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Abstract: Let P be the set of generalized prime numbers, and {p(s), s = ¢ + it, denote the Beurling
zeta-function associated with P. In the paper, we consider the approximation of analytic functions
by using shifts {p(s +iT), T € R. We assume the classical axioms for the number of generalized
integers and the mean of the generalized von Mangoldt function, the linear independence of the
set {logp : p € P}, and the existence of a bounded mean square for {p(s). Under the above
This means that the set of shifts
{p(s+iT) approximating a given analytic function defined on a certain strip & < ¢ < 1 has a positive

hypotheses, we obtain the universality of the function {p(s).

lower density. This result opens a new chapter in the theory of Beurling zeta functions. Moreover,
it supports the Linnik-Ibragimov conjecture on the universality of Dirichlet series. For the proof, a
probabilistic approach is applied.

Keywords: Beurling zeta-function; generalized integers; generalized primes; Haar measure; random
element; universality; weak convergence

MSC: 11M41

1. Introduction

A positive integer g > 1 is called prime if it has only two divisors, 4 and 1. Thus,
2,3,5,7,11, ... are prime numbers. Integer numbers k > 1 that have divisors different from
k and 1 are called composite. It is well known that the set of all primes is infinite, and this
was first proved by Euclid. By the fundamental theorem of arithmetic, every integer k > 1
has a unique representation as a product of prime numbers. Thus,

k=g ---qy, &€ Ng=NuU{0},

and g; is the jth prime number, j = 1,...,r, with some r € N.
Investigations of the number of prime numbers

7r(x) % Y1, x—oo,
q<x

were more complicated. We recall that a = O(b), a € C, b > 0, means that there exists a
constant ¢ > 0 such that |a| < cb. Comparatively recently, in 1896 Hadamard [1] and de la
Vallée-Poussin [2] proved independently the asymptotic formula

X

du + O(xe_c\/@>, c>0.

/1
2ogu

7(x)

Axioms 2024, 13, 145. https:/ /doi.org/10.3390/axioms13030145

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms13030145
https://doi.org/10.3390/axioms13030145
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0009-0000-5705-1202
https://orcid.org/0000-0002-7671-0282
https://doi.org/10.3390/axioms13030145
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13030145?type=check_update&version=2

Axioms 2024, 13, 145

2 0f 23

For this, they applied the Riemann idea [3] of using the function

o q 1 -1 ‘
Z? H< _) , S=0+it, 0 >1,

q 7

now called the Riemann zeta-function. The distribution low of prime numbers was found.

Prime numbers have generalizations. The system P of real numbers 1 < p; < p2 <

< pu < - -+ such that lim,,_, py = oo are called generalized prime numbers. General-

ized prime numbers were introduced by Beurling in [4], and are studied by many authors.

The system P generates the associated system Np of generalized integers consisting of
finite products of the form

pitoopy, wjeNg, j=1,...1,

with some r € N.
The main problem in the theory of generalized primes is the asymptotic behavior of
the function
7p (x) def Y 1, x— oo
p<x, peP

The function 7p (x) is closely connected to the number of generalized integers

J\/p(x)d:ef Y 1, x— oo
m<x, meNp

In these definitions, the sums are taking counting multiplicities of p and m. Distribu-
tion results for generalized numbers were obtained by Beurling [4], Borel [5], Diamond [6-8],
Malvin [9], Nyman [10], Ryavec [11], Hilberdink and Lapidus [12], Stankus [13], Zhang [14],
and others. The important place in generalized number theory is devoted to making re-
lations between Np(x) and 7tp (x). We mention some of them. From a general Landau’s
theorem for prime ideals [15], we have the estimate

Np(x):ax+o(xﬁ), a>0,0<B<1, (1)

that implies

X
_ du —c4/log x
np(x)—/logu—i—O(xe ), c>0.
2
Nyman proved [10] that the estimates

Np(x):ax+o(®>, «>0, 2)

and

X
du x
)= g * ) 4>

with arbitrary @ > 0 and &1 > 0 are equivalent. Beurling observed [4] that the relation

X
log x”

7tp (x) ~ X — oo,

is implied by (2) with & > 3/2.
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It is important to stress that Beurling began to use zeta-functions for investigations of
the function 7tp (x). These zeta-functions {p(s), now called Beurling zeta-functions, are
defined in some half-plane ¢ > 0y, by the Euler product

or by the Dirichlet series

mENp

where 0 depends on the system P.
Suppose that (1) is true. Then, the partial summation shows that the series for {p(s) is
absolutely convergent for o > 1,

N0 ax, ®

Tp(s) =s /
1
the function {p (s) is analytic for ¢ > 1, and the equality
1 1\
Y, =11 (1 - s>
meNp m peP p

is valid.
Analytic continuation for the function {p(s) is not an easy problem. If (1) is true,
then (3) implies

p(s) = as +s/ l;(fl) dx, R(x) = O(xﬁ), 0<B<1
1

This gives analytic continuation for {(s) to the half-plane o > B, except for the point
s = 1 which is a simple pole with residue a.

Beurling zeta-functions are attractive analytic objects; investigations of their properties
lead to interesting results, and require new methods. Various authors put much effort
into showing that the Beurling zeta-functions have similar properties to classical ones. We
mention a recent paper [16] containing deep zero-distribution results for {p(s).

In this paper, we investigate the analytic properties of the function {p(s). The approx-
imation of analytic functions is one of the most important chapters of function theory. It is
well known that the Riemann zeta-function {(s) is universal in the sense of approximation
of analytic functions. More precisely, this means that every non-vanishing analytic function
defined on the strip {s € C: 1/2 < ¢ < 1} can be approximated with desired accuracy
by using shifts {(s +it), T € R. Universality of {(s) and other zeta-functions has deep
theoretical (zero-distribution, functional independence, set denseness, moment problem,
...) and practical (approximation problem, quantum mechanics) applications. On the other
hand, the universality theory of zeta-functions has some interior problems (effectivization,
description of a class of universal functions, Linnik-Ibragimov conjecture, see Section 1.6
of [17], ...); therefore, investigations of universality are continued, see [17-23].

Our purpose is to prove the universality of the function {p(s) with a certain system
P. We began studying the approximation of analytic functions by shifts {p (s + iT) in [24].
Suppose that the estimate (1) is valid. Let

T
Mp(o,T) = [Igp(o +it) P e,
0
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~ . 1
UIlnf{O'ZMp(O',T) <, T, U>max<2,[$>}.

Suppose that ¢ < 1 and define
D=Dp={seC:0<0o<1}.

Here, and in the sequel, the notation a <. b, a € C, b > 0, shows that there exists
a constant ¢ = c¢(e) > 0 such that |a| < cb. Denote by H(D) the space of analytic on
D functions equipped with the topology of uniform convergence on compacta, and by
measA the Lebesgue measure of a measurable set A C R. The main result of [24] is the
following theorem.

Theorem 1. Suppose that the system P satisfies the axiom (1). Then there exists a closed non-empty
subset Fp C H(D) such that, for every compact set K C D, f(s) € Fp and € > 0,

liminf;meas{r € [0, T] : sup|lp(s +iT) — f(s)] < s} > 0.

T—o00 seK

Moreover, the limit

T—o00 seK

lim ;meas{’r €10, T] : sup|lp(s +it) — f(s)| < s}

exists and is positive for all but at most countably many e > 0.

Theorem 1 demonstrates good approximation properties of the function {p(s); how-
ever, the set Fp of approximated functions is not explicitly given. The aim of this paper,
using certain additional information on system P, is to identify the set Fp.

A new approach for analytic continuation of the function {p(s) involving the general-
ized von Mangoldt function

[ logp ifm=pk,peP,keN,
Ap(m) = { 0 otherwise,

and

Pp(x) = ; Ap(m)
e

was proposed in [12]. Let, for a € [0,1) and every ¢ > 0,
Pp(x) = x +O(xH). @

Then, in [12], it was obtained that the function {p(s) is analytic in the half-plane
o > a, except for a simple pole at the point s = 1. It turns out that estimates of type (4) are
useful for the characterization of the system P. It is known [12] that (1) does not imply the
estimate

gp(x) = x+0(x) 5)

with 81 < 1. Therefore, together with (1), we suppose that estimate (5) is valid.

Let /C be the class of compact subsets of strip D with the connected complement,
and Hy(K) with K € K the class of continuous functions on K that are analytic in the
interior of K. Moreover, let

L(P)={logp:p < P}.

Note, that the following theorem supports the Linnik-Ibragimov conjecture.
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Theorem 2. Suppose that the system P satisfies the axioms (1) and (5), and L(P) is linearly
independent over the field of rational numbers Q. Let K € KCand f(s) € Ho(K). Then, for every
e>0,

1
liminmeeas{T € [0,T] : sup|lp(s+it) — f(s)| < s} > 0.

T—o0 scK

Moreover, the limit

lim ;,meas{’r € [0,T] : sup|Cp(s+iT) — f(s)| < 8}

T—c0 scK
exists and is positive for all but at most countably many at € > 0.

Notice that the requirement on the set L(P) is sufficiently strong, it shows that the
numbers of the system P must be different. The simplest example is the system

P ={q+a:qisprime},

where « is a transcendental number.

An example of P with a bounded mean square is given in [25].

For the proof of Theorem 2, we will build the probabilistic theory of the function {p(s)
in the space of analytic functions H(D).

The paper is organized as follows. In Section 2, we introduce a certain probability
space, and define the H(D) valued random element. Section 3 is devoted to the ergodicity of
one group of transformations. In Section 4, we approximate the mean of the function {p(s)
by an absolutely convergent Dirichlet series. Section 5 is the most important. In this section,
we prove a probabilistic limit theorem for the function {p(s) on a weakly convergent
probability measure in the space H(D), and identify the limit measure. Section 6 gives the
explicit form for the support of the limit measure of Section 5. In Section 7, the universality
of the function {p(s) is proved.

2. Random Element
Define the Cartesian product

Qp=J[{seC:|s|=1}.
peP

The set Qp consists of all functions w : P — {s € C: [s| = 1}. In Qp, the operation
of pointwise multiplication and product topology can be defined, and this makes Qp a
topological group. Since the unit circle is a compact set, the group ()p is compact. Denote
by B(X), the Borel o-field of the space X. Then, the compactness of Qp implies the existence
of the probability Haar measure mp on (Qp, B(Q)p)), and we have the probability space
(Qp, B(Qp), mp).

Denote the elements of Qp by w = (w(p) : p € P). Since the Haar measure mp is the
product of Haar measures on unit circles, {w(p) : p € P} is a sequence of independent
complex-valued random variables uniformly distributed on the unit circle.

Extend the functions w(p), p € P, to the generalized integers Np. Let

m:p‘;l...pff? eNP‘

Then we put
w(m) = w™(p1) - - W (pr). ©)
Now, for s € D and w € Q)p, define
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Lemma 1. Under the hypotheses of Theorem 2, {p(s,w) is an H(D)-valued random element
defined on the probability space (Qp, B(Qp), mp).

Proof. Fix 0y > 0, and consider

am(w) = %, m € Np.

Then {a, : m € Np} is a sequence of complex-valued random variables on
(Qp,B(Qp), mp). Denote by z the complex conjugate of z € C. Suppose that m; #*
my, my,my € Np. Since the set L(P) is linearly independent over Q, in the product
w(my)w(my), there exists at least one factor w”(p), p € P, with integer a # 0. Therefore,
denoting by [E¢ the expectation of the random variable ¢, we have

20’0 4

Blan(@)P = -, m € N, )

1
Eam, (w)am,(w) = —z—= / w(m)w(my)dmp =0, my # my,
mPmy" .

because the integral includes the factor

1
/wzx(p) dm7 — /e27riau du =0,
Y 0

where 1 is the unit circle on C, and m.,, the Haar measure on +y. This and (7) show that {a;, }
is a sequence of pairwise orthogonal complex-valued random variables and the series

Y. E|a|* log? m

mGN’p

is convergent. Hence, by the classical Rademacher theorem, see [26], the series

Z w(m)

mENp

converges for almost all w with respect to the measure mp. Therefore, by a property of the
Dirichlet series, see [22], the series

w(m
y, < ®
mENp
converges uniformly on compact sets of the half-plane o > oy for almost all w € Qp.
Now, let

(Tk:a—i-%, keN,

and Dy = {s € C: ¢ > 0} }. Denote by the set )y C Qp such that the series (8) converges
uniformly on compact sets of Dy for almost all w € (). Then, by the above remark,

mp(Q) = 1. )

On the other hand, taking

~

Q=n«0q,
3 k
we obtain from (9) that mp (ﬁ) =1, and the series (8) converges uniformly on compact sets
of the half-plane ¢ > 7 of the strip D. Hence, {p (s, w) is the H(D)-valued random element
on (Qp, B(Qp), mp). O
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Lemma 2. For almost all w, the product

H<l_w<p>>l

S
peP p

converges uniformly on compact subsets of the half-plane o > 0, and the equality

e - T (1- 42

S
peP p

holds.

Proof. The series {p(s, w) is absolutely convergent for ¢ > 1. Therefore, the equality
of the lemma, in view of (6), is valid for ¢ > 1. By proof of Lemma 1, the function
{p(s,w), for almost all w € Op, is analytic in the half-plane o > 7. Therefore, by analytic
continuation, it suffices to show that the product of the lemma, for almost all w € Qp,
converges uniformly on compact subsets of the strip D.

Write

H(lw(p)>1: [T +au(s,w)) (10)

S
peP p peP

with
w*(p)
1 plXS :

We observe that the convergence of product (10) follows from that of the series

Y ap(s,w)  and Y Jap(s, w) %

e

ap(s,w) =

o

peP peP
Set )
wip
by(s,w) = —
Then
o0 o 1 =R
ap(s,w) = bp(s,w) =Y d isp) L -5 0>0.
a=2 p p
Hence, the series
Z |ap(s,w) — bp(s,w)| (11)

peP

is convergent for all w € Qp with every o = 0y, 0y > 0, thus, uniformly convergent on
compact subsets of the half-plane o > @. To prove the convergence for the series

Y by(s,w),

peP
we apply the same arguments as in the proof of Lemma 1. For fixed ¢ > ¢, we have

1
E\bp((flw”z = ﬁ

and for p,q € P, p # ¢,

Eby (0, w)by(0, w) = alqg /w(p)w(q) dmp = 0.
Qp
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Thus, the series

Y Elby(0,w)[*log? p
peP

is convergent, and the Rademacher theorem implies that the series

2 by(o,w)

pEP

converges for almost all w € Qp. Hence, this series, for almost all w € Q)p, converges
uniformly on compact subsets of the half-plane ¢ > 7. This, together with a convergence
property of the series (11), shows that the series

Y ap(s,w),

peP

for almost all w € Qp, converges uniformly on compact subsets of the half-plane o > 7,
and it remains to prove the same for the series

Y lap(s, )] (12)
peP
Clearly, for all w € Qp,
1 ~
la, (s, w)|* < e o>0.

Hence, the series (12), for all w € Qp, converges uniformly on compact subsets of the
half-plane o > 0. O

3. Ergodicity
ForT € R, let
Kr = (p*” ‘p € P),
and
gr(w) =Kkrw, w e Qp.

Since the Haar measure mp is invariant with respect to shifts by elements of Qp,
ie, forall A € B(Qp) and w € Qp,

mp(A) = mp(wA) = mp(Aw),

g¢(m) is a measurable measure preserving transformation on Qp. Thus, we have the
one-parameter group Gr = {gr : T € R} of transformations of Qp. A set A € B(Qp) is
called invariant with respect to G if, for every T € R, the sets A and A = g.(A) differ
one from another at most by a set of mp-measure zero. It is well known that all invariant
sets form a o-field which is a subfield of B(Qp). The group G is called ergodic if its o-field
of invariant sets consists only of sets mp-measure 0 or 1.

Lemma 3. Under the hypotheses of Theorem 2, the group G is ergodic.

Proof. Let A € B(Qp) be a fixed invariant set of G;. Denote by 14(w) the indicator
function of the set A. Then, for almost all w € Qp,

I4(gr(w)) =1a(w). (13)
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Characters x of the group Qp are of the form

x(w) =TT «*(p), (14)

peP

where * indicates that only a finite number of integers k, are distinct from zero. Suppose
that x is a nontrivial character, i.e., x(w) #£ 1 for all w € Qp. Then, we have

x(go)=[T p " = exp{ —itY " kp logp}.
peP peP

Since the set L(P) is linearly independent over Q, and yx is a nontrivial character,

Z* kplogp # 0.
peP

Thus, there exists a real number a # 0 such that

X(ge) =e ™

Hence, there is 19 € R satisfying x(gz,) # 1.
Now, we deal with Fourier analysis on Qp. Denote by g the Fourier transform of a
function g, i.e.,

500 = [ sl@)x(w)dmp.
Qp
In virtue of (13), we find
i) = / La(w)x(w) dmp = x(87) / X(w)1a(w) dmp = x(g5)Ta(X)-
Qp Qp
Hence, in view of inequality x(g,) # 1, we obtain
La(x) = 0. (15)

Consider the case of the trivial character )¢ of the group ()p. We set Ta(xo) = c. Then,
the orthogonality of characters implies that

) = [ cGox(w)dmp = CQ/ x@)amp = { & HXZ1

Qp
Therefore, using (15) yields the equality
La(x) = cx)- (16)

It is well known that a function is completely determined by its Fourier transform.
Thus, by (16), we have that for almost all w € Qp, [4(w) = c. However, as [4(w) is
the indicator function, it follows that ¢ = 0 or 1. In other words, for almost all w € Qp,
Ip(w) =00rly(w)=1. Thus, mp(A) = 0or mp(A) = 1. The lemma is proved. [

We apply Lemma 3 for the estimation of the mean square for {p (s, w).

Lemma 4. Under hypotheses of Theorem 2, for fixed ¢ < o < 1 and almost all w € Qp,

T
/|gp(a+ it,w)2dt <po T, T — co.
-T
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Proof. Let ay (0, w), m € Np, be the same as the proof of Lemma 1. The random variables
ap (0, w) are pairwise orthogonal, and

, 1
E|an (o, w)] =

Therefore,

2

= ¥ Emw)f= ¥ o<e 17)

mE/\[p mGN'p

ElZp(o, @) =E| Y. an(o,w)

mENp

Let ¢¢(w) be the transformation from the proof of Lemma 3. Then, by the definition of g,

2P (0, 81(w)* = |5p(0, g10) [* = |Gp (0 +it, w) .

We recall that a strongly stationary random process X(t,w), t € T, on (), A, P) is
called ergodic if its o-field of invariant sets consists of sets of P-measure 0 or 1. Since the
group G is ergodic, the stationary process |{p (o + it,w)|? is ergodic, for details, see [22].
Therefore, we can apply the classical Birkhoff-Khintchine ergodic theorem, see [27]. This
gives, by (17),

T T
. 1 . 2 T 1 . . 2
Tlgr;m/Twp(wt,wn df—Tlgr;OZT/Tép(agt(W))df—]EICP(mw)l <.

O

4. Approximation in the Mean

In this section, we approximate the functions {p(s) and {p (s, w) by absolutely conver-
gent Dirichlet series. Let 7 > 1 — 7 be a fixed number, and, for m € Np and n € N,

i) = o{-(2)'}

Then the series

gp,n<s): 2 ann(/lrsn) and é’P,n(Srw>: Z

meNp meNp

an(m)w(m)
mS

, OJEQP,

are absolutely convergent for o > 7 and for every fixed n € N. We will approximate {7 (s)
and {p(s,w) by {p ,(s) and {p ,, (s, w), respectively, in the mean. Recall a metric in the
space H(D) inducing its topology. Let {K; : I € N} C D be a sequence of embedded
compact sets such that

[e9)
D= U K,
I=1
and every compact set K C D lies in some K;. Then

supcx, 181(s) — 82(s)|
1+ supcg, 81(5) — g2(s)]

p(g1,8) =Y 27 , 81,8 € H(D),
=1

is the desired metric in H(D).
In [24], the following statement has been obtained.
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Lemma 5. Suppose that (1) is valid. Then

lim hmsup /p p(s+1i1),lpy(s+it))dT = 0.

n—oo

Denote by ()p ; a subset of ()p such that a product

H(lw(p)>1

S
peP p

converges uniformly on compact subsets of D for w € Qp 1, and by Op , a subset of (p
such that, for w € (p 5, the estimate

/|§p(a+it,w)\2dt <o T

holds for ¢ < ¢ < 1. Then, by Lemmas 3 and 4, mp(Qp;) = 1,j = 1,2. Let
Qp =Qp1NQpy.
Then again mp(Qp) = 1.

Lemma 6. Under the hypotheses of Theorem 2, for w € Qup the equality

T
lim lim sup % /p(ép(s +itT,w),{py(s+iT,w))dT =0

I
holds.

Proof. Denote
L(s) = 'T(n~ts)n’, neN,

where I'(s) is the Euler gamma function. Then the classical Mellin formula

1 a-+ico
7ori / I(z)b?dz=e", ab>0,
a—ico
implies, for m € Np,
1+-ico n+ico
Zm / el 2711 / I@) (%)_z dz = an(m).
—ico n—ico

Therefore, for ¢ > 0 and w € ﬁp,

1+ico
Gpals,w)= ), Wzﬁ / ( ) m>ln(z)dz

meNp y—ivo meNp

17+zoo
= o [ Tt z0 )z (18)

77100
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The definition of the metric p implies that it is sufficient to show that, for every compact
set K C D,

Jlim hmsup T /sup|§p s+iT,w) — {py(s+it,w)|dt =0. (19)
seK

Thus, let K C D be a compact set. Then there exists ¢ > 0 satisfying for o + it € K the
inequalities 0+e<o<1—¢/2 Takey =1and i =0 — ¢/2 — o with the above . Then
71 <O0andn >0+¢€/2—1+¢€/2=0—1+¢ > —1. Consequently, the integrand in (18)
has only a simple pole z = 0 in the strip #7; < Rez < 5. Hence, the residue theorem and (18)
show that, for s € K,

171+i00
(pa(s,w) — Gp(s,0) = 5 [ Tp(s+2,w)i(2) d=

m —ioco
Thus, for s € K,

{pu(s+it,w) —Cp(s+it,w)

—1/004,” <3+E+ir+it+iu w)l (6+f—a+iu)du
“on ) °F 2 ) 2

oo

—i/g <a+5+ir+iu w)l (a+§—s+z’u)du
"o ) °F 2 ) 2

~ & . .
< /‘§p<0+§+w+zu,w>

P w(T4+ 5 — s+ iu) | du (20)
se

It is well known that, for the gamma-function I'(c + it), the estimate
I'(o+it) < exp{—c|t|]}, ¢>0, (21)

is valid uniformly for o € [0q, 03] with every o7 < 0y. Therefore, (20) implies

T/sup|Cp s+iT,w) — (py(s+it,w)|dT

seK
<</ /‘§P(¢7+ +1iT +iu, w)‘dr sup ln(0'+775+m)‘dudef @
- 0 2 seK 2

By Lemma 4, for w € ﬁp,

T

2
/’g¢(6+§+ir,w)‘ dr <, T
-T

Hence,
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T 1/2
1/‘@ (745 +it+inw)|dr< 1/‘@ (745 +iT+iu w)’zdr
T)I°P 2 ’ S\ T/EP 2 ’
0 0
1 T+|ul ) /2
SO
< | = b
S| 7 / ‘@p(a+2+l’r,w)‘ drt
—|ul
T+ |u 1/2
<<g( - ') < (14 [u)/2, 23)

In view of (21), for s € K,
~ € . O+e/2—0 —e/2
ln<¢7+§—s+zu) <«n exp{—clu —t|} <g n ““exp{—cilul}, ¢ >0.

This and (23) give

(o)

<o n™ [ (L u) 2 exp{—crlul}du <ucn™/2,

and (19) is proved. O

5. Limit Theorems

In previous sections, we gave preparatory results for the proof of a limit theorem
for {p(s) in the space of analytic functions H(D). In this section, we consider the weak
convergence for

Prp(A) = %meas{r €[0,T]: Cp(s+it) € A}

and

Prp(A) = %meas{r €[0,T]: fp(s+it,w) € A}

as T — oo, where A € B(H(D)), w € Qp.
We start with a limit lemma on Qp. For A € B(Qp), define

P?};(A) = %meas{r €[0,T]: (p*” ‘pE P) € A}.

Lemma 7. Suppose that the set L('P) is linearly independent over Q. Then P? > converges weakly
to the Haar measure mp as T — oo.

Proof. In the proof of Lemma 3, we have seen that characters of the group Qp are given
by (14). Therefore, the Fourier transform Frp(k), k = (kp : ky € Z,p € P) of P? 773 is
defined by

T
1 * g
Fr.p(k /H“’ )dPy = T/(np Tkﬂ)dr
0

Qp peP peP

T/exp{ it) " kplogp} (24)

peP
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We have to show that

T—o0

1 ifk=0,
lim Frp(k) = { 0 ifk£0 (25)
For this, we apply the linear independence of the set L(). We have

def

Ap Y “kylogp=0

peP

if and only if k 0. Thus, (24),

Frp(k) 1 ifk=0,
TpE) = Lexpl-iTAp(k)} .
iTeXp{f—iApP(K)} otherwise,
and (25) take place. O

The next lemma is devoted to the functions {p ,(s) and {p ,(s,w). For A € B(H(D)), set

1 )
Prpa(A) = Tmeas{”f €[0,T):Cpnu(s+it) € A}

and

~ 1 .
Prpn(A) = Tmeas{T €[0,T]:lpn(s+it,w) € A}.

Lemma 8. Suppose that the set L(P) is linearly independent over Q. Then, on (H(D), B(H(D)))
there exists a probability measure Pp ,, such that both the measures Prp , and Prp , converge
weakly to Pp ,, as T — co.

Proof. We use a property of the preservation of weak convergence under continuous
mappings. Consider the mapping vp , : Qp — H(D) given by
vp (W) = Lpuls w).

Since the series for {p , (s, w) is absolutely convergent for ¢ > 7, the mapping vp , is
continuous. Moreover, for A € B(H(D)),

Prpq(A)= %meas{T €[0,7]: (p*” tpE 73) € vy nA} ?773 (vpl A)

Thus, denotmg by P vpl the measure given by the latter equality, we obtain that

Prp, = PT PUP - Lhis equahty continuity of vp ,, and the principle of preservation of
weak convergence, see Theorem 5.1 of [28], show that Prp, converges weakly to the

def _
measure Qp , = mpvpln as T — oo.
Define one more mapping 9p , : QOp — H(D) by

Opn(@0) = Cpuls,wl), @€ Qp.

Then, repeating the above arguments, we find that PT P n converges weakly to Qp n &

71’17)?]73 . Let vp (@) = wd@. Then, by invariance of the measure mp, we have

R » -
Qpn = mp(vp,vp) " = (mPUP )Upn = mpopt = Qp -

Thus, Prp , and ﬁT,p,n converge weakly to the same measure Qp, as T — c0. [
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sup limsup —

Next, we study the family of probability measures {Qp , : n € N}. We recall some
notions. A family of probability measures {P} on (X, B(X)) is called tight if, for every
€ > 0, there exists a compact set K C X such that

P(K)>1—¢

for all P, and {P} is relatively compact if every sequence {P;} C {P} has a subsequence
{Py, } weakly convergent to a certain probability measure P on (X, B(X)) as k — co. By the
classical Prokhorov theorem, see Theorem 6.1 of [28], every tight family of probability
measures is relatively compact.

Lemma 9. Under the hypotheses of Theorem 2, the family {Qp ,, : n € N} is relatively compact.
Proof. In view of the above remark, it suffices to prove the tightness of {Qp ,}. Let K C D

be a compact. Then, using the Cauchy integral formula and absolute convergence of the
series for {p ,(s), we obtain o, > 0

2

ay(m 1

T /sup|§7p,1 s+it)Pdt < sup Y ”(ZUK) < ), o LY, < . (26)
sek neNmeNp M meNp M

Suppose that {7 is a random variable on a certain probability space (Z, A, i) uniformly
distributed in the interval [0, T]. Define the H(D)-valued random element

YT,?’,n = YT,P,n (S) = gP,n (S + iCT)-

Then, denoting by L, the convergence in distribution by Lemma 8, we obtain

D
Yipn 2 Vo, @)
T—o0

where Yp , (s) is the H(D)-valued random element with the distribution Qp ,. Since the
convergence in H(D) is uniform on compact sets, (27) implies

D
sup|Y7 p ,(s)| —)T sup|Yp ,,(s)]. (28)
s€K —® ek

Now, let K = K}, where {K;} is a sequence of compact sets of D from the definition
of the metric p. Fix e > 0, and set R; = 2le=1,/V; where V; = Vi, - Therefore, relation (26),
and the Chebyshev type inequality yield

T
limsupﬂ{super,P,n( s)| > Rz} sup lim sup T; / sup|Cp,q(s +it)| dt
1

T—0c0 sek; neN T—oco seK;
1/2
1/[1 €
< suplimsup — /sup|§pn(s—|—zr)| dr = 5.
seN  T—oo R, T sek; 2
Hence, in view of (28),
€
u{suplYp,n(S) > Rz} <o (29)
s€K;

Define the set

H(e) = {g € H(D) :sup|g(s)| < R, 1 € N}.

seK;
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Then H () is a compact set in H(D). Moreover, inequality (29) implies that
=1
w{Ypn € H(e)} =1—u{Yp, ¢ H(e)} > 1—¢) s =l-¢
I=1

for all n € N. Since Qp ,, is the distribution of Yp ,, this shows that

Qp(H(e) >1-¢
for all n € N. The lemma is proved. [

Now, we are ready to consider the weak convergence for Pr p and Py p. For conve-
nience, we recall one general statement.

Proposition 1. Suppose that a metric space (X, d) is separable, and the X-valued random elements
Xmn and y,, m,n € N are defined on the same probability space (2, A, u). Suppose that

D D
Xmn ———= Xm, Xm —— X,
n—co m—00

and, for every € > 0,
lim lim sup p{d(Xmn,yn) > €} =0
m—o0 n—00

Then

D
Yn —— X.
n—oo

Proof. The proposition is Theorem 4.2 of [28], where its proof is given. [

Lemma 10. Under the hypotheses of Theorem 2, on (H(D), B(H(D))) there exists a probability
measure Pp such that both the measures Pr p and Pr p converge weakly to Pp as T — co.

Proof. Let {1 be the same random variable as in the proof of Lemma 9. By Lemma 9, there
exists a sequence {Qp ,,,} C {Qp,} and the probability measure Qp on (H(D), B(H(D)))
such that Qp , converges weakly to Qp as m — co. In other words, in the notation of the
proof of Lemma 9,

D
Ypn, —— Qp. (30)

m—00

On (&, A, ), define one more H(D)-valued random element
Yr,p =Yr,p(s) = {p(s+iCr).
Then the application of Lemma 5 gives, for ¢ > 0,

Jim lir;ljogp wle(Yr,p, Yr,p,) = €}

— lim limsup %meas{’r € 0,T): p(Zp(s +iT), pm, (5 +i7)) > €}

m—o0 T— 00

m—00 T—00

T
< lim limsup eiT /p(@p(s +i7),lpp, (s +i1))dT = 0.
0

This, and relations (27) and (30) show that all conditions of Proposition 1 are fulfilled.
Thus, we have

D
Yrp —— Qp, (31)
T—o0
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Prp converges weakly to Qp as T — oo. Since the family {Qp ,} is relatively compact,
relation (31), in addition, implies that

D
Yp, —— Qp. (32)

n—o0

It remains to prove weak convergence for ﬁT,p. On (&, A, u), define the H(D)-valued
random elements

Yrpn=Yrpu(s) =Lpu(s+ilr,w)
and R R
Yrp = Yrp(s) = {p(s +ilr,w).

Lemma 8 implies the relation
S D
Yrpn - Qps (33)
—» 00
while, in view of Lemma 6, for ¢ > 0,

lim lim sup p {p (?T,p, ?T,p,n) > e}

n—oo T—co

—» 00 T—

T
< lim limsup eiT /p(@p(s +iT,w), {p (s +iT,w))dt = 0.
n
* 0

This, (32), (33) and Lemma 10 yield the relation
o D
Yrp —— Qp.
T—o00

Thus, 13173, as T — oo, also converges weakly to Qp. O

It remains to identify the measure Qp. Denote by P, the distribution of the random
element {p (s, w), i.e.,

ng (A) = 7717){(4] eOp: gp(s,w) S A}
Theorem 3. Under hypotheses of Theorem 2, P p converges weakly to the measure Py, as T — oo.

Proof. We will show that the limit measure Qp in Lemma 10 coincides with P,.

We apply the equivalent of weak convergence of probability measures in terms of
continuity sets, see Theorem 2.1 of [28]. Let A be a continuity set of the measure Qp,
ie, Qp (aA) = 0, where dA denotes the boundary of A. Then, Lemma 10 implies that

lim Prp(A) = Qp(A). (34)
T—o0
On (Qp, B(Qp)), define the random variable

§7>(a)) _{ 0 ing(sfw) gAr

1 otherwise.

Return to the group G; of Lemma 3. Since, by Lemma 3, the group G; is ergodic,
the process ¢(gr(w)) is ergodic, and application of the Birkhoff-Khintchine theorem [27] gives

T—o00

T
tim = [ &p(ge(w)) dr = Bgp(w) (35)
0
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for almost all w € Qp. However, the definition of the random variable {1 (w) implies that,
for almost all w € Qp,

T
7 [ @p(se(@)) dr = meas(r € 0,7]: G (s, ge(w)) € A}
0

= %meas{r €[0,T]:lp(s+it,w) € A}.

Thus, by (34),

T—oo T

T
tim = [ & (ge(w)) dr = Qp(A). (36)
0

Moreover,
E(w) = [ &plw)dmp = P, (A).
Op
This, (35) and (36) prove that Qp(A) = P, (A) for all continuity sets A of the measure

Qp. Itis well known that all continuity sets constitute a determining class. Hence, we have
Qp = P,, and the theorem is proved. [

6. Support

For the proof of Theorem 2, the explicitly given support of the measure P;,, is needed.
We recall that the support of P;,, is a minimal closed set Sp C H(D) such that P, (Sp) = 1.
Every open neighbourhood of elements Sp has a positive Py, -measure.

Define the set

Sp={g€ H(D):g(s) #0or g(s) =0}.
Proposition 2. Under the hypotheses of Theorem 2, the support of the measure Py, is the set Sp.

A proof of Proposition 2 is similar to that in the case of the Riemann zeta-function.
Therefore, we will state without proof only the lemmas because their proofs word for word
coincide with analogical assertions from [22].

We start with some estimations over generalized primes p € P.

Lemma 11. Suppose that the estimate (5) is valid. Then, for x — oo,

Z 1 =loglogx+a+ O(xﬁz_l),
p<x
peP

where a is a constant, and 0 < By < 1.
Proof. We have

def
Pr(x) = ) Jogp = p(x) = ), D log p
p<x p*<x2<a<(logx)/ (log2)
peP peP

=P(x) + O(t,b(xl/2) logx> =x+r(x),

where
r(x) =0 (xﬁz log x)
with

P2 = max(ﬁlr ;)
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From this, by partial summation, we obtain

1
Z*_ Zlng+/<uzlogu u210g2u>lpl(u)du

p<x p<x
peP peP

*L+lo lo x—i+ +/ + ! r(u) du
10g 5108 g €l uzlogu uzlogzu

xlogx

1
= logl
oglogx + ¢y +/<uzlogu + u210g2u>r(u)du

(1 1
_/<u210gu + u210g2u>r(u)du

X

(e )

= loglogx+cz+0(/uﬁ1_2du) = loglogx+cz+O((xﬁz—1)_

X

O

In what follows, we will use some properties of functions of exponential type. We
recall a function g(s) analytic in the region | args| < 6y, 0 < 6y < 7 is of exponential type if
uniformly in 6, 6 < 6y,

lim sup
r—00

i0
log|g(re")| _ .
r

Lemma 12. Suppose that g(s) is an entire function of exponential type, (5) holds, and

loglg(r)l _ 4
r

lim sup
r—oo

Then

Y Ig(logp)| =
peP

Proof. We use the formula of Lemma 11, and repeat word for word the proof of Theo-
rem 6.4.14 of [22]. [

Lets € D, and |ap| = 1. For brevity, we set

gp(s,ap) = log(l — ZZ), peP,

where )
ap\ _ ap %

Lemma 13. Suppose that (5) holds. Then the set of all convergent series

Z gp(S, alﬂ)

peP
is dense in the space H(D).

Proof. The object connected to the system P is only Lemma 12. Other arguments of the
proof are the same as those applied in the proof of Lemma 6.5.4 from [22]. O
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Recall that the support of the distribution of a random element X is called a support
of X, and is denoted by Sx.
For convenience, we state a lemma on the support of a series of random elements.

Lemma 14. Let {,, } be a sequence of independent H(D)-valued random elements on a certain
probability space (E, A, u); the series

Y. Cm
m=1

is convergent almost surely. Then, the support of the sum of this series is the closure of the set of all
g € H(D) which may be written as a convergent series

o
§= Y gm §m € St
m=1
Proof. The lemma is Theorem 1.7.10 of [22], where its proof is given. [

Proof of Proposition 2. By the definition, {w(p) : p € P} is a sequence of independent
complex-valued random variables. Therefore, {gp(s,w(p))} is a sequence of indepen-
dent H(D)-valued random elements. Since the support of each w(p) is the unit circle,
the support of gp(s,w(p))} is the set

{g € H(D) : g(s) = —log<1 - ;),m = 1}.

Therefore, in view of Lemma 14, the support of the H(D)-valued random element

log p(s0) = - 1 tog(1- 4

peP

is the closure of the set of all convergent series

2 877(5rap)

peP

with |ay| = 1. By Lemma 13, the set of the latter series is dense in H(D). Define u : H(D) —
H(D) by u(g) = €8, g € H(D). The mapping u is continuous, u(log {p(s,w)) = {p(s, w)
and u(H(D)) = Sp \ {0}. This shows that Sp \ {0} lies in the support of {p (s, w). Since
the support is a closed set, we obtain that the support of {p (s, w) contains the closure of

S5p\ {0}, ie,
Sép D Sp. (37)

On the other hand, the random element {p (s, w) is convergent for almost all w € Qp,
a product of non-zeros multipliers. Therefore, by the classical Hurwitz theorem, see [29],
Sgp C Sp.
This inclusion together with (37) proves the proposition. O

7. Proof of Universality

In this section, we prove Theorem 2. Its proof is based on Theorem 3, Proposition 2
and the Mergelyan theorem [30] on the approximation of analytic functions by polynomials
on compact sets with connected complements.

Proof of Theorem 2. Let p(s) be a polynomial, K and ¢ defined in Theorem 2, and

< £
5 (

Ge = {g € H(D) : sup‘g(s) —ePls)
seK
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Then, the set G; is an open neighborhood of an element e” ) e Sp. Since, in view of
Proposition 2, Sp is the support of the measure P, by a property of supports, we have

Pz, (Ge) > 0. (38)

Since f(s) € Hy(K), we may apply the mentioned Mergelyan theorem and choose the
polynomial p(s) satisfying
sup‘f(s) — et

seK

<&
5
This shows that the set G, lies in

Ge = {g € H(D) sup 1g(s) — f(s)] < e}.
s€
Thus, by (38), we have R
Pz, (Ge) > 0. (39)

Theorem 3 and the equivalent of weak convergence in terms of open sets yield

liminf Prp(Ge) > Pr, (Ge)-

This, (39), and the definitions of Prp and Ge prove the first statement of the theorem.
To prove the second statement of the theorem, we observe that the boundary 9G, of
the set G, lies in the set

{g € H(D) : sup|g(s) — f(s)| = E}-

seK

Hence, the boundaries ag}l and a@z do not intersect for different positive £; and ¢;.
Therefore, P, (a@) > 0 for countably many & > 0. In other words, the set QAS is a continuity
set of the measure P, for all but at most countably many ¢ > 0. This, (39), Theorem 3 and
the equivalent of weak convergence in terms of continuity sets prove the second statement
of the theorem. [

8. Conclusions

In the paper, we considered the set P of generalized prime numbers satisfying

Y 1=ax+0(xf), a>00<p<1,
m<x
mENp

and
Y Ap(m) =x+0(xf1), 0<pi<1,
m<x
mGNp
where Np is the set of generalized integers and Ap(m) is the generalized von Mangoldt
function corresponding to the set P. Assuming that the set {logp : p € P} is linearly
independent over Q, and the Beurling zeta-function

1 .
Tp(s)= ), —, s=o+it, o>1,
mGNp

has the bounded mean square for ¢ > 0 with some f < ¢ < 1, we obtained universality
of {p(s), i.e., that every non-vanishing analytic function can be approximated by shifts
{p(s+it), TR



Axioms 2024, 13, 145 22 of 23

In the future, we are planning to obtain a more complicated discrete version of
Theorem 2, i.e., to prove the approximation of analytic functions by discrete shifts {p (s +
ikh), h > 0, k € Ny.
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