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Introduction

History of the problem and main results

In mathematics, analytic number theory is a branch of number theory that uses methods from
mathematical analysis to solve problems that concern the integers. It is often said to have begun
with Dirichlet’s introduction of Dirichlet L-functions. Let s = o +it be a complex variable, then

Dirichlet L-functions are defined by

- (0 >1),

n=1

where x(n) is a Dirichlet character - a completely multiplicative function that obtains values
from a unit circle. Dirichlet L-functions were used to give the first proof of Dirichlet’s theorem

on arithmetic progressions.

Theorem (Dirichlet’s theorem, 1837). Let a and q be positive co-prime (i.e. (a,q)=1) integers.
Then arithmetic progression
a+qn, n=0,1,2,...

contains infinitely many prime numbers.

Analytic number theory can be divided into two main branches. The first branch is additive
number theory that mainly uses Hardy-Littlewood circle and sieve methods. Best known con-
jecture from the field is the Goldbach conjecture that was proposed in the middle of the 18th
century - every even integer grater than two can be written as a sum of two prime numbers.

The second branch of analytic number theory is multiplicative number theory. The key result

in the field is the prime number theorem. Recall prime-counting function

m(x) = #{plp — prime, p <} =Y 1.

p<z

Theorem (prime number theorem, 1896).

lim (@) =
z—oo x/logx

where logxr = Inz.

In this thesis we denote Inx by logz. The above result first time was published in 1896
(independently) by J. Hadamard and C. J. de la Vallee Poussin.
The prime number theorem is strongly connected with the Riemann zeta function. In 1859

B. Riemann published a paper that showed a connection between prime numbers and the zeros



of the Riemann zeta function. The Riemann zeta function is defined by the Dirichlet series

SOED SESNRCES))

Moreover the Riemann zeta function can be expressed as the Euler product

(=TI (1—1)_1 (0> 1) 1)

pS
P—prime

The Euler product gives that ((s) # 0, for 0 > 1. The Riemann zeta function by analytic
continuation can be extended elsewhere in the complex plane except for a simple pole at s = 1.

It satisfies the functional equation
C(s) = A(s)¢(1 - 9), where  A(s) 1= 2°7°7'T(1 — s) sin(Z2). (2)

The zeros that appear from the factor A(s) are called the trivial zeros (A(s) = 0 if and only if
s = —2n, for n=1,2,...). From the Euler product (1) and the functional equation (2) we can
deduce that the non trivial zeros (we denote them as p = 8 4 éy) must lie in the critical strip,
0 <o <1. Theline o = % is called the critical line and the Riemann hypothesis states that all
non-trivial zeros lie on the critical line. If the Riemann hypothesis is true then the error term

of the asymptotic formula of 7(z) is the best possible.

Figure 1: Curve t — ((3 + it), where ¢ varies from 0 to 50.

In Figure we see that the first non-trivial zeros of the Riemann zeta function lie on the
critical line. At the moment it is known that the first 1022 + 10* non-trivial zeros lie on the
critical line.

Next we will introduce some problems that concern the Riemann zeta function and Dirichlet

L-functions and are related to the main results of the thesis.



The Riemann zeta function

Continuous moments
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Figure 2: When power of the function increases we see where the Riemann zeta function obtains large
values.

There are many unsolved problems related to the Riemann zeta function. One of them is

the bounds for continuous moments

1(T) = /:‘C(;—Ht)rkdt.

(See Figure 2 (a) plot of [¢(1 +it)| and (b) plot of [¢(3 + it)|*) Currently only two asymptotic
formulas for Ij(T') are known, k = 1 and k = 2. In 1918 Hardy and Littlewood [23] proved the
case k =1 and in 1928 Ingham [27] published the case k = 2.

On the other hand some of expected order lower and upper bounds are known for (7). In

1978 Ramachandra [41] under the Riemann hypothesis for any non negative real k showed
I(T) > T(log T)*".

In 1981 Heath-Brown [25] proved the above result unconditionally for any non-negative rational
k.

Conditional upper bounds were recently obtained by Soundararajan [44]. He showed that

10



under the Riemann Hypothesis for any non negative real k holds
I(T) < T(log T)¥ e, (3)

where € is a fixed positive quantity. Further in this thesis by € we denote a fixed positive quantity.

The upper bounds are connected with a well known hypothesis from the field that is called
the Lindeldf hypothesis. The Lindeldf hypothesis states that [((§ + it)] < t°, t > 1. The
hypothesis is equivalent to the statement Iy (T) < T1+¢. It is obviously that from the Riemann
hypothesis we can deduce the Lindeldf hypothesis.

Discrete moments
1
35 ‘§[1,7+1t]’

2.5

0.5

RELEEASY)

0.5

(b)
Figure 3: (a) Plot of an absolute value of the derivative of the Riemann zeta function. Black dots
indicate values obtained by the function at non-trivial zeros of the Riemann zeta function. In plot we

denote ¢(1, 3 4+ It) = ¢'(5 4+ It). (b) Plot of an absolute value of the Riemann zeta function. Black dots
indicate relative extremas.

Let p = B + iy be a non-trivial zero of the Riemann zeta function. The discrete moments

ST = Y I¢(p)*

o<~y<T

are considered as an important problem and only conditional (under the assumption of the

11



Riemann hypothesis) results are known (see Figure 3 (a)). In 1984 (I was born that year)
Gonek [19] under the Riemann hypothesis proved an asymptotic formula for Si(T"), when k = 1.
On the other hand Ng and Milinovich [34] under the Riemann Hypothesis for any positive

integer k recently found the expected order lower bounds
SK(T) > T(log T)* T2k+1,
Milinovich [35] under the Riemann hypothesis for any positive integer k& found upper bounds
Sk(T) < T(log T)k2+2k+1+e’

Many authors investigated the following discrete moments. Let v and v+ denote consecutive
ordinates of the non-trivial zeros of the Riemann zeta function. Moments of the Riemann zeta

function at its relative extrema on the critical line are defined by

¢ (; + iT,y>

(see Figure 3 (b)). In 1985 Conrey and Ghosh [6] under the Riemann hypothesis for k = 1

obtained an asymptotic formula

2k

M(T) = Z VSIEwaSXW

0<y<T

62 - 5 T
-— 1() T 2.

My(T) ~
Recently Milinovich [36] under the Riemann hypothesis for all positive integers & found
T(log T)F*H1=¢ <« M,(T) < T(log T)* T+,

Extreme values
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Figure 4: Curve t — ((3 +it), where ¢ varies from 0 to 50. The radius of the circle is 2 and the thick
black line has 45° angle with the real axis.
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Concerning the growth of the Riemann zeta function on the critical line recently Soundarara-
jan [43] showed that

logT
1 .
ter[nTaé{T] |¢(5 +it)| > exp ((1 +o(1))4/ 10g10gT> as T — oo.

This result states that if we draw a circle with the center at the origin and the radius equal to
Cexp( mlgol%)’ here C' is a fixed positive constant, we will find at least one point out of the
circle and that point belongs to the curve (see Figure 4). However this result as well as all other

-estimates for the Riemann zeta function can not localize the extreme values.

Density

(a) (b)

Figure 5: Curves t — ((3 +it) (a) and ¢ — ((2 +it) (b), where ¢ varies from 0 to 50.

In 1914 Bohr and Courant [2] showed that values of the Riemann zeta function on the
vertical line, which lie in the critical strip 1 < Res < 1, are dense in C (see Figure 5 (b)). Under
the Riemann hypothesis Garunkstis and Steuding [17] showed that values of the Riemann zeta
function on the vertical line which lie in the half-plane Res < % are not dense in C (see Figure
5 (a)). The question whether the values of the Riemann zeta function on the critical line are

dense is open (see Figure 1).

Main results obtained for the Riemann zeta function

In Figure 6 we see that the real part of the curve ¢ — C(% + it) has a tendency to be positive.
That was noticed by H. M. Edwards. In his monograph [12] he writes "...the real part of ((s)
has a strong tendency to be positive.” ( page 121). The critical line - that separates a curve
t+ ((o+it), 3 <o <1 that is dense in C from a curve t — (o + it), 0 < % that is not dense
in C (under the Riemann hypothesis) - is very mysterious. It is not known whether the curve
t+ ((%+1it) is dense in C. Our main result (Corollary 1.5.1) states that the curve ¢ — (($ +it)
expand to all directions in the complex plane, i.e. if we draw a circle on the complex plane
with the center at the origin and we draw a half-line that starts at the center then the curve

t > ((% +it) intersect with the half-line outside the circle infinitely many times (see Figure 4).

13



Figure 6: Curve ¢ — ((4 +it), where t varies from 0 to 50: (a) black thick dots are generalized Gram’s
points ¢,(0) and (b) black thick dots are generalized Gram’s point ¢, (2m).

As a separate case of our result we can state the Riemann zeta function obtains infinitely many
negative values and they are unbounded. Later we will formulate Corollary (1.5.1).

Recall the functional equation for the Riemann zeta function,
C(s) = A(s)¢(1 —9), where A(s) := 2°7°7IT(1 — ) sin(Z2). (4)

It follows immediately that A(s)A(1 — s) = 1, hence A(3 + it) lies on the unit circle for real t.
Given an angle ¢ € [0, ), denote by ¢, (¢) with n € N the positive roots of the equation

21 — A(% +it)

in ascending order. These roots (we call them Generalized Gram’s points, see Figure 6 (a) ¢,(0)
and (b) ¢,,(27)) correspond to intersections of the curve t — ((3 + it) with straight lines e’’R
through the origin. Of special interest are intersections with the real line; in this case ¢ = 0 and
the roots are called Gram’s points (see Figure 6 (a)), after Gram [22] who observed that the
first of those roots separate consecutive zeta zeros on the critical line. The observation is called
Gram’s Law. It was shown by Titchmarsh [47] that Gram’s law is violated infinitely often.

Now recall that e=**((3 + it,(¢)) is real. Hence, we may write ¢} (¢) in place of t,(¢) if
e (% +itn(¢)) = 0and t,, () if e **((3 +it,(¢)) < O (see Figure 7). Now we state the main
result of the thesis.

Corollary (1.5.1). For any ¢ € [0,7), there are arbitrary large positive and negative values of
e (% + ity (). More precisely,

max ‘C(% —&-it%((é))‘ > (logT)g.
0<ti (¢)<T

If the Riemann hypothesis is assumed then for any arbitrary small 6 > 0 we have

. 3_
max (4 +itE(9))] > (logT)3 %,
0<tn (9)<T

The corollary emerges from a combination of theorems concerning lower, upper bounds and

asymptotic formula for the third moment. The approach was introduced by Kalpokas, Korolev

14



Figure 7: Curve t — ((3 + it), where ¢ varies from 0 to 50: (a) black thick dots are values
at generalized Gram’s points ¢, (27) and (b) black thick dots are values at generalized Gram’s
points ¢, (27).

and Steuding [32].
Next we formulate a corollary that gives more information about extreme values (check

Figure 4)

Corollary (1.5.2). Let ¢ # 5 and ¢ € [0, ), then

1 logT
14y - 1 —0 |
0<£1(?b)){ST ‘C(z +ltn(¢))’ > exp ((2 +of )) loglogT>

All the theorems that are stated in Chapter 1 are necessary to prove the Corollaries (1.5.1)
and (1.5.2).

The first theorem considers the number of generalized Gram’s points in the interval (0,T].
Theorem (1.2.1). Uniformly for ¢ € [0,7), as T — oo,
T T
1=—1log— logT).
Z 27 Og27re+0(0g )
0<tn(¢)<T

Next we prove asymptotic formulas for the first, the absolute second and the third moments.
We use a contour integration with Cauchy’s theorem along with a saddle point technique. To
obtain simple poles with residues equal to one at generalized Gram’s points we use an idea
introduced by Kalpokas and Steuding [31].

Theorem (1.2.2). Uniformly for ¢ € [0,7), as T — oo,

) T T 1
Z C(3+it) :2el¢cos¢%log2—ﬂ_e+0(T§+e> , (5)
0<tn(¢)<T
and
2
1 . 2 . T T T T
Z IC(5+it)|]” = o <log 27T€> + (2¢+ 2cos(2¢))% log v
0<tn(o)<T
T 1
- T*+€>
5 +0 (T8, (6)

15



where ¢ := limNﬁoo(% 25:1 % —log N) = 0.577... is the Euler-Mascheroni constant.

Theorem (1.2.3). Uniformly for ¢ € [0,7), as T — oo,

%: (¢ (3 +it)”

) T T T T
= 2¢'¢ —P5 | log — 20 __log — 4+ O (T
c COS¢)27T 3<0g2ﬂ>+e o 8 27reJr (),

where P3(logT) is a suitable polynomial of degree 3.

Further we investigate sums of the absolute values of the Riemann zeta function (and its
derivatives) over the generalized Gram’s points. The following theorem concerns the lower
bounds. The idea is introduced by Rudnick and Soundararajan [42]. To adopt it we use the
approach introduced by Kalpokas and Steuding [31] and later we use the generalized divisor
function used by Heath-Brown [25].

Theorem (1.3.7). For any rational k > 1 and any non-negative integer I, uniformly for ¢ €

[0,7), as T — oo,
(1 2k k242ki4+1
S [ G +it@)] > TaogT) .

0<tn(o)<T

Next we investigate the upper bounds. The main approach is introduced by Soundararajan
[44] and a discrete case is developed by Milinovich [35].

Theorem (1.4.1). Assume the Riemann Hypothesis. For any non-negative integers k and I,

uniformly for ¢ € [0,7), as T — oo

2%k )
‘ Chote T(logT)k +2kl+14e

S [ G +itao)

0<tn ()T

Unconditionally for any non-negative real k, uniformly for ¢ € [0,7), as T — o0

S ¢ (A ita(d) [ <he Tlog T)F 41,
0<tn(¢)<T

The last three corollaries shows the connection between discrete and continuous moments.
The idea was introduced by Christ and Kalpokas [4, 5].

Corollary (1.5.4). AsT — oo

/T ¢ (% +it)do@)) _T log I +0 (T%+6) ,
0 e

2 2
T 2
L)l —z —T Z 7T Z Ite
[l aoe =% (g ) +2eprog o+ Do (2he).

T
Lia)? e T 3+
/0 C(3+i0) (1) =5 log 5 +0 (T3+°),
where 0(t) is defined in formula (1.7).

Using Corollary (1.5.4) we can obtain known lower and upper bounds for continuous moments

(see Figure 2).

16



Corollary (1.5.5). For any rational k > 1 and any non-negative integer l, as T — oo,
T 2k 9
/ ‘c(” (3 —H’t)‘ > T(log T)F +2.
1

Corollary (1.5.6). Assume the Riemann Hypothesis.

For any non-negative real k, uniformly for ¢ € [0,7), as T — oo,

T
/ ¢ (3 +it)]** < T(log T)*" .
1

For any non-negative integer k and any positive integer I, uniformly for ¢ € [0,7), as T — oo,
T 2k R
/ ‘c(” (3 —H't)’ < T(log T)* +2kl+e,
1

Dirichlet L-functions

The Dirichlet L-functions are the generalizations of the Riemann zeta function. It is conjectured
that different primitive Dirichlet L-functions have no common nontrivial zeros (see Fujii [15,
Conjecture 3], Perelli [38]). Towards this hypothesis Fujii [13] unconditionally obtained, that if
x1 and x2 are different primitive characters to the same modulus ¢, then the positive proportion
of zeros of L(s,x1) and L(s, x2) are non-coincident. Here a zero p is called a coincident zero
of L(s,x1) and L(s,x2) if L(p,x1) = L(p, x2) = 0 with the same multiplicity. Assuming the
Riemann Hypothesis for ((s) Conrey, Ghosh, and Gonek [8] proved that at most two-thirds of
zeros of ((s) are also zeros of L(s,x), where x is a non-principle character. Conrey, Ghosh,
and Gonek [8] also note that their method allows to show (under the Generalized Riemann
Hypothesis (GRH)) that any two Dirichlet L-functions with non-equivalent characters have at

most two-thirds of zeros in common. For related results see also Raghunathan [40].

Main results obtained for Dirichlet L-functions

Let s = o + it denote a complex variable. The Dirichlet L-function is defined by

L(57X) = Z X;:) (U > 1),
n=1

where x(n) is a Dirichlet character modulo ¢g. For xy mod 1 we get the Riemann zeta function
L(s,x) = ((s). The Generalized Riemann Hypothesis (GRH) states that inside the critical strip
0 < o < 1 every Dirichlet L-function has zeros only on the critical line o = % Zeros in the
critical strip are called non-trivial and we denote them by p, = 8y +iv,. A Dirichlet character
x mod q is said to be primitive if it is not induced by any other character of modulus strictly less
than ¢q. The unique principal character modulo ¢ is denoted by xo. The character xg mod 1 is
the only one principal and primitive character. For a Dirichlet character x mod ¢ the associated
Gauss sum is defined by

Gn,x) = Eq: x(a) exp (zm‘“") .

a=1 q

If n =1 we denote 7(x) = G(1, x). For a primitive character xy mod ¢ we have |7(x)| = /g and
for the principal character xo we have 7(xo) = p(q), where u(q) is the Mobius function.

To prove the following theorem we use a contour integration with Cauchy’s theorem along

17



with a saddle point technique.

Theorem (2.2.1). Let A and B be positive constants. Let 1) mod @ and x mod ¢ be primitive
Dirichlet characters and x # . Then, uniformly for Q < logA T and q < log? T, we have
Q) T

— T T T T
Z L(px, V) L(1 = py, ¥) :TglogQ By + a5 log% + a2
0<yy T

1-—5—
+ O (T 1034+5T> )

where real constants a1, as depend only on q, @, and are defined by the formula (2.40) below.
If we assume GRH then the left-hand side of the last equality can be replaced by

0<yx <T

and the error term can be replaced by O(q* QT2 7= + qQ2 T + (QT)2+) uniformly for all
Q and q.

Next we investigate the first moments.

Theorem (2.3.1). Let A and B be positive constants. Let ¢ mod Q and x mod g be primitive
Dirichlet characters and x # . Then, uniformly for Q < logA T and q < log? T, we have

T(X¢o) T

> o) =5 1o 34— 0 QLI (1)) T

2T 2me
0<yx <T

!

L T 1_.
+ f(l,wx)% + O (Texp(—clog T)) ,

where §(q,Q) = 1 if ¢|Q, §(q,Q) = 0 otherwise, g is the principal Dirichlet character modQ
and c is a positive absolute constant.

Under GRH the error term can be replaced by O ((TQ)1/2+5q5), which is valid uniformly for
all Q) and q.

To deduce the following corollary we use Holder’s inequality.

Corollary (2.4.1). Assume GRH. Let A be any positive real number. Let ¥ mod @ and x mod ¢
be primitive Dirichlet characters and x # . Then, uniformly for ¢ < (logT)4 and Q <
(logT)?~¢, we have

Q
1> -7
2, 7

L(1/247, )70

Actuality

In the thesis we present new results from the theory of the Riemann zeta and Dirichlet L-
functions. We introduce a new kind of discrete moments for the Riemann zeta function, we
show that the curve ¢ (% + it), t > 0 expands to all directions on the complex and we present
a method how to localize extreme values on the critical line. For the moments of Dirichlet
L-functions we find asymptotic formulas. Those formulas give an insight about the distribution

of the zeros of the Dirichlet L-functions.

18



Aims and problems

Discrete moments of the Riemann zeta function on the critical line

The first aim of the thesis is to investigate value distribution of the Riemann zeta function on the
critical line. The approach is to investigate discrete moments that emerges from the intersection
points between a straight line crossing the origin and the curve of the Riemann zeta function

on the critical line (see Figure 6)

T8 = Y <<;+naw)k

0<tn(¢)<T

0 (5 +ital9))

and
2k

Sea(T,¢) = Y

0<tn(¢)<T

We search solutions for the following problems
1. Asymptotic formulas for So(T, ¢), S1(T,®), S2(T, ¢), S3(T, ¢) and S1 (T, ¢).

2. Unconditional lower bounds for Sy ;(T, ¢), where k > 1 is a rational number and [ is a non

negative integer.
3. Conditional upper bounds for Sy o(7', ¢), where k is a non negative real number.

4. Conditional upper bounds for Sy ;(T, ¢), where k and [ are positive integers.

Sums of Dirichlet L-function over non-trivial zeros of another Dirichlet

L-function

The second aim of the thesis is to investigate sums of Dirichlet L-function over non-trivial zeros
of another Dirichlet L-function. We search solutions for the problems that concerns asymptotic

formulas for the following sums

Z L(pX’¢)’ Z L(PxW)L(l—vaa)

0<yx =T 0<yx <T

Methods

We use recent methods introduced by Rudznik and Soundararajan [42], Soundararajan [43, 44]
and well known methods introduced by Conrey, Gosh and Gonek [7, 8, 9, 10]. Also, elements
of the theory of analytic functions (contour integration, residue theory, approximation theory,
moment estimates) are used. Several new approaches are introduced by the author and his
collaborators [31, 32].

Novelty

All results of the thesis are new.
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Statements presented for the defense

Main statements
o The curve ((§ + it), t > 0 expands to all directions on the complex plane.

o We localize extreme values of the Riemann zeta function on the critical line

logT
1 .
ter%szg(T] |C(% +it)| > exp <(1 +o(1))y/ loglogT) as T — oo.

e We present a method that show how to transfer discrete moments to continuous moments.

Recall the discrete moments

2k

k
STo= 5 ((yrim@) wd sume- ¥

0<tn (¢)<T 0<tn(¢)<T

0 (5 +ita(0))

We present additional statements necessary to prove the main statements. We found:
1. asymptotic formulas for So(T, ¢), S1(T, ¢), S2(T, ¢), S3(T, ¢) and S1,0(T, @),

2. unconditional lower bounds for S (T, ¢), where k > 1 is a rational number and ! is a non

negative integer,
3. conditional upper bounds for Sy o(7, ¢), where k is a non negative real number,
4. conditional upper bounds for Sy ;(7T, ¢), where k and [ are positive integers,

5. asymptotic formulas for

Z L(vaw)v Z L(pXVL/})L(l_p)ﬁ@)‘

0<yy <T 0<yx <T
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Chapter 1

Discrete moments of the Riemann

zeta function on the critical line

Let s = 0 + it denote a complex variable. The Riemann zeta function is defined by

()=~ (o>1)

We investigate the value-distribution of the Riemann zeta function ((s) on the critical line

s = % + ¢R. Recall the functional equation for the zeta function,

C(s) = A(s)¢(1 —s), where  A(s) 1= 2°7°7'T(1 — s) sin(Z2). (1.1)

It follows immediately that A(s)A(1 — s) = 1, hence A(3 + it) lies on the unit circle for real t.
Given an angle ¢ € [0, ), denote by ¢, (¢) with n € N the positive roots of the equation

el — A(% +it)

in ascending order. These roots correspond to intersections of the curve ¢t — ( (% + it) with
straight lines €!?R through the origin (see Kalpokas and Steuding [31]).
Recall the function A(s) defined in (1.1). It is well-known that

1t

2W)Q__'exp<z'<t+z>><1+o<|t1>> for [f>1 (1)

Ao+it) = (

uniformly for any o from a bounded interval. Hence,

1 —e e —2i¢ o~ —2kis k
AG) B0~ T_e20A(s) . © 1*;6 Als) (13)

for o > % Obviously, A(% -+ it) is a complex number from the unit circle for ¢ € R. Moreover,

A’(% +it) is non-vansishing for sufficiently large ¢ as follows from the asymptotic formula

!/
, 12l -1
= — > . .
(o +1it) log o +O(Jt ) for |t >1 (1.4)
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By (1.1) and (1.2) we can write
AL +it) = 7200 (1.5)

where

0(t) = Tm log (r (i + z;» - %logﬂ. (1.6)

Using Stirling’s formula for ¢ > 1 we get
t t T =
0(t) = zlog— — = — 1.7
()= tlog s =+ %, (17)

where the coefficients aj can be computed explicitly!. The function 6(¢) is differentiable and

according to (1.7)
t —2
0'(t) = L log 5o+t 141072 (1.8)
holds for ¢ > 1. Hence,

t t
Llog— < 0'(¢ Log — +1.
20g27re< (><20g27re+

This implies that 6(t) is monotonously increasing for ¢ large enough.
Due to (1.5), the solutions of A($ +it) — e’ = 0 correspond to the solutions of

6(t) =¢ mod 7.

Next we introduce certain Dirichlet polynomials

X(s)=Y %" Yis)= > ilm (1.9)

n<X m<Y

where X, Y < T. Moreover, we define the following quantities

T
onmax|xn|, y():max |ym|7 Xl — E | n|’ yl — E |y’rn|.
s msY n<X n mY m
= X

and we set

f'n/
Xi(s)= ) o Y= Y,

n<X mY

The following estimate will be used during the proofs

|t|z—ote, if 0 <0,
(Do +it) < { 30D+ fo<o <, (1.10)
[t]€, ifo>1.

It can be derived from the case [ = 0 (check [46]) by applying Cauchy’s estimate for the

derivatives of analytic functions to ((s) in a small disc centered at s = o + it.

1.1 Lemmas

We shall use a variation of Lemma 5.1 from Ng [37]:

le.g. a1 = 1/48, az = 0, a3 = 7/5760,
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Lemma 1.1.1. Suppose the series f(s) = > .o—, a,n™* converges absolutely for Res > 1 and

Yool lalan™ < (0 —1)77 for some v > 0 as 0 — 1+ 0. Next, let X(s) and Y(s) be
Dirichlet polynomials as defined in (1.9). Then, uniformly for a € (1,2] and for any a € C with
Rea| < a—1,

1 et A'(s)
= Y(1- [ d
J omi ). fs+a)X(s+a)Y(1—-s+a) Als) s
T T QT Ymn yae—Rea(log T)2 X5 ),
= —— (log — —— 10 )
27 ( ©8 27re> W;X (mmn)1+2Rea * ( (a + Rea — 1)7+1
mn\<Y

where the implicit constant is absolute.

Proof. Changing the order of summation and the integration, we get

b % apmye 1 [T A . E\Y
= — — | — | dt.
J Z Z (mn)a+re k21 ), (a +it) mn

n=1m<X, k<Y

Next, the contribution of O - term from (1.4) to J does not exceed in order

o0

Ya—Rea (lOg T)QXOyO

|| 1 —Rea—1
Py loo T Lo Rea
OyO( og ); na+Rea n;( ma+Reo¢ kg; < (a + Rea — 1)"/+1

Extracting the diagonal term (when k = mn) in the above expression for J, we get

nLmYmn Ya—Real T QX
PO +O(J1)+O( (log T) 03;0)7

= mn)1+2Rea (a + Reax — 1)7+1
mn\gY
where
J _ i Z fo~ Re ‘anxmyk| | ‘
1 = (mn)a+Rea k Jk.mn
n=1m<X, kLY
mn#k
c- o
< yoe-Rea—ly 5 Z Z m |7k ,mnl
n=1m<X, k<Y
mn#k
with

- _/T og L) (Bt
e = 1 o )\ ) 2n

Integrating by parts shows for k # r that

T log(t/(2m kN
|.7k r| d n
2 log (k r

Setting r = mn, B, =3_, . |an| in the expression for Ji, we have

2 T| k|l
< —log —|log —
™ 21 r

—1
Jy < YRl (160 T X))y Z Z af;;w lo

k
g—

r
k<Y r=1

Recall that ((s) has a simple pole at s = 1. Thus, the contribution of the terms with r < k/2

26



and r > 3k/2 does not exceed in order

Yool (log T) Xp o - YE afﬂca
r=1
a—Rea EOO |a"| S 1
< Y X0y0<10g T) na+Rea Z ma+Rea
n=1 m=1

ya—Rea (log T) Xy Vo

<K .
(a + Rear — 1)7+1

For k/2 < r < 3k/2, r # k we set 7 = k + v; since |log(k/r)|~! < k|v|~!, the corresponding

part of J; can be estimated as follows:

Ya—Real(log T)XOyO Z Z Brtv ﬁ

a+Rea
e Gl

_ 1 Brtv
ye Rea loe T X, = _ MERrv
< ( 0og ) 0o Z |l/| Z (k I l/)a—i-Rea
o<lvl<y/2 ' 2u|<kgY
> 6k ya—Rea (log T)QXO.))O

YafRCOL 1 T 2X
< (log T)" X0 o 2 e € T Rea _ 1)

The lemma is proved.

Next lemma is a variation of Gonek’s lemma:

Lemma 1.1.2. Suppose the series f(s) = > - a,n™* converges absolutely in the half-plane
Res > 1, > |an|n™7 < (60— 1)77 for somey >0 as o — 1+ 0 and a,, < n° for any e > 0.
Then we have, for any fized integer m = 0 and ¢ > 1 uniformly for a € (1,2],

1 etiT A m
270 Jopic f(s)A(1 = s) (A(S)) ds
- 0 Y s+ 0 Eo oy 4 7).

n< gy

For the proof we refer to Lemma 5 from [19] (in the original paper the remainder term is not
uniform in a > 1).

We proceed with a modified version of Lemma 6 from [19].

Lemma 1.1.3. Let | be a non-negative integer and 1 < |t| < T. Then uniformly for o €

1 1
[——logT7 1+ 1OgT] we have

(1 =) = li( ) Al - s) <log ;)l_k+0(t31+6)-

Proof. Taking the [-th derivative of (1.1) according to Leibniz’s rule, we find that

l
cO@ Z( ) ) ()ATH (1 — g). (1.11)

k=0

Next we will show that

AP (1 —5)=A1—s) (— log ;ﬂ) ’ +O(t° 2 (logt)" ™). (1.12)
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holds uniformly for o from a bounded interval, |t| > 1 and v a non-negative integer.
To prove (1.12) we use induction. The case v = 0 is true. Now suppose the equality (1.12)
is proved for v =0, ..., u — 1. We differentiate the identity

A1 —s5)=A(1- s)%/(l —5)

and obtain ) ( :
K= —v—1
_1 A/ 2
AW (1 —5) = P ama s (2 1-s).
1-9=3% (" a9 (5 (1)
By (1.4) and Cauchy’s estimate for the derivatives of an analytic function applied to a small

disc centered at s, we find that

A/ (v)
(A) (1—s) < [t|™', forv>1.
Now this, (1.2) and (1.4) yield the proof of (1.12). The combination of (1.10), (1.11) and (1.12)
finishes the proof of the Lemma. O

1.2 Asymptotic formulas

1.2.1 Number of intersection points

In this section we find the asymptotic formula for the number of intersection point between the

straight line crossing the origin and the curve of the Riemann zeta function.

Theorem 1.2.1. Uniformly for ¢ € [0,7), as T — oo,

T T
E 1= —log — logT).
2m ©8 2me +O(logT)
0<tn($)<T

Proof. Recall that A(3+it) is a complex number from the unit circle whenever ¢ € R. Moreover,
A’ (% -+ it) is non-vansishing, which follows from the asymptotic formula (1.4). Consequently,
A(% + it) is spinning on the unit circle around the origin in clockwise direction with increasing
speed as t — oo. Moreover, it follows that there exists no proper real interval Z such that
¢ (% +it) lies on a straight line e’*R for all ¢+ € Z. For the first, lets assume that

A(F+iT) =A%) =1 (1.13)
Then the number of roots of the equation A(% +it) = €2*® with 0 < t < T is up to the sign

equal to the winding number of the curve
n:[0,1] = C, X q(X) = A(S+iNT).

This yields
3 1 fds T ['A

= — [ S +iam)dx
omi ), s " an )y Atz P

0<tn(¢)<T

In order to use (1.4) we divide the integration interval into two subintervals. Noting that there
are only finitely many roots of A(% +it) — €2 for 0 < t < 1, we find for the term with the

28



integral on the right-hand side above

T /1/T /1 A/ 1 )
— + — (5 +iAT)dA
27'('{ 0 1/T A (2 )

=0(1) + L /11 <log /Q\—f + O((/\T)l)) dA.

2T /T

Hence, the asymptotic formula of Theorem 1.2.1 follows by integration; however, to get rid of
our assumption (1.13) on 7', by (1.4) we may substitute this by any T at the expense of an error
O(logT'). This proves Theorem 1.2.1.

O

1.2.2 First and second moments

The following theorem gives asymptotic formulas for the associated first and second discrete

moments

Theorem 1.2.2. Uniformly for ¢ € [0,7), as T — oo,

. T T 1
1 : — i$ - 5te€
g ¢ (3 +itn(9)) =2e"?cos 5 log 5o +0 (T2 ) , (1.14)
0<tn(p)<T
and
2
1, 2 T T T T
E |C (5 + ztn(¢))| = 5 (log 27re> + (2c+2 cos(2¢>))% log Ime
0<tn(¢)<T
T 1
- 3+
+27-(- +0 (Tz ) , (1.15)

where ¢ == limy_,o0 (% 22;1 L _log N) = 0.577... is the Euler-Mascheroni constant.

Proof of (1.14). We begin with the estimation
|¢(3 +it)| < TV/OF<.

It is a well-known bound from zeta function theory (see [28]). Note that it is sufficient to obtain
(1.2.2) for the sum over the segment ¢ < t,(¢) < T, where ¢ > 327 is a large absolute constant

(327 comes from the inequality 2(5-)72 < % that is used in the proof).
Next, without loss of generality we may set T' = 3(t,(¢) + ty11(¢)). Since the points

s = % +it,(¢) are the roots of the function A(s) — e*? and

oSGt = DY CE—ita(9)

c<tn ()T e<tn(¢)<T
the sum in question can be rewritten as a contour integral:
1 A'(s)
1 .
= — ity =— 1—8)———ds;
> =it = g [ (0= 8 g s
C<tn(¢)<T

here [J stands for the contour clockwise oriented rectangular contour with vertices a + ic, a +
iT, 1—a+iT, 1—a+ic, where a = 1+ (logT)~!. Let Z; and Z3 be integrals over right and left

sides of contour, and Z; and Z, be the integrals over the top and bottom edges of the contour.
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We may assume the constant c so large that the relations

|A(a +it)| = (27;)1/2_a(1 +0(t™h) < 2(2’;> o < %

hold for any t > c.

In view of (1.3) for Z; we have

T, — _—2i0 /GHT é/ —2kig k L —2idy . .
1= —e C(S)A(s) 1+Ze A(s)" | ds = —e (J1 + j2),

“+ic

where

+ic
_ arit él = —2k1¢A kd
J» () 3 ()Y e A (s) ds
a+tic k=1

Lemma 1.1.1 with X (s) =1, Y(s) = 1, applied to j1, leads to

, T T ;
o = —%logfm —|—O((10gT) )

Next, by standard arguments we obtain

T
logt dt 1
3 < — L T=te
7 /c(a—l)ﬁ

Hence

T T 1
—2 5+€
I =c¢c “bglog%—l—O(TfIr ).

Further, transforming the integral Z3 via s — 1 — 5 we find

— 1 fotiT A(1—s)ds
T = —— ,
3 i /a+ NN ——
1 a+iT / oo

= —— C(s) 5 (9) > eTHOA(s)Mds.
k=0

2mi a+ic

We notice that I3 = e?*?(j, + j3). Hence

I,= = (log ;;) +O((log T)°).

In order to estimate the integral Zs over the top and bottom edges we write

P = (A0 -9 50 57—
/ 62i¢
= ((1- s)A(s)%(s) (1 + W)

Since T = 3(t,(¢) + tu41(¢)) for some v, the inequality |A(s) — e??| > I from Paragraph

3.1.1 holds over the segment of integration. Using the bound [((o + it)| < t(=9)/3logt, for
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s=o0+iT, 1 <o <a (see [28]), we get

1

IF(s)| < (logT)|C()A(L — 8)| < (logT)T31 =773 « Tate,

we have

Inthecaselfagogé

IF(s)| < (logT)|C(1— s)A(s)] < (logT)T31 (=) 1og TT3~7 « T3t

Thus, Z, < Tz "¢, Finally, the bound Zy = O(1) is obvious.
To loose the condition 7' = $(t,(¢) + t,41(4)) we note the sum over the intersection points
over a bounded interval is bounded by <« Ts+¢ and is within agreement with the error term of

the asymptotic formula.
We showed

STt ita(@) = (1+e72%)

c<tn(¢)<T

Proof of (1.15). We begin with the estimation
(5 +it)| < TV/OFe

It is a well-known bound from zeta function theory (see [28]). Note that it is sufficient to obtain
(1.2.2) for the sum over the segment ¢ < t,(¢) < T, where ¢ > 327 is a large absolute constant
(327 comes from the inequality 2(%)*% < 1 that is used in the proof).

Next, without loss of generality we may set T = 1(t,(¢) + t,+1(¢)). Since the points
s = 3 + it (¢) are the roots of the function A(s) — e*% and

S KGHita@)P = D G+ ita(9)C(3 + itn(0))

c<tn($)T c<tn($)<T
the sum in question can be rewritten as a contour integral:
A'(s)
ity ————ds;
S e+ - / ¢ O
c<tn(#)<T

here [0 stands for the contour clockwise oriented rectangular contour with vertices a + ic, a +
iT, 1—a+iT, 1 —a+ic, where a = 1+ (logT)~!. Let Z; and Z3 be integrals over right and left
sides of contour, and Z, and Z4 be the integrals over the top and bottom edges of the contour.

We may assume the constant ¢ so large that the relations

|A(a +it)| = (;)1/2_a(1 +0(t™) < 2(2t>_1/2 < %

s m

hold for any t > c.
In view of (1.3) for Z; we have

a+iT /
I = % / ¢ (@i (s) (1 + Ze”’%( ) > ds = —e™*(j1 + o),

a+ic
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where

a+1T 12
ji— / ()2 (s)ds,

+ic A

T Ao 2kid k
jo = — TEMPA .
e[ e 2O LA e

Lemma 1.1.1 with X (s) =1, Y(s) = 1, applied to j;, leads to

Hence

Further, transforming the integral Z3 via s — 1 — s we find

— 1ot 5 A'(1—s)ds
IS _% e g(s) A(l - S)A(l — 8) — e—2i¢
1 a+iT A/ jee}
= —0— ((5)*A(1 - 5)

21 atic A

(s) Z e 2 A (s)*ds
k=0

—j1 — e 2 (ja + J3),

where

1 a+iT ) A/
1 =— A(l —s)—(s)d
himg L COPA T ()

1 a+iT QAI
1 2 ad
OO

1 a+iT 2A/ 0 okic X
i3 =—— — AN ds.
b =g [, SR AR

We notice that Z; = —e 2 (jy + j3) and I3 = j; + Z;. By Lemma 1.1.2 we find

T T 1
I3 = Z dy(n)logn + €*? — (log m) +0(T=7").

2w
n< L

—27

The sum on the right hand side can be handled using summation by parts, since by standard

bound for the Dirichlet divisor problem we have

Z da(n) =zlogz + (2¢ — 1)z + O(z3+).

n<z

Hence )
T T T T ,..T T 1
s = — | log — 2¢ — 2)— log —e?*? — [ log — T=1¢),
57 on (og 27r> + (2 )277 °8 27‘&'66 27 <0g 2776) +O( ’ )

To loose the condition T' =
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over a bounded interval is bounded by < T+ and is within agreement with the error term of
the asymptotic formula.

In order to estimate the integral Zs over the top and bottom edges we write

A’ 1
s) K(S) A(s) — e%i¢

/ 62i¢

Since T = §(t,(¢) + tu11(¢)) for some v, the inequality |A(s) — €*¢| > I from Paragraph

3.1.1 holds over the segment of integration. Using the bound |((o + it)| < t(1=9)/3logt, for
s=o0+iT, § <o <a (see [28]), we get

F(s) = (s)A01 -

|F(s)] < (logT)|C3(s)A(1 — )| < (log T)(T31~)2177% « Tote,

we have

Inthecasel—agoé%

IF(s)| < (logT)|¢3(1 — 8)A(s)] < (log T) (T30 -0V 10g T)?T377 « T3+

Thus, Z, < T=7¢. Finally, the bound Z, = O(1) is obvious.
To loose the condition 7' = 3(t,(¢) + t,41(¢)) we note the sum over the intersection points
over a bounded interval is bounded by < T5%¢ and is within agreement with the error term of

the asymptotic formula.
We showed

2
S G rita@)] = o ey ) + (et 2cos(20)) - log 5
2me

2me
0<tn(o)<T

+% +0 (T%+6) .

1.2.3 Third moment

The following theorem gives the asymptotic formula for the highest moment that is possible to
handle.

Theorem 1.2.3. Uniformly for ¢ € [0,7), as T — oo,
ST +ita(e)’
0<ti<T

T T
= 2¢' cos qzﬁ P3 <log > + ‘82“15 log 3o +0(T),
T

where P3(logT) is a suitable polynomial of degree 3.

Proof. The method of proof is along the lines of Kalpokas and Steuding [31]. It suffices to

evaluate

S(T) = Y (3 +ita(0) (5 — ita(9)),

c<tn(¢)<T

where ¢ > 32 is an absolute constant and T' = 3(t,(¢) + t,11(¢)) for some v. Setting a =
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+ (logT)~!, we find by Cauchy’s theorem

1 a+iT 1— a+1T l1—a-+ic a+ic A/(s)
( ) 27”{ a+tic a+iT 1—a+iT l—a+ic ( ) ( ) A(s) — e2i¢
4
= 2T
k=1
say.

First we consider Z;. In view of (1.3) we obtain

720 ottt 3 A’ - 2ike Ak
T, = - A(l — s)— 1 TERPA d
L= T [ COAI 9T (1 e ak Jas
= —e 2(j1 4+ e Py + ja),
where
1 a+1T A/
I = — Al — d
i g L CEAN - T (s
1 a+iT 5 A/
b 2 ad
=g [ A(s) 5
= 2i(k+1 A d
P37 9mi J i ()2 e (s)
k=1

By Gonek’s Lemma 1.1.2 (with m = 1) and Lemma 1.3.3 we have

T T
j1 = — Z ds(n)logn + O(T%+E) = %Pg(log%) + O(T%“),
n< L

=27

where P;(z) is a computable polynomial of degree three.
Next, Lemma 1.1.1 with X (s) =1, Y(s) = 1, applied to ja, leads to

J2 = —T<log 2T> + O((log T)°).

Finally, by standard arguments we obtain

T logt dt
j<</ -— < VT(logT)*".
P gy < VEdesT)

Hence,

T s T T
I = *M — Py (log ) + e‘“d’%(mg m) + 0(T3%9).

Further, transforming the integral Z3 we find

— 1 [foriT A'(1—s)ds
I3 = —— 1—s)¢? ,
3 2mi otic C( S)C (S)A(l _ 8) _ ¢—2i¢
1 a+iT A/ S 9
= - _ —2i¢ k
27 Jon, C(s)A(1 — s) A e “"PA(s)"ds.
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The latter expression equals €2 Z;, hence we may deduce (do not forget to conjugate)

T T T T 1
I3 = —Ps| log — 2o —_(log — O(T="¢).
57 on 3(0g2w)+€ 27T<Og27re)+ ( )
In order to estimate the integral Zs over the top and bottom edges we write

A/ 1
) K(S) A(s) — e%i¢

A/ 62id>

Since T = §(t,(¢) + tu11(¢)) for some v, the inequality |A(s) — €*¢| > I from Paragraph

3.1.1 holds over the segment of integration. Using the bound |((o + it)| < t(1=9)/3logt, for
s=o0+1T, % < o < a (see [28]), we get

F(s) = (s)A0 -

|F(s)] < (logT)|¢3(s)A(1 — s)| < (log T)(TFI~)*T77% <« VT(logT)"*

we have

Inthecasel—agaéé

IF(s)] < (logT)|¢3(1 — s)A(s)] < (log T) (T3~ 1og T)’T3 77 < VT(log T)*.

Thus, Z, < VT (log T)*. Finally, the bound Z, = O(1) is obvious. Collecting together the above

results, we obtain

o T T : o T T
S(T) = (1+ 6_21¢)%P3 <log 27T> + (¥ + e—‘“¢)27r (log e) +O(T%)

Now it remains to note that we must multiply S(T) by e*¢ to obtain
S G +itu(9) = "S(T) + O(D).
0<tn(p)<T
The theorem is proved.
REMARK. It is possible to compute the coefficients of the polynomial Ps as follows. Define

the polynomial Ps(u) = Asu? + Aju + Ag by the relation

Z dz(n) = zPa(logz) + o(z),

n<

which is a special case of the asymptotic from Lemma 1.3.3 we get

Py(logz) = ress_1<x5<3(s))

S

and hence A; = %, A = 3y—1, Ay = 1+3(y?>—~+m), where 7,71, . . . are the coefficients

of Laurent expansion

C(s) = 811 + v+ mls—1) +

Thus, using the definition of Ps(u) and Abel’s summation formula, we find

Ps(u) = uPy(u) — Py(u) + Py(u) ZBku

35



where By = Ay = 3, By = A1 — Ay = 3y — 3, B1 = Ap — A1 + 243 = 3(m + (1 = 7)*) and
By = =By = —=3(71 + (1 — v)?). For the values of the coefficients v; and P, we refer to [29].
O

1.3 Lower bounds

We start with the key proposition. Next we prove several statements about generalized divisor

function and we finish the section with the proof of lower bounds for discrete moments.

1.3.1 The key proposition

We consider the discrete moments

SUT,¢) = Y (O (5 —ita(®) X (4 +ita(6) Y (& —ita(9)) (1.16)
0<tn(9)<T
and
S(T,6)= Y |X (& +itu(@) +a)|” (1.17)
0<tn(¢)<T

with Dirichlet polynomials X (s) and Y'(s) defined in (1.9). Our first aim is the following

Proposition 1.3.1. Let X(s) and Y (s) be Dirichlet polynomials as defined in (1.9). Then
uniformly for ¢ € [0,7), as T — oo,

o l 10g )" & Yumn T T
S1(T, ¢) —e2i¢ kgo(_l)lJrk (k> Z miﬂ_lﬁ_l <10g 27‘() (1.18)

mn 21

m<X
mn<Y

T T (log m)! Y Tpmn

V= {log — Ao Jmemn

+(=D 27r(0g 27re> Z mn +O(R),

m<Y
mn<X

where Pp(x) is a polynomial of degree n and
Ry = (X + Y)(T%+€X1y1 + T Xo) + XY T8 XV + T X

moreover,

T T Zn|?
So(T,¢) = — (10g ) Z ﬁ + O(Ry), (1.19)
ng

where a € C, |Rea| < (logT)™! and

2

Ry = XVT(logT)* ) ‘”":L‘

n<X

+ X(log T)*X%.

Sao(T, @) is uniform with respect to «.

All implicit constants are absolute.
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Proof of (1.18). We begin with the estimations

|C(” (3 +it)] < TV/6+e (1.20)

X(b i< 3 22l o3 ﬁ%sﬁ% Y (3+it)| < VYD

NG
n<X n<X

the first one is a well-known bound from zeta function theory (see [28]) and application of
Cauchy’s estimate for the derivatives of an analytic function applied to a small disc centered at
s, whereas the second and third one are straightforward. Hence, it is sufficient to obtain (1.18)
for the sum over the segment ¢ < ¢, (¢) < T, where ¢ > 327 is a large absolute constant (327

7 < 1 that is used in the proof).

Next, without loss of generality we may set T' = 3(t,(¢) + ty41(¢)). Since the points

comes from the inequality 2(5%)

5= % + it,(¢) are the roots of the function A(s) — e%?, the sum in question can be rewritten

as a contour integral:

Z VR — ity (9)X (3 +itn(9)Y (3 — itn(0))
e<tn(9)<T

Y O VR R % C) B
= g [ €O 9X @Y =8 g s

21

here [ stands for the contourclockwise oriented rectangular contour with vertices a + ic, a +
iT, 1—a+iT, 1—a+ic, where a = 1+ (logT)~!. Let Z; and Z3 be integrals over right and left
sides of contour, and Z; and Z, be the integrals over the top and bottom edges of the contour.

We may assume the constant c¢ so large that the relations

|A(a +it)| = <2t7r>1/2a(1 +0(t™) < 2(2';> o < %

hold for any t > c.

Moreover we will use the observations for s = a + it

Ty ) m*|Ym
X< S Bl erm waa-inis Y ™l ayvy
n<X n m<Y m
00 L —-1/2 oo 1
—2kO A i)l <2 — — <t V2
kz::le (a+it)"] < o kZ:O o <

In view of (1.3) and Lemma 1.1.3 we have

l T _
Il :672i¢(*1)l+1 kz:%) (]i) /C (log i)l k

a+iT / fe’e]
x d (;ﬂ /a C(k)(s)X(s)Y(l — s)%(s) (1 + Z e_2ik¢A(s)k) ds)

+ic

+O(YT= e 2,)),

where the error term comes from the application of (1.3), (1.21), and the error term of Lemma
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1.1.3, i.e.

1 a+iT . A/ > )
— Ot 2T)X(5)Y (1 —s)——(s) (1 + Z e_Zlk“ﬁA(s)k) ds
27 a-+ic A k=1

< YT:Tex,),.

Now we evaluate the measure function of Z;. We write it as j; + jo, where

1 a+iT A/
=g | CPOXEY -9 T s)ds,

1 a+iT
" 2mi

jo (M ()X (s)Y (1 — s)%l(s) > e PR A(s)kds.

a+tic k=1

By (1.21) we have
<Yritea .

. T IOg tdt
(k) Y
< a)Y X
|.]2| C ( ) 1y1 /; \/E

Applying Lemma 1.1.1 to j; we get

k
h= 0Ll ) Y BRI 0 (vee ).

21 2me mn
m<X
mn<Y
Hence
l
iy l (logn)* & mymn T T
T, =26 N (L) \08 ) TmYmn L p log —
1 =€ Z( ) i Z . o =kt | 108 5
k=0 m<X
mn<Y
FO(YTET X, + YT XV + T W),
where

T T T N ’ -
— —_— 1) = 1 N N _
27TPZ Rt (log 27T> +O( ) /C (og 277) d(27r <10g 27‘(’6))

and P, (z) is a polynomial of degree n. The additional error term for Z; comes from the bound

1
e2z¢Z(_1)l+k<k) 3 (ogn)"Tmymn | T<X1 ).
k=0

mn
m<X
mn<Y

In a similar way we may compute Z3. We observe

T
I3 = 1 / (D(a—it)X(1 —a+it)Y(a—it)

A( a 7’!) l,
2 c

A(l—a+it) —exo

This in combination with X (s) = X;(3),Y (s) = Y1(3) (check (1.9)) yield

a+11T / — s
TIy= 1 ¢W(s)X1(1 - 5)Y1(s) Al —s)

ds

270 Sy Al —s)—e 20
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In view of (1.3) we find

- 1 a+11T / 00
Tom— o | (DX - V()5 (6) (14D e 2H0A ()" ) ds
2mi a+ic A et
— (J3 +ja),
where
1 a+1T A/
3 =5— D(5)X1(1 - 5)Y1(s)
B =g | U)X () A(s)ds
1 a+iT (o]
Ja= =5 ¢O(s)X1(1 - s)Yi(s Ze 2iké A (s)kds.
™ a+ic =1

By (1.21) we get
al < XT 2,0,

and using Lemma 1.1.1 we find

T T T (logm)ly f11177, 1
_ l § : m +e €
IB - ( ) by (1 g27re> — T+O(XT2 lel + XT Xoyo).

mn<X

In order to estimate Zy we first note that the following inequalities hold along the line segment

of the integration:
) 1 [ % K3 X < |:[”| 1—0o )(170’){
‘C ( S)| < ) | (S)| = §< n n < 1,

Y(1-s)|< ) %n" <YW,
nY

and, finally,

K1 - )X ()Y (1—3s) < T2rexmx C;)U

1—a a
1 Y Y
XTz2tex — —
< (X +Y)T2rxm.
Next, by (1.4) we get

A(s)  Al(s) e2i¢
A(s) — e A(s) (1 + A(s) —

) < log ) (14 gt ).

The second term in the brackets is bounded by an absolute constant. Indeed, in the case
o> 3+ 3(log %)_1 by (1.2) we have

1/2—0
|A(o +4T)| = (2> (1+o(r M) <e'B1+o(T™) <

1
T 2’
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and hence |A(s) — €*?| > 1 — |A(s)| > 3. Similarly, in the case 0 < 4 — £ (log %)71 we have

|A(o +iT)| > /*(1+O(T™h)) >

Hoe Y o e b 0 Y
3\ %% or 75573\ %y )

Q| W~

; 4
. |A(s) — %) > 5—1: =.

Finally, let

N | =

Then, using the relations
A3 +4T) = e 20 Ao +iT) = T@‘Qw(T)(l +0(T™),

where 7 = (T/ (271’))1/270 and ¥ = J(T") denotes the increment of any fixed continuous branch
of the argument of W*S/ZF(5/2) along the line segment with end-points s = % and s = % + 4T
(check [12]), we have e 1/3 < <el/3 and

Ao +iT) — e* (A(o +1iT) = A(F +14T)) + (A(3 +4T) — *?)
(1 —1)e™ 2 — 23" Din (¢ + 9) + O(T 1)
= e*w((T—1)cosq9+251n(19+¢)sin¢)—

—i((r — 1) sin¥ 4 2sin (9 + ¢) cos ¢)) + O(T1).

Thus we obtain

|A(0 +iT) — €®¢]* = (7 —1)% +drsin® (9 + ¢) + O(T )
> drsin?(9+¢) +O(T™H).

Using the fact that T' = 5 (¢, (¢) + tu+1(¢)) for some v, we finally get

1
2

sin?(0 + ¢) = sin? (71'1/ + g + O(T_1)> > sinzg = 3

and hence, for sufficiently large T,

|A(o +4T) — e*?12 > 4. 2671/3 +0(T™ 1 > 2.

Thus, |A(s) — €**?| > 1 for any s under consideration, hence
T < (X + V)Tt x,),.

The integral 7, can be estimated in a similar way.
To loose the condition on T (i.e. T = 1(t,(¢) + tu41(¢))). We choose Ty > T such that
To — T < 1. First we notice that the contribution of the sum

Yo VG —ita()X (5 +itu(@)Y (5 —itu(9)

T<tpn (‘b)STO

using (1.20) is bounded by
< XY 2T,
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Next we check the error contribution from Zi, i.e.
I (To) = I1(T0) -1 (T) + 1 (T) =1 (T) + ‘I1(T0) -1 (T)|
We have

|Z1(To) — Z1(T)| < ||Z1(To)| — |Z1(T)|| <« T X1 D0 + YT%JFElel + YT X0,

since
l T
10gn>k‘mmnymn| ’ T\F T T
T1(To)| — |T log— ) d{-(logs—
[Z1(To)| — |Z4 ( Z( ) Z mn T <0g2ﬂ') 2 Og2ﬂ'e
k=0 m<X
mn<Y

+OYTH X, + YT X))
< TX Yo +YT2 X, + YT X o.

In the same way we show that the error term contribution from Z3 is well controlled.
|Z5(To) — Z3(T)| < T Do X1 + XTEH X)) + XT X .

The relation (1.18) is proved.

Proof of (1.19). In view of the inequalities

’X(% +Ztn(¢) +Oé)|2 S <Z ’I’L;+Rea) <X Z n1+2Rea

n<X n<X

it suffices to consider only the sum over the segment ¢ < ¢,(¢) < T. Next, we may set T =
1(tu(¢) + tu+1(¢)). Then we have

SN xGrita@)+a) = > X(E+ita(9) +a) X1 (L —ita(9) + @)
c<tn(¢)<T C<tn(¢)<T

! X(s+a)X1(1—s+a)A(3/£si2i¢

— ds,
21

where [J stands for the rectangular contour defined in Section before. Denoting the integrals

Tk, 1 < k <4 as in Section 1.3.1, we get

1ot A'(s)
T, = — X X1(1 — a)————d
! 270 S ayic (sTa)Xi(l-s+a) A(s) — e%i® ’
1 atil _A() & —2ik¢ k
= i) X(s+o)Xa(1—s+8) Fo > e HA(s)k ds

k=1

Estimating the integrand as in Section 1.3.1 we find

T logtdt nl?
I, < chf/ O%/i < XVT(logT)X? < XVT(logT)* Y %
c n<X
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Furthermore,

e A'(1 - a +it)
I3 = —— | X(1—a+it+a)Xi(a—it+a :
2= gy | XU maetitr )Xl —it @) Ty e

and the relations X (s) = X1(5), X1(s) = X(3) imply

= I A'(1—s)
I3 = —— X X1(1— a —d
3 2 e (s+a)Xa(l=s+8) a5 s
1 a+iT ! ds
= ——— X X1(1— a)—(8)—————— = -1 +7T
270 Jayic (s o)X s+2) A () 1 — e 20 A(s) hir
where )
1 a+1iT /
g1 = 57 o X(s+a)X1(1—s+§)K(8)d8.

Lemma 1.1.1 with f(s) = 1 (that is, aq = 1, o, = 0 for n > 1), v = 0 and Y (s) = X1(s),
applied to j; yields

j1 = T logl > b’ + O(X(log T)*X7)
! 21 2me ) —~ nlt+2Rea 0/

Using the above bound for Z;, we derive

T T |.’17n|2 2 Iajn‘2 312
n< n<

Estimating 7, and taking into account the bounds

A'(s)
l1—o0—Rea — oc—Rea
X(S+O¢) < X Xl, X1(1—8+a) < X Xl, W < IOgT

fors=c+il,1-a<o<a,T=21(t,(0)+ts1(0)), we get

2
T, < X'"R(log T)A? < X(logT)* Y [2al”

n<X

The integral Z, can be estimated in a similar way.
To loose the condition on T (i.e. T = 1(t,(¢) + tu41(¢))). We choose Ty > T such that
To — T < 1. First we notice that the contribution of the interval (T, T] is bounded

2
ST X (R tita(9) +a)|t < XlogT Y FTILM
T<tn(9)<To n<x

Next we notice that
7 (To) = To(T) + | T (To) | — [ZA (1)

and | |2
In
HIl(TO)|*|I1(T)||<<X10gTZ .

n<X

n
For 73 we have
Z3(To) = Zs(T) + ||Zs(To)| — |Zs(T)]|
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and

2
Ty,
T30~ [0 < XlogT 3 725 4 x10g 7722
n<X

For 7, we have

2
To(Ty)| — |To(T X(logT)? S 20l
|Z2(To)| — |Z2(T) || < X (log )7;( -

Thus, formula (1.19) is proved.

1.3.2 Generalized divisor function

The properties of Generalized divisor function is used to prove the lower bounds for the discrete
moments.

In the next four Lemmas, we will gather several properties of the generalized k-th divisor
function (check [25, Section 2]), which we will use in the sequel. Let & be a positive real number.

The generalized s-th divisor function d,, : N — R is given by the coefficients d,;(n) of
C(s) = Z di(n)n™%, o>1,
n=1
where d,;(n) is multiplicative and on prime powers is defined by

I'(k+j)

dn(pj): F(lﬁl)]' '

If k is a positive integer the definition above coincides with the definition of the divisor function

de(n)= > L

n,...,ng EN
Ny Ne=n

The generalized k-th divisor function satiesfies the following properties:
Lemma 1.3.2. Let k be a positive real number and n a positive integer.
1. For k>0 and n > 1 ,we have dy(n) > 0.
2. For fized n, d,;(n) increases with respect to k.
3. For fized k > 0 and € > 0, we have d,(n) < nc.

4. If j is an integer, then

For a proof, we refer to [25, Lemma 1].
Lemma 1.3.3. Let A\, p be fized positive real numbers. Then,

Z dx(n)d,(n) =i, z(log z)M 1

n<z

and, thus,

Z cl,\(n)du(n)n_1 =au (logx)A"“.

n<x
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The assertions of Lemma 1.3.3 can be established by standard techniques based on Perron’s
formula, contour integration and Abel’s summation.

Next we use Euler totient function that is defined by

The following Lemma states

Lemma 1.3.4. Let A\, p be fized positive real numbers. Then,

m

Z dx(m)d,(m) (W>M =\ z(logz) Mt

m<x
and, thus,

m

> da(m)d,(m) <‘p(m)) m~t =y, (logz)™.

m<zx
The assertions of Lemma 1.3.4 can be established by standard techniques based on Perron’s

formula, contour integration and Abel’s summation.

Lemma 1.3.5. For an arbitrary rational k = % >0, m< 2% and x sufficiently large, we have

y d) <1¢<m> W)’{

n<x
(m,n)=1

Proof. Let k = % be a non-negative rational number. We consider the sum

1(n)
W = o
>
n<§
(m,n)=1

Taking ¢-th power, we get

W — Z dl (’I’L,f) ,

n
n<g?
(m,n)=1

where the coefficients d;(n,£) are given by

di(n,§)= > di(m)d

ninz---Ng=n
n1,N2,.., Mg <E

Note, that, as ¢ is an integer, we have, according to property (4) of Lemma 1.3.2,

> di(ny)di(ng)---d
ninz---Ng=n ! ¢

for all positve integers n. Hence, we can easily deduce that
dl(mf) = dl(n) =1 if n < f

and
di(n&) <di(n)=1 if n>¢
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Thus, we get

Using the inequality

which is valid for m < & 2 and ¢ sufficiently large and which can be established by standard
techniques. We get

) 1oge < o < 202 10g e
m
for m <¢ 3. Therefore,
1 1
<¢(m)log§> <W< (2q¢(m) log§> (1.22)
m m
form <¢ 3, Taking the p-th power of W yields
de (na )
WP = !
>
n<gr
(m,n)=1
with coefficients
de(n,§) = Z  da(m)dy(ng) - dy(np).
nltn;...ﬁpgf
By the same reasoning as above, we obtain
de (n) de (n)
q < P < q
>, s wrs Y
n<e n<er
(m,n)=1 (m,n)=1

Using the upper bound for W? from the above inequality and the lower bound for W from
(1.22), we get

Z dkT(Ln): Z d%(n) Zsz(gbgnm)log§>Z.

n<g? n<g? "
(m,n)=1 (m,n)=1
for m < 5%. Setting = £P, yields the assertion of the Lemma for m < z%. O

Lemma 1.3.6. Let [ be a non-negative integer, r and k non-negative rational numbers. Then

1 ld, d
Z (logm)‘d,.(m)dy(mn) S (log x>l+kr+k.
m<z mn
mn\gw

Proof. Let k = % > 0 be a rational number. We consider the sum

_ < (logm)ld, (m)di(mn) _ <~ (logm)!d, (m) <~ di(mn)
UEDY o =2 = .
m<x m<x n<
mn<z
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Certainly, the following estimates hold

W Z (logm)td,.(m)dg(m) Z di(n)

m ’ n
m<z n< -
(m,n)=1
< Z (logm)td,.(m)dg(m) di, (n)
B 1 1 m 2p n
3+l <m<x2p+l n<a 2p+1

Now, Lemma 1.3.5 yields

k
W@t )+ D) Flogayth S drlmlde(m) <¢><m>>.

1 1
23+ <M< THT

By Lemma 1.3.4, we get
W >k, (log m)l+k7’+k

and the Lemma is proved.

1.3.3 Lower bounds

Theorem 1.3.7. For any rational k > 1 and any non-negative integer 1, uniformly for ¢ € [0, ),
as T — oo,
2k
Z ‘d” (34 Ztn(fb))’ > T(logT)kQJerlJrl.
0<tn(¢)<T

Proof. Suppose that k = % is a rational number with p > ¢ > 1 and (p,q) = 1. Let [ be a non-

negative integer. We set 7 := p — ¢ and choose ¢ := T/ #P)_ First, we define fixed coefficients
for the Dirichlet polynomials X (s) and Y (s) in (1.9) via

X(s) = (Z dggéﬂ))?_ S dzf;”:%ﬁ)’ ¥(s) = (Z dil(sn)>r_ 5 dg(n;g)’

n<é n<ér n<e

where d% (n;€) is given by

do(n;&) = Y di(m)...di(nn).

n o L€
for m = p,r. From property (5) of Lemma 1.3.2 we can easily deduce that d% (n;€) = d% (n)
for m < £ and 0 < d%(n, &) < d% (n) for m > €. Now, we consider the moment S1 (7, ) given
by (1.16) with respect to the above chosen Dirichlet polynomials X (s) and Y (s). By statement
(1.18) in Proposition 1.3.1, we have

l
I\ T T T T
Si(T,¢) = (=)' <]) o P (log QW) St oo <log ) Yo 4+ O(Ry).
=0

- 2me
J
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By Lemma 1.3.3,

AN
—
—
Q
5}
7ans
3
N~—
<.
Q3

< (logT)(& =1+,

and by Lemma 1.3.6,

(logm)'d:: (m; €)de (mn; €)

22 - Z mn 2 Z mn

m<ET,mnEP m<E

> (log &)+,
The error term of S1 (7, ¢) is bounded by

1 dﬁ 3 dr ;
R < (4T 1) > qug)

n<gP m<E”

< T3/4+e < T4/5.

+EPETTE

ThUS, we obtain
1, (T, ¢)| > T(log T)¥ 1+,

On the contrary, Holder’s inequality assures

ok 1/(2k)
( > |<“’(é+z‘tn(¢>))|> X

0<tn(¢)<T
2k /(2k—1) 2k /(2k—1) 1=1/(2k)
(0 PG (& i) )
0<tn ()T
2k 1/(2k) 1—1/(2k)
= ( > [CP(E +ita(e))] ) (S2(T, 9))

0<tn(¢)<T

where S3(T, ¢) is given by (1.17). By statement (1.19) of Proposition 1.3.1 and Corollary 1.3.3,
we find that

+ O(&pﬁ(log T)kZH) < T(log T)kQH.

e (ST
(5 +itn(9) kZ(—H
M%%Q\Q )| T8>

Theorem 1.3.7 is proved.

> T(log T)k2+2kl+1.
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1.4 Upper bounds

The goal of this section is to prove the following theorem

Theorem 1.4.1. Assume the Riemann Hypothesis.

For 1 =0 and any non-negative real k, uniformly for ¢ € [0,7), as T — oo,

. 2k 2 1pe
S |0 G +itale)| < T(logT) I
0<tn(¢)<T

For any non-negative integer k and any positive integer 1, uniformly for ¢ € [0,7), as T — oo,

‘2’“ < T(log T)k2+2kl+1+e.

S [0 (§ +ita(@)

0<tn ()T

1.4.1 Outline of the proof

To prove the conditional upper bound for the discrete moments S (7T, ¢) we follow the ideas
of Milinovich [35]. The latter established, under the assumption of the Riemann hypothesis, an
upper bound for discrete moments connected to the non-trivial zeros p = % + 47 of the Riemann

zeta function: Assuming the Riemann hypothesis, for any positive integers k and l, as T — oo,

3 KD(p)PF < T(ogT)F +2h+. (1.23)
0<~y<T

As we will refer in big parts of the proof of Theorem 1.4.1 to Milinovich’s work, we will briefly
sketch his approach.

To proof (1.23), Milinovich relies on methods introduced by Soundararajan [44]: Assuming
the Riemann hypothesis, Soundararajan gave upper bounds for meas{t € [0,7]]|log|¢(3 +
it)] > V} subject to V € (—o0,00) and, thus, roughly speaking, extended a result due to
Selberg (unpublished) which states that after a suitable normalization the values of log [¢ (% +
it)| are Gaussian normal distributed (the first published proof is due to Joyner [30]). These
bounds allowed Soundararajan to deduce the conditional upper bound (3) for I (7T"). Milinovich
adjusted Soundararajan’s approach to a discrete setting: under the assumption of the Riemann
hypothesis, he approximated log™ |¢(s)] on and to the right of the critical line by rather short
Dirichlet polynomials; here and in the sequel log™ || is defined by

0 if |z] <1
log™ |z| = if |z <1,
log|z| if |z > 1.
In particular, he proved the following

Lemma 1.4.2 (Milinovich [35], Lemma 3.1). Assume the Riemann Hypothesis. Let T = |t|+e3°
and 2 < x < 72, Let A\g = 0.5671... be the unique positive real number satisfying e=° = Ag.
Then, for o > %, 2< <72 and any g < A < 10% the estimate

, 1 log(z/p)| (14 X)logT
log™ | < O(loglog 1
og” [¢(o +it)] < p;x po-i—@ﬂ‘t log = 2 logx + O(logloglog 7)
p—prime

A
loga -

holds uniformly for % <o <oy, where o) = % +
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By using a result of Gonek [20, 21], Milinovich could estimate high powers of the Dirichlet
polynomial occuring in Lemma 1.4.2, if they were averaged over the non-trivial zeros. By means
of a certain power technique, he was able to derive upper bounds for the cardinality of discrete
sets

S)(T,V) = {p+a € [0,7]] log|¢(p+a)| > V}

subject to V € (—o0, o), for any fixed complex o with || < 1 and 0 < Rea < (logT)~!. These
upper bounds for #5,(T, V') allowed him to deduce the following estimate for discrete moments
with respect to shifted zeros p + a: Assuming the Riemann hypothesis, for any positive real

number k and any complex o with || < 1 and |Rea| < (logT)™t, as T — oo,

S 6o+ a)P* < T(log T)F +2k+e, (1.24)
0<~y<T

holds uniformly in «. Relying on Cauchy’s integral formula, Milinovich [35] could immediatelly
deduce (1.23) from (1.24).

We can adopt Milinovich’s method to our case. This is essentially due to the fact that we
get similar bounds for high powers of the Dirichlet polynomial approximating log™ IC(s)] if we
do not average over zeros p or shifted zeros p + «, but if we average over generalized Gram
points % + ity (¢) or shifted generalized Gram points % + a + ity (¢). This is natural, in some
sense, as, by comparing Ny (T') with the Riemann-von Mangoldt formula, the points % + it, (@)
are asymptotically similar distributed on the critical line as the non-trivial zeros % + 4y under
the assumption of the Riemann hypothesis. However, to obtain these bounds for high powers
of Dirichlet polynomials averaged over the points ¢, (¢), we will use a method different from the

one Millinovich used in his case.

1.4.2 Frequency of large values

Relying on Proposition 1.3.1 formula (1.19), we are able to measure the frequency of large values

of log (% + itn(¢) + a)|. In the sequel we will use the notation logs x := loglog log z.

Lemma 1.4.3. Assume the Riemann Hypothesis. Let T be large, V' > 3 a real number, ® € [0, )
and o € C with |a| <1 and 0 < Rea < (logT)~!. Define the set

Ss(T.V) = {tn(¢) € 0, T] : log [¢(5 + itn() + )| = V}.

Then, the following bounds for the cardinality #S4(T, V') of the set Sy(T, V') hold uniformly in
P and a:

(i) If VoglogT <V <loglogT, then

\% 2
#S¢(T’ V) < T(lOg T)W exp (_log‘l/ogT (1 - log43 T)) '

(ii) If loglogT <V < (loglogT)logs T, then

Vv 2 2
#S¢(T’ V) < T(lOg T) 10g IOgT €xp <10g‘l/ogT (1 B 510g10§"1/"10g3 T) > :
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(i) If V > %loglongog?) T, then

#S4(T,V) < T(logT) exp (—Q‘/ﬁ logV) .

Note that in the cases (i) and (iii) the bounds for #S4(7T,V) are the same as the ones for
#S,(T,V) in Lemma 5.1 of [35]. In case (ii), we have

#S4(T,V) < T(logT)

4 V2 9V 2
————exp| — 1_
loglogT’ loglog T’ < 5loglog T logs T)

4 V2 4V
< T(lOg T) IOg IOgT exp (_ loglog T (1 - loglongogST)) .

This second bound is the same as the bound for #S5,(T,V) in case (ii) of Lemma 5.1 of [35].
Our motivation to state Lemma 1.4.3 with a stronger bound for case (ii) is that it will help us
to give a straightforward bound for ¥ in (1.25). Note that Milinovich’s proof of his Lemma 5.1

directly implies this stronger bound.

Proof of Lemma 1.4.5. In the sequel p denotes always a prime number. We set = := T with
some 0 < a < % andputz:xb withmgbgl. We define

1 log(z/p)

Sy = Y o)
P logz
p—prime

Basically, with some smart technical refinements, the result can be derived from Lemma 1.4.2

and the inequality

#NTVIVES 5, I8(G +ita(@) + 5)
0<tn($)<T

here #N(T,V) measures the cardinality of the set

N(T,V) = {ta(9) € [T,2T] | [S((5 +itu(9) + 25) = V.

log x

For details we refer to [35].
We define the sequence ay(n) by

k

> ap(n) _ Zilog(w/p)

n<zk p<z pS Ing

It can be easily seen that |ag(n)| < k!. According to Proposition 1.3.1 we get for T large enough,
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for any positive integer k with z¥ < T, uniformly for ¢ € [0, 7)

. T T |ak(n)|2
§ : S 1 A 2k 2 :
| (5 +Ztn(¢)+17:0)| L — log— T

27 2
0<ty, (¢)<T 0<n<zk
k
11
< log ——K! Z og(z/p)
2m 2 p logx
0<p<Lz
k
<o—log —Hk!'| Y E
o7 083 p
0<p<Lz

Using Stirling’s formula k! < k2 (k/e)* and the estimate > p<. P~ < loglog 2, we find that

kblog log T) k
e

> 18G +ita(d) + 25 < T(log T)k? <
0<tn(¢)<T

< T(logT) (kbloglog T)"

holds for T large enough, for any positive integer k with z¥ < T, uniformly for ¢ € [0, 7). These

are the same bounds which Milinovich [35] uses for S(p+ ; O):g"w) Thus, the proof of Lemma 1.4.3

follows exactly the lines of the proof of Lemma 5.1 in [35] by just replacing p by % +it,(¢). O

1.4.3 Upper bounds
Using Lemma 1.4.3 we are now able to prove the following Proposition.

Proposition 1.4.4. Assume the Riemann Hypothesis. Let o € C with || < 1 and |[Re af <
(logT)~t. For any positive real number k, uniformly for ¢ € [0,7) and uniformly in «, as
T — oo,
S CG +ita(d) +a) 1 <« T(log T)F"+1+e,
0<tn(¢)<T

Proof. We follow the proof of Theorem 1.2 in [35]. First, we consider the case when 0 < Re @ <
(logT)~t. Then, from this result, the case —(logT)~! < Re a < 0 can be derived via the
functional equation of the Riemann zeta function.

Let k € R be fixed. We partition the real axis into the intervals I} = (—oo, v/loglogT],
I, = (Vloglog T, 4kloglog T] and I3 = (4kloglog T, o). We set

¥ = Z er”#S¢(T, V) fori=1,2,3.
vel,NZ
and observe that

ST G Fita(d) +a) | < ST e (HSy(T,v — 1) — #S4(T,v)) (1.25)

0<ty(n)<T VEL

<> HADLS (T, v)
vEZ

<K X1+ 2o + X3,

Using the trivial bound #54(T,v) < Ng(T) < TlogT (see [31, Theorem 1]) that holds for
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every v € Z, we find that $; < T'(log 7). To estimate X5 we use

2
T T(log T)1+¢ v
#8,(10) < Tlog ) oxp (=0

which follows from the first two cases of Lemma 1.4.3 when v € I, NZ. We get

2

4k loglog T 2
Y2 < T'(log T)HE/ exp <2ku — ) du < T(log T)F T1+e,
3

v
loglog T’

Finally, we bound 3. If v € I3 N Z, the three cases of Lemma 1.4.3 give
#S(T,v) < T(logT) e 4k,

Thus,

Y3 < T(log T)HE/ e 2 dy < T(log T)1*8k2+6.
4kloglog T

Hence, collecting the estimates, we get with respect to (1.25)

Z |C (3 +itn(d) + @) |2k < T(]ogT)k2+1+e

0<ty(n)<T

for every fixed positive real k when || <1 and 0 < Re a < (logT)~L.

Now, using the functional equation (1.2) and the reflection principle {(s) = {(3), we get
€ (5 +itn(0) + )| = |A (3 +ita(d) + ) C (3 +itn(d) —a)| < C|C (3 +itn(¢) — )|

with some absolute constant C' > 0, when || < 1 and |[Re a| < (logT)~!. For —(logT)~! <

Re o < 0 we have

> G rita@ + ) <0 3T |3 Hita(9) —@) [ < TllogT)M T

0<ty(n)<T 0<ty(n)<T
This finishes the proof. O
To deduce Theorem 1.4.1 from Proposition 1.4.4, we will use the following Lemma.
Lemma 1.4.5. Let k and [ be positive integers and let R > 0 be arbitrary. Then we have

O (L4 2k< ﬂ% 1, . 2k
Z ‘C (2+Ztn(¢))‘ S\ R max Z ’<<2+ltn(¢)+a)‘

a|<R
0<ty(n)<T e 0<ty(n)<T

Proof. The result follows by means of Cauchy’s integral formula. The proof is the same as the

proof of Lemma 7.1 in [35]; we just have to exchange p with 1 + it (¢). O
We are now ready to prove Theorem 1.4.1.

Proof of Theorem 1.4.1. The assertion of the Theorem for the case | = 0 follows directly from
Proposition 1.4.4 (setting « = 0). Let k and ! be positive integers, then the assertion of the
Theorem follows by Proposition 1.4.4 and Lemma 1.4.5 (setting R = (logT)™1). O
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1.5 Corollaries

Combining the obtained results we are able to establish the following corollaries.

1.5.1 Expansion of the curve

Recall that e~**((1 + it,,(¢)) is real. Hence, we may write ¢} (¢) in place of ¢, (¢) if e *((2 +
ito(4)) = 0 and ¢, (¢) if e7¢(3 +it,(¢)) < 0 (Check Figures 6 and 7).
The corollary states that the curve of the Riemann zeta function on the critical line (see

Figure 4) expands to all direction on the complex plane.

Corollary 1.5.1. For any ¢ € [0,7), there are arbitrary large positive and negative values of
e (5 +itn(®)). More precisely,

max [((3 + it ()| > (log T)%.
0<tii (¢)<T

If the Riemann hypothesis is assumed for any arbitrary small § > 0 we have

max |¢(3 +itE(¢))| > (logT)3 7.
0<tE ()T

Proof. First we observe for any non-negative integer ¢

PR

tE(¢)<T

- % S (6 +ital@) " EemCEC (L kit (6) ")

tn($)<T

(with the same choice of signs on either side of the equation). In view of Theorem 1.2.3 and
Theorem 1.3.7 with k£ = % we get

SOl +itE@)]’ > T(logT) ¥,

tE(9)<T

Since the number of intersection points ¢,(¢) < T is bounded by T'log T (see Theorem 1.2.1)

and

S ¢ +ita(9)]” < T(logT)?

0<t{<T

(see Theorem 1.15), we find

S G+t < max [CGitE@)] Y [C(E+ita(@)]
tE (6)<T t ()T 0<ti<T
< max ¢(5 +itE(¢)| T(log T)>.
tn (9)<T

Comparing both estimates we arrive at

s |C(3 +itE(9))| > (log T)F,

If we assume Riemann Hypothesis we can use the following estimate (see Theorem 1.4.1)
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that holds for any non-negative real k, uniformly for ¢ € [0,7), as T — oo,

ST ¢ (B +ita(d) [ < Tlog T)F+1e,

0<téLT
We have
: . ’ ) « . 33—«
T(logT)* < Z 1¢(3 + it (9)]” < ima><<T ¢ +itE(9)| Z (b +ita(6)]
tE(¢)<T ta ($)< A
< max_[((}+itE(9))|" T(log T)(3- 8 +1+e,
t (9)<T
Comparing both sides we arrive at
max _[((5 + ity (¢))] > (logT)2~ % %,

tE(9)<T

After choosing o = 26 and € = 62, where § is positive and arbitrary small we get

jmax [C(5 +i67(6)] > (logT)3~".

which proves the corollary.

1.5.2 Extreme values

Corollary 1.5.2. Let ¢ # 5 and ¢ € [0,7), then

. 1 logT
L tn — 1 — .
0<tI}Ll(%b))(ST|C(2 +itn(@)] > exp <<2 el )) \ 10g10gT>

Proof. Our argument follows Soundararajan [43]. Taking X =Y, resp. x,, = y, in (1.9), we get

SIT) = > (3 —ita(@) X (3 +itu(9)

0<tn(¢)<T

for (1.16). Comparing with (1.17) we find

< Ly : :
[S1(D)] = 82(T) max [C(5 +itn ()] (1.26)
Now let L = exp(y/log X loglog X) where X is a sufficiently large parameter which will be
chosen later. Following Soundararajan [43], we define z,, = nzf (n), where f is the multiplicative

function such that f(p*) = 0 for all primes p and positive integers k > 2,

L

f(p):m

for all primes p satisfying L? < p < exp((log L)?), and f(p) = 0 for all other primes. We observe
that

m
1
— < m
Xo glga;(n/ﬁf(n) <L jgllogpj’
where p1,...,p, are the least distinct m prime numbers in [L?, exp((log L)?] for which n =
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PL e Dm < X. Since X > n > L™ then L™ < X3 and Xog < L™ < Xz, Moreover, since
f(n) <1 for any n, we find

X, = M L X3
n<X n n<X f
as well as
|xn|2 9 L2m
L= =) )= ) ;
nex n<X n=p1...pm <X (p1logpr ... pmlog pm)

2
L%<py...pm<el

ST (1 e (Y )

Lo oper? p?log”p osre PPlog™p

Inserting these bounds in the asymptotic formulas of Proposition 1.3.1 yields
S1(T) = (14 e 29)— T > () (mn) + O(X?T2 (log T)?)
27 27re
mn<X
and

Sy(T) = L <log T) S 1F(n)? + O(XT (log T)? + X?(log T)?).

Let X = T%_e, then the main terms in the latter formulas dominate the error terms and we
may deduce from (1.26) that

-1

max_[o(}+itu(e)] = S s (5o L0m m”) S £ ()

0<tns 52 (T) mn<X n<X

Soundararajan [43] proved that the right hand-side is > exp ((1 +0(1)) 10231%) ? X) which gives

the desired estimate by letting ¢ — 0.
O

1.5.3 Continuous moments

Proposition 1.5.3. Let k be any non-negative real number and | any non-negative integer.

Then, as T — oo,
2T 2k Q 2k
A SRR AU A DI Y CRR )| 8
T O 1<t (g)<2r

Proof. Let T; := gpr4+; with ¢ = 0,..., N denote the generalized Gram’s points that lie in the

interval [T, 2T]. We define a smooth function [cy/m, 00) > z — ¢, via
O(ty) =m-x.

Then, t, = gn and t,,44/= = t,(¢) for every positive integer n and every ¢ € [0,7). Hence, we
get

/t " gtyae() = / 9tasa)d0(tns) = / 9(tasa)d(m(n +u)) = (1.27)

n
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1 T T
- / Gty = / Otmssym)md(d)7) = / 9t (8))do.

Therefore,

TN tn+1
| ama = > [T st -

T M<n<M+N 7tr
[ X swen)a=[ | X o)
0 \ M<n<MiN 0\ 1<t (6)<Twn

Noting that the segements [T, T3] and [T, 27 can be treated in a way analogue to (1.27), the
assertion of the Proposition follows. O

Corollary 1.5.4. As T — oo,

o1
/T ¢ (3 +it) d(0(1)) :g log 2—3;6 +0 (T§+e> 7

27 o T T2 T T .
/T ’C(%J’_lt” d(0()) =2<0g2m> —|—CTlogﬁ—|—§_|-O(Tz"‘)7

2T T T .
/T C(3+it) o) =g log 5 +0 (TH).

where ¢ is the Euler-Mascheroni constant.

Proof of Corollary 1.5.4. By Theorem 1.2.2 we have for any € > 0, any ¢ € [0,7), as T — oo,

. T T 1
14 24 —90%% aoa 3te
E ¢ (3 +it) =2¢" cos(¢) o log 5o T @) (T2 ) ;
0<tn ($)<T

T T\ T T
Z ¢ (5 + it)f =9 (10g ) + (2¢+ 2005(2(&))%105;7

2me 2me
0<tn ()T
T
+-+0 (T%“) :
2

where ¢ is the Euler-Mascheroni constant. By Theorem 1.2.3 we have for any ¢ > 0, any
¢ €0,7),as T — o0,

Z C(z+ itn(¢))3 =2¢%? cos () %Ps (log ;) + 2¢%% cos(3¢) E log .

2 2me
0<tn(¢)<T

+0 (T%+E) 7

where P3(z) is a computable polynomial of degree three. Using the asymptotic formulas above,

we can easily deduce the assertions of Corollary 1.5.4 via Proposition 1.5.3. Note that

/7r ' cos(¢)dg = /7r 3% cos(3¢p)do = E,
0 0

[\

/7r cos(2¢)d¢p = /7r 3% cos(¢)dp = 0.
0 0
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Corollary 1.5.5. For any rational k > 1 and any non-negative integer I, as T — o0,
T 2k 2
/ ‘c”) (3 +it)‘ > T(log T)F +2H1.
1

Proof of Corollary 1.5.5. Using the asymptotic extension (1.8) for 6’(t), Proposition 1.5.3 yields

for any rational k£ > 1 and any non-negative integer [

2T . . 2k
[l G il = o [0 O (i) do.

T<tp <2T

Combining this with Theorem 1.3.7, we get for any rational k£ > 1 and any non-negative

integer [
{ k T/ k
+it)|*Fdt > / +Hiat)|*kdt
[ 10 +in Z [ G
ZlogT / X are
e <tu(9)< L
> T(log T)F +2k1,
Thus, Corollary 1.5.5 follows. O

Corollary 1.5.6. Assume the Riemann Hypothesis.

For any non-negative real k, uniformly for ¢ € [0,7), as T — oo,
r 2k 2
/ ¢ (3 +it)]" < T(logT)* <.
1
For any non-negative integer k and any positive integer 1, uniformly for ¢ € [0,7), as T — oo,
T 2k R
/ ‘c(” (3 —H't)’ < T(log T)* +2kl+e,
1

Proof of Corollary 1.5.6. Using the asymptotic extension (1.8) for §’(¢), Proposition 1.5.3 yields

for any non-negative real k and any non-negative integer [

/TQT‘C()( +zt)’ = ogT /O ‘g”) (%+it)‘2kd¢.

T<t, (¢ <or

Combining this with Theorem 1.4.1, we prove Corollary 1.5.6. O
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Chapter 2

Sums of Dirichlet L-function over
non-trivial zeros of another
Dirichlet L-function

Let s = 0 + it denote a complex variable. The Dirichlet L-function is defined by

L) =S X (o),

where x(n) is a Dirichlet character modulo ¢g. For xy mod 1 we get the Riemann zeta function
L(s,x) = ((s). The Generalized Riemann Hypothesis (GRH) states that inside the critical strip
0 < o < 1 every Dirichlet L-function has zeros only on the critical line ¢ = % Zeros in the
critical strip are called non-trivial and we denote them by p, = By +iv,. A Dirichlet character
x mod q is said to be primitive if it is not induced by any other character of modulus strictly less
than g. The unique principal character modulo ¢ is denoted by xo. The character xyo mod 1 is
the only one principal and primitive character. For a Dirichlet character x mod ¢ the associated
Gauss sum is defined by
q
G(n,x) = Zx(a) exp (2m_an) .
a=1 q

If n = 1 we denote 7(x) = G(1, x). For a primitive character x mod ¢ we have |7(x)| = /g and
for the principal character xo we have 7(xo) = p(q), where u(q) is the Mobius function.

Next we recall several facts about Dirichlet L-functions. Dirichlet L-function to a primitive

character 1 mod @ satisfies the functional equation (Apostol [1, Theorem 12.11])
21— s.0) = @) (2 106) (exp (~22) +w-vew (22) ) 255 @)
—s =7()= | — s)exp | —— —1)exp [ — s, 7). .
; o \2r p 5 P :
Thus Theorem from Heath-Brown [24] and an application of the Phragmen-Lindel6f principle

yield the estimates

1
log QT
1
<o<iiz (23)

1
L(s,¥) < |QT| 5% for gSo<li+ It > 1, (2.2)

1 1
L T|zte  f —
(87w) << |Q |2 or IOgQT
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uniformly in [¢| < T. Under GRH the bound (2.2) can be replaced by

1
log QT

1
L(s,9) <|QTIF for S <o <l —0m |21 (2.4

uniformly in |¢| < T. The bound (2.4) can be obtained similarly as in Titchmarsh [47, Theorem
13.5], see also Garunkstis [16, Theorem 4].
We rewrite the functional equation (2.1) as

L(1 —s5,4) = A(1 — s,9)L(s, 1), (2.5)

where A(s, 1)) is a meromorphic function with only real zeros and poles satisfying the functional
equation

A(s, )AL — 5,9) = 1. (2.6)

Stirling’s formula gives, for ¢t > 1,

Ao + it, ) = (;2)0%“ exp (z (t n g)) (1 IG) <1)> (2.7)

and A’ A _ tQ 1
A(s,wA(ls,w)log%w(t). (2)
Logarithmic differentiation of (2.5) leads to
/ / /
TU=8x) =<0 =5x) - (%) (2.9)

For the logarithmic derivative we have the partial fraction decomposition (see Prachar [39,
Chapter 7, Theorem 4.1] )

r 1
T (5.x) = > - +O(logq(|t| +2)) for —1<o<2,t>1. (2.10)

S
[t—x|<1 X

For ¢ > 1, x mod ¢ and ¢ > 0 we have (see Prachar [39, Chapter 7, Theorem 3.3])
Ny(t+1) = Ny (t) :=#{py =By +iry 1t <7y <t+1} < logq(t+ 2). (2.11)

Thus the zeros p, cannot lie too dense: for any given to > 2 there exists a t = t(x), t € (to,to+1],
such that

in |t — —_— 2.12
n;in| Y| > log ¢t (2.12)
In view of the expression (2.10) we get, for ¢ satisfying (2.12),
/
(o +it,x) < (logqt)? for —1<0<2 t>2. (2.13)

L

2.1 Lemmas

In the proofs of Theorems 2.2.1 and 2.3.1 the following modified Gonek lemma (c.f. Gonek [19,

Lemma 5]) will be important.
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Lemma 2.1.1. Assume that > .., aT(Lf) converges for o > 1 and a(n) = O(nf). Let a =
1+ —r Then

log(QT)
1 T s s — a(n)
R o T e
27 J s (27r) (s) exp (5 2 ); el
| Ecrw aln)exp (<2miZ) + O(meTV?E) if 6= -1,
| o) if 6= +1.

Proof. Because of the absolute convergence we may interchange the order of summation and

integration. For the integral we use Lemma 1 from [10] and for the sum Lemma 4 from [19]. O
Next three technical lemmas will be useful in the proof of Theorem 2.2.1.

Lemma 2.1.2. Let x mod ¢ and 1 mod @ be primitive Dirichlet characters and x # v with
QK logA T and g < 1ogB T, where A and B are positive constants. We have

S AGm)x(m)b()e (D) exp (—WW)

mnlg% Q

= () 22 0 6 L (108 22 42y 2 SRR (-1 )

1 TQ

$(Q) 2m

L(L, (@)% + 0 (T ) .

+6(q, Q)x(=1)7(x%o)

Under GRH the error term can be replaced by O (q Q(log q)Q(TQ)%J“S +q@Q° log(TQ)) uniformly
for all Q and q.

Proof. By the orthogonality of Dirichlet characters the left-hand side of the formula in Lemma
2.1.2 can be written in the following way.

1’nnl§€—7r
[¢,Q] Q Q abe
=Y @3 v ven (<2m%) Y ) (2.14)
a=1 b=1 c=1 mnlg%
m=a mod [q,Q]
n=b mod Q
I=c mod Q
1 [¢,Q] Q Q abe
=Y Y @ T S T () exp (—m)
»*Q) i, = P — Q
w!! mod Q
X > Am)w(n)w (1) = S1+ Sz + S5 + S,
mnlSTQ

where S;, j = 1,2,3,4 correspond to the following cases:
e 51w =uw)and W’ = wy(,
o Sy w =w)and W’ # wy(,
o S3:w #w)and W’ = w(,
o Sy W #wjand W’ # Wy,
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here wj = w{ is the principle character modulo Q.
First we consider S;. Since ¢ is a primitive Dirichlet character, the Gauss sum is separable,
i.e. G(—ab,v) = (—ab)7 (1)) (see Davenport [11, Section 9]). By this and by the orthogonality

of Dirichlet characters we have

[4,Q]
S1 = 1>T<w>ﬁ W@B@) Y Al )
- HLETZHILEE,Q]
1 1 [%Q], - A / .
U T mgjw OO = (m)n(m)wl (n)wly ().

In the last formula the sum over a is not equal to zero if and only if = y1. Thus

Sp=1(=1)r Z A(m m)wo(n)ag (1). (2.15)

mnl<

Second we consider Sz. In formula (2.1.2) interchanging the summation (over b and ¢) and
using the equality G(—ac, ) = 1 (—ac)T(¢)) we obtain

1 [‘LQ] Q L Q abc
S2 :¢2(Q) ) %O:d 0= x(a) ;W (e)¥(c) bz:;dJ(b) exp ( 27mQ>
w”;éwé'
<Y Almwp (e ()
mnl<LQ

[4,Q] Q
=Y(=1)7(¥) DD x@d@)) W) Y Almwh(n)w" (1)
¢ (Q) w'” mod Q a=1 c=1 mnl<LQ
W Fwy m=a mo 27[r Q]

Hence S; = 0, since the sum over c is equal to zero.
In the same way we obtain S3 = 0.
Finally we consider Sy. First we note that, for w’ # wy), w”’ # wj and (a,[q,Q]) > 1,

Yo Am) Y SO <NQ) Y Alm) = 0(¢*(Q)log(TQ)).
mﬁ% nl< 2L m<m
m=a mod [¢,Q)] m=a mod [¢,Q]

This yields (note that the formula below is split into two lines)

[¢,Q] Q Q abe
ST D x(@) Y W B)w(d) > w(e)ib(c) exp (_2”@)
w’ mod Q w” mod Q a=1 b=1 c=1
W?éUJ UJ”# 1"
> Am) (n)w (1) + O (6*(Q)e([g, Q1) log(TQ)) -
mn 9
m=a Hllfd2fq,Q]
(a’[‘LQD:l

If (ab, Q) = 1, then G(—ab,w’) = (w")(—ab)T(w"y) (see Davenport [11, Section 9]). Then
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by the orthogonality of Dirichlet characters we have

1 1 1 [q)Q] " -
SR P@, o S TR 3 e @)

w’;éwé w”;éwg

Q
D oTOWB) Y Am)n(m)e (n)e" (1) + O (¢*(Q)¢(lg, Q)) log(TQ)) -
b=1 Q

T
mnl< 5%

In the last formula the sum over b does not vanish if and only if w’ = w”. Further we write

Sy =Ty + Ty, where T} and Ty correspond to the following cases:
hd Tl 1= To,
o To:in# .

Let 6(¢q,Q) =1 if ¢|Q and 6(q, Q) = 0 otherwise. Then

11
=500, Q) @
[4,Q]
x> (WE(=D)T@) Y mla)x(a)w (a)i(a) A(m)no(m)w'(n)w” (1) (2.16)
=3(2, @) (o) (=D)7 (xvbo) > Alm)no(m)(xe) (n) (xe) (1),

mnl<5 Q

since the sum over a does not vanish if and only if w’ = ¥%; and this equality happens if and

only if ¢|@Q. By definition of T» we have

11 :
T =gan o Mm;qmw mzon W)
n#no w'#w)
q,Q] B
3" (@) x(a) (a)(a) Afm)n(m)e! (n)o” (1), (2.17)
a=1 mnl<TQ

where w” (1) is a non-principle character mod Q.

In view of the above we can write

S A exp (~2ri"50 ) =51+ T3+ T+ 0 (64(Q)ol10: Q) 06(TQ)).

T
mnl< 5

where Sy, T1, and Ty are given by formulas (2.15), (2.16), and (2.17). We will see that sums S}
and T} produce the main term, and the sum 75 contributes to the error term.
Next we consider S;. Note that by conditions of the lemma the character i) is not a

principal character. By Perron’s formula (see Titchmarsh [47, Lemma 3.12])

AP ssi= = Mm@ im0

1/)(_1)7- mnl<TQ

Il — , TQ TQlog*(TQ)
o [ e s Lo o>(2ﬂ) Loo(THETD) )
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where a = 1+ 1/1og(TQ).
In Prachar [39, Chapter 8, Theorem 6.2] considering ¢ < logB T with B being any positive

constant we find that
c

L(s, 0 f -1
(s,x) # or o log%+ET

where ¢ is an absolute positive constant. With regard to this zero-free region for L(s, x) let

by =1—¢/ log%""s T. Shifting the line of integration and noting that L(s,w() = L(s,w() we get

= X A0 = Resis T (5 D)) (52 )

mnlSE—Q
1 by +iU /bl—iU /a—iU L/ o TQ st
I + + - L2 va/ <) - 2.19
2mi {/a+w by +iU by —ilU L( XYL (s, wh) 2m s ( )
2
co (e,
U
Note that
r — TR\°1 . d L — TR\’ 1
= L2s,wh) [22) = =lim — ((s—1)2= L2s,wh) [ =2) = ).
Res.a 7 () (o) (52 ) 3=t 50 (6= 0P oo (52) )

To calculate this residue we use the following expansion (see Davenport [11, Section 4, formula
(6)] and Titchmarsh [47, formula (2.1.16)])

2

L(s,wp) = C(S)H(l—p_s) = <si1+7+2%(8—1)"> 1_[(1—1)‘5)2

rlQ n=1 plQ
1 2y = m )2
= >+ +Zam(571) H(l—p )7,
(s—1) (s—=1) =
p|Q
where -y is the Euler constant, v,,, n = 1,2, ..., and a,,, m = 0, 1,... are absolute real constants.
Then by (see Apostol [1, Theorem 2.4])
[[a-»")= d)(é?), (2.20)
plQ
2
d _ —s\2 log p
— 1—p° =2 1—p° 2.21
ds H ( p ) ( p ) Z ps -1 ( )
plQ p|Q p|Q
and d L' o L'"L — (L/)2 .
S0 = () )
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we get

/

Resg—g %(S,XJ)LQ(S,WG) (TQ> %

27
d r — (TQ\®
i 4 (mm_ e (32) o ))
P
nr o __ 2 o
=@ -0 QH R CORIREELY | S
plQ plQ
T r — 7T 1
L) et gQ—f+2f<1,xw>2—fﬂ(1—p*1)22p°§ﬁ
pl@Q plQ pl@Q

_ (@) ‘LU - TQ TQ logp L r _

This and formulas (2.19), (2.18) yield

51— w10 22 L 0,0 5 <1og 2 imeey 8y (V) <1,xw>)

pIQ
+ €&,
where
B ( )7_(1/}) b1+iU by —iU a—iU L o " TQ s ds
e=- 500 { L [ R et (52) T
()| TQ 1og2<TQ)>
o (B0
Next we evaluate the integrals in £. In view of inequality ¢(Q) > Q'~¢ we obtain
O -
50) <Q . (2.22)

By this and by formulas (2.2), (2.13) we have that the first and the third integrals in £ are
bounded by
< Q" (log(lg. Q) (QU) =+ TQ/U.

Next we consider the second integral in £. We brake it into three parts

b1 —1 b1+ b1 +iU . TQ SdS
/ my [ L) @S
L { [ o[ } (L) (52) 2

Again, using formulas (2.2) and (2.13) we see that the first and the third integrals in the last

formula are bounded by

< Q7 (log(lg, QIU))*(QU)Z (T Q)™

and the second integral is bounded by

< Q7EE(TQ)™ (log([q. Q1) (Q) = <.
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Now we choose U = T'7 1. By Q < logA T and g K logB T we obtain that
1——ge—
E<T 1eg1ter

In the same way we get

1 TQ

Ti = 3(g, Qx(=1)7(xvo) groy 5.

_ 1— <
L, () + 0 (T )
and
1——ge—
T2 < T logz+5 T

Under GRH we choose by = 1/2 +1/1logQT, U = QT and make use of the bound (2.4).
This finishes the proof of Lemma 2.1.2.
O

Lemma 2.1.3. Let v mod Q be a primitive Dirichlet character. Then, for x — oo,

Z Y(m)(n)exp (—271'1'?)

mn<z

1
log T4 2y + 22 Y O(Q s tegTete 4 Q%)
¢ p|@Q p-1

uniformly in Q. Under GRH the error term can be replaced by O(Q /2T x/2+ 1.Q%) uniformly
n Q.

Proof. By the orthogonality of Dirichlet characters the sum in Lemma 2.1.3 can be written as

S = Z P(m)(n) exp (—277@'2?)
o, Q
I S e SO exp (m‘éj) S nmhs(n)

77 mod Q w mod Q a=1 b=1 mn<z
1
= w(—l)r(w—m) mz; o (m)wo(n) + O(6(Q)")-

Perron’s formula yields

1 a+iU

> mo(n)wo(l) = —5— L(Saﬁo)L(S,wo)xs% L0 (:clog x> |

21 Jo—iv

mn<x
where a = 1/logx. Let by = 1/2+ 1/logx. Shifting the line of integration we get
.1
> mo(n)wo(l) = — Rese—1 L(s,10) L(s, w0 ) 3

mn<z

1 b 44U bi—iU ds zlog?
Ty / Lis,m)L(s.wn)a® S +0 (B,
2mi a+iU by +iU by —iU S U
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The definition of residue, formulas (2.20) and (2.21) lead to

1 9(Q)? x
Ress—1 L(s,m0)L(s,wo)x 5= 02 z | log - +2v+42 zlc;
p

logp
p—1

Hence, we have

$(Q)

S =—9(=1)r(¥) 0?

z | log(z/e) + 2 7+Z;O§ﬁ +0((Q)*" + &,
plQ

where

by iU by—iU a—ill <
£ Zw(—l)T(zﬂ)# {/ +/b +/b }L(S,UO>L<S,Wo)xSi

27mip(Q) iU ViU \—iU

<o (i),

It remains to bound €. By formulas (2.2) and (2.22) we have that the first and the last integrals
in £ are bounded by < Q~'/2+¢(QU)3/8+t¢x/U. The second integral in £ we brake into three

parts
by —i by +i by il ds
/ +/ +/ L(s,n0)L(s,wp)z®—.
by —iU by —i by +i s

In the last formula the first and the third integrals are both bounded by < Q~1/2+¢ (QU)3/8+e1/2
and the second integral is bounded by <« Q~/2*¢x/2. We choose U = /2. Then

E< Q stegrete,

If we assume GRH then the bound (2.4) gives £ < Q~/?*¢z1/2+¢ Lemma 2.1.3 is proved.
O

The last Lemma will be useful in the proof of Theorem 2.3.1. It is a weaker case of Lemma
2.1.2.

Lemma 2.1.4. Let x mod ¢ and ¥ mod @ be primitive Dirichlet characters and x # v with
Q< logA T and g < logB T, where A and B are positive constants. We have

mngm Almimyuin) exp (2ﬂzQ>
= b)) 7 (1) + 0. Q) 5 G L)L ) g2 +0 (1 T ).

Under GRH the error term can be replaced by O ((TQ)1/2+5) uniformly for all Qand q.

Proof. By the orthogonality of Dirichlet characters the left-hand side of the formula in Lemma
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2.1.4 can be written in the following way.

mn<%
1 Q l9,Q] ab
—og X Sy wer(-2m) X Amln)
w mod Qa=1 b=1 mng%
m=b mod [¢,Q]
LS 03 vt )X Ame)
=— x(b ¥(a)w aexp<—27ri> A(m)wo(n
Q) &= H T Q) T ’
m=b modw[q,Q]
Loy oy > TY Y Amem)
+— Y(a)w(a) x(b) exp <—2m’> Alm)w(n
(b(Q)w mod Q a=1 b=1 Q mng%
w#wo m=b modw[q,Q]
=5 +55.

By wg we denote the principal Dirichlet character mod Q.
First we deal with S;. We note that

Q .ab —
> vlapn(ayexp (~2ni%5 ) = Gl-b.4) = HOG(-1.0).

a=1
In view of [1, Thm. 8.10], we obtain S; = 0 whenever (b, [¢,Q]) > 1. We use the orthogonality

of Dirichlet characters one more time and we get

S =G(-1H)—— 3 x®EE) S AGmeo(n) (2.23)

1 1
BT S (‘W

q,Q]

x ) x(B)1(b)wo (b)7i(D).

Q

S
Il
Ja

Now we consider Sy. If w # wy and (b, [¢,Q]) = d, d > 1, then we have

> A(m>w<n>=0< > A<m>>:0<log<m>>-

m=b mozlw[q,Q] m=b mod [¢,Q)]

We note

[q,Q] Q B b
Z Z x(0) Zlb(a)w(a) exp (—%rz@)

w mod Q b=1 a=1
wFwo
[4,Q] B
= Y G(=Lyw) Y x(b)db)w(b) +0(Q)
w I;lOdQ b=1
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Hence after using the orthogonality of Dirichlet characters we get

]
Gy = L > D w(@wla) Y x(b)exp (—2#5) Y. Almw(n)  (224)

w mod Qa=1 b=1 mn<€
—_ us
wF#wo m=b mod [¢,Q]

- ﬁm Y. G-Lyw) Y (— > A<m>n<m>w<n>)

w mod Q n mod [¢.Q] \ mn<ZQ

Now combining (2.23) and (2.24) the left-hand side of the formula in Lemma 2.1.4 can be

written in the following way.

ﬁm >, GLym) )] (— Y. Alm)n(m)w(n) (2.25)

w mod Q n mod [0.Q] \ mn<ZQ

[4,Q]
x > x(0)d(d)wd)(d) + O(Q° log(TQ)).

b=

—

The sum over b is not equal to zero in the following three cases

aQ w = wo, =YX,
x(0)Y(b)w()n(b) = ¢([q,Q])  for q|Q,w =YX, n = o, (2.26)
w # wo, 1 = XYw.

b=

—_

By Perron’s formula we obtain

a+iU L/

- X A =g [T enbee) (58) 2 vo (Tl

T a—iU
mns 5T

In [39, Chapter 8, Thm. 6.2] considering ¢ < log? T with B being any positive constant we find

c

L(s,x)#0 for 0>1— ——
logiteT

where ¢ is an absolute positive constant. With regard to this zero-free region for L(s,x) let

by=1-—¢/ log(%+e) T'. Shifting the line of integration we get

— Y Am)n(m)w(n)

mnS%
! TQ 51
= Resg—1 f(s,n)L(s,w) <27r) 5
1 b1 +iU by —iU a—iU L/ T s d Tl 2T
- / —|—/ —|—/ —(s,n)L(s,w) (Q) S—l—O( 08 >
2mi a+iU by +iU b—iv | L 27 S U

(2.27)
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d

lim —

According to (2.26) we calculate the residues. In the first case we have
s—1 dS

(6= 05w (52

"1\ _é@TQL . —
“2) 2} = BEIZE (1 ).
271') 5) Q 2 L(7X¢)
In the second case we find
. d r TQ TQ
ti 5 (5= D o)D) (52 ) 2) =S,
The residue in the third case is equal to zero
Now combining (2.25), (2.26) and the values of the residues we get that the main terms of
the left-hand side of the formula in Lemma 2.1.4

(D) )

3 Q
where §(g, Q) =1 if ¢|Q and §(q, Q) = 0 otherwise

1 by+iU by —iU a=ilUY 7 TQ Tlog®T

- —(s,x%)L — ] —+0|——=—).
2mi {/a-i-iU +/bl+iU +/b L (5, X¥) L5, o) ( 27 ) s - ( )

According to (2.2) and (2.13) the first integral can be estimated as

In a standard way we evaluate the integrals in (2.27). We consider

1—iU

U

bi+iU 11
[ Bt (52
a+iU

2yt o ((TQ)“ e log3<[q,c2w>>
0 (103} 10810, QL))

We get the same bound for the third integral
For the second integral we find

by+1 by —1i by —iU TQ s dS
{/ S } (v Lo (32) 2
bi+iU  Jbi4i by s S
=0 (T"UFQ¥*" 108 (10, QIU) ) + O ((TQ)" 10g? T,
where the second error term corresponds to the integral on the path [by — 4, by + ]
Now we choose U = T1~01,
constants. Then we obtain an error

Q < log”T and q < logB T, where A and B are positive

p—
O(T 10g4+5T).

The other cases in (2.25) give the same error term

Under GRH we choose by = 1/2+ 1/logQT, U = QT and make use of the bound (2.4)
This finishes the proof of Lemma 2.1.4

O
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2.2 Second moment

Theorem 2.2.1. Let A and B be positive constants. Let 1 mod @ and x mod q be primitive
Dirichlet characters and x # 1. Then, uniformly for Q < logA T and q¢ < log? T, we have
Q) T T

— T T T T
Z L(px; ¥)L(1 = py,¥) :7% log” o + al% log b + azﬁ + asy -
0<yy <T

1
+0 (T 10g4+ET> ,

where real constants a1, as, ag depend only on q, Q, and are defined by the formula (2.40) below.
If we assume GRH then the left-hand side of the last equality can be replaced by

Yo LG it v)P

0<yx <T

and the error term can be replaced by O(q1+€CQET%+‘E +qQEteTe + (QT)%JFE) uniformly for all
Q and q.

Proof. Let x mod ¢ and 1 mod @ be primitive Dirichlet characters such that x # 1. The proof
of the theorem relies on the method of Conrey, Ghosh, and Gonek [9]. The idea is to interpret

the sum in question as a sum of residues, resp. a contour integral

> LoD pd) = 5 [ F s 0Ll 0)L0 - 5, D). (2.28)

211
0<y <T

which can be evaluated by the modified Gonek lemma (Lemma 2.1.1). We choose an appropriate
path of integration €. In view of the bound for zeros (2.11) we can choose @ < b<1and
T > 2 such that

1
min |b — > —— and min|7T — > 2.29
o | '7x| log g o ‘ ’)’x| ( )

1
log qT"

Let a = 1+ 1/1og(QT) and define the contour € to be the rectangle with vertices a + ib,
a+il,1—a+1iT,1—a+ib. Then

1 r

3 . f(&x)L(s,w)L(l — 5,1)ds (2.30)

1 a+iT 1—a+iT 1—a+ib a-+ib L .
iy [ [ [ A ek L - s s
2mi a+ib a+iT 1—a+iT 1—ativ | L

4
=: ZJJ
j=1

First we consider
1 a+iT LI

5= g [ Eerenna - s+ on
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By applying the functional equation (2.1) we get
_ 11 a+iT S .
A= [ (52) T@ew (-5) Fle0Ls v v
_ 11 [T QN wis\ L'
Fr@Dgam [ (5) T@en (5) Tt oL
=J11 + J12.

In view of the modified Gonek lemma (Lemma 2.1.1) we have

Tu=-rl)g X Amnmsunen (-2 ) + 0@

TW)W(-D)7(¢¥) =Q (2.31)
we obtain
7= DL 0 0wy (mg SRREOWE K (T-%) (LW))
T(@) T )2 1_10 %:'ET
- 0. Q)b (~1)7 ) St oo L P+ 0 (1w ) 2a)

Under GRH the error term in (2.32) can be replaced by O (q1+5 QT2 4 qQ/2+eTe + (QT)1/2+5) )
Second we consider J; and Js. Using bounds (2.2), (2.3), and (2.13) we get

1 1—a-+:iT L/

=2 )i f(s,x)L(sw)L(l_s,@)ds:o((QT)11/16+510g2(qT)). (2.33)

T2

Similarly,
Ti < (Q)11/16%210g2 ¢. (2.34)

Under GRH we use (2.4) instead of (2.2) and we obtain J2, 74 < (QT)Y/?*¢log?(qT).
Next we consider J3. A change of variables s — 1 — 5 gives
1 a+1iT L/

J3=——

1- L(1— L ds.
o ). ( 3, x)L( 5,0)L(3,¢)ds
By complex conjugation we get

o 1 a+iT L/ _
T —— Z(1—s,%)L(1 = s,9)L(s,)ds.

210 Jarin L

The functional equation (2.1) and its logarithmic derivative (2.9) together with the property
(2.8) lead to

Ta-s0n0 - = (Fe0-Tew)
<r@g (32) 16 (o (-52) +vcnew (+5°)) 200
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Then

=@ [ a0 () Tee (57) 2

2miQ Jarip 2m

a+1T / s Tis
ol [ R0 () teen () Revs )

2
() 1 atiT ( Q >SI‘(3) exp (_T;S) Lf,(s,x)L2(3»1/’)ds

27”Q a—+1ib %

roerr @y [ (52) e () L or v

27”@ a—+1ib %

say.

First we consider F;. We rewrite 7 in the following way.

. T A/ a+iT s i
Fi=—gr® [ Fla+ira (;m / B (;fr) I(s)exp (—;S) L2<s,w>ds) .

By Lemmas 2.1.1 and 2.1.3 we get

R <Q>SF(5)eXp <7T228> L?(s,4)ds

211 ati

— (D)) 2D T (log %Qe +2y 2y ;Ofli) +0 (Q—%+ET%+5 + Q4> .

Hence, in view of the asymptotic formula (2.8) for the logarithmic derivative of the delta function

and the property (2.31) of the Gauss sum we obtain

et [ (uiof2)

K Q logp —§terfite L o8
><d(27T (10g27re+27+2zp_1)+0<(°2 bre B +Q) (2.36)

plQ

o(Q) T Tq TQ Tq logp
=—"— | log— log — + 2log — E 1
Q 27 °8 2me o8 2me +alog 2me ’y—'_p‘Qp—l +

+0 (Q‘%““ET%+€ logq + Q* log(qT)) )

Under GRH the error term for F; can be replaced by O (Q~Y/2+¢T1/2 2 log g + Q*log(qT)).

Reasoning similarly to /7 we obtain

T A/
Fa=- go-1r@) [ Flatin

d (217m /: (i) T'(s) exp <”;S) L(s,¢)ds> (2.37)

=0(Q% log(Tq)).
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Under GRH for F» we use the same bound as in (2.37).
We turn to the integral F5. Using Lemmas 2.1.1 and 2.1.2 we get

Fam-r@ X Mmxmpvses (25t ) + 0 (@iTH)
mnlﬁ%
:¢<Q§2) Lf(l, (X@))% <log %Z +2v+42 % Zl)ofli + (i, - II:) (1, X’L/))) (2.38)
p

— (g, Q)(Xwo)(—l)T(Xwo);Eg)) %L(l, (x))? + O (Tl—longET> .

Under GRH the error term can be replaced by O (qHE Q°T=te 4+ qQ/>eTe 4 (QT)1/2+5).

In a similar way as above we have

Fi < Q7 log(Tq). (2.39)

The last bound we use also under GRH.
Now in view of (2.28), (2.30), (2.32)—(2.39) we obtain

> Llpy ) L(1 = py. )

0<yx T
Q)T Tq , TQ Tq log p
= —— | log — log — + 2log — 1
Q 27 Og27re Og27re+ Og27re 7—’_prl *

+ 2@ (log ZT—:i +2 (w +y ;Ogﬁ)) (]Z(l, (x®)) + LL/(L (xw))) (2.40)

oQ) T
Q 2m plQ
L (IL - LL> (1, x®) + (Lxd)))]

— (g Q) (r(xvo)T(P)L(L, (x¥)) + 7(xtho) () L(1, (X)) Oto)(=1) T

1——5¢
+O(T lugﬂET).

Accordingly, the notes after each formula (2.28), (2.30), (2.32)—(2.39) give the error term under
GRH. By this Theorem 2.2.1 is proved.

O

2.3 First moment
Theorem 2.2.1 extends the following theorem

Theorem 2.3.1. Let A and B be positive constants. Let 1 mod @ and x mod g be primitive
Dirichlet characters and x # . Then, uniformly for Q < logA T and q < log? T, we have
T Tq — T(xYo) T
S Llpyed) = dog L~ a(a, Q)LL) 1) ) T
0o r T 2me $(Q) 2w

L T 1.
+ f(Ld’X)% + O (Texp(fclog T)) ,
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where §(q,Q) = 1 if ¢|Q, 6(q,Q) = 0 otherwise, vy is the principal Dirichlet character modQ
and c is a positive absolute constant.

Under GRH the error term can be replaced by O ((TQ)1/2+5qE), which is valid uniformly for
all Q and q.

Proof. The proof of the theorem relies on the same idea and the same method which are used
to prove Theorem 2.2.1.

Let x mod ¢ and v mod ) be primitive Dirichlet characters such that xy # . Now let
a =14 1/log(QT) and define the contour € to be the rectangle with vertices a + ib, a + T,
1 —a+1T, 1 — a+ b satisfying the same conditions as in Theorem 2.2.1. Then we sum in
question is equal to a contour integral

1 r

% ¢ f(& X)L(S, ¢)d8

1 a+1T 1—a+iT 1—a-+ib a+1ib L/
27 ~/a+ib a+iT 1—a+iT 1—atib | L
4
=2
j=1

First we consider

1 a+iT L/

J = i b f(SaX)L(&?/J)dS
T 1/
_ QL Lf(a+it,x)L(a+it,w)dt
T Jo
_ o~ = X(m)A(m)p(n) 1 (T 1
= -2 IR |

1
C(s) = m+7+0(5—1)a
¢ -1
Z(S) = ;+7+0(5—1),
where v := limN_)oo(% Efj:l % —log N) = 0.577... is the Euler-Mascheroni constant, we get

Ji = O(log? QT).

Second we consider J2. Using (2.2), (2.3) and (2.13) we get

1 1—a-+:iT L/

=5 | L0 0ds =0 (@D o))

T2
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Next we consider Jy. Similarly as before we get

IR .
- — Z (5, ) L(s,)ds = 0 (@ log* (g +1))
20 J1—ayin L

N/

Hence, J1, J2, Js =0 ((QT)%‘*‘E log? (qT)). Under GRH we use the same bound.
Now we consider [J3. A change of variables s — 1 — gives
1 a+iT L/
= —— — (1 =3,x)L(1 —3,¢)ds.
jS 27ri it L ( SaX) ( Sv/(b) S

After conjunction we get

. 1 a+iT I

J3 = (1 —5,%)L(1 — s,v)ds.

2mi a+ib L

By the functional equation (2.5) and its logarithmic derivative the integrand of J3 can be

rewritten as

%(1 — 5, X)L(1 —s,9) = (i(&x) - LL/(S,X)) %G(L@ (22)8 '(s)

y (exp <—”;S) + (1) exp (+”;S)) L(s,9);

here G(n,x) denotes the Gauss sum associated with x mod ¢, given by

G(n,x) = zq: x(a) exp (zm'“:) :

a=1
Then
— 1 -1 atil A/ Q\° Tis
7= g0 [ R0 (5) ree (5 psws
1 — 1 atiT A1 Q\° TS
- 5610 [ R0 () Toen (+5) L
1, — 1 [T rQN® mis\ L’
+ Gz [ () T@en (-5 Tl
1 — 1 QN mis\ L’
#5615 [ (5] e () Fe0Li s
4
— Z}—j’
j=1
say.

First we consider F;. We rewrite it in the following way

T A actir . i
Fie—g61 ) [ Farimnd(on [T (2) rerew (-5 L),

(0]



By Lemma 2.1.1 we get

L (2) o (2

= D ¥n )eXp( 2mg) +0 (ri+)

n<g

©
\e

Ziw( ) exp (—Qm'g) > 1+0(ert*)

a <1Q
n<on
n=a mod Q

T % €
= G(—l,¢)—2 +O(QT ) .
According to (2.8) we have

*%G(lﬂ) /bT <log 40 C)) d(G(-Lw)5-+0(Qri*))

— 1 ﬂ 3+e
= -log -+ 0 ((QT)** 1og(Tq) ).

Fi

where we have used that

Second, we consider

- T A/ a+itT s .
Fo = —éG(—l,w)/b K(a—&-ir, x)d (21m /(Z-H (i) I'(s)exp <+7T228> L(Sﬂ/))ds) .

By (2.8) and Lemma 2.1.1 we have

Fa= GG(-1.9) /bT (bgé“’ +0 (t)) 40(Q) = O(Q* log(Tq)).

Now we calculate

7 - Lo “”T(i)sm)exp(_?)IL'(s,x)L(s,w)dsw(l).

211 ati

Using Lemma 2.1.1 and Lemma 2.1.4 we get

L. T 1 _ T O T
F3 Zf(LXW% - 5((1,Q)mG(l,¢)G(—1’X¢0)L(1,X¢)ﬂ +0 (T y ) :

Finaly we consider ;. By Lemma 2.1.1 we have F, = O(Qz 7).

Gathering everything together, after conjugation we have

Tq _
0<%§T Lo ) = 5108 5 & — 80, Q)L(L XP)0(~1)7(1) 50) 3 T

1-—
+O<T 10g4+5T>.

Assuming GRH we get an asymptotic formula with the error term

o (e ),
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uniformly for ¢, Q < T*¢.

This proves the theorem.

2.4 Corollary

Theorems 2.2.1 and 2.3.1 lead to the following corollary

Corollary 2.4.1. Assume GRH. Let A be any positive real number. Let 1) mod @ and x mod ¢
be primitive Dirichlet characters and x # . Then, uniformly for ¢ < (logT)? and Q <
(logT)?~¢, we have

Q
doo1» =T
0oSr $(Q)
L(1/247x,¥)#0
Proof. Let

S1 = Z L(py,v) and Sy:= Z |L(PX7¢)‘2~

0<yy <T 0<yx <T

By Hoelder’s inequality we get

S 2
> 1> % (2.41)
0<yy T 2
L(1/2+795,1)#0

To evaluate sums S; and Sy we will use Theorems 2.3.1 and 2.2.1. First we state several
helpful inequalities. From Davenport [11, formulas (11) and (13) of Section 14], for a non-

principal Dirichlet character xy mod ¢, we have
(L) <logg,  [L'(Lx)| < (logg)*,  [L"(L,x)| < (logg)®.

By Siegel’s Theorem (see Davenport [11, Section 21] ), for a real primitive Dirichlet character

x mod ¢, we have
IL(L,x)| >q " (2.42)

If x mod ¢ is a complex primitive character we use the zero free region of L(s, x) (see Davenport
[11, formula (6) of Section 14]) and follow the proof of Li [33, Corollary 7] to obtain the lower
bound

IL(L,x)| >q . (2.43)

We will show that the lower bounds (2.42) and (2.43) are valid also for an imprimitive character

x- Indeed, if x is the imprimitive character induced by a primitive character y; then

25,0 = Ls. ) [T (1 - 222).

pS
plq
Thus for imprimitive character the bounds (2.42) and (2.43) follow by

O

plg plg

7



By above we have that

S0 QL -1)7(0) S T < QFlog(Q)T < T(1ogT)!
and o .
T LUX) 5 < (97T < T(log T)".

This and Theorem 2.3.1 give that
S1> TlogT.

We will find an upper bound for |Ss|. We have

lo

Z &b < log @,
p—1

p|@Q

(xtho)(=1) T'

5(q, Q) (T(xwo) (W) L(1, (x¥))* + T(xnbo) T (¥) L(1, (X¥))?) Q) 27

< $(Q)Q* (log Q)?% < TlogT,

and
L//
L
Then Theorem 2.2.1 and the formula (2.40) lead to

T
(19%) 5 < (¢Q)°T < TlogT.

Sy <« (b(QQ)T(log T)%.

Now the corollary folows by formula (2.41).

78



Conclusions

In the thesis the following results for the Riemann zeta function and Dirichlet L-functions are
established:

1. The curve t — (% +it), t > 0 expands to all directions on the complex plane.
2. We can localize extreme values of the Riemann zeta function on the critical line.
3. We can transfer discrete moments to continuous moments.

4. Asymptotic formulas a sum of a Dirichlet L-function over the zeros of another Dirichlet

L-function give us continuous lower bound for the number of non-coincide non-trivial zeros.
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Santrauka

Analiziné skaiciy teorija yra skaiciy teorijos dalis, kurioje naudojantis matematinés analizés ir
kompleksinio kintamojo funkcijy tyrimo metodais, sprendziami uzdaviniai susije su sveikaisiais
skaiciais. Manoma, kad analizinés skaiciy teorijos pradzia zymi Dirichlet eiluciy ir Dirichlet

L-funkcijy taikymai.

Figure 2.1: Pavaizduota kreive ¢ — ((3 + it), kai ¢ kinta nuo 0 iki 50: (a) juodi taskai yra Gram’o
taskai ¢, (0), (b) juodi taskai yra apibendrintieji Gram’o taskai t,(2m).

I§ paveikslo matyti, kad kreivés ¢ — ( (% +it) realioji dalis linkusi biiti teigiama. Tai pastebéjo
Edwards’as ir savo monografijoje [12] rasé "...the real part of ((s) has a strong tendency to be
positive” 1 (p. 121). Kritiné tiesé yra riba, skirianti kreives ¢t + ((o + it), % < o < 1, kurios
yra visur tirStos aibé¢je C, nuo kreiviy t — ((o + it), 0 < %, kurios néra visur tirstos aibgje C
(jeigu galioja Riemann’o hipotezé). Klausimas, ar kreivé t — ((5 + it) yra visur tirSta aibéje
C, yra sunkus ir neiSsprestas uzdavinys. Pagrindinis disertacijos rezultatas yra isvada (1.5.1),
kuri teigia, kad kreivé t — ( (% +it) pleciasi | visas puses, t. y. jeigu mes nubrésime apskritima,
kurio centras yra koordinaciy pradzioje ir spindulys lygus 7', bei nubrésime spindulj einantj is
apskritimo centro, tai kreivé ¢ — ( (%—l—it) kirs nubrézta spindulj be galo daug karty uz apskritimo
riby (Zr. 4 pav.). Atskiras iSvados (1.5.1) atvejis gali buti formuluojamas taip: Riemann’o dzeta

funkcija ant kritinés tiesés jgyja be galo daug neigiamy reiksmiy ir jos yra neapréztos.

L . realioji ¢(s) dalis linkusi biiti teigiama".
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Notation

5
PRI [
»
©

Y(s), Xi(s), Ya(s)

x mod ¢,% mod Q)
X0, %o

G(n, x)

¥(n)

L(s, x)
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complex variable, where o,t € R and ¢ = v/—1

real number from the interval [0, 7)

generalized Gram’s points

Dirichlet polynomials

generalized divisor function for n € N, where k > 0
and k € R

Euler gamma-function defined, for o > 0, by I'(s) =
o0

i e x5 'dx, and by analytic continuation else-

0
where

Riemann zeta function defined, for o > 1, by ((s) =
o)
> m~*%, and by analytic continuation elsewhere
1

m=
Dirichlet characters, where ¢, Q € N

principal Dirichlet characters

Gauss sum

Euler totient function

Dirichlet L-function defined, for ¢ > 1, by L(s, x) =

o0
> x(m)m~°, and by analytic continuation else-
m=1

where
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