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1 Introduction

The oblique parameters (OPs) provide a convenient way of comparing the predictions of a
New Physics Model (NPM) with those of the Standard Model (SM). The NPM is supposed
to have the same gauge group as the SM, viz. SU(2) x U(1). The different particle content
between the NPM and the SM must consist solely of extra fermions and/or scalars in the
NPM. Those new fermions and scalars should preferably be in representations of the gauge
group such that they cannot couple to the light fermions with which most experiments are
performed; in that way, one ensures that their only effects are through their contributions
to the vacuum polarizations, i.e. to the self-energies of the gauge bosons. One writes those
new contributions, coming from loops! of the extra fermions and/or scalars, as

I, (q) = ¢ Avv: (%) +¢"” By (2%, (1.1)

where ¢* is the four-momentum of the gauge bosons and V and V' are the gauge bosons at
hand, which may be either W+ and W~, or a photon v and a Z°, or two photons, or two
Z9’s. Note that the functions Ay (qQ) have mass-squared dimensions. Let us denote

dAyyv q2
%/V’ (q2) V(':qu( )7 (123‘)
~ A (62) — Avvr (0
Ayyr (qz) _Avvle )q2 vy ). (1.2b)

'We only consider the one-loop level vacuum polarizations.



Then the OPs are defined as??

4s2,c2, | ~ 2, — s?
S = ww [AZZ (my) + W A, (0) - 4, (0)] : (1.32)
« CWSW
r_ L lAwm; ©) AZZ2(O>] 7 (1.3b)
(6 mW mZ
2
U=—5+2W [ Zyw (miv) + % Ly (0) — AL (0)} : (1.3c)
V= é[ - (m2Z) —Ayy (mg)} (1.3d)
W= é [ ww (m%/V) — Aww (m%v)} ; (1.3¢)
X = SWOfW (42 (0) = Az (m3)]. (1.3f)

In egs. (1.3), a is the fine-structure constant, sy and cy are the sine and the cosine,
respectively, of the Weinberg angle 6y, and myz and my, are the masses of the Z° and
W#, respectively. At tree level

my = cwmy (1.4)

in both the NPM and the SM; this is because no neutral-scalar field is allowed to acquire a
vacuum expectation value (VEV) unless it has either J =Y =0 or J =Y = 1/2,% where
J is the (total) weak isospin and Y is the weak hypercharge.

The comparison between the predictions of an NPM and the ones of the SM is done
through formulas like, for instance,

NPM S 2 T U

: (1.5)
mip! (st — ) 2(cy —siy)  Bsiy

wherein the input observables in the renormalization of both the SM and the NPM are
assumed to be a, my, and the Fermi coupling constant G measured in muon decay;® the
mass myy is thought of as a prediction of either the SM or the NPM. Formulas analogous
to eq. (1.5) exist for some twenty other measured observables [3].

2In egs. (1.3) we have used the sign conventions for sy and cw in ref. [1] However, the formulas that we
shall present for the OPs do not depend on those conventions.

3We adopt the definitions of the OPs in ref. [2]. Those definitions do not neglect the second derivatives of
the Ay (qQ) relative to ¢°. For this reason, they produce extra parameters V, W, and X.

4A few other exceptional values of J and Y, like J =3 and Y = 2, are permitted too.

5The angle Oy is extracted from these input observables through

™

S%/V —+ C%V =1 and Swecw = W
FmZ

Equation (1.4) is not supposed to hold at loop level.



General formulas for the OPs when the new fermions of the NPM are placed in either
singlets, doublets, or triplets of SU(2), and have some specific hypercharges, have been
recently derived in ref. [4]. General formulas for the OPs when the new particles of the
NPM are scalars in any representations of SU(2) x U(1) have been presented in ref. [5].
Here we generalize both papers by presenting general formulas for the OPs when the new
particles of the NPM are fermions in any representations of SU(2) x U(1). We allow the new
fermions to have arbitrary masses and to mix freely among themselves.® We do not specify
the mechanism through which the fermion masses are generated. We implicitly assume the
new fermions to be of Dirac type.”

This paper is organized as follows. In section 2 we introduce the functions in terms of
which we are later going to write down the OPs. In section 3 we define the mixing matrices of
the fermions and we prove some equations that apply to them. The formulas for the oblique
parameters are displayed in section 4; we also demonstrate there the cancellation of the
divergences of S and U, and we write down the equation that must be satisfied in order for
the divergence of T to vanish too. In section 5 we consider the simple case of one vector-like
multiplet of fermions, while in section 6 we analyse a model with two vector-like multiplets
of fermions. We draw our conclusions in section 7. In appendix A we give formulas for the
parameters S and U as they were defined in the original work by Peskin and Takeuchi [7].

2 Functions

In ref. [4] a few functions have been found to be relevant to the formulas for the OPs in an
NPM with singlet, doublet, and triplet fermions. Now we have found that those functions
are, indeed, all that one needs to write down the OPs when there are any new fermions. The
functions were displayed in ref. [4] as linear combinations of the dispersive parts of various
Passarino-Veltman functions (PVF) [8]. The PVF may be computed, for instance, by using
the software LoopTools [9, 10]. However, it may be more convenient to present formulas
for the functions that do not involve the PVF and that may be more immediately written
in a code. That’s what we do here. The functions are:

k(Q,1,7)= % - I;Z)J - (1222‘;)2 + 41Q [(I ;22‘])3 - ijﬂ ln§

N _I_J+<I+QJ>2+<I—J£2<I+J>_<I;23J>4]f(@ilf,ﬂ, (2.1a)
J(QI,J)= -2+ {Ia} — Q(IItJJ)]ln:;

N _622 3(12+ J) —QJ)Z] FIQ.LT), (2.1Db)

5We do not consider mixing between the NP fermions and the SM fermions. If this mixing is present, then
one must do the computations of the OPs by following the recipe we give here both for the NPM and for the
SM, and, afterwards, the true OPs are given by OP = OPN'M _ OpSM,

"Various interesting sets of fermions that may be added to the SM have been identified in ref. [6]. Many of
those sets contain Majorana neutrinos.



div 1 I J\ 5 I+J (I-J)?
111—2—Hn—2

9(Q-1.J) ===+ oo T
1 [2+02 -7, 1
Yol T T e |y
2 2
i —2Q—|—5(I+J)—3I —1-322 +21J
I+ DI =0 (=D Q1)
_ 02 + o ] TR (2.1c)
X I+ J I-J\, I [Q (I—J)?
9(Q717J)—1+2(I_J—Q)IHJ+ 5—I—J+ 20 f(Q.1,7), (2.1d)
5 Al Q I A
HQ,I) —9—3Q+<—6+3+3Q>f(Q,LI)a (2.1e)
di 1 1
h(f)—% 3, (2.1f)
I+J[,. 1 I J I+J IP+J* 1
. . 1 1 J I1+J 1
In egs. (2.1a)—(2.1e),
1 I+J-Q+VA
\/KIHI—I—J—Q—\/Z <= A>0,
2 Q+1—J Q+J—1
arctan + arctan <= A <O,
F(Q.1.J) = V;A< VoA voa ) (2.2)
-1
where
A=Q*—2Q(I+J)+(I—-J)>. (2.3)

Equations (2.1a)-(2.1d), (2.1g), and (2.1h) have been written assuming I # J. It is easy
to find the fitting expressions for I = J:

1 I I 1
k(Q,I,I)—3—Q+I<Q—2)f(Q,I,I), (2.4a)
jQrn=-3+(3r- %) r@r1. (2.40)
_div 1, I 5 2I 41%\ £(Q,1,1)
Q1.1 =2+(Q-an L &LD (2.44)

2 9



I I
LI = (div “n /ﬂ) , (2.4e)

t(I,1I)=div—1In 12 (2.4f)
I
Some egs. (2.1) and (2.4) depend on a dimensionless divergent quantity ‘div’ and on an
arbitrary mass parameter u; those two quantities are supposed to disappear from the formulas
for any physical quantity like the OPs. We will soon see the way that happens in practice.
When the masses of the New Physics particles are much larger than the Fermi scale one
may use, instead of expressions (2.1a)—(2.1e), their approximations for @) < I, J. Thus,

(I+J)(8IJ—1?—-J?) 312J? I 5
Q — 1 - +O Q <:I J7
Q=3 8(I—J)" 20—Jp T (@) =12 (2.52)
—ﬁJro(Q?) =1=1J
W0IJ+12+J% 1JUI+J), I
ACILITI Q[ 61— I-J) h‘J%O(QQ)@I#J’ (2.5b)
Q ]« '
9(Q.1,J)=9(,J)+k(Q,1,J), (2.5¢)
QL) - i(Q.1,J) q
0 =g(1,J)+ o (2.5d)
Q
L@ D) =-57+0(Q). (2.5¢)
h
where _(:h\/+1(lnf+lnj) 8IJ_IQ_J2
3 6\ 2 2 9(1 —J)*
_ B P+J3—312J-31J% 1
g(1,J) = + 50— I~ =141 (2.6)
_d;i),ij;,m,fz*gl; 1=,
and I+J 17 I
_ 3 — — 3lnj<:I7£J,
jaa=q20= 0 (2.7
ol <= 1=

3 Mixing matrices

We put together in a set all the fermions that have the same chirality F (E may be either L—
left—or R—right) and the same colour. If there are in the NPM any other non-SU(2) x U(1)
conserved quantum numbers, then all the fermions in each set should have the same values of
those quantum numbers too. Moreover, all the fermions in each set must have electric charges



that differ among themselves by integer numbers; this means that, if any two fermions have
electric charges that differ between themselves through a non-integer, then those two fermions
must be placed in different sets. We emphasize that different sets must be treated separately,
because they give separate contributions to each OP, just as new scalars in an NPM give
separate contributions to the OPs from new fermions in the NPM.

We consider in turn each set of fermions with chirality E. In the set, the raising operator
of weak isospin, viz. T}, is represented by a matrix that we name Mg / V2.8 The lowering
operator of weak isospin, i.e. T, is the Hermitian conjugate of T'y; therefore, it is represented
by the matrix MTE / V2. Finally, the third component of weak isospin is

T3 = [Ty, T-] (3.1)
and is represented by the matrix Hg/2,° where
Hp = |Mp, M}). (3.2)
We must take into account the weak-isospin commutation relation
(T3, T4 ] =T (3.3)

Since, as written in the previous paragraph, 7. — Mg / V2 and T3 — [M B, MH / 2,
eq. (3.3) implies

Mg = MM} Mg — % (MEM], + MfME) . (3.4)

Equation (3.4) implies
tr (MpM}) = tr (MpMMpME) — tr (M@M}EQ) (3.50)
= “(;{2&“) (3.5b)

Equation (3.5) is separately valid for each set of fermions; in particular, it is valid for both
FEF =L and F = R.

We place the fermions of each set in a column vector, ordering them by decreasing electric
charges. This means that the electric-charge operator is represented by the square matrix!”

Q1 X 1f11 0q1><q2 OQ1><q3
OQ2><Q1 Q2 x 1Q2 OQ2><Q3

o | 56

OQ3><q1 0q3><q2 Qs X lqs

where 0,,x, denotes the m x n null matrix, 1,, denotes the n x n unit matrix, g, is the
number of fermions in the set that have electric charge @, and

Q1—Q2=Q2—-Q3=--=1 (3.7)

8The denominator v/2 is purely conventional.
9The denominator 2 is just a convention.
10We implicitly assume that the electric charges of the left-handed fermions are the same as those of the

right-handed fermions, so that all the fermions may acquire a Dirac mass.



When one adopts this ordering of the fermions in a set we see that, since T, connects the
fermions of a given electric charge to the fermions with one unit less of electric charge,
one must have

O!I1><Q1 Mpy 0q1><q3 Oq1><Q4

0112><Q1 OQ2><¢I2 Mps 0!]2><¢14

Mg = : 3.8a
b 0!13><q1 OQ3><q2 0q3><t13 MES ( )

OfI1><Q1 O(I1><€I2 OQ1><f13 OtI1><q4
MEl OQ2><<12 OQ2><Q3 0qz><q4

Ml = , 3.8b
E OQ3><q1 MZ?Z OQ3><Q3 0q3><q4 ( )

where Mg, is a ¢, X ¢u41 matrix.'! Then,

MElM]TUJl TOql ><q2 T 0q1><q3
o Ogyxqy MpaMpy — My Mg 05 x g5 . 59)
o 0‘13><¢11 0q3><q2 ME3M£3 — thszEQ - .

The Z° boson couples to T5 — Qs¥,. Since T3 — Hp/2, it is convenient to define the
matrix Fr through

Fp = Hgp — 2s%Q, (3.10)

where @ is the diagonal, real matrix in eq. (3.6). The matrices Fr are Hermitian just as
the matrices Hg.
Using eqgs. (3.8) we see that

tr (MpM}) = tr (Mg M, ) + tr (Mo M, ) + - (3.11)
Also, using egs. (3.6) and (3.9),
tr (QHE) = (Q1 — Q2) tr (ME1M£1) +(Q2 — Q3)tr (MEzMgz) +ee (3.12)
Utilizing eq. (3.7) we then conclude that

tr (QHp) = tr (MpML) . (3.13)

HFor instance, it is well known that for a doublet of SU(2)

01
Mg =
== (50)

V2 0
Mg = 0 V2 |.
0 0

while for a triplet of SU(2)

o O O



Equations (3.5) and (3.13) are crucial to demonstrate the finiteness of the oblique parameters
S and U. Notice that those two equations depend neither on the masses of the fermions
nor on the way that those masses are generated.

Notice that in this formalism we do not mention the hypercharge Y at all. In a weak
basis each fermion has a well-defined T35 and a well-defined Y. In the physical basis that we
utilize this is not so: each physical fermion may be the superposition of various components
with different T35 and different Y. On the other hand, @Q = T3 + Y has a well-defined value
Qs for each physical fermion f.

Using the covariant derivative [1]

— . . € + - - 2
D, =08, +ieA,Q —i s (Wu T, + W, T_) — Z, (T3 - QSW) : (3.14)

Swew

where e = V47w« is the electric-charge unit, we may now write the gauge-kinetic Lagrangian
for the fermions fg in a set:

i

Lo = 5 > [fE W (OufE) — (%ﬂs) s fE]
f
- eAu zf: Qf TEV fE + D — Zy, ]%;/ (FE)ff/ TEV" R

4 Formulas for the OPs

Using the computations in ref. [4], we are now in a position to write the formulas for the
various OPs.

The parameters V and W. One has
1

Vegoa 2. 7T [(FL) s (FR) g om%,md,mi | (4.1a)
TEWw gy
1
= 4782 F [(ML)ff’ ; (MR)ff/ amlz/lhm?"a m?"} s (41b)
Twr

where the sum runs over all the fermions f and f’ in a set, my and my are the masses
of f and f’, respectively, and

F2,y,Q.1,J) = (l2]* + y*) k(@ 1,J) — 2Re (zy") ‘7@@[‘]) VIJ.  (4.2)

It is worth pointing out that in eq. (4.1a), whenever f # f’, there are two equal terms in
the sum, because the matrices F;, and Fr are Hermitian and

F 2y, Q. 1.J) =F (2%, y",Q, J.I). (4.3)
The parameter X. One has
1
X =3 Qr(Fu+Fr)y! (m%,m3). (4.4)
f



The parameters S and U. One has

S=o fzfj G (L) gy, (HR) g 0%, m3,mi3]

+ > Qs (i + )y 1 ()

+ Q‘fV Xf: Qs [2Qssh — (Ho + Hr) | 1 (m3,m3), (4.52)
U=-S8 +% j; g {(ML)ff’ s (MR) g0 mﬁvm?mﬂ

3@t 1) (). (435)

where

G(@,y,Q.1,J) = (J2]* +|y*) 9 (Q. 1,J) — 2Re (ay") “Q’QI"” VI (46)

Note that in ref. [4] the function G was defined with the opposite sign.

Cancellation of the divergence in S. We remind that, according to egs. (2.1),

a

g(Q,I1,J) = —% + finite, u-independent terms, (4.7a)
div . :

h(I)= 5 + finite, p-independent terms, (4.7b)

and the functions § (Q, I, J) and [ (@, I) do not contain div, where div = div + In p? includes
both the divergent quantity ‘div’ and the arbitrary mass pu. From eqgs. (4.5a), (4.6), and (4.7)
one sees that

div 2 2] div
S:_67 “(HL)ff/‘ +’(HR)ff/ :|+ZQf(HL+HR)ff
us 3T
If! !
+ finite, py-independent terms. (4.8)

But H; and Hp are Hermitian matrices, therefore

div
= { -~ [(HL)? + (HR)’] + 240 [Q (HL + Hp))}
-+ finite, p-independent terms. (4.9)

The terms in eq. (4.9) proportional to div vanish because of eqs. (3.5) and (3.13) (actually,
they vanish separately for E = L and E = R). Thus, S is both finite and p-independent.

Cancellation of the divergence in U. Since S is (/iE—independent, egs. (4.5b), (4.6),
and (4.7) produce

div
B

)

“ | (n),

2] +ZQf (HL+HR>ff}
f

-+ finite, p-independent terms. (4.10)



Therefore,

U= a;j {~tr (MpM] + MpM}) + tr[Q (He + Hr)] |

+ finite, p-independent terms. (4.11)

The div-dependent terms in eq. (4.11) vanish because of eq. (3.13). Thus, U is both finite
and p-independent.

The parameter T. One has

1
e — 2H (ML) /,(MR) ,7m2,m2/
47?8%/7”?4/%;{ (M) 5 gy mi |
_H [(HL)ff/,(HR)ff/,Tn/},m?u]}, (412)
where
H(w,y 1, T) = (|2’ + [yl*) t (1,7) = Re (ay") VIT £ (1,7). (4.13)
We note that, because of egs. (2.4e) and (2.4f),
I .
In the second line of eq. (4.12) there are two equal terms in the sum whenever f # f/, because
H(x’ y? I’ J) = H(ﬁ*’y*7‘]’ I) N (4'15)
Note that
0. (I,J w0 (1, J
2H (@.9.1.J) ~ H ey, 11) - H (g 0) = (ol + 1) Py Re gy 20D,
(4.16)

where 64 (I,J) and 6_ (I, J) are the functions that were defined in equations (12) and (13)
of ref. [11].

Cancellation of the divergence in T. Because of egs. (2.1g) and (2.1h),

I+J —
t(I,J)= % div + finite, p-independent terms, (4.17a)

#(I,J) = div + finite, p-independent terms. (4.17b)

Therefore,

div > {2 “(ML)ff/ 2+ ‘(MR)ff'

- 1677312/Vm

7 = 2} (mfc + m?u)

—8Re [(ML)fff (Mﬁ)ff/} Mgy — U(HL)ff’ i + ‘(HR)ff/’Q] (mif + m?ﬂ)
+4Re [(HL)ff, (Hﬁ)ff,] mfmf/} + finite, p-independent terms (4.18a)
B div
B 8msd,me,
— 2tr (M MMJM + MMM M) — tr [(H} + HE) M?]

{tr [ (MpM] + M My + My, + M Mg ) M?|

+2tr (HLMHRrM) } + finite, u-independent terms, (4.18b)

,10,



where M is the mass matrix of the fermions. Thus, T is finite and p-independent if

tr | (Mo M] + MMy — HE) M?] (4.19a)
Ttr [(MRM; + MEMg — H}%) Mﬂ (4.19b)
12 tr (HLMHRM — My MMJ,M — MRMMEM) —=0. (4.19¢)

The oblique parameter T' is not automatically finite, contrary to what happens with S and
U. This should not surprise us. It is well known that T is divergent when the NPM does
not obey eq. (1.4) at the tree level. In our case, the fermions may get masses either through
bare mass terms, if they are in vector-like representations of SU(2) x U(1), or through their
Yukawa couplings to neutral-scalar fields and the VEVs of those fields. Now, the VEVs may
cause a violation of eq. (1.4) if the neutral-scalar fields do not feature J (J + 1) = 3Y2. If
the fermion mass matrix M implicitly requires some scalar fields to have disallowed VEVs,
then eq. (4.19) does not hold and T is divergent.'?

5 One vector-like multiplet

We consider in this section the simple case of one vector-like multiplet of fermions with
isospin J and hypercharge Y. All the n = 2J 4+ 1 components of the multiplet have the same
(bare) mass m, because there are, in general, no Yukawa couplings that can generate different
masses for the different components of the multiplet. So, the only variables in this model
are m and Y, which are continuous, and n, which is an integer.

The n x n matrices My and Mg are equal and they are given by

(Mp),. = (MR),e = Ocrs11/7 (0 = 7), (5.1)

where the sub-index r stands for “row” and the sub-index ¢ stands for “column” of a matrix.
The n x n matrices Hy, and Hr are equal and they are given by

(Hr),.= (HR),, = 0cr (n+1—27). (5.2)

The electric-charge matrix is given by

+1-2r+2Y

n
Qrc = 5c,r 9 (5.3)

The n x n matrices F1, and Fr are equal and they are given by
(FL),. = (FR),, = 0, [(n +1-2r)cy — 2YS%V] . (5.4)

Because of eq. (4.14) and of the equalities between the matrices M and Mp and
between the matrices Fy, and F, the oblique parameter 7" vanishes. For the remaining OPs
O = S,U,V,W, X we obtain the general expression

-1
o=" (AO L BOY2> : (5.5)
s 3

12The fact that T may turn out divergent when one adds fermions to the SM and one gives arbitrary masses
to those fermions had already been pointed out in ref. [12].
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Figure 1. The coefficients Ap and Bp as functions of m according to egs. (5.6) and (5.7). The
dashed vertical line indicates the benchmark point value m = 400 GeV. For large m, all the coefficients
Ao and Bp vary as m™P with p very close to 2.

where the coefficients Ap and Bp depend neither on n nor on Y; they only depend on m:

Ag=yg <m2Z,m2,m2> — nﬂg g (mQZ,mZ,mz)
+h (m2) — s (2 - 312,1/) l (mzz, m2) (5.6a)
Ay =g (mW,mQ,mz) —g (mQZ,mQ,mz)
2|9 (my,m?* m?) g (miy,m? m?)
! my omiy 1
+ 5% (2 - S%V) l (m%,m2> , (5.6b)
Ay = 465% [k (mzz,mQ,mQ) — ;:22]' (mQZ,mQ,mzﬂ , (5.6¢)
W z
1 m?
Ay = [k (m%,v,mz,mQ) ——5J (m%v,mQ,m2>] , (5.6d)
4g2
;W my
Ax = CTW l (m%,mQ) , (5.6e)
Bg = —By = 4s{y 1 (mQZ,mQ) (5.7a)
By = ii;// lk (mzz,mQ,m2> - angj (mQZ,mZ,m2>] , (5.7b)
Bx = —si/1 (mQZ,m2> , (5.7¢c)

and By = 0. All the coefficients Ap and Bp are increasing functions of m, depicted in
figure 1. Notice that, in general, the OPs V, W, and X may be as important as S and U.
Using eq. (2.5e) one finds that

7772 7774
— 4 Z Z
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Figure 2. The oblique parameters as functions of Y, while n = 5 and m = 400 GeV are kept fixed.
The dashed vertical line indicates the benchmark value Y = 3.3. The light-gray area indicates that
the corresponding OPs lead to a fit to the observables with x? > 17; for the dark-grey area one
has x2 > 20.

Similarly, using egs. (2.1f), (2.5¢), (2.5d), (2.6), and (2.7) one finds that

2 4
o, my my
As = —cy Tim? +0 <m4> . (5.9)

Equations (5.8) and (5.9) are excellent approximations for the Bg and Ag, respectively,
depicted in figure 1.

This New Physics Model gives a fit of the OPs which is just a little worse than letting
the OPs vary freely. Indeed, by setting V= W = X = 0 and allowing S, T, and U to
vary freely'® we were able to accomplish a fit of all the relevant electroweak observables!'*
with x? = 14.201; while in our NPM with m = 400 GeV, n = 5, and Y = 3.3 we achieve
x? = 14.894, which is not much worse.'®> We use the above values of m, n, and Y as our
first benchmark point (BP1). Then,

o Keeping both n and m fixed at their BP1 values, we let Y vary and observe the variation
of the OPs displayed in figure 2.

e Keeping both n and Y fixed at their BP1 values, we let m vary and observe the variation
of the OPs displayed in figure 3.

e Keeping both Y and m fixed at their BP1 values, we let n vary and observe the variation
of the OPs displayed in figure 4.

We also observe that there are approximate linear correlations between the parameters S
and V, and between the parameters U and X, displayed in figure 5.
A more detailed description of the numerical analyses is given in subsection 6.4.

30ur best fit was obtained for § = —1.2 x 1072, T =2.8 x 1072, and U = 2.0 x 1073.

We have used the following twenty observables, taken from ref. [13]: Re, Ry, Re, A¢, Ap, Ac, Ag,?]’;), Ag)j’gb),

ve

A gve ghe, 5% (three different values), mw, T'w, Tz, ohad, Qw (Cs), and Quw (T1).
5We perform a fit by defining x> = RC™'R”, where R is the row-vector of the residuals of the observables
and C' is the covariance matrix, which is evaluated according to the correlations among the observables [13-15].
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200 400 600 800 1000
m [GeV]

Figure 3. The oblique parameters as functions of m, while n =5 and Y = 3.3 are kept fixed. The
dashed vertical line indicates the benchmark value m = 400 GeV. The meaning of the gray-shadowed
bands is the same as in figure 2. For large m, all the oblique parameters are approximately proportional

0.0l ————————
0.00/
" ., —0.01}
[aW oW}
© © _o0.02/ |
— U 1 \
~0.03t —__ Y 3 \
) S S S — 004
1 2 3 45 6 7 8 9 10 1 2 3 456 7 8 9 10
n n

Figure 4. The oblique parameters as functions of n, while m = 400 GeV and Y = 3.3 are kept fixed.
The dashed vertical line indicates the benchmark value n = 5. The dark-gray area means that the
OPs lead to x? > 20 fit.

0.00F

002l ®n=1 0.04}
’ en=3 E
—0.04) opn_s 0.03
—0.06f o 0.02¢
—0.08t 0.01k
—0.10¢ P 1
_o.12! .".'/,4" ] 0.00}
—0.14f 2" ‘ . . ] -0.01}. . . . . ]
—0.10 —0.08 —0.06 —0.04 —0.02 0.00 —-0.01 0.00 0.01 0.02 0.03 0.04
S U

Figure 5. Correlation plots between oblique parameters for different values of n. The parameters
S and V are distributed according to V' =~ 1.47 S (left panel), while the parameters U and X obey
X ~ 1.12U (right panel). All points in the plots obey the restriction x? < 20. The dashed lines
indicate the values of the oblique parameters at the benchmark point BP1.
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6 Two vector-like multiplets

Since the formalism in section 3 may look a bit abstract, we give in this section the practical
calculation of the mixing matrices in a specific NPM with wvector-like (in order to avoid
anomalies) fermions.'® In our model all the fermion masses are justified either through
bare mass terms or through SU(2) x U(1)-invariant Yukawa couplings to the Higgs doublet
of the SM; therefore, the oblique parameter 1" has no reason to feature an UV divergence
and, indeed, it converges.

6.1 Description of the model

In the NPM that we suggest there are, besides all the fermion multiplets and scalar multiplets

of the SM, the following multiplets of fermions:'”

e One multiplet Aj, of left-handed fermions with isospin J and hypercharge Y.
e One multiplet By, of left-handed fermions with isospin J + 1/2 and hypercharge Y +1/2.

e Two multiplets Ar and Bpr of right-handed fermions with the same quantum numbers
as those of Ay, and By, respectively.

We define n = 2J + 1. We write the multiplets of additional fermions as

L p bo,E
a2’E bi,E
Ap = |, Bg=| 0w |. (6.1)
a
n,E bn7E
There are bare-mass terms given by
n n _
Lbare = —MA Z ax,R Ok, —MB Z bj7R ijJ + H.c. (62)
k=1 §=0

The quantum numbers of the new fermion multiplets were chosen in such a way that they
have SU(2) x U(1)-invariant Yukawa couplings to the Higgs doublet of the SM (o, ch)T
which has isospin and hypercharge 1/2. It is easy to convince oneself that the Yukawa

)
couplings of ¢ to the new fermions are given by

n
Lyukawa =+ — ¢ > Vk (yR bi,r ak,L + YL bk.L ak,R) +H.c., (6.3)
k=1
with Yukawa coupling constants yr and yr. Since the largest Yukawa couplings are yg+/n,
we assume that

47
lyrl, lyLl < 7 (6.4)

in order to respect unitarity.!®

The NPM that we deal with in this section has been recently suggested in ref. [16].

"For the sake of simplicity, we assume all the new fermions to be color singlets.

18Stronger unitarity constraints may exist, arising for instance from the scattering of fermions into gauge-
boson pairs; see ref. [17] and, for the case of large scalar multiplets, see ref. [18].
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In eq. (6.3), note that by, and by, g have no Yukawa couplings to @Y. Together they form
a Dirac fermion with electric charge (n+1)/2 4 Y. Its mass term is

—mp % bO,L + H.c. (6.5)

For k = 1,...,n, there are two Dirac fermions with electric charge (n+1)/2+Y — k.
According to egs. (6.2) and (6.3), their mass terms are given by

() (7, e ) (o) 69

In eq. (6.6), m¢ = ygrv and mp = yiv*, where v is the VEV of ¢°, with |v| ~ 174 GeV.
According to eq. (6.4),

4

Ime| < T/ﬁv', (6.7a)
4

imp| < 271V (6.7b)

\/ﬁ I

while |m 4| and |mp| may be as large as one wishes. Our NPM has six real free parameters:
Y, arg (mampmgmy,), and

a=|mal*, (6.8a)
b=|mp|*, (6.8b)
c=|mel?, (6.8¢)
d=|mpl*. (6.8d)

Additionally there is n, which is an integer.
For k = 1,...,n, we diagonalize the mass matrix in eq. (6.6) by making

( b5 > =UrE (fk’E ) , (6.9)
ag E 9k,E

where the 2 x 2 matrices U, g are unitary and the physical fermions f; and g, have masses
my and my ., respectively. We define

Mk—<mf”“ 0 ) (6.10)

0 mgp

The matrices M} are diagonal and real. The bi-diagonalization condition is

(nm VEme

— U, p ML UL . 6.11
\/%mD ma ) k,RMEUE 1, ( )

It is convenient to write

Xk E
U = ’ , 6.12
k. ( Y, ) (6.12)
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where X, g and Y, g are 1 x 2 matrices. Thus, from eq. (6.9),

bie.r = Xi.E (ka> , (6.13a)
9k,E
v Jr.E

ar,p = YiE , (6.13b)
9k,E

(ka) = Xli EbkE + Yiank,E- (6.13c)

9k,E ’ ’
The unitarity of Uy, g implies

XipXip =1, (6.14a)

YVipYip =1, (6.14b)

Xl}k,EYkz,FE = Yk*,EX;;F,E =0, (6.14c)

XI?,EXI:,E + YkTEYI;E = 1o, (6.14d)

where 15 is the 2 x 2 unit matrix. From egs. (6.11) and (6.12),

mp = Xy My X[ 1, (6.15a)
ma = Yir MY}, (6.15D)
Vime = Xir MYy, (6.15¢)
Vimp =Yg My X[ ;. (6.15d)

Utilizing eq. (6.14d) and remembering that M, = M,}:, one may derive from egs. (6.15) that

b+ ke = X ME X} g, (6.16a)
a+kd =Yg MY . (6.16D)
b+ kd = Xy ME X[, (6.16¢)
a+ke= Y MEY],, (6.16d)

where a, b, ¢, and d have been defined in eqs. (6.8).

6.2 The mixing matrices

We now apply our formalism to the model described in the previous subsection. Firstly, we
put together all the physical fermions of each chirality in column vectors

bo,
fiE
gd1.E
ve=| ", (6.17)
fn,E

9n,E
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taking care to order the fermions by their decreasing electric charges. Indeed, the (diagonal)
electric-charge matrix for the 2n + 1 physical fermions in Vg is

n+1 O1x2 O1x2 O1x2
) O2x1 (n—1) x 12 022 022
Q= 3 02x1 022 (n—3)x1y - 022 +Y x 1gp41. (6.18)
O2x1 O2x2 O2x2 - (1=n) x 1y

The (diagonal) mass matrix of the physical fermions in Vg is

mp O1x2 O1x2 ... O1x2
O2x1 Mi O2x2 ... O2x2
M = | O2x1 O2x2 Mz ... Ozx2 || (6.19)

02x1 O2x2 O2x2 -+ M,

where the matrices M have been defined in eq. (6.10).
We define the matrices Mg / V2, which represent the action of the SU(2) operator T’
on the fermions of Vg, through
T Mg
Vi N ((T+bo,E), (T4 fre) s (Thg1,E) s - (T foE), (T+gn,E))- (6.20)

Obviously, T4 bo,r = 0. Now, utilizing egs. (6.13),

V2T, (;LE) = V2T (X] pbip + Y gar o) (6.21a)
1.E
= X{ pvn b, (6.21b)
and, for m = 1,...,n — 1,
V2T, (fm+1,E) = V2T, (X} gbmirm + Y pamein) (6.22a)
9m+1,E
=Vin—m (X} oV + Lo+ Y pv/mamp) (6.22b)
—Vn—m (\/m +1 X pXmp +Vm YJHLEYWE) (me> :
Im,E
(6.22¢)
Therefore,
0 Mgp O1x2 O1x2 -+ O1x2
O2x1 O2x2 ME1 O2x2 -+ O2xo
O2x1 O2x2 O2x2 Mpao -+ 0Oaxo
Mg=| . . . . . : (6.23)
O2x1 O2x2 O2x2 O2x2 -++ MEp,—1
02x1 O2x2 O2x2 O2x2 -+ O2x2
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where, from eq. (6.21),
Mgo=vVnX{g

is a 1 x 2 matrix, and the

(6.24)

are 2 x 2 matrices. Notice that Mg in eq. (6.23), just like @ in eq. (6.18) and M in eq. (6.19),
isa (2n+ 1) x (2n + 1) matrix, because there are 2n + 1 (new) Dirac fermions in our NPM.

For k = 1,...,n we define the 2 x 2 Hermitian, idempotent matrices

Hip = XX} g,
(Hk,E)2 = Hy .

(Equation (6.26b) follows from eq. (6.14a).) It is then easy to see that

ME,OMIQO O1x2 O1x2 - O1x2 O1x2
02x1 ME,lMgl Oox2 -+ 022 O2x2
M — 02.><1 02‘><2 ME,2.M]T572 02.><2 O2x2
021 02x2 Ogx2  +-- ME,n—lM%ynfl O2x2
O2x1 O2x2 O2x2 - O2x2 O2x2
has, because of egs. (6.14),
ME,OM}L;,O =n,
ME’mMBm:(n—m)(mx12—|—Hm,E) (m=1,...,n—1);
while
0 O1x2 O1x2 -+ O1x2 O1x2
O2x1 M]J[LOME,O O2x2 -+ O2x2 O2x2
; O2x1 O2x2 MElME,l O2x2 O2x2
MEME - . . . . .
O2x1 O2x2 Ogx2 -+ ngn,QME,n—2 022
O2x1 O2x2 O2x2  --- O2x2 Mg’n_lME,n—l
has
Mgz‘,()ME,O =n X Hl,Ev
Mf Mpm = (n—m)(mx1y+ Hyppp)  (m=1,...,n—1).
Then, according to the definition (3.2),
Hgo O1x2 O1x2 -+ O1x2
O2x1 Hia O2x2 -+ O2x2
Hg = MEME —MLME = | O2x1 O2x2 HgEg2 - O2x2 |,
02x1 O2x2 O2x2 -+ Hpy

,19,

(6.26a)
(6.26b)

(6.27)

(6.28a)
(6.28b)

(6.29)

(6.30a)
(6.30D)

(6.31)



where

Hgo=n, (6.32a)
HE7]€:(7’L—|—1—2]€)X12—H]€,E (kzl,,n) (632b)
Finally, the (2n+ 1) x (2n + 1) Hermitian matrices Fg are given by egs. (3.10), (6.18),
and (6.31).
6.3 The finiteness of T'

For completeness, in this subsection we explicitly demonstrate that eq. (4.19) holds in our
NPM and that, therefore, the oblique parameter T is finite in it.
One may define

c<= E=R
= ’ 6.33
e { d« E=L (6.33)
Then, from egs. (6.16a) and (6.16¢),
tr (HypM2) =b+kep,  (k=1,...n). (6.34)

Also, egs. (6.16a), (6.16b), and (6.14d) imply
tr (M) =a+bthctd  (k=1,..,n). (6.35)

It is then easy to derive that

n—1
tr (MEM};M2) =nb+ Z (n—m){m[a+b+m (c+d)|+b+mzxg}, (6.36a)
m=1
n—1
tr (M;MEM2> =n(b+zp)+ Y (n—m)
m=1
x{mla+b+(m+1)(c+d)|+b+(m+1)zg}, (6.36b)

tr (H%M?):n25+§jl{(n+1—2k)2[a+b+k(c+d)]+(4k—2n—1)(b+kxE)}. (6.36¢)

Performing the sums over m by using

n—1
Y l=n-1, (6.37a)
m=1
n—1 n
> m=(n-1) 5 (6.37b)
m=1
n—1
o2n —1
m? = (n—1) ™ ”6 ), (6.37¢)
m=1
n—1 n2
m? = (n—1)> T (6.37d)
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one finds that
tr [ (MpM) + M{Mp — HE) M?] =0 (6.38)

for both £ = L and E = R. Therefore, each of the two lines (4.19a) and (4.19b) separately
vanishes.

One also finds that

n
tr (HLMHRM) = bHL’OHR70 + Z tr (HL,kMkHR,kMk) (639&)
k=1

— bn? +Z{ (n+1-2k) tr (MZ)
— (n+ 1= 2k) tr [(Hep + Hy p) ME] + tr (Hy, p MiHy pMy) } - (6.39b)
:bn2+§nj{(n+1 —2k)2[a+ b+ k(c+d)]
—(n +ki 2k) [2b + k (c + d)] + b}, (6.39¢)
tr (Mp MMM ) = my (M oMM}, ) + ni tr (M M1 My, My )
=

= mpn (X{‘ LMiXT )

N )
+ mY 1Y m-+1, LMm+1Y +1, RY* rMm

+ m(m+ 1)X X1, LMY,y +1,RYm,gMm

+a/m (m + 1) Y Y*_H LMm+1Xm+1 RXm RM

:nb—i-nil(n—m)[(m+1)b+ma+m(m+1)(c+d)]. (6.39d)

m=1

Therefore, once again performing the sums over m,
tr (2 M MMM — HLMHgM) =0 (6.40)

and line (4.19¢) is zero. Thus, in our model each of the three lines of eq. (4.19) is sep-
arately zero.

6.4 Numerical results

Our benchmark point 2 (BP2) has |m4| = |mp| = 2000 GeV, |m¢c| = |mp| = 100 GeV,
arg (mympymemp) = 1.5, Y = 3.3, and n = 5. This yields a fit to the twenty elec-
troweak observables with y? = 14.214, which is comparable to our best fit with null V,
W, and X.
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Figure 6. The correlation between the oblique parameters S and T in our New Physics Model, for
n = 5. The black ellipses correspond to the 1o, 20, and 30 (2dof) allowed regions in the ST plane for
a fit with U =V =W = X = 0 and completely free S and T'. The dashed lines indicate the values of
the oblique parameters at the benchmark point BP2.

0.04f oo
oen=3
002 en—s
S 0.00}
~0.02}
~0.04} o
~0.04 -002 000 002 004

U

Figure 7. The correlation between the OPs U and X, for different values of n. All the points in this
plot have x% < 20. The dashed lines indicate the values of the OPs in the BP2.

In order to explore the entire parameter space, we consider various integer values of n,
we let the masses vary from 50 GeV to 3000 GeV but subject to the constraints (6.7), we let
arg (mympmemp) vary from 0 to 27, and we let Y go from —10 to +10. We keep only the
points that have x? smaller than a certain number, which may be either 30, 20, or 17.' This
differentiation of the points according to their x? coincides well with the correlation between
the S and T parameters in the electroweak fit, displayed in figure 6. This figure also shows
that our NPM can only produce positive values for the parameter T

In our NPM there is the approximate linear correlation between the oblique parameters
U and X displayed in figure 7. The distribution of parameters is very similar to the one
observed for the NPM of section 5, i.e. here too one has X ~ 1.12U.

O The pull of observable O is defined as (Ofy — Omeasured)/ (ﬁeasmed, where Omeasured 1S the central value
and (ﬁeasured is the error in the measurement of O. In practice, most pulls are always very small and only
very few observables have large pulls. As a consequence, points with x? < 30 have all the pulls between —3
and +3; points with x? < 20 have pulls ranging from —2 to +2, except for the observables A%Bb) and Ag; and
points with x? < 17 have pulls between —1 and +1, with the additional exceptions of R, and Qw (Cs).
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Figure 9. The OPs as functions of ma4 = mp. The dashed vertical line indicates the BP2 value
ma.p = 2000 GeV. In the light-gray area, one obtains x? > 17; in the dark-gray area, x? > 20. For
ma =mp 2 2TeV, all the OPs vary with m 4 as mf, approximately.

In figure 8 the variation of the OPs with Y is displayed; all the other parameters of
the model are kept fixed at their BP2 values. As ever, the OPs W and T are constant
because egs. (4.1b) and (4.12), respectively, do not depend on Y. It should be noted that
in this NPM the impact of Y on x? is weak, contrary to what happened in the model of
section 5, cf. figure 2.

In figure 9 one observes that, as the value of m4 = mp increases, the absolute values of all
the OPs decrease. Points with very low m = mp tend to have large x?; x? ~ 14 is minimal
when m4 = mp = 2000 GeV (i.e., at the BP2), and increases up to = 16 for larger m4 = mp.

When we keep all the mass parameters and Y fixed at their BP2 values, and we allow n
to vary, we observe the variation of the OPs displayed in figure 10. The absolute values of all
the OPs increase with n for n > 4, and eventually x? becomes larger than at the BP2.

7 Conclusions

In this work we have presented general formulas for all six oblique parameters in an extension
of the SM with additional fermions. The formulas are based on a formalism which defines
matrices My, and Mp that represent the action of the operator T’y / V2 on the physical left-
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Figure 10. The OPs as functions of n. The dashed vertical line indicates the BP2 value n = 5. The
gray area corresponds to fits with x2? > 20.

and right-handed fermions, respectively; here, T} is the raising operator of gauge-SU(2).
Starting from the matrices Mg (E = L, R) one calculates the matrices Hg = | Mg, MH and
then the matrices Fp = Hg — 2@5%[,, where @ is the electric-charge matrix. The formulas for
the OPs are then eqs. (4.1), (4.4), (4.5), and (4.12), where one makes use of the functions F, G,
and H defined in egs. (4.2), (4.6), and (4.13), respectively, and of functions defined in section 2.

We have applied our formulas to the cases of two models with new vector-like fermions
in arbitrarily large representations of SU(2). Remarkably, in both models we have found
that the oblique parameters V and W are usually of the same order of magnitude as S,
while the oblique parameters X and U tend to be somewhat smaller; however, these features
may be upended when one is dealing with fermion representations featuring either a large
isospin J 2 2 or a large hypercharge |Y| 2 5.

It is worth remarking that, in the original formulation of the OPs (see appendix A), the
parameters V', W, and X were set to zero and the parameters S and U had different definitions
— S§" and U’, respectively. Our work demonstrates that, in general, that original formulation
may lead to bad misjudgements, because neither V and W are necessarily smaller than S,
nor necessarily S ~ S’ and U ~ U’ — as is shown through a simple example in appendix A.
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A The Peskin-Takeuchi approximation

In their original formulation by Peskin and Takeuchi [7], the OPs had different definitions.
The parameters V, W, and X did not exist (or, equivalently, they were set to zero); the
parameter T had the same definition as in eq. (1.3b); and the parameters S and U were
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instead defined to be S’ and U’, respectively, where

g = Bk o) WS o) (o) (A.la)
= a Z7Z p— ~Z vy ) -1a
/ / 4312/1/ / w4 /
It is clear that
! 4512/V612/V A 2 /
-8 =—""\A - A2
S—=5 o [ 727 (mz) 77 (0)} ; (A.2a)
452, 1~
(U+8) - (U +5)==2 [Aww (miy) = Ajw (0)] (A.2b)
In our NPM with additional fermions the Peskin-Takeuchi parameters S’ and U’ are
given by
1 - 1
f f
1 - 1
Y (M) 50, (M) ;g ;3 m3 | + =" Qp(Hy+Hp)yp h (m3). (A.3b)
I f
where
G (w,y.1,7) = (JaI* +y*) §(I,J) — 2Re (") § (1, 1) VI, (A4)

with functions g (I, J), §(I,J), and h (I) given in egs. (2.6), (2.7), and (2.1f), respectively.
For instance, in the model of section 5, wherein My = Mg, Hr, = Hpg, and all the
extra fermions have equal mass,
r_ 1 { 2 20 ( 2 9 2=( 2 2 }
=— 2 H h H — A.
5= L5 (o0 100 ) [ ) - 5]} a5

S+ U = % {ZQf (Hr)sph (mQ) +Z‘(ML)ff’

(A.5Db)
Now, because of egs. (2.1f), (2.6), and (2.7),
g (mQ,mQ) -m?3 <m2, m2) =—h (mQ) . (A.6)
Hence,
Sy [QQf (Hy) ;- ‘(HL)ffﬂ , (A.Ta)
f
S+ U o 3 Qp (HL) p — Y |01 | (A.Th)
f I

Using eqs. (5.1)—(5.3) one easily concludes that S’ = U’ = 0 in that NPM. On the other
hand, in the same NPM the OPs S and U are clearly nonzero — they are not even necessarily
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very small. So, it is clear that the Peskin-Takeuchi parameters S’ and U’ do not need to
be, in general, good approximations to S and U, respectively.

Further dealing on the model of section 5, we note that in that model there is only one
mass scale, viz. the mass m of the new fermions. Therefore, since the function Azz (qz)
has mass-squared dimensions,

4 6 8
Az () :amubqucgwdgwo(iﬁ), (A9
with numerical coefficients a,b,c,d,.... Hence,
Too(a\ my o my my

This explains the form of egs. (5.8)—(5.9) in section 5.
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Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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