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INTRODUCTION

Early days of the quantum field theory (QFT) encountered a variant of the
ultraviolet (UV) catastrophe — in the 1930s-1940s perturbative calculations
of observables in quantum electrodynamics (QED) seemed to give infinite
predictions. This obstacle was overcome by Tomonaga, Schwinger, Feynman,
and Dyson, who formulated the renormalization procedure, which yielded finite
results [[1H10]. Even with this success the physics community regarded the
renormalization procedure as a trick, which “swept the UV divergences under
the rug” [11]], and even produced somewhat desperate jokes [12]. Nowadays,
the procedure has a much more solid reputation, especially due to the ideas of
the renormalization group (RG) of the 1970s [[12H19]], and is part of quantum
field theory textbooks and courses.

The nature of UV divergences can be explained by the roughness of the
quantum fields at short distances or, alternatively, by the naivety that our theories
hold up to arbitrary energy (distance) scales. In any case, one needs to regulate
the theory with a cut-off [[20]] or some other method to have control over the
divergences. However, the observables should not depend on the arbitrary
regulator. Interestingly, the ideas of the renormalization group tell us that the
different scales decouple — one does not need to know about the quarks to
predict the hydrogen spectrum, and one does not need to know how the streets in
the Vilnius old town are arranged to predict the orbit of Jupiter, etc. In turn, the
regulator, corresponding to UV scales, simply cancels out when comparing two
observables — this is the renormalization procedure. In other words, predictions
expressed in terms of a set of earlier measurements are regulator-independent
and UV-finite.

Even though the general concepts of renormalization seem to be well under-
stood, the devil is in the detail — there are cases where it is not entirely clear
how exactly the renormalization procedure should be carried out. In turn, the
literature seems to suggest many renormalization schemes, with their up- and
downsides, but no unified recipe is present. Of particular interest are theories
with particle mixing and the corresponding mixing matrices, since that includes
the Standard Model (SM) as well as many of its extensions, both supersymmet-
ric and not. In the SM mixing is present in the quark sector, where the mixing is
conveniently parameterized by the Cabbibo-Kobayashi-Maskawa (CKM) [21},
22| matrix. Probably the first attempt to perform the renormalization procedure
in the presence of mixing was in [23[] for the CKM matrix. However, it was
later found that this particular approach made the CKM counterterm gauge-
dependent [24] 25]] — an unwanted feature since mixing is a physical effect. In



the last 30 years, there have been quite a few attempts at the renormalization
in the presence of fermion mixing [24} 263 1]] aiming to improve the initial
approach in [23]]. In addition, the discussion is not limited to fermions but is
also relevant for extended scalar sectors where mixing is almost inevitable and,
in turn, there are many renormalization approaches [32-44] and the list is likely
not extensive.

The main result of this thesis is exactly this — the renormalization procedure
in the presence of particle mixing. In particular, we have come up with a
renormalization scheme that is rather conceptual in its nature. We do use
the by-now standard On-Shell renormalization conditions [45]], but they are
implemented in a rather non-standard fashion in the Fleischer-Jegerlehner (FJ)
tadpole scheme [46| |47]. Non-standartness of the scheme presents itself in
the definitions of the off-diagonal field renormalization constants, which are
selected as coefficients of the m? — m? mass structure, where ¢ and j are
flavor indices. Interestingly, this allows for a trivial mixing matrix counterterm,
i.e. it is set to 0, which immediately satisfies all the requirements of mixing
renormalization formulated in [27, 36, 43]]. Importantly, we argue that the
scheme is valid to all orders in perturbation theory and that mixing matrices
(angles), being basis-dependent quantities, should not receive counterterms for
consistency.

Apart from general and model-independent considerations, the main driver
in presenting the new scheme is the Standard Model extended with an additional
Higgs doublet as well as a Majorana singlet — we call this the Grimus-Neufeld
model (GNM) [48-52]]. The model is interesting both technically and physically.
On the technical side, the model combines the seesaw mechanism as well as
radiative corrections to generate neutrino masses. The model contains four
Majorana neutrinos in the mass eigenstate basis; two of them are massless at
tree level while at 1-loop level one of them receives a radiative mass. These
mechanisms and especially the massless states, are interesting to consider for a
scheme, that relies on selecting mass structures. On the physical side, neutrinos
are one of the very few and elusive hints of beyond Standard Model (BSM)
physics and the GNM, with the seesaw mechanism and radiative mass generation
mechanisms, provides a possible explanation for the smallness of neutrino
masses. In addition, the heavy Majorana singlet (decoupled at low energies)
may be a suitable candidate for dark matter. Therefore, in order to make
predictions and check the validity of the model it is important to renormalize
the model.

It is important to not only make predictions but to also easily compare
them with predictions of other models as well as with experimental data. A



common way to do so is via the so-called oblique parameters S, T, U introduced
in [53},|54]] and later extend with X, V', W in [55]], although there are other
related parameterizations [56-H60]. The oblique parameters are a useful tool in
approximating the electroweak (EW) sector predictions as long as only loop
corrections to the gauge-boson propagators are sufficient and other corrections
such as box and vertex diagrams can be neglected. It is important to note that the
oblique parameters are UV-finite and gauge-independent so that they can directly
parameterize the observables. Traditionally these parameters take as input
(renormalize) three parameters in the EW sector and are used to compare the
SM with any other model that has the same gauge group as well as the custodial
SU (2) symmetry, which keeps the well-known tree-level relation between the
W and Z boson masses via the Weinberg angle, namely, my, = cos f;,mz.
In turn, the Grimus-Neufeld model may be compared with the SM, or the GNM
may be taken as a base model with which some other model could be compared.
However, in light of the new measurement of the W boson mass by the CDF
collaboration [|61]], which predicts a larger mass than the SM, models with
broken custodial symmetry become interesting since my, = cos f;;mz no
longer holds. In such models, many authors have found the 7" parameter to be
UV-divergent 60, |6270]] and so it cannot be used to parameterize observables.
One can come around this by renormalizing an additional EW parameter, this
eliminates the 7" parameter, however, the reduced set of oblique parameters
can be used only for models where my, # cos 0, mz at tree-level. In turn,
the oblique parameters are not suitable for comparing the SM or GNM with a
model, where the custodial symmetry is broken — such a comparison requires
full computations including the neglected corrections.

The thesis is organized as follows: below we briefly list the main goal and
tasks of the thesis, followed by the remarks on novelty and relevance, we also
list the statements to be defended after which the four main parts of the thesis
follow. We begin the first part in Section [I} where we give a basic introduction
to renormalization, in Section 2| we present the ideas behind particle mixing,
we conclude this part of the thesis in Section [3] where we show that mixing
angle counterterms should be trivial on general grounds. In the following part,
we develop a new renormalization scheme: in Section 4] we set up the needed
notation, in Section [5|we present the on-shell renormalization conditions and
discuss their implementation in our scheme both at 1-loop and to all orders,
in Section [] we more explicitly discuss the properties (divergences, gauge-
dependence) of our scheme and also perform comparisons with other schemes
at 1-loop in Section the part is concluded in Section [7]by showing that our
scheme works to all orders in perturbation theory. The next part consists of

10



Section[8] where we explicitly apply our renormalization scheme to the Grimus-
Neufeld model at 1-loop. The final part of the thesis considers the oblique
corrections in the electroweak sector and consists of two sections: in Section [9]
we give the needed introduction and definitions, while in Sectionwe discuss
the corrections to selected observables both when my, = cos 0y;,m 7 does and
does not hold at tree-level. We finalize the thesis by giving our conclusions, the
bibliography, a summary (Lithuanian), and copies of publications contributing
to the thesis.
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Main goal and tasks

The main goal of the thesis is to arrive as close as possible to the full renormal-
ization of the Grimus-Neufeld model. The main obstacle in the renormalization
of the model is the presence of particle mixing both in the fermion and scalar
sectors, which requires coming up with a consistent renormalization scheme.
To do so, we have completed the following tasks:

1. We have shown that the mixing angles should not receive counterterms.

2. We have devised a 1-loop renormalization scheme with explicitly trivial
mixing angle counterterm. The scheme is based on the usual On-shell
renormalization conditions [45].

3. At 1-loop we have renormalized the fermion fields, masses, and mixing
matrices in the Grimus-Neufeld model.

4. We have extended the scheme to all orders in perturbation theory.

Another significant goal is to parameterize the observables such that they can
be quickly compared to the experiment. One of the most popular approaches
is that of the oblique parameters, however, this approach is not immediately
valid for all models. In particular, for models with my;, # cos 6y;,m ,, the T’
parameter is ultraviolet divergent. To solve the problem we have completed the
following tasks:

1. In the electroweak (EW) sector we have in addition renormalized the
mass of the W-boson.

2. We have derived expressions for the EW observables in terms of the
reduced set of oblique parameters, where the 7' parameter is no longer
present.

Novelty and relevance

The renormalization procedure is in some regards well-understood, however,
there are a few issues, most notable of which is the renormalization in the
presence of particle mixing. For the past thirty years, there have been many
attempts to renormalize the quark mixing matrix in the Standard model and,
more recently, mixing matrices in extended scalar sectors. Up to this day, there
is no agreed-upon recipe and so there are many schemes with properties of
varying convenience and consistency. In this work, we provide a consistent
conceptual approach towards the renormalization of mixing matrices (angles)
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and give a new renormalization scheme that explicitly implements the conceptual
approach.

Another novelty in terms of renormalization is that of the consistent ap-
plication of the oblique parameters to models where the well-known relation
My = cos 0y, m , no longer holds at tree level. It turns out that the 7" param-
eter, which was found to be divergent in such models by many authors, can
be removed from the usual set of oblique parameters by an additional renor-
malization condition in the electroweak sector, namely, the renormalization of
the mass of the W-boson. While this allows to parameterize the observables in
terms of the reduced set of oblique parameters, this also implies that one cannot
compare the Standard Model predictions with predictions of a model, where
My 7 cos Oy, m, at tree level, by using the oblique parameters.

Statements of the thesis

1. Counterterms of rotation (mixing) angles are inconsistent in the sense that
they obstruct the commutativity of basis rotations and the renormalization
procedure, i.e. there is a difference depending on the basis in which
the renormalization procedure is performed. In turn, there should be no
rotation (mixing) angle counterterms.

2. The proposed renormalization scheme for fermions is an explicit example
of an On-Shell scheme, where the mixing angles do not receive counter-
terms. Moreover, the scheme is valid for arbitrary orders in perturbation
theory.

3. Itis impossible to compare the observables between the Standard Model
(or the Grimus-Neufeld model) and a model, where myy = cos Oyymyz
does not hold at tree level, by using the oblique parameters. The available
options are as follows:

« if both models preserve myy = cos yymy at tree level, the standard
S, T, U (sometimes extended with X, V', W) oblique parameters
may be used,

* if both models violate myy = cos Oy my at tree level, the T param-
eter can be removed from the usual set via a simple replacement
rule.

* in-between cases — one model preserves and the other violates
myy = cos Oyymy at tree level — cannot be captured by oblique
parameters and full computations must be performed in each respec-
tive model before comparison.

13



RENORMALIZATION AND PARTICLE MIXING

1. Basic ideas behind renormalization

In the following, we review the basics of renormalization in some detail and
also discuss the current status of the renormalization procedure in the presence
of particle mixing. This section is rather loosely based on [[11},20,|71}72] as
well as personal insight unless explicitly specified otherwise.

Let us consider the ¢* theory to present the basic ideas behind renormaliza-
tion. The Lagrangian is

1 m? A
— w2 N4
L= 50,0010 — 6" = 6", (1.1)

where 0,, is a shorthand for &%, m is the mass, A is a quartic coupling, and
¢ is a real scalar field. The Lagrangian and especially its parameters, should
be connected to the real world. For example, one may measure the 2 — 2
scattering in some experiment and also compute the amplitude (or cross-section)
for the very same process using the above Lagrangian and the usual Feynman
rules. After the measurement the experimentalist would assign the physical
value to the coupling, namely A p, while the theorist would begin with the 1st
order of the coupling, i.e. the tree-level, in perturbation theory and would use
the coupling A from the Lagrangian. Diagrammatically one has

%>< 12

such that the couplings are easily equated at this order
—iAp = —i\. (1.3)

The important thing is that the experimentalist measures everything at once
without picking any specific order, hence the blob on the Lh.s., while the theorist
began with the first order in the coupling A, hence the single diagram on the
r.h.s. with the interaction vertex marked as a dot.

At the next order in perturbation theory, loop diagrams may be considered
such that one gets

G = e () (O s

14



and using the momentum space Feynman rules

1 d*k i i
—idp = —id + = (—i))?
AP ! +2( iA) /(2%)4k2—m2(p—k:)2—m2

1, o [ d% i i

o /(27r)4k2—m2 a—wr—m @Y
1 d*k 1 ]
o)’ /(27r)4 K2 —m?(—k)?—m?

where k is the 4-momentum running in the loop, while p = p1 + p2, ¢ = p1 —
p4, | = p1 — p3 with p; being the momenta of external particles. Even without
performing the integration, it is obvious that the relation between the measured
coupling Ap and the Lagrangian parameter A is no longer straightforward as
in the tree-level relation in Eq. and going beyond 1-loop only increases
the complexity. Another thing that may be noticed is that the integrals depend
on the momenta of external particles, such that Ap must also depend on the
momenta, i.e. Ap depends on the scale at which the measurement is performed,
while there is no such scale dependence in the parameter A. Combining these
two ideas we may write the relation between Ap and A as a power series

p) =Y N Ak(p), (1.6)

where 1 is the scale at which the experiment is performed and Ay (i) are scale-
dependent coefficients coming from the integrals. The coefficients Ay (u) may
be computed and the coupling Ap () can be measured, however, the parameter
A is a priori unknown — at this point, the Lagrangian cannot be used to make
predictions. A way around this is to invert the relation such that X is expressed
in terms of measured and computed quantities

A= () Bi(p) . (1.7)
k=1

This is at the heart of renormalization — one expresses the so-called “bare”
parameters in the Lagrangian in terms of measured (and computed) quantities.
Of course, this implies some initial measurements must be made to fix the bare
parameters and make the theory predictive. For example, say that one performs
a measurement at some scale yo and fixes A in Eq. (I.7)), then this fixed value
may be inserted in Eq. to get

Z (Z (Ap(0)] Bk(#O)) An(p) - (1.8)

k=1
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The important point is that now everything on the r.h.s. is either known or can
be computed such that the Lh.s. can be both predicted and measured.

It would be rather compelling to state that renormalization is needed because
of the complexity in Eqs. and ((1.6)), which arises because of perturbation
theory. However, even in the simple tree-level case of Eq. the parameter A
is unknown and must be fixed by measurement. In a crude sense, renormalization
— expressing the bare parameters in terms of physical ones — is nothing more
but the choice of initial conditions that one encounters already in classical
mechanics. Lagrangians can and do incorporate many of the physics principles
(i.e. Lorentz invariance), but the same Lagrangian can describe different systems
such that it is needed to first fit the parameters to the data in order to specify the
exact realization and make the theory predictive.

What earns “renormalization” a separate name from that of “specifying the
initial conditions” are the additional problems that it solves. In the Introduction
we have mentioned that the renormalization procedure takes care of ultraviolet
divergences appearing in the perturbation theory. For example, by taking the
k > p, m it can be seen that the integrals in Eq. are divergent in the UV
region

(2m)* k2 —m?2 (p — k)2 — m? k4 o Kk’ '

which gives a divergent logarithm upon completing the integration and the
factor of ¢ is from the Wick rotation. To better control the divergences it is
needed to regulate the integrals, i.e. express the divergences in a consistent
manner. For clarity and simplicity, we limit the integral bounds to go only up
to the cut-off A, this makes the integral finite, while the divergences can be
retrieved by taking A — oco. With the cut-off the integrals become

d*k i i A2 ,
_/(277)4k2_m2 (p— k)2 — m? —alogp—2+b(p ) (1.10)

where a, b are finite factors, but b may also depend on p?. Plugging this into
Eq. (T-3) and choosing a specific scale p3 we get

i A%
—iAp(p2) = —ix + =\2alog — + = \2b(p?
(p0) ) gp% 9 (1) (1.11)
+ (Po = qo,p0 — lo) -
Here all three momenta combinations corresponding to the usual Mandelstam
variables are manifest, however, the momenta of incoming (outgoing) particles
still sum up to pg in all diagrams/integrals.
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For simplicity let us keep only tree-level and p? terms. Then we proceed
with renormalization by inserting Eq. (1.7)) into Eq. (L.11] at second order in
Ap

—ixp(p) == i (Ae R B1(@R) + Ar ()] Bar?))

. ,
+ % [Ae(p3)B1(p3)]” aloggg + = D) Bi(0)]* b(nd)

2
(1.12)
By collecting the powers of \p it is then not hard to determine that B, (p(z)) =1
and A2
1 1
Ba(pg) = jalog— + 5b(pj) (1.13)
Do 2

where analogous terms with ¢g, o should be included for completeness, but
these do not influence the discussion.

Having the coefficients B; or, equivalently, the expansion of the bare pa-
rameters A in terms of the physical one Ap we may make a prediction for Ap at

some scale p?. Inserting the expansion in Eq. (I.8) (or Eq. (T.TT)) with py — p1)
up to second order in Ap we get

i

"2

Po (1.14)

+ % Ae@2)])” (b(p3) — b(13)) -

) ) 1 2
—iAp(p}) = — iAp(pg) + 5 (Ap(pg)]” alog

As expected, here on the r.h.s. every quantity is either known(measured) or
can be found by explicit computation, but the amazing achievement of the
renormalization procedure is that the UV cut-off A canceled and can be freely
taken to infinity without producing any UV divergences in the prediction for
Ap(p?)! Even more so, one may encounter divergences that are not logarithmic,
but renormalization still takes care of them, even to all orders in perturbation the-
ory [73H75]. It is important to note that for renormalizable theories it is enough
to perform a finite number of measurements, while the non-renormalizable
theories require an infinite amount of measurements. Nonetheless, both types
of theories have predictive power.

The fact that the UV divergences, coming from the high-momentum region,
cancel out is rooted in the fact that different scales decouple. In other words,
the precise implementation of the UV theory has little influence on low-energy
physics. For example, after taking k > p, m the integral in Eq. depends
only on the loop momentum k — there are no other scales present so the integral
gives the same divergence irrespective of the low-energy scale at which the
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experiment is performed. This allows for the cancellation of divergences in the
renormalization procedure. In essence, we do not know if the physics at scales
such as the Planck scale are even represented by QFT, but this is conveniently
hidden under the regulator such as the UV cut-off A.

More precisely, the UV divergences do cancel out, but the cut-off can be
present in effective (non-renormalizable) theories in the so-called irrelevant
operators (of mass dimension > 4), which it suppresses. The higher the cut-off,
the more suppressed the irrelevant operators are at low energies. This almost
complete independence of UV physics at low energies is both a blessing and a
curse. On the one hand, we can make low-energy theories and test them without
knowing the precise microscopic theory, on the other hand, it is really hard to
find out anything about the UV theories from low-energy experiments. There
seem to be two ways to study UV physics — either increase the energy of the
experiments or gather enough data to measure the small effects of the irrelevant
operators. In any case, effective theories are not the focus of this thesis and we
will not delve further into them.

Perhaps the last thing that can be said regarding the UV divergences is
that since the coefficients B; are divergent, the bare parameter A must also
be divergent — this is quite the threat to perturbation theory. By expressing
the bare parameter in terms of the measured parameters one gets around the
problem, since the series is then in terms of a UV-finite coupling Ap and this
justifies the perturbative expansion.

It is customary to make the renormalization procedure somewhat more
organized and efficient. Taking the same quartic coupling as an example we

write Eq. (1.7) as
)\ZZ)\)\R:(l—l-(SZ)\))\R:)\R—F(S)\, (1.15)

where A is the bare parameter, ) is the renormalization constant, Ap is the
renormalized coupling, 6 Z) and d\ are the counterterms. The counterterms are
taken to be polynomials in powers of the renormalized coupling and are easily
related between themselves

SN = 87\, (1.16)

the point being that the renormalization may be performed both multiplicatively
and additively. However, note that § A starts at the second order in Ag, while
07 starts at first order.

It is important to note that we have used the renormalized coupling Ar
instead of the measured )\ p. Renormalization does have parallels with setting

18



the initial condition, however, the main focus is on the UV divergences, such
that Eq. is necessarily required to hold only for UV parts, but the fine
parts can be distributed at will. The renormalized coupling is UV-finite, but it
can be different from the measured one. More precisely,

A\ =Z\A\g = Z\Ap

1.17
—))\p—)\R=5)\—5)\/, ( )

where §\ and 6\ must have identical UV parts. The freedom of choosing the
finite parts gives rise to renormalization schemes such as Minimal Subtraction
(MS), Modified Minimal Subtraction (MS), On-Shell (OS), etc. Importantly,
different schemes may be more or less convenient for particular tasks, but the
physical result is necessarily scheme-independent, given that the procedure is
carried out correctly. Different schemes only specify how the physical (scheme-
independent) renormalization conditions are fulfilled.

For example, Eq. is the renormalization condition at some scale pg,
but we may choose to fix the counterterm d A such that only the divergent term
is canceled (this is the MS scheme)

1 A?
oA =3 Ar(p3)]* alog = . (1.18)
Dy

With the counterterm fixed in this way Eq. (1.11) further gives (with ¢, [ terms
again dropped for simplicity)

Ap(pg) — Ar(pg) = *% Ar(@d)]” b(}) = *% Ap(0R)]*b(p2), (1.19)

where the final equality holds since the measured and renormalized couplings
differ at least at second order. Alternatively, we may express the renormalized
coupling in terms of the measured one.

AR(r8) = Ap(r8) + 5 (e ()] b(43) (1.20)

This simply reiterates the point that the final predictions are scheme-independent
— finite terms can be distributed between the renormalized coupling and the
counterterm without changing physical results. However, as we will see in the
course of this thesis, some ways of distributing are better than others.

Further, renormalizing the bare coupling conveniently rewrites the La-
grangian, for instance, the quartic term becomes

A A A
Li=—-2¢= —T’f& S (1.21)
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This automatically gives a Feynman rule for the counterterm

>g< = —ibA, (1.22)

which can be used in computing amplitudes. In turn, at a given order it is enough
to fix the counterterms once and then use them to make predictions.

So far we have not discussed the two-point functions, which are extremely
important for the results of this thesis. However, the Lagrangian Eq. is
insufficient for the 1-loop discussion (example), since some UV divergences
are seen only starting at two loops. Hence, we consider a very general and
schematic case but still deal with real scalar fields.

The truth is that it is not enough to renormalize only the parameters in the
Lagrangian, but it is also needed to renormalize the fields themselves. For
instance, if one in general considers corrections to the 2-point function (inverse-
propagator) I1(p?) one may get

(p?) = p* — m* + (p* — m?) div. + m>div.” + finite, (1.23)

where div. and div.’ stand for UV divergences and also include numerical factors
and any other couplings. Importantly, the divergences are proportional to the
mass as well as the momentum and in general are different in the two terms. By

2

renormalizing the mass as m*~ = m%% + dm? we get

(p*) = p* — mp — om* + (p2 - m%) div. + m%div.” + finite  (1.24)

up to 1-loop order. We can choose some scale pg and fix the mass counterterm,
however, it is easy to see that a prediction for II at some other scale will remain
UV-divergent, for example,

(p}) — I(p3) = p} — p§ + (p} — pf) div. + Afinite. (1.25)

Here Afinite indicates the finite parts, which did not cancel because of the
different momenta. Importantly, the different momenta also obstruct the can-
cellation of divergences. These momentum-proportional divergences can be
remedied in two almost identical ways: by the field renormalization or by the
Lehmann-Symanzik-Zimmermann (LSZ) factors [[76]]. Let us briefly discuss
the former and leave the LSZ factors for Section [3l

The divergences proportional to momentum come from the derivative terms
0,90" ¢, but there are no parameters — one can only renormalize the fields
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themselves. Field renormalization is done in complete analogy to the parameter

cas
¢ =Zypr = (1+0Z3) ¢r. (1.26)

With the field renormalization, the two-point function becomes
H(p2) = (p2 — m%) +20Zy (p2 — mQR) + (p2 — m%) div.

1.27
— om? + m%div.” + finite . (1.27)

Then it is not hard to see that the divergences proportional to p? — m% can be
easily canceled with the field counterterm ¢ Z; at some scale p? such that the
two-point function remains finite at some other scale p?. Importantly, correctly
fixing the field renormalization is essential since field renormalization constants
enter every term in the Lagrangian — renormalization of the 2-point functions
influences the renormalization of any other n-point function.

While we will discuss the 2-point functions in much more detail, this con-
cludes the basic introduction to the renormalization procedure.

2. Renormalization of mixing angles

We have presented the basic ideas of renormalization, however, models with
particle mixing pose a challenge. Next, we discuss this challenge in more detail
and also propose a new renormalization scheme that is problem-free.

2.1. The usual approach

The idea behind particle mixing is rather simple: if one cannot simultaneously
diagonalize all the interactions concerning some particle families, there is said
to be particle mixing. For example, consider updating the ¢* Lagrangian in

Eq. with fermions
L= B 00" po — 7% - I% + g (id — M) 1o — o Yorbogo . (2.1)

Here we have added “0”’s to indicate bare quantities, & = ~,0" with v, being
the Dirac gamma matrices, 1 is to be understood as a vector containing n

fermion flavors

0
1

&
bo=1 .|, 2.2)
1/}0
n
"It is conventional to write ¢ = +/Z4¢r, however, this only amounts to rather annoying
numerical factors and has no influence on the physics.
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likewise, M is the bare mass matrix
0 0
Mll DY Mln
My=1] : : : (2.3)
0 0
My, ... M,
and Y is the bare Yukawa coupling with the same form as the mass matrix.
Note that the fermion fields have a chiral structure, hence, the mass matrix

and the Yukawa coupling can be composed of left- and right-handed parts to
account for this structure in the fields, for example,

My = My, 0P, + MgroPr, (2.4)

where P, = $(1 — %) and P = $(1 + ~°) are the usual chiral projectors. In
the initial basis, neither M nor Y} are diagonal. However, one may perform
some (unitary) basis rotation U (also composed of left- and right-handed parts)
on the fields

Py = U (2.5)
such that the rotation diagonalizes M
Ly = o (17 — Mp) ¥y — %7 U " YoUrbpeo 2:6)

Here we took just the fermionic terms and M}, = 4°UT7° MyU = diag. (m}, . ..

Conversely, the matrix 7°UT~°Y,U is not necessarily diagonal, hence, even if
the tree level 2-point function is diagonal in the flavor space, it will develop
off-diagonal contributions through diagrams such as this

Y //’—](27\\ qp?/ ) 2.7
e e e
Here the dashed line denotes the propagator of the scalar field ¢g, and solid
lines with arrows denote fermion propagators with %, j, k being the family
indices. Importantly, the incoming fermion flavor is not necessarily the same
as that of the outgoing one, hence, the mixing. There is no mixing only if M
and Yj are simultaneously diagonalizable or, equivalently, if the two matrices
commute as, for example, noted in [[77]]. Although this is an example of particle
mixing and contains the important point of diagonalizing the mass matrix, it
is not entirely relevant for the renormalization procedure since one can simply
rename Y'UT7'Y,U to Y{/, such that the rotation matrices disappear from the
Lagrangian.
The more usual mixing case is when the basis rotations do not cancel out
and cannot be absorbed into other parameters — one then has to think of
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renormalizing these matrices. A good and physical example of this is the SM
quark sector, where in the flavor basis one has

Ly =g (id — My0) uo + do (id — M) do

2.8
— {%’U,O%PLdo + HO} . (28)

Here ug and dy are the vectors of bare up- and down-type bare quark fields,
M., 40 are the corresponding non-diagonal mass matrices, Wy is the bare field
of the W-boson, g, is the bare weak coupling constant, and H.C. stands for
hermitian conjugation. As is usual, we can now rotate into the mass eigenstate
basis of up-type quarks with the matrix U and of down-type quarks with the
matrix D

Lq =y (id = M) uy + do (i — M) dy

- {\g/%ug%PLUTDd{) + H.C.} .
Importantly, even though the matrices U and D are unitary, the product
U'D +# 1. Since the weak interaction is chiral, only the left-handed part of
U' D contributes, which is the usual CKM matrix [21, [22]] parameterizing the

2.9)

quark mixing
VM — Ul D, . (2.10)

Unlike the previous example with Yukawa couplings, this mixing matrix cannot
be absorbed into any other parameter and is usually renormalized, hence, the
added “0” subscript to indicate this upcoming step.

Renormalization constants in the quark sector are introduced just like in
Section

M, 30 =Myq+ 5Mya, (2.11)
uy=Z,u and dj = Z,d, (2.12)
VoM =Y M gy ML (2.13)

where we do not bother with the explicit renormalization of gy and the W-
boson since that does not influence the discussion. Most importantly, in the
usual approach, the mass counterterms are considered to be diagonal, while
the field counterterms are non-diagonal and account for the non-diagonal and
UV-divergent loop corrections to the propagator. Fermion field counterterms
also account for the chiral structure of the fields and have the corresponding
left- and right-handed parts. With these constants, we may write the 1-loop
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counterterm Lagrangian in the quark sector
Lo, =T (525 (i — M) + (i — M) 6Z, — 6Mu> u
+d (5zjl (i — M) + (i — M) 6Z — 6Md) d

- {\%UWPL (5VCKM +6ZIVERM VCKMazd) d+ H.C’.} .

(2.14)

The fermion field counterterms, as well as mass matrix counterterms, can be
fixed from the two-point function. The weak coupling constant and the W-
boson are not included here but can be renormalized from the SM gauge sector
(e.g. [[78]]). Therefore, at this point, the only non-fixed counterterm is that of the
CKM mixing matrix, which may be fixed from the W-boson decay amplitude.
In the initial approach to renormalize the CKM matrix [23]], it has been
found that in the Wwud 1-loop amplitude all the divergences cancel except for
those coming from the anti-hermitian part of the field renormalization
(Wud

Myy = VM —6Z VM L yORMsZ2l| L #0,  (2.15)

where ¢§ Z;j" 4 1s the anti-hermitian part of the field renormalization obeying
(622, = —5z2,. (2.16)

In turn, the only counterterm that can be used to cancel the left-over UV diver-
gences is the CKM counterterm, so that a definition follows naturally

VM = 5z VM _ vy KM Z L (2.17)

Also, note that this definition obeys the unitarity properties of the CKM coun-
terterm

s (VCKMTVCKM> —0 — JVCOKMIyCKM _ _y CKMf5y/CKM
(2.18)
such that, for example, the hermitian part of the field renormalization could not
be accounted for by the CKM counterterm without violating unitarity.

At this point, the CKM matrix counterterm in Eq. seems natural,
however, there are quite a few problems with this counterterm. For example, in
the On-Shell scheme, this makes the CKM counterterm gauge-dependent [25]],
which also makes the Wud amplitude gauge-dependent even though the process
is physical [24} |79, |80]. This and other problems, which we discuss in the
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following section, sparked a series of papers attempting to arrive at a suitable
counterterm [24, 25,27, 29, 31} [81-83]].
The takeaway from this section is that the “usual approach” consists of a

few key steps

1.

1i.

ii.

One goes from the initial (flavor) basis into the mass eigenstate basis in
the bare Lagrangian.

The Lagrangian is then renormalized such that the mass counterterms are
diagonal and the field counterterms are not.

The mixing matrix counterterms are defined to cancel the UV divergences
appearing in amplitudes such as Wud.

Unfortunately, the mixing matrix counterterm is then expressed in terms of

the field renormalization and is gauge-dependent, this alone already calls for a

different definition.

2.2. Requirements for mixing renormalization

Gauge independence is not the only requirement or, at the very least, wanted

feature for mixing renormalization. Over a span of roughly 20 years there

accumulated a list of 5 requirements for mixing renormalization, which is not
exclusive to the CKM matrix [27, (36} 143

1.

The mixing counterterm should cancel the UV divergences that are left
after the renormalization of other quantities such as masses, couplings,
and fields.

. The mixing matrix counterterm should be gauge-independent.

. Renormalization should preserve the basic structure of the theory, in

particular, the mixing matrix counterterm should not spoil unitarity (or-
thogonality).

The mixing renormalization should be symmetric w.r.t. the mixing de-
grees of freedom and also independent of a specific physical process.

The mixing angle renormalization should not spoil the numerical stability
of the perturbative expansion.

(a) In the limit of degenerate masses of the mixing particles, no singu-
larities should be introduced into physical observables
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(b) There should be no “dead corners” in the parameter space, where a
renormalized input parameter goes to infinity.

Let us consider this list in more detail. The very first point is almost obvious
— UV-finiteness is one of the main focuses of the renormalization procedure and
renormalization of the mixing is not an exception. However, the important point
is that the mixing renormalization should take care of the “leftover” divergences
after the renormalization of other quantities. In particular, once we discuss our
scheme in Section[6] we will see that it is possible to define the counterterms in
a way that leaves no such UV divergences to be renormalized by the mixing.

The second point we already mentioned right before the start of this section.
It has been found that in the OS scheme, the Wud amplitude is UV-divergent,
but gauge independent if the CKM counterterm is not included [24, 83}, 84]]. In
turn, if the definition of the mixing matrix counterterm is gauge-dependent it will
necessarily make such amplitudes gauge-dependent as well. Alternatively, the
mixing matrix parameterizes a physical process so it is usually considered to be
physical quantity. Gauge dependence is not a welcome feature in counterterms
of physical quantities.

The third point is already evident in Eq. (2.18)), where we require the mixing
matrix counterterm to not violate the unitarity of the bare mixing matrix. This is
required by many considerations as noted in [27]]: Becchi-Rouet-Stora-Tyutin
(BRST) 85} 86]] symmetry and Ward-Takahashi identities |87, 88]] would be
broken, the unitarity triangle would lose its meaning beyond tree-level for a
unitarity non-preserving mixing matrix counterterm.

The fourth point is both conceptual and practical. Mixing matrices on their
own do not prefer a certain flavor, so it is preferable for the counterterms to
also be flavor-symmetric. This is often spoiled in schemes, where the mixing
matrix counterterms are based on a specific physical process. On the practical
side, such non-universal counterterms can be hard to compute at, and especially
beyond, 1-loop. It may also be cumbersome to apply a scheme from one model
to another since the particle content and processes can differ.

Finally, the fifth point considers the numerical stability, which is impor-
tant both for keeping the perturbative expansion meaningful and for practical
considerations. There can be a few sources for this instability. For example,
non-universal process-dependent schemes can bring unnatural numerical cor-
rections(e.g. [41]]), although, this is not necessarily the case (e.g. [36]). Another
extremely common source of numerical instability is the factor 1/(m? — m?),
which appears in the mixing renormalization and is singular in the limit, when
both masses m; and m; become equal, i.e. in the m; — m; limit. Naturally,
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parameter scans in the vicinity of this singularity are cumbersome.

In the following section, we show that points 2, 3, and 5 can be trivially
satisfied by simply setting the mixing matrix counterterm to 0, while points 1
and 4 require the discussion of a specific renormalization scheme, which we do
in Section[6l

3. Triviality of the mixing matrix counterterm

This section is based on our publication [A1]], where we discuss the interplay
between basis rotations and the renormalization procedure and make the case for
trivial mixing matrix counterterms. The discussion there, as well as here, is based
on considering two approaches present in the literature: the basis-independent
one and the basis-dependent one. The basis-independent approach seems to be
sought-after (mostly) at tree-level, where the idea is to form basis-invariants
that are to be used in expressing the observables [89-97]]. Interestingly, it is
also stated that the mixing angles are basis-dependent quantities and cannot
be physically meaningful (except if a basis is preferred by some additional
requirements) 94} 95 [98]]. On the other hand, renormalization (attribution
of a counterterm) of these non-physical quantities seems to be the standard
basis-dependent approach. For example, the list of requirements for mixing
renormalization we listed was also to be understood in the context of non-
trivial mixing matrix counterterms. Below we give arguments for choosing the
basis-independent approach beyond tree-level both on conceptual and practical
grounds.

3.1. Basis rotations and renormalization

In our work [[A1]] we have considered a system of scalars, however, here let us
consider fermions both to show the universality of the discussion and to make a
better connection with the renormalization scheme for fermions we present in
Section[6] To do so, let us consider just the kinetic term from Eq.

K = g (id — M) vo . (3.1)

Let us further consider an arbitrary unitary basis rotation U that rotates the
fields 1 into the fields xo and does not diagonalize the mass matrix

o =UoXxo - (3.2)
With this rotation may write the kinetic term in a few different ways
K = (id — M) o (3.32)
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%o (i = 7 "Ul Motdo ) x0 (3.3b)
X0 (igf 1\70) Xo0.- (3.3¢)
Here we have used the unitarity of U and defined
My = 7"U~° Mo, . (3.4)
Next we perform the renormalization procedure for Egs. and
K=y {id — M

3.5
+7052L70(iﬂ—M)+(iﬁ—M)Z¢—5M}¢, (3.52)

/c:y{iﬁ—ﬁ
+4%6214° <iﬁ—M> + <i5—M) Zy _5M}X'

Here the counterterms follow the same logic as in Section[I]and we have kept

(3.5b)

only terms that are linear in the counterterms, however, neither M nor M, are
diagonal, their respective counterterms 6 M and § M are also non-diagonal.

Analogously, we may renormalize the kinetic term in Eq. which
includes the rotation matrix I/

K =x {iﬁ — M +~°5215° (z’a . M) + (w - 1\7) 57,

N N (3.6)
—AOUTUAO M — sMUtSU — fyOLIHO(SML{} X,
where we have
M =~"Ut~’Mu . (3.7)
Next, we split the field renormalization into its hermitian and anti-hermitian
parts
0Zy =02 +6Z7, (3.8)
with
T T
(6z0) =6z  and  (62)) =-62. (3.9)

By using this and the unitarity of the matrix U (analogous to Eq. (2.18)) but with
Dirac structure present )

5 (u*u) -0 = duu=-utsu (3.10)
we may rewrite the kinetic term as follows
K =x{i# = M ++°52{1 (i) - M) + (i&f - M) 621

_ G.11)
_0 [VOM,UT&/{ + 52;3} _ VOUHO(SMU} X,
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where [...,...] is the commutator. Comparing either this form of the kinetic
term or the one in Eq. with Eq. it is evident that even though all
equations are in the x basis, the counterterms are different — there seems to be
a difference depending on when the renormalization procedure is performed.
Another thing that we see in Eq. is that the anti-hermitian part of the
field renormalization is degenerate with the mixing angle counterterms as they
both enter the commutator. — this is a generalized (and fermionic) version
of the comment made in [42]]. This degeneracy implies that the mixing in
the 2-point function may be renormalized through the field renormalization
and mass counterterms by simply setting 60U/ = 0. For example, this is what
enables the scheme for squarks in [39]. However, we intend to make the
statement stronger — the mixing angle counterterms should always be set to
0, instead of being an alternative choice. We do so by comparing the kinetic

term in Egs. (3.54)), (3.6)), and (3.5b)) and discussing basis independence, gauge
dependence and the degenerate mass limit.

3.2. Basis independence

As we have mentioned, basis-independent features are very welcome at tree-
level and we believe they should be present in the renormalization procedure
as well. For example, in Egs. and the form of the kinetic term
is the same, although the bases are different. On the other hand, the form of
the kinetic term in Eq. does not match either of the bases in Eq. (3.5). Of
course, this is due to the presence of the mixing matrix counterterm 6U.

It is simple to see that by identifying the bare mixing matrix with the
renormalized one, Uy = U < U = 0, or by absorbing the mixing matrix
counterterm into the anti-hermitian part of the field renormalization, the forms
of the kinetic term in Egs. and matches. Then a relation between
mass counterterms easily follows from equating the two forms of the y basis

SM = ~U~05 MU . (3.12)
Further, if
6Z, =U'6Z,U (3.13)
and
x =U, (3.14)

then Eqgs. and correspond to the same bare kinetic term. While
these relations are easy to find once the bare mixing matrix is identified with
the renormalized one, this does not fully convey the necessary point and a more
detailed analysis is needed.
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Let us consider the case with 614 # 0. Even though a specific basis may
be chosen to fix the counterterms, it should still be possible to perform basis
rotations. Let us rotate the fields in Eq. (3.11) by U (i.e. the inverse of U)

K =x'{i = M +~°6Z}7° (id — M) + (id — M) 6Z,]

_0 [VOM, suut + u(sz;jw} - 5M} X G.15)
Here x' = UTx Pl we have used Eq. for the mass counterterm and
Eq. for the hermitian part of the field renormalization, since only the
anti-hermitian part is degenerate with the mixing matrix counterterm. All the
renormalized quantities in the x’ basis are identical to those of the 1) basis,
but the counterterms differ due to the presence of §U. In turn, one computes
identical amplitudes in both bases, but they are renormalized with different sets
of counterterms.

One simple problem caused by the mixing matrix counterterm is the change
of the form of basis transformations, i.e. Eq. no longer holds for the
anti-hermitian part of the field renormalization. Instead, the anti-hermitian parts
in the x’ and v bases are related by

0z} = suut +usziu’. (3.16)

Obviously, one gets back the relation in Eq. by setting 0U to 0.

A stronger problem following from the non-triviality of the mixing matrix
counterterm is that in the y/ basis the counterterm 61 does not have an associated
parameter. In turn, this obstructs the re-construction of the bare Lagrangian and
we have

K' =, {iﬁ— My —+° [\OM, suut +usz ut — 52;3] } X, £ K.
(3.17)
Here we have “un-renormalized” the fields by inverting x{, = 0 Zy/, so that
we get back the Lagrangian in the g basis up to the commutator term. Of
course, the commutator term can be made to vanish if Eq. holds, but
a much more simple approach is to set U to 0. In that case, both the form
of the kinetic term and the form of the basis transformations in Eq. (3.13)) are
preserved.
Perhaps an even stronger statement is that in Eq. we have K' #£ K.
Let us consider the path which leads to the mismatch of bare Lagrangians:

1. We start with the kinetic term in Eq. (3.3a)) and rotate it by U to Eq. (3.3b).

20ne has x' = 1 for U = 0.
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2. We renormalize the theory in the x( basis and include the counterterms
for the mixing (basis transformation) matrix U.

3. We rotate back the renormalized fields by U’.
4. We “un-renormalize” the fields and arrive at X',
Alternatively, a different path may be taken:

1. We start with the kinetic term in Eq. (3.3a)) and immediately renormalize
the theory to get Eq. (3.5a)).

2. We rotate the theory by U and by using Eqs. (3.12)) and (3.13) we arrive
at Eq. (3.6).

3. We “un-renormalize” the theory and easily arrive at Eq. (3.5b)
4. A final rotation by U(T) brings one back to the kinetic term /.

The two paths differ in whether the renormalization is performed before or after
basis rotations. It seems that renormalization after basis rotations (1st path)
makes any further basis rotations impossible. More precisely, it is the attribution
of counterterms to basis-dependent quantities such as rotation (mixing) matrices
that selects a preferred basis and obstructs any further basis rotations. On the
other hand, this is a rather unwelcome feature, since there is nothing special
about basis rotations or the renormalization procedure and it should always be
possible to return to the same bare and theory-defining Lagrangian irrespective
of the chosen path. In other words, basis rotations should commute with the
renormalization procedure |A1HA3|]. This is rather simply achievable if the
bare rotation matrix is identified with the renormalized one, i.e. Uy = U and
oUu = 0.

Probably the main outcome of identifying the bare mixing matrix with the
renormalized one allows to freely change the basis irrespective of whether the
renormalization procedure is already performed or not. This may be formulated
as having a basis-independent set of counterterms:

basis change

(62, 0M,5\} {5ZX, 5M, 5X} (3.18)

but not
basis change

(62,,6M 67} {5ZX,5u,5z\7i,5X} , (3.19)

where d\ and §\ stand for the counterterms of other parameters in the theory in
the ¥ and x bases, respectively.
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A more philosophical or foundational formulation is also possible. The
renormalization procedure is concerned with implementing a selected reference
measurement into the theory to make it predictive. The standard device for
doing so is the counterterms. As the observables are basis-independent it seems
convenient for the renormalization procedure to also replicate this feature. In
turn, having a set of basis-independent counterterms or, equivalently, trivial
mixing matrix counterterms, 6U = 0, is a welcome feature and a step towards
basis independence. A possible counter-argument is that mixing matrices such
as CKM are being measured and, hence, are physical quantities. However, the
mixing itself is physical, but mixing matrices such as CKM are only a convenient
parameterization. For example, a mixing matrix such as the CKM is derived by
diagonalizing the mass matrix and can be expressed in terms of the elements of
the “renormalized” mass matrix. It is the renormalization of these mass matrices
that provides the basis-independent set of counterterms, but not the attribution
of counterterms to mixing matrices. Even more so, one may work in completely
arbitrary bases, i.e. one can select numbers for the matrix U as seen fit and
only a very specific selection of these numbers diagonalizes the mass matrix.
This shows that mixing matrices are not theory-defining parameters and, hence,
should not be renormalized.

While the above is important for conceptual consistency, it is also important
to discuss the practical benefits of trivial mixing matrix counterterms. For
example, from this conceptual discussion it already follows that the second
mixing renormalization requirement from Section [2.2]is trivially satisfied. Both
the bare and the renormalized mixing matrices have the same unitarity properties
as they are identified and the counterterm vanishes.

Next, we turn to discuss the two other remaining requirements of gauge
dependence and numerical stability.

3.3. Gauge dependence

To consider the gauge dependence let us keep considering the U # 0 case.
While gauge independence of the mixing matrix counterterm is required, achiev-
ing it is rather difficult. Conceptually the mixing matrices are non-physical and
are degenerate with the field renormalization, Eq. (3.11)). In turn, it is natural
that these counterterms turn out to be gauge-dependent — a clear sign of non-
physicality. On the practical side, we may use the Nielsen identities |79} 99],
which are a type of Slavnov-Taylor identities [[100,|101]], to make the statement
more precise.

Let us use the x basis (e.g., Eq. and consider the gauge-dependence
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of the bare fermion self-energy 3° (p) at 1-loop in momentum space. The
gauge-derivative of XY (p) w.r.t. the gauge parameter ¢ is [[79]

93" (p) =" (A ()12 (b= M)+ (p- M) A(p) . (320)

Here A is a correlation function involving BRST sources, moreover, it has
Dirac structure and is a matrix in flavor space. Here we also imposed pseudo-
hermiticity for simplicity, which is evident from the first temﬂ In addition,
in the above expression, we have the renormalized masses instead of the bare
ones since A’s begin at 1-loop order and the mass counterterms contribute to
higher orders. We may split A (p) into its hermitian and anti-hermitian parts as
we did for the field renormalization, such that the derivative of the self-energy
becomes

0e=° (p) =1" (A ()" (p— M) + (p— M) (A ()"
+9° 2 (p- M) (A )] -

Further, we also consider the renormalized self-energy, which is just the bare
self-energy plus the counterterms from Eq. (3.11))

(3.21)

A (p) =5° (p) +1%621° (p - 1\71) + (p - M) ozl o)
— o [OM UtoU + 62| — AUty M, '

where the momentum p is from the Fourier transform of the derivatives id. Itis
now simple to take the gauge derivative of the renormalized self-energy with

the help of Eq.
ez (p) =1 (90231 + (A (p)" ) 1° (p— M)
+ (- M) (9002 + (A )")
440 [70 (p - 1\7.?) UTOSU + 06 ZL + (A (p))ﬂ
— Uy 95 MU .

(3.23)

Here we have assumed that only counterterms can be gauge-dependent. Also
note that in the third line we have added a vanishing term

P 2 Ut oot + 0c6Z3E | = 0 (3.24)
to keep the structure, since
2 U A )] £=0 (3.25)

*Note that the hermitian conjugation on A (p) is both in flavor and spinor space.
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unlike in the scalar case in [[A1]].

In Eq. one can notice that the field counterterms, as well as the mixing
matrix counterterms, are in a commutator together with U (A (p))A In other
words, the mixing matrix and the field counterterms are naturally associated
with gauge-dependent structures. Such natural association is what makes it
hard to find a gauge-independent definition of the mixing matrix counterterm.
Of course, this is easy to overcome if one identifies the bare and renormalized
mixing matrices, such that &/ = 0. This identification then trivially satisfies
the 2nd requirement for mixing renormalization from Section[2.2]

On the other hand, the mass counterterm is free of gauge-dependent struc-
tures as can be seen by the non-presence of A on the last line of Eq. (3.23)). In
turn, only non-physical renormalization conditions can induce gauge depen-
dence in the mass counterterm.

3.4. The degenerate mass limit

Next, we discuss the 5th requirement from Section[2.2]or, at the very least, point
5a on the degenerate mass limit. For the discussion let us again consider the
case with 6U # 0 and for simplicity choose a basis where the mass is diagonal

M = diag. (m1,ma,...,my) . (3.26)

Strictly speaking, it is not necessary to choose a mass eigenstate basis, but
then the discussion is more cumbersome, because of the need to invert the
commutator terms in more complicated ways.

Let us take Eq. in the diagonal mass basis

SEp) =29 (p) +1°0 2870 (p — ma) + (p—my) 621,

—4 M utsu + 52| = (+out05 ) (3.27)

7%
Here i, j are flavor indices, the bold notation was removed (where appropriate)
to indicate elements in the flavor space and the mass counterterm U T+°5 MU
is in general non-diagonal even if M is.

As the counterterms must cancel the UV divergences irrespective of the cho-
sen renormalization scheme let us keep only UV-divergent terms in Eq. (3.27).
In addition, let us drop all the UV-divergent terms proportional to p — m; or
p — m;, then the cancellation of UV divergences in the remaining parts of the
renormalized self-energy is ensured by the following equality

25 0 oy oy = 1 [P MU 62|t (1o MU

(3.28)
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To make this more transparent, let us write the commutator term explicitly

20 100 utou + 62| = (ulou +6zy)

ji

_ 40 (wau + 6Z§‘)ji ~Om;

—py {mj (u}duL + 5Z§‘L>ﬁ

(3.29)
~ (tlottn + 5Z;?R>ji ml}

+ Pg {mj (Uhottn +62%)

Ji
- (ulou + 5Z;<4L)ji m} .

Here we have decomposed the commutator into its left- and right-handed parts.
Inconveniently, the coefficients of projectors Py, r have contributions from
both the left- and right-handed components of the field renormalization and
mixing matrices so that it is needed to solve for these components. In contrast,
the scalar case in [[A1]] is much simpler. In any case, for simplicity, we may
decompose the bare self-energy in Eq.

5 () ‘UVM = Praj; + Prbji (3.30)
with some scalar and UV-divergent coefficients a;; and b;;. Then taking into
account this decomposition as well as the explicit form of the commutator, we

may write the following solutions

J

7t

— (mf —m?) (UTL(SLIL + 5Z§‘L) _=mjaj; + mibj; —m; (UECSMLUL)
ji

ji

—m; (uTLéMRuR) y

J

Jt

— (’l’rLZ2 - m2) (UE&UR + 5Z;<4R) o :miaﬂ- + mjbji —m; (uE(SMLuL>
Ji

—m; (U oMgtdr)

7t

(3.31)

Note that here the 1.h.s. of both solutions for the field renormalization and
the mixing matrix counterterms are proportional to m? — mJQ-, while the r.h.s.
is not. In turn, in the degenerate mass limit, m; — m;, the Lh.s. vanishes,
while the r.h.s. in general does not vanish. Even more so, many schemes set
the rotated mass counterterms, Ll%éM U and UE&M rU R, to be diagonal
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(e.g. [23,141178,/102, [103]]), such that only the field renormalization and the
mixing counterterms must be used to account for the UV divergences in aj; and

bj;. This causes a problem since to cancel these divergences, the counterterms
must be proportional to 1/ (ml2 — m?) and thus be singular in the degenerate
mass limit! While this does not necessarily bring these singularities into the
observables, the intermediate steps are guaranteed to have these singularities
and may cause problems. The only terms that could be included in §Z4 and/or
UT6U without causing practical problems are the gauge-independent terms that
are also free of the m; — m? mass structure.

However, we believe that it is much simpler to set 084 = 0 and keep the
off-diagonal mass counterterms since these can cancel the UV divergences
without being singular in the degenerate mass limit. We also think that this
solves the problem described in [[36]], where schemes renormalizing tan 5 in a
gauge-independent way in the Higgs sector of the Minimal Supersymmetric
Standard Model (MSSM) were seen to cause numerical instabilities — this is
avoided by not renormalizing mixing angles and keeping off-diagonal mass
counterterms. In short, the triviality of the mixing matrix counterterm also
allows one to achieve the 5th requirement from Section[2.2]

While this concludes the renormalization scheme independent discussion
on the triviality of the mixing matrix counterterms, two notes are in order.
First, for the final section, we only considered the UV-divergent parts, but a
similar discussion can be carried out for the finite parts too. Second, all three
sections (basis dependence, gauge dependence, and degenerate mass limits)
were done at 1-loop, however, the structures we have seen repeat at every higher
order in perturbation theory, for example, we will see that is the case for the
gauge-dependent parts once we discuss the all-order extension of our scheme in
Section[7} In turn, these arguments hold at all orders, even if presented just at

1-loop.
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RENORMALIZATION OF THE FERMION 2-POINT FUNCTIONS

Having discussed the scheme-independent features of mixing renormalization
we may proceed towards showing that points 1 and 4 from Section are
achievable while having trivial mixing matrix counterterms. In particular, we
present the On-Shell renormalization conditions with a specific implementation
of the OS conditions leading to a new renormalization scheme. Discussion of the
new scheme, both at 1-loop and to all orders, is based on our publication [|A3]].

4. Setup of the notation

Let us begin by introducing the needed notation, which will be especially
useful in discussing the arbitrary orders of our scheme and will make a better
connection with the one-loop approach. Of most importance are the three types
of self-energies: the bare self-energy computed with bare parameters i(p),
the bare self-energy computed with renormalized parameters (), and the
renormalized self-energy ZR(p), all of which are understood to be matrices in
the flavor space as we drop the bold notation. In terms of Feynman diagrams,
the two bare self-energies are the same and only their parameters differ. Neither
of the two bare self-energies contains counterterms explicitly. Counterterms
explicitly appear only in the renormalized self-energy. All of these self-energies
can be related.

The first relation comes from considering the 1-particle irreducible (1PI)
generating functional. There the bare term containing the two-point function
can be renormalized in analogy with Eq.

DX (p)io = 91° 21 S(p) 20 = P (p)e, @.1)
such that the following relation becomes evident
S (p) =121y S(p) Z . (4.2)

The two bare self-energies, > and f), may be related by expanding the parameters
A9 around their renormalized values )\ in ¥(p). A convenient way to do so is
by using the Taylor series operator

[e.e]

O
To=> 0] (4.3)

n=0
with (0A)™ being the nth power of the counterterm. In addition, using that

"3 (p) )

= 4.4
(0" oN; @4

A0=)y,

37



the relation is as follows

S(p) = (H w) S(p) = (H Txk) 2(p). (4.5)
k k

Here the restriction is understood to act on the derivatives as in Eq. (4.4)), and
the operators T A0 and T, differ only in their derivatives, but the counterterms

A=)

are unchanged. Eventually, all three self-energies are related as follows

SR(p) = 102145 () Z = 702140 <H T,\k> S(p)Z . (4.6)
k
It is worth noting that counterterm diagrams in the renormalized self-energy
come from the parameter derivative terms due to the Taylor series operator.
Further, nearly everything can be expanded to some loop order in pertur-
bation theory. We count loops with the 3(p) self-energy, which is in terms
of the renormalized parameters. Although, to be strict, for our purposes the
renormalized parameters should be equal to the physical ones, since otherwise
the renormalized parameters could be further expanded as in Eq. (I.20). Then
n-loop diagrams in % (p) give some products of the theory parameters that
become associated with the nth order. We indicate the order with a superscript,
for example,

2(p) = SO (@) + 5O () + =P @) + ... 4.7)

The two other self-energies can be expanded in these orders as well, but the
order no longer matches the number of loops in diagrams, for example, the
renormalized self-energy at 1-loop has loop diagrams as well as tree-level dia-
grams with counterterm insertions. We use the same notation for counterterms,
e.g.

Z=1+46Z=1+62W +623 4+ ... (4.8)

The same logic also follows for the series operator. For example, the second
order operator is
2
@ _5x@_9_ L Losamsymy_9

T\5 = A 200N . 4.9
Here the second term comes from squaring the counterterm and then expanding
to second order. It is all right to have products like SA(DSA() at the second
order, however, for more complicated expressions we will use a shorthand
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notation. For example, explicitly taking the nth order of some product of A and
B means summing over all the possible contributions

AOBO 4 AOBE-D 4 A0 23 AOBE-D - (410)
=0

which we simply denote as
(AB)™ =3~ ADBMD (4.11)
1=0

The lower and upper bounds may vary depending on whether the Oth order is
included and similar things. For example,

(262)™ ="z D570 (4.12)
=1

since the renormalization constant includes all orders, while the counterterm
starts at the first order. In other words, one has to be conscious of the objects
for which this simple notation is used. We have employed the explicit notation
in our publication [|A3|] and there all the derivations are written out in full, while
in the thesis we choose to go with the simpler notation.

Finally, we should discuss the decomposition and diagrams included in the
self-energies. The decomposition of all the self-energies (X%, f), ) is the same
and by-now the standard one

S(p) = S2F PP + S1F0P)pPr + S5E @A) P+ SR (0P PR, (4.13)

with the coefficients X7571:5L:5R being scalar functions of the squared mo-
mentum. As for the diagrams, at Oth order (in the on-shell scheme) all the
self-energies are the same

3(0) (p) = E(O)(p) — k() (p) =—>——=p—m. (4.14)

Here the mass matrix m is not necessarily diagonal. At next order, the self-
energy Y(p) consists of all the 1-loop 1PI diagrams

SW(p) = . + 3 . (4.15)

Importantly, here we also include tadpole diagrams, the appearance of which can
be justified in two ways. A simple justification comes from simply considering
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the structure of the tadpole diagrams. By definition, the reducible diagrams
are those, which can be divided into two smaller diagrams by cutting a single
propagator ﬁ, which is just a line visually. The tadpole diagrams visually

do match the look of 1PR diagrams, but there is no momentum flow through

1
—m2
so that the actual structure of the tadpole diagrams is that of an irreducible

diagram, which justifies the inclusion. Another explanation is in terms of the
Fleischer-Jegerlehner (FJ) scheme [46]] and can be found in [47]].
Further 1-loop diagrammatic relations may be written as follows

the propagator. In turn, the propagator acts like a simple coupling of

S () = 50 (p) +4in£L, (4.16)

where dm(1) is the first order mass counterterm. Analogously, the renormalized
self-energy is then

SO () = SO () + %2190 (= m) + (p—m) 520 | (@17)
G A VAN S R AR—

where the counterterm diagram now includes the field renormalization and any
higher orders follow the same logic.

5. Renormalization conditions on the mass shell

In the following sections we will be occupied with the renormalization of one
of the first appearing functions — the 2-point function (i.e. the self-energy or
the inverse propagator). Nonetheless, correct renormalization of these func-
tions is extremely important, since the field renormalization (or LSZ factors),
which appears in all other operators in the Lagrangian, is defined there. As the
renormalization procedure implements the physical properties into the theory,
first one needs to briefly discuss what are the physical properties of the 2-point
functions or, rather, the propagators.

For simplicity, let us assume that we are working in the mass eigenstate
basis with the renormalized masses mf%, where ¢ is a flavor index, that in general
have non-diagonal mass counterterms d1m;, i.e. the bare mass is renormalized
as

m?l = mZR(S]Z + omy; . (5.1)
Here 0m; has a chiral structure and can be decomposed into dm™% . Then the
diagonal component of the renormalized propagator, ¢ (Eﬁ(p)) _1, must have a
pole as the momentum approaches the physical mass m! . In other words,

> ZuSH(p) 2w = 0. (5.2)
k,l
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Here k, [ are flavor indices and are summed over, Z and Z are the LSZ factors
for the incoming and outgoing particles, respectively, and u; is the Dirac spinor
for which the Dirac equation gives pu; = mFu; (and p? = (m?!")?). Separating
the tree-level contribution relates the renormalized and pole masses via the
self-energy

S Eazhp) 20T w = (mf - mF) ui, (5.3)
Kl

where the (> 0) superscript means all orders except tree—leveﬂ Of course, this
equation is reminiscent of Egs. and (I.19).

In addition, the residue of the propagator at the pole should be unity to
resemble the propagator of a free particle

i
lim —mF —_—Uu; = U
although a more convenient form is the inverted one with the imaginary unit
removed
. 1
lim
poomt p—m

ikl

Here the LSZ factors are needed to ensure the unit residue condition.
Finally, it is required that the on-shell propagator is diagonal and there is

no mixing
> ZpSi(p) Ziu =0, (5.52)
k,l
> 4 ZpSh(p) 2 =0, (5.5b)
k,l

where 4 is the spinor for the outgoing particle and 7 # j.

Having these physical conditions we may state the usual on-shell renormal-
ization conditions [45]]. These conditions require that the renormalized mass is
equal to the pole mass

mlR = me =m; (5.6)
and that the LSZ factors are unity
Z=Z=1. (5.7

“Depending on the scheme, the renormalized mass could be further expanded, but the r.h.s.
is a tree-level contribution.
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The former condition simply turns Eq. (5.3) into

> (Zasfp )" wi=o0, (5.8)

k.l

while the latter condition gives the role of LSZ factors to the field renormaliza-
tion. That this can be done can be seen by, for example, taking Eq. (5.52) and
inserting the expression for the renormalized self-energy from Eq. (4.6))

k

—Zvo ZI A S o0 (B) Zot Ziiwi

s,r.k

(5.9)

By noting the Z,;, Z; product it is evident that the field renormalization and
the LSZ factors have the same role and are degenerate, hence, any one of these
can be set to unity. However, this is not possible for unstable particles due to
the presence of absorptive parts or, at the very least, not possible without some
modifications.

In more detail, hermiticity of the Lagrangian or the generating functional
gives requirements on the self-energies and the renormalization constants. Equat-
ing Eq. with its hermitian conjugate we have

oS0 = (TZ i) = T0” (509 00
—S) =1 (3) ",

where the hermitian conjugation acts both in spinor and flavor spaces and the
resulting relation is called pseudo-hermiticity. Unfortunately, it has been noted
that this relation does not hold above particle production thresholds since then
the loop functions develop imaginary parts [|80} |104, 105]]. Depending on the
order at which one is working, the available approaches are a little different.

5.1. Renormalization conditions at 1-loop

At 1-loop and in terms of the renormalized Lagrangian, these absorptive parts
are not a problem if one sets the field renormalization to unity, Z = 1, since
then the absorptive parts can be accounted for by the LSZ factors for which there
is no pseudo-hermiticity requirement. However, the converse with Z = Z = 1
is not possible since pseudo-hermiticity is required for the field renormalization
and the absorptive parts cannot be included without breaking the hermiticity
of the Lagrangian [80,[82]. In practice, if one sets Z = Z = 1, and computes
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the field renormalization constants from the conditions in Eqgs. (5.4)), (5.54),
and at 1-loop, one gets expressions for Z and Z, which are not related
by naive hermitian conjugatiorﬂ— this is the overspecification problem.

One proposal to solve this at 1-loop is by breaking the hermiticity of the
Lagrangian and having two sets of independent field renormalization constants,
namely Z (associated with 1)) and Z (associated with 1) [80]. While this relaxes
the renormalization conditions and allows for enough freedom to fix the field
renormalization, this is unsatisfactory in terms of the renormalized Lagrangian.
Another proposal can be found in [[104]], where one sets Z = Z = 1 and the
absorptive parts are simply dropped from the loop functions via the Re operator,
such that the field renormalization can be defined without encountering over-
specification.

At least at 1-loop, we take the in-between approach by keeping the hermitic-
ity of the Lagrangian and the absorptive parts as much as possible. This is done
by setting only one of the LSZ factors to unity

Z=1 (5.10)

such that Eq. (5.5a)) becomes
=2 (yu; =0, (5.11)

Je
where the Z drops out and accounts for the absorptive parts in Eq. (5.5D)). This
may be called the “incoming” renormalization scheme as dubbed in [[105]], with
the “outgoing” scheme also being a possible choice.

The absorptive parts also play a role in Eq. (5.8]), which defines the diagonal
components of the mass counterterm. However, the effects are not as strong
and are at most conceptual. The hermiticity of the bare Lagrangian requires that
the mass counterterm obeys pseudo-hermiticity

om = ~2m~°, (5.12)

but this in principle allows for the inclusion of absorptive parts in all components.
However, it is more common to keep at least the diagonal components real so
that the absorptive parts are dropped from Eq. (5.8))

ResE W (pyu; = 0 (5.13)

and imaginary part of Eﬁ(l)(p)ui is then identified with the decay width I"
(e.g. [80,(106-109]). In contrast, the condition in Eq. (5.4) with Z = Z =1

5In renormalizing the theory we already implemented pseudo-hermiticity by writing v°Z~°
instead of having an independent renormalization constant Z so that here only the hermitian
conjugation appears.
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and keeping the hermiticity of the Lagrangian defines only the hermitian part
of the field renormalization, which must be real. In turn, at least one of the LSZ
factors is needed to account for the absorptive parts.

In any case, at 1-loop order our scheme is mostly occupied with the off-
diagonal terms and the reader may assume the usual diagonal components. In
addition, we do include the absorptive parts in the field renormalization as much
as possible, but our scheme does not really rely on the absorptive parts, and
they may be moved entirely into the LSZ factors if seen fit by the reader.

The final condition we impose is that the mixing matrix counterterm must
be trivial as per Section [3]

=0, (5.14)

or, rather, we expect this to be the natural outcome of the scheme without much
additional effort.

5.1.1. Renormalization conditions for Majorana fermions

The situation with absorptive parts is even worse for Majorana fermions and
requires a separate discussion. The Majorana condition on bare fields, e.g. [[110]],

vy = v§ = +°Cug, (5.15)

where C is the charge conjugation matrix, limits the available degrees of freedom
as compared to the Dirac case. If the renormalized fields are also Majorana,
then the bare Majorana condition requires an additional relation for the field
renormalization constants, namely,

Z =~z c 140, (5.16)

where * marks complex conjugation. More simply put, this relates the left- and
right-handed parts of the field renormalization

Zp =74, (5.17)

Since this relation involves complex conjugation, the absorptive parts already
obstruct it if at least one of the LSZ factors is set to unity. In contrast, the
symmetry (transposition) properties of Majorana fermions are not affected by
the absorptive parts.

There are a few ways of defining the field renormalization constants to keep
the Majorana nature of the theory. One way is to use only a selected projection
(left or right) of Eq. (5.11)), however, as seen in Eq. the projections involve
both Z; r and Zr 1, = Zz, > Which does not lead to anything convenient.
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Another possibility is to fully use Eq. (5.11)), but then use only one of the
solutions, either Z, or Zg, and define the remaining one by complex conjugation
of the solved one. With this option, the resulting expressions are much more
cumbersome than in the Dirac case. We do not choose any of these two options.

Perhaps the easiest way is to simply drop the absorptive parts, such that the
no mixing condition in Eq. becomes

Re [ZR(p)] u; = 0 (5.18)

to all orders. This relaxes the no mixing condition, but also preserves the Majo-
rana condition for bare and renormalized fields and also keeps the hermiticity.
Of course, this option is the same as having both non-trivial LSZ factors. This
seems to be the most convenient option since the expressions we find for Dirac
fermions can be easily adapted by simply dropping the absorptive parts — this
is the option we choose for Majorana fermions.

5.2. Renormalization conditions at all orders

Beyond 1-loop the situation is more complicated because of two things. First,
one often encounters products such as Eq. so that at order n the definitions
of lower order counterterms become important. For example, if the absorptive
parts are not treated well enough at 1-loop, they will obstruct any meaningful
discussion at higher orders. Another thing is that beyond 1-loop it makes
more sense to discuss the hermiticity of the 1PI generating functional instead
of the Lagrangian. Since pseudo-hermiticity may be violated at any order,
the 1PI generating functional will not be hermitian. In this regard, a more
comprehensive discussion is achieved by dropping all the absorptive parts from
the self-energies when discussing renormalization at arbitrary orders. Having
this, we freely set

Z=Z=1 (5.19)

and the field renormalization is sufficient to fully impose the OS renormalization
conditions.

Just like at 1-loop, we require that the mixing matrix counterterm is trivial.
However, we claim that this result comes out naturally since all the relevant
structures repeat at every order.

6. On-Shell fermion renormalization at 1-loop

Next, we consider the implementation of the renormalization conditions in
Section While we have discussed the problem of over-specification in
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terms of the absorptive parts and the field renormalization, there is another
problem of degeneracy between the off-diagonal field and mass counterterms.
Taking Eq. with the mass renormalization as in Eq. at 1-loop one
arrives at a relation between the anti-hermitian part of the field renormalization
and the mass counterterms

(m? =m0z —myembY —miem Y = £ (%) (6.1)

with
1
£ (2) == 5 (mI=3F O md) + mm =7 O (md)

sL (1)
—FmJZ]Z

62)
(m?) +m 25 O (md) ) + H.C.

There is an analogous relation for the right-handed part of the field renormal-
ization. Importantly, here the off-diagonal field and mass counterterms are
both unknowns and a single equation cannot fix them both simultaneously. We
solve this problem by defining the off-diagonal anti-hermitian part of the field

renormalization as the coefficient of the m? — m? mass structureﬂ

J

5Z£jgl) = %[_ (m?E}iL(l)(mZ?) + mimjz;/zR(l (m )
+ 25 O m2) +m 5 (m >+H0m .
m}—m;
320 = 5[ () 5 Vot
+ 2 W m?) + mzs Y m )) +Hc]'(m2_m2),
ié@

where ¢ # j. The hermitian part is not affected by the degeneracy with the
mass counterterms so the usual definition (solution) is sufficient and we do not
change it. The definition of the anti-hermitian part of the field renormalization
breaks the degeneracy in Eq. and one can simply solve for the off-diagonal

2

SHere [(m] — m3)" A + B]‘ = (m7 —m3)" " A, for some positive power n and

(m2—m?)

functions A and B.
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mass counterterms

1
o =3 <m127f(1)( 2+ 55V m3)

I CH )

+ midZ ALy '(5ZA.(.1),
) Rji J Lji (64)
g =3 (mas O m?) + 257 O )

+m]273(1)T( §)+Zjl (1 H(m?))

+midZp —myoZp Y

[ %

Here the hermiticity constraint in Eq. (5.12]) holds by construction regardless of

whether the absorptive parts are included or not.

These definitions of the field and mass counterterms stem from a simple
observation of the distinct factor of m? — mj2 in Eq. (0.1). Interestingly, these
definitions provide a set of useful features

The counterterms are given in terms of self-energies and restrictions to
mass structures and thus are universal — model- and process-independent
(as required in Section[2.2] point 4)

The mass counterterm is gauge-independent by definition (see Section (6. 1))

8§5mji =0 (6-5)

At 1-loop, the anti-hermitian part of the field renormalization is UV-finite

(see Section (6.2))

There are no left-over UV divergences so the mixing matrix counterterm
is naturally trivial (see Section[6.3and point 1 in Section[2.2])

The scheme relies on the m? — m? factor and not on the absorptive parts,
which the reader may treat as seen fit

The scheme also ensures that no (m7 —m7)~" factors appear and the

degenerate mass limit is non-singular.

Note that the definitions of the mass and field counterterms are for the
off-diagonal components, however, the mass counterterms are almost suitable

for the diagonal case, where ¢+ = j. The diagonal components of the mass

counterterms, 6mfi’R , in our scheme, have the same real part as in [|80]], but

the imaginary parts differ. In turn, the real part of the mass counterterms in
Eq. (6.4) may be used for the diagonal case as well.
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6.1. Gauge-dependence

We dedicate this subsection to the consideration of gauge dependence in our
scheme. For this discussion we employ the Nielsen identities [99] just like in
Section however, here we give more detail. First off, let us write down the
most general form of the Nielsen identity [79]]

R R
9TF = (1 + pf> Srr (%2) + Zﬁfaarx

. STR (6.6)
R 4
+z¢:7¢/\/¢1‘ —f—;(Ss/d x(SS(l‘)'

Here I'?? is the renormalized (reduced) 1PI generating functional, Spr is the
Slavnov-Taylor operator, y is the source coupled to the BRST variation of
the gauge parameter &, \; are parameters of the theory, ¢ runs over all the
fields in the theory and Ny counts the external ones, while S stands for any
scalar that may acquire a vacuum expectation value, finally, p, ﬁf, 75), and dg
parameterize various modifications of the Nielsen Identity due to non-physical
renormalization. In particular, the p¢ comes from renormalization of the gauge
parameter and only starting at 2-loop level, the 3¢ term comes if the physical
parameters are renormalized in a gauge-dependent way, the «y, term arises if
the chosen renormalization scheme is not an on-shell one, dg is present if the
theory is not at the true minimum.

Fortunately, all these modifications are practically irrelevant in our scheme
and the situation is much simpler. The p¢ modification is irrelevant at 1-loop
and we can assume that the gauge parameters have no counterterms unless
stated otherwise. The 3¢ and ¢ modifications are also irrelevant since our
scheme is on-shell. Although, strictly speaking, only our two-point functions
are explicitly renormalized on-shell, while the requirement that the renormalized
parameters are the physical parameters, A = A", is an assumption for higher
point functions. The §s = 0 modification vanishes since the inclusion of tadpole
diagrams ensures that the theory is at the true minimum according to the FJ
scheme [46, 47].

Even more so, we are interested in the gauge dependence of the bare self-
energies, since the gauge dependence of the renormalized self-energies can be
tweaked by choosing the counterterms. Eventually, the truly relevant form of
the Nielsen identity is that for the bare self-energy and is much simpler

9cT = Sp (gi) (6.7)
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and gives rise to the Nielsen identity for two-point functions [[79]

0eji(p) = > Ny Si(p) + Y Sy (P) A (6.8)
j/ 7:/
Here Aj; = _Fx%nwi and /_\ji = _Fx%j 4;» \'s are functions of p and have

Dirac structure, 7y, is a source coupled to the BRST variation of the fermion
field +. This is the all-order version of Eq. where we have not explicitly
implemented pseudo-hermiticity, hence, the A and A.

At 1-loop the situation further simplifies, since A’s vanish at tree-level

o5t} ZA 0 p) + Z 200 ()R

(6.9)
(1
:A]i (]Z — mz) + (ﬁ — m]‘) A;i) .
By using (4.13)) both for ¥ and A’s one easily arrives at
Oc Z’YL (» ) L) _ j/—\]viL(l) +A§ZR(1) +]\§ZL(1)7
0 () = A”R“) miSf O A RO,
R L(1 sL(1 1sL (1 ’
852 ( ) 2A’Y (1) pQA;‘Yi()_miAjz‘()_ jAji()’

A YR(1 R(1 rsR(1
8§Zji()(p):iji()+p2A;i ()—mlA‘;Z()—m]Aﬂ()

With this decomposition, we may take the gauge derivative of Eq. (6.3) and get
o5z = [(m§ —m?) ( m AR (m2) — AL W 2y Hc)]

7

A 4 m? —m?
= —m A (m2) - AP (m?) - HC.
aﬁézéj(i) - ZA;z W (77%2) - ]\jﬁ(l) (m?) —H.C..
(6.11)

Gauge dependence of the hermitian part is analogous except for the different
sign in front of H.C'. Importantly, here we see that the gauge-dependent part
necessarily carries a factor of m? — m? — the same factor we noticed in
Eq. and Eq. (3.31)). This factor cancels even in the standard approach as
noticed in [25[], while here it helps us define the anti-hermitian part of the field
renormalization. This also shows that only the gauge-independent parts can
2

be singular in the degenerate mass limit as the m? — m i

guaranteed for gauge-independent parts. Importantly, it is neither guaranteed

mass structure is not

nor forbidden, so care should be taken in selecting the gauge-independent parts.
An analogous analysis can be carried out for the mass counterterms, it
simply gives

deomy MV =0 and  Geoml V) =0 (6.12)
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as expected of counterterms associated with physical quantities.

6.2. UV divergences

Further, we showcase the UV properties of the off-diagonal field and mass
counterterms in our scheme at 1-loop. In our publication [A3]] we gave the
discussion by considering how various diagrams contribute to the fermion self-
energy and then noticing the various mass structures. However, here we take a
slightly different approach and do not involve Passarino-Veltman]|/111]] functions
in the discussion.

Let us begin by stating that, since only the UV parts are important in this
section, we use the pseudo-hermiticity property, which gives

(S EARp2)) T = BB, (6.13)
(2L () = =R ). (6.14)

Another important property, once we regard just the UV parts, follows from
Eqs. (3.27) and (#.13)), where one can notice that that the UV parts of X717 F:sLssR
must not depend on the momentum squared, hence, we are free to drop the p?
arguments in this discussion. With this the UV-divergent part of Eq. (6.3)) gives
AW __Lroe oy s () YR (1)
[5Zsz' ]div. ——5{(77% —i—mj) 2 + 2my;m;3; 615

+2m;sil W 4 2mi2j.f(1)]
div.

2 o’
mg—m?

Considering the second line of Eq. (6.13), we may split £°%5% into hermitian
and anti-hermitian parts

= (p?) =21 () + =4 0°)

. (6.16)
SR (p?) =27 (p?) = 24 (7).
This allows to rewrite Eq. (6.15]) as
e ) N N 2\ y7L (1) YR (1)
+2 (mZ + mj) Eﬁ(l) -2 (mi — mj) Eﬁ(l)]d' -
1v. mi —mj
(6.17)

Here, the terms on the first line contain both the hermitian mass structures
(m? + m? and 2 m;m;) and the hermitian self-energy scalar functions (E}f R ).

Note that, at least at 1-loop, the couplings enter the self-energies at most to the
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o . . LR
second power, hence, it is impossible to form (ml2 — m?)2 in E;Yi 7% In turn,

the first line cannot contribute to the UV divergences of the anti-hermitian part
of the field renormalization.

The second line of Eq. (6.17) also does not produce the m? — mj2 mass

structure since the UV parts of 3°%5F are at most linear in the masses m; and
my. This can be noted from Eq. (6.10), where the As are multiplied by m; ; or
by considering that these functions are of mass dimension 1 and also contribute
to the mass renormalization as seen from Egs. and (4.13)). This implies

that the only available mass structures are m; &= m;

H(1)
ji
A1)
ji

S5 =S (my+my) SHY (6.18)

S5 =S+ (my —my) B4 (6.19)

Dropping X7%7% terms in Eq.(6.17) and plugging in the decomposition of

»HAM) we get
A(1) 1 H A
[5ZL].Z. Liv. =-5 [2 (m; + mj) S 2 (m; — mj) =4
+2 (m; +m;)* S =2 (m; —mj)* £ o
1v. mi _m,]
=0.
(6.20)

Here the final equality follows since neither of the terms could provide the
2

m; — mf structure (in m; — m; the masses are not squared). This generally
confirms that our definition of the anti-hermitian part of the field renormalization
gives a UV finite result. Before, it was noticed in [25] that only the gauge-
dependent part is UV-finite.

In contrast, by the same analysis, the m? — m? appears immediately for the

hermitian part of the field renormalization

o] 1 L(1)
(mf —ms) [6ZLji :|div. 2 (mf —ms) [E}’ :|div. ' (621)

In addition, since none of the UV divergent terms carry the m? — mj2 mass
structure, all the UV divergences in Eq. are gauge-independent. Naturally,
these must be associated with the mass counterterms and we may check whether
the same mass structure analysis holds. To do so, we implement the following

mass renormalization
mo :(5mLPL + (SmRPR

. . ) . (6.22)
+ (1 6L P ¢ 6Z§LPR) m (1 67k Pp + 5Z£PL)
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with the hermiticity requirement
AN\ T A
@z@ Vi (6.23)

Then one can relate the counterterm in the L.h.s. of Eq. (5.1) with the hatted
counterterms at 1-loop

smE @ =L@ 4 527%(1)m + m(52£(1) ) (6.24)
smBW =B 1 5ZR Wy 4 maml D) (6.25)

Additionally, we split the 577%% into hermitian and anti-hermitian parts

ok = omt + omA, (6.26)
omlt = omf — sm?, (6.27)
which gives
L(1) R(1) _ H (1) A)

mémy +midmy; . = (m; +my) 6,

72mjm15Z ()f(m +m)6Z ().

mji mji

(6.28)

— (m; —my) 6mn;

Evidently the mass structures m + m , 2m;my, and m; = m; from Eq. -
are repeated. In turn, the mass structure analysis holds and the UV divergences
of Eq. are naturally associated with the mass counterterms as should be.

The important outcome of this section is that all the UV divergences on the
r.h.s. of Eq. are gauge-independent and can be accounted for by the mass
counterterms and leaving the anti-hermitian part of the field renormalization
UV-finite.

6.3. Triviality of the mixing matrix counterterm and comparison with other
schemes

In the three following subsections, we compare our scheme with three other
selected schemes in order to prove that in our scheme the mixing matrix coun-
terterms are trivial. Specifically, we state that there are no UV divergences left
to cancel and the mixing matrix counterterm is not necessary, this regards the
Ist point from Section

6.3.1. The scheme of Denner and Sack

The first scheme we consider is that of Denner and Sack [23[], which we al-
ready briefly mentioned in Section There the authors have a diagonal mass
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counterterm and use the OS conditions with Z = Z = 1, such that the field
renormalization constants are over specified, but at the time this was not known.
Without off-diagonal mass counterterms, the UV divergences in Egs.
or must be accounted for by the anti-hermitian part of the field renormal-
ization. The field renormalization is defined by two-point functions, but enter
all the other terms in the Lagrangian or higher point functions. This, combined
with the divergences in the anti-hermitian part of the field renormalization,
is what made the W vertex UV divergent and is why the CKM counterterm,
Eq. (2.17), which we repeat for convenience

SVCKM() — 57A D) CKM _ VCKM(SZC?(D (6.29)

was needed. In addition, since there are no off-diagonal mass counterterms
in the scheme of [23]], the anti-hermitian part of the field renormalization is
singular in the degenerate mass limit as we discussed in Section In our
scheme, the situation is quite contrary, since the inclusion of off-diagonal mass
counterterms allows to have the anti-hermitian part of the field renormalization
which is both UV finite and non-singular in the degenerate mass limit. In turn,
Eq. gives a UV-finite counterterm and the W vertex is automatically UV
finite in our scheme, hence, there is no need for a CKM counterterm.

Another problem with the counterterm in Eq. is that it is gauge-
dependent due to the gauge dependence of the field renormalization. This
gauge-dependence breaks the Ward-Takahashi identities as noted in [24], is
against the 2nd requirement in Section and breaks the gauge-independence
of the Wu;d; amplitude [80]. In our scheme, the mixing matrix counterterm is
trivial so that any gauge-dependence-related problems are simply circumvented.
Although, we must note that to have a gauge-independent Wwu ;d; amplitude
it is needed to have at least 1 non-trivial LSZ factor [80]], as we have in our
scheme.

6.3.2. The scheme of Kniehl and Sirlin

Another scheme we choose for comparison is that of Kniehl and Sirlin [|29]],
where the authors deviate from the usual approach (see Section2.1]) by intro-
ducing off-diagonal mass counterterms, but also steer back to it by defining
a mixing matrix counterterm. The mixing matrix counterterm is defined by
diagonalizing the counterterms. For clarity, we briefly give their arguments.
The authors renormalize the masses just like in Eq. (5.1J), but also propose
an additional rotation by
U=1+inM, (6.30)
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where h(! is of 1-loop order and can be decomposed into left- and right-handed
parts. Then one requires that the whole mass term is diagonal

AU (m + 6m) U = diag. , (6.31)

which gives

m;iom S my
! (LlJ)Z =— 2 5 for  i#j, (6.32a)
m; —m;
R(1) L(1)
ihy) = ——A for i, (6.32b)
ml — m]
ihy = ihy) = 0. (6.32¢)

The validity of these equations can be checked by insertion and for more detail
we refer to [29,[31].

This additional rotation by U/ not only diagonalizes the mass counterterm
but also appears in other terms in the Lagrangian. For example, let us consider a
chiral interaction with some mixing matrix V, vector A,,, and fermions f and [

Ly = fLAVlL. (6.33)

Here all the quantities are renormalized, but we omit the counterterms as well as
the coupling as they are irrelevant to the discussion. However, note that at this
point there is no mixing matrix counterterm at all. Next we rotate the fermions
by Uf and get

Ly

Vfl + Z _Zhiff/ Vf’l + Z Vfl/ L(l’l)) fLAiL 634
14 .

- (vﬂ+5vﬂ )fL/flL

Here the fields after the rotation are denoted by hats and we also introduced

h 1
oV =D (=ihg Vi V(b)) (6.35)
1! U

which the authors in [29]] associate with the mixing matrix counterterm. As long
as the masses and, in turn, the rotation ¢/ are defined in a gauge-independent
way, the resulting counterterm V" is also gauge-independent. In particular,
Kniehl and Sirlin define the mass counterterms as terms that are free of p — m;
or p — mj in Eq. (5.11). These factors give rise to mj — m3, which we have
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employed, and thus lead to a gauge-independent definition of mass counterterms.
Even more so, as we discuss in Section[8.3.2] the divergent parts in our scheme
and that of [29] are the same up to tadpole contributions. It is not hard to see

that this is the case, by rewriting the r.h.s. of Eq. (6.1)) in terms of ihs
F(8) =(mF = m)ozp D —myom i —midmi; "

Ji
A .
:(m2 — m?) (5ZLj(1) — Zh%%) .

7 %

(6.36)

Since the UV divergences match in our scheme and in [29]], the anti-hermitian
part of the field renormalization is UV finite in both cases. Despite the slightly
different definitions of mass counterterms, the only significant difference be-
tween the two schemes is the rotation by ¢/. However, even though U/ can lead
to a gauge-independent mixing matrix counterterm, we see two other issues
with this rotation.

First, the counterterm in Eq. is singular in the degenerate mass limit
because of the factors of (m? — m?)_1 in Eq. (6.324)). This does not necessarily
mean that the physical observables also become singular, as long as these
singularities cancel out, but the intermediate steps are bound to be problematic.
For example, evaluating the finite parts of §V ! in the degenerate mass limit is
cumbersome. In contrast, by not performing the rotation by & such problems
are avoided altogether.

The second issue is that before the rotation by U the theory is already
perfectly well renormalized and there is no need to do anything else. The effect
of the rotation is that of relabeling and introducing singular counterterms. In
more detail, take note that the k(1) is of 1-loop order so that the rotation does
not change the counterterm-free part of the Lagrangian, which also leaves the
self-energies, i.e. f(X) in Eq. (6.36), unchanged. Naively, it would seem that
the rotation by U/ also removes the mass counterterms from the very same
Eq. (6.36)), but that is not the case and one must first look at the renormalization
condition in Eq. (5.11). There it is important that the rotation first changes the
renormalized self-energy by rotating the fields and afterward by rotating the
spinors, hence

Sl = [ S5O+ = my) (P + i) ) | (637)

om—LSZ

Here the hats denote quantities after the rotation by U/, in particular, in SEM the
mass counterterm is purely diagonal, but the self-energy is otherwise unchanged.

"We put the square brackets around the whole Lh.s. since the rotation interacts with the
tree-level part too, this gives the factor ]zf —my.
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Importantly, both sides of the above equation result in the same Eq. (or
Eq. (6.36)), the only difference is that now the mass counterterms become
associated with the LSZ factors via the singular quantities i/, g. Further, if
one considers an amplitude like WWu;d;, one can see that the counterterm sVh
is immediately canceled by the rotation by U/ on the external spinors.

Once again, in our scheme, we do not propose to perform such a rotation
since it has no effect and is also in disagreement with the conceptual arguments
we laid out in Section Nonetheless, we will use the quantities ¢hy, g for the
sake of comparing the UV parts with the ones of [29] in Section [8.2]

6.3.3. The scheme of Baro and Boudjema

Next, we bring our attention to a scheme by Baro and Boudjema [39]], which also
has similarities with our scheme. The authors considered sfermions (scalars) in

the MSSM with OS renormalization conditions, Z = Z = 1, and explicitly use

the Re operator. Importantly, they also employ the m? — m? mass structure by

defining the mass counterterm as the pole of (m; — m3)~" in the degenerate

mass limit and then solving for the field renormalization. In a way, this is

opposite to our scheme, where we define the field renormalization by using the
2

m; — m? factor and solve for the mass counterterms. In both schemes, there

are no mixing matrix counterterms, but there are also a few differences and the
scheme of [39]] cannot be applied to fermions or, at the very least, the needed
properties are not reproduced after such application.

In more detail, the authors consider a system of two (scalar) particles ng

with masses m2 and form the variables
2

f1,

m2 +m?2

m2 = % . (6.38)

2

Here m~ is the difference of squared masses, which we also employ. All

the scalar self-energies 11 (mf; ,m2 ), which on shell are considered to be
1

f2
functions of the two masses, are then rewritten in terms of the new variables
m% as II (mi, mQ_) Further, one should expand the self-energies in terms of

the m?2 variable

IT (m3,m?) =11 (m3,0) + m® 0,2 I (m%,0) + ... (6.39)

The first term in this expansion becomes the pole in the degenerate mass limit and

is associated with the mass counterterm, while all the other terms proportional to

m?2 vanish in this limit and are associated with the field renormalization. This

procedure seems to work well for scalars, but it cannot be applied to fermions
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since the two variables m% are not enough. As we have seen, fermions have
more mass structures, which are associated with mass counterterms and UV
divergences in Egs. and (6.13)). For example, if one has a UV divergence
proportional to 2m;m; and expresses it in terms of m?2, then one spuriously
generates a UV divergence proportional to m? , which is then associated with
the field renormalization. As we have seen in Section[6.3.1} UV-finiteness of the
anti-hermitian part of the field renormalization is essential in order to have trivial
mixing matrix counterterms — application of the methods in [|39]] to fermions
obstructs this. In contrast, the anti-hermitian part of the field renormalization is
kept UV-finite in our scheme.

7. On-Shell fermion renormalization to all-orders

In what follows we use the renormalization conditions from Sections [3and [5.2]
to extend our scheme to all orders in perturbation theory. In particular, we show
that at every order the mass structure mf — m? appears and is associated with
gauge-dependence such that the anti-hermitian part of the field renormalization
can be defined analogously to Eq. (6.3). We remind that for simpler discussion,
the absorptive parts are dropped, hence, the LSZ factors are trivial Z = Z = 1
in this section. This also allows us to include the diagonal parts in the discussion,
which is a necessity.

Our main driver for the discussion is the use of Nielsen identities we have
seen in Eq. at 1-loop and in Eq. already at all orders. We take that
the form of the Nielsen identity in Eq. holds for 3 as well as for ¥ since
all the modifications can only come from the renormalization and theory not
being at the minimum. We will perform the discussion in two steps: with the
bare gauge parameter {y and then in terms of the renormalized one £. The R¢
gauge-fixing term should not be renormalized (e.g. [[112]]), but it will help us
retrieve all the renormalization-related modifications in Eq. (6.06)).

7.1. Bare gauge parameter

We have to investigate both the diagonal and off-diagonal renormalization
conditions, but they influence one another. We will start the discussion with the
off-diagonal component, which is much simpler, and will assume a certain form
of the gauge derivatives of the diagonal components of the field renormalization.
Once we deal with the diagonal components, we will see that the assumption
is self-fulfilling. One could also reverse the order: begin with the diagonal
components and assume a form for the off-diagonal ones without changing the
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results.
We take the no mixing condition in Eq. (5.5a) and use Eq. (4.2)
= (n)

2075 p)z] =0, (7.1)
Here the LSZ factors are trivial and we have switched to the condensed notation
from Section4] Note that since we have dropped the absorptive parts, this also
holds when ¢ = j. The diagonal case only defines the mass counterterm and we
will deal with the unit residue condition separately.

Next, we assume that up to order n all the counterterms are defined and
only the nth order counterterms are yet to be fixed. This, along with Eqgs. (4.7))
and (4.8)), allows us to rewrite Eq. (7.1]) as follows

~ o~ ~ = (n)
(p—my) 62 u; = — [E +5C057 4052140 (2 + 252)} "
T (12)
S L S0 5,]™
S [z+2 52] .
7%
Here we have omitted the p arguments for brevity and the second equality
follows since the §ZT term is always multiplied by the lower order result of
Eq. (7.2). For example, at 1st order, the term is not present, at 2nd order the
parentheses contain the 1st order renormalization condition, efc. An analogous
way to rewrite this is
~ 1(n)
[EZ] =0 (7.3)
It
and will be useful to make some terms vanish in further calculations.
Now we may very explicitly see the m; — m? mass structure by multiplying
everything in Eq. (7.2) by g + m;; on the left
~ o~ (n)
(m? —m?) 62\ ui = — (p+ my) [2 n 2<>0>5Z} Y. (14
7t
Here we use the fact that pQ = p?1, which can be freely commuted through to
the spinor where we could use the Dirac equation. What remains to be shown is
2 2

that on the r.h.s. the same m;” — m7 mass structure is present. To do so, let us

finally turn to the Nielsen identity, which we rewrite for convenience
95, X = AT + T4 (7.5)

Then the derivative of Eq. (7.4) is

(m? - m?) 8505Z](?)ui =—(p+my) P\i + SA
B Pr. =(>0 (n) (7.6)
+ (RS +5R) 67 + £C00,,02] " ui.

7t
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Here the superscript (> 0) of Eq. becomes irrelevant for As, since the first
non-trivial gauge derivative is at 1st order. The AY terms can be added together
to give A Z, but this vanishes because of Eq. (7.3). We group the remaining
terms by splitting the self-energy into the Oth order and higher than Oth order
contributions

@ﬁ—4ﬁ)Q&Zﬁhf:—@+4@)Rp—mﬁiz
+320) (KZ " 8505Z>](7) »
< w (7.7)
=— (ml2 — mg) [AZ]ji u;
— (p+my) [§(>0) (iZ + GgoéZﬂ ('n) u;

7t

Here the m? — m? mass structure is evident on both sides, but there is an

additional term without it. One can notice that the additional contributions
vanish if the terms in the parentheses cancel, i.e. if 0¢ 02 = —AZ. One can
see that this is actually the case by simply inserting n = 1, n = 2 and so on
since ©(>0) only starts at 1st order. However, most importantly here we have to
assume that the gauge-dependent parts of the diagonal components of the field
renormalization follow the same form, even though it is fixed by a different
renormalization condition. If the assumption holds, then we get
agodZJ(-?)ui = — [AZ];TZ) Ujg .

To justify our assumption let us turn to the unit residue condition in Eq. (5.4),

which trivially holds at tree-level, while beyond it we have

(n>0)

4——{wﬁﬁﬁw4' w=0. (7.8)

lim
}Jﬁmi p — my i

Here again, the LSZ factors are trivial and we have used Eq. (4.2). Just as for the
diagonal case we want to separate the nth order counterterms, but the procedure
is not simple due to the presence of the limit and (p — m;)~!. Let us consider
only the nth order field renormalization

}51_13711 p—lm VALK (p—ms) + (p —my) (5Z} ;n) U - (7.9)

Here in the second term the (p — m;) simply cancels with the one from the
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limit, while in the first term we have

1 (n) (n)
Jim i 0070 G ] = 06750 (o]
(7.10)
where the final equality comes from commuting the derivative through 7962 1~9.

Taking this into account, we see that at nth order one gets twice the hermitian
part of the field renormalization. Returning to Eq. (7.8) we may write

- (7.11)
~ ~ n
44052140 (z<>0) + 252)} Ty

(23
Here we cannot use the other renormalization conditions to make simplifications
due to the presence of the limit. Let us then directly take the gauge derivative

of the above equation

De, 6211 My, = (A + ﬁ) Z+5609, 52

+~00¢,624° (§(>0> + iéz) + 4052140 (Kf} + ii) Z
+7052T70§a§052} (") ;.
= — 5}51_1)%1 Zﬁ—lmz [WOZWO (/N\i + ii) Z
+700¢, 6270 (§<>0> + iaz)
(n)

i

+ (fyﬂ(szwoi + §<>°>) agoaz]

Uj .

(7.12)

Here we combined some terms to have field renormalization constants instead
of the counterterm according to Eq. and grouped the gauge derivatives of
the counterterms to get the second equality. Next, if a self-energy is either fully
on the right or on the left, we separate the Oth order contribution

H(n . 1 ~ ~

021 i == 3 Jim S [2°Z° R p = m) + (p = mi) AZ
I AN (§<>0> + iaz) + (’yoéZT’in + i<>°>) Az
+400¢,62140 (§<>0> + iaz)
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(n)

i

+ (fyo(SZT'yOf] + §(>0)) 8505Z] (5 (7.13)

0t 0K (s o A
2 m [7 2N A (P —mi) + (P —mi) AZ
+ (’YOZT70[~\+708§05ZT70) X (i<>0> + iaz)

+ <705ZT70§] + i(>0)) X (XZ + 3505Z>} (n) Uj .
2
For the second equality, we combined similar terms such that the factors em-
phasized by the x symbol become clear.
Let us consider the very first line of the above equation, where we may try
to cancel out the factors of p — m; just like we did for the field renormalization.
In particular, let us take the first term

lim

[’YOZHOT\ (p — ml)} = }jl_l}l’yl)l% ;; [VOZHOT\dp} . (7.14)

Here we must commute the momentum derivative to act on the differential dp
as we did in Eq. (7.10)), but take care in dealing with A. Decomposing A like
the self-energy in Eq. (4.13)) and taking just the A7” term we have

;E}L;; |2} PrRYE (0?)pPrdp) s = Jim, | ZL R ()P ui
= [ZETWL (m?) miPR} U (7.15)
= [Z;[JT\VL (p2) pPL} u; .

The effect in A7 term is the same, while the ASLSE terms have their projectors

exchanged, i.e. P <— Ppr. Next, we note that the absorptive parts are

~ ~ t
dropped, hence, the pseudo-hermiticity property, 'yOA(p)VO = (A(y)) , holds.
This property relates the scalar functions in the decomposition so that

~ ~~vL,yR T ~ ~sR,sL T
AVETR — <A7 ! ) and ASDSE = <A ) . (7.16)
These relations allow writing
. d 0t 0x o T:'YLT .I.l'YR'l'
Jim = 702" Rdp| i = (ZLA pPL+ ZIA pPy
~sRt ~sLt
+ZLN Pr+ ZIA PL> wi  (7.17)

= (XZ)Tui,
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such that Eq. (7.13)) becomes

N ~ )
aw, __LIEAT LR Ll
0,02 My, = 2[(/\2) +AZ]“ u; 2711331@-71—171@'[

(’YOZT’YOK + 7035052T’70) % (§(>0) + §5z> (7.18)
+ (705ZT70§ + i(>°)> X @Z + 85062)} ™ .

(2

Here the bracket without the limit is the Hermitian part of AZ and we only have
to deal with the two other terms, where the limit is still present.
Fortunately, it can be noticed that each factor in the two terms must be
a series in powers of p — m;. First, the terms without gauge derivatives are
just the renormalization conditions in Eq. (7.3)), but with one of them being
(pseudo-)hermitian conjugated and both without the tree-level contribution of
p — m;. Nonetheless, both conditions vanish on-shell at every order when acted
on by the spinor u; on the right or, for the conjugated case, by %; on the left. In
turn, these factors must be proportional to powers of p — m;
2G04+ 50z| =D (A (p—mi)”. (7.19)

)

Here A are some coefficients that can also have a non-trivial Dirac structure,
but further determination is not needed. Analogously,

=~ [(iZ)T + i(>0)T] A0
ik
(7.20)
= (p—m) (A",
B=1

[fyoéZTfyoi + §(>0)} 0

where for the first equality we have used the pseudo-hermiticity of self-energies.

Similarly, the factors with gauge derivatives in Eq. also vanish on-
shell as long as J¢,0Z cancels AZ in the parentheses (and analogously for the
conjugated factor). For the time being, we assume that this is the case, since we
already started with this assumption and the first line in Eq. also implies
this form for the diagonal components. In turn, we may write an analogous
expansion in powers of p — m;

[XZ n 8&)52} = > Byl (p—mi)’ (7.21)
A=1
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and

~ ~ t
2R +1005,02'5°| =" [(AZ) + 05054 7’
| e 0
=) (p—mi)" v (Bg)yy
B=1
with some coefficients Bg.
Plugging this into Eq. (7.18)) we have

n ~ 1H(n) 1 .. 1
8505Z5( )ui =— [AZ} u; — — lim [

i 2 pom; p—m;
> (p—mi)’°Bly" x Aa (p— mi)®
B,a=1
(n)
+ Z (p —m;)” ’yoAL’yO X Bo (f —mi)* | w
B,a=1

— {Xz} o (7.23)

1

(22

> (p—mi)’ BN x Ay (p — mi)®
B,a=1

N | —

(n)

+ 3 p=m) T AR x Ba(p-mi)* | w
B,a=1
~ q1H(n)

(22

11

In the second equality the limit together with %mz simply cancels the p — m;
factors on the left side, for the third equality the factors of p — m; on the right
vanish due to the spinor u; so that the final result is rather simple and of the
form we need.

We are almost finished with the bare parameter, but it remains to discuss
the diagonal component of the anti-hermitian part of the field renormalization.
At 1-loop this component can be chosen arbitrarily and can be simply set to
0, beyond 1-loop this component can enter off-diagonal elements as well so
it is best to keep the definitions “uniform” even when the absorptive parts are
dropped. A rather simple way to do so is by defining the diagonal component
from the off-diagonal one by simply setting j = ¢. If the anti-hermitian part
is defined as the coefficient of m? — m?, then taking j = ¢ will not cause any
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singular behavior since the problematic mass structure is excluded from the
counterterm by definition.

Finally, we conclude that the gauge-dependence of every component of the
field renormalization in an on-shell scheme can be described by

85052jiui = — [KZ:| R (7.24)
7t

This result is analogous to the one found in [|79], where the authors considered

the LSZ factors with the absorptive parts included. The difference is that our

? mass structure at

every order. In turn, this means that the logic behind our 1-loop definition in

Eq. can be used at all orders. Then, from Eq. we may write down

the definition of the anti-hermitian part of the field renormalization

approach is perturbative and explicitly shows the mz2 —-m

N 1 ~ ~ (n)
5Zﬁ( )ui _ -5 <(]? +mj) [Z + Z(>0)5Z} 4+ H.C.) Us; » (7.25)

a2
mj

7t
2
my

where H.C' should be used after acting with p on the spinor ;. One can check
that for n = 1 the 1-loop definition in Eq. is reproduced.

For completeness, we also provide the definition of the mass counterterm at
order n. To do so, we must first separate the nth order mass counterterm from
the self-energy

2 (n)

s =% —sm™ (7.26)
Having this and taking Eq. (7.2) we get

s, — [54 5357]™
mu; = [2 + 252} o (7.27)
It is rather simple to check that the mass counterterm defined in this way is
gauge-independent
P 57537 _5az]™

o u; = [Azz L SAZ - zAZ} L w=0. (7.28)
Here we have used the Nielsen Identity also for the hatted self-energy and
Eq. for the field counterterm; the first term vanishes because of Eq.
and the two other terms simply cancel out. In truth, this required the assumption
that the mass counterterm is gauge-independent such that we could use the
Nielsen Identity for the hatted self-energy. However, we see that this assumption
causes no contradictions and holds. Of course, this is expected since all the
available gauge dependence is already accounted for by the field renormalization
as should be in an on-shell scheme.
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7.2. Renormalized gauge parameter

Up to now, we have considered the bare gauge parameter, i.e. this matches
the case where there are no gauge parameter counterterms and all the coun-
terterms are gauge-independent. In this section, we consider the case where
the gauge parameter receives a counterterm. In addition, this also includes

the gauge-dependent renormalization of physical quantities. In what follows
2

2 _

gauge-dependent parts even in the case of a renormalized gauge parameter.
We start the discussion by taking the gauge derivative of Eq. (7.3)) w.r.t. the

renormalized gauge parameter £, where we use Eq. (4.5) to explicitly Taylor

expand the bare self-energy

85 (H T)\kEZ> Uj :85 (H T)\k> YXZu; + (H T)\k852> YA
k k k

=0.

we re-derive our result that the mass structure m m]2 appears together with

(7.29)

In the first term on the r.h.s. the gauge derivative acts on the counterterms
present in the series operator and the operator itself acts only on the self-energy,
the third term contains the gauge derivative we are after.

Taking the first term of Eq. we may use that Z = 1+0Z. In addition,
we restore the bare self-energy ¥ by using the second equality of Eq. (in
reverse) and move the spinor u; past the restriction to renormalized parameters

85 <H T)\k> DVATH :ag (H T)\k> Yy +8§ (H T>\k> EéZui
=0 (H T,\g) iuﬂ,\gz,\k + O (H T,\k> Y0 Zu;.
k k

(7.30)

Here in the first term of the second equality, we may exchange the self-energy
for the self-energy and the field renormalization counterterm via a variant of

Eq. (7.3), giving
(95 (H TAk) EZUZ = — 85 (HT>‘2> i(SZ’)\%:)\kui
k k
+ O (HTAI@> VAT

k

(7.31)
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Importantly, the series operator in the first term now acts on the self-energy
and the field renormalization counterterm as can be tracked by the restriction to
renormalized parameters. Taking this term we can use the fact that the series
expansion of the product 367 is the same as the product of separate expansions
of ¥ and §Z. After this separation the gauge derivative acts on both series
operators via the Leibniz rule

65 (HTA2> 2(5Z|>\2:>\kui :85 (H TA2> Z|>\g:)\k HTA?52|)\?:MU¢
k k l
+ HT}\%E‘)\gz)\kag (H TA?) 5Z|>\?:)\lui
k l
=0k (H T,\k> Y6 Zu;

k

k
(7.32)

Here for the final equality we have removed the series expansions on which
the gauge derivative does not act as well as the restriction in the first term via

Eq. (4.5). Finally, we can plug this result back into Eq. (7.31)) and get

O (H Tkk) N Zu; = — O (H T,\k> N0 Zu; — %0 (H TA2> 07|50y, Ui
k k k
+ O (H T,\k> Y6 Zu;

k

= — 20 (H TA2> 0Z] 59—y, Ui
k
k

(7.33)

Here the final equality follows since the gauge derivative acting on 1 gives 0.
Next, we take the second term in Eq. (7.29) and notice that the gauge
derivative acting on the self-energy 3 simply gives the Nielsen identity

(1;[ TA,ﬁgE> Zu; = <1;[ Ty, (AX+ m)) Zu;

- (Ki + f}ﬁ) Zu; = —%0g, Zu; .

(7.34)
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Here the second equality follows by simply writing the self-energies and A’s
in terms of bare parameters, the final equality follows by using Eq. in the
first term and Eq. in the second one.

At this point, we have all the ingredients and can return to Eq. (7.29)), into

which we insert Egs. (7.33) and (7.34)

e (H TAkEZ> w; =% (—ag (H TA2> Zlyo—n, — OeZ + agz> u; =0.
k k
(7.35)

Here the final equality holds if the parentheses vanish, which gives the desired
relation between derivatives w.r.t. the bare and renormalized parameters

852 = BSOZ + 85 <H TA%) Z|>\2:>\k (7.36)
k

or, alternatively,

O = De, + O (H T/\g) STV (7.37)
k

where the . . . indicates a placeholder. This shows that the bare and renormalized
gauge parameter derivatives differ only due to the shift induced by non-physical
renormalization of the gauge parameter or other parameters of the theory. In
other words, with this one can recover the gauge-dependence arising from the
modifications of the Nielsen identity. Interestingly, this shift does not destroy
the mass structure m? — mj2 such that one can still use the definition of the

anti-hermitian part of the field renormalization in Eq. (7.4).

7.3. Practical considerations

As we have presented the definitions and properties of our scheme it is needed
to think of how to actually use the scheme in practice. In Section [§] where
we apply the scheme to the Grimus—Neufeld model, we will see that at 1-loop
one can use a naive approach, which amounts to collecting terms and selecting
terms proportional to m? — m? However, this approach requires explicitly
evaluating the self-energies and in some cases even the loop functions. Even
more so, this also requires keeping the gauge parameter explicit since otherwise
the relevant mass structures may disappear. While doable at 1-loop, it is easy to
see that a naive approach becomes cumbersome for higher orders and one needs
a better recipe. Such a recipe necessarily requires finding a way of computing
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the anti-hermitian part of the field renormalization independently of the mass
counterterm, since then one could skip the selection of m? — m? terms.

Let us consider Eq. and treat it as a renormalization condition for
A(p), i.e. the gauge derivative of Z renormalizes A(p). Importantly, A’s
appearing in the Nielsen identity are correlation functions involving BRST

sources and can be computed separately, equivalently, this allows us to compute
the gauge-dependent part of the field renormalization independently of the mass
counterterm. For example, in the SM one could use the Lagrangian from the
appendix of [[79] to do so. Once the field renormalization is computed, one can
plug it into Eq. and get the mass counterterm without worrying about
m? —m?2.
i J

To sketch the procedure in slightly more detail, we may consider the simplest

case where all the gauge parameters are equal, £; = &, and integrate over the

anti-hermitian part of Eq. (7.36)

1
A
Zjiui :2/d§

:;/dg !— (i(zf)Z)ji + O (1;[“;;) Zjilg=n, — H-C.

Uj

8§Oij' + 5'5 (H T>\2> Zji’Angk — H.C.
k

Uj -

(7.38)

Here the second equality follows from using Eq. in the first term, this
first term should eventually be written in terms of renormalized parameters by
using the series operator and only then integrated over, and H.C'. should be
used after using the Dirac equation for terms containing p. Note that the integral
is indefinite, but we do not write the gauge-independent integration constant
since it is identified with the mass counterterm.

At 1-loop the situation is simpler since the term with the series operator
contributes only beyond 1-loop, we then have

24 Wy = % / de [7\(1)(7)) - H.C.] "

X o (7.39)
——2/d§ [A (p)—H.C.} ;.

Here the final equality follows since A’s vanish at tree level so that expanding
=(1)
A in terms of renormalized parameters gives no additional contributions at

1-loop level.
A more complicated situation is when there is more than one distinct gauge
parameter. In that case, it is still possible to find the gauge-dependent part of the
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field renormalization, but the integral has to be modified to account for terms
where more than one gauge parameter appears together. Considering two gauge
parameters &1 and & we have

Ziu; = [ / d&10¢, Z3; + / d&20¢, Z;1 — / dés / €10k, O, Zﬁ-] ;.
(7.40)
One can take a simple test function Zﬁ = &1+ &+ £1& to see that the integrals
recover it from the derivatives and that the equality holds. Importantly, the
double integral is essential in accounting for the double counting of terms such
as £1&. If there are more gauge parameters the logic can be generalized to
account for triple counting, efc.

The advantage of this recipe is, as already mentioned, the fact that one can
avoid looking for the m? — m? mass structure. Another convenience is that
one can first construct the momentum integrals of A(p) and integrate over the
gauge parameters without integrating over momentum. Once the integration
over gauge parameters is completed, the integration over momentum can be
performed analytically or numerically, depending on which is more convenient.
In addition, after integrating over gauge parameters one may choose a convenient
gauge, e.g. the Feynman gauge.

A slight disadvantage of this approach is that the anti-hermitian part of the
field renormalization retrieved from integrating over the A’s is purely gauge-
dependent. Any gauge-independent term multiplied by the m7 — m? mass
structure and that should be included in the anti-hermitian part of the field
renormalization according to Eq. will be missed. In other words, the
practical recipe for computing the anti-hermitian part of the field renormalization
does not fully match the definitions of the scheme and differs by possible gauge-
independent terms. However, this is not a big issue since including these terms
in the mass counterterm does not destroy the on-shell renormalization conditions
and does not induce singular degenerate mass limits. Despite the difference
between the two approaches, the important part is that in both cases the field
renormalization accounts for all the possible gauge dependence (up to absorptive

parts) such that the A’s are renormalized.
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RENORMALIZATION OF THE GRIMUS-NEUFELD MODEL

8. Applying the proposed renormalization scheme to the
Grimus—Neufeld model at 1-loop

In what follows we introduce the so-called Grimus—Neufeld model and pro-
vide examples of the proposed scheme within the confines of this model albeit
the scheme is not limited to this particular model. All the computations for
this model were made by using the Two Higgs Doublet Model (THDM) [[113]]
files [114]], which we adapted for the Grimus—Neufeld model, as well as the fol-
lowing software packages: FeynRules [[115]], FeynArts [116], FeynCalc [[117-
119]], and PackageX [120]]. The conventions of Passarino-Veltman (PV) func-
tions [[111]] follow the ones used by the packages, although we also include
the factor of QDW% in the definition of these functions, where the spacetime
dimension is D = 4 — e.

Results of this section along with the model files are available in the Lithua-
nian Electronic Academic Library elaba.1t|along with the dissertation.

8.1. The Grimus—Neufeld model
8.1.1. The model at tree-level

Already over 30 years ago W. Grimus and H. Neufeld considered extending
the Standard Model by additional Higgs doublets as well as left-handed lepton
doublets and right-handed singlets [48]]. The authors have noticed that depending
on the amounts of lepton doublets and singlets there will be massless Majorana
neutrinos at tree level, some of which can acquire radiative masses at 1-loop
and beyond. The minimal case is an extension by one Higgs doublet and one
Majorana neutrino — exactly this we call the Grimus—Neufeld Model (GNM).
Parts of the following introduction can be found in [|50} 114, (121}, |A4].

For the scalar potential of the GNM, we take the general THDM potential,
but with C' P-conservation, such that the coupling constants 1112, A5, Ag, A7 are
real [[122],[123]]

~Vivom = i (H{H,) + o (HJHy ) + oz [ (B Hy ) + H.C.|
+x (f ) (BE) + 2 (H3H) (
+ s (H{Hl) (HZTHQ) Y (H{Hz) (HZTHI)

+ | (B Hy) (HIH,) + 3o (1) (H]H,)

HiH, )
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A (HgH2> (H}HQ) +H.C.} . (8.1)

Here H 2 are the Higgs doublets, /.C. stands for hermitian conjugation, and
parentheses emphasize SU(2) index contractions.

Both the doublets are equivalent and the potential could be rewritten in any
other basis of the doublets and this would necessarily introduce a mixing angle.
As per our discussion in Section [3| mixing angles are not physical and it is best
to choose a convenient, but general basis where the mixing angle between Higgs
doublets does not appear. Such a convenient choice is known as the Higgs basis
and it is defined by only one of the doublets acquiring a vacuum expectation
value (VEV), hence,

Gt H*
H, = . d Hy = . . (82
! % (v+ hy +1iG?) an 2 % (hg +i0) (8.2)

Here v is the VEV, G are the charged and neutral Goldstone bosons, H+ is
the physical charged Higgs with a mass m_, h1 2 are the neutral scalar degrees
of freedom and ¢ is the pseudo-scalar one. All the Goldstone bosons are in the
first Higgs doublet due to it containing the VEV and making it identical to the
one in the SM.

The neutral degrees of freedom can be rotated to the mass eigenstate basis

h1 h
ho | =R|H| , (8.3)
o A

where h and H are scalars and h is associated with the measured Higgs, A is
the pseudo-scalar, and the neutral scalar masses are my, 7 4, respectively. As
we are dealing with the C' P-conserving case there is no mixing between scalars
and pseudo-scalars, i.e. ¢ = A, and the rotation matrix R is simply given by

R = Sa Co, 0 , (84)

where « is the mixing angle and
Sy =sSinzx and Cy =COST. (8.5)

By definition, the matrix R diagonalizes the neutral scalar mass matrix

2\ A6 0
Pl A B2+ 3 (A342X5 + \) 0 = RM?RT,
0 0 B2+ 3 (As—2X5 + M)

(8.6)
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with M? = diag. (m%, m%, mi). The charged Higgs mass is

1
mi = p2 + 51)2/\3 8.7

and the minimum conditions imply two other relations

p 4 v\ =0 (8.8)
2119 + v =0. (8.9)

With all these relations the couplings A; and ;) can be expressed in terms of
the scalar masses and the matrix R

A= 202 (RMQRT)H ' (8.10)
A= 1}12 ((RMQRT)QQ + (RM2RT)33 - Zmi) ) (8.11)
1
s =55 ((RM?RY),, — (RM?RT) ;) | (8.12)
1
)\6 = ﬁ (RMQRT) 12 > (8.13)
i =— (RM?R"),, , (8.14)
2
A
H2:m2+_v237 (815)
1
e = =3 (RM?RT),, . (8.16)

The couplings A2 37 remain unfixed in terms of the physical masses and will
appear in various expressions.
Further, we have the left-handed fermion doublets

Li = (ZIL) . Qi= (ZM> (8.17)
Li Li

containing the neutrinos v/, charged leptons e;, and up- and down-type quarks
u;, d; with the index ¢ = 1, 2,3 numbering the generations. The fermions,
except for the neutrinos, are taken to already be in the mass eigenstate basis with
mi’"’d being the respective masses. These doublets along with the Majorana
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singlet IV couple to the Higgs doublets through the Yukawa interaction

3
—Luop = Y (Yy);drj-(H{Qi) + Z W)5iRj-(HT Qs)
ji—l 7,i=1
Y 0D () + 0.
7,i=1 =1

X (8.18)

3
+ Z (Gd)jiaRj-(HzTQi) + Z (Gu)jiURj-(HQTQi)
Jri=1 Ji=1
3 3 L
+ Y (G))jiEr-(HYLi) + Y (G,)N.(HY L) + H.C.
ji=1 i=1

Here Y’s and G’s are the Yukawa couplings to the first and second Higgs
doublet respectively, er, ug, and dg are the right-handed charged lepton, up-
and down-type quark singlets, the dot emphasizes the contraction of fermion
indices, i, 7 are family indices, and (I:ILQ)Q = Eézl €ap(Hi,2)p With eqp
being the antisymmetric tensor. Since the charged fermions are already in their
mass eigenstate basis, the Yukawa couplings to the first Higgs doublet are
diagonal, while the couplings to the second Higgs doublet are not diagonal.
Diagonalization of the quark Yukawa couplings or, equivalently, the masses
of the quarks introduces the quark mixing matrix in the W vertex. The same
goes for the diagonalization of charged and neutral leptons, however, for the
time being, the charged leptons are in their mass eigenstate, while the neutral
ones are not. In addition, we take the neutral leptons to be rotated by the same
transformation that diagonalized the charged leptons such that there is no mixing
matrix in the Wev vertex. A mixing matrix will appear once the neutral leptons
are rotated to their mass eigenstates.

Before rotating to the mass eigenstate basis of the neutral leptons, we first
introduce the Majorana mass term for the singlet NV

1 — 1
L= —5MpN.N = —5MpN".C™".N, (8.19)

where M, is a real Majorana mass parameter and the second equality follows
from the Majorana condition in Eq. (5.15). The mass terms for the neutrinos
vy stemming from the Dirac mass term can be rewritten to mimic the form of a
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Majorana term due to the Majorana nature of the singlet N

3

> (V) N.(H)Li) =

=1

(Yv)iN'V/Li
1

-
I

Sl =
-

(Y,),NT.c7t ),
1

-
Il

Sl
-

(Y,):NaCoav/Lis (8.20)

o
I

<
i

I
Sl 1
M-

Il
—

(Yy)iV/LwC;,glNa

1

( )VchlN

<
i

=1

Here we temporarily used spinor indices « and /3, and to get the final equality
we have used the fact that the charge conjugation matrix is antisymmetric. By
considering the second and final lines as well as Eq. (8.19) we can write
3
v
Emass:\[z NTCl Lz+( )VLZC N)
2v2 (8.21)
1
+ iMRNT.Cfl.PL.N + H.C.

From these mass terms, one can read off the full neutrino mass matrix

) Osx3 Yo
MY = (UYT \ﬁ > (8.22)
V2 R

which is non-diagonal and symmetric.
We may rotate the fields into their mass eigenstates by

vi\ _ [((Uv),
O

where the matrices U, and Ug are 3 x 4 and 1 X 4, respectively. These matrices
can be collected into a single unitary 4 x 4 matrix

U= (UI*%) . (8.24)

The unitarity of U imposes restrictions on Uy, r

ULU) = 1.3, UrUR =1, ULU, + UEUS = Lasa,

8.25
URU} = 01x3. (8.25)
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The matrix U diagonalizes the full neutrino mass matrix
UTMYU =m” . (8.26)

Here m” = diag(0,0,ms,my4), since M" is of rank 2 and there are only 2
non-zero eigenvalues. Further, we can write

UMY =mUt, (8.27)
from which the form of Ug follows

Ur=(0 0 upy ug) - (8.28)

The 0’s of Ui will come in handy, for example,

0
USUL)ji + (UEBT; = §ji (8.29)

if ¢ and/or j are equal to 1 or 2 and correspond to a massless neutrino.

The masslessness of the two neutrinos has an implication for the matrix U}:
as well. Namely, the first two rows of Uz are not fully determined, since the
two massless neutrinos are not distinguishable at tree-level. However, at the
loop level, the neutrinos become distinguishable and this can be used to fix the
remaining components of U T, as we will do explicitly in Section

8.1.2. The model at 1-loop level

Let us further consider the neutrinos at 1-loop level as well as their renormaliza-
tion. The massless neutrinos somewhat obstruct the straightforward application
of our renormalization scheme, since the mass structure in Eq. (6.3)) no longer

appears, and it is not trivial to pick out the terms associated with the field renor-
v,R

malization. Considering the renormalized neutrino self-energy 3 it there are

three distinct cases:

1. 4,5 > 3, both indices correspond to massive neutrinos — this is the fully
massive case,

2. 1 < 2,5 > 3 orvice versa, this is the partially massless case since only
one of the indices corresponds to the massive neutrino — this is the
partially massless case,

3. 4,5 < 2, both indices correspond to massless neutrinos — the massless
case.
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All these cases may also be schematically represented by 2 x 2 blocks of E?ZTR

SR mj; =0, 0m ‘ m; # 0, 0Z4, om
ji "~

(8.30)
m; # 0, 8574, om ‘ m;; # 0, 8§74, om

Here ém and §Z4 are shorthand for the presence of the mass and the anti-
hermitian part of the field counterterms in each 2 x 2 block, the equalities with
m;, ; indicate whether the corresponding masses are equal to 0 or not.

The lower right corner with i, 5 > 3 corresponds to the massive case,
which is the most straightforward. In this case, the definitions of our scheme in
Egs. and hold without the need for modifications.

Next, we have the off-diagonal blocks corresponding to the partially mass-
less case with ¢ < 2, 7 > 3 or vice versa. Here the situation is not as trivial since
one of the masses m; or m; is 0 and this disrupts the appearance of the mf — mjz
mass structure needed for the field renormalization in Eq. (6.3). Fortunately,
one can simply arrive at this case by taking one of the masses to 0 once the field
renormalization is computed in the massive case. This avoids searching for the
non-existent m? — m]2 mass structure and also preserves all the UV and gauge
properties of the mass and field counterterms.

Finally, in the upper left corner with i, 7 < 2, we have the massless case.
Here the situation is again simple since the anti-hermitian part of the field
renormalization must vanish since both masses are identical and there are no
absorptive parts. In addition, there is no need to first compute the massive case

and to successively take the masses to 0, instead, this limit can be taken already

in Eq. (6.4)

1 s s s
omf; =5 (5£0) + 231(0)) = 555(0) 831)

and

1
omi; =5 (Ejﬁ(()) + ij*(())) — 2:7(0). (8.32)
Both the 6m’ £ are UV finite since all the UV divergences must be propor-
tional to the mass structures built out of m; ; or the momentum, none of which
sL,sR . .

i (0). Even more so, these contributions are also gauge-
independent since the m? — m? mass structure, carried by the gauge-dependent

are present in X

part, is also 0 in the massless limit. One more special property of this 2 x 2 block
is that it can be diagonalized by using the remaining freedom of the matrix Uy,
Considering all these properties together we may treat the 6m™ £
masses rather than counterterms since there is nothing to “counter” in this block,
this has been noted in [48] |124]].

as radiative
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8.2. The quark sector

In this section, we begin showcasing the application of our renormalization
scheme. Before tackling the full Grimus—Neufeld model, we make things
simpler by applying the scheme to the quark sector and including only the
Standard Model interactions.

Perhaps of most importance is the ability to pick out the terms corresponding
to the anti-hermitian part of the field renormalization as instructed by Eq. (6.3)).
To highlight this, we simply insert the quark self-energies in the definition to
get the anti-hermitian part of the field renormalization for up-type quarks

3 V.. V*
0z == 30— Ap(m)?) (m)? + (D = 2)my + (m)?)

i ((D — 3)my ((mi)2 + (m?)2> + ((m%)2 - (m?)2>2
(

+ ()2 = mH?) ((mi)? = (mi)? + miyéw )

x Bo((my')?, (m)?, éwmiy)

+ (mf)* Ao (m%v)+H-C-H . (8.33)
Vi Vix
> 2 [ = ) + wmdy |
x Bo((m{)?, (m)?, wmiy)
3 V ‘/;'*
# 30 5" [on? — )+ oy |
x By((m4)?, (mf)?, &wmiy) (8.34)

Here we have included only off-diagonal terms (i # j) and V is the CKM
matrix, to get the second equality we picked the terms containing the m? — mj2
mass structure and included the Hermitian-conjugated term. Note that one of the
By functions is complex conjugated, which signals the presence of absorptive
parts. In addition, the UV parts of By do not depend on the arguments, so it is
not hard to check that § Zfﬂu is indeed UV-finite as required by our scheme.
Interestingly, applying the definition in Eq. for the right-handed part

of the field renormalization we get a trivial result

A
0zt =0. (8.35)
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The vanishing of § Zg]’f is a rather welcome outcome, which reflects the chiral
nature of the weak interaction. Importantly, such a reflection does not seem to
be present in other renormalization schemes, since they include terms that also
do not carry the m7 — m? mass structure. Finally, the additional matter content
in the full GNM does not change the quark field renormalization w.r.t. the SM,
so that 5Zﬁ7’z are the same in both models. Analogous results also hold for
down-type quarks.

Our scheme is not complete without also computing the mass counterterms
as defined in Eq. (6.4). The quark mass counterterms in the full GNM can
be expressed in terms of PV functions, but the expressions are rather huge
and we refer to Appendix B of [A3]]. Instead, here we again take just the SM
contributions and deal just with the UV parts, which allows for the comparison of
UV divergences between our scheme and the schemes discussed in Sections|6.3. 1
and[6.3.2]

To explicitly compare the UV parts we form the CKM counterterm via the
1-loop rotation of Section[6.3.2] which relies on the UV divergences of mass

counterterms via Eq. (6.32)). One may find the divergent parts of ¢hr, g by using
Eq. (6.36) and evaluating the PV functions in Eq.(8.33))

L 3V (m")?Vh (mi)? + (mj)”
[ihEjilaiv..sm = — 2,2 T U2 w2
32m2v2eyy, (mi)? — (mf)
a2 2 (8.36)
[ihd ] _ 3(VT(mU)2V)ji (mz) + (m])
Ljildiv.,SM 321202y, (m;j)z _ (m?)2

Here we have the divergent parts of ¢h} for up-type quarks and ih% for down-
type quarks. From these one may solve for the mass counterterms

1 3m¥(V(m)2VT)j;

[5mf{u]div.,s1v1 =—

oy 32722 ’ 837)
(T Ppp—— B (VI (m" )2V,
ji Jdiv.,.SM - 327‘(21}2 3

with omfowd = (5mL7 uvd)T, or form the CKM counterterm as in Eq. (6.35))

OV givsm = = > ih Vo + Y Vigihiy,

n#j k#i
3 (mj)® + (mj)®
= (V(m®)?vT) u 2 Vii
32m2v2€yy, ; Ik (me)2 —( 4)? k
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2 md2
Vi (VI V)
k#1

(8.38)

One may compare Eq. with Egs. (37), (39), and (42) in [29]. A
comparison with Eq. (3.13) in [23]] can be done via Eq. (8.38). In both cases,
taking the off-diagonal terms one may see that the UV divergences match, which
shows both that the computations are correct and that the divergences in the
mixing matrix counterterm are fundamentally associated with the mass. In
addition, there is an extremely simple and implicit way of arriving at the same
result. One can simply notice that, since the anti-hermitian part of the field
renormalization is UV finite, all the UV divergences must be accounted for
by ihr r via Eq. (6.36). Finally, we again emphasize that Eq. is only
needed for comparison with other schemes, while in our scheme it is trivial, i.e.
0V = 0 by definition.

8.3. The neutrino sector

Having discussed the more simple quark sector in the SM, let us proceed with
the application of our scheme to the more complicated neutrino sector in the
Grimus—Neufeld model. We begin the discussion with the simplest case, which
is the massless one, follow with the massive case, and finish the section with
the partially massless case by taking a relevant limit of the massive case.

8.3.1. The massless case (2,7 < 2)

In the fully massless case, we consider the upper left 2 x 2 block of Eq. (8.30),
where the field-renormalization becomes irrelevant due to the masslessness of
the neutrinos Here we only need to evaluate the 1-loop mass contributions as

in Egs. and (8.32)), which gives

T R 12 (0, (m2)?) + 2 B0,y (m2)?)
a=1

— Bo(0,m?%, (m)?)|(URGLUD W, (839)

st = 5 CLOR 3 0, () + B0,y ()
a=1

~ Bo(0.m3, (mi)?) | (UEGLUR ) (8.40)

Here the sum runs over the 4 neutrino flavors and in computing these contri-
butions we have used that the PV functions By (0, m3, m3) are real. It is not

79



difficult to check that the above contributions are UV-finite, since again the UV
parts of By functions do not depend on their arguments. Evidently, these results
are also gauge-independent.

All these features suggest that these contributions are physical and may be
used as radiative masses, which is further reinforced by noticing two additional
things. First, as already mentioned at the end of Section [6] when considering
only the real part we may use the same expressions also for the diagonal case
when ¢ = j. Secondly, there is still left-over freedom in the matrix Uy, which
we may use to diagonalize the 1-loop contributions. One possibility of doing so
is by requiring that one of the rows of U] corresponding to a massless neutrino
is orthogonal to &, [48]]. Perhaps a more simple alternative is to define a new
Yukawa coupling to the second Higgs doublet (similar to [50]])

0
gl

UlG, =G, =|"2]. (8.41)
93
94

Having this definition it is not hard to see that the mass counterterms dm?; in
Egs. and are ~ g’ g;, which gives only one non-zero entry with
(g4)%, wheni = j = 2, i.e. the block is diagonal with i, j < 2. In turn, one
of the two massless neutrinos remains massless and the other one acquires a
radiative mass, thus we may write

mY = Re[dm1;"] = Re[dm "] =0, (8.42)
my = Re[dmky’] = Re[sm"] = Re [(95)26} . (8.43)

Here we have defined the constant
4
~ U* U* v
€ = 37 S 2 By (0,md (m2)?) + A Bo(0, my, (m2)?)

a=1

— By(0,m%, (m¥)?) (8.44)

a

and analogous results can be found in [48], |50].

8.3.2. The massive case (i, ] > 3)

Here we consider the bottom right 2 x 2 block in Eq. (8.30) with ¢, 7 > 3, in
which our definitions of the field and mass counterterms fully hold. However,
the neutrino sector is much more complicated both due to the sheer amount of
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terms and the fact that the anti-hermitian part of the field renormalization is not
expressible in terms of PV functions.

Yet another complication in the neutrino sector is the apparent ambiguity
of mass structures. In the quark sector, there were no such ambiguities, but in
the neutrino sector one may find the following structure

mf [3(my)? + (m)?] . (8.45)

By using the structures m;, m;, 2m;m;, mf + m? seen in Section the
same may be written in multiple ways, for example, as

my (2 [(m])* + (mf)?] + [(m)? — (m)?])

or as
my [2m{m}] +m} [(m{ )2+ (m]”)Q] )

Importantly, one variant manifests the (m¥)? — (m;’)2 mass structure needed

for the field renormalization, while the other does not. In turn, such terms are

ambiguous and obstruct a clear selection of relevant terms.

Fortunately, the Nielsen identities guarantee that no such ambiguities plague
the gauge-dependent terms. In addition, we have found that the ambiguous terms
cannot be distributed at will, since that makes the massless limit non-existent.
In practice, this means that the gauge-independent terms can be included in the
field renormalization only if they manifest the (mY)? — (my )2 mass structure
immediately and without any rearrangements. If such terms appear, they will
necessarily be UV-finite as promised by our discussion in Section[6.2]

With this in mind and remembering that for neutrinos we must drop the
absorptive parts with the Re operator (see Section we may write down
the off-diagonal components of the left-handed anti-hermitian part of the field
renormalization for neutrinos § 2 ’L4 J;’ in the massive case

1.3 USUL)ai(ULUL)a; mg)?
0Z LJz = {Zzl 327r2v§> ; : log (EmZ;Q)

a

1s
mi(ULUL)ai(USUL) o

4
_l’_
azl 1287202 (mY)?
< (2m)>(m8)? — ((mb)? — m3e7)” + (mi)")
(ULUL)ai (UL U} )aj
1287202 (mk)?
mvY 4 mY 2 mY 2 m4 2 (mZ)Q
X (( a) +( z) ( ]) Z€Z)] log <mQZ§Z>
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3
ULkz ULk_y

* Z 321202 (m

< ((mby? + <m5>2<m;»>2 e ) tog (L)

mw&W
mlu 2 UTU* y
( )64( 21;)2 L)J (210g§W+10g‘£Z)

Y (ULUL)ai(UL Uf)aj
g 647202

Me(ULU7)ai (UL U} aj v v
g (—(mg)? + (mi)? + ms)

X A((m;/) 27 mzva §Z)

3 *
ULkiUij 1\2 v\2 2
e ((mk> — (m)? + miy )

4

((me)? = (mi)?* + m%&z)

_l’_

x A((m?)2, mb, my/Ew) — } (8.46)

Here R is the mixing matrix of the scalars from Eq. (8.4), which we left
for generality, the index s runs over all the physical scalars giving the masses
mh = {my,, mzg, ma}, A(m?,b,c) is the Disc(ontinuity) function as used in
PackageX and FeynCalc. Note that the terms on the very first line are gauge-
independent and come from the Higgs sector. It seems that because of such terms
we were not able to express the field renormalization in terms of PV functions,
but had to explicitly evaluate them. Perhaps this is not entirely surprising since,
unlike quark masses, the neutrino masses arise due to the seesaw mechanism
and are a mixture of components of the SU(2) lepton doublets and the Majorana
singlet coupled through the Higgs doublets as in Eq. (8.18). In any case, this
somewhat complicated situation only showcases the universality of our scheme.
Finally, one may get the right-handed part by complex conjugating (5Z’L4’ Y asin
Eq. (5.17).

To complete this case we also present the neutrino mass counterterm, how-
ever, it is too large for a sensible presentation. As a compromise, we present
only the UV parts

t 3
L,v (U U ) 7 3
[5mﬂ ]div. = Li“ <2m+ — >\3U + 2 5 E_ )

2,2
16m2veyy
R?

3

Uliv,); 8 y

e sz Mhe e {(m*) WU, +3(m) +30m")* + (m)"}
uv s:l
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3
(ULUL)Jz v R2
R ; (a2 Q30" o+ 6y + 3m3z)
3
(ULUL)]i RQ .
v R ,
167TQUZ‘EUVmJ Z (mi}) ( )(ms)

i y
- um? Z it (2mJr —A3v?) (BRI, — 1) (mh)?

MUY ”23: RiRas 5
2rleyy !

)‘7(52(%)]'2‘ > Ry h\2
v s 1 2 s s/ s/ /
+ 320%e m; § 5 (Ros(RTy — 1) + 2R1sRyy Roy) (mlh)

3 .
ﬂ(UZUL)ji m Z [Rls(RZS — iR3;)

167m202€y — (mh)2
*

x Tr.{(m" )} (ULGLUT) + (md)3Gd+3(m“)3Gu+(ml)3Gl}+C.C.]

3
A(UL GoUR)ji UR2s
3 R 24 om? +m?
32[7T2€UV Z Z + A

s:l S

+ \f U{G UR 7t 15R2s

2
8T2veyy

Mw

s=1
x Tr.{(m")'ULU, + (m > +3<m“>4+ (mi)"}
VR(ULG,UR)ji 23: Ri5Ray
32m2veyy p— (mh)
(ULG,UR)ji 23: RysRas
32\/§7TQUGUV ot (mh)
X (2 (R2, — 1) (m)* — (2m2 — Ag0?) (3R2, — 1)(m’;,)2)

3 .
(ULTGVUE)ji Z (Ras + iR3s)

<)\3m3_1)2 + 6myy, + 3mYy + 2(m’;)4)

| (Raos — iRs)

16m%€yy (mk)
x Tr.{(m" P (UEGTUE) + 3(m®)PGy + 3(m*)3Gy + (m)PGy} + c.c.]
mY

327T2UJ2EUV <2 (UEG*GTUL) +QU (UTGTGIUL>

v (UkGLG,UR) =3 (Ufm'PUL) + (U{UL(m”)QUzUL)j)
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UTGT lG U* i
_ U L Wit oy ). (8.47)
1672y

Here C.C. means complex conjugation, Tr.{... } denotes traces over family
indices, and ¢ <> j means transposition in the ¢ and j indices. The UV parts of
dm™" are symmetric as should be the case for Majorana fermions, but the full
counterterm is not symmetric due to absorptive parts.

For the sake of comparison we select just the “SM” parts, i.e without the
second Higgs doublet, but with the Majorana neutrino

3mY (U{(ml)QUL) m (U}UL(m”)QUgUL)

SmlvISM — ji ji
{ m]z ]le. 3272U2€UV + 327T21)26UV
T v
Ui e o (ULUL)jim; 4 4
167202y 7 (m} 167202 (my,) %€y (Gmyy +3m2)
(ULU,)jim y "
T2 ()P 0T J'ULUL + 3(m®)* + 3(m™)* + (m})"}
uv

+ (i < j) - (8.48)

We have produced this result from Eq. by dropping terms containing
couplings to the second Higgs doublet GG, or couplings from the THDM potential
Az, terms with scalar masses other than my, were dropped as well, and we have
also set R1s = 1, while all the other elements of R were set to 0. The remaining
terms in Eq. can be compared to Eq. (31) of [31]], from which one finds
that the only difference arises due to our inclusion of a// tadpole diagrams
and otherwise the results are identical. On the other hand, the inclusion of
tadpole diagrams containing Goldstone bosons is necessary to achieve a gauge-
independent result as is done in [29} 31]].

8.3.3. The partially massless case (¢ < 2,5 > 3)

In this section, we deal with the most complicated case, where only one of the
indices ¢ or j corresponds to a massless neutrino. This masslessness obstructs a
straightforward usage of the definitions in Eq. (6.3), where the m? — m? mass
structure is important. As mentioned, we avoid this complication by simply
taking one of the masses to 0 in Eqs. (8.46) and (8.47). For concreteness, we
select the 7 < 2, j > 3 case, where the mass m; will be taken to 0 and m;f will
remain non-zero.

At least for the mass counterterm taking m! to 0 is not too difficult, since
one can use the simplification from Eq. (8.29), which immediately eliminates
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terms proportional to (U}: U, );i- In addition, because of Eq. (8.29)) we have that
(UzULDUzUL)ij —Dj;; =0, (8.49)

where D is any diagonal matrix and ¢ # j. Analogous results hold for (U g Uz)ji

A further simplification follows since the first two components of Up, are
0 (see Eq. (8.28)), hence, matrix products where the matrix Ug, on the outside
corresponds to the index ¢ can be dropped, e.g.

(ABCUR); =0, (8.50)

for some arbitrary matrices A, B, and C.
Having this, we may write the mass counterterm from Eq. (8.47)) in the limit,
where m; = 0 (this limit is denoted by the m‘f superscript)

[5mﬂ ]ﬁ?\},/ \[ ULG UR i Z R15R25

2
BTVeyy

x Tr.{(m ”>4U*UL+3< >+3( > + (mp)"}

/\7 ULG UR ij ’UR
3 R 2 4 2m? 4+ m?
321272 €UV ; Z * 4
f UEG UR ij RlsRZS 2 2 4 4 h\4
32m2veyy Z ( ma " Gy + 3my o+ 2(my) )
(UIT;GVUR ’L] 23: RlSRZS
32\/§7rzveUV

< (2(R2 - 1) - (2mi ) (3RS, — 1)(mh)?)

UL G UR 1,‘7 R23 + ZR3S -
Ros — 1 R3s
+ 1672€y Z [( 26 — iftss)

« Tr.{(m") (UgGLUL) +3(m?)3Gy + 3(m)3Gy, + (mh)3G)} + c.c.}

v

m; L oo (it x AT t ot
e ( S (Uleiel UL) + 21} 2 (vfe GZUL)
ULGTm!G,U%)i;
-3 UT ml 2U > _( L™~ v~y R/t ) 851
( L(m’) L)ji 1672€y @51

Note that here (i <+ j) is no longer present and all the parts are displayed, in
turn, some matrix products now have 75 as subscripts instead of ji. Another
simplification is possible if ¢ = 1 since then one may use Eq. (8.41)) to drop
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all the terms where U7 G,, on the outside of a matrix product gets the index i.
Finally, following the same logic one may check that the mass counterterm is
UV finite if both the masses m; and m; are taken to 0.

Having dealt with the mass counterterm, we must also take m; — 0 in
the field renormalization. Most of the terms can be dropped once again by
using Eq. and Eq. (8.49). However, this is not enough and the situation
is slightly more complicated since, at least at first glance, the terms containing

2
log (;L 2 ) in Eq. (8.46) are singular once m; — 0. Fortunately, these
s1ngular1t1es simplify with the ones coming from disc functions, which for

my ~ 0 is approximately

N2 (m¥)2~0 [ b? — c? _ b2 + 2 g _
A((m¥)?, b, c) [2(7’%”)2 07— ) log 2 1. (8.52)

With these considerations we first take the small m! limit of Eq. (8.46),
which is followed by taking m? — 0 once the singular terms are canceled out

v Iy ’ * 1) — ;/ § + 5 f
5Z'L4]Z mya0 = —Re{ ; UriiUlkj [(mk) g;ﬂ)vz miyy W}
) H(W o (s 1og( o) ]
2(mY)? 2((m§€)2 —mi&w) mé,Ew

ULk:zULk v *
+ Z 3271-21)2] [ j)2 _ (mgc)Q _ mwgw] A*( ] mk, VEéwmw)

3 ( ml")2 - (m ) ) ULkZULk’]
1P D 202 ()2 (m?)?

k=1
12
1\4 VA2 (12 4 2 (my,)
x ((my)”" + (m])"(m7)" —my &y ) lo < > , (8.53)
(it G252 = by ) tog (e )
T 1\2 3 *
aw e WO m)Up)si 5~ YnniYing

(my)? O (mh)? - miew miyEw

. [<m2>4 iy~ )t 2 () + mévgav)] log ( (mj)? )

3 *
ULkiULk j v
327’(21)2] |:(mj)2 - (méj)z - mWfW] A* j mk7 \/ wmw }

(8.54)

k=1

Here, as expected, we have arrived at the anti-hermitian part of the field renor-

2

malization even though the m? — m ; mass structure cannot be found once one
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of the masses is 0. Nonetheless, the field renormalization is still UV finite and
contains all the relevant gauge-dependent parts as should be the case in our
renormalization scheme.

Having taken m} — 0 both for the mass counterterm in Eq. and
the field renormalization in Eq.(8.54), we may conclude that the presented
renormalization scheme is valid under a wide range of circumstances. We note
that taking these limits can be a lot easier depending on the model at hand. For
example, taking m} — 0 in the quark field renormalization in Eq. is
rather simple and there is no need to deal with singular terms.

We have not presented the hermitian part of the field renormalization, since
it does not change w.r.t. the usual approach, or the neutrino mass counterterm
except for the UV parts. Nonetheless, these are included in a Mathematica
notebook, which is available in Lithuanian Electronic Academic Library elaba.
1t|along with the dissertation.
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RADIATIVE CORRECTIONS IN THE ELECTROWEAK SECTOR

A large part of this thesis is concerned with the renormalization of fermion 2-
point functions in the presence of particle mixing, however, in this part, we turn
to a slightly different aspect of renormalization. The point of renormalization is
to make the theory predictive, but the ability to quickly compare predictions
between models is also important. For example, one may want to compare
the predictions of the Grimus—Neufeld model to those of the Standard Model
or even some other model. One way of comparison is to compute the needed
radiative corrections in each model separately and then simply compare the
numerical results for a given observable. While this is a perfectly valid way of
comparison, it is not necessarily quick. If one is concerned with the electroweak
(EW) sector and the models under consideration are “similar enough” one may
use the formalism of the so-called oblique parameters to perform a much faster,
yet precise enough, comparison. However, problems arise if the models differ
too much, in particular, if the custodial symmetry protecting the well-known
tree-level relation between the W and Z boson masses through the cosine of the
Weinberg angle Oy, my = cos fyymz, is violated in one model, but holds in
the other. For example, such a mismatch obstructs the comparison of predictions
between the GNM or SM and a model with a Higgs triplet, which acquires
a vacuum expectation value. Hence, in this part of the thesis, we discuss the
oblique parameters in the context of custodial symmetry breaking and base our
discussion on [AS].

9. Oblique corrections

In more detail, when talking of radiative corrections one may discern two
categories:

1. the direct corrections coming from the box, vertex, and external leg
corrections,

2. and non-direct corrections coming from the corrections to gauge-boson
propagators.

The latter category is usually referred to as oblique corrections, which is an
important concept in EW physics [[125]. The reason for having these two
categories is the fact that the direct corrections depend on the process, while
the oblique (non-direct) ones are process-independent. This means that the
oblique corrections enter all the relevant processes rather universally, which
allows one to perform the computations only once. Even more so, precision
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measurements are sensitive enough to be compared with the computations of
oblique corrections in a given model. In this way, one can look for hints of new
physics, i.e. physics that differ from the Standard Model.

The history of oblique corrections is rather old, already more than 50 years
ago it was noticed that the effects of particles heavier than W and Z gauge-
bosons may be visible at low energies [[126]]. For example, the Veltman p
parameter [[127]] is sensitive to heavy physics effects. These non-decoupling
effects in the oblique corrections were more systematically studied in [[53}(57,
128, /129]], where more observables other than the p parameter were considered.
A common way of parameterizing the oblique corrections and capturing the
heavy-physics effects is via the so-called oblique parameters S, T, and U
introduced in [53||54]]. While this is the most common parameterization used
to express corrections to various EW observables, equivalent formulations are
also available [56, 58,59, 130].

The STU parameters alone are not sufficient to also cover the effects of
light new physics. To do so, one has to update the definitions of the three
parameters and add three more, such that a total of six oblique parameters,
namely STUVW X, are needed [55] [131]]. This is the parameterization we
have focused on in [A5]] and use in the thesis as well. The SU parameters
become the initial SU parameters in the limit of only heavy new physics. We
note that in principle there should be a seventh parameter related to the self-
energy of the photon evaluated at the Z pole, however, this is neglected in [55].
A seven-parameter formulation in the limit of heavy physics can be found
in [|132], where the observables are considered at the energies of the Large
Electron-Positron (LEP) collider.

Whichever the formulation, the oblique parameters consider the differ-
ence between two sufficiently similar models. The usual case is where one
of the models is the SM and the other one is an extension of the SM with ex-
tra matter (fermions and/or scalars). To be sufficiently similar, both models
should have the same SU(2) x U(1) gauge symmetry (although exceptions
are possible [132]]) and the custodial SU(2) symmetry, which ensures that
my = cos fyymy at tree-level. This relation may be expressed via the Velt-
man p parameter [[126},[127]]

©.1)

)
Il

ma, {: 1 with custodial symmetry,

5277122 is not fixed without custodial symmetry,

where ¢ = cos é\w is the cosine of the Weinberg angle 5W and here we intro-
duced hats over the bare parameters. Indeed, since the SM has a fixed value
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of p = 1 there is a certain number of fixed parameters, while in a model with
a free value for p there is an additional free parameter, which requires for an
additional renormalization condition. The difference in the amounts of free
parameters in the EW sector obstructs a consistent comparison of the models.

In more detail, a model with custodial symmetry (such as the SM or GNM)
has only three free parameters that require renormalization conditions. As
is usual, we take these three parameters to be the fine structure constant «,
the Fermi coupling constant G (charged) that is measured in muon decay, and
my. In contrast, if the custodial symmetry is broken and p is no longer fixed,
then four instead of three parameters are needed to fully renormalize the EW
sector. We will take this fourth parameter to be the mass of the W boson.
Models with broken custodial symmetry have become more important after the
measurement of the myy by the CDF Collaboration [[61]], which disagrees with
the SM prediction by seven standard deviations and hints that my, = cos §Wﬁz A
may no longer hold at tree-level. An additional motivation for such models or,
more precisely, for models with scalar triplets is also the possibility to explain
the 95 GeV excess [[133H137]] measured by the CMS Collaboration [[138H141]]

A particularly interesting consequence of the fact that there is an additional
free parameter in models, where my, # cos §Wﬁ1 z, 1s the UV divergence
of the I" parameter, as has been found by many authors [|60, |62H65 6770,
142]]. Naturally, the divergent parameter cannot be used in parameterization
of observables and must be removed such that eventually only five oblique
parameters remain. We note that these implications were noticed in some initial
papers considering the oblique corrections [[54, (60} |143]].

Since different models might need different amounts of input parameters,
we may single out a few cases relevant to the computation of oblique parameters.
However, beforehand we set up the nomenclature:

* The SM and the New Physics Model (NPM) have p = 1; the NPM is
identical to the SM plus some extra matter.

* The Base Model (BM) and the Beyond Base Model (BBM) do not have
fixed p; the BBM is identical to the BM plus some extra matter.

Then the possible combinations for comparison of EW predictions are:
1. SM vs. NPM, i.e. two models that have p = 1.
2. BM vs. BBM, i.e. two models that have free p.

3. SM vs. BBM, i.e. one model has p = 1 and the other one has p free.
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The first case is the most widely encountered and in terms of the oblique
parameters it was studied already in [[54]] as well as in many other references.
As far as we know, there is no other genuine oblique parameter formalism for
the second case, except for [AS]], and no genuine oblique parameter formalism
at all for the third case. Without a doubt, the third case is the most interesting
phenomenologically and there have been attempts at comparing the SM with
models, where p is not fixed. For example, the T' parameter is sometimes
modified to include the tree-level contributions from the model with a free p,
but the loop corrections are computed in the limit with p = 1 [64, (67,144, 145].
However, this only works as an approximation but is not a genuine formalism.
For example, if one were to compute the loop corrections without assuming
p = 1, one would quickly find that the T" parameter is UV divergent. In turn,
this implies that the parameter 7' depends on the renormalization scheme and
should be renormalized, which is in contrast to the usual formalism of oblique
parameters. Approaches, where the oblique parameters are renormalized were
taken in [[146] for the T" parameter and in [[147] in a different context for the S
parameter. In addition, in this third case, other parameters are gauge-dependent
if the formalism of the first case is blindly applied, thus they are not physical
and cannot be used to parameterize the observables.

In [[A5]] as well as in this thesis we work out the second case, i.e. we develop
an oblique parameter formalism for the case, where both models have p free. It
is true, that this case is not as important phenomenologically, but we hope that
it is a significant stepping-stone towards a genuine formalism for the third case.

9.1. Definitions in the SU(2) x U(1) gauge sector

For the oblique parameters to work, all the models must have the SU(2) x U(1)
gauge symmetry, hence, we briefly review the conventions and definitions.
The covariant derivative is

3
Dy=0,—igy T'Wi—ig'YB,. (9.2)
a=1

Here g, T, and W are the coupling constant, generators, and the fields of
the SU(2) gauge group, respectively. Analogously, g’, Y (the hypercharge),
and B, are the coupling constant, generator, and field corresponding to the
U (1) gauge group. For brevity, we do not include hats over the fields and, for

example, write B, instead of Eu-
Once the EW symmetry is spontaneously broken by the vacuum expectation
value (for example, as in Eq. down to U(1), the gauge bosons acquire
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masses. Then the mass eigenstates of the W bosons with the mass myy can be
expressed in terms of the gauge eigenstates

W, +W,F
L WiEW? Wi o= e (9.3)
W — M M = B .
H V2 W2 — Wy _W;T ’
Iz iv2

The neutral fields of the massless photon A, and the Z-boson Z,, with the mass
m are related to the gauge eigenstates as

A, = €B,+5W} - B, = CA,-52,

. - . S 94
Z, = ¢W2-3B, W2 = €Z,+5A,

where s and ¢ are the sine and cosine of the Weinberg angle Ow, respectively.
The gauge couplings and the Weinberg angle are related to the electric charge €
or, equivalently, with the fine structure constant & (not to be confused with the

scalar mixing angle in Eq. (8.4))

~ ~~ ~) A~
e=gs=g c=Vdr

Q)

(9.5)

Having this we may also write down the covariant derivative in the mass
eigenstate basis

~

Dy =8, —ig (T"W, +T*W;) - i% (T? - $Q) Z, — ieQA, . (9.6)

Here the corresponding generators are

T + T2
T = T; 9.7)
Q=T3+Y. 9.8)

Given a scalar multiplet ¢ with isospin J3 and hypercharge Y, its neutral
component acquires a vacuum expectation value, which gives the following
quadratic terms of the gauge-bosons

(D (@)1 Du(@) =(@)1 (57 (17T~ + 11 ) Wi W,

~9
* % (T3 - §2Q)2 ZuZy + QQQZAMA;L

+ %e (Q(T? -35%Q) + (T° -5%Q) Q) ZNAM> (@)
—(®)1g> (TTT~ +T"T") Wi W, ()

~2

+ <¢>T%Y§ZMZM<¢> .
(9.9)
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Here we dropped all the terms linear in 7 since (®)I7*+(®) = 0, to get the
second equality we have used that the vacuum expectation values are electrically
neutral, namely, Q = 0 and 7% = —Y via Eq. (9.8). The remaining terms
provide the masses for the W and Z bosons, while the photon A remains
massless due to the unbroken U (1) gauge symmetry.

The W boson mass may be written in a different form by noticing that

TETF = — (T")? + (T%)* % i [T', T?]) (9.10)

| =

and

THT~ + T T =(Th)? + (T?)? 11
(T - (T, |
Here (T)2 = (TY)2 + (T?)2 4 (T®)? is the total isospin squared with the
eigenvalue of Jg(Jo + 1) for the components of the multiplet ®. With this we
have

(Du(®))! D, (@) =(@)T52 (Ja(Jo + 1) — (Ya)?) Wi W, (D)
~2 9.12)
+ <<I>>T%2Y<§ZMZM<<I>> .

Setting () = Uy /+/2 as usual and assuming an arbitrary number of multiplets
we read off the following squared masses of the gauge bosons

~2
w2 :%—2 3 vEed, (9.13)
)]
~2
~ g PR
mey =% z@: (Jo(Jo +1) — V)03 . (9.14)

With this one may express the Veltman p parameter of Eq. (9.1)) as

mg Y (Je(Jo+1) - YF) 04
c2my 234 Ygvg ’

p= (9.15)

which is a well-known result [[148] 149].

This expression allows us to more precisely tell which models have p =
1 or, equivalently, which models have the gauge boson masses related via
mw = cmy. Setting the 1.h.s. of Eq. to 1 we get that for every multiplet
the isospin and the hypercharge must be related via the following relation

Jo(Jp +1)—3YZ =0 (9.16)
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or, equivalently,
(2Jp + 1) —12YZ =1. 9.17)

For example, such a relation is satisfied in the SM by the Higgs doublet with
Jo = Y = 1/2. Other, but less common, options are also available, for
example, the septuplet with Jp = 3 and Y3 = 2 or the 26-plet with Jp = 25/2
and Yp = 15 provide p = 1 [[150]. Any additional scalar multiplet preserves
this relation if it does not acquire a vacuum expectation value. Importantly, for
all such models, one is free to compare the EW predictions with those of the
SM by using the usual oblique parameter formalism.

There is one more way of ensuring that p = 1 without selecting specific
quantum numbers by instead tuning the vacuum expectation values. For ex-
ample, by singling out some multiplet ¢ with a non-trivial v4 and by using

Eq. (9.15) one may get

52 _ PIFIM (Jo(Jo + 1) — 3Y¢) 0g
¢ 2
Jp(Jp+1) — 3Y;

(9.18)

For example, such a relation is employed in the well-known Georgi-Machacek
model [[146,|151-158]]. By tuning the VEVs one may get p = 1, but this is not
a stable relation as there is no mechanism, that would require the VEVs to be
related in this particular way, but rather it is an ad hoc relation imposed by hand.
Models with tuned VEVs trace a path of enhanced symmetry, in particular, the
custodial symmetry that provides p = 1, but the full parameter space does not
possess this symmetry. In turn, the naive expectation to use the usual oblique
parameter formalism and to compare the EW predictions with the SM fails,
since once again the T parameter becomes UV-divergent 146} 158],(159].
Depending on whether p'is free or fixed to be 1, there are different definitions
of the Weinberg angle through the Fermi constant G F(charged)- Considering
the tree-level muon decay at low momenta and relating it to the effective four-
fermion Lagrangian gives
_re (9.19)

~9~9
S mW

\/5 é\1F(charged) =

where myy comes from the W boson propagator at low momenta. This relation
is possible if p is not fixed. Otherwise, if p = 1, we may use that myy = cmy
and get the more common relation

Ta

\@ aF(charged) = (9-20)

59 ~3
s2CcTMmy
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Any of Egs. or may be used as a definition of the bare Wein-
berg angle 6y in terms of G F(charged)> Which is very well measured, for mod-
els with p = 1. The choice eventually depends on the input parameters, if
one uses {a, G'p(charged); Mw } as inputs, then Eq. is appropriate. If
{0, G'p(charged)s Mz } is used, then Eq. is the correct choice. On the other
hand, for models where p is not fixed, only Eq. can be used to define the
Weinberg angle.

9.2. The oblique parameters

Having introduced the gauge sector and the possible cases regarding the Veltman
parameter, we now present the definitions of the oblique parameters.
The oblique corrections originate from the bare self-energies of the gauge

bosons V and V7
v !
I, (v) = , (9.21)

where V, V' = W, Z, A and p is the momentum transfer. The self-energy can
be decomposed as

4%, (p) = ¢" My (p°) + p'p” terms. (9.22)

The oblique parameters are defined solely in terms of the coefficients of the
metric g, while the p#p” terms do not enter. In addition, we define the
following helpful abbreviations

Iy (p?) — My (0)
p? ’
dily vy (p?)
dp? '

ﬁVV/ (p2)

(9.23)

v (%) (9.24)
The self-energies depend on the intricacies of a particular model, hence, we
will add superscripts indicating the model, for example, H?}(I/, is the self-energy
computed in the Standard Model.

The oblique parameters [54, |55]] are usually defined with self-energies
subtracted as 177}, = H‘T\%\fl — H?}(I/,, however, for our purposes it is more
enlightening to define the non-subtracted (model) oblique parameters:

M 45%c? =M 2 s —c? M M
ST = Iy, (m7) + R 7% (0) — IL4% (0)| (9.25a)
™1 IOy (0) 1Y, (0)  2s I, (0) 9.25b
- 2 2 2 ) ( . )
« mW mZ C mZ
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452 [~ ~
UM = = [y (miy) - Y, (m) — 25e 1% (0) - 2 IR (0)]

(9.25¢)
VM= [ (m) — T ()] | ©0254)
WM = é [H%V (m%) — Iy (m%{/)} , (9.25¢)
XM= 22 (0) - Yy ()] - (9.251)

Here the non-hatted parameters are defined in terms of input parameters and we
define them more precisely in the following section. In addition, we introduce a
shorthand for the linear combination of oblique parameters that comes in handy

54 —c M

(9.26)
2
~ S

= — | =—— Mpw (miy) + 1Y, (mZ) — = M 0)] . (9.27)

It is important to note that the model parameters we have defined here are
neither UV finite nor gauge-independent [[160] and cannot be used to parameter-
ize the observables. Only subtractions of such parameters between appropriate
models give UV finite and gauge-independent results that can be used to param-
eterize the observables in the EW sectors. For example, referring to the cases
we have given above, some oblique parameter O subtracted between models
M1 and M2

O =0M - oM (9.28)

is UV-finite and gauge-independent only in the first case (M1=SM, M2=NPM)
and in the second case (M1=BM, M2=BBM), but not in the third case (M1=SM,
M2=BBM).

10. Corrections to selected observables in the three cases

10.1. Input parameters in the electroweak sector

As already outlined in this thesis in Section[I] one needs to renormalize the theory
to make it predictive, i.e. one has to input information from the experiment.
In the previous parts, we have done so by using counterterms, but in this part,
we circumvent or, rather, hide this procedure. We do so by computing loop
corrections to some bare parameter X and equating it to the value measured in
the experiment (observable) A

A =AM (1 + loopsM) . (10.1)
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Here we have added the superscript on M, to indicate that both the bare parameter
and the loop corrections depend on relations particular to some model M. By
inverting this equation we may express AM in terms of loop corrections and the
measured values (input parameters). Such an expression of M may further be
used to express other observables in terms of loop corrections and inputs.

In a renormalizable theory, the amount of needed input parameters is finite,
hence, it is not uncommon to find that some observable not belonging to the
input parameter set may be expressed in terms of the inputs. In that case, such a
parameter x becomes a prediction of some model M

M= f (XM) (14 loops’™) = f (X) (1 +loops’™ — O f (A) loops™) .

(10.2)
Here k = f(XM) defines the bare parameter, 0f(\) = 8f/8XM\XM:/\, the
minus sign comes from inverting Eq. (I0.1]), and we have dropped terms of
order loopsxloops or higher. In Section[I] we were able to make predictions of
the same observable but at a different scale. Here the same is still possible, but
we also emphasize that predictions to completely different observables such as
x may be made in terms of the inputs A. Of course, one is free to choose, which
parameters are to be measured and taken as inputs, and which ones are to be
predicted and then compared with measurements.

Turning to the electroweak sector, we have already mentioned that for EW
models where p = 1 it is enough to provide three input parameters. These three
parameters are chosen to be the ones, which are the most accurately measured
and are [161]]

« the fine structure constant at 0 momentum «(0) = 1/137.035999084,
* the Fermi constant G p(chargedy = 1.1663788 X 1075 GeV~2,
» mass of the Z boson mz = 91.1876 GeV.

If a model does not have a fixed p, then a fourth parameter is needed, which we
take to be

* the mass of the W boson m[;{/DG = 80.377 GeV from [|161] or m%/DF =
80.4335 GeV from [61]].

While these are the inputs, it is more convenient and common to work
with the sine of the Weinberg angle instead of the Fermi constant. This can
be done by employing Egs. and to define the sines in terms of
input parameters. For models where p is a free parameter we use Eq. and
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define
2 _ ma(0)
\/iGF (charged) mIQ/V

= 52 =0.214826, (10.3)

where we have taken the value for myy from [61]]. Analogously, for models
with p = 1 we have

22 ma(0)

2
- — 32 =0212152, (10.4)
\/EGF(charged) mQZ

where we have added bars over s and c to distinguish between the definitions.
It should be noted that appropriate sines and cosines should be used in the
definitions of the oblique parameters in Eq. depending on whether p = 1
or is free in a given model. The same note applies to the rest of this section.

Having selected our input parameters we may write them in terms of the bare
parameters and loop corrections as in Eq. (I0.1I)). The fine structure constant
may then be written as [[78} 104,162, |163]]

a=aM|1+11, (0) +

25 174 (0) (10.5)
(&

2
my

It is important to note that via Ward Identities this includes all the 1-loop
corrections including external leg and vertex corrections, but written entirely in
terms of self-energies. More importantly, it contains the Z — A mixing term,
which vanishes upon subtraction

Tz (0) = I} (0) — 1%, (0) =0, (10.6)

but separately neither T, (0) nor IT% , (0) are vanishing. This poses a problem,
since a non-zero HI\Z&M (0) implies mass terms for the photon. The masslessness
of the photon may simply be ensured via a counterterm in the on-shell scheme
as in [[164]]. However, when working with oblique parameters, one expects to
avoid using the counterterms explicitly, hence we follow [[125]] and introduce a
1-loop order shift of the bare gauge coupling

1 11, (0
/g\M N §M (1 _ ZA2( )) ) (10.7)
sC mZ

This shift ensures that the photon remains massless at 1-loop without introducing
an explicit counterterm. Another effect is the redefinition of the gauge-boson
self-energies

I, (p*) — 14 (p%) — 114 (0) , (10.8a)
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2c

M3z (%) = Tz (0) = 124 (0), (10.8b)
2 2
W (0%) = by (%) - f <CZ””%> Y, (0) . (10.8¢)

Note that the oblique parameters in Eq. already include this shift. How-
ever, only the T' parameter in Eq. is sensitive to this shift and all the
other parameters are as in [|55].

Now we are ready to write down all the input parameters in terms of the
bare parameters and the loop corrections with the shift in Eq. included:

o =aM[1+ 1Y, (0)] , (10.92)
. Iy, (0) 2 1Y, (0
GF(charged) - Gf]l/l(charged) |:1 - %() + = %() + 5gc:| , (10.9b)
myy S A
Y, (m%) 2c1%,(0
mg = () 1+ 2 2O 0
mZ S mZ
2
freep , miy :(m%)Z 1+M_3w .
ﬁ: 1 7 (m%)Q m%/V Sc mQZ

(10.94d)
Here (51\G/lc stands for the external leg, vertex, and box corrections to muon decay
from which the Fermi constant is measured. Eventually, these non-oblique
corrections are assumed to be small and will be dropped as usual. In Eq.
we see that the mass of the TV is an input parameter if p is free, otherwise it is a
model prediction, hence, the M superscript.
For convenience, we exchange G r(charged) fOr s or § depending on the model,
hence, it makes sense to write down these parameters in the form of Eq.
or Egs. (10.9). To do so, for p being free, we take Eq. and insert the input

parameters from Eq. (10.9)

82 :(/S\M)2 [1 + H%Ilél (0)]
|:1 o HI‘\/AVV;/(O) _|_ l 1-II\Z/IAQ(O) _|_ 51\G/I i| |:1 _|_ HI‘\//IVng%/V) _ 2 HI\Z/IAQ(O):|
my, sc my ¢ myy se. my
oM., (0) 2 1%, (0)
~M\2 M/ WWwW ZA M
~ 1+1I 0 LA L L )
Ch) [ + I04% (0) + m2, ¢ ml Ge

2 2

_HI\I//II/W (miy) 1 2 1%, (0)
mi, sc my

=M)? [1+ T (0) — Thww (mfy) — o8]
(10.10)
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Here we dropped the terms of order (ITyy~)? or higher and defined

~M
(M) = = : (10.11)

M
fGF(charged ( W)2
Analogously, when p = 1, we may get the expression of § from Eq. (10.4)

& (H%W (0) MY, (0) 25117, (0)

2 2 = 2
myy, my C my

2 ~M\2
5 =(s 1+
( >[ e

+ 11 (0) — 1Ty, (m%) - 6Gc>:|
c? _ ~
=(s™M)? [1 t oz (aTM + 11 (0) — 11, (m%) — 53)] :
(10.12)

Here o™ is as in Eq. (9.25b), but with s, ¢ — 5, ¢ and (sM)? is the same as
in Eq. (10.T1])), but one should additionally use my = ¢mz. Of course, in both
cases, one may also find analogous expressions for ¢ and ¢, but we leave this to
the reader.

Also, note that the fine structure constant in Eq. is measured at low
momenta, but one can also find definitions, where « is set at the Z pole [[64,
72, [165],[166]]. In addition, mixed approaches, where the photon and Z — A
self-energies are taken at 0 momentum, but the input value for alpha is taken at
the Z pole, e.g. [131]]. However, to the best of our knowledge, there is no direct
measurement of « at the Z pol and the value is acquired by running from
a (0), which includes only known SM physics. If one assumes that the new
physics is heavy, then there is no problem with the running, but in the presence
of light new physics, such running is model-dependent. Since we are using the
STUVW X parameters, which are applicable for light physics, we choose to
keep a = « (0) as our input parameter. On the other hand, the reader is free to
input « (m ) instead and to follow the more common mixed approach.

10.2. Oblique corrections to the Veltman p parameter

Having set up all the definitions and the renormalization scheme, let us compute
corrections to the Veltman p parameter. The measured p parameter may be
defined analogously to Eq. by removing the hats, but the definition depends
on whether p is equal to 1 or free. If p = 1, we have

M2
(miy) (10.13)

-2 2 Y
c'my

M

8There are measurements of the running of « (QQ) , but not through the Z pole [167,|168]
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if p is free, then
2

= —5. 10.14
p c2m?, ( )

In the latter equation, the p parameter is defined solely in terms of input param-
eters of Eq. (I0.9)), while in the former equation, a model dependence develops
through Eq. and we have added a bar to emphasize the difference of
definitions of the Weinberg angle. In other words, for p = 1 the Veltman
parameter is a prediction, while if p is free, the Veltman parameter might as
well be used as an input parameter.

Let us take Eq. and insert Egs. (10.9¢)), (10.9d), and (10.12])

M~ & = 5
pM :pM I:l —+ 62 — §2 (aTM — HI\Z/IZ (m2z) + 672 H%ﬁq (0)
2 =2 =2
S cC — S8 ~
— 55 0+ T iy (miy) )] (10.15)

52 o2

~M M M S M
= 1 ™ —aK"V) — ———9§ .
P |: + 62 _ §2 (a «Q ) 62 _ §2 GC:|

Although we have kept p™M for generality, this is a prediction, which is UV finite
and gauge-independent, for the Veltman parameter when p™M = 1. Having this,
we may compare the predictions of two models, say, SM and an NPM

(05" = 65
(10.16)

Here T and K are the subtracted oblique parameters as in Egs. (9.25b), (9.26),
and (9.28)), but with the substitution s, ¢ — 3, ¢. Next, we assume that

1+62—§2 (aT—af()—i—

) NPM Z)\NPM |: 62 §2

ﬁSM - ,BSM 52 —62

54— oM. (10.17)

is negligible [54] and set pSM = pNPM — 1 to get

=2
pNPM _ 5SM |

7 (0T —aK) | . (10.18)
Here we have a prediction for the Veltman parameter in the NPM in terms of
the SM prediction and the subtracted oblique parameters. Importantly, we have
dropped all the non-oblique corrections, but the final result is still UV-finite
and gauge-independent since the subtracted oblique corrections (parameters)
form a UV-finite and gauge-independent set.

Using Eq. and the fact that ¢ and m 7 are treated as input parameters,
it is not hard to see that Eq. is equivalent to the prediction of the W
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mass in Eq. (10.9d)

_2 e r 7
C _ asS aU
mII,\IVPM = ma/M 14+ ————aT

— t+ — 10.19
2(c? —35?) +4(§2—E2) +8§2 ( )

Here we have inserted the definition of K from Eq. and arrived at the
usual parameterization for the prediction of the W boson mass in NPM models
with p = 1.

Turning to models, where p is free, and taking Eq. we insert all the
inputs from Eq. and get

2
p=pM (1 +aT™ — aKM — %2 5&) . (10.20)
One may also invert this relation and find
2
ﬁM:p<1—aTM+aKM+z25]\GAC> : (10.21)

Since p does not depend on the model, a comparison between a BM and a BBM
gives a relation between the bare parameters and the oblique parameters

~BBM
p

SEv =1-al'+ak. (10.22)
Here we have also dropped the non-oblique corrections ~ (685M — §8M).

These relations only confirm that p = pBM = pBBM ig treated as an in-
put parameter since the bare parameters fully cancel all the loop corrections.
Nonetheless, Eq. will be very useful in deriving a general substitution
rule that gets rid of the subtracted 7" parameter, which is UV divergent in the
BM vs. BBM case, from the parameterization of predictions.

10.3. Oblique corrections to the p, parameter

The ratio between the charged and neutral currents is defined as

GM
pM = _Fneutral) (10.23)
GF(charged)
Here GI\F/I(rl cutral) is a model prediction for the low-energy neutrino scattering

mediated by the Z boson

1y, (0) , 2 1%, (0)
neutral) 1 - angz +; anZ +5zln R (10.24)

G G

neutral) —
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with 5%'” representing the non-oblique and process-dependent corrections.
Plugging the definitions of G p(charged) and G}M( neutral) 1010 Eq. (10.23)), we
get
M =pM (1 +aT™ + 6%, — 0t - (10.25)

To get this, we have used the definition of G F(charged) I Eq. (9.19), analogously
defined (dropping M for clarity)

~ T
GF(neutral) = m (10.26)
Z
and used R
M
M _ GF(neutral) ' (10.27)
Gflgl(charged)

Let us consider the SM vs. NPM case and compare the predictions for p,.
We get [[54]
pNPM - GNPM

o = =or (1+al)=1+aT, (10.28)
Jo p

where we again neglected the non-oblique corrections and set pM = 1 and

GNPM _ 1

On the other hand, considering the case, where p is not fixed, we get

ﬂ:@(l+aT):1+aK (10.29)

P | |
where we have used Eq. to get the final equality. Importantly, the linear
combination of the oblique parameters denoted by K is UV-finite and gauge-
independent, unlike the parameter 7" in this case. In other words, by introducing
the fourth input parameter, we have managed to get rid of the divergent T’
parameter and replace it with a suitable combination of the subtracted oblique
parameters S and U. Even more so, this is a general replacement rule. Having
parameterizations for observables of the p = 1 case, one may easily get the free

p case by replacing
™ — KM (o T—+K) and 5,é— s,c. (10.30)

The rule may be explicitly confirmed by consulting the appendices of [[AS]],
which contain essential derivations of the parameterizations for both p cases
and summarizing tables for the p = 1 case.
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10.4. Problems with the third case

In the previous sections, we have presented the oblique parameters, when
p = 1, and developed a genuine oblique parameter formalism when p is free in
both models under comparison. Equivalently, referring to Section 9} we have
considered the first case of SM vs. NPM and the second case of BM vs. BBM,
while we briefly cover the third case of SM vs. BBM here.

To see the problem, let us return to the Veltman p parameter and try to
compare the predictions of the SM (model with p = 1) and some BBM (model
with a free p). We can do so by taking the ratio of Egs. (10.13]) and (10.14)

p_ My c? sM SM 5 oM
P (aT%M — k™) + =087 | . (10.31)

where we have used Eq. and set p°M = 1. Such a comparison is perfectly
valid and is UV-finite and gauge-independent, but at the same time, this is not
a genuine oblique parameter formalism, since there is a process-dependent
piece 5%1\64 In addition, this parameterization also contains the non-subtracted
model parameters of the Standard Model. If one assumes, that the non-oblique
corrections are small and neglects them, then one automatically ruins the gauge
independence, since the gauge dependence cancels between the (model) oblique
parameters and the universal parts of vertex and box corrections contained in
6%1\0’1 Of course, in this comparison, part of the problem is that in the SM the
Veltman parameter is a prediction and gets corrections, while in the BBM p
is equivalent to an input parameter and does not get corrected. In turn, it is
impossible to form subtracted oblique parameters and such a comparison (if
(5%1\64 is dropped) is bound to be at least gauge-dependentﬂ

Let us see what happens if we take an observable, which is a prediction in
both the SM and the BBM. Such an observable is p, and by using Egs.
and we have

BBM
p*SM =p|1+ aKBM _ oM

* . (10.32)
cT— S
+ (o) - (S5 em - o) ).

Here the comparison is again perfectly valid but contains non-oblique correc-

tions and the subtractions do not occur due to different parameterizations, except
for the (625M — 523\2) term. However, even in this seeming subtraction, no cance-
lations between the gauge-dependent parts occur, simply because the definitions

%Certain gauges, for example, where all the gauge parameters are equal, produce UV finite
model parameters [[160].
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of the Weinberg angle or, equivalently, of the W boson mass are different. For
example, in 622M some gauge-dependent term might be proportional to myy,
while in 5?};{ an analogous term will be proportional to cmz, which not only
look different but are also numerically different. Even if one neglects the non-
oblique terms, the remaining oblique corrections still do not provide the needed
cancelations both because of different parameterization and because of different
numerical values. In turn, it follows, that one cannot compare predictions of
models with different sets of renormalization conditions (p = 1 vs. p free)
by using just the oblique parameters and at the moment the full calculation is
needed.

We are not the first ones to notice this and, as a solution, it has been proposed
to include the universal parts of 51(\;471,(;@ in the self-energies [60, 143}, 169]. Such
an inclusion would make the oblique model parameters UV finite and gauge-
independent. However, this is not a genuine oblique parameter formalism, since
it is needed to compute vertex and box diagrams, which is more involving than
computing just the self-energies. Whether such an effort is worthwhile remains
an open question.
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CONCLUSIONS

In this thesis we have discussed various aspects of renormalization, out of which
three main topics emerge:

1. renormalization of mixing matrices,

2. development of an on-shell renormalization scheme for fermions and its
application to the Grimus-Neufeld model,

3. renormalization in the electroweak sector in terms of the oblique correc-
tions, when myy # cos fyymy at tree-level.

The discussions of our first topic are based on [[A1]], where we have dis-
cussed the renormalization of mixing matrices for a general system of scalars.
In this thesis, we have opted for the fermionic case to show the universality of
our arguments. Interestingly, the generality and universality of the discussion
allowed for simplicity since it was sufficient to consider only two-point func-
tions and to only assume that particles mix. In contrast, the renormalization of
mixing matrices is usually discussed by considering 3-point (vertex) functions.

The basic question tackled in this part is whether one should renormalize
mixing matrices and, if so, how it should be done. We have approached the
question by considering two arbitrary bases (one of which was also written in
two forms — with and without rotation matrices) related by a rotation, which for
a specific selection of the initial and final bases can be identified with the usual
mixing matrix. Further, in each basis, we have introduced counterterms for the
fields, masses, and the rotation matrix, but no particular scheme was selected
and only the sef of counterterms was important. Since the bases are related by
rotations in the bare Lagrangian, we have performed various basis changes in
the renormalized Lagrangian. However, that led to various inconsistencies, for
example, by rotating back by the renormalized rotation matrix to the initial basis
the rotation matrix counterterm was left without the renormalized parameter.
In turn, the rotation matrix counterterm became an obstruction to recover the
bare Lagrangian from the renormalized one. Another inconsistency is that
the presence of the rotation matrix counterterm changed the form of the basis
transformations for the anti-hermitian part of the field renormalization.

Apart from these conceptual inconsistencies, we have also found practical
problems. For example, there are no natural renormalization conditions for the
counterterms of rotation (mixing) matrices and often the ad-hoc conditions pro-
duce gauge-dependent counterterms, while, quite contrary, gauge-independent
counterterms are sought after since particle mixing is a physical process. In
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addition, the presence of the rotation matrix counterterm along with the usual
diagonal mass matrix counterterm leads to a singular degenerate mass limit,
which may cause numerical problems.

Interestingly, all of these problems point to the presence of the rotation
matrix counterterm, if, on the other hand, the counterterm is trivially 0, none
of the problems exist. Even more so, in such a case one trivially satisfies all
the requirements of mixing matrix renormalization listed in Section The
triviality of the counterterm follows from its arbitrariness: the same bare La-
grangian can be defined both with and without a rotation matrix. In other words,
a rotation matrix selects a preferred basis completely by hand and, in turn, it is
a non-physical and basis-dependent object, which should not receive a counter-
term. An alternative explanation may be formulated by noticing that there is
nothing special neither about basis rotations nor about renormalization and the
two procedures should commute. The only way to preserve this commutation is
to have a trivial rotation matrix counterterm, such that no basis is preferred. In
conclusion, rotation (mixing) matrices should not have counterterms for con-
sistency and to avoid practical problems. However, note that non-physicality
and trivial counterterms do not imply that mixing matrices cannot be measured,
quite contrary, mixing matrices are derived from some initial renormalized
mass matrix, hence, measurement of the initial mass matrix is equivalent to the
measurement of the new mass matrix and the mixing matrix.

Having shown that it is consistent to have trivial mixing matrix counterterms,
we could begin the discussion of the second topic — the development and
application of an on-shell scheme with trivial mixing matrix counterterms [[A2-
A4]. However, explicitly implementing such a counterterm is, on the contrary,
not trivial as one quickly runs into problems with degeneracy — the off-diagonal
components of the mass and the anti-hermitian part of the field counterterms
cannot be solved for independently. In our scheme, this degeneracy is broken in a
fairly distinct way by defining the anti-hermitian part of the field renormalization
as the coefficient of the m? — mjz mass structure and afterward solving for
the mass counterterms in terms of self-energies and the anti-hermitian part
of the field renormalization. As we have checked, such a definition indeed
allows for a trivial mixing matrix counterterm, while satisfying all the mixing
renormalization requirements and also being model- and process-independent.
In addition, at least at 1-loop, we took care of including the absorptive parts
to the maximum possible extent for Dirac fermions, while Majorana fermions
do not allow for such inclusion at all. Further, by extensive use of Nielsen
Identities, we have shown that the scheme can be constructed to all orders in
perturbation theory, although, with the absorptive parts dropped.
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We have explicitly applied our scheme at 1-loop to the Grimus-Neufeld
model, which provided plenty of scenarios to test our scheme against. In
particular, the Grimus-Neufeld model contains quarks and charged leptons that,
despite coupling to the second Higgs doublet, are like in the Standard Model
as well as 4 neutrinos, two of which are massless at tree level. SM-like quarks
provided a fairly simple case and we could apply our scheme without difficulty
and also compare to selected schemes of Denner and Sack, and Kniehl and Sirlin.
On the other hand, the neutrino sector was more complicated as there were three
distinct blocks, depending on which neutrinos were used to compute the self-
energies. We had the massive case if both neutrinos were massive, the partially
massless case if one of the neutrinos was massless, and the massless case if both
considered neutrinos were massless. In the massive and massless cases, we
could apply our scheme without much difficulty, while in the partially massless
case our definition of the anti-hermitian part of the field renormalization was no
longer applicable since the m? — m? mass structure does not exist if m; or m;
is 0. Fortunately, we were able to overcome this by taking the massless limit
(m; — 0 or m; — 0) of the massive case, without producing any unwanted
behavior and keeping the properties of the scheme. In turn, we could conclude
that our scheme indeed holds despite the peculiarities of the Grimus-Neufeld
model. In addition, we have achieved satisfactory renormalization of the two-
point functions in the fermion sector with the hope that a similar procedure may
be carried out in the scalar sector as well.

For our third topic, based on [AS]], we have investigated the oblique correc-
tions in the electroweak sector in the case when the W and Z boson masses are
not related through the Weinberg angle at tree level, namely, myy # cos (/g\wﬁl Z.
Alternatively, this may be phrased in terms of the tree-level Veltman p param-
eter: if my = cos 5Wﬁlz holds, then p = 1, if not, we say that p is a free
parameter. This additional freedom in the latter case implies that an input pa-
rameter (renormalization condition) in addition to the fine-structure constant,
Fermi constant, and mass of the Z boson is needed in the EW sector. We have
taken the mass of the W boson to be this fourth input parameter, the numerical
value of which may be taken from the newest CDF measurement. By employing
four input parameters we have found that instead of the six oblique parameters
STUVW X of the p = 1 case, only five parameters SUV W X remain and the
T parameter is removed by the renormalization procedure. This is a welcome
achievement since it is well-known in the literature that the 7" parameter is
UV-divergent and cannot be used to parametrize observables when p is free.
As far as we know, the SUVW X formalism we have developed is the only
genuine oblique parameter formalism when p is free.
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However, rather unfortunately, the SUV W X formalism comes with lim-
itations analogous to the STUV W X formalism, which we were unable to
overcome. Namely, in the STUV W X formalism both models under consid-
eration must have p = 1, while in the SUVW X formalism, both must have a
free p. Tt seems that just the oblique corrections (parameters) are insufficient if
one wants to compare the predictions of a model with p = 1 (e.g. the SM or
GNM) with those of a model with a free p (e.g. the triplet model, where the
triplet acquires a vacuum expectation value). At the moment, it seems that to
perform such a comparison one needs to do a full calculation and include the
process-dependent non-oblique loop corrections.
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SANTRAUKA LIETUVIU KALBA

Ivadas

Pirmosiomis kvantinés lauko teorijos (angl. quantum field theory, QFT) dieno-
mis buvo susidurta su ultravioletinés (angl. ultraviolet, UV) katastrofos variantu
— 1930-aisiais ir 1940-aisiais perturbatyviai suskai¢iuoti stebiniai kvantingje
elektrodinamikoje (angl. quantum electrodynamics, QED) buvo begaliniai.
Tomonaga, Schwinger’is, Feynman’as bei Dyson’as $ia klititi jveiké apibrézda-
mi renormalizacijos procediira [[1H10]], kuri davé baigtinius rezultatus. Tiesa,
net ir su tokiu pasisekimu, fiziky bendruomené kiek beviltiskai juokavo [[12]] ir
renormalizacija laiké tam tikru triuku, kuris ,,susluoja begalybes po kilimu” [[11]].
Siais laikais renormalizacijos procediira jau daug tvirtesnés reputacijos, ypa¢
1970-aisiais atsiradusios renormalizacijos grupés (angl. renormalization group,
RG) idéjuy déka [[12H19]], bei sutinkama iprastuose kvantinés lauko teorijos
vadovéliuose bei kursuose.

UV divergencijy (begalybiy) prigimtis grindziama kvantinio lauko Siurkstu-
mu ties mazais atstumais arba naivaus tikéjimosi, jog miisy teorijos yra teisingos
bet kokiems atstumuy (energiju) masteliams, negaliojimu. Kad ir kaip biity, no-
rint dirbti su QFT, reikia turéti nuosekly UV divergencijy aprasyma, tad jprastai
teorijos reguliarizuojamos (angl. regulate, regularize), pavyzdziui, tiesiog
nukertant integralus ties didelémis judesio kiekio vertémis [20] ar naudojant
kitokius metodus, taciau stebiniai turi nepriklausyti nuo ranka parinkto regulia-
toriaus. I$ renormalizacijos grupés Zinome, jog skirtingi masteliai atsiskiria —
nebiitina zinoti apie kvarkus, kad biity nusakytas vandenilio spektras, nebiitina
zinoti, kaip i$sidésciusios gatvés Vilniaus senamiestyje, kad apskai¢iuotume
Jupiterio orbita ir t.t. IS to seka, jog reguliatorius, atitinkantis aukStas energijas,
paprasciausiai i§siprastina dviejy (mazos energijos) stebiniy palyginime — tai
ir yra renormalizacijos procediira. Kitaip tariant, stebiniy prognozés isreikstos
per ankstesniy stebiniy (matavimy) rinkinj nepriklauso nuo reguliatoriaus ir yra
UV-baigtinés.

Dauguma renormalizacijos principy yra puikiai suprasti, taciau velnias slypi
detalése — yra atveju, kai néra visiskai aisku, kaip reikéty atlikti renormali-
zacijos procediirg. Dél to literatiiroje galima sutikti daugybg renormalizacijos
schemy turinéiy savy pliusy ir minusy, taciau §iuo metu néra visy priimto re-
cepto. Ypa¢ dominantis atvejis, apimantis Standartini Modeli (SM) bei jvairius
jo plétinius, yra teorijos, kuriose dalelés gali tarpusavyje maiSytis ir maiSymo-
si matricy renormalizacija néra akivaizdi. Standartiniame Modelyje daleliy
maiSymasis pasireiskia kvarky sektoriuje, o atitinkama maiSymosi matrica yra
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Cabbibo-Kobayashi-Maskawa (CKM) [21], |22]] matrica. Ko gero pats pirmasis
bandymas renormalizuoti maiSymosi matrica gali bti surastas [23]], kur renor-
malizuojama biitent CKM matrica. Véliau buvo pastebéta, jog [123]] pritaikyta
renormalizacijos schema turi trilkumy, pavyzdziui, CKM matricos atsvaros
narys (angl. counterterm) priklauso nuo kalibruotés [24| [25] — nenorimas bruo-
zas, kadangi daleliy maiSymasis yra fizikinis efektas. Per pastaruosius 30 mety
buvo gana nemazai bandymu renormalizuoti besimaiSancius fermionus [24,
203 1]] bei pasalinti pacio pirmojo biido triikumus. MaiSymosi renormalizacijos
problemos néra susijusios i$skirtinai tik su fermionais, bet taip pat yra svarbios ir
i§pléstiniuose skaliariniuose sektoriuose, kuriuose beveik neiSvengiamai egzis-
tuoja daleliy maiSymasis, dél to literattiroje galima rasti daug renormalizacijos
schemy skaliariniams sektoriams [|32-44]].

Pagrindiné Sios disertacijos tema yra renormalizacija tuo atveju, kai dalelés
tarpusavyje gali maisytis.

Svarbiausia paminéti, jog sukonstravome renormalizacijos schema, kuri
savo prigimtimi yra iSskirtinai konceptuali — reikalaujame trivialy atsvaros
nariy maiSymosi matricoms (kampams), kadangi tai yra nuo bazés pasirinki-
mo priklausomi dydziai. Schemai apibrézti naudojame jau jprastomis tapusias
renormalizacijos salygas ant masés apvalko (angl. On-Shell, OS) [45], taiau
jos yra i8pildytos neiprastu biidu ir taip pat naudojant Fleischer-Jegerlehner
(FJ) buozgalviy (angl. tadpole) schema. Schemos nejprastumas taip pat pa-
sireiskia ir nediagonaliy lauko renormalizacijos konstanty apibrézimu, kuris
Sias konstantas parenka kaip m? — mj2 masiy struktiiros koeficientus, kur ¢ ir j
yra aromato (angl. flavor), taip pat kartos arba Seimos, indeksai. [domu, jog
toks apibrézimas leidzia turéti trivialy maiSymosi matricos atsvaros nari, t.y.
prilyginti ji nuliui, ir taip iSkart patenkinti visus maiSymosi renormalizacijos
reikalavimus suformuluotus [27, (36, 43[]. Dar vienas svarbus aspektas tas, jog
parodome, kad miisy schema gali biiti apibréZta kiekvienai perturbacijy teorijos
eilei.

Neskaitant bendry ir nuo modeliy nepriklausomy argumenty, pagrindinis
irankis schemos pristatymui yra Grimus-Neufeld modelis (GNM) [48452]] —
Standartinis modelis i$pléstas papildomu Higgs’o dubletu bei Majorana singletu.
Sis modelis jdomus tiek i§ technings, tiek i§ fizikinés pusés. I§ techninés pusés
modelyje yra du neutriny mases generuojantys mechanizmai: sverto (angl.
seesaw) bei radiatyviyju pataisy. Ties medzio lygmeniu tik 2 i keturiy Majorana
neutriny masés tikriniy biiseny bazéje yra masyvis ir savo mases jgauna sverto
mechanizmu. Ties 1-kilpa vienas i§ pries§ tai buvusiy nemasyviu neutriny jgauna
mase per radiatyvias pataisas, o kitas neutrinas islicka be masés. Tiesa, §is
nemasyvus neutrinas aukstesnése eilése taip pat gali igauti mase, kadangi néra
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jokios nuo to saugangios simetrijos. Sie mechanizmai ir ypa¢ bemasés biisenos
yra jdomis iSbandant renormalizacijos schema, kuri remiasi masiy struktiromis.
I§ fizikinés pusés nenulinés masés neutrinai yra viena i§ nedaugelio uzuominy
apie fizika uz Standartinio Modelio riby, tad GNM, pasinaudodamas sverto
bei radiatyviyju masiy mechanizmais, suteikia galima neutriny masiy (ir ju
mazumo) paaiskinima. Papildomai, Majorana singletas, kuris atsiskiria ties
mazomis energijomis, taip pat gali buti ir tamsiosios materijos kandidatas.
Modelis turi buiti renormalizuotas, kad buity galima daryti prognozes ir taip
patikrinti modelio teisinguma.

Svarbu ne tik daryti prognozes, bet ir sugebéti jas lengvai palyginti su kity
modeliy prognozémis bei eksperimenty duomenimis — tai kita Sios disertacijos
tema. Gan daZnas stebiniy prognoziy tarp modeliy palyginimo budas yra per
taip vadinamus netiesioginius (angl. oblique) S, T, U parametrus jvestus [53,
54] ir véliau papildytus X, V', W [55]]. Verta paminéti, jog egzistuoja ir daugiau
netiesioginiy pataisy parametrizavimo biidy [56H60]], kurie tarpusavyje yra susi-
j¢. Kai galima atmesti déziy (angl. box) bei virSiinines (angl. vertex) pataisas
ir uztenka jtraukti kalibruotiniy (angl. gauge) bozonu propagatoriy pataisas,
netiesioginiai parametrai tampa naudingu jrankiu parametrizuojant elektrosilp-
nojo (angl. electroweak, EW) sektoriaus stebiniy vienos kilpos pataisas. Svarbu
pastebeti, jog netiesioginiai parametrai yra UV baigtiniai ir nepriklauso nuo
kalibruotés, todel gali biiti naudojami parametrizuojant stebinius. [prastai netie-
sioginiams parametrams apibrézti reikalinga parinkti tris jvesties parametrus
i§ EW sektoriaus, kitaip tariant — juos renormalizuoti. Tuomet netiesioginiai
parametrai naudojami palyginant SM ir kokio nors kito modelio, kuris turi
ta pacia kalibruoting grupe bei apsauging SU (2) simetrija, kuri i$laiko gerai
Zinoma medzio lygmens sarySi my,;, = cos 0y, m, tarp W ir Z bozony masiy
per Weinberg’o kampa 0y;,. IS to seka, kad Grimus-Neufeld modelis gali biiti
palygintas su SM arba net paimtas kaip pamatinis modelis, su kuriuo lyginami
kiti modeliai. Kita vertus, atsizvelgiant { naujus CDF kolaboracijos atliktus W
bozono masés matavimus [[61]], kurie numato didesng masg nei SM prognozgés,
modeliai, kuriuose medzio lygmens lygybé my;, = cost;;m, néra islaiko-
ma, tampa vertais démesio. Daugelis autoriy pastebéjo, jog tokiu atveju T’
parametras nebéra UV-baigtinis [60, |62H70], todél nebegali biiti naudojamas
parametrizuojant stebinius. Sia klifitj galima pagalinti renormalizuojant papil-
doma EW sektoriaus parametra, kadangi tai eliminuoja 1" parametra, taciau
sumazintas netiesioginiy parametry rinkinys gali biiti panaudotas tik modeliams,
kuriuose my;, # cos Oy, m, medzio lygmenyje.
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Pagrindiai tikslai ir uzdaviniai

Pagrindinis Sios disertacijos tikslas yra priartéti prie pilnos Grimus-Neufeld
modelio renormalizacijos. Pagrindiné klifitis renormalizacijoje yra modelyje
esantis daleliy maiSymasis tiek fermionu, tiek ir skaliaruy sektoriuose, kuris
reikalauja apibrézti nuoseklia renormalizacijos schema. Kad tai atliktume,
iveikéme keleta uzdaviniu:

1. parodéme, jog atsvaros nariai neturéty biiti priskiriami maiSymosi kam-
pams,

2. ties 1-kilpa sukonstravome renormalizacijos schema, kurioje maiSymosi
kampy atsvaros nariai yra iSreikstai triviallis; schema paremta jprastomis
renormalizacijos salygomis ant masés apvalko [45],

3. ties 1-kilpa Grimus-Neufeld modelyje renormalizavome fermiony laukus,
mases bei maiSymosi matricas,

4. schema iSplétéme visoms eiléms perturbacijy teorijoje.

Kitas reikSmingas tikslas yra parametrizuoti stebinius, taip kad jie galéty biti
greitai palyginami su eksperimentu. Netiesioginiai parametrai — vienas populia-
riausiy metoduy, taciau jis néra iSkart tinkamas visiems modeliams. Konkreciau,
modeliuose, kuriuose my;, # cos 6y, m,, T' parametras turi ultravioletines
divergencijas. Kad i§sprestume §ig problema atlikome Siuos uzdavinius:

1. elektrosilpnajame sektoriuje renormalizavome papildoma parametra —
W bozono masg,

2. elektrosilpnojo sektoriaus stebinius parametrizavome sumazintu netiesio-
giniy parametry rinkiniu, kuriame nebéra T" parametro.

Naujumas ir svarba

Tam tikrais atzvilgiais renormalizacijos procediira yra puikiai suprasta, tac¢iau
yra keletas niuansy, i$ kuriy pastebimiausias yra renormalizacija, kai dalelés
maisosi. Per pastaruosius 30 mety atsirado nemazai pasitlymy kaip renor-
malizuoti kvarky mai§ymosi matrica Standartiniame Modelyje bei maiSymosi
matricas iSpléstiniuose skaliariniuose sektoriuose. Iki $iol néra visiems priimti-
no metodo, tad literatiiroje galima sutikti daugybeg varijuojancio patogumo ir
nuoseklumo schemu. Sioje disertacijoje pateikiame nuosekly bei konceptualy
priéjima prie maiSymosi matricy (kampy) renormalizacijos ir pateikiame nauja
renormalizacijos schema, kuri iSreikstai ijgyvendina konceptualius aspektus.

132



Dar vienas naujas §ios disertacijos rezultatas renormalizacijos prasme yra
nuoseklus netiesioginiy parametry pritaikymas modeliuose, kuriuose negalioja
gerai zinomas medZio lygmens sarySis my;, = cos f;;m . Pasirodo, kad T’
parametras, kurio divergencijos tokiu atveju buvo patvirtintos daugelio autoriy,
gali buti pasalintas i$ iprasto netiesioginiu parametry rinkinio ivedant papildo-
ma renormalizacijos salyga elektrosilpnajame sektoriuje, konkreciai kalbant,
W bozono masés renormalizacija. Nors tai ir leidZia parametrizuoti stebinius
panaudojat sumazinta netiesioginiy parametry rinkini, tai tuo pat metu nurodo,
jog naudojant netiesioginius parametrus negalima palyginti Standartinio Mode-
lio ir modelio, kuriame i$laikoma medzio lygmens lygybé my;, # cos0y,m ,,
prognoziy.

Ginamieji teiginiai
1. Sukimy (maiSymosi) kampy atsvaros nariai kliudo bazés sukimy ir renor-
malizacijos procediiros komutatyvumui, t.y. atsiranda skirtumas priklau-
somai nuo to, kurioje bazéje buvo atlikta renormalizacijos procediira. Sia

prasme, sukimy (maiSymosi) kampy atsvaros nariai yra nesuderinami ir
todél ju neturéty biti.

2. Pasitilyta fermionuy renormalizacijos schema yra iSreikstas schemos ant
masés apvalko pavyzdys, kuriame maiSymosi kampai negauna atsvaros
nariy. Svarbu pabrézti, jog schema galioja visoms perturbacijy teorijos
eiléms.

3. Naudojant netiesioginius parametrus, nejmanoma palyginti stebiniy tarp
Standartinio Modelio (arba Grimus-Neufeld modelio) ir modelio, kuriame
medZio lygmens lygybé my;, = cos 0;,m , néra iSlaikoma. Palyginimo
pasirinkimai yra tokie:

* jei abu modeliai iSlaiko my, = cos 0y, m, medzio lygmenyje,
tuomet jprasti S, T, U (kartais iSplésti su X, V', W) netiesioginiai
parametrai gali buti naudojami,

* jei abu modeliai paZeidZia my, = cos 0y;;m , medZio lygmenyje,
tuomet 7" parametras gali buiti paSalintas i§ {prasto netiesioginiy
parametry rinkinio panaudojant paprasta taisykle.

* tarpiniais variantais — vienas modelis i§laiko, o kitas pazeidzia
my; = cos 6y;,m, medzio lygmenyje — negalima naudoti netie-
sioginiy parametry ir reikalinga atlikti pilnus pataisy skai¢iavimus
kiekviename modelyje prie§ darant palyginimus.
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MaiSymosi matricy renormalizacija

Literatiiroje su maiSymosi matricy renormalizacija susiduriama jau daugiau
nei 30 mety ir egzistuoja atitinkamas skai¢ius renormalizacijos schemu, taciau
didzioji schemu dauguma seka keliais zingsniais, kurie sutinkami ir, miisy
Ziniomis, pac¢iame pirmajame darbe [23]:

i. nepridengtame (angl. bare) Lagranziane atlickamas bazés keitimas i§
pradinés (aromato) bazés i masés tikriniy verciy baze,

ii. Lagranzianas renormalizuojamas diagonaliais masés atsvaros nariais, o
lauko atsvaros nariai néra diagonalis,

iii. maiSymosi matricos atsvaros nariai parenkami, taip kad buty iSprastintos
UV begalybés atsirandancios tokiose amplitudése kaip Wud.

Sie zingsniai nei§vengiamai veda prie maidymosi matricy sarysio su lauko
renormalizacija, todél schemose ant masés apvalko maiSymosi matricy atsvaros
nariai tampa priklausomi nuo kalibruotés [25]]. Tokia priklausomybé néra geras
bruozas, kadangi daleliy maiSymasis yra fizikinis procesas [[24,79,/80]. Siekiant
iSspresti Sia ir kitas problemas buvo apibrézta daug schemy [24] 25,27, 29, |31}
81H83||, taciau jos visos seka tuos pacius zingsnius, o problemos sprendziamos
pridedant pritemptas ar sunkiai jgyvendinamas salygas.

Nepriklausomybé nuo kalibruotés néra vienintelé béda ir egzistuoja 5 maisy-
mosi renormalizacijos reikalavimy rinkinys, kuris akumuliavosi per pastaruosius
20 mety [27, 36, 43]:

1. MaiSymosi matricy atsvaros nariai turéty iSprastinti visas UV divergenci-
jas likusias po masiy, lauky ir saveikos konstanty renormalizacijos.

2. MaiSymosi matricy atsvaros nariai turi nepriklausyti nuo kalibruotés.

3. Renormalizacijos procedira turéty islaikyti pamating teorijos struktiira,
ypac, maiSymosi matricos neturéty pazeisti teorijos unitarumo.

4. MaiSymosi renormalizacija turéty biiti simetriSka maiSymosi laisvés laips-
niy atzvilgiu ir biiti nepriklausoma nuo konkretaus fizikinio proceso.

5. MaiSymosi matricy renormalizacija neturéty sugadinti skaitmeninio per-
turbatyvaus skleidinio stabilumo:

(a) Issigimusiy besimaisanciy daleliy masiy riboje, fizikiniuose stebi-
niuose neturéty atsirasti singuliarumy,
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(b) Parametry erdvéje neturéty biiti ,,mirusiy kampy”, kai renormali-
zuotas parametras artéja prie begalybés.

Kiek detaliau aptarkime §i reikalavimy sarasa. Pirmasis reikalavimas i$ ties
gali atrodyti net per daug trivialus, kad ji buity verta uzrasyti, kadangi vienas i§
esminiy renormalizacijos bruozy ar tiksly yra biitent UV-baigtinumo uztikrini-
mas. Kad ir kaip bity, pirmajame reikalavime esminis Zodis yra ,,likusiy” —
maisymosi renormalizacija turi pasirlipinti tik likusiomis UV begalybémis, ta-
¢iau, jei tokiy begalybiy paprasciausiai néra, maiSymosi matricy atsvaros nariai
gali biiti baigtiniai. Miisy sukonstruotoje renormalizacijos schemoje butent taip
ir yra pagal apibrézima.

Antrasis reikalavimas seka i§ pastebéjimo, kad schemose ant masés apvalko
Wud amplitudé UV diverguoja, bet nepriklauso nuo kalibruotés, jei CKM atsva-
ros narys néra jtraukiamas [24} 83| |84]. Kitaip tariant, jei maiSymosi matricos
atsvaros nariai priklauso nuo kalibruotés, tai buitinai sukelia tokia priklausomybe
ir fizikiniy procesu amplitudése, kurios nuo kalibruotés neturéty priklausyti.
Analogiskai galima pasakyti, jog maiSymosi matricos parametrizuoja fizikinius
procesus, todél daznai pacios yra laikomos fizikiniais dydziais ir dél to neturéty
priklausyti nuo kalibruotés.

Treciasis reikalavimas kyla i§ ivairiy pamatiniy aspekty [27]]: Becchi-Rouet-
Stora-Tyutin (BRST) [85 |86]] simetrija ir Ward-Takahashi tapatybés [87, [88]]
biity pazeistos, taip pat su unitarumo nei$saugancia maiSymosi matrica unitaru-
mo trikampis prarasty savo prasme uz medzio lygmens riby.

Ketvirtasis reikalavimas yra tiek konceptualus, tiek ir praktinis. Savaime
maiSymosi matricos neteikia pirmenybés nei vienam aromatui, todél nattiralu
to paties tikétis ir i$ atitinkamy atsvaros nariy. Tac¢iau taip néra automatiskai,
pavyzdziui, §i savybé sugadinama, jei renormalizacijos schema yra paremta
konkreciu fizikiniu procesu. IS praktinés pusés, ties 1-kilpa ar aukstesnése eilése
gali buiti sunku suskai¢iuoti neuniversalius atsvaros narius. Taip pat, tokias
schemas gali buti sunku pritaikyti skirtinguose modeliuose, kadangi daleliy
turinys gali biiti skirtingas.

Paskutinysis reikalavimas svarbus tiek norint iSsaugoti perturbatyvaus sklei-
dinio prasme, tiek ir praktiniais sumetimais. Skaitmeninis nestabilumas gali
turéti keleta Saltiniy. PavyzdZziui, neuniversalios bei nuo proceso priklausan-
¢ios schemos gali sukelti nenattiralias skaitmenines pataisas (pvz.: [41]), taciau
nebitinai (pvz.: [36]]). Kitas Saltinio pavyzdys yra gan daznai maiSymosi renor-
malizacijoje pasirodantis 1/(m? — m?) daugiklis, kuris tampa singuliariu, kai
abi masés m; ir m; tampa lygiomis, t.y. m; — m, riboje. Zinoma, parametry
skenavimas §io singuliarumo aplinkoje tampa keblia uzduotimi.
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Antrasis, treciasis bei penktasis reikalavimai gali biiti patenkinti automa-
tiskai, jei maiSymosi matricos atsvaros narys yra lygus nuliui. Kita vertus,
pirmasis ir ketvirtasis reikalavimai neseka tiesiogiai i§ maiSymosi matricos
atsvaros nario trivialumo — tam reikia aptarti konkre¢ios renormalizacijos
schemos jgyvendinima.

Kaip parodéme [A1]] ir aptaréme (3| skyriuje, maiSymosi matricy trivialu-
mas seka i§ argumenty nepriklausomy nuo konkretaus modelio ar konkrecios
schemos. Bendrai kalbant, literatiiroje galima pamatyti dvi kryptis: nuo bazés
pasirinkimo priklausancius ir nuo bazés pasirinkimo nepriklausan¢ius metodus.
Ties medzio lygmeniu nuo bazés nepriklausanti kryptis atrodo siektina ir lite-
ratiiroje sutinkami darbai, kuriuose formuojami bazés invariantai, kuriais gali
biiti iSreiSkiami stebiniai [89H97]]. Svarbu pastebéti, jog ties medzio lygmeniu
galima atsikratyti maiSymosi kampuy, kadangi jie yra nuo bazés pasirinkimo
priklausomi dydziai (nebent konkreti bazé tampa iSskirta dél papildomy reikala-
vimy) [94, 95, [98]]. IS kitos pusés, dirbant ties 1-kilpa ar aukstesnése eilése yra
iprasta renormalizuoti (priskirti atsvaros narj) ir mai§ymosi matricoms, visai
kaip ir jau minétame jprastame maiSymosi renormalizacijos scenarijuje. Taigi,
galima pastebéti, jog literatiiroje egzistuoja tam tikra jtampa tarp dvieju krypciu
— vienoje ju maiSymosi matricos gali biiti paSalintos i§ apraSymo, o Kitoje jos
yra svarbios ir renormalizuojamos. [tampos tarp Siy krypciy pasalinimas veda
prie trivialiy mai§ymosi matricos atsvaros nariy.

Kalbant kiek detaliau, pasirinkome nagrinéti viena paprasciausiy atvejy —
besimaiSanciy fermiony sistemos kinetini nari K, kuri nepridengtame Lagran-
ziane uzra$éme keletu skirtingy biidy

K =1 (i — Mo) o (1a)
%o (i = 7 Ul* Mads ) x0 (1b)
=X (i = Mo) xo. (1¢)
Cia nepridengty fermiony lauky vektoriai v ir xo susieti per unitaring trans-
formacija

Yo =UoXo , (2)

0 masiy matricos susijusios taip
My = +Uly" Moo, (3)

kur 4Y yra viena i§ Dirako gama matricy. Visus tris kinetinio nario variantus
renormalizuojame, kiekvienam parametrui (M, My, Ug) bei laukams priskir-
dami atsvaros narius, kuriuos i$skaidome i ermitines (H) ir antiermitines (A)
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dalis

K = {z’ﬁ— M +1°5Z}° (i — M) + (i — M) 521

(4a)
=" [\"M,6Z]] - sM} 4,
sz{iﬁf‘z+705zf’70 (iﬁ—ﬁ)+(iﬂfﬂ7> 0z (4b)
A0 [VOM,L{*&L{ + 52;3] — UM U} X
x5t o) o) omt

—~Y ['YOM,éZf] — 5M} X -

Cia lauztiniais skliausteliais paZyméjome komutatoriy.

Svarbu, jog visi trys uzraSymo variantai atitinka ta pati kinetini narj nors
ir uzraSyta skirtingose bazése, lygtys ir arba ir (4d)), arba toje
pacioje bazéje, bet uzraSytoje skirtingai, lygtys ir arba ir (4d).
Kitas svarbus momentas, jog nei vienoje bazéje nereikalavome diagonalios
masés matricos.

Palyging visus uzraS§ymo budus galé¢jome sukonstruoti keleta su bazés ne-
priklausomumu susijusiy argumenty ar pavyzdziy, kurie veda prie i§vados, jog
maiSymosi (transformacijy) matricy atsvaros nariai turi bti trivialts. Pavyz-
dziui, vienas pirmuyjy ir gana akivaizdziy pastebéjimy yra tas, kad, priklausomai
nuo transformacijos matricos U atsvaros nario, lygtyse (4) skiriasi kinetinio
nario forma. Sis formos skirtumas (arba 6U{) taip pat implikuoja i$skirting bazés
transformacijy taisykle antiermitinei lauko renormalizacijos daliai

6z} = suut +usziu’, (5)

nors visi kiti dydziai transformuojasi pagal taisyklg, kurioje néra nario su 6U,
pvz., kaip lygtyje (3). Antiermitin¢ lauko pernormavimo dalis néra niekuo
ypatinga, todél neturéty biiti ir iSskirtinumo bazés transformacijy atzvilgiu. Taip
pat, lygtis (5) negalioja automatiskai, kadangi tai priklauso nuo transformacijos
matricos renormalizacijos salygu parinkimo.

Kitas ir stipresnis argumentas seka i$ pastebéjimo, jog nei bazés transfor-
macijos, nei renormalizacija néra kazkuo ypatingos ar viena kita apribojancios
procediiros, todél turétume galéti atlikti bazés transformacijas net ir po renor-
malizacijos. Lygtyje (4b)) atlikus pasukima su UL, ty. atliekant sukima atgal
su renormalizuota transformacijos matrica, galime i§ Lagranziano panaikinti
matrica U, taciau bendru atveju, tai neleidzia panaikinti atsvaros nario 6U.
IS to seka, jog galima prieiti prie situacijos, kuomet atsvaros narys lieka be
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atitinkamo renormalizuoto parametro, o tai savo ruostu trukdo atstatyti pra-
dini nepridengta Lagranziana, t.y. pakei¢iamas pradinis teorija apibréziantis
(nepridengtas) Lagranzianas. Kaip pastebéjome [[A1HA3|, taip neturéty biti ir
renormalizacija bei bazés transformacijos turéty tarpusavyje komutuoti, o tai
reiSkia, jog nepridengta ir renormalizuota transformacijy matricos turéty biti
sutapatintos, t.y. Uy = U ir U = 0.

Ko gero pagrindinis tokio sutapatinimo rezultatas yra galimybé laisvai
keisti bazg tiek pries, tiek ir po renormalizacijos niekaip nepakeiciant teorijos
ar transformacijos taisykliy. Schematiskai galime pasakyti, kad sutapatinimo
atveju turime nuo bazés nepriklausomy atsvaros nariy rinkinj

(62, 6M, 5} 2iskeitimas, {5ZX,5M,5X} , (6)
bet ne o
(62, M, ) 2skeitimas, {5ZX,5U,6M,5)\} , 7

kur 8\ ir 6\ reiskia bet kokius kitus parametrus atitinkamose bazése.

IS Sio sutapatinimo taip pat seka ir filosofiné ar pamatiné formuluoté. Re-
normalizacijos procediros esmé yra atskaitinio matavimo jvedimas i teorija,
kad biity galima daryti tolesnes prognozes. Tai padeda atlikti jau standartiniu
irankiu tape atsvaros nariai. Kadangi stebiniai pagal apibrézima nepriklauso
nuo bazés, biity patogu, jei ir atsvaros nariai atkartoty §i bruoza. D¢l to nuo
bazés nepriklausomy atsvaros nariy rinkinys arba U = 0, yra sveikintinas ap-
raSymo bruozas bei zingsnis nepriklausomybés nuo bazés kryptimi. Papildomai,
nesunku pastebéti, jog trivialus transformacijos (maiSymosi) matricos atsvaros
narys iSties tenkina 2 ir 3 reikalavimus, kadangi 0 akivaizdziai nepriklauso nuo
kalibruotés ir niekaip nekeicia teorijos unitarumo.

Tiesa, Cia reikalingas atsakymas i kontrargumenta, jog tokios maiSymosi
matricos kaip CKM matrica yra matuojamos eksperimentuose ir todél fizikinés.
Atsakymas seka i$ pastebéjimo, jog daleliy maiS§ymasis i$ ties yra fizikinis
efektas, taciau yra daug biidy ar baziy pasirinkimy, kurie gali ji parametrizuoti.
Taip pat nesunku atsekti maiSymosi matricy kilm¢ — jos atsiranda diagonali-
zuojant prading masés matrica, todél maiSymosi matricos yra iSvestiniai dydziai,
priklausantys biitent nuo pradinés masiy matricos elementy. Kitaip tariant, ma-
tuojant daleliy maiSymasi iSties matuojama pradiné masés matrica, nors procesa
ir parametrizuojame naudodami maiSymosi matricas. Svarbiausia pastebéti,
jog tai masés matricy renormalizacija priveda prie nuo bazés nepriklausomy
atsvaros nariy rinkinio, bet ne mai§ymosi matricy, kurios priklauso nuo bazes,
renormalizacija.
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Neskaitant visy konceptualiy argumenty, taip pat nagrin¢jome ir praktinius
maiSymosi renormalizacijos aspektus. Jie seka i§ lygties, kur komutatoriuje
turime i$sigimima tarp anti-ermitinés lauko renormalizacijos dalies bei trans-
formacijos matricos atsvaros nario. Zinoma, tai reiskia, jog transformacijos
matricos atsvaros narys negali biti fizikinis, kadangi lauko renormalizacija
néra fizikiné. Panaudojant Nielsen tapatybes [79, 99]] galima nesunkiai rasti,
jog transformacijos matricy atsvaros nariai yra nattiraliai priklausomi nuo kali-
bruotés, o tai prieStarauja antrajam maiSymosi renormalizacijos reikalavimui.
Zinoma, priklausomybe nuo kalibruotés galima pagalinti, ta¢iau neatrodo, jog
egzistuoja pakankamai patogus ir natiiralus biidas. Papildomai nagrin¢jome ir is-
sigimusiy masiy ribg m,; — m;. Pastebéjome, jog maiSymosi matricy atsvaros
nariy nuo kalibruotés nepriklausomos dalys bendru atveju diverguoja dél atsiran-
dan¢io 1/(m? — m?) daugiklio, o tai sukelia potencialius skaitmeninius i§§tikius
(penktasis reikalavimas). Si problema nesunkiai pasalinama paprasciausiai ive-
dus nediagonalius masés atsvaros narius. Kaip bebiity, abi praktinés problemos
lengviausiai iSsprendziamos tiesiog sutapatinus nepridengta bei renormalizuotas
transformaciju (maiSymosi) matricas.

2-taSky funkciju renormalizacija

Bendro pobtidzio argumentais parodéme, jog maiSymosi matricy atsvaros nariai
turi buti trivialdis, taciau svarbus ir §iy idéju igyvendinimas, todél kita svarbi
disertacijos tema yra dviejy tasky funkcijy renormalizacija. Siy funkcijy renor-
malizacija apibrézia masés bei lauko renormalizacijos atsvaros narius, kurie
taip pat susij¢ su maiSymosi matricy atsvaros nariais. Kitaip tariant, tinkama
masiy bei lauky renormalizacija turéty vesti prie trivialaus maiSymosi matricos
atsvaros nario.
Visy pirma, bet kokia schema turi iSlaikyti Sias fizikines savybes:

1. renormalizuota dvieju taSku funkcija iSnyksta (renormalizuotas propaga-
P

ST EasEp 20) T w = (mF —mF) ui, ®)
k,l

torius turi poliy) ties poliaus mase m

2. ant poliaus propagatoriaus rezidiumas lygus vienetui

. 1 =
lim ———p > ZuSii(p) Zuui = i ©)

3. ant poliaus néra daleliy maiSymosi

> ZiSfip) Ziui = 0, (10a)
k,l
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E:ujjkzm )Z; = 0. (10b)

Cia X (p) yra renormalizuota fermiony dvieju tasku funkcija, Z ir Z yra
Lehmann-Symanzik-Zimmermann (LSZ) [75| [76]] daugikliai susij¢ su isei-
nanciomis ir jeinanéiomis dalelémis, vir§utinysis indeksas (> 0) nurodo, jog
paimami tik aukStesni nei medzio lygmens nariai, o u; yra iSoriniai spinoriai,
kuriems galioja Dirako lygtis pu; = mP.

Tam tikras Siy savybiy iSpildymas apibrézia tam tikra renormalizacijos
schema, pavyzdziui, viena tokiy schemy yra renormalizacijos ant masés apvalko
schema [45]], kuri reikalauja, kad:

1. renormalizuota ir poliaus masés sutapty

R_ P _
m;, =m; =Mmyg,

2. LSZ daugikliai biity trivialiis

Z=2Z2=1.

Antroji salyga nurodo, kad LSZ daugikliy funkcija perkeliama i lauko renorma-
lizacijos konstantas. Taciau toks funkcijos perkélimas ne visada korektiskas,
kadangi LSZ daugikliai i§ principo gali biiti nepriklausomi, o lauko renorma-
lizacijos konstantos susijusios per pseudoermitiSkuma kaip galima pamatyti
lygtyje. Tad, jei savosios energijos (dvieju tasky funkcijos) netenkina pseu-
doermitiskumo salygos

~ ~ t

2 =1 (S) 1" ()
yra biitina turéti bent viena netrivialy LSZ daugiklj, kad buity galima uztikrinti fi-
zikines savybes. PseudoermitiSkumas pazeidziamas taip vadinamy absorptyviy
(kilpy funkciju menamuy) daliy, kurios gali atsirasti, jei teorijoje yra nestabiliy
daleliy.

Renormalizacija ant masés apvalko ties 1-kilpa

Atsizvelgiant | pseudoermitiSkuma ir ties 1-kilpa daugiausiai dirbant tik su
nediagonaliais nariais, parinkome tokias salygas:

1. renormalizuota ir poliaus masés sutampa

m;t=m; =m;, (12)



2. ieinanéiy daleliy LSZ daugiklis trivialus

Z=1. (13)

Sios salygos i§saugo tick Lagranziano ermitiikuma, tiek ir fizikines savybes.
Tiesa, $ios salygos pilnai taikytinos tik nediagonaliems nariams, taciau biitent
Sie nariai ir yra svarbis apibréziant maiSymosi matricy atsvaros narius.

Fizikinéms savybéms ties 1-kilpa pritaike parinktas renormalizacijos salygas
gauname toki sarysj tarp lauko ir masés atsvaros nariy

L(1)

(m? — m§)5ZIL4j(}1) mjom; mz5mR(1) f&), (14)

2 —
kur

1
f(E)=- 5(m?27p(1)( 2+ m, mJZ;YzR( )(m?)

(15)
—|—m-ZSL(1)( )+ zE]z R(1 )(m?)) +HC.

Jt

Cia virSutinysis indeksas (1) reiskia 1-kilpos inasa, H.C. reiskia ermitinj jung-
tinuma, pasinaudojome jprasta savyju energiju bei masiy dekompozicija

S(p) = 1P + S 0PpPr + S0 P+ SR (0% PR, (16)

bei masés atsvaros narj i§skaidéme i kairing (L) ir deSining (1) dalis (analogiskai
pasielgéme ir su lauko renormalizacija)

om = émE Py + omB Py (17)

Svarbu, jog turime ,,du” nezinomuosius — lauko ir masés atsvaros narius —
bet tik ,,viena” lygti, todél i§ pirmo Zvilgsnio galime rasti atsvaros narius tik
vienas kito atzvilgiu. Cia gelbsti pastebéjimas, jog lauko atsvaros nari daugina
i§skirtinis daugiklis m? — m , kuris turéty susiformuoti ir deSingje (14) lygties
puséje. ISnaudodami §i pastebejlma, i$sigimima tarp masés ir lauko atsvaros
nariy panaikiname apibréZzdami antiermitinius lauko renormalizacijos atsvaros
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narius kaip m? — m?

] maseés struktiiros koeﬁcientuﬂ

6z Y %[— (23 @ m) + mm x5O (m?

3% )
+m B W m2) +m 5 2))+HC] it
my—mj
(5ZR](11) = %{— (m?E]iR(l)(m?) + mimJEJWZL(l)(mZ)
+ st )+ mzs V) + 1O -
m2—m?

(18)

Pasalinus i$sigimima, masés atsvaros narius galime gauti paprasciausiai iSspren-

de (T4) lygti

smE M 1 (mﬁﬁm )( N+ ESL(U( 2)

e 2
_,_m]EvL( )t (m 2) +25“ 1)t (m?))
+mid Zpyst) = mjo 25", (19)
5mﬁ(1> :% (mizyu )(m )+ESR(1)( 2)
_|_m]EWR(1) ( §) +Ej’i Wt (m?))

Sie atsvaros nariy apibrézimai (renormalizacijos schema) yra vienas pagrin-
diniy disertacijos rezultaty, todél verta iSvardinti svarbiausius bruozus:

* atsvaros nariai yra iSreiksti per savasias energijas ir apribojimus masés
struktiiroms bei nepriklauso nuo modelio ar proceso, o tai tenkina ketvir-
taji maiSymosi renormalizacijos reikalavima.

* pagal apibrézima masés atsvaros narys nepriklauso nuo kalibruotés
85(57)1]‘1' =0. (20)

* nepriklausomybés nuo kalibruotés uztikrinimui yra bitina dirbti FJ sche-
moje [[46l 47|, todél i savasias energijas yra itraukiamos buozgalviy
diagramos

Cia [(m7 —m3)" A+ B}‘ = (m7 —m3)" ' A, teigiam laipsniui n ir funkcijoms

2
Air B.

(m?—m3)
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* pagal apibrézima antiermitiné lauko atsvaros nario dalis yra UV baigtiné
ir visos lygties UV begalybés yra jtraukiamos i masés atsvaros narj.
IS to seka, jog nebéra jokiy UV begalybiy, kurios turéty biti iSprastinos
maiSymosi matricy atsvaros nariy, tad iSreikStai tenkinamas ir pirmasis
maiSymosi renormalizacijos reikalavimas.

« schema remiasi m? — m? masiy struktira, kuri niekaip nepriklauso nuo
absorptyviy daliy, tad skaitytojas gali laisvai pasirinkti, ar tokias dalis
nori itraukti nagrinéjant Dirako fermionus. Kita vertus, nagrinéjant Ma-
jorana fermionus tokias dalis privaloma atmesti, dél Majorana salygos

apribojimuy.

schemoje apibréZtuose atsvaros nariuose néra singuliaraus 1/(m? — m?)
daugiklio, o tai uztikrina skaitmenini stabiluma.

Renormalizacija ant masés apvalko visoms perturbacijy teorijos eiléms

Miisy renormalizacijos schema taip pat galima iSplésti ir uz vienos kilpos ri-
bu, nors tai reikalauja keletos kompromisy. Kad galétume nuosekliai jtraukti
ir diagonalius komponentus atmetame visas absorptyvias dalis — atstatome
pseudoermitiskuma, todél galime pilnai naudoti [[45]] renormalizacijos salygas
ant masés apvalko. Neradome budo, kaip uz vienos kilpos riby parodyti ar
antiermitiné lauko renormalizacijos dalis yra UV baigtiné, todél Sio atsakymo
neturime.

IS kitos pusés, tai néra esminiai klausimai, kadangi naudodami Nielsen ta-

patybes [[79} 99] parodéme m? — m? masiy struktiiros svarba kiekvienai pertur-

bacijy teorijos eilei. Kitaip tariant, ir n-toje eiléje galime apibrézti antiermiting
2

lauko renormalizacijos dalj panaudodami m; — m]2 daugikli

1 ~ = (n)
=5 <(p+ m;) [Z + Z(>0)5Z] o+ H.C.> u; Q1)

Je

2 2
my —mj

Cia s yra nepridengtos savosios energijos suskai¢iuotos naudojant nepridengtus
parametrus, t.y. savosios energijos bent jau diagramatiskai neturincios jokiu
atsvaros nariy. Galima patikrinti, jog gaunamas 1-kilpos apibrézimas, kain = 1.
Taip pat turime ir apibrézima ermitinei daliai, kuris nesiskiria nuo apibrézimo
iprastoje schemoje ant masés apvalko

- T @2)
++%5214° (2(>0) + 252)} u; .

i
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Naudojantis Nielsen tapatybe nepridengtoms savosioms energijoms
95,2 = AL + XA, (23)

galima gauti itin paprasta priklausomybés nuo nepridengto kalibruotés paramet-
ro (&p) iSraiska lauko renormalizacijos atsvaros nariams
Oe,0 Zjiu; = — {KZ} s (24)
Jt
Turédami lauko renormalizacijos konstantas taip pat apibrézéme masés
atsvaros narj

om

m, _ 5 557"

(M, = [2+252} g, (25)
Ji

kur

2 (n)

s =% " —sm™. (26)

Vél pasinaudojus Nielsen tapatybémis ir Zinoma lauko renormalizacijos priklau-
somybe nuo kalibruotés, galima isitikinti, jog masés atsvaros narys nepriklauso
nuo kalibruotés, todél atitinka fizikinio dydzio atsvaros nari.

Turédami Siuos lauko bei masés atsvaros nariy apibrézimus, teigiame, jog
maiSymosi matricos atsvaros narys trivialus kiekvienoje perturbacijy teorijos
eil¢je, kadangi kiekvienoje eiléje galioja ta pati 1-kilpos logika. Ties viena kilpa
tiek bendrai, tiek ir iSreikstai (mtisy schemoje) gavome, jog maiSymosi matricos
atsvaros narys yra lygus 0. Papildomai, schemos apibendrinimas islaiko ir
kitas svarbias savybes, kurias sutikome ir vienos kilpos atveju, pavyzdziui,
schema islieka universali — nepriklausoma nei nuo modelio, nei nuo proceso,
singuliarus 1/(m? — m?) daugiklis nepasirodo atsvaros nariuose ir t.t.

Grimus-Neufeld modelio renormalizacija

Turédami schemos apibrézima galime pereiti prie jos taikymo Grimus-Neufeld
modeliui ties 1-kilpa. W. Grimus’as ir H. Neufeld’as daugiau nei prie§ 30 mety
pasitilé klas¢ modeliy, kurie iSple¢ia Standartini Modeli papildomais Higgs’o
dubletais bei Majorana singletais. Mes Grimus-Neufeld modeliu vadiname
minimaly atveji, kai yra tik vienas papildomas dubletas ir vienas Majorana
singletas, kitaip tariant turime dvieju Higgs’o dublety modeli (angl. two Higgs
doublet model, THDM) [113]] su papildomu Majorana singletu. Ivairios $io
modelio dalys apraSytos [|50, 114, (121}, |A4].

Skaliarinis GNM potencialas yra C'P simetrijg i§saugantis bendras THDM
potencialas, todél konstantos 12, A5, Ag, A7 yra realios [[122][123]]

—Vrup™m = 1 (Hle) + po (HQTHQ) + 12 [(HIHQ) + H.C.]

144



+x (mE) (BLE) + 2 (HEH) (H)H, )
Xy (H{H,) (H3H,) + X (H]H) (HIH, )
+ s (B (B{Hy) + X (H]H) (H]H,)
e (HiHy) (H{H,) + HC.] . 27)

Cia H; o yra Higgs’o dubletai, o skliausteliai zymi SU (2) indeksy sumavima.

Abu dubletai yra ekvivalentis, todél galime laisvai pasirinkti patogia baze,
kurioje nebtity maiSymosi kampy tarp Siy dublety. Tokia bazé vadinama Higgs’o
baze, joje tikétina vakuumo verté (angl. vacuum expectation value, VEV) v yra
tik viename 1§ dublety

Gt HT
H, = . d Hy = . . (28
g ermeien) M B4 i) @

Cia pirmasis Higgs’o dubletas yra identiskas SM dubletui, G0 yra kriivj turintis
bei neutralusis Goldstone’o bozonai, H* fizikinis kriivi turintis Higgs’0 bozonas
sumase m., h o yra skaliariniai laisvés laipsniai, o o pseudoskaliarinis su mase
ma. hi o gali biiti pasukti | mases tikriniy verciy bazg, taip gautume fizikinius
skaliarus h ir H su atitinkamomis masémis my, ir my. Miisy nagrinéjamu atveju
pseudoskaliariniai ir skaliariniai laisvés laipsniai nesimai$o, taciau bendru atveju
taip gali buti.

Kitas svarbus ingredientas tai Higgs’o dublety ir fermiony Yukawa saveikos

Lagranzianas
3
~Luop = Y (Yy);dri-(HIQ:) + Z )jitir-(HY Qy)
ji*l 7i=1
b3 0 () + Y00 NG
7ai=1 =1

(29)
+ Z (Ga) j’LdR] H Ql + Z ]zuRJ (HQT i)

Ji=1 Ji=1
3 3 L
+ Y (G))jiEr;-(HYLi) + Y (G,)N.(HY L) + H.C.
jyi=1 i=1

Cia L; ir Q; yra kairiniai leptony ir kvarky SU(2) dubletai, eg, up ir dp yra
desininiai kriivi turin€iy leptony, kylan¢iy (angl. up) bei krintanc¢iy (angl. down)
tipo kvarky singletai, N Majorana singletas, Y ir G yra Yukawa saveikos ati-
tinkamai su pirmuoju ir antruoju Higgs’o dubletu, taskais pazymétas fermiony
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indeksy sumavimas, ¢ ir j yra $eimos indeksai, (fILg)a = 22:1 €ag(H1,2)8,
kur €, yra antisimetrinis tenzorius. Laikome, jog kriivi turin¢iy leptony bei
kvarky masiy matricos jau diagonalizuotos, todél ir atitinkamos Yukawa savei-
kos konstantos Y su pirmuoju Higgs’o dubletu yra diagonalios.

Neutriny masés matrica kyla i§ Yukawa saveikos su pirmuoju Higgs’o
dubletu bei i§ Majorana masés nario, kuris néra draudziamas

3
mass —72 l'V}/i_}_( )VLZ C- N)
1 (30)
1MRJ\/T

C'.P,.N+H.C.

[\

Cia v}, yra neutrinai i§ L; dubleto, My Majorana masés parametras, kuri
paprastumo délei laikome realiu. I§ L, nuskaitome pilna neutriny masés

matrica
v
e () (1)
% Yl/ MR

kuri yra simetriska, nors ir nediagonali. Sia matrica diagonalizuojame unitarinés

transformacijos pagalba

U

U= , 32
(o) o

kur Uy, ir Up, atitinkamai yra 3 x 4 ir 1 x 4 matricos. Pasinaudojg unitarumu
galime paraSyti

U Ul = 1353, URUL =1, UlU, + ULU} = 1yxa, G33)
URU} = 01x3.
Diagonalizavus M turime
UTM"U = m” = diag(0,0,ms3,my) . (34)

Svarbiausia, jog tik dvi tikrinés vertés néra lygios nuliui medzio lygmenyje.
Papildomai, kuo didesnis parametras Mp, tuo didesné masé my ir tuo mazesné
mg — turime sverto mechanizma.

Pereinant prie modelio vienoje kilpoje, verta pastebéti, jog bemasiai neutri-
nai sukelia ick tiek keblumy, kadangi dél ju nebejmanoma suformuoti m? — m?
masiy struktiiros. Kalbant apie renormalizuota neutriny savaja energija galime

iSskirti tris atvejus:

1. 4,5 > 3; abu indeksai atitinka masyvius neutrinus,
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2. 4 < 2,7 > 3 arba prieSingai; vienas i§ neutriny masyvus, o kitas bemasis,
3. 1,7 < 2; abu indeksai atitinka bemasius neutrinus.

Visus §iuos atvejus galime schematiskai atvaizduoti 2 x 2 blokais

— mj; =0, om ‘ m; # 0, 6Z4, 6m
gi ™

(35)
m; # 0, §Z4, om ‘ mj; # 0, §Z4, 6m

Cia 0m ir § Z4 trumpai paZzymi, ar atitinkamame bloke egzistuoja masés ir lauko
atsvaros nariai, taip pat paZymeéjome, kurios masés lygios ar nelygios 0.

Apatiniame deSiniajame bloke turime atveji, kai abu indeksai atitinka masy-
vius neutrinus — tai paprasc¢iausias atvejis ir jame iSkart galime taikyti miisy
renormalizacijos schemos apibrézimus.

Blokai virs$ ir kairiau masyvaus atvejo atitinka tarpinj varianta, kai vienas i$
indeksy atitinka masyvy neutrina, o kitas — bemasj. Cia tiesiogiai nebegalime
taikyti schemos apibrézimy, kadangi viena i§ masiy lygi nuliui, taciau Sia klitity
galima apeiti apibrézimus panaudojus masyviu atveju ir po to paémus vienos i$
masiy riba i nuli. Toks metodas i§saugo visas schemos savybes.

Galiausiai, virSutiniame kairiajame bloke turime atveji, kai abu indeksai
atitinka bemasius neutrinus. I$ vienos pusés, ¢ia taip pat neegzistuoja reikalingos
masiy struktiiros, tad turétume skaic¢iavimus atlikti masyviam atvejui ir po to
paimti riba. IS kitos pusés, Sias ribas patogiai galime imti iSkart apibrézimuose,
pavyzdziui, masés atsvaros nariai bemasiu atveju yra

1 S S S
6m]Li =5 (EjiL(O) + Ejlm(())) = ZﬂL(O) (36)
ir
1 S S S
(5m§;§ =5 (Ejf%(()) + EﬂLT(O)> = Zle(O) ) 37)

Svarbiausia, jog Sie atsvaros nariai UV baigtiniai, kadangi visos divergencijos
proporcingos maséms, ir nepriklauso nuo kalibruotés. Papildomai, Siame bloke
galima diagonalizuoti dm pasinaudojus matrica Uy, kuri medzio lygmenyje
néra pilnai fiksuota. Apjungiant visas Sias savybes, 6m™ ¥ galima laikyti
radiacinémis masémis kaip buvo pastebéta 48] [124]).

Paminékime keleta iSreik$ty renormalizacijos schemos taikymo rezultaty.
Schemoje iSskirtiniausias yra antiermitinés lauko renormalizacijos apibrézimas,
tad jo taikymas {domiausias. Paprasciausias atvejis — kvarky savosios energijos,
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tad lygtyje paéme kylanciuosius kvarkus ir atmetg saveikas su antruoju
Higgs’o dubletu gauname

Y 3 V. V;*
oz == 30 L = Ap(m)?) (m)? + (D = 2)miy + (m)?)
k=1

+ (0 =3y () + ) + (m? = nt?)’
— (D = 2l ) Bo(mt)?, (i), miy)

((mi)? = (m3)?) (mf)? = (mi)? + miy )

x Bo((my)?, (mf)”, Ewmiy)

+

+ (mf)2Ao (my) + HCJ| (38)
Sk [ = (mi)? + Sy ]
B(( ) (m@)?, éwmiy)
S [onty? — 2 i
XBo(( 42, ()%, Ewmiy) (39)

Cia V yra CKM matrica, Ay ir By yra Passarino-Veltman kilpy funkcijos [[111]
apibréztos kaip ir miisy naudotuose programiniuose paketuose (FeynRules [115],
FeynArts [116], FeynCalc [[1175119] ir PackageX [120]), tatiau papildomai
1 funkeijas jtraukéme 55 lD 5 daugiklj, kur D = 4 — e yra erdvélaikio dimensija.
Paskuting lygybe gavome palike narius, kurie proporcingi m? — m — 18 tikry-
ju pavyko nesunkiai pritaikyti apibrézima. Taip pat galima nesunklal isitikinti,
jog antiermitiné lauko renormalizacijos dalis tikrai yra UV baigtiné kaip ir buvo
galima tikétis 1§ bendry argumenty. Papildomai, ¢ia nejtraukéme saveiky su
antruoju Higgs’o dubletu, taciau paskutinés lygybés jie nekeicia ir rezultatas
galioja pilname GNM. Dar vienas {domus schemos aspektas, jog skai¢iuojant
desining antiermiting lauko renormalizacijos dali kvarkams trivialiai

0Zpit =0, (40)

o tai atspindi chiraling SU (2) kalibruotinés simetrijos prigimti.
Kitas nesudétingas rezultatas, tai neutriny masés atsvaros nariai, kai abu
indeksai atitinka bemasius neutrinus, tad gauname
(UL G, UR)jam

ol =" 0 8 0, (m)?) + 2 Bo(0, iy (m)?)
a=1
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— Bo(0,m3%, (mi)?)| (UL GEUL ) (41)

UlGxU,) . .mY
sl — 30 ”;)” [2.B0(0, m3, (mi)?) + ¢4 Bo(0, m. (m})?)

a=1

— Bo(0,m, (m)*)| (VR GLU ) as- “2)

Kaip minéjome, matrica Uy, néra pilnai apibrézta ties medzio lygmeniu, todél
galime apibrézti nauja Yukawa saveikos konstanta

vl =a, = |72, (43)

kuri diagonalizuoja 6mﬂ, kai i, 7 < 2. Imant tik realia dalij $i diagonalizuota

bloka galime laikyti radiacinémis masémis, tad turime

mY = Re[dm1;"] = Re[dm "] =0, (44)
mj = Re[dm33'] = Re[my3"] = Re [(92)2C| , (45)

kur
~ = URURmY
0 = Pl [2 g0, (m)?) + A Bol0, m¥, ()
a=1
= Bo(0,m%, (mg)*) | - (46)
Analogiskus rezultatus galima rasti [48,, [50]].

Kiek sudétingesni schemos taikymo pavyzdziai yra masyvaus atvejo antier-
mitiné lauko renormalizacijos dalis

13 3R2UU)(UU) hy2
- 15 L)ai L)aj (ms)
0Z Lﬂ - {ZZ 32m202m log ((mZ)Q)
a=1 s=1 J
4 Tyt
a(U UL)az(U UL)
+
azl 1287202 (m¥)3
14 14 14 2 14
< (2m)>(m8)? — ((mb)? — m3e7)” + (mi)")
(ULUL)ai (UFU)a
1287202 (mk)?

mY 2
(s o~ i) o ()

msz
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3

+ Z ULkz ULk_y
32m2v2(m

< ((mby? + <m5>2<m;»>2 e ) tog (L)

mw&W
v\2 Trrx\..
+ (mz) (UL UL)U (2 10g§W +10g‘£Z)

64m2v2
- ULUL m UgUL)a] 2 2 2
Zl S s () — () + miygs)
Z(UEUL)M(UEUL)“] v\2 v\2 2

X A((m;/) 27 mzva §Z)

> ULkiUzkj (( l

x A((m¥)2, mb, mw/Ew) — } (47)

Cia A(m?,b, c) yra Disc funkcija pagal PackageX ir FeynCalc apibrézimus,
Re operatorius atmetantis absorptyvias kilpy funkcijy dalis reikalingas [[104]]
Majorana daleléms. Vienas idomesniy bruozy — UV baigtiniai ir nuo kalibruo-
tés nepriklausomi nariai, kurie turéjo m? — m? masiy struktiirg ir todél turéjo
bti jtraukti { lauko renormalizacija. Kitas pastebéjimas — nepavyko iSreiksti
lauko renormalizacijos tik per Passarino-Veltman funkcijas ir jos turéjo biiti
analitiSkai suskaiciuotos, kad galétume pritaikyti schemos apibrézimus, taip
galéjo nutikti dél nejprastos neutriny masés prigimties. Lyginant su kvarku
atveju, lauko renormalizacijos iSraiska daug sudétingesné, taciau tai tik parodo,
kad schema galima taikyti ir sudétingais atvejais.

IS masyvaus atvejo taip pat pavyko pereiti i atveji, kuomet vienas i§ indeksy

atitinka bemasj neutrina, konkretumo délei m; = 0, todél turime

i 1\2 3 *
Av oo (ULmM)UL)ji UpkiULkj
6ZLJZ N Re{ 327292 Z: 647202
( 1)4_ 452_( 1{)4 4 ¢2 1\2
o |V T Mwew T ) 2 ((m)* + my &) 10g< (my,) )
(m})? (m},)? — mi&w miyEw
& ULkiUzkj v\2 142 *
+};327T2v2 [(mj> — (mg) —mwfw]/\ mY)?, m, /€ mw}

(48)

Svarbu, jog tokia riba, kai viena i§ daleliy neturi masés, iSties egzistuoja.
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Taip pat skai¢iavome ir mases atsvaros narius, ta¢iau Grimus-Neufeld mo-
delyje pilnas rezultatas per didelis, kad buty prasminga ji pristatyti, todél kaip
pavyzdi pateikiame tik UV diverguojancias dalis ir atmet¢ Yukawa saveikas su
antruoju Higgs’o dubletu

smy (UL m'2u,) - my (Ul )2l

smlviSM — _ 7 ji
{ m]z ]le. 3272U2€UV + 327T21}26UV
T v
(UzUL)ji v N2 (ULUL)jim; 4 4
L LI ()2 6mby + 3m
16m2v2€e .y, i (mi) 167T2U2(mh)26UV( W z)
(UEUL)jim]V' 477t dy4 4 1\4
47T2U2(mh)2€UVTr.{(ml’) ULUL +3(m?)" +3(m")" + (my)"}
+ (i ¢ ) . (49)

Tiek UV dalys, tiek ir ¢ia nepateiktos baigtinés dalys nepriklauso nuo kalibruotés
bei néra singuliarios i§sigimusiy masiy riboje, kaip ir turéty biiti miisy schemoje.
Papildomai, §i rezultata galima nesunkiai palyginti ir su (31) lygtimi i§ [31]], kur
vieninteliai skirtumai atsiranda dél to, jog itraukéme visas buozgalviy diagramas.

Radiacinés pataisos elektrosilpnajame sektoriuje

Didzioji disertacijos dalis nagrinéja dviejy tasky funkcijy renormalizacija be-
simaiSanciy daleliy kontekste, taciau taip pat aptaréme ir kiek kita renorma-
lizacijos aspekta — netiesioginius parametrus elektrosilpnajame sektoriuje.
Netiesioginiai parametrai yra daznai sutinkama aproksimacija, ta¢iau ja galima
taikyti ne visada, kadangi lyginami modeliai turi turéti ta pacia SU(2) x U(1)
kalibruoting simetrija bei apsauging SU (2) simetrija, kuri uztikrina medzio lyg-
mens sary$i my;; = cos 0y, m ;. Jei toks sarySis negalioja, tuomet 7" parametras
tampa UV diverguojanciu [60, [62-65, (67170, 142] ir nebegali biiti panaudotas
elektrosilpnojo sektoriaus stebiniy parametrizavimui. Kita vertus, modeliai,
kuriuose 1" parametras diverguoja, Siomis dienomis tapo svarbus tiek dél CDF
kolaboracijos nauju W masés matavimy [61]], tiek dél potencialios galimybés
paaiskinti 95 GeV pertekliu [[133H137]] iSmatuota CMS kolaboracijos [[138-
141].

Kiek patogiau medzio lygmens sary$j tarp W ir Z bozono masiy isreiksti
per Veltman’o p parametra [|126 [127]

(50)

F= ﬁ@%v {: 1 su apsaugine simetrija,

22552 S ..
c“my | nefiksuotas be apsauginés simetrijos,
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kur kepuré¢lés nurodo nepridengtus parametrus ir ¢ = cos §W. Jeip =1
kaip SM arba GNM, tuomet modelyje yra apribota laisvé ir todél uztenka
3 ivesties parametry (renormalizacijos salygy). Dazniausiai tokiais jvesties
parametrais parenkami smulkiosios struktiros konstanta a,, Fermi konstanta
G P (charged) 1Smatuota miuono skilime ir Z bozono masé m . Kita vertus, jei p
néra fiksuotas, tuomet atsiradusia laisve reikia kompensuoti ivedant papildoma
vesties parametra. Biitent tai ir padaréme renormalizuodami W bozono masg.

Iveskime keleta savoky. Kadangi netiesioginiai parametrai palygina du
modelius, naudinga vadinti

* SM ir naujos fizikos modeliu (angl. new physics model, NPM), tokius
modelius, kuriuose p = 1; NPM yra SM su papildomais medziagos
sektoriais.

* pamatiniu modeliu (angl. base model, BM) ir vir§pamatiniu modeliu (angl.
beyond base model, BBM), tokius modelius, kuriuose p néra fiksuotas;
BBM yra BM su papildomais medziagos sektoriais.

Tuomet galime suformuoti tokius galimy palyginimy variantus
1. SM prie$ NPM, t.y. abu modeliai su p = 1.
2. BM pries BBM, t.y. abiejuose modeliuose p néra fiksuotas.
3. SM prie§ BBM, t.y. viename modelyje p = 1, o kitame p néra fiksuotas.

Pirmasis variantas jau placiai aptartas literattiroje, biitent Siam atvejui ir buvo
apibréZzti netiesioginiai parametrai. Miisy Ziniomis, nei antrajam, nei trecia-
jam atvejui néra tikro netiesioginiy parametry formalizmo. Treciasis atvejis
yra neabejotinai pats jdomiausias fenomenologiniu atzvilgiu, todél literatiiroje
galima sutikti bandymy taikyti jvairiai modifikuotus netiesioginius parametrus,
pavyzdziui, i T parametra itraukiant medzio lygmens inasa, o kilpos skaicia-
vimus atliekant p = 1 riboje [[64, 67, 144, 145]. Kitas imanomas variantas
yra paciy netiesioginiy parametry renormalizavimas kaip buvo atlikta [[146|
147]]. Tokios modifikacijos iSties apeina I" parametro divergencijas, taciau tai
néra tikri netiesioginiy parametry formalizmai, nes netiesioginiai parametrai
neturi priklausyti nuo renormalizacijos schemos. Sioje disertacijoje pristatéme
netiesioginiy parametry formalizma antrajam atvejui, taciau toks formalizmas
treciuoju atveju lieka atviru klausimu.

Netiesioginiai parametrai apibrézti [[54, |55, tac¢iau miisu tikslams pato-
giau naudoti neatimtus parametrus, todél kiekvienas parametras priklauso nuo
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modelio M

4s%c% [~ s2 — ¢2
M= [HI\ZAZ (m%) + e 1% (0) — I (0)] : (51a)
1 My (0) T, (0)  2s 1Y, (0) 51b)
(6% m2 m2 c m2 ’
w Z Z
4s% 1~ ~
oM = 2 [y () — 2T, (m3) — 25e 124 0) — T (0)]
(51c)
1 _
VM=~ [H% (m%) — 11, (m%)] : (51d)
1 .
wM = > [HWW (miy) — Mgy (m%v)} ; (51¢)
SC ~
XM= = [H’z"ﬁx (0) — 1%, (m%)} : (511)
Cia

s, (%) = (52)

kalibruotiniy bozony (V, V! = W, Z, A) savosios energijos, kurioms pritaikéme
tokia dekompozicija

I, (p) = g Myys (p*) + p*p” nariai. (53)
Taip pat apibrézéme

Iyys (p?) — Iy (0)

My (p?) = p ; (54)
dlly v (p?)
/ 2\ _
(p?) = ——=. (55)
Vv ( ) dp2
Galiausiai apibréziame ir naudingg keletos netiesioginiy parametry tiesing kom-
binacija
SM g2 2
KM="_4+~2 __ M
2¢2 * 452c2 (56)
1[s*=¢ M 2 M 2 5” M
=2 | = My (miy) + 11, (myz) — 2 Maa (0)f . (57

Svarbu pastebéti, jog modelio parametrai néra savaime tinkami stebiniy
parametrizavimui, kadangi jie gali biiti tieck UV begaliniai, tiek ir priklausomi
nuo kalibruotés [[160]]. Tik atémus modelio netiesioginius parametrus tarp
atitinkamy modeliy gauname parametrus tinkamus stebiniy parametrizavimui

0 =0 -o", (58)
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kur O yra koks nors netiesioginis parametras ir M1, M2=SM, NPM arba M1,
M2=BM, BBM.

Priklausomai nuo nagriné¢jamo atvejo turime tokius jvesties parametrus
(renormalizacijos salygas)

a=a[1+10, (0)] , (59a)
~ L (0) 2 1, (0)
M WW ZA M
GF(charged) = GF(charged) |:1 - W + ; TQZ + 6Gc ,  (59b)
mY, (m%) 2c1M4, (0
m% = () |14+ —2Z (;nZ) _ ZAQ( )| (59¢)
mZ S mZ
lisvas iy | (@) |1+ Wiw (miy) 2 7, 0) |
=1 7 (77@1‘\/’1[/)2 mé, sc m%

(594d)
Cia 5246 yra i$oriniy kojy, vir$iiniy ir déziy pataisos, virSutiniai indeksai M nu-
rodo ar dydis priklauso nuo modelio, (59d) lygtyje my yra ivesties parametras,
kai p = 1, 0 m}}- yra modelio prognoz¢, kai p néra fiksuotas. Kitaip tariant,
vienu atveju negalime naudoti myy = ¢myz, o kitu — galime. Taip pat svarbu
pastebéti, jog Sios renormalizacijos salygos uzrasytos jau jvedus silpnosios

saveikos postimi [[125]]
1 1%, (0
M - g™ (1—“2()), (60)
sc my

kuris uztikrina, kad ties 1-kilpa fotonas neturéty masés.
Nors G p(charged) Yra vienas i§ jvesties parametry, kiek patogiau naudoti
Weinberg’o kampo sinusa (ar kosinusa), kuriam turime

~M
yiyes
EM)? = VEvE (61)
\fGF (charged) ( )2
kai p néra fiksuotas, ir
~M
(M) = = (62)

\/iG}M(charged) (/C\T/T\l%[ ) 2’

kai p = 1. Atitinkamai, kiekvienam atvejui turime tokias renormalizacijos
salygas:

8 = (M) [1 4 T4 (0) = Tlww (i) — 0] (63)
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ir
2 M2 52 =M M/ =M 2 M
= (M) |14+ 55 (™ + 10 (0) — I, (m3) — %) | - (64)

Cia naudojame briiksnius, kad biity galima atskirti sinusy apibréZimus: s atitinka
atveji, kai p yra laisvas, o 3, kai p = 1. Analogiskai bruk$nius naudojame ir
kitiems dydziams.
Trumpai panagrinékime Veltman’o parametra visais trimis modeliy palygi-
nimo atvejais. Pirmuoju atveju (SM prie§ NPM) turime
M2
M= (ZJ;ZQ , (65)
Z
todé¢l Veltman’o parametras tampa modelio prognoze dél W bozono masés.
Palyginus modelius turésime
)
PN =5 (14 S (aT — aK))| . (66)
Cia turime atimtus netiesioginius parametrus, kurie yra UV baigtiniai ir nepri-
klausomi nuo kalibruotés, taip pat atmetéme visas tiesiogines pataisas.
Kita vertus, antruoju atveju turime, jog Veltman’o parametras nebéra mode-

lio prognozé ir yra pilnai apibréztas jvesties parametry

BM _ BBM _ miy
prr=p =p=§m%- (67)
Siuo atveju taip pat néra jokiy UV divergencijy ar priklausomybés nuo ka-
libruotés. Taip pat Cia galima pastebéti, jog norint pereiti i§ pirmojo atvejo
parametrizavimo i antrojo, uztenka atlikti tokius pakeitimus

™ — KM (arba T — K) ir 5,6 — s,c. (68)

Disertacijos tekste tai parodéme detaliau, taciau tokia paprasta taisyklé tarp
parametrizacijy iSties galioja, todél turint stebiniy parametrizavimus pirmu
atveju nesudétinga pereit | antraji atveji.

Paskutiniuoju atveju (SM pries BBM) gauname

2 =2
P My c SM SM S SM
o g || Eo e 0T ek e (69)

taciau tokiu atveju nesusiformuoja atimti netiesioginiai parametrai, o modelio
parametrai yra tieck UV begaliniai, tiek ir priklausomi nuo kalibruotés. Tiesa,
Sie nefizikiniai {nasai yra iSprastinami tiesioginiy pataisy, taciau tokios pataisos
néra universalios, sunkiau suskai¢iuojamos bei iSeina uz netiesioginiy parametry
riby. Trumpai tariant, tre¢iuoju atveju netiesioginiy parametry formalizmas
neegzistuoja ir reikalinga atlikti pilnus skaiciavimus.
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I$vados

Sioje disertacijoje aptaréme jvairius renormalizacijos aspektus, kuriuos galime
suskirstyti { tris pagrindines temas:

1. maiSymosi matricy renormalizacija,

2. fermionams skirtos renormalizacijos schemos sukonstravimas ir pritaiky-
mas Grimus-Neufeld modelyje,

3. elektrosilpnojo sektoriaus renormalizacija per netiesioginius parametrus,
kai my;, # cos 0y, m, medZio lygmenyje.

Pirmosios temos aptarimas paremtas [A1]], kur nagrinéjome maiSymosi
matricy renormalizacija apibendrintoje skaliary sistemoje. Sioje disertacijoje
pasirinkome pristatyti fermioninj atveji ir taip pabrézti argumenty universaluma.
Biitent bendrumas ir universalumas uztikrino ir paprastuma, kadangi pakako
nagrinéti 2 tasky funkcijuy renormalizacija padarius prielaida, kad dalelés tar-
pusavyje maisosi. Kita vertus, maiSymosi matricy renormalizacija dazniausiai
aptaringjama kalbant apie 3 tasky funkcijas.

Pagrindinis Sios dalies klausimas buvo suprasti, ar apskritai reikia renormali-
zuoti maiSymosi matricas ir, jei reikia, kaip tai padaryti. Prie klausimo pri¢jome
nagrinédami dvi apibendrintas bazes (viena kuriy uzragéme dviem biidais — su
ir be sukimy matricos) susietas sukimu, kuris tam tikru pradinés ir galinés bazés
pasirinkimu gali biiti sutapatintas su jprasta maiSymosi matrica. Toliau, kiekvie-
noje bazéje ivedéme lauky, masiuy ir sukimy atsvaros narius, taciau neparinkome
konkrecios renormalizacijos schemos, nes svarbus buvo tik pats atsvaros nariy
rinkinys. Kadangi nepridengtame Lagranziane bazés yra susijusios sukimais,
taip pat atlikome jvairius sukimus ir renormalizuotame Lagranziane. Taciau tai
greitai privedé prie priestary, pavyzdziui, atliekant pasukima su renormalizuota
sukimy matrica atgal i prading baz¢, sukimy matricos atsvaros narys liko be
atitinkamo renormalizuoto parametro. Taip sukimy matricos atsvaros narys
tapo klititimi atstatant nepridengta Lagranziang i§ renormalizuotojo. Dar vienas
nesuderinamumas, kylantis i§ sukimo matricos atsvaros nario buvimo, yra bazés
transformacijy taisyklés pakitimas antiermitinei lauko renormalizacijos daliai.

Nepaisant Siy konceptualiy trikumy, taip pat pasteb&jome ir praktinius.
Pavyzdziui, kadangi néra jokios nattiralios maiSymosi matricy renormalizacijos
salygos, jvairiis ad-hoc metodai dazniausiai duoda nuo kalibruotés priklausan-
¢ius atsvaros narius, nors daleliy maiSymasis yra fizikinis procesas ir norima
turéti nuo kalibruotés nepriklausancius atsvaros narius. Taip pat, jei naudojami
iprasti diagonaltis masés atsvaros nariai, sukimy matricy atsvaros nariy buvimas
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veda prie singuliarios i$sigimusiy masiy ribos, o tai gali sukelti skaitmeniniy
problemuy.

Idomu, jog visi Sie trikumai susij¢ su sukimy matricos atsvaros nariy buvi-
mu. Kita vertus, jei toks atsvaros narys trivialiai lygus nuliui, tuomet nebelieka
nei vieno triikumo. Tokiu atveju taip pat trivialiai patenkinami visi maiSymosi
matricy renormalizacijos reikalavimai, kuriuos suraséme skyrelyje. Atsva-
ros nario trivialumas seka i$ jo sutartinumo: nepridengtas Lagranzianas gali biiti
apibréztas tiek su sukimy matrica, tiek ir be jos. Kitaip tariant, sukimy matricos
dirbtinai iSskiria kokia nors baze, todél sukimy matricos neturéty turéti atsvaros
nariy, nes jos yra nuo bazés priklausomi bei nefizikiniai objektai. Alternatyvy
paaiSkinima galime suformuluoti pastebéjg, jog nei renormalizacija, nei bazés
transformacijos savaime néra niekuo ypatingos, todél abi procediiros turéty
komutuoti. Vienintelis biidas i$laikyti §j komutavima — turéti trivialy sukimy
matricos atsvaros narj, kad nebiity iSskirta nei viena bazé. Apibendrinant galime
pasakyti, kad sukimy (maiSymosi) matricos neturéty turéti atsvaros nariy, kad
biity iSvengta tiek konceptualiy, tiek ir praktiniy bédy. Kita vertus, nefizikis-
kumas ir atsvaros nariy trivialumas nereiskia, kad maiSymosi matricos negali
biiti iSmatuotos. Yra prieSingai — maiSymosi matricos gaunamos i$ kokios
nors pradinés masiy matricos, todél pradinés masiy matricos iSmatavimas yra
ekvivalentus naujos masiy matricos i maiSymosi matricos iSmatavimui.

Parodg, jog triviallis maiSymosi matricy atsvaros nariai yra tinkami, galéjo-
me pereiti prie antrosios temos — renormalizacijos schemos ant masés apvalko
su trivialiais mai§ymosi matricos atsvaros nariais konstravimo bei taikymo [[A2-
Ad4]. Kiek prieSingai, iSreikStas tokios schemos igyvendinimas néra trivialus,
kadangi greitai susiduriama su i$sigimimu — nediagonaliis masiy matricos bei
antiermitinés lauko renormalizacijos dalies atsvaros nariai neturi nepriklauso-
muy sprendiniy. Miisy schemoje §is iS$sigimimas panaikinamas gan nejprastu
btidu apibréziant antiermiting lauko renormalizacijos dalj kaip mf — m? masiy
strukttros koeficients ir po to paprasCiausiai gaunant masés atsvaros narius
kaip sprendinius uzraSytus per savasias energijas bei lauko atsvaros narius. Pa-
tikrinome, jog toks apibrézimas iSties veda prie trivialiy maiSymosi matricos
atsvaros nariy, tenkina visus maiSymosi renormalizacijos reikalavimus ir tuo
pat metu yra nepriklausomas nei nuo modelio, nei nuo konkretaus fizikinio pro-
ceso. Papildomai, bent jau ties 1-kilpa pasiriipinome kaip tik imanoma didesniu
absorptyviy daliy itraukimu Dirako fermionams, nors Majorana daleléms tai
néra imanoma. Be to, placiai panaudoj¢ Nielsen’o tapatybes, parodéme, jog
miisy schema gali biiti sukonstruota visoms perturbacijy teorijos eiléms, nors ir
atmetus absorptyvias dalis.

Ties 1-kilpa savo schema pritaikéme Grimus-Neufeld modeliui, kuris suteiké
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pakankamai scenarijy schemos iSbandymui. Kiek konkre¢iau Grimus-Neufeld
modelis talpina kvarkus ir krtivi turincius leptonus, kurie, nepaisant sgveikos
su antruoju Higgs’o dubletu, panasts i Standartinio Modelio atitikmenis, bei
4 neutrinus, 1§ kuriy du ties medzio lygmeniu neturi masiy. Kvarkai panasis i
SM sutinkamus suteiké pakankamai paprasta atveji, tad savo schema gal¢jome
pritaikyti be jokiy sunkumy ir taip pat savo rezultatus palyginome su Denner’io
ir Sack’o bei Kniehl’o ir Sirlin’o schemomis. Kita vertus, neutriny sektorius
gerokai sudétingesnis, kadangi jame galima iSskirti tris atvejus priklausomai
nuo to, kuriems neutrinams buvo suskai¢iuotos savosios energijos. Turéjome
masyvyji atveji, jei abu neutrinai turéjo mases, dalinai masyvy atveji, jei tik
vienas i§ dviejuy neutriny turéjo mase, ir bemasi atveji, jei abu neutrinai buvo
bemasiai. Masyviuoju ir bemasiu atvejais galéjome savo schema taikyti be
didesniy sunkumu, kai tuo tarpu dalinai masyviuoju atveju nebegaléjome tiesio-
giai taikyti antiermitinés lauko renormalizacijos dalie apibréZzimo, kadangi §iuo
atveju neegzistuoja m? — mf masiy struktira. Laimei, $ig klifiti sugeb&jome
apeiti paprasciausiai paimdami bemas¢ masyviojo atvejo riba (m; — 0 arba
m; — 0), o tai nesukelé jokiy papildomy béduy ir nesugriové schemos savybiuy.
Taip isitikinome, jog miisy schema veikia nepaisant Grimus-Neufeld modelio
savitumo. Papildomai, pavyko pasiekti patenkinama 2 tasky funkcijy renorma-
lizacija fermiony sektoriuje ir viliamés, jog panasi procedira taip pat gali biiti
pritaikyta skaliariniuose sektoriuose.

Treciajai temai nagrinéjome netiesioginius parametrus elektrosilpnajame
sektoriuje, kai W ir Z bozony masés ties medzio lygmeniu néra susietos per
Weinberg’o kampa gerai zinomu sary$iu myy # cos 5W7?L 7. Si sary§j galime
suformuluoti ir per Veltman’o p parametra: jei myy = cos 5Wfﬁ 7 iSlaikomas,
tuomet p = 1, jei ne — sakome, kad p yra laisvas parametras. Antruoju atveju §i
papildoma laisvé implikuoja, jog prie smulkiosios struktiiros konstantos, Fermi
konstantos ir Z bozono masés EW sektoriuje reikia papildomo jvesties paramet-
ro (renormalizacijos salygos). Ketvirtuoju jvesties parametru pasirinkome W
bozono masg, kurio skaitiné verté gali biiti paimta i§ naujausio CDF matavimo.
Panaudojg 4 ivesties parametrus radome, jog vietoje 6 netiesioginiy parametry
STUVW X i8 p = 1 atvejo lieka tik penki SUV W X parametrai ir renormali-
zacijos procediira pasalina 7" parametra. Tai norimas rezultatas, kadangi biitent
T parametras UV diverguoja ir negali biiti panaudotas stebiniy parametriza-
vimui, kai p yra laisvas parametras. Miisy Ziniomis misy iSvestas SUVW X
formalizmas yra vienintelis tikras netiesioginiy parametry formalizmas tinkantis
atvejui, kai p néra fiksuotas.

Deja, bet SUVW X formalizmo apribojimai analogiski STUVW X for-
malizmo apribojimams ir mums nepavyko ju apeiti. STUV W X formalizme
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abu lyginami modeliai privalo turéti p = 1, o tuo tarpu SUVW X formalizmas
reikalauja, kad abiejuose modeliuose p buty laisvas parametras. Panasu, jog tik
netiesioginiy pataisy (parametry) nepakanka, jei norima palyginti modelius, vie-
nas kuriy turi p = 1 (pvz., SM arba GNM), o kitame p laisvas parametras (pvz.,
tripleto modelis, kuriame tripletas igauna netrivialia tikéting vakuumo vertg).
Atrodo, jog Siuo metu tokiam palyginimui reikalinga kiekviename modelyje
atlikti pilnus skai¢iavimus itraukiant ir nuo proceso priklausancias tiesiogines
kilpy pataisas.
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