ZTQJ In Ty;;
=1
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j=1
. 0%l n 1 N
61,2 = w = —; — u—lnﬂ (hl/.L (;TM—FT ]:ZIT2]) —
ni n2 2
— ZT{’Z InTy; — r”lnTZTQ”j - TVZTQ”J- lnT2j> +
i—1 j=1 j=1
1 ni n2 n2
+— <ln,u (ZTﬁ»lnTuer”lanTQ”j +7‘”ZT2”jlnT2j> —

K i=1 j=1 J=1

ny n2 2
=D T Ty — Iy Y T =l Yy Ty In Ty
i=1 J=1 7=l
n2 n2
—r’Inr Z Ty, InTy; — 1 Z Ty, In? T2j> ;

j=1 j=1

. 0?1 n 't —vp Tt np , .
fztv:m:—;+ 205 ZTMH’ Zng

v ni n2 n2
+u““ (ZT;; Ty +rInr Y Ty +r Y T4 1nT2j) ;

i=1 j=1 Jj=1

. nv V—I—l v »
o= (S ree 3 )

L

The random variables X;; = <7;1> have the standard exponential distribution, i.e.
X1, ~ E(1) . We obtain
Ty =pXy]", Th=pXu,

1 v
lez IHTM = IUVX”(IH[L + _lnXli> = ILLV hllUXli + M—Xlz lnXli;
v 14

lez ll’l2 Tli = /l,y 11'12 1% Xli +

In Xy + X Xy
v
Taking into account that X;; ~ (1) we have

[e.e]

EXU = 1, EXM lIlei = /IIDIB_IdI = F/(Q),
0
EX}, In* Xy; = /a;ex In® zdr = T"(2);
0
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because
x
e dux: —/x“_le_xlnkasda:.

So
ETE n,

ET" In*T); = % [T7(2) + 20" (2) Inp + v In* ] .

The random variables rT5; and T}; have the same distribution, so
ETY — B (rTy)" (£ )V
.= — T i = —_ s
2 rv 2 r

1 1
13, InTy; = T_V(TTQJ‘)V[IH<TT2J') —Inr] = = ((rTyy)" In(rTy;) — Inr(rTyy)”);

- - (F’(Q) +vln g) .

1
ETy;InTy; = = <’u7(1“’(2) +vinp) — p” lnr> =
Lo\ © P

vV 12 21,2
ETy, In" Ty = 3 (;) [F"(?) + 2vT’(2) In ~tv In ;] :

Using the obtained means we compute the second partial derivatives of the loglikeli-

hood function:
) v V(I/ . 1)7,V—2 no ,
E&»Q =-E 72 + il Z T2j -
j=1
-1 v—2 v 2
{< & m<ﬂ>}——”?;
T 2 r "
rv— 1 N2 rv— 1 ?
.. v —_ 2 ’u Y - eld ;
El., iz ZTQJ Tz (;> o
) o yfll . 11711 n2 -1 n2
El, =E |22 (T e nM) > T - Zsz T =
r N’ j=1
- l,_ll _ V—ll v v—1 v
_ng T +vr nl/?" vr nMnQ (E) _n ~ 12 <H> [F/(2) +vin ﬁ] =
. 7 r ol v \r r
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14 r

r
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i=1 j=1 j=1
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Then the Fisher information matrix is

i )
I(ryp,v) = —”ﬁf % —2T(2)
2IY2) —4(2) (1 +T17(2)
7] = ngy® nv® n (1+T7(2)) + nav” ") ™2r(2) nav” ") 2 (2)
2 2 2 (T r (T r
2 2
No ., NV Ny _, Nol" NalV" N ” nevn_, n._,
) 0 iy (D) Z(14T7(2) — “TY(2)=T(2) =
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nov? n? n%nyQ (F,(2)>2 . nsvn (F,(z))g _

= —(14+T"(2
r2 M2< +17(2) + 11272 22
2,2 2.2 2.2
nsnvs ., o NUNn y non‘ve ., o
— I"(2))" — 1+T7"(2)) — I"(2))" =
(M) = T (T - ()
2
ninonvyv 2
= e (1) - [P,
The inverse of the Fisher information matrix is
nﬁ:jﬂ n:lle 0
1 T 121417 (2)]—pPna 1 (2)]? pur'(2)
I— = (@ - [ E)P) (@) - [(2))
pI’(2) V2
0 n(1417(2)-[1"(2)]°) n(1417(2)-[1"(2)]°)

The c.d.f. K5 has the form

K= R - | St 4y — y)dF(y) =

R / t (2) () -(2) g

and the functions Cy; are

GKt 2 t v t+ — Vﬁlftry—y”fg”
= 25002 {3 (1)

@)L t <%>”‘1e—<w>"—<z>“dy+
LG e ()
(2 gy t (ﬁ) In (%) () () g

Thay = O3 (67, i, YT (7, 1, D)o, o, ),

We have

02(t7 fa ,aﬂ ﬁ) = (C2l(t7 727 /la ﬁ)a 022(t7 fa /AL, ﬁ)a 023(t; fa /17 ﬁ))T
The asymptotic 1—a confidence interval for () has the form (2.48) or, alternatively,
(2.49) then j = 2.
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We found by simulation finite sample confidence levels of the intervals obtained
using asymptotic formulas with 1 —a = 0.9. We simulating failure times 7'; and T5;
from Weibull distribution with following parameters:

Ty ~ W (o, £1), Ty ~ W(as, ),

a1 = Qg = 2, 51 = 100, ﬁg = 300.

eeery sEK2

Time, t

Graph 2.8. Graphs of the trajectories of the parametric
estimators Fy, Ky (Weibull distribution)
The number of replications was 2000. For various values of t the proportions of
confidence interval realizations covering the true value of the distributional function
K, (t) are given below:

Table 2.16. Confidence level for finite samples (nl = n2 = 100)

| Time, t | 50 | 100 | 200 | 300 | 400 | 500 |
K>(t) 0.018 [ 0.194 | 0.822 [ 0.992 | 0.999 | 1.000
Confidence level (%) | 89.4 | 89.2 | 89.2 | 89.5 | 89.5 | 90.2

Example 2.3.6. Loglogistic distribution: S(t) = Let us consider the

1
Lt/ p)”
case of complete samples. By (2.25) the loglikelihood function has the form

l(r;60) =1In L(r, ) Zlnfl (T; )+n21nr+Zlnf1 (r1y;;0).

In the case of loglogistic distribution

th/—l '
v\ 27
v t
w (1 (5))

t 1%
Infi(t;u,v) =Inv+ (v—1)Int —vinpg —2In <1+ (_> )
U

fl(t;,u’ay) =
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n1 ni T v
Zlnfl(t;,u, =nilnv+(r—1 ZlnTh—anlnu ZZIB( ( ) ),
i=1

i=1 K
Infi(rt;u,v) =Inv+ (v —1)(Inr +Int) —vinpg —2In <1+< ) )

So the loglikelihood function has the form

l(ryp,v) =nlnv —vnlnp+vnsglnr+ (v —1) lnTM—l— lnTg
j

—22111 (1+ (%)) —25_2:111 (1+ (Ti”)y> .

7j=1

Partial derivatives are

ol 2 & (ﬂ)"
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or r 1+ (TT2J>
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ZM: g _vn U m 21/2 M
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1 1 /JJ211+(T11> ujll_i_(rm)
=2 T p4melnr 4 il T +Zl T
y=—=——nln no Inr nTy; nTy;—
v H 2 - 1 e 2j
22 <T11> lo og <T11> 252: <7=T%>”10g (%) 0
i=1 (T“> =1 1+ (TT2J>
Set - _y
(5 ()
1 1
Second partial derivatives of the loglikelihood function are
i 0 21/ Y, 2K Y R ¢
r2 — — /5~ P ru — T 71 v\
r2 2 “1+Y; 2 —~ (1+7Y)? T — (1+Y))?
. Ny 2w YJ 2wl 2 Y;InY;
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) ( S i)
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lp=——+2= z S
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=1 J j=1

71




; no 2 [~ XX, <~ Y In?Y;
Ja,— £ A A i)
o (S S )
=1 7=1
The random variables X; and Y are identically distributed with the probability
density function of the standard loglogistic distribution: fx,(z) = fy,(z) = 1/(1+x)>.
It implies that for any £ > —2 and a € (—1,k + 1)

oo

Xg x? 1 1 dy
—E——1 = de = |y = r==—lide=——| =
g(a) (1+ X;)* /(1+x)k+2 x =y 1+xax ” ; X y2|
0
F1\° / Tk —a+ DT(a+1)
—a+ a—+
= [ (==1) vrdy= [ (1= y)dy = - .
[(5-1) var= e =Sy
0 0
X%In X; o x°
"(a) = BE—t—= = ————— Inzdr =
g'(a) (1+ X,)* /0 (1 + z)k+2 nrax
(Ptk=a+1I'(a+1), -TI'k-a+l(a+1)+T(k—a+1)I"(a+1)
B [(k+2) B [(k+2) ’
X¢1n® X g0
I B vyl v In? rdr =
9"(a) (14 X;)k /o (1 + z)k+2 n-rar
Tk —a+DT(a+1) =20k —a+ DM (a+1) + T(k —a+ 1)I"(a + 1)
B [(k+2) ‘

Ifa=1and k=1, then

1+x; B 2 1+ X; 2 ’

E

if a =1 and k = 2, then

E X, r@Qre 1
(1+X,)2 T4 6
LB\ (O S O el ]
1+ X2 7 1+X,)?2 3 ;
if a =2 and k = 2, then
E X} _IrrE) 1 E X?InX, —2I'(1) +1I'(3)
(1+X,)2 T 3 (1+X,)2 6 .

Now we are able to compute the means of the second partial derivatives of the log-
likelihood function:

—vng  2ung 2% n, nov?

r2 r2 2 2 6 3r2’

El» =
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ng: 2Vn2i: n2y2, _EZ}VZ@—@—%:U;
r 6p  3rp r 2r r
. nv 2ung+mny 2020 +ne nv  nv  nv? nv?
Bl =5~z — = E T T 3E T 3
I % 6 Wt 3 3

El,=—4+—-+0=0,-El2 = —(3+2I"(2) — 2(I"(2))%);
p LT, T0=0, 2 = 253 +217(2) — 2(T"(2))°);

So the Fisher information matrix is

nov? nov?
EC 0
I(rA) = | -2 25 0
n 7 _ / 2
0 0 {3+2T (;I)j2 2[T7(2)]°}

and the inverse of the Fisher information matrix is

Bnr? - 3rp
I = n152 niuvz 02 )
0 0 TEEre—aren
and the estimator of 62 . has the form
K;(t)
52 o = CT (67 VI 5 9)C (07, ). (2.50)

K;(t) J

The asymptotic 1—a confidence interval for /() has the form (2.48) or, alternatively,
(2.49).
Taking into account that

1
Si(t) = A
1+ (;)
the ML estimator of the reliability function K5 has the form

t

~

Roa(t) = Fu(t) — / Su(t +fy — y)dEu(y) =

t

11+—<£>u£0/<%) 1+<w>a <1+< >ﬁ>2dy.

i

and the functions Cy; are
0K, (t)
Cor(t) = =
21 (¢) or

[ (G Q) (22))
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)
LG (e ()
A0 (@0 )0 (2) -
() (e () ) ()

So the estimator &}Q ) has the form (2.50) and the asymptotic 1 — « confidence
interval for K (t) is of the form (2.48) or, alternatively, (2.49) taking j = 2.
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We found by simulation finite sample confidence levels of the intervals obtained
using asymptotic formulas with 1 —a = 0.9. We simulating failure times 7'; and T5;
from loglogistic distribution with following parameters:

Ty ~ L(ay, 1), Ty ~ L(ay, 1),

] = Qg = 2, 51 = 100, ﬁg = 300.

eer1 seRK2

Time, t

Graph 2.9. Graphs of the trajectories of the parametric
estimators F, Ko (Loglogistic distribution)
The number of replications was 2000. For various values of ¢ the proportions of
confidence interval realizations covering the true value of the distributional function
K(t) are given below:

Table 2.16. Confidence level for finite samples (nl = n2 = 100)

| Time, t | 50 | 100 | 200 | 300 | 400 | 500 |
K> (t) 0.016 | 0.138 | 0.517 [ 0.743 | 0.851 | 0.905
Confidence level (%) || 89.0 | 88.8 | 90.4 | 89.6 | 89.5 | 90.5
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Chapter 3

Failure-Time Degradation Models

3.1 Failure Degradation Model with covariates

For reliability characteristics estimation the following data we are going to analyze:
failure times (possibly censored), explanatory variables (covariates, stresses) and the
values of some observable quantity characterizing the degradation of units.

When we analyze the degradation data then the failure can occur non-traumatic
or traumatic. A failure is called non-traumatic when the degradation attains a critical
level zy. Other failures are called traumatic. Traumatic failures may be of different
types: related with production defects, caused by mechanical damages or by fatigue
of components.

Suppose that under fixed constant covariate the degradation is stochastic process
Z(t), t > 0.

Suppose that the degradation process Z(t) is non-decreasing with cadlag trajec-
tories.

Denote by 7®) the moment of the traumatic failure of the kth mode, k =1,--- , s.

We suppose that the random variables T, ... T®) are conditionally independent
given the degradation Z.

Denote by A®)(t|Z) = X®)(¢|Z(s),0 < s < t) the conditional failure rate of the
traumatic failure of the kth mode given the degradation.

Suppose that this conditional failure rate has two additive components: one re-
lated to observed degradation values, other - to non-observable degradation (aging)
and to possible shocks causing sudden traumatic failures. For example, observable
degradation of tires is the wear of the protector. The failure rate of tire explosion
depends on thickness of the protector, on non-measured degradation level of other
tire components and on intensity of possible shocks (hitting a kerb, nail, etc.). So

A (1]2) = NO(Z (1)) + n®(8). (3.1)

The function A*)(z) characterizes the dependence of the rate of traumatic failures
of the kth mode on degradation. The function u*) characterizes the dependence of
the rate of traumatic failures of the kth mode on other tire component.

Suppose that external covariates [25] influence degradation rate and traumatic
event intensity.
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Let z(t) = (z1(2), ... ,xs(t))T be a vector of possibly time dependent covariates.
We assume in what follows that x; are deterministic or realizations of bounded right
continuous with finite left hand limits stochastic processes.

Denote by Z(t|x) the degradation level at the moment ¢ for units functioning
under the covariate x.

We suppose that the covariates influence locally the scale of the traumatic failure
time distribution component related to aging (non-observable degradation) and to
possible shocks, i.e. the accelerated failure time (AFT) [1] model is true for this
component. Let us explain it in detail. Denote by

S (t2) = exp{~ / ABZ(du}, S (1) = exp{— / 1 (u)du)

the survival functions corresponding to the failure rates A*)(Z(u)) and p® (u). The
first survival function is conditional given the degradation.

The AFT model defines the following relation of the second survival function and
the covariates:

t
59 (te) = S0 [+ ds):
0

the parameters (3 have the same dimension as x. The covariate £ may be replaced
by some specified function ¢(x).
Set

ft,z,B) = /Ot Bl ew) du, (3.2)

and denote by ¢(t, z, 5) the inverse of f(t,z, ) with respect to the first argument. If
x =const then

f(t> x, ﬁ) == eﬁTxt, g(t, xZ, ﬁ) = 6_5Trt.

The function f(¢,z, /) is time transformation in dependence on x. For units func-
tioning under different covariates ) and 23 two moments t; and t,, respectively,
are equivalent in the sense of degradation if they verify the equality f(t;, 2", 3) =
f(ty, 2, 3), i.e. we consider the following model for degradation process under co-
variates:

Z(tlx) = Z(f(t,z,3)). (3-3)

The covariates have double influence on the distribution of the first traumatic failure
component: via degradation and directly. So we combine the AFT and the propor-
tional hazards models:

o
S (t|z, Z) :exp{—/ PR INB) (7 (u|z)du
0

Denote by
SW(tz, Z) = P(TW > t|z(u), Z(u|z),0 < u < 1),

N d
A (t|z, Z) = % In S®W(t|x, Z)
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the conditional distribution function and the failure rate of the traumatic failure of
the kth mode given the covariates and the degradation. So we consider the following
model:

P(TW > ¢, T > tla(u), Z(ulz),0 < u < t) = [[ S (], 2), (3.4)
k=1

t
S®)(t]z, 2) :exp{—/ NCIEA du} _
0

t
= exp {—/ et NE) (7 (u|z)) du — H(k)(f(t,x7ﬁk))} , (3.5)
0
where . . .
MO (ta, Z) = PP OND (Z(t|2)) + 7O uD (f(t, 2, Br)), (3.6)
t
H® (1) = / 1 () du. (3.7)
0
Denote by
TO = inf{t : Z(t|z) > 2}. (3.8)
and
SO (t|z) = P{T(O) >t|z(u),0 <u<t}=
=P{Z(t|lz) < z0 | x(u),0 <u <t} (3.9)
the time to non-traumatic failure and its survival function under the covariate =,
respectively.

The time of the unit failure
T = min(T©, 70 . TC) (3.10)

may be traumatic or non-traumatic.
Denote by
V=£k if T=TW%, k=0,...,s, (3.11)

the indicator of the failure mode. The failure mode 0 is non-traumatic. Others are
traumatic.

Let us consider reliability characteristics which are interesting for applications.
These are:

1) The survival function of the failure time under the covariate x:

S(tlr) = P(T > tlz) = ES(t|z, Z), S(t|z, 2) = Lzam<zoy | [ S (¢ | 2, 2).
k=1

(3.12)
2) Mean failure time under the covariate z:

7(0)

e(x) =E(T|z) =EE(T|z,2)), ET|z,7Z)= / f[S(k)(t | z, Z)dt. (3.13)
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3) The probability that under the covariate x the non-traumatic failure is observed
in the interval [0, ¢]:
O(t]) = EPO(t]z, 2),

S
PO(t]z, 2) = Liz(n)2z0) | [ SY T | 2, 2). (3.14)
In particular, the probability of observed non-traumatic failure under the covariate
x in the interval [0, 00) is obtained.
4) The probability that under the covariate x a traumatic failure is observed in
the interval [0, ¢]:
P (t|z) = EPY)(t|x, Z),

Pz, 2)=1-[[SWEAT |2, 2). (3.15)
k=1
5) The probability that under the covariate x the traumatic failure of the kth
mode, k =1,...,s, is observed in the interval [0, t]:

Otl) = EPV(t]z, Z),

0
tAT(0) s

PW®(t|x, Z) / HS s|a, Z) A (s |z, Z)ds (3.16)

Suppose that the cause of some traumatic failure modes are eliminated. Note that
elimination of a failure mode may increase the number of failures of other modes.
Indeed, a failure of the [th mode is not observed if it is preceded by a failure of
the kth mode but this failure might be observed if the kth failure mode would be
eliminated.

If i1th, ..., i,th (1 < < ... < i, < s) traumatic failure modes are eliminated then
the survival function S(¢|x), the mean e(z) and the probabilities P©)(¢|z), P#)(t|x),
and P®(t|z), (k = 0,1,...,s) are modified taking [Tz instead of [[;_; in the
formulas (3.12)-(3.16). So an experiment using units with eliminated failure modes is
not needed. The estimators of survival characteristics of units with eliminated failure
modes is useful for planning possible ways of reliability improvement.

Suppose that a unit did not fail to the moment 7 and we have some information
about its covariable and degradation processes (z(s), Z(s|x) | s < 7).

Let G denote the o-algebra generated by the possessed information about the
degradation process and

Lo

G, =0(GU{T > 7}).
The conditional probabilities of the events considered in the previous section given
the g-algebra G, are: for t > 7.
Eg{S(t |z, 2)}
Eg{S(r |z, 2)}

St |2, 7,G) = (3.17)
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Eg{PW(t|z,2)} — Eg{P"(r]|2,2)}

POt | z,7,G) = : 3.18
) Bo{S(r | 2.2)} 15
Eg{P")(t|z,2)} — Eg{P")(7 | 2,Z)}
Pt 7,G) = —2 i g 2T 3.19
tme) Bo{S(r | +.2)} 319
Moreover, the mean residual life of the unit is
Eg{(T — 7)1{z>ry|z}
e(r,7,G) = 3.20
) = TR (St . 2) 320
If G =0(Z) then
Eg{S(t |z, 2)}) =E{S(t |z, Z2)}, (3.21)
T s s
E¢{(T — 7)lipan|z, Z} = / 159 |2, 2)dt — 1201020y [ [ SV (7 | 2, 2).
1=l =1
(3.22)

3.2 Estimation of model parameters

3.2.1 The data

Suppose that n units are observed. The ith unit is tested under the vector of ex-
planatory variables z(¥, and at the moments

O<ty <tp<..< timi

the values Z;; = Z;(t;;|x®) of the degradation level are supposed to be measured.
The moments ¢;; correspond to the scale of real functioning. For example, in the case
of tire wear, t;; mean kilometers done by the i-th tire until the j-th measurement.
The values of covariates are supposed to be observed during the experiment. The
most often they should be constant in time or step-functions.

Denote by 7; = min (Ti(o), . ,Ti(s)) the failure time and V; - the failure mode
indicator. The data may be right censored. Denote by C; the censoring time of the
1th unit, and set

Ci=Ci Ay, Xi=T,NCi, & = Lin<ay 9= i<, vizoy (3.23)
Denote by
o j7 if X’L € (tijati,j—i—l]? j:O7"'7mi_17

the observed number of measurements of the i-th unit.
The data are the random vectors

(Xi,5i,Vi,,ui,Zﬂ,...,Zim,x(i)), 1= 1,...,71. (325)

If 1; = 0 then the degradation values are not observed.
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3.2.2 Likelihood function construction

Suppose that the functions A*)(z) and p®(t) is from a class of functions

)‘(k)(z) = )‘(k)(za 7716)7 ,u(k) (t> = M(k) (ta ”ch), (326)

where 1, v, are possibly multi-dimensional parameters. For example, analysis of
tire failure time and wear data shows that the intensities A(*)(2) and p®)(¢) typically
have the form (z/nx)" and (t/v1x)72".

Suppose at first that degradation processes Z;(t) = Z;(t|z)) of all units are
continuously observable. In this case conditional likelihood L and loglikelihood [
functions given degradation for the parameters characterizing traumatic failures can
be written as follows:

n s T
= T3t [T bz +
=1 k=1

5;

"‘ﬁ’“m()(X) J(F(XG, 2C ﬂk);%)]} X

xexp{— (/ PR @NE (7 () i) du — HP(F(Xi, 29, B); v >)}

n

Zzl{v —) In [ AL CDNB (Z,(X0) ) +

i=1 k=1

T (%) ) 7
+ AL (X, 1, B )] -

_Z (/ Z Pt WXE(Z(w); my) du — H(k)(f(XuﬂC(i),ﬂk);’Yk)> : (3.27)

If covariants are absent then

=33 1y In MO (Zi(X0) ) + 1P (X )] —

i=1 k=1

—Z (/ Zi(w); ng) du — H* )(Xi;vk)). (3.28)

If the values of degradatlon processes are measured only at discrete times ¢;; then the
conditional likelihood function is modified replacing Z;(u) by their predictors Z;(u)
obtained from degradation data. The form of these predictors depends on the form
of the degradation processes.

It was mentioned in introduction that the most applied stochastic processes de-
scribing degradation are general path models and time scaled stochastic processes
with stationary and independent increments such as the gamma process, compound
Poisson process and Wiener process with drift, the last not monotone.

Let us find the predictors for some specified degradation processes.
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3.2.3 Example 1: Time scaled gamma process

Let m be a real time function. The degradation process Z is time scaled (by the scale
function m(t)) gamma process if

1) it has independent increments, i.e. for any 0 < ¢; < .-+ < t; the random
variables Z(t1), Z(ty) — Z(t1),..., Z(tx) — Z(t;_1) are independent;

2) for any t > 0 the random variable Z(¢) has the gamma distribution;

3) for any t > 0

E(Z(t) = m(t), Var(Z(t)) = o> m(t).

The definition implies that for any z > 0 the density of the r.v. Z(t;) — Z(t;_1),
=1,k to=0,is

]_ T 2 T
P D—Z(tj-1 xTr) = T AN <—> 7 e_ﬁ, 3.29
2(t;)~2(t;_1) (T) 021“(%) (3.29)
Am; =m(t;) —m(tj—1), T(a)= / v e dx.

0

The density of Z(t;) is of the same form: Am; must be replaced by m(t;) in (3.29).
The degradation and its characteristics under covariate = are

Z(tle) = Z(ft, 8,x)), m(tlr) = E(Z(t|z)) = m (f(,5,x)), (3.30)

o?(t|lz) = Var( Z(t|z) = o*m(t|x).

m(t|x) is the mean degradation under the covariate .

a) Parametric form of the mean degradation

The form of the mean degradation m(¢) may be suggested by the form of observed
degradation curves. In such a case m(t) is chosen from some parametric class of
functions (power or other time function depending on a finite-dimensional unknown
parameter): m(t) = m(t;v), v = (v1,...,v,)". The data

are used for estimation of the parameters 0 = (3, v, 0%)7.

For any z > 0 the density of the increment AZ;; = Z;; — Z; ;1 has the form

1 Am‘jéﬁyt’)_l
paz,;(z;0) = AL~ <— 7 e o2,
(2;0) 02F(Au,;gg, )> o2
where ' '
Apii(B,v) =m (f(ti,j, 3, x(z)); u) —-m (f(ti,j,l, g, x(z)); V) ) (3.32)
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The likelihood function of the degradation data (3.31) is

no M

La(®) = [T [Iraz, (225:0). (3.33)

i=1 j=1

where we set paz,; (AZU; ) =1, if X; < t;1, i.e. when a traumatic event occurs

earlier then the first measurement of degradation.
Denote by # the maximum likelihood estimator. Then for any x the estimator of
the mean degradation m(t|x) under the covariate z is

w(tlz) = m (f(t,B,a:); a) . (3.34)

In the case of the data (3.25) degradation values are not measured continuously and
the loglikelihood function (3.27) can not be used for estimation of the parameters
By, B, i and 7. For modification of the loglikelihood (3.27) we need predictors of
Zi(t).
Set )
Zi(t) = E(Z;(t)|Zi(tin), - .-, Zi(tin,)). (3.35)

For j = 1,...,u; we have Zi(tij) = Z;;. Fort € (t;;—1,tij), 7 = 1,..., 1, the
conditional means (3.35) are

A Amy;(t:8,v)
Zi(t;0) = Zij1 + Ami(G0) AZy,
Amij(t; B,v) = m (f(t, 5, z®); v) —m (f(ti,j,l,ﬂ,x(i)); V). (3.36)

For any t > t; ,,

Zi(t;0) = Zip Py (2(20 = Zip,)) + A a6 0, v) By (2020 = Zi)), (3.37)

where F\2 () is the c.d.f. of the chi square distribution, x; = 2Am; ,,11(t; 5, V).
Note that for any t > ¢, ,,

Zi(t;0) — Zip, + Amy 1 (8 B, v), as zg — 00. (3.38)
The predictors Zz of Z; are defined as

Zi(t) = Zi(t;0). (3.39)

b) Unknown form of mean degradation

If the function m is completely unknown then non-parametric estimator of this func-
tion is used seeking predictors of the stochastic processes Z;.
A piecewise-linear approximation of the process Z;(t) = Z(t|z™) on [0, X] is

pi+1

Zit) = [Zz'(tm‘—l) +

j=1

t—1t; i_
—JI(Zl(tlj) - Zi(ti,j—l)) 1[ti,j—17tij}(t)7 (340)

bij — tig—1
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tio=0, tiu+1 =X;. We denoted by ¢(¢,x, ) the inverse of f(¢,x,3) with respect
to the first argument. The distribution of the stochastic process

Z(t) = Z(g(t,z, B)|z), (3.41)

does not depend on , so the processes Z;(g(t, 2V, 3)) are approximations of the
process Z and can be used constructing an estimator of the mean

m(t) = BZ(t) = BZ(g(t, z, B)|z)). (3.42)

These approximating processes are censored at the points 3 (3) = g(X;, 2@, 3). Con-
sider the ordered sequence of distinct moments

ty(B) <--- <tiy(P), d<n.

Take the following pseudo-estimator (depending on (3) of m(t):
~ 1 - * % *
i=1

m(t, B) = m(t;;_1(6), )+

S (208,09 - Z: (9017, (0), 8,29)))
it (8)>t1,_,) (B)
> 1 ’
it (B>, (8)

t € (t{;_1)(B), 1{;y(B)]. The likelihood function from degradation data (3.31) is written

in the form (3.33) putting

0 = (6T7 02)T7 Amlj(ﬁ) =m (f(ti,ja ﬁ?x(l)>7ﬂ) —-m (f(ti,jfla 67x(l)>7ﬁ) . (344)

(3.43)

Denote by 3, 62 the maximum likelihood estimators. The function m(t) is estimated
by the statistic 7(t) = m(t, 5).

Define Z;(t;60) by (3.36) and (3.37) replacing Am,;(8,v) by Amg; () given in
(3.44).

The predictors of Z;(t) are Z;(t) = Z;(t;0).
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3.2.4 Example 2: Shock processes

Assume that degradation results from shocks, each of them leading to an increment of
degradation. Let T,,, (n > 1) be the time of the nth shock and X, the nth increment
of the degradation level. Denote by N(¢) the number of shocks in the interval [0, t].
Set Xy = 0. The degradation process is given by

00 N(?)
Z(t) =Y YT, <t}X, =) X,
n=1 n=0

Kahle and Wendt [20] model 7;, as the moments of transition of the doubly stochastic
Poisson process, i.e. they suppose that the distribution of the number of shocks up
to time ¢ is given by

PV = 1) = B {5 exp(ovaon |

where 7(t) is a deterministic function and Y is a nonnegative random variable with
finite expectation. If Y is non-random, N is non-homogenous Poisson process, in
particular, when n(t) = At, N is homogenous Poisson process. Other models for 7
may be used, for example, n(t) = t*, a > 0.

Assume that X;,, Xy, --- are conditionally independent given {T,} and assume
that the probability density functions of X, given {7,,} is g¢.

Let us consider the case when the number of shocks is modelled by non-homogenous
Poisson process:

P{N(tl) - le, N(tz) - N(t1> = ig, e ,N(tm) - N(tmfl) - ’Lm} -

()" e [1(E2) = 1G] _pyeay—nenr . 100Em) = 2 0)I™ st ntem-)
01! 19! -

(3.45)
The degradation process Z(t) is a stochastic process with independent increments
and for any z > 0 the density of the r.v. Z(t) — Z(s), 0 < s,t, is

(Sﬂk ~In()—n(s)]
Pzt)-2(s)( Z gr(2)—————¢ (3.46)

where g, is the convolution of k densities g. For example, if the sizes of the shocks
X; have exponential distribution £(£): g(u) = &=, u > 0, then

(€bz)
u=0, pzu-z05(2) = Ebe £szk|§f—l—1

ge(u; &) =

where b = n(t) — n(s).
Denote by a; = EX; and a; = EX 12 the first two moments of the random variable
X;. The moments of Z(t) are

E(Z(t)) = axn(t), Var(Z(t)) = azn(t).
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The degradation and its characteristics under covariate x are
Z(tle) = Z(f(t, 8, %)), m(tlr) = E(Z(tx)) = pn(f(t06,1)), (3.47)
o*(tlx) = Var(Z(t|z) = azn (f(t, 3,)).

a) Parametric form of the mean degradation

Suppose that g and n belong to some parametric classes g(t) = g(t, ), £ = (&1, ..., &)
and n(t) = n(t;v), v = (v1,...,vy)T. Set = (87,07, £T)T. The likelihood function of
the degradation data (3.31) is of the form (3.33), where for any z > 0, 0 < s < ¢, the
density of the increment Z(t) — Z(s) is

A s,t; 3, CAn(stB
Pz)-2(s)( ng l I 2l e An(stiv). (3.48)

here

An(s,t; 8,v) =0 (f(t, B,2D);v) —n (f(s,8,29);v). (3.49)

Denote by 6 the maximum likelihood estimator. Then for any x the estimator of the
mean degradation m(t|z) under the covariate = has the form (3.34).
For t € (t;;-1,tij), j =1,..., i, the conditional means (3.35) are

~ 1 Zij
(3.50)
For any t > t; ,,
~ 20
Zi(t;0) = / 2 D2(t)~Zi, (2 — Ziys; 0)d2. (3.51)
7

(N9

The predictors Z; of Z; are defined by the formula (3.39).
Note that as in the case of the gamma process (we set 0% = ay/ay)

M—02 S = var{z(s
Bz 0 AERA = VAL

so in terms of the first two moments the considered shock process and the gamma
process are of identical structure.

b) Unknown form of mean degradation

The predictors of Z;(t) are defined as Z;(t) = Z;(t;0), and Z;(t;0) are defined by
(3.50) and (3.51) replacing An(s,t; 3,v) (given in (3.49)) by

An(s, t:8,€) = [ (f(tig, B,29), B) =10 (f(tig—1, 8, 27), B)] /ar (€),

where m(t; 3) is the pseudoestimator of the mean m(t) = EZ(t) given by (3.43).
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3.2.5 Example 3: Path models

Suppose that the degradation process Z(t) is of the following form:
Z(t) = p(t, A v), (3.52)

where ¢ is a deterministic function and A = (Ay,...,A4,) is a finite dimensional
random vector and v is a finite dimensional non-random parameter.

The form of the function ¢ may be suggested by the form of individual degradation
curves. The degradation under the covariate z is modelled by

Z(tlr) = o(f(t,x,0), A), mltlr) = Ee(f(t,x,0), A).

Let us consider the following typical example:
Z(t) = (t/A); (3.53)

here A is a positive random variable with unknown cumulative distribution function
F, v is a positive parameter. In particular case v = 1 this model fits well as the tire
wear model [29].

The degradation process under covariate x is

Z(tlx) = Z(f(t,x, B)) = (f(t,2,5)/A)". (3.54)

Even in the case v = 1 it is not necessary linear.

Suppose that n units are on test. The ¢th unit is tested under explanatory variable
@, Denote by T}, V; the failure times and the failure modes, respectively. Suppose
that the degradation values Z) at the moments T, are observed. So the data has
the form

(T, Vi, Z9 2Dy, i=1,.. n. (3.55)

The covariates () are observed until the moments X;.
Taking into account that the random variables

InA; =vf(T;,z?,3) —Inz®

are independent identically distributed with the mean, say m, which does not de-
pend on 3 and v, so these parameters are estimated by the method of least squares,
minimizing the sum

n

Z(l/ln f(T, 2D, 3) —In 2D —m)?,

i=1

which gives the system of equations

n Z Jo t20ef @ ulyn f(T;, 20, 8) — In 2]
- F(T;,20, 3)
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2@ BT @) gy,

_Zf F(T;, 20, B) > n f(T5,29,8) - In Z29] =0,

J=1

nZlnfﬂ,x B)vln f(T;, 29, 3) — In Z29]—

- Zlnf T;, 29, ) Z[Vlnf(Tj, 2@, B) —InZV] = 0.

7j=1
If 2 are constant then this system is:

n

nz DTz vIn T, —In Z29] — ZﬂTq:(i) Z[VﬁTa:(i) +vInT,—InZ9] =0,
i=1

j=1

n

an w72 ® +vinT; — an(i)]—Zx(i)ZuﬂT +vInT, —InZ9] = 0.
=1 =1

Denote by ﬂ and 7 the obtained estimator.
The predictors of Z;(t) are defined as

o oy (S 5) ' 0
Zz(t)_(f(T“x @) 700, (3.56)

Note that Z;(T}) = Z®. If () are constant over time then
7 t\ Lo

3.2.6 Modified loglikelihood

The modified loglikelihood function for the parameters [y, Br, . and 7, from the
data (3.25) (and (3.55)) is obtained modifying the loglikelihood function (3.27): the
stochastic processes Z; are replaced by their predictors Z; in (3.27) (in the case of
the data (3.55) take X; = Tj):

f:ZZm k}ln[ﬁkx YOO (Zy( X))+

T () (X,
o+ A (F(X, 20, B )| -

S Xz' B ] . )
—Z( / eﬁfz(”(")%“(z@-(u);nk)du—H“f)(f(Xz-,a:“%ﬁk);w). (3.58)
k=1 0

If covariants are absent then

I= Z Z Liv,=x} In [A(k)(zi(Xi); me) + (X 7%)] —

1=1 k=1
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- ; (/OX A (Zi(w); i) du — HO (X5 %)) , (3.59)

where the predictors Z; are defined replacing f (u, 3,2%) by u in all formulas.

The loglikelihood (3.25) function can be modified and to the case when the two
functions A*) (or the functions H®), but not both) are completely unknown. In the
case of linear path models such modifications and properties of estimators are given
in Bagdonavicius et al ([8]).

Investigating the case of other degradation models is a subject for separate work.

3.3 Estimation of reliability characteristics

Let us consider estimation of reliability characteristics (3.12)-(3.22) when the mean
degradation m(t) is of parametric form. Set

Zi(tle) = Zi(g(f (¢, B,2),2, 3)), (3.60)
where Z(t) are the predictors of the discreetly observed processes Zi(t|z®), i =
1,...,n. We considered construction of the predictors Z;(t) in the previous section.

In particular case when x, (") are constant over time
Zi(t|z) = Z;(ePe== ). (3.61)

The predictor of the non-traumatic failure of the ¢th unit under the covariate x is

TO () = inf{t : Zi(t|zx) > 2} (3.62)

7

The formulas (3.12)-(3.16) imply the following estimators:
1) The estimator of the survival function of the failure time under the covariate
x:

S(tlz) = 21{2 (t12) <20} HS( (t |, 7Z) (3.63)
where
A~ A~ t :T A~ A~
0
(3.64)

2) The estimator of the mean failure time under the covariate x:

T(O)(x

Z / HS(’“ (t |z, Z)d (3.65)

3) The estimator of the probability that under the covariate x the non-traumatic
failure is observed in the interval [0, ¢]:

PO(t|z) = - Z (Bt} >20) st z) | @, Z). (3.66)
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4) The estimator of the probability that under the covariate x a traumatic failure is
observed in the interval [0, ¢]:

P (¢|2) —1--2H5k>tm x) |z, Zy). (3.67)

=1 k=1

5) The estimator of the probability that under the covariate x the traumatic failure
of the kth mode, k = 1,...,s, is observed in the interval [0, t]:

AT ( (@) |

PW®(t]z) = Z / HS s|a, Z) A (s | x, Z;) ds. (3.68)

The estimators of survival characteristics of units with eliminated failure modes are
obtained taking [, ; instead of [];_, in the formulas (3.63)-(3.68).

90



Conclusions

In the thesis, the following results which analysed formulated at the beginning aims
are gained:

1. Mathematical definition of stand-by unit fluent switching from ”warm” to ”hot”
conditions is formulated;

2. Tests for general "fluent switching hypothesis” formulated using Sedyakin’s "re-
liability principle” and for particular fluent switching hypothesis formulated using
accelerated failure time model are constructed; Asymptotic properties of the test
statistics are investigated;

3. Parametric and nonparametric estimators of the cumulative distribution func-
tion of redundant system using reliability data of components tested under different
stresses are constructed;

4. Asymptotic properties of the parametric and nonparametric estimators are inves-
tigated;

5. Asymptotic confidence intervals for cumulative distribution function of redundant
system are constructed. Finite sample properties of the parametric and nonparamet-
ric estimators are investigated by simulation;

6. General simultaneous failure time and degradation regression data models are
formulated. Maximum likelihood method for estimation of failure process and degra-
dation process parameters using simultaneous degradation and multi-mode failure
time regression data using predictors of degradation processes is modified;

7. The structure of modified likelihood function when the degradation process is
modelled by time scaled gamma process, path processes, shock processes with the
number of shocks modelled by non-homogenous Poisson process is investigated.
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Appendix A

Delta method

Theorem A.0.1 Let {a,} be a sequence of real numbers, g = (g1, ..., 9,) : R®> — R4
be a differentiable vector-function, and

) = | 22

[laxp

J
be the Jacobi matrix of partial derivatives of coordinate functions g;. If
an(X™ — ) 2 Z as a,—oo on RP,

then R
an(g(X™) — g(x)) = Jy(x)Z as a, — . (A.1)

Theorem A.0.2 Suppose that
1) {X7 € D[0,7]} and {X} € D[0, 7]} are sequences of catlag stochastic processes,
the second being of bounded variation and bounded by a positive constant M ;

2) X1, Xs € D|0, ] are cadlag stochastic processes of bounded variation the second
being bounded by M such that

(an(X] = X1), a0 (X — Xa)) 2 (Z1, Zs),

on D|0, 7] x D|0,T]; here Z1, Zy € D[0,7]. Then

i /Xl"ng—/deXQ 2 /ZldX2+/X1dZQ (A.2)
0 0 0 0

on D|0,7]. If Z3 is not of bounded variation then the last integral is defined by

t

0
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Theorem A.0.3 Suppose that
1) x € DI[0,7] is a nondecreasing function, differentiable at the point

v (p) = inf{t : x(t) > p} € (0,7),

where p € R is a fized number.
2) {X™ € D[0, 7]} is a sequence of nondecreasing stochastic processes such that

a, (X" — ) 2z
on DI[0,7]; here Z € D[0,7] is a nondecreasing process, continuous at the point

= (p).
Then

an (X" p) — 27 (p) > — (A.3)

Theorem A.0.4 Suppose that

1) x is a continuously differentiable function on [0, T];

2) ¢ = ¢(t,0) : Ax B.(6h) — R, B.(6y) C R°, A = [0,79] or (0,79), is a
continuous non-increasing in t function such that 0 < p(t,6y) < 7 fort € A;

8) {X™ € DI[0,7]} is a sequence of stochastic processes such that

V(X" —z) 2 7z

on D|0, 7], where Z is a continuous on [0, 7| stochastic process;
4) {0™Y is a sequence of random variables such that

V™ —g,) 2y
Then

V(X" (p( 057)) — 2(9(-, 00)) 2 Z(p(-,00)) + 2" (0(-, 00))h (-, 6y)Y

on D(A).
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