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1. Introduction

Let P, N, Ny, Z, R, C, as usual, denote the sets of primes, positive integers, non-
negative integers, integers, real, and complex numbers, respectively, s = ¢ + it a complex
variable, n € N, Q a positive-defined n x n matrix, and Q[x] = xTQx for x € Z". In [1],
Epstein considered a problem to find a zeta-function as general as possible and having a
functional equation of the Riemann type. For ¢ > 7, he defined the function

((sQ) = ), (QD)™

xeZ"\{0}

Now, this function is called the Epstein zeta-function. It is analytically continuable to the
whole complex plane, except for a simple pole at the point s = 7 with residue

Nl

7T

r(4)y/detQ’

where I'(s) is the Euler gamma-function. Epstein also proved that the function {(s; Q)
satisfies the functional equation
n

7UT()4(5 Q) = VaetQm AT (2 — )¢ (5 ~ Q)
2 2
foralls € C.

It turned out that the Epstein zeta-function is an important object in number theory,
with a series of practical applications, for example, in crystallography [2] and mathematical
physics, more precisely, in quantum field theory and the Wheeler-DeWitt equation [3,4].

The value distribution of {(s; Q), like that of other zeta-functions, is complicated,
and has been studied by many authors including Hecke [5], Selberg [6], Iwaniec [7],
Bateman [8], Fomenko [9], and Parikowski and Nakamura [10]. In Refs. [11,12], the charac-
terisation of the asymptotic behaviour of {(s; Q) was given in terms of probabilistic limit
theorems. The latter approach for the Riemann zeta-function

[s)= Y =

ol o>1,
m=1
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was proposed by Bohr in [13], and realised in [14,15]. Denote by B(X) the Borel o-field
of the space X, and by measA the Lebesgue measure of a measurable set A C R. For
A € B(C), define

P (4) = %meas{t €10,T] : (o +i;Q) € A}.

Under the restrictions that Q[x] € Z for all x € Z" \ {0}, and n > 4 is even, it was
shown [11] that P%,, for ¢ > 51, converges weakly to an explicitly given probability

measure PLQ as T — oco. The discrete version of the latter theorem was given in [12].
The above restrictions on the matrix Q and [9] imply the decomposition

0(s;Q) = ¢(s;Eq) + (si Fo) )

with the zeta-function {(s; Eq) of a certain Eisenstein series, and the zeta-function {(s; Fp)
of a certain cusp form.
Let x be a Dirichlet character modulo g, and

ad m
L(s,x) = Z ans), c>1,
m=1

the corresponding Dirichlet L-function having analytic continuation to the whole complex
plane if x is a non-principal character, and except for a simple pole at the point s = 1 if x is
the principal character. Then, (1) and [5,7] lead to the representation

K L © b
(5Q = Y0 (s xL(s - 2+ 1) + 3 ) @

S
k=11=1 m=1 M

where x; and X; are Dirichlet characters, a;; € C, k,I € N, and the series with coeffi-
cients bg(m) converges absolutely in the half-plane ¢ > ”51. Thus, the investigation of

the function {(s; Q) reduces to that of Dirichlet L-functions which, for ¢ > 1, have the

Euler product
-1
ton) =TI (1-22)
peP p

Our aim is to describe in probabilistic terms the joint asymptotic behaviour of the
function {(s; Q) and a zeta-function having no Euler product over primes. For this, the most
suitable function is the classical Hurwitz zeta-function. Let 0 < a < 1 be a fixed parameter.
The Hurwitz zeta-function { (s, &) was introduced in [16], and is defined, for o > 1, by

ad 1
{(s,a) = E@W.

Moreover, (s, «) has analytic continuation to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1, {(s,1) = {(s), and

((53) —co@ -1,

The analytic properties of the function {(s,«) depend on the arithmetic nature of the
parameter a. Some probabilistic limit theorems for the function {(s,«) can be found,
for example, in [17].

The statement of a joint limit theorem for the functions {(s; Q) and {(s, «) requires
some notation. Denote two tori

O =][{se€C:|s|=1} and Qp= [[{s€C:|s|=1}.
pEP meNy
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With the product topology and pointwise multiplication, (21 and (), are compact topological
Abelian groups. Therefore,
Q= Ql X Qz

again is a compact topological group. Hence, on (Q), B((})), the Haar probability measure
mpy exists, and we have the probability space (Q, B(Q2), mp). Denote the elements of Q) by
w = (w1, wy), where wy = (w1(p) : p € P) € O and wy = (wa(m) : m € Ny) € )y, and,
on the probability space (Q, B(Q2), my) define, for o7 > “51 and 0 > 1, the C?-valued
random element

(o, w,a;Q) = ({(01,w1;Q), {(02, w2, 1)),

where ¢ = (01, 07),

f(o,w;Q) = Zzaklwlimgl <Z)L(01/w1,Xk)L(0'1—
n ibQ( m)ws (m)

E—i—lw A)
2 s W1, X1

7

m=1 ma
with )
xe(p)wi(p)\ ™
v ~TT(1- ,
1, W1 g P
-1
L((r T w X) =11 1_M
1 2 r W1, Xl pcb p017%+1 ’
H wi(p), mEeN,
prim
p’“’[m
and (m)
o wy(m
§<0—2,ZX,(JJ2> - mZ::O (m +“)0—2/ m E N
Let

L(P,a) ={(logp:p €P),(log(m+a):me Ny)}.

Moreover, denote by PQ * the distribution of the random element 4 (c,w,a;Q),ie.,

P (A) = mufw e Qi o w,wQ) € A}, AeB(C?),

The main result of the paper is the following joint limit theorem of Bohr—Jessen type for the
functions {(s; Q) and {(s, a).
For brevity, we set

(c+it,a; Q) = (¢(on +it;Q), { (02 + it, ).

Theorem 1. Suppose that the set L(P, «) is linearly independent over the field of rational numbers
Q, and o1 > "2;1, oy > % Then,

1
P2, (A) = fmeas{t €l0,T]:{c+it,;;Q) € A}, A € B(C?),

converges weakly to the measure P@'er as T — oo.

For example, if the parameter « is transcendental, then the set L(IP,«) is linearly
independent over Q.

It should be emphasised that the requirements on the matrix Q are related to a pos-
sibility of representation of non-negative integers by the quadratic form x"Qx, x € Z".
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Let r(m), m € Ny denotes the number of x € Z" that xTQx = m. Then, for even n > 4,

the theta-series
o0
Z r ( m ) e2 TTims
m=0

can be expressed as a sum of an Eisenstein series and a cusp form [9], and this leads to
the representation (1). Moreover, the requirement on the linear independence over QQ of
the set L(P, «) is necessary for the identification of the limit measure in Theorem 1. This
restriction for a is used essentially in the proofs of Lemmas 1 and 5, and thus, in the proof
of Theorem 1.

We divide the proof of Theorem 1 into several lemmas, which are limit theorems
in some spaces for certain auxiliary objects. The crucial aspect of the proof lies in the
identification of the limit measure.

2. Limit Lemma on ()
For A € B(Q)), set

Pra(A) = %meas{t efo,T]: ((pfit,p € ]P’), ((m—f—oc)*”,m € N0)> € A}.

Lemma 1. Suppose that the set L(P, ) is linearly independent over the field of rational numbers
Q. Then, Pr o, converges weakly to the Haar measure mg as T — oo,

Proof. The characters of the torus () are of the form
[T ol () T )
peP meNy

/l ”

where the star “+” shows that only a finite number of integers k, and [;; are non-zero. There-
fore, the Fourier transform Fr o (k, 1),k = (ky :kp € Z,p € P), 1 = (L : lm € Z,m € Np), is
given by

pG]P meNy

Fra(kl) = / (H ) T @l (m >dpm
Q

Thus, in view of the definition of Pr ),

==

Frakl) =

<H p—ltk’7 H m+1x 1tlm> dt

peP meNy

~l =

Z
[+

{—1t<2 kplog(p) + Y." Inlog( m—i—oc))}dt. (3)

peP meNy

We have to show that Fr (k, [) converges to the Fourier transform of the measure mp as
T — o0 [18],i.e., to

1 if (k1) =(0,0),
0 otherwise,

mww—{ @

where 0 = (0,...,0,...). Since the set L(IP, a) is linearly independent over Q,

L) Y kylog(p) + Y hylog(m +a) # 0
peP meNy

for (k,I) # (0,0). Therefore, in this case, the equality in (3) gives

1- exp{—iTﬁ(Lc,[)}'

Fra(kl) = T D)
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Thus, for (k,1) # (0,0),

lim Fra(k 1) = 0.
T—oo 7

Since, obviously, Fr (0,0) = 1, this shows that Fr (k,I) converges to (4) as T — oo
The lemma is proved. O
Lemma 1 is a starting point for the proof of limit lemmas in C? for certain objects given
by absolutely convergent Dirichlet series

3. Absolutely Convergent Series

Let B > 5 be a fixed number and, for N € N, let

() —esp{ (2], wers
and

p
un(m,a) = exp{—(ml—\li_“> }, m € Ny.
Define

LN(s—ngl,)Ez) _y Ri(m)un(m)

m=
n R O 21(m)wq(m)uy(m
LN(S_E"'LWLXI): ZXI( Jewr (m)uy (m)
and

Since un(m) and uy(m,«) decrease exponentially with respect to m, the above series are
absolutely convergent for o > oy with arbitrary fixed finite 0p. For o7 > 5=

Land o > 2,l’c

On(@a;Q) = (On(on;

Q),¢n(o2,a))
with C 1
N(o;Q W g o (o= L1 + 3 el
vQ) = LY. e Lew NCEEERY D
and
QN(Q’,(JJ,(X,' Q) = (gN(‘Tl,wl}Q)/CN((TLCUz,“))
with
gN(alrwl;Q)

k‘fl o1
bo(m)en ()

n
‘71/W1/Xk)LN (Ul - E + 1/(4]1/)(]()
+

i i agwi (k (Z)L(
=z
L=

For A € B(C?), define

Q.
PTNO’

(A) ?meas{t €0,T]:0(c+ita;Q) € A}
and

Q0
T,Ngo

(A) = Tmeas{t €0,T]: fy(c+itw,a;Q) € A}
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This section is devoted to the weak convergence of PTQI’\X, - and PTQIf‘,? as T — oo. Let the

mapping 01%2 : O — C? be given by

n—1 1
oa(w) = (cwnQ), a>-— on>;,

1
and Vﬁg =my (vz%';) , where, for A € B(C?),
1
Vﬁg(A) = mH((v%’;) A).

Since all Dirichlet series in the definition of g N (o, w,a; Q) are absolutely convergent in the con-
sidered region, the mapping v%i is continuous, hence (B(Q)), B(C?))-measurable. Therefore,

the probability measure VI\%;" is defined correctly; see, for example, [19], section 5.

Lemma 2. Under the hypotheses of Theorem 1, PTQI‘\X, - and P%f‘]? both converge weakly to the

same probability measure VI\Q,g as T — oo.

Proof. We apply the principle of preservation of the weak convergence under continuous
mappings (see section 5 of [19]). By the definitions of P%f‘] - Pro,and v%ﬁ, we have

2,0 = Tmasfs 01 (%), (im0 ) < 6554
Pro ((U%;)’lA)

for every A € B(C?). Thus, P%f; y = P%f'; (v%‘é) - This continuity of v%’l‘é, Lemma 1, and
Theorem 5.1 of [19] imply that P]Q,}(\X],U' converges to VI\%‘;‘ as T — co.

It remains to show that P%f‘,fr) also converges to {/I\Q];‘ as T — oo. Let @ € (), and the
mapping wl%ﬁ : Q) — C?be giveniby B

Wt (w) = {n (o wd, a; Q).

Thus, we have that

20
£
£
&

wip(w) = o7y

<~

®)

where a : ) — Q) is given by a(w) = w®. Along the same lines as in the case of P%f‘,/a, we

-1
find that PTQI’\X](; converges weakly to the measure Wﬁg =my (w%;‘) . However, by (5)

and the invariance of the Haar measure, we obtain

W]%g = my (v%ﬁ(g))i1 = (mHLfl) (vl%z) T my (v%‘;)il = VI\?;
This completes the proof of the lemma. [

4. Approximation Lemmas

In this section, we approximate (¢ + it,a; Q) by QN(Q +it,a; Q) and {(c +it, w, a; Q)
by {, (¢ +it,w,a;Q).

Let, for z; = (z11,212), Zp = (221,22) € C?,

1/2
p(z1,22) = (’Zn — Zzl|2 +|z12 — Zzz|2) .

Lemma 3. For oy > "2;1 and oy > %,
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1 T
lim limsup — /p(g(g+ it,2;Q), (¢ + it, Q) )dt =0,
N—oo T . T 5 = =N
and, for almost all w € (),
. T
I\%ig}whmsup T /p(g(g—i- it,w,a;Q),gN(g—i— it,w,a;Q))dt =0.
T—o0 0
Proof. The first equality of the lemma is a corollary of the equalities
1 T
lim limsup — /|§((71 +it;Q) — {n(oq +i;Q)|dt =0
and
1 T
lim limsup — /|§((72 +it,a) — {n (02 +it, ) |dt = 0. (6)
N—oo 71 . T "

The first of them was obtained in [11], Lemma 4. Its proof is based on the integral representation

Brioo
n S\ 1 n .
Lyv(on =3 +10) = 5= / L(r =5 +1+2/)In(z)dz
Bioo
with 1
z
In(z) = F()NZ'
B \B

where 8 > % is the same as in the definition of ux (), and on the mean square estimate for
Dirichlet L-functions in the half-plane o > 1.
For the proof of (6), we use, for oy > %, the representation
1 B+ioo
in(s0) = oo [ sz () )
p—ico
Since 0y > %, there exists € > 0 such that % +e< o Letp=0pand 1 = % + € — 0». The

integrand in (7) has simple poles z = 0 and z = 1 — s in the strip 81 < Rez < . Therefore,
by the residue theorem and (7),

B1+ico
, . 1 , .
In(op+it,a) — L(op +it,a) = 77 / (on +it+z,a)lN(z)dz + IN(1 — 0 — it).

/Sl—ioo

Hence,

dt

T1./1 - 1 .
IN(op+it,a) — l(op +it,a) < /‘§<2+e+zt+zna> ZN(2+€—(72+1T)
+IN(1 — 02 —it)]
and

T
1 v ) ]
f/|€(‘72+lt,0€) —{n(0p + it o) |dt
0

1
§<;+e+it+ir,a)‘dt) ’1N<2+e—¢72+i1',>

[e9)

<[4

dt
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T
1 de
3 [ NG =0 = it)|dt L 1 (T,N) + B(T,N), (8)
0

where the classical notation a <, b, 2 € C, b > 0 means that there exists a constant
¢ = c(n) > 0 such that |a| < cb. It is well known (see, for example, [17]) that, for % <o<l,
T
/ 12(0 + it, ) |2dt <op T.
-T

Therefore, for large T,

T
v/
T

0

1 . .
C(z +€+lt+lT,(X>

, o\ /2
dt

T
1 1 . .
dr <« (To/‘§(2+€+lt+17,0(>

T+|] 1/2
<L / C L etita 2dt < T+ )"
= T 2 7 €, T
=t
Cen (14 |T)Y2 9)
For the gamma-function, the estimate
I'(o+it) < exp{—c|t|]}, ¢>0, (10)

uniformly for ¢ in every finite interval is valid. Therefore,

1
ZN(2 +e—0on+ ir> Loy Nite—o exp{—:ﬂ}.
2

This, together with (9), shows that

o)

(T, N) <egyou NZTTE2 / 1+ |2 exp{—;h}d’f ey NITTE2, (11)
2

—00

By (10) again, c
IN(1— 03 —it) <, N1~ exp{0|t|},
2

and thus,

i log T
L(T,N) <, N7 /exp{—ac|t|}dt ~ Nlﬂfz%_
2
0

Since % + € — 0y <0, this, with (11) and (8), proves (6).
The second equality of the lemma follows from the following two equalities:
T

1
lim limsup T |€(0’1 + it, w1; Q) — Z;N(O'l + it, wq; Q)|dt =0

N—eo T .0 0

and

N—oo T .4

T
lim limsup % /|§(Uz +it, 0, wy) — (N (02 +it, o, wp)|dt =0
0

for almost all wy € ()1 and almost all wy € (), respectively.
The first of these was obtained in [11], Lemma 7, while the second is proved similarly to
Equality (6) by using the representation, for o > 1,
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B+ico
1
In(saw) =5 [ Glstzaw)ly(z)dz,
B—ico
as well as the bound, for % < ¢ < 1and almost all wy € O,
T
/ 1C(0 + it &, w2) Pt <o T,
-T

see, for example, [17]. O

5. Tightness

Let {P} be a family of probability measures on (X, B(X)). We recall that the family
{P} is called tight if, for every e > 0, there exists a compact set K C X such that

P(K)>1-¢
forall P € {P}. The family { P} is relatively compact if every sequence { P, } C {P} contains
a subsequence { P, } weakly convergent to a certain probability measure on (X, B(X)) as
n — o0,
A property of relative compactness is useful for the investigation of weak convergence

of probability measures. By the classical Prokhorov theorem, see, for example, [19], every
tight family {P} is relatively compact as well. Therefore, often it is convenient to know the

tightness of the considered family. In our case, this concerns the measure VQ'“, N e N.
Lemma 4. The family {VZ* : N € N} is tight.

Proof. Consider the marginal measures of the measure VQ”X, i.e., for A € B(C),
Ve, (A) = VIH(A % C)

and
Vi o, (A) = VI%(C x A).

It is easily seen that the measure VI\Q] », appears in the process related to weak convergence

of the measure P? » and the measure V;  is used for study of
oA U2

P, (A) = %meas{t €[0,T]: {(o2 +it,a) € A}, A€ B(C).

Thus, in [17], the tightness of the family {VI% o ME N} was obtained, i.e., for every € > 0,
there exists a compact set K; C C such that

€
Ve (K1) >1- 3 (12)

2

forall N € N. We will prove a similar inequality for Vy ...
Repeating the proofs of Lemmas 1 and 2 leads to weak convergence of

1
Pr N, (A) = Tmeas{t €1[0,T] : {n(0n +it,a) € A}, A€ B(C),

to Vy ,, as T — co. Let 67 be a random variable defined on a certain probability space
(E, A, u) and uniformly distributed in [0, T], i.e., its density function p(x) is of the form

0, x<0,
p(x)=4 %, 0<x<T,
0, x>T.
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Define
g%{,l\],ﬂ'z = g%‘",l\],o'z (U) = gN ((72 + iGT/ 0‘)/

D TR .
and denote by — the convergence in distribution. Then, the above remark can be written as

D
ST N0 o ¢ N,y (13)

where g%,  is a random variable with distribution V{; . Since the series for {x(s, ) is
2 2
absolutely convergent, we have

oo 2

vy (m, o) < i 1

NeNpy (m+a)22 = = (m + )22

|

o2}

=
ae]
g

T
1
sup lim sup — /|§N(02 + it,oc)\zdt
NeN Toewo 1

IN
)

£

3
A
3

Then, in view of (13),

e\l . e\ -1
;gu{!é%,@lzm} = ;igllgjipu{lé%mlzm}

T
< sup L lim sup 1 /|CN(‘72 +it, )| dt
NeNCum 2 70 T J
€
< -
< ¢ (14)
LetK, = {z € C:z| <1/Cup, (g)l} Then, K; is a compact set in C and, by (14),
N €

forall N € N.
Now, define K = Kj x K;. Then, K is a compact set in C2. Moreover, taking into

account (12) and (15) gives

_l’_

VIS(C2\K)) < Vi, (C\Ky) + Vi, (C\ Ky) < =e

N ™
N ™

forall N € N. Thus, Vﬁg (K) >1—eforall N € N, and the proof is complete. [

6. Limit Theorems
Now, we are ready to prove weak convergence for Pr ¢, and
1 .
P%gg(A) = frneas{t €0, T]:{(c+it,w,uQ) € A}, A € B(C?).
Proposition 1. Suppose that the set L(P;«) is linearly independent over Q, and o1 > ”771,

oy > % Then, Prz, and P?C o for almost all w € Q; both converge to the same probability
measure Py as T — oo. -

Proof. Let 07 be the same random variable as in Section 5. Introduce the C2-valued
random elements

g%ﬁ],g = QN(Q + 10T, a; Q)

and
$ = (o +i0r, Q).
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Moreover, let ggf‘r be a C?-valued random element having the distribution VI\Q,;( . Then, the

assertion of Lemma 2 for PTQK; » can be written as

g 5 " (16)

ZTNG Tsoo =N

By the Prokhorov theorem (see, for example, [19]), every tight family of probability mea-
sures is relatively compact. Thus, in view of Lemma 4, the family {VQ’“ : N € N}is

relatively compact. Hence, we have a sequence {VI\%’J‘;} C {VQ’ } and a probability mea-
sure V2" on (C2, B(C?)) such that

gQe D yon (17)

0 r—>oo

Now, it is time for the application of Lemma 3. Thus, using Lemma 3, we obtain that,
for every € > 0,

rli_%lir;ljupﬂ{f’(‘f gTN a) = }

= lim sup Tl,meas{t €[0,T]:p(l(c+it,a;Q), N, (¢ +it,a;Q)) > €}

©
70T 500

IN

lim sup —/p C(e+it,a;Q), N, (¢ +it,a; Q))dt

7—)00

This equality, and relations (16) and (17), show that theorem 4 from [19] can be applied for

the random elements #&* SN, C o and (f Q’ . Thus, we have

g Py yox (18)

210 Toeo

in other words, Pr ¢, converges weakly to the measure VQQ’“ as T — co.
It remains to prove that P&- s as T — oo, converges weakly to the measure VQQ’“ as
well. Relation (18) shows that the limit measure VQ'“ does not depend on the sequence

{VI\(% }. Since the family { VQ’ o 1is relatlvely compact, the latter remark implies the relation
Eqs 2 VN (19)

ZN.G N-eo

Define the random elements

e (@) =gy (e +ibr, w,0;Q)

and
Q?g(w) = {(c+ifr,w,a; Q).

By Lemma 2, for P%f‘,’?, the relation

gTNa( w) == g]%; (20)

T—oo

holds. Moreover, Lemma 3, for every € > 0 and almost all w € (), implies

lim hmsupy{ (g? (w), §TN(7( )) > e}

N—oo T—00
1 T
< - ; . ; . -0
< lim limsup eT/p(g(g—l—zt,w,ﬂé,Q),gN(Q—i-zt,w,a,Q))dt 0
0

N—oo T .4
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This, (19) and (20), and theorem 4.2 of [19] yield, for almost all w € (), the relation

E(w) === VES,

T—o0

ie., that P,  as T — oo, converges weakly to VQQ’“. The proposition is proved. [J

T.ga’

7. Proof of Theorem 1

Lett e Rande; = ((p":p €P), ((m+a)~" m € Np)). Obviously, e; is an element
of (). Using ¢;, define a transformation g; : 2 — Q by

gt(w) =ew, weQ.

In virtue of the invariance of the Haar measure mp, g; is a measurable measure preserving
transformation on Q). Then, G; = {g; : t € R} is the one-parameter group of transfor-
mations on Q). A set A € B(Q) is invariant with respect to G; if for every t € R the sets
At = gt(A) and A can differ one from another at most by a set of my-measure zero. All
invariant sets form a o-subfield of B(()). We say that the group G is ergodic if its o-field of
invariant sets consists only of sets having my-measure 1 or 0.

Lemma 5. Suppose that the set L(P, ) is linearly independent over Q. Then, the group G
is ergodic.

Proof. We fix an invariant set A of the group G;, and consider its indicator function I4. We
will prove that, for almost all w € Q), [4(w) = 1 or I4(w) = 0. For this, we will use the
Fourier transform method.

By the proof of Lemma 1, we know that characters x of () are of the form

ky 1
X(w) H* ﬁ H (U m
peP meNy

// ”

where the star indicates that only a finite number of integers k, and [, are non-zero.
Hence, if x is a non-trivial character,

X(gt) _ H* p—itk,, H* (m —l—lx)_itl'”

peP meNy
= exp{—it <Z* kplog(p) + Y.° Lnlog(m + zx)) }
pGIP) meNy

Since x is a non-principal character, i.e., x(w) # 1. The linear independence of the set
L(P, «) shows that

Y kplog(p) + ) lnlog(m +a) #0
peP meNy

for k, # 0 and I, # 0. These remarks imply the existence of ty # 0 such that

x(8t) # 1. 1)
Moreover, by the invariance of A, for almost all w € (,
La(8ty) = La(w). (22)

Let /i denote the Fourier transform of h. Then, by (22), the invariance of mp, and the
multiplicativity of characters

/u w)dmys = x &o/u )x(w)dmss = x(54)1a(x):
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Thus, (21) gives
I4(x) = 0. (23)

Now, suppose that x(w) = 1and [4(x) = a. Then,

a(x) = / a(x)x(w)dmy = a / X(w)dmp = { 0 gtﬁélc‘i\)llszel
Q Q

by orthogonality of characters. This, and (23), gives

N

Ia(x) = a(x)-

The latter equality shows that I4(w) = a for almost all w € Q). In other words, 2 = 1 or
a = 0 for almost all w € Q). Thus, I4(w) =1 or I4(w) = 0 for almost all w € Q). Therefore,
mp(A) =1or my(A) = 0, and the proof is complete. [

For convenience, we recall the classical Birkhoff-Khintchine ergodic theorem; see,
for example, [20].

Lemma 6. Suppose that a random process (t, ) is ergodic with finite expectation E|C(t, @)|,
and we sample paths integrable almost surely in the Riemann sense over every finite interval. Then,
for almost all w,

T—o0

T
lim %/g(t,dj)dt — EZ(0, ).
0

Proof of Theorem 1. In virtue of Proposition 1, it suffices to identify the limit measure P
in it, i.e., to show that P, = Pg’:‘.

Let A € B(C?) bea coﬁtinuity set of the measure P, (A is a continuity set of the
measure P if P(dA) = 0, where dA is the boundary of A). Then, by Proposition 1, for almost

allw € O,
lim %meas{t €[0,T]:f(c+it,w,uaQ) € A} = P, (A). (24)

T—o0

On the probability space (Q, B(Q}), my), define the random variable

_ [ 1 if {(ow,aQ) €A,
§=8lw) = { 0 otherwise,
Obviously,
]Eg:/gde:mH{weng(g,w,a;Q) eal. (25)
0

By Lemma 5, the random process §(g:(w)) is ergodic. Therefore, an application of
Lemma 6 yields

T—o0

T
tim o [ (si(w))dr = BZ 6)
0

for almost all w € ). On the other hand, from the definitions of { and G;, we have
T

/@(gt(w))dt = %meas{t €[0,T]:f(c+itw,uaQ) € A}.
0

S| -

Therefore, equalities (25) and (26), for almost all w € (), lead to

lim %meas{t el0,T): (e +it,w6Q) € A} = P2(A).

T—oo oo
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This, together with (24), shows that

o (A). 27)

Since A is an arbitrary continuity set of P,, equality (27) is valid for all A € B(C?). This
proves the theorem. O

8. Concluding Remarks

Theorem 1 shows that, for sufficiently large T, the value density of the pair
(C(n +1t;Q),C(0p + it,a)) is close to a certain probabilistic distribution. Unfortunately,
the distribution of PgQ(’T“ is too complicated; it is defined only for almost all w € (). Hence, it

is impossible to give a visualisation of Pg(’f“.

We plan to further investigate the joint value distribution of the Epstein and Hurwitz
zeta-functions using probabilistic methods. First, we will prove the discrete version of
Theorem 1, i.e., the weak convergence for

SO K< N (Dlor +ikhi; Q), (e + ik ) € A}, A € B(C2),

as N — co. Here, #B denotes the cardinality of the set B € Ny, and k1, h are fixed positive
numbers. Further, we will obtain extensions of limit theorems in the space C? for the
pair ({(s;Q),{(s,a)) to the space H*(D), where D = {s € C : } < ¢ < 1}, and H(D) is
the space of analytic in D functions endowed with the topology of uniform convergence
on compacta. Using the limit theorems in H?(D), we expect to obtain some results on
approximation of a pair of analytic functions by shifts ({(o7 + iT; Q), (02 +iT,«)). This
would be the most important application of probabilistic limit theorems in function theory
and practice.
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