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Notation

N denotes the set of natural numbers, N = {1,2,...}.

Z denotes the set of integers, Z = {...,—-2,-1,0,1,2,...}.
I, denotes the distribution concentrated at real a, I = I.
U=1L -1

z=U(t) =et — 1.

Let V, M be two finite (signed) measure concentrated on Z. Then

the total variation norm of M is denoted by

o0

1Ml =" [M{k},

k=—o0

the local norm of M is denoted by
[M]loc = sup |M{k}|,
kEZ

the uniform Kolmogorov norm is denoted by

| M| = sup [M{(—o0, k[}|,
keZ

the Wasserstein norm is denoted by

o0

IMllw =Y [M{(=oc, k]}|.

k=—o00

]\//.T(t) =Y ez M{k}e" denotes the Fourier transform of M, (t € R) .

Ev;Y2. .. Y}, is defined recursively by
k—1
EViYs Y, =EY1Ys - Vi — Z:EYI...YjEYjH...Yk7
j=1

where Y7,Y5,... form a sequence of arbitrary complex-valued random variables.



C,C1,Cy, ... denote positive absolute constants.
© denotes the finite signed measure on Z satisfying ||0]| < 1.
6 stands for any complex or real number, satisfying || < 1.

vy denotes the kth factorial moment by

ve =EX(X —1)-- (X —k +1).

L(S) denotes the distribution of S =n1 +n2 + -+ 1y, where n; =§;€;-1 and §;, 1 =0,1,2,...,n
are independent identically distributed Bernoulli variables.

G2 and G3 denote measures used for approximations of £(.5).

F,, denotes the distribution of X1 + X5 +-- -+ X,,, where X1, X, ..., X,, are identically distributed
1-dependent random variables concentrated on Z.

D1, Dy and D3 denote measures used for approximations of F,,.

P,, denotes the distribution of Xl + Xz + o+ Xn, where Xl,ffg, .. ,Xn is a triangular array
of 1-dependent identically distributed three-point random variables.

B™ denotes measure used for approximations of P,.

S =X, +Xo+ -+ X, where Xj, j =1,2,...,n is a sequence of 1-dependent not identically
distributed Bernoulli variables.

My, M5 and M3 denote compound Poisson measures used for approximations of N,,.

. . . _ EX1(X171)-“(X17’L‘1+1)-<~Xm(Xm71)~--(Xm7im+1)
a'(lla?'27"'77f7n) - i1 lil i !

Z ~ Be(p) means that Z is Bernoulli random variable, P(Z =1) =p=1—-P(Z =0).

Pois(\) denotes Poisson distribution with the mean .



Chapter 1

Introduction

As it follows from the title, our aim is to investigate Poisson type approximations to the sums of
dependent integer-valued random variables. In this thesis, only one type of dependence is considered,
namely m-dependent random variables. We recall that the sequence of random variables (X}),
k =1,... is called m-dependent if, for 1 < s < t < oo, t — s > m, the o-algebras generated by
Xq,...,Xsand X, Xy ... are independent.

1.1 Metrics

In this thesis, the accuracy of approximation is measured in the total variation, local, uniform
(Kolmogorov) and Wasserstein metrics. For an integer-valued measure M, the definitions of these
metrics are given in the notation section at the beginning of our thesis. In particularly, when we
have two integer-valued random variables ¢ and (, the following relations are true. For the total
variation, we have

I£©) =L = > [PE=k) -P(=k)= 2sup [P(§ € 4) — P(C € A)].

k=—o00

Here supremum is taken over all Borel sets. For the uniform (Kolmogorov), local (point) and
Wasserstein metrics, we have

1£(8) = £(O)] = sup [P <k) =P <R L) = L(Ollo = sup [P(€=k) —P(C=F)l,

oo
1£€) = LOllw = Y [P(E<k) =P < k),
k=—o0
respectively. Note that there exist many alternative definitions of the metrics given in above. Let
f be a function defined on Z. Then, for example, it is possible to define the total variation, local
and Wasserstein metric as sup; [Ef(§) — Ef(¢)], where supremum is taken over all sup,, |f(k)| <1
or supy | f(k +1) — f(k)] < 1or >, o, |f(k)| <1, respectively, see [8]. Note also that, all metrics
by no means are restricted to the discrete case, though, of course, the definitions then should be
formulated in more general terms. Note also that, in the literature, the Wasserstein metric is also
called the Fortet-Mourier metric and is a partial case of the Kantorovich metric, see [35].

Let I, denote the distribution concentrated at real a and set I = Iy. Let V and M be two finite
signed measures concentrated on integers Z. Products and powers of V' and M are understood in
the convolution sense, i.e, VM{A} = S77  V{A—k} M{k} for a set A C Z; further M° = I.
Using the simple equality

[(Iy = I)M||w = [|M[], (1.1)
it is possible to switch from the Wasserstein norm to the total variation norm. Note also that
[Mlloe <M, M| < M|, [[VMlloo < VI[[Mlso, (VM| <[VIIM].



1.2 Poisson type approximation

Now we discuss what, in this thesis, is called the Poisson type approximation. We recall that if
¢ ~ P(\) then

Ak —\
P((=k)=T5e (k=012

and the characteristic function of ¢ is equal to exp{A(e'’ —1)}. The compound Poisson distribution
can be defined in many alternative ways. For exmple, we can view the compound Poisson ran-
dom variable as random sum of independent identically distributed random variables Z;, when the
number of summands ¢ ~ P(A) is independent of Z;, that is as the distribution of

>z, ¢~PO).

It is not difficult to check that the characteristic function of the compound Poisson distribution is
equal to exp{\(f(t) — 1)}, where f(t) is the characteristic function of Z;. If Z; is concentrated on
non-negative integers the characteristic function can be written in the form:

exp{i A (et — 1)}. (1.2)

Here ); are some positive quantities. As it follows from (1.2), if the compound Poisson distribution
is concentrated on integers, then it can be viewed as the distribution of a sum of independent Poisson
variables (;. Here (; is concentrated on the lattice with the maximum span j. Compound Poisson
distributions are used as approximations in this thesis. However, sometimes we apply (1.2) with
some negative \;, that is we deal with the compound Poisson structured signed measures. In this
case, it is very inconvenient to write the definition in terms of random variables. Therefore, for
our purposes, we use the measure notation. We define the (signed) compound Poisson measure as
exponential of some measure M:

=1
eM = exp{M} :ZEMk'
k=0

Note that the Fourier-Stieltjes transform of exponential measure is equal to
SH{M}(t) = exp{M (1)},

By Poisson type approximation we call the exponential measure exp{M}, where M is chosen to
match some factorial moments of approximated distribution. As a rule, M has a quite simple
structure. Let us explain the construction of approximating Poisson type measure in detail. Let
F(t) be a characteristic function of random variable taking non-negative integer values, and let x;
be its jth factorial cumulant. We then can write formally

K eit_12 K eit_13
GRS . G

ﬁ(t) = exp{ln ﬁ(t)} = eXP{’il(eit -+ 21 3!

If, in the exponent, we drop all summands except the first one, the resulting characteristic function
is that of the Poisson law. The idea of (signed) compound Poisson approximation is to leave more
than one factorial cumulant in the exponent. In this case, the resulting Fourier-Stieltjes transform
corresponds to a compound Poisson-structured signed measure which can have negative Poisson
parameters. It matches more than one moment of the initial distribution and can be viewed as a
special kind of asymptotic expansion.

The construction of the Poisson type approximation is more complicated when the approximated
distribution is concentrated on negative and positive integers. We then can apply the idea of Kruopis



[28] and use the formal expansion
F(t) = 1+ il F{j}e¥ — 1)+ gF{k}(e“’“ —1)
— exp{n (1 + Ji F{}He" — 1)+ i Fl{—k}(e ™ — 1)) }
3 k(e — 1) (e~ — 1)k}. (1.3)
ol

= exp{

s

If we choose M, in such a way that M(t) = 35 ko1 Fk(e = 1)7 (e — 1)* then we can expect
exp{M,} to be close to F. Of course, (1.3) gives just an idea of the construction of approximation.
Application of this idea in practice depends on the assumed dependence of summands.

If M has complicated structure, then exp{M} is even more complicated. Therefore, we also
used second order approximations to the Poisson type measures, that is asymptotic expansion of
the form

exp{M}(I + A(I, — )¥).

1.3 Known results

Literature on Poisson approximations is enormous, we just mention [8], [11], [23], [29], [34] and the
references therein.

Compound and signed compound Poisson approximations are commonly applied in insurance
models and in limit theorems; see [9], [10], [3], [20], [24], [27], [32], [38], and the references therein.
Note that the discussed approach of constructing approximations does not necessarily result in
signed measure. Under certain conditions one can get compound Poisson distribution. Roughly the
main benefits of such approximations are the following:

1) the accuracy of approximation is of the same or better order than can be obtained by the
normal approximation,

2) the estimates hold for the total variation, which is impossible for the normal law due to the
differences in supports,

3) unlike the Edgeworth expansion no additional smoothing terms are needed for asymptotics.

Thus, when dealing with (signed) compound Poisson measures, we usually investigate some discrete
alternatives to the normal law. We recall some of the results relevant to the results of our thesis.
We are primarily interested in the order of accuracy. Therefore, we usually assume some additional
restriction allowing for simpler form of estimate. To make expressions shorter we also set U = I1 —1I.

We begin from the classical Poisson approximation to the so-called Poisson binomial distribution.
Let Z; ~ Be(p;) , (j = 1,2,...,n) be independent Bernoulli random variables, 0 < p; < 1. Let
np = Z;‘L:M?j and let Pois(np) denote Poisson distribution, that is Pois(np) = exp{npU}. The
following estimates hold

n

1 n 5 ) B 2(1 _e—nﬁ) n )
T6(1 A np) ;pj < | T +p;U) = Pois(np)|| < =—— ;pj, (1.4)

—
=1 p

see [7]. Approximation of the binomial and Poisson binomial distributions by the Poisson distri-
bution has a long history and many names to it, the first result being that of Prokhorov [34], see
introduction of [8]. In the case when p; = p < 1/2, we have

1
T min(np?, p) < ||(I + pU)™ — Pois(np)|| < 2min(np?,p). (1.5)



It is obvious, that (1.5) is sharp for small p only and trivial for p = O(1). Now let us write the
Berry-Esseen estimate for the binomial distribution. Let Y ~ N (np,np(1 —p)), 0 < p < 1/2. Then

Ch
VTP
Here (1 is an absolute constant. Therefore, we see that the normal approximation, as expected holds
for the weaker uniform norm and is sharper, if p > n~/3. The best order of accuracy O(n~'/2) is
achieved when p = O(1). If p < n~'/3 the better order of accuracy gives (1.5). It is remarkable,
that Poisson limit occurs, if p = O(n~!) only. Thus, we see that some prelimiting distribution can
be much sharper then the limiting one.

The accuracy in (1.4) can be improved by the second order asymptotic expansion. However, this
improvement is insignificant if p; = O(1). Indeed, let p; < 1/2, then

H ﬁ (1+4p;U) — Pois(np) (I— ;ip§U2>H < Cy ipi’ min (1,(71]5)_1). (1.7)
j=1 j=1 j=1

The estimate (1.7) follows from the more general asymptotic expansion in [2]. For the binomial
distribution the estimate becomes C min(np?, p?). Therefore, some improvements are available, for
p = o(1) only.

If we apply signed compound Poisson measure matching two moments of the Poisson binomial
distribution (just like in the Normal approximation) then we get much better accuracy. Let again
pj < 1/2, then

H ﬁ (1+4+p;U) - exp{npU - = ZpQUQ}H < Cs En:p;‘ min (1, (nﬁ)_3/2>. (1.8)
i=1 j=1

The estimate follows from a more general theorem 3 in [27], see also theorem 4.1 in [6]. For the
binomial distribution we get the following estimate

(I +pU)" = L(Y)]

N

(1.6)

2
H(I—i—pU)" — exp{npU — %UQ}H < Cymin <np37 pf) (1.9)
2 Vi
Note that (1.9) was proved earlier than (1.8) in [32].

Comparing (1.9) with (1.5) and (1.6) we see that it is uniformly better than the Poisson or
Normal approximations. The accuracy in (1.9) is always at least of the order O(n~'/2) and always
at least of the order O(p?).

The total variation norm is the main metric considered in this thesis. Therefore, we note only
that, in the local metric, the accuracy of approximation is of better order and, in the Wasserstein
metric, is of worse order, than can be obtained for the total variation norm . For example,

I(I +pU)™ — Pois(np)|lc < Csmin(np?, p(np)/?),
||(I +pU)n - POIS(np)”W < C'5 min(npzap(np)1/2)7

see Introduction of [8] and [5]. The accuracy of compound Poisson approximation increases dra-
matically if the initial distribution is symmetric. We give just one example of this phenomena. Let
p < 1/4, then

(1 = 2p)I + pI; +pl_1)" —exp{np(I; + I —2I)}|| < Cgmin(np?, n~1). (1.10)

The estimate can be obtained, for example, from the general Theorem 1 in [45].

Application of the Poisson type approximation to the sum of random variables, which are more
general than Bernoulli ones, usually requires fulfilment of some additional restrictive condition. One
of the best known of such condition was introduced by Franken [22]. Let X be random variable
concentrated on non-negative integers and having distribution F. We then denote its kth factorial
moment by

vy =EX(X-1)--- (X —k+1).



If
vy — vy — Vi >0, (1.11)

then

nlvs + v7)

1Vn(y —ve —vi)

|F™ — Pois(nvy)| < Cr (1.12)
The estimate (1.12) is partial case of more general Franken’s result for non-identically distributed
summands, see [22]. Assumption (1.11) is called Franken’s condition. In principle, Franken’s con-
dition means that almost all probability mass of F' is concentrated at zero and unity. It is easy to
check that any Bernoulli variable satisfies (1.11). Therefore, we can view (1.12) as a generalization
of the Poisson approximation to the binomial law. Though in (1.12) the weaker uniform metric is
used, it is not difficult to prove similar result in total variation, applying, for example Theorem 1
from [45]. By adding second factorial cumulant to the Poisson approximation in the exponent we
obtain analogue of (1.9). If v3 < co and condition (1.11) is satisfied, then

n(v3 + vive +v3)
(1Vn(yy —va —v3))3/2°

1
‘F" - exp{nulU + 57’1(1/2 - 1/12)U2}‘ < Cs (1.13)

The estimate (1.13) follows from Theorem 3 in [28]. The estimate (1.13) can be easily generalized
for the total variation norm by summing non-uniform estimates from [13]|, Theorem 2 and applying
estimate for concentration function from p. 117,

1
HF" — exp{m/lU + §n(1/2 — Vf)UZ}H

2
n(vi + vive + v3) nyy
< C 1 . 1.14

9 (1Vn(yy — vy —13))3/2 < * n(vy — vy — 1/12)> ( )

Let v; < C, then (1.14) is of order O(n~'/2). Note that, in this case, Poisson approximation (1.12) is
of the order O(1) as n — oo. Any standard Poisson asymptotic expansion gives the same trivial order
with respect to n. Thus, two-parametric compound Poisson approximation has some similarities to
the normal approximation. One benefit of (1.14) over the standard normal approximation is that it
holds for stronger total variation distance.

Roughly our goal is to obtain some analogues of (1.8)—(1.14) in the case of weakly dependent
summands. Therefore, let us discuss first what results are already known for m-dependent random
variables. Normal approximation to the sum of m-dependent random variables has been thoroughly
investigated; see, for example, [25], [26], [41], [43], [44], [46], and the references therein. For the
completeness we formulate one result of Sunklodas.

Let Y7,Y5,... be m-dependent random variables and EY; = 0,7 =1,...,n, d = maxi<;<, E|Y;|® <
00, where 2 < s < 3. Let

Sn=3Y_Yi, B2=ES. Z,=S,/Bn, Fu(z)=P(Z,<u),
i=1

&(x) = (27r)71/2/ e /2.

Let B2 > con, where 0 < ¢y < 0o and m + 1 < (33/05/2). Then
1. ifd}cf)/z, then foralln >1and m >0

d

B 1.15
B2 (1.15)

Sl;p |Fp(z) — ®(2)| < C(m + 1)1

2.if0<d< cg/z, then for all n > 1 and m + 1 > In4y* = mg we have the same inequality
(1.15),

10



see Theorem 3 from [43].

We see that, in principle, normal approximation has almost the same properties as in the famous
Berry-Esseen theorem, that is, it holds for uniform metric and under mild assumptions when s = 3
and we do not consider the triangle array it ensures the accuracy of approximation of order O(n~1/2).
When approximating lattice variables in the total variation metric one can not expect to get non-
trivial result due to the differences of supports.

There are numerous papers dealing with Poisson approximations for dependent summands. After
Chen’s seminal paper [18] the vast majority of them uses the Stein method. Poisson approximation
is one-parametric approximation and usually its parameter is chosen to match the mean of approx-
imated distribution. Therefore, the order of accuracy depends on the assumption that almost all
probability mass of approximated distribution is concentrated at zero. As a rule, the summands
form triangular array and are Bernoulli variables. For some results and discussion; see [40], [8], [1],
[4]. We formulate one general result from [1].

Let X; ~ Be(p;), (i =1,...,n) be a sequence of Bernoulli random variables and S = Y1 | X;.
Assume that the random variables X; are dependent only in a certain neighborhood defined by

N; :={X;:j#1,X; and X, are dependent} (1.16)

so that X; and X are nearly independent for j ¢ N;. Let np = > .|, and let Pois(np) denote
Poisson distribution with the mean np. Let

by = Z Z Pibj,

i=1 jeN,;U{i}

by = zn:ZE(XzXJ)7

i=1 jEN;
by = > E[E(X;—p;|S)],
i=1
Here S; =S — X;. Then
|1£(S) — Pois(np)| < 2 1_78_7”5(19 +b2) +b Pt (1.17)
os(np NS ’n,ﬁ 1 2 3 \/n7]§ . .

There is no general result for two-parametric (signed) compound Poisson approximations to the
sums of dependent indicators. There are many studies of the approximation to the Markov binomial
distribution, see [14], [15], [48] and the references therein. Note that Markov binomial distribution
is a sum of not m-dependent random variables and, in this thesis, is not considered.

The best investigated case of compound Poisson approximations for m-dependent random vari-
ables is k-runs statistic. The run statistic was introduced in [30]. It plays important role in reliability
theory. The negative binomial approximation to k-runs distribution is investigated in [47]; see also
[12], [21]. Translated Poisson approximation to 2-runs is used in [36]. Compound Poisson approx-
imation to 2-runs is applied in [6]. Two-runs statistic has the arguably the simplest dependence
structure and is also thoroughly investigated in this thesis. Therefore, we formulate relevant results.

Let £ ~ Be(p;), j=0,1,2,...,n,n; =&;&-1, S =m + 12+ - - + 1. It is obvious, that 7; are
1-dependent random variables. To take care of the edge effect it is also assumed that &; depends on
&1 (that is, &, is treated as &y). Let

Gy = exp{bU +aU?/2}, b= Zpi_lpi, (1.18)
1=1
a = Zpi—lpi (1 = pi—1)pi—2 = (1 = pi)pis1 + pic1pi],
i=1
vy = ;(1 +Pi1)*pi(1 = pi)pi-1 = 6 max (1= pjs1)’p; (1= py)pj1.

11



If |a|/b < %, then

9.2

[£(S) — Gal| < b= 2ld)vr

n

x> [Bpi—opic1pipit1 + PP apd + 4p7 \DiDiv1 + Apiapi 1D + Ti—sD} 0P} 1pi)-
=1

In particular, if p; = p < 1/4, n > 7, then

27.6p + 73.6(p* + p*)

(1—2p(2—3p))/(n—6)(1—p)*

see Theorem 5.2 from [6]. For small p the order of accuracy, in (1.19), is Cpn~'/2. Thus, the
accuracy of approximation is always at least of the same order (and for p = o(1) of a better order)
than in the Berry-Esseen theorem and better than in Poisson approximation, see (1.20) below.
Consequently, we have analogue of (1.9). Note that, in the case p; = p,

I£(S) = Gal| < (1.19)

~ 1
Gy = exp{anU + §np3(2 - 3p)U2}.

Though parameters of G5 are chosen to match two factorial cumulants of S, for p < 2/3, the
resulting approximation is compound Poisson distribution not a signed measure. Indeed, one can
check that

G = exp{mp? (1~ p)? +2°) (I — 1) + gop*(2— 3p)(5o — 1)}

The accuracy of Poisson approximation to S can be obtained as a partial case of (1.17). Indeed,
we get
|£(S) — Pois(np?)|| < 2(2 + 3p) min(np?, p). (1.20)

We see that Poisson approximation is applicable for small p only. Moreover, the accuracy does not
depend on the number of summands n.

Barbour and Xia result was generalized to k-runs in [48]. However, talking about Poisson type
approximation for m-dependent integer-valued random variables, we are unaware about

e any three - or more -parametric approximation,

e any lower bound result,

e any non-uniform estimate for discrete approximation,

e estimates in other than total variation metric,

e application of two-parametric approximations, when the summands are not Bernoulli variables.
e any approximation, when the symmetry of distribution is taken into account.

In this thesis, we partially solve all mentioned problems.

1.4 Actuality

Aims and problems
The main problems considered in this thesis are the following:

1. Construction of two and three-parametric Poisson type approximations to the distribution of
two-runs statistic.

2. Establishing of the lower bound estimates for two-runs statistic that are of the same order as
the upper bound estimates.

12



Calculation of asymptotically sharp constants.
Obtaining of non-uniform estimates.

Application of (signed) compound Poisson measures for approximation of sums of 1-dependent
integer-valued random variables under analogue of Franken’s condition.

Application of Poisson-type approximation for sums of dependent random variables, when the
symmetry of approximated distribution is taken into account;

Investigation of possibility to extend results to the case of non-identically distributed random
variables.

Methods

The characteristic function method (Heinrich’s method) is used in the proofs.

Novelty

All results of the thesis are new. Considering Poisson and (signed) compound Poisson approxima-
tions to the sum of 1-dependent random variables, we obtained first lower bound estimates, first
asymptotically sharp constants, first nonuniform results for discrete approximations, and first results
when symmetry of distribution is taken into account.

Statements presented for the defence

1.

Approximation of two-runs statistic by Poisson and compound Poisson distributions has direct
similarities to approximation of the binomial distribution: two-parametric compound Poisson
approximation is sharper than second order Poisson approximation and can be improved by
asymptotic expansion. The accuracy of approximation is estimated in the total variation and
the local metrics. For a special case, asymptotically sharp constants are calculated.

Lower bound estimates obtained for Kolmogorov metric demonstrates that a) upper bound
estimates are of the right order, b) the same order of accuracy can be achieved for the total
variation and Kolmogorov norms.

Integer random variables, satisfying analogue of Franken’s condition can be used for transition
from m-dependent to 1-dependent random variables. Signed compound Poisson approxima-
tions are of the same order of accuracy as known results for the sums of similar independent
random variables.

When random variables are symmetric, the accuracy of compound Poisson approximation is
much better than in nonsymmetric case.

The sum of 1-dependent non-identically distributed Bernoulli variables ia a direct general-
ization of the Poisson binomial distribution. The accuracy of its approximation by the two-
parametric Poisson-type measure is similar to the one, when all summands are independent.
This can be said about the local, total variation and Wasserstein norms.

Approbation

Several presentations at conferences were given on the topic of this thesis:

1.

V. Cekanaviéius, J. Petrauskiené, On lower bounds for Poisson apporoximation to Two-runs
statistic. LI Conference of the Lithuanian Mathematical Society held at Institute of Mathe-
matics and Informatic on 17-18 June 2010 in Siauliai, Lithuania.
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2. V. Cekanaviéius, J. Petrauskiené, Poisson-type approzimation for sums of 1-dependent indica-
tors. L Conference of the Lithuanian Mathematical Society held at Institute of Mathematics
and Informatic on 18-19 June 2009 in Vilnius, Lithuania.

3. V. éekanaviéius, J. Kelmelyteé, Poisson-type approzimation for sums of 1-dependent indicators.
XLIX Conference of the Lithuanian Mathematical Society held at Vytautas Magnus University
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1.5 Thesis structure

All results are divided into four parts. The first (and largest) part is devoted to 2-runs, when p; = p.
We generalize (1.19) in two directions: by estimating the second order asymptotic expansion and
asymptotic expansion in the exponent. Moreover, lower bound estimates are established, proving
the optimality of upper bound estimates. Since, the method of proof does not allow to get small
constants, in certain cases, we calculate asymptotically sharp constants.

In the second part, we consider sums of 1-dependent random variables, concentrated on non-
negative integers and satisfying analogue of Franken’s condition. This case is more general than
approximation of 2-runs statistic, since the case of independent random variables is also included.
All result of this part are comparable to the known results for independent summands.

In the third part, we consider Poisson type approximations for sums of 1-dependent symmetric
three-point distributions. Our goal is to prove analogue of (1.10). As already mentioned in above, we
are unaware about any Poisson-type approximation result for dependent random variables, when
symmetry of the distribution is taken into account. We know about numerous Poisson-type ap-
proximations that are obtained via the Stein method. However, the Stein method is applicable to
non-negative random variables only. Thus, it can not be applied in our case.

In the last part, we consider 1-dependent non-identically distributed Bernoulli random variables.
It is shown, that even for this simple generalization of the Poisson binomial model, very elaborative
calculations are needed. However, we succeed to obtain partial generalization of (1.8).

The rest of thesis is devoted to proofs. For the proofs, we use Heinrich’s method, which is a
version of the characteristic function method, see [25].
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Chapter 2

Results

2.1 Compound Poisson approximations for 2-runs statistic

In this section, we generalize and extend known results for 2-runs. Let &;, j = 0,1,2,...,n be
independent identically distributed Bernoulli variables, P(§&; = 1) = p, P(§, = 0) = 1 — p. Let
n; = &&j—1, S =m +n2+ - +n,. It is obvious, that n; are 1-dependent random variables. We
recall that £(S) denotes the distribution of S; Cy,Cs, ... are positive absolute constants, I, denotes
the distribution concentrated at real a, set I = I;. To make expressions shorter we use notation
U =1 — I. All products of measures are understood in convolution sense.

In this section we use the following approximating distributions and measures:

G1 = Pois(y1) = exp{m1U}, Gy:=exp{U+ ’YQU2}, Gs = exp{mU + v U? + 73U3}.
Here

3 3 4 2 4
np(2—-3p) —2p°(1 —p np*(3 —12p + 10p*) — 6p*(1 — p)(1 — 2p
= np?, 7 ( )2 ( )7 - ( )3 ( )( )

Note that Gy slightly differs from G used in (1.19). We allow for the edge effect. Indeed, all 7,
(1 =2,3,...,n—1) depend on two random variables (n;_1 and n;4+1). On the other hand, each of
variables 77 and 7, depends on one neighboring random variable only. In (1.19), & is treated as
&,. Consequently, 77 is treated as dependent on 7,. We do not assume this simplification. Note
that the dependence of variables changes the main probabilistic characteristics of S. For example,
though we investigate sum of Bernoulli variables, we have ES < VarS$.

We begin with a demonstration that one can not expect much of an improvement if Poisson
approximation is replaced by a standard second order asymptotic expansion.

Theorem 2.1.1 Let p < 1/5, n > 3. Then
I1£(S) = Gi(I +7%U%)| < Cimin(np*,p?), (2.1)

1£(S) — G1(I +72U?)||sc < Chmin <np4, \Z,l)
It is easy to check, that Theorem 2.1.1 is a direct analogous of (1.7) reformulated for 2-runs.
Comparing (2.1) with (1.20) we see that both estimates are trivial, if p = O(1). The situation
is different for G5. For the completeness of results we formulate an analogue of (1.19) and add the
local estimate.

), (2.3

(2.2)

Theorem 2.1.2 Let p < 1/5, n > 3. Then

4

np-,

H‘C<S)_G2H < C3min (np4,
I£(S) = Gallee < C’4min<

N

17



As expected, G2 approximates £(5) with the same order of accuracy as Gs. Since, for p = Const,
the accuracy in (2.3) is of order O(n~'/?), it can be treated as discrete version of the normal
approximation.

Ununlike the Stein method, which was used for (1.19), we apply the characteristic function method
(Heinrich’s method); see [25], [26]. As a consequence, we do not get reasonably small constants.
Asymptotically sharp constants give an impression of their magnitude. For the completeness of the
results we also give asymptotically sharp constants for Poisson approximation. Let

- 4 - - 2
Cy = =0,967883, (5 = =0,398942, (3= \/;(1 +4e73/2) = 1,51,

V2me
~ 3 3 3
C4:1/—exp{ *—*} 3 — /6 = 0,550588.
0 2 2

Theorem 2.1.3 Let p < 1/5, np? > 1. Then

5~
3

~ 1
_ _ < 2
R R N e )]
02 P 1
_ _ 22 < BT
126) - Gille — 2| < (4 ),
2
5 P p 1
L) -Gl -] < o4 2), 2.4
1) - Gall - cat| < o 2o+ 1) (2.4
¢ 1
1£(8) = Galloe = | < c<p+ )
n n n np2
Corollary 2.1.1 Let p — 0, np? — oco. Then
. C
I£(S) =Gl ~ Cip,  [I£(S) - GlllooN\/—%.
032? é4
I1£8) = Gall ~ 2 IE(S) = Galleo ~ 7.

The accuracy of approximation can be improved by asymptotic expansions. We can further
develop the idea of exponential expansion.

Theorem 2.1.4 Let p < 1/5, n > 3. Then

|£(S) —Gs]| < Csmin (np5,§>, (2.5)
1
I£(S) — Gs]lc < Cgmin (np5, nﬁ) (2.6)

It can be checked that G5 is a compound Poisson distribution. Therefore, it can be viewed
not as asymptotic expansion, but rather as more sharp probabilistic approximation. However, it
is difficult to calculate probabilities of compound Poisson measures with complicated compounding
distributions. Therefore, we formulate a second order asymptotic expansion to G2, which has a
more common form.

Theorem 2.1.5 Let p < 1/5, n > 3. Then
I£(8) = Ga(T 42U < Comin (w2

1£(S) = CaolI + 13U e < Csmin< }) (2.8)
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If p = Const, then the accuracy in (2.7) is of order O(n~1), the same order as the one expected
from the appropriate Edgeworth expansion. However, there is one very important difference. As
a rule, Edgeworth expansions for lattice distributions incorporate one additional term, which com-
pensates the differences of supports. No such term is needed in (2.7), since both distributions are
concentrated on integers.

As far as we know, no lower bound estimates were proved for Poisson-type approximations for
m-~dependent random variables. We obtain lower bound estimates, for Poisson approximation, a
second order asymptotic expansion and two-parametric compound Poisson approximation. The
estimates are obtained for the uniform and local metrics.

Theorem 2.1.6 Let p < 1/5, n > 3. Then
IL(S) —G1| = Comin(np®,p), (2.9)

. 1
I£(S) — Gillo = Ciomin (np3, \/ﬁ) (2.10)

Thus, we see that (1.20) is of the correct order.
Theorem 2.1.7 Let p < 1/5, n > 3. Then

1L£(S) — G1(I +7U?)| > Ciimin(np?,p?), (2.11)
I£(S) — G1(I +72U%)||sc > Ciomin (np4, %) (2.12)
Theorem 2.1.8 Let p < 1/5, n > 3. Then
|£(S) =G| > Cizmin (np4, j%), (2.13)
1
I£(S) = Galle > Ciqmin (np% ) (2.14)
n

Since |M| < ||M]|, we see, that, in general, upper bound estimates are of the right order.
Moreover, the order of the accuracy of approximation can not be improved if the weaker uniform
Kolmogorov metric is used instead of the total variation norm. We also draw conclusion that the
accuracy of approximation essentially depends on the chosen form of expansion. Expansion in the
exponent is significantly more accurate.

We end this section by formulating non-uniform estimates.

Theorem 2.1.9 Let p < 1/5, np? > 1. Then, for m =0,1,2,...,

) - Gotomn|(1+ 222 < a, .15
) - Goomn|(1+ L) < el (2.16)
) - Gaomn|(1+ L) < ol (2.17)

We see that (2.15)—(2.17) give estimates comparable to the total variation estimates in (1.20)—(2.5).
Of course, when m is far from the mean, one can not expect our result to be very accurate. Then
some large deviation result is needed.

Summing up nonuniform estimates leads us to the following corollary.

Corollary 2.1.2 If p < 1/5 and np® > 1, then

1£(S) = Gallw < Cp?,
p2
1£(S) —Gsllw < Cﬁ'

As expected the order of accuracy is worse than in total variation.
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2.2 Compound Poisson approximations for sums of 1-dependent
random variables under analogue of Franken’s condition

When we deal with 2-runs statistic, the corresponding random variables 7; have very explicitly
defined 1-dependence.In this section, we consider sums of more general 1-dependent random vari-
ables, concentrated on nonnegative integers. This case of integer-valued random variables, which
satisfy Franken’s condition, is more general than 2-runs statistic. For example, all results hold also
for sums of independent random variables. On the other hand, results are not so explicit. When
proving results of this Section we seek to get such results, that, one one hand, for 2-runs statistic are
comparable to the results from previous section and, on the other hand, for independent summands
are comparable to known results, such as (1.12) and (1.14).

For the sake of convenience we repeat the main notation. Let X be random variable concentrated
on non-negative integers. We then denote its kth factorial moment by

v =EX(X —1)--- (X —k+1).

Let X7, Xo,..., X, be identically distributed 1-dependent random variables concentrated on non-
negative integers. Let, for m =1,2,...;4; =1,2,...; 5=1,...,m,
o . EXi(Xi -1 (X1 —i14+1) - Xpn(Xpn = 1) - (X — i + 1)
a(iy,ig, ... im) = .

inligl - )

For formulation of our results we need the following notation. Let

2
Ty =m, To= M +(n—1)(a(l,1) - v}),
Vs 1402 Vi)) 2
Iy = n( g -2+ 0 ) +(n- 1)(@(1,2) Fa(2,1) — s + 20 (2 — a1, 1)))
+(n —2)(a(1,1,1) — 2vqa(1,1) + v3),
r o= vzt + 8 +a(l,2) +a(2,1) +ra(l, 1) +a(l,1,1), (2.18)
ro= a(3,1)+a(2,2) +a(1,3) +a(l,1,1,1) +a*(1,1) + a(2,1,1) + a(1,2,1)
+a(1,1,2) + v1a(2,1) + v1a(1,2) + via(1,1,1) + vy + v1v3 + va + Vi (2.19)

The distribution of X7 + X5 + - - - + X,, we denote by F,,.
Recalling the definition of factorial moments, we see that

a(3)

V3

V) =n, a@®="2, a®)=2,

a(l, 1) = EXlXQ.
Further on we use notation a(i,j) for mixed moments only, since then, it is easier to compare our
results with (1.14).

We assume that, for n — oo,

vi =o0(l), we=o0(r1), a(l,1)=o0(r1), |X1|<Ci5, nv — 0. (2.20)

Further on we assume C15 > 1. It is easy to check that (2.20) is stronger than Franken’s condition
(1.11). On the other hand, there are many variables which satisfy condition (2.20). As can be
checked, 2-runs statistic satisfies (2.20) if p — 0. However, we think that investigation of 1-dependent
random variables under (2.20) is more natural in the following context. Let us consider the sum of
m-dependent indicator variables. Redefining partial sums consisting of m subsequent variables as
new random variables we switch from m-dependent case to 1-dependent case. The new variables
now are not the indicator variables. However, one can expect that under quite mild assumptions on
the initial variables the analogue of Franken’s condition will hold.

For example, let us consider 3-runs, that is &;&283 + £28384 + €384&5 + -+ -, where ; are ii.d.
Bernoulli variables, P(§&1 = 1) =p=1— P(& =0). Let i1 = £1&283 + €838, T2 = §36a&5 + §a&sée.
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etc. It is easy to check that 71,72, 73, ... form the series of 1-dependent random variables satisfying
(2.20), provided that p — 0.

It also should be mentioned, that, in principle, (2.20) can be replaced by weaker condition:
vy < Cuy, la(1,1)] < Cvy, where C is very small absolute constant. However, the proofs then
become extremely long.

Distributions satisfying (2.20) have dominating probability mass at zero. This condition is
natural for the so-called aggregate claim distribution in the individual model. More precisely, if we
assume that X; = &7; where & and 7j; are independent, &; is Bernoulli random variable and 7; is a
positive random variable concentrated on integers, then one can give the following interpretation:
&; reflects possibility of occurrence of claim with the small probability and 7; has the distribution
of the claim amount. Then, though 7; can have large factorial moments, the factorial moments of
X; are small.

Let us define measures for approximations of F),:

Dy = exp{ThU}, Dy =exp{l' U +T2U?}, D3 =exp{lU+TU?+T3U>}.

Note that, in general, we deal with signed measures, since I's, I's can be negative. For the com-
pleteness of results we begin from the Poisson approximation.

Theorem 2.2.1 Let assumptions (2.20) be satisfied. Then

vo +a(1,1) + v
7Dl = o R, (2:21)
vo +a(1,1) +v?
F, —Di|lcc = _ . 2.22
17~ Dill = 0220 (2.22)

In (2.21) the accuracy is no better than O(vy). Though we know that due to assumption (2.20)
v1 = o(1), its convergence to zero can be very slow. The next theorem shows that situation can not
be much improved by the standard Poisson asymptotic expansion.

Theorem 2.2.2 Let assumptions (2.20) be satisfied. Then

1.1 2\2
|E, — Dy (I +ToU?)| = o<(”2+a( ’2)+V1) I ) (2.23)
141 V1y/ N1

(vo +a(1,1) +v3)? e
vi/n nvi )’
We see that the second-order Poisson approximation improved the accuracy of approximation. How-

ever, it is no better than O(v?), which can mean a very poor accuracy. Let us check how approxi-
mation improves when the signed compound Poisson approximations are applied.

|Fy — Di(I4T9U%) |00 = 0( (2.24)

Theorem 2.2.3 Let assumptions (2.20) be satisfied. Then

170l = 05 0=). (2.25)
T

|y — Dae :oQ@) (2.26)
1

The accuracy in (2.25) is at least of the order O((nvy)~1/?). Moreover, if, in addition, we assume
that all X; are independent, then the order of accuracy coincides with the right hand-side of (1.14).
It is natural to expect that asymptotic expansion to Dy will improve the accuracy even more.

Theorem 2.2.4 Let assumptions (2.20) be satisfied. Then

)

F, — Dy| = ), 2.2

|Fy — Dy O(m@) (2.27)
T

F, —D = ). 2.2

|Fy — Dalac O(Hﬁ ﬁVl) (2.28)
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In Theorem 2.2.4, we used longer expansion in the exponent. One can also apply an expansion
of a more standard form.

Theorem 2.2.5 Let assumptions (2.20) be satisfied. Then

|Fy — Do(I+T5U%)| = o( U ) (2.29)
I/ Tll/l
2
_ P 3 =
1P = Dot + 10 = O et e ) (2:30)

From the point of practical calculations, Do (I +T'3U?) is simpler than D3, because convolution with
U? just means the third backward difference for the 'probabilities’ of D.

It was mentioned in above, that if p = o(1) and np? — oo, then 2-runs statistic considered in
the first part of this paper satisfies assumptions (2.20). For 2-runs statistic v; = p?, a(1,1) = p3,
a(1,1,1) = p*, a(1,1,1,1) = p° and all other quantities (v2,v3,a(2,1)...) are equal to zero. There-
fore, it is not difficult to check that (2.21) — (2.30) have the same order of accuracy as corresponding
estimates from the first part of this paper with absolute constants replaced by the symbol O(-).
If we consider the case of independent summands, then (2.21) and (2.25) have the same order of
accuracy as (1.12) and (1.14), respectively.

2.3 Poisson type approximations for sums of 1-dependent sym-
metric three point distributions

In this section, we prove one analogue of (1.10). As far as we know symmetry of distribution so far
was not taken into account, when compound Poisson approximations were used for sums of weakly
dependent random variables.

Let Xj, 7 =1,2,...,n be a triangular array of 1-dependent identically distributed three-point
random variables, P(Xj =1)=py, P(Xj =-1)=p_1, P(Xj =0)=1-—p; —p_1. We denote the
distribution and characteristic function of S, = X; + Xo + - + X,, by P, and ]3n (t), respectively.
Let z=¢"—1, 21 =2=e"—1,p=p_1 +p1,

h(j1,j2) = P(X1 = j1, X2 = ja) — P(X1 = j1)P(Xs = ja),

h(j1,j2,7J3) = P(X1 = j1, X2 = j2, X3 = j3) — P(X1 = j1)P(X2 = j2) P(X3 = j3),

bj _ E(eitxl _ 1) . (eith . 1)’

X X g1

Hj _ E(eitX1 _ ]_) C (eith — ]_) = bj — ZHkbjfkv H, = PL1T + P_1T,
k=1

K, = |h(_1’ _1) - h(_L 1) - h(L _1) + h(L 1)‘ +ﬁ|p1 _p71|7

Ky = [h(=1,1) = 2h(1, 1) + h(1, =1+ > [h(k,—1) = h(j k, 1)],
jke{—1,1}

Ks= S |h(i.k)| + 5>

Jke{-1,1}

Our goal is to investigate the closeness of P, to its accompanying compound Poisson law. More
precisely, let B™ be a compound Poisson distribution with the following characteristic function:

B"™(t) = exp{nH;} = exp{np1z + np_1z}.
The closeness is estimated in the uniform Kolmogorov and local metrics.

Theorem 2.3.1 Let

o G R)I/P+90VE < 1/3. (2.31)

Jike{-1,1}
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Then, for alln=1,2,...,

1
sup | P, {(—o0, z]} — B"{(—00, z]}| < C16nK; min (1, np)+
1

1
Ci17n Ko mi 1, —— Cisn K3 mi 1 2.32
+C1rn 2mln< 7”@/@) + Cign 3H11H( 7("]5)2> ( )
and
1
P, — B" < CignKimin [ 1, ——
Sl;p| i} {z}| 19M 1m1n( np\/77p>+
1 1
CoonKo mi 1, —— ConK3mi 1, ————— ). 2.33
+C20n 2mln( ’(nﬁ)2> + Cain 3mln< ,(nﬁ)Q\/n—ﬁ) ( )

Condition (2.31) is a technical one and quite probably can be improved. It is only marginally better
than p = o(1), a(j,k) = o(p). Formally, it allows for p to be a (very) small absolute constant.
If Xl,Xz, . ,Xn are symmetric independent random variables, then the right-hand-side in (2.32)
becomes Caon ™!, which is consistent with (1.10). It is not difficult to construct an example of
dependent array, which satisfies (2.31). Let &;,&,... be symmetric ii.d. r.v., having distribution
P(£1 = 1) = P(El = —1) = Q, P(fl = 0) =1-—2a. Let Xl = 5162, X2 = 5253, etc. If a = 0(1), then
(2.31) holds and the accuracy of approximation in (2.32) is O(na3 A (na)™1).

2.4 Poisson type approximations for sums of 1-dependent non-
identically distributed Bernoulli variables

In this section, we obtain some generalization of (1.8). Let f(j, j =1,2,...,n be a sequence of

1-dependent not identically distributed Bernoulli variables, P(X; = 1) = p; = 1 — P(X; = 0). We
denote the distribution and characteristic function of S = X; + X411 + -+ + X411 by £(S) and
M, (t) respectively. Let \; = >_7_, pt, (i = 1,2), for the sake of brevity, denote by A = \;.

Further we need the following notation. Let

ﬁle = P(XJ = 17Xj+1 = 17 R an-‘ri—l = 1)7

and let
Qi 5 = EXij_;,_l ...Xj+1‘_1 =

Z(*l)lil Z EXJ ~-~Xj+i1—1EXj+i1 "'Xj+i1+i2—1"'EXj+i1+“-+iz71 -~-Xj+i—1-

=1 it =i
im>1

Note that due to 1-dependence and Holder’s inequality

BX .. X < \JBXPRZ. X2, ER X2,
By = = \/p{pj+1 .. -pz+i:1 _ _ _ if j + i — 1 - even number, (2.34)
EX;...X; < \/EX12X§ X2, EXZ.XZ,
= /PjPj+1 - - Dj+i-1 if j + i — 1 - odd number.
Consequently,
ai; < C\/pipit1-- Djvi-1- (2.35)

If r.v. are independent then a; ; = 0. For any real ¢t and k > j we have

am-(eit _ 1)i — E(eith—i+1 _ 1)(eith—i+2 _ 1) o (eitf(j . 1).
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For approximation of E(S’) we use signed compound Poisson measures M;, ¢ = 1,2, 3:

. 1
Ml = e/\U, M2 = exp{AU—F <k22a2,k - 2)\2>U2},

M; = exp{)\U+ (ialk — ;)\Q)U2

k=2

+<Za3,k — Za2,k(pk + pr—1) + :1)))\3>U3}~

k=3 k=2

Moreover, let

= 1
My = (Zaz,k - 5)\2),
k=2
n n 1
My = Y agi— Y ask(pr+pe1) + 3s-

The results of this section will be obtained under the following assumption

{maxlgjgnpj = o(1), (2.36)

Z?:l az,j = o(A1).

In principle, the first condition in (2.36) can be replaced by the weaker one, requiring max p; to be
smaller than some absolute constant. We assume that p; is small and the dependence of variables
is weak. Unfortunately, due to the estimates used in the proofs, the constant is very small.

We can formulate our results.

Theorem 2.4.1 Let (2.36) hold. Then, for alln=1,2,...,

- - 1
I1£(S) — Myl = O{Z pi + [2a2,1]) min (1, 1575

k=1
+ zn:(|a3;€\ mln( )\12)}, (2.37)
k=1
~ n 1
I1£(S) — M| = o{z (P2 + |2a2.4)) mm(1 A)
k=1
+ iﬂag,k)min(l,/\glﬂ)}, (2.39)

>
Il

1

n

~ 1
||£(S) - M1||W = O{ (pi + ‘20/2,10‘) min (L m)
k=1

+ (las,k|) min (1, %) } (2.39)

k=1



Theorem 2.4.2 Let (2.36) hold. Then, for alln=1,2,...,

n

~ . 1
1£63) = Ml = Of 3= (5 + haaal + fanslpe) min (1, )

k=1
n

. 1
+ Z (‘a471¢| + Cl;k + ‘a3,k|pk) min (17 W)

k=1
n

+ Y (lask| + |az kas k]) min (1,
k=1

¥}

N n ) 1
1£(S) — M| = O{ 2 (0} + las x| + |az,|px) min (17 W)
+ Z (Jagel + a%,k + |as k|px) min (17 ﬁ)
pa
+ Z (|ask| + |az,kas k|) min (1, 7) }7
=1
- n 1
I6(5) = bl = O 3 (o + laaa| + easloe) min (1, )

k=1

+ Z (laak| + a3 + las,klpx) min (1’ )\3/2)

B
Il
_

4
M=

b
Il
—

Theorem 2.4.3 Let (2.86) hold. Then, for alln=1,2,...,

. 1
(|a5,k| + |a2¢ka3,k|) min (17 F) }

1£(S) — Ms||oe = O{R4min(1,>\51/2)+R5min(1,)\13)

+ Rﬁmin( )\7/2)+R7m1n( )\4)}

- 1
1£(S) = M| = O{R4 min (17 F) + Rsmin (1

57)

+ Rﬁmin( )\3) +R7mln( ,/\71/2)},

1£(S) - Msl|w = O{R4min( )\31/2>—|—R5m1n(1 ;2)

+ R6min( )\5/2>+R7m1n( )\3)}
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(2.42)

(2.43)

(2.44)

(2.45)



where

Ry = Y (pk+ ozl (0} + lazkl) + lasklpr + lasrl),
k=1
s = (pra3 j, + laz kas k| + |as kD7 + |asklpr + |as k),
k=1
n
R¢ = Z (laz,kas kP + a3, + a2, kaa k| + |azkl® + |as kP + las k),
k=1
Rr = (a3 las k| + |askass| + laz kas k| + |az k).
k=1
Theorem 2.4.4 Let (2.86) hold. Then, for alln=1,2,...,
N n 2 1
1£(S) — My(I + Myy)|| = o{ (Z (v2 + |2a27k|)> min (1, F) } (2.46)

k=1

Theorem 2.4.5 Let (2.36) hold. Then, for alln=1,2,...,

||£(§) - My(1+ Mxn)| = O{ (i: (pi + |as k| + |a27k|pk))2 min (1, %) } (2.47)

k=1

Examples o B
It is easy to check that if, in Theorem 2.4.2 and Theorem 2.4.3, X1, Xo, ..., X,, are independent
r.v., then

1. Local estimates (2.37), (2.40) and (2.43) become:
g . 1
1£3) = Msllo = 0 (rgrmin (1, 155) ).
g . 1
1£(S) — Mz||oo = O()\g min (1, /\2)>7

_ ) 1
1£(5) = Mll = O (Namin (1. 7))

2. Total variations (2.38), (2.41) and (2.44) becomes:
~ . 1
1£(8) — M| = 0<A2 min (1, A))
~ . 1
1£(3) — M| = 0<A3 min (1, W))

. _ 1
1£(S) — Ms|| = O()\4 min (1, v))
which up to constant coincides with (1.8) and similar results for other metrics in [27].

3. Let us consider 2-runs as defined in the first section of this thesis. Then from (2.40) and (2.41)
we obtain

1£(5) - bl = O ;)

and

() - 3l = 0 ).

Both estimates are of the right order, see Theorem 2.1.2. Note that, in this case, My = Gs.
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Chapter 3

Proofs

3.1 General auxiliary results

Further on we denote by C' positive absolute constants. The letter © stands for any finite signed
measure on Z satisfying ||©]| < 1. The values of C' and © can vary from line to line, or even within
the same line. Sometimes to avoid possible ambiguity, the C are supplied with indices. Throughout
this paper, we set 0° = 1.

If |M — I|| <1, then we set the logarithm of measure M, to be

InM = i % (M — )k,
k=1

For the proof of theorems we need general auxiliary results.

Lemma 3.1.1 Let M be a finite variation measure concentrated on integers. For all v € R and
u > 0, we then have

M < (1 +wr)”2(;7r / M (1) + ;(e—“”ﬁ(w)’ﬁdt)lm, (3.1)

and
e Ut 32)
M| < i/_: M/T\t(f)dt. (3.3)

The estimate (3.1) is well-known; see, for example, [33]. The estimate (3.2) follows from the
formula of inversion, the estimate (3.3) is the well-known Tsaregradskii’s inequality.

In the following four lemmas, C'(k) denotes an absolute positive constant depending on k.

Lemma 3.1.2 Let M be concentrated on Z, o € R, b > 1. Then,

M| > c‘/ e_tz/Ql/\J\(g)e_imdt, (3.4)

cl| e 2/9~(1 ;
> —t /2 e —ita . )
Mo > b’/_ooe M(b)e dt‘ (3.5)
The estimates (3.4) and (3.5) remain valid if c=*'/% is replaced by te="/2.
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Lemma’s proof can be found in [47].
Lemma 3.1.3 Lett € (0,00) and k =0,1,2,.... We then have

3 2k /2
i< =, uteV< (52) . IUR e <
€ (5]

C(k)
t(k+1)/2"

The first inequality was proven in [37]. The second bound follows from formula (3.8) in [19] and the
properties of the total variation norm. The third relation follows from the formula of inversion.
For our asymptotically sharp estimates we need the following lemma. Set

1 dk 2
= ——— @*/2 = d = k=0,1
T e s T x, %) su T [ L
or () 5 Aok o ll1 /\%( )l el weglwk( )« )

Lemma 3.1.4 Lett >0 and k=0,1,2.... Then

k_tU lonllL C(k)
‘”U el - k]2 ‘ S /2
k_tU |0 |l oo C(k)
‘”U e [loo — t(k+1)/2‘ S k2t

The proof follows from a more general Proposition 4 in [39]. Note that |21 = Cy, llalloo = Co,
leslli = Cs, lesll = Ca, see [17].

Lemma 3.1.5 Let A\ >0, k=0,1,2,.... Then
: —\sin? C(k)
| sin(t/2)[Fe= A5 (1/2) < IR
o k_—Asin?(t/2) C(k)
/_ Jsint/2) &< (3.6)

The first estimate is trivial. For possible constants in the second estimate one can consult [27], p.47.
Lemma 3.1.6 If A, B are complex numbers and, for some V > 0,

et <eY,  fef<eY

) )

Then
le? —eP| <A - B

Proof. Let Re(A — B) < 0. Then
2
=] < Pty <] [Py

0

1
< eV]A-— B|/ leA=B)Tdr < eV |A - B.
0
The proof for the case when Re(B — A) < 0 is absolutely symmetric.

Let Z1,Zs, ... be a sequence of arbitrary complex-valued random variables. Then EZl =EZ;
and, for a product of £ > 2 random variables Z1Z5 -+ Z;, the symbol EZ1Z5--- Z;, is defined
recursively by

k—1
EZ1Zy Zx =BZ1Zo- Zi— Y BZy - ZjBZj1 - Z. (3.7)
j=1

This symbol was introduced by V. Statulevi¢ius [42]; see also, [25], and the references therein.
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Lemma 3.1.7 ([25]) Let Z1,...,ZN be a sequence of 1-dependent rv’s. Then the product represen-
tation

Ee*5Y = 01(2)pa(2) .. on(2)
holds for each z € Ky, where ¢1(z) = Ee*%* and for k=2,...,N

EeS = B(e*Z — 1)(exZir1 —1)... (2% — 1
o) = B g S EES 1) )P = 1)
Ee#Sk—1 = (pj(z)cpj+1(z) . QDkfl(Z)
where
= Ele*# —1*)'/2, Ky = ct: < 1/6}.
wy = max (Ele 19)7%, Kn={z€C :wn(z) <1/6}
Furthermore, the following estimates are true for each z € Ky and k=1.2.... N:
2E esz,l -1 2E esz -1 2\1/2
|Sﬁk(z) _1| < |Eesz _1| =+ ( | | | | )
>) ) 1 — 4w, (2)
or

lon(2) = 1| < [Ee*Z —1] + 6(wn(2)).
>) (=)

Lemma 3.1.8 Let Z1,...,Zx be a sequence of 1-dependent rv’s. Then the estimate

N N
IHEEZSN — ZE(GZZ’“ _ 1) _ E(ezZXk_l _ 1)(esz . 1)‘
k=1 k=2

N N
< 2wN(z)(Z B — 1]+ 22 EJer — 1\2)
k=1 k=1

holds for each z € Ky

Lemma 3.1.9 ([25]) Let Z1,Zs, ... Z) be 1-dependent random variables with
E|Z;j]? <oo, j=1,...,k. Then

J
EZ1Zy ... Z;| <271 [ VEIZel*.

k=1
Lemma 3.1.10 ([25]) Let Z1,Zs, ..., Z, be a sequence of 1-dependent rv’s with M,, = E|Z;|P <
oo. If wy(it) < 1/6 then
dP oy
dtp

< C(p) My,

where C(p) is a constant only depending on p.

3.2 Auxiliary results for compound Poisson approximations
for runs statistic

We recall that n; = &;_1¢;, where all {; are independent Bernoulli (indicator) variables, P(§; =
N=p=1-P(&), (j=0,1,2,...). Let S, =1 + -+ + 0, ©1(t) = Eexp{itn; } and

on(t) = E exp{itSi}

= k=2,3,... .
E exp{itSk—1} ( 03,-5m)

For the sake of brevity further on we write oy, instead of ¢y (t). We recall that z = el — 1. All
derivatives are taken with respect to t.
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Lemma 3.2.1 Let0<p<1,k=1,2,.... Then
E(exp{itnl} — 1)(exp{itn2} — 1) - - - (exp{itnr} — 1) = zkpk+1(1 p)k_1

Proof. The proof easily follows by induction from the definition (3.7).
Let k =1, then
E(exp{itm} —1) = 2p”.
Let k = 2, then
E(exp{itm} — 1)(exp{itnz} — 1) = 2°p*(1 - p).

Say, that for k proof is standing. Let k = k + 1, then

Eexp{itn} — 1)(exp{itna} — 1)+ (exp{itny + 1} — 1)
— B(expfitm} — 1)(expfitn} — 1) (explitne + 1} — 1

Mk

E(exp{itm} — 1)« (exp{itn; } — 1)E(exp{itnj 11} — 1)+ (exp{itmei1} — 1)
K K

_ Zk+1pk+2—zsz]+1( )] lpk J+2 k—j+1 _Zk+1[pl~c+2 Zpk+3 1 — p)j—l]
j=1 Jj=1

k
— zk+1pk+2[1 _ pZ(l _p)j—l] — Zk+1pk+2(1 _ p)k.
=1

O

Lemma 3.2.2 Let0<p<1,k=1,2,...,n. Then

Eexp{itS,} = H Ok (3.8)

k=1

and, for k=2,3,...,n
k= g+1 k— ]+2(1_ )k*j

Pk =1p Z+Z

Jj=1

(3.9)
PiPj+1 " Pe—1

Proof. The proof follows from Lemma 3.1 in 3.1.7 and Lemma 3.2.1. Note that we use only the
first part of Lemma 3.1 and, as can be seen from its proof, the additional assumption E| exp{it X} —
112)1/2 < 1/6 is not needed . O

Lemma 3.2.3 Let p < 1/5. Then, for all k =1,2,.

16p? ) 5 3 1 125
—1] < == 1 <2 1-p), — < -—, 3.10
lor — 1 5 ok p-z| < 2[2[7p°(1 —p) ol S 109 (3.10)
loel < 47, o, — P*| < Clz|p?,  |oi| < 10p> (3.11)

Proof. Note that the last estimate in (3.10) follows from the first estimate. Indeed, we have

16 16 1 16
1 <lpr =1 =P < = == —
llorl =1 <low =1 < 29" < = 52 = 752
Therefore,
16 109 1 125
x| — lor| = TS T

~ 125
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The first estimate of (3.10) is proved by induction. For k& = 1 the proof follows easily from the
definition of 1. Let us assume that it holds for ¢1,...,pr_1. Taking into account trivial estimate
|z| < 2 and (3.9), we then obtain

k=1 \k—j+1, k—j+2 k—j k-1 k—j
z 1- J . . (125
|S0k _ 1| < 2p2 + Z | ‘ p ( p) g 2p2 + Z 2k7j+1pk7]+2(1 _ p)kfj ()
= o5l lpr—-1] = 109
= o > 125\’ _yane (40 j<16p2
=1 §=0

For the proof of the second estimate in (3.10) we once more apply (3.9):

k—1 k—j
ok —1—=p®2] < Y [T (1 - p)k 12507
p 109

125 < [ 40\’
< PP (1 —p)— — ) <2125 -p).
|2*p°( 29)109;0 <109> |2[p* (1~ p)
The estimate (3.11) is proved arguing similarly. First, we calculate derivative of (3.9), then prove
the first estimate by induction and, finally, obtain the second estimate. Note that for the proof of
(3.11) one must apply (3.10). We prove the last estimate of (3.11). From Lemma 3.2.2 it follows

that

k—1 k—1 E_1
i v o’ (p’,
" it, 2 i
Y = —ep+ —_— =2 - Yi
* ;w--wpm ;%“'wkil;%
k-1 k-1 2 k-1 ko1 5
v < <p’> v [@4/ (%) }
T S-S S (2] | 61
jz::l Qi Pr—1 ZZ:; ©; = @ PRt ZZ; ©; ©i

Here _ A ‘
U = Zk?*j+1pk7.]+2(1 7p)]€7‘].

Applying (3.10) and obvious estimate p(1 — p) < 4/25 we get

k—1 k—j . .
40 k—3+1)(k—j .
il < ey (o) [SEPED gy
j=1
k—1 k—j
40 40 . .
+@p2 (109> (k=7 + 1k —7)
j=1
1

k— k—j 2
40 20 ) 50  16-25 .
= (109) [(109) (k=) + (109 * 1092> (k ‘J>] <107
=1

O

1 t 1 t
lok| <1 — —=p?sin? = < exp{——p2 sin? f}. (3.13)
Proof. It is easy to check, that
11+ p%2]2 = (1 — p? +p?cost)® 4+ ptsint = 1 — 4p*(1 — p?) sin®(t/2).

Consequently, |1 + p?z| < 1 — 2p?(1 — p?)sin®(t/2). Therefore, applying the second estimate from
(3.10), we obtain
16 , ot

<1— —p“sin” —.

ot
mlé\1+p22|+\<pk—1—pz2\<1—2p2(1—p2—4p(1—p))81n2§ 5 5
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The second estimate in (3.13) trivially follows from the first one . O
In Lemmas 3.2.5 — 3.2.9, the values of §# = 0(p, t) can vary from line to line, but 6 always satisfies
inequality |0 < 1.

Lemma 3.2.5 Let p < 1/5, k =3,4,.... Then

©1 = 1+P2Z>
@2 = 1+p’2+p*(1-p)z® —p°(1 —p)2* + COP°|2*,
or = 1+p>2+p*(1—p)2+p"(1—p)(1 —2p)z* + COP°|2|*.

Proof. We give the proof for k = 3,4,... only. Applying (3.9) we obtain

ZpP(-p) A1 -p)? AT )t

on —1=p22 + (3.14)
Prk—1 Prk—2Pk—1 = P Pr—1
Applying the last estimate of (3.10) to the sum in (3.14) we get the following estimate
k—3 195\ k7 E=3 40 \ ki3
4.5 k—3—j k—j 51,4 51,4
2 71— I — <C — <C . 3.15
1 30 - (155) <cri ;1(109) PEL (319)
Once more applying (3.10) we obtain
1 1 >, /16p2\’
— = — =1 (g = 1)+ OOy, — 1| <>
Pk 1+ (e — 1) (pr — 1) i — 1 jZ::O 5
2 2 s (160} 2 30,12
= 1-p°+COlp, —1—pz7[+Cop |Z|Z 195 =1—-p°2+ COp°|z|. (3.16)
§=0

The proof of Lemma now follows from (3.16) , (3.15) and (3.14) . O

Lemma 3.2.6 Let p< 1/5, k=3,4,.... Then

90/1 = p22/7
oy = P2 +p’(1—p)(%) —p°(1—p)(2°) + COP° |2,
o = P2+ -p)(2%) +p'(1—p)(1—-2p)(z*) + COP°|z]>.

Proof. For k =1 and k£ = 2 the required estimates follow directly from the definition of ¢; and
(3.9). For k = 3,4,... we calculate derivative of (3.14)

()P (1—p)? 2" (1= p)’(Phapr—1 + P20} 1)

o — 1 [ 2Z/ +
(o ) P Pe—2¥Pk—1 (Pr—20k-1)*
L A-p) PP (Z I (1 — p)* J)'
Pk-1 Pr_1 = Pj Ph—1

We treat various summands differently. Applying Lemma 3.2.3 to the third summand we prove
that it is COp°|z|>. We use (3.16) for estimation of the second, the fourth and the fifth summands.
Moreover, from (3.11) it follows that ¢’ = p?2’ + Cp?|z|. We use this short expansion for the fifth
summand. It remains to estimate the last, sixth summand. Note that

(kZ CARAR AmAR ¢! —p>k-j)’ _ Z (k — j + 1)k =3 /ph=i+2(1 — p)k=i

= SDJ ...spk_l = @j...@k_l
k-3 i i _i k=3

B Z Zk J+1pk j+2(1 _ p)k J %

= Q5 Pr-1 = m
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Applying Lemma 3.2.3 we obtain that each sum is less than

k—3 40 k—j—3
Cp°|z|* Z —j—l—l)(mg) < Cp°)z|*

=1

The last estimate completes Lemma’s proof . [J

Lemma 3.2.7 Let p < 1/5, k=3,4,.... Then

S0/1/ — p22//
oy = p" +p(1-p)(z?)" = p°(1—p)(2*)" + COY°|2|?,
or = P2+ -p)(2%)" +p*(1—p)(1—2p)(z*)" + COP°|2].

Proof. We prove Lemma for k& > 3 only. Applying (3.12) and estimating the last two sums just as
in the proof of Lemma 3.2.3 and applying estimate |¥| < p3(4/25)*~7~! we prove that they are less
than Cp°|z|?. Similarly, taking into account Lemmas 3.2.3-3.2.6 we obtain

= (P; = = = 5112 (Z)/p3<1 _p)(P;c—l 5112
Z = > +> =D +Cop°|e) = 5 + COp°|7|
J:1 j=k—2 j=1  j=k-2 Pr—1
and
k—1
! 31_ 2\ 41_ 20,3\
_ U =p)E) AP g s,
= Pk—1 Prk—2¥k—1

To complete the proof one should apply (3.10). O

Lemma 3.2.8 Let p < 1/5, k=3,4,.... Then

4

Inp; = pz—%z + 3,2 + COp°|2)*,
3(2 -3 p—6

Ings = p2z+p( 5 p)zz+p (1; )z3+09p5|z|4,
3(2-3 4(3 —12p + 10p?

Ing, = p2z—p( 5 p)z2+p( ;H_ p)z3+00p5\z|4.

Proof. Note that due to (3.10) ¢ — 1| < 16p?/5 < 16/125. Therefore,

oo ; 3
1 J+1 — 1) J+1 -1
g =Y =) wk Z @k / +COlpy, — 1[%

j=1 j=1

Now, it remains to apply Lemma 3.2.5 . [J
The proof of the following Lemmas is almost identical to the proof of Lemma 3.2.8 and, therefore,
is omitted

Lemma 3.2.9 Let p < 1/5, k=3,4,.... We then have

4

r_ _ o 2y piﬁ
(Ing1) = pz (27)" +

() + Cop oI,

°(Tp — 6
(11’1@2)/ = p’z _i_f(),é,?)/_;'_%(23)/_’_619]?5|Z|37

4(3 — 12p + 10p?
(Ingg) = p°2 — f(f)' + P ?f) P )(23)/ + COp°|2|>.
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Lemma 3.2.10 Let p < 1/5, k= 3,4,.... We then have

"o 2//_& 2\/1 piﬁ 3\ 51,12
(Inpy)”" = p°z 2(2') + 3(2) + COp°|z|%,
3 5
p>(2—3p p°(Tp—6
(IHQOQ)/ — pQZH-i- ( 5 )(Z ) ( 3 )(23)//+00p5|2|2’
3
p°(2—3p 3 —12p + 10p?
(1H<,0k)/ — p2z//_ ( 5 )(22)// ( 3 )( )//+Cep ‘Z|2
Now, we investigate some properties of approximating measures.
Lemma 3.2.11 Let p < 1/5. Then, for all t,
~ 6np> t ~ t
|Ga(t)] < C’exp{— r;p sin? 5}, |G3(t)] < CeXp{—np2 sin? 5} (3.17)

Proof. It is easy to check that
\CAv'g(t)\ < Cexp{anRez + |z|2np3(2 —3p)/2}.

Here Rez = —2sin?(t/2) denotes the real part of z. Since |z|? = 4sin?(t/2) and p < 1/5 the desired

result easily follows. The estimate for G3( ) is proved similarly applying the estimate |z|3 < 2|2|? .
O

Lemma 3.2.12 Let M be finite variation signed measure concentrated on integers, p < 1/5, 7 €
[0,1], « € [0,1]. Then

C||M exp{0.4np*U}||,
C||M exp{0.4np*U} || .-

M exp{np®U + ay2U? + 73U }||

<
| M exp{np®U + aoU? + 773U} <

Proof. For p < 1/5 the following estimate holds

p(2—3p) N

2
5 pP’B-12p+ 10p2)§ <

1
G
Therefore, taking into account that ||I]] = 1 and ||U]|| < 2, we obtain

np?U + ayU? + my3U3

p(2 - 3p)

= np*U + np*U? (a 5

U
I+ 7p*(3—12p + 10p2)3> +0ec
2
— np?U + %W@ +oc.
Consequently,

| M exp{np?U + ayU? + 73U} < C’HMexp{np U+ 5 U2 }H

< CHMexp{O dnp U}H H eXp{O 6np? U-l- UQG)}H

6

To complete the proof one needs to show that the second norm is bounded by absolute constant.
This can be proved applying the definition of exponential measure and Lemma 3.1.3:

|exo{o6mptv + e} < 1+i$u”§mx (0

< <C.

1 <
+ Z mma/2mm <260 6)
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We used the fact that the total variation norm of any distribution equals unity. Therefore, || exp{0.6np?U}|| =
1. Estimate for the local norm follows from

| M exp{np*U + av2U? + 773U} || 0o

< C’Hexp{() 6np? U+ U2 }H HMGXP{O 4np U}H

o0

O

3.3 Proof of Theorems 2.1.1 — 2.1.9

Proof of Theorem 2.1.4. To make expressions shorter we write ¢, and G instead vk (t) and
G3(t), respectively. Taking into account (3.8), (3.13), (3.17) and Lemma 3.2.8 we obtain

’ H O — ég‘ < Ceanp2 sin2(t/2)’ Z In Ok — In 63
k=1 k=1
< CnpP| sin(t/2)|4e_c'””2 sin®(t/2) (3.18)

From Lemma 3.2.9 it follows that
‘Z (In )’ inp2’ < nple' — 1] + Cnp®|z|* < Cnp?|z|.
k=1
Therefore, applying Lemma 3.2.9, (3.18) and (3.6), we obtain
!
‘( —itnp? H O — 1tnp >

n r " L, ~ ~ o
(Z Inpy — itnp2> H ore P — (In Gy — itnp?) Gze 1P
k=1

k=1
n ,  n . o, o n R
< (Z Inpp — itan) H Or — Gg)eﬂmp + et G, ( Z(ln o) — (In Gg)’)
k=1 k=1 k=1
< Ce—Cnp2 sinZ(t/2){‘ (In @k)l _ inp2’np5| sin(t/2)|4 + np5| sin(t/2)\3}
k=1
< Ce= 0" sin®(4/2) 5| sin(t/2) 2. (3.19)

Let us take in Lemma 3.1.1 v = np? and u = max(1,np?) and M = L(S) — G3. The estimates (2.5)
and (2.6) follow from (3.18), (3.19) and (3.6) . O

Proof of Theorem 2.1.2. Taking into account Lemma 3.2.12 we obtain

G5 — Ga|

1
|Ga(exp{In Gs — In Ga} — 1| = HGQ/ (exp{r(InGs —InGa)})'dr |
0

HGQ(IH G2 —InGs) /1 exp{7(InG5 — In GQ)}dTH

0
1
_ H(mG2 - 1nG3)/ exp{TInGs + (1 — 1) lnGg}dTH
0
C||(InG3 — In G) exp{0.4np° U} || < C||Inp*U? exp{0.4np?U}||

<
< Cnp* min(1, (np?)~3/2).
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For the last estimate we used Lemma 3.1.3. Similar estimate holds for local norm. To complete the
proof of Theorem 2.1.3 one needs to use Theorem 2.1.4 and the triangle inequality. [J

Proof of Theorem 2.1.5. We have

1
Gz — Go(I +3U?) = Ga(exp{ysU3} — I — y3U?) = G2(73U3)2/ (1 — 1) exp{Ty3U>}dr.
0
From Lemma 3.2.12 and Lemma 3.1.3 it follows that
1Gs — Go(I +73U%)|| < C|3U° exp{0.4np*U}|| < C(np*)* min(1, (np®)~?).

The triangle inequality and Theorem 2.1.4 complete the proof of (2.7). The proof of (2.8) is abso-
lutely analogous. One simply needs to replace the total variation norm by the local one. [J

Proof of Theorem 2.1.1. We have
1
Gy —GL(I + 72U2) = Gl(eXp{'ygUQ} -1 — 72U2) = Gl(’ygUg)Q/ (1-7) eXp{T’YQUZ}dT.
0
From Lemma 3.2.12 and Lemma 3.1.3 it follows that

1G2 — G1L(I +72U?)|| < Cln3U* exp{0.4np*U || < C(np?)? min(1, (np®)~2).

The triangle inequality and Theorem 2.1.2 complete the proof of (2.1). The proof of (2.2) is abso-
lutely analogous. One simply needs to replace the total variation norm by the local one. [J

Proof of Theorem 2.1.3. All proofs are very similar. Therefore, we prove (2.4) only. Arguing
as in the proof of Theorem 2.1.2 and applying Lemma 3.1.3 and Lemma 3.2.12 we obtain

1
1(Gs — GU?| = HU3G1/ U2 exp{rU?)dr]

0
Cp
N

It is not difficult to check that, for any finite measures M, V and constant Cjy, the following inequality
holds

< Onp? / HGleszUSdTH < Cnp? HU5 0.4np UH (3.20)

101 = Co| < IM = V[ +[ IV = Col.

Consequently applying Theorem 2.1.5, Lemma 3.1.3, (3.20) and Lemma 3.1.4 we obtain

¢ ¢
1(5) - Gall - S| < 1(S) ~ Galt + 20Ul + Gt -
c é.
< L IGU s — )+ [t GoU?) -
C
< 7+np (G2 — G1)U?| + |np*(|G1LU?|| _%5
¢,
< Vit I~ Gy
2
< 9,
\f n

For the local estimates one should use the local metric. O
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Proof of Theorem 2.1.8. We assumed that p < 1/5 and n > 3. Therefore,

npt(3 — 12p + 10p?) o Lﬁl
3 3
Applying Lemma 3.2.8 and Lemma 3.2.11 we obtain
|F(t) — Gs(t)] < |ImF(t) —InGs(t)| < Cnp®|2|* < Cnp®|t]*,

3| =73 >

We have
|Gs(t) = Ga(t)(1 +732%)| = |Ga(t)(exp{y32”} — 1 — 732"
= Iéz(t)%?zf"/l(l — 7) exp{7y32° }dr]|
< O7lel° < c(;ﬂpgtﬂ
and

~

F(t) = Ga(t) = Ga(t)ys(it)* + Ga(t)ys(2* — (it)*)
+(Gs(t) — Ga(t)(1 +732%)) + (F(t) — Gs(t)).
Let b = hmax(1,/np), h > 1. Then applying (3.21) and (3.24) we obtain

o~ B e 2 ~ i °
‘/ —t /2 t/b) _ Gg(t/b))e—lt(xdt‘ 2 ‘/ te—t /2G2(t/b)e_1t(1’yb37§dt

- IV:alllﬁl“+n2p81t6+np‘f’\t|4 "
e b b b

‘/ t2|’73|”19t t2/2dt'

WV
|

o0 2
/ tre V24t —
— 00

1’L4 n2 n
_ Cg<p+ P +p>

%
IS

npt Gt
b3 h*max(1,/np)?
4
np Cr
z 1——
Ca h3 max(1,n3/2p3) ( h >
Cy Py Cr
> ﬁmln(%,np ) 1—7 .

It suffices to take h = 2C7 an apply Lemma 3.1.2 with a = np?. O

%
IS

Proof of Theorem 2.1.6 We assumed that p < 1/5 and n > 3. Therefore,
np*(2 = 3p) _ Tnp’®
2 - 10
Applying Lemma 3.2.8 and Lemma 3.2.11 we obtain
F(t) = Ga(t)] < |mF(t) —nGa(t)] < Onp'l= < Onplef,

V2| =72 >

We have
Ga(t) — G1(t) A +7222)| = |G1(t)(exp{r22?} — 1 — 7222)]
1
|Gtz / (1 - ) exp{r222}d7]
0

Cr3lz|* < CnPptt,

N
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and

ﬁ(@—cu() G120 + Ga(0el* — () (3.28)
H(Ga(t) = Gr(B)(1 +122%)) + (F (1) = Ga(t)).

Let b = hmax(1,v/np), h > 1. Then applying (3.25) and (3.28) we obtain

[ errEem

~ —ita * —t2/2 A —ita t
Gy (t/b))e ' dt’ > ’/ e V2@ (t/b)e 7;2 dt‘

t3 2 6t4 4t3
_ ’/ t2/2<|72||| +”§4 _~_”pb?|)\ )dt

244
> |Z§| / 2e=t/2q¢| — ’/ p2 2Pt |'yg\npt t2/2dt‘
3 2,6
np n’p np
- 010<bg+ 5 +b3>
3 2,5 3
np n*p np
> C11b72—C12 X CleT
s o Cunp?’
Z M R max(1, np)?
3
np Cia
> (2
e max(l,npz)( h )

> % min(p, np?) (1 — C;?)

It suffices to take h = 2C14 an apply Lemma 3.1.2 with o = np?. O

Proof of Theorem 2.1.7. We have

Ga(t) — Gu(t )(1 + 7227 + 02z 2;2)2)‘ = ‘Gl (t) <e(7222)2/2 —1—y2z® — 7(72;2)2)‘
= e [t o)
0
< O%l° < OnPpt,
and
(F(6) — a1 +229) = (600220 (3.30)
+ (Galt) = ) (17227 + (72;2)2)) F(E() — Ga(t).
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Let b = hmax(1,+/np), h > 1. Then applying (3.25) and (3.30) we obtain

‘/ 2B @/b) — Git/D) (1 +  4p2?))e tdt

oo _ R . 2t4
> ’[ e t2/2G1(t/b)e 1ta/;2b4dt‘

o0 3,916 41413
279 [ MOp7t np*|t|
— Cis /_Ooe /( b6 + b3 dt
> |2’YE4| / 2ot /Zdt‘ ‘/ tz"Yz‘np t2/2dt‘
4
n'p np
%<w+m>
n2pb n3 ot
> Cis b4p —Cro—5— p CQOb%
S C L]fl_ 02171294
ZOUE T s max(1, y/np)?
4
np Co1
> Cig—-|1 - —=
18h21nax(1,np2)( h )

Clg 2 4 021
> —2= min(p?, 11— =22
% in(p*, np*) .

It suffices to take h = 2C5; an apply Lemma 3.1.2 with o = np?. O

Proof of Theorem 2.1.9. All proofs are similar. Therefore, we prove (2.15) and (2.16) only. Let
a=np*, M = L(S) — G5. Summing up the formula of inversion we obtain:

1 ]/\Z(t)(e_itm _ e—it(h+1))

M{[m.hl} = o7 1—c it

dt.

Considering limit as h — 0o, by Lebesgue theorem we get

1 [™ M(t)e im

M = — - .
(oo =5 [
Let -
M (t)e~ita
) = ———.
U( ) 1 —e—it

Let us assume that m — a # 0. Integrating by parts and taking into account that el™ = e~™ and,
consequently, u(m) = u(—m), leads us to the following relation

1 i .
M _ " it(a—m) dt.
(Im.50)} =~y [ ()
Consequently,
1 s
M < —— )| dt. 3.31
M {m. )} € g [ futt)] (331)
On the other hand,
1 ™
Mmool < 5= [ futo)lat. (332
Taking into account Lemmas 3.1.4-3.1.5 we obtain
16 ’ In Zl Pr — G2
lu(t)] < Cexp{f%np sin 2} B

4 9t
<C exp{—%np sin 2}mo |sin(t/2)|%.
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Similarly we prove

4 t
’ < P 2 % 2.2t )
W' ()] < C’—\/ﬁnp exp{ £ sin 2}, (3.33)
4 t
lu”(t)] < C’%np2 np2exp{—gnp251n2§}. (3.34)
n

Substituting these estimates into (3.31) and (3.32) we complete the proof. Note that M{[0, 00} =
0. Therefore,
M{[m, o0)} = —M{[0,m)}.
The estimates for Wasserestein metric follow from
= 1+ (k—a)?/a? s o L+y? Y

d

3.4 Auxiliary results for approximations of sums under ana-
logue of Franken’s condition

Let X3, Xo,..., X, be identically distributed 1-dependent random variables concentrated on non-
negative integers, t € R and let

~

Z:eitfl, Sn:XlJerJr...Jer Fn(t):EeitS’",
Eeitsk

wy(t) == (Ble™ — 11)Y2 K(t) := {t : wa(t) < 1/6}.

Yk = eith - 1» 1/)1(15) = Eeitle wk(t) = (k = 2; 3, cee ,TL),

Lemma 3.4.1 Ift € K(t), then
Fo(t) = [T e
k=1

ltX 1)(eith+1 _ 1) - (eith _ 1)

_ lth E
Vi(t) = +Z V()11 () - 1 (t)

(3.35)

and .
[r(t) — 1] < |Ee‘tX’“ -1+ 6(wn(t))2.

Lemma 3.4.1 is a partial case of Lemma, 3.1.7.

Lemma 3.4.2 Ift € K(t), then

I F,(f) — nEY; — EYk_lYk‘ < 2w (t) (n|EY1\ n zan\yk‘z).
k=2

Lemma 3.4.2 is a partial case of Lemma 3.1.8.
Lemma 3.4.3 If1 < j <k, then

[BY; V4 - Vil

2 (C ” )(k*j+1)/2| |k*j+1 (336)
(EYYj V)| < (k

<
< — j+ 1)2F 79 (Couy ) k=3 +1)/2| 5 k=3 (3.37)
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Proof. We have
¥ — 1 < Xonlz|,  ElYnm[* < [2PEX7, < Comlz?,  (m=1j,....k). (3.38)

From (3.38) and Lemma 3.1.9 follows (3.36). As follows from the formula in [25] p. 502
A~ k o~
(BY;Yj1---V3) = ZEYj...Y;’...Yk.
=

We have E|Y/|? = EX? < Covy. Therefore, for the proof of (3.37) it remains to apply Lemma 3.1.9.
(Il
Lemma 3.4.4 If (2.20) is satisfied and n is sufficiently large, then, for all t,

|F(t)] < exp{—Cnuy sin®(t/2)}, |D;(t)] < exp{—Cnuvysin®(t/2)}, (j =1,2,3). (3.39)

Proof. For sufficiently large n, w,(t) € K(t). Indeed, |Y1| < X1]|z|, |2| = 2|sin(¢/2)|. Therefore,

wn () < |21\ EXE < 2/Cov/in] sin(t/2)| < 2/Cov/on. (3.40)

For sufficiently large n, the last estimate is less than 1/6. Therefore, applying Lemma 3.4.2, we
obtain

InE,(t) — nEY; — ZEYk,lyk‘ < 2w (t) (n|EY1| + 22nE|Yk|2)
k=2

< 2/Covrrl sin(t/2)|<m/1|z|+22n|z|2EX12>

< 2¢/Cov/rr|sin(t/2)| (nu1|z| + 44n|z|COV1)
= 4/Co(1 4 44Cy)nwy /v sin?(t/2). (3.41)
Note that, for non-negative integers s, k,
stk 1 — i <’f> g f: (J' - 1> okt _ i <k> iy 0(k> ER (3.42)
= J Ti\s— 1 = J s
Here, as usual, we assume (’;) =0, if k£ < j. Therefore,
EY; :V12+9%|Z|2 = 112 + 0205 sin? (t/2). (3.43)
Similarly,
[EV1Y;| = [EV1Y; — EViEY;| < [EY: V3| + [EVIEY;| < [BY: V2| + 4} sin?(t/2)
and

IEY1Ya| < a(1,1)[2]* = 4a(1,1) sin®(t/2).
Combining the last two estimates with (3.43) and (3.41), we obtain

[In ﬁn(t) —nviz| < 2n (1/2 + 202 + 2a(1,1) + 42/Co(1 + 44Co)nyl\/ﬂ) sin?(t/2).
Therefore, for sufficiently large n,

IF,(t)] < |exp{nviz}|exp{|In ﬁn(t) —nvz|}
< exp{—2nsin®(t/2)v1(1 — o(1))} < exp{—Cr; sin?(t/2)}.
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If n sufficiently large, then
T3] = o(nwy), ITs| = o(nvy). (3.44)
Indeed, due to (2.20), we have

V3 = EXl(Xl - 1)(X1 - 2) g Col/Q = 0(1/1)7 a(1,2) < Coa(l, 1) = 0(1/1).

Consequently,
|V2*V12| 21
T <n g +]a(1,1) — vi| | = o(nwy)
and
v 0% V3 a(l,2) +a(2,1
T3l <n 33 + % + 31‘ +n % — v 4 201 (v — a(1,1))| = o(nvy).

Taking into account (3.44) we obtain
|Ds3(t)| < exp{—2nuy sin®(t/2) + 4sin?(t/2)([T2| + |2||Ts])} = exp{—2nwvy sin®(t/2)(1 — o(1))}.
If n is sufficiently large, then |Ds(t)| < exp{—Cnuvy sin(t/2)}. Estimates for Dy(t) and Do (t) are

proved similarly. [J
To shorten our expressions let

by =vy, by= % +a(1,1) —v?, by =bs+a(l,1,1) — 2v1a(1,1) + v},

by = % + [a(1,2) + a(2,1) — vive] + v1 (] — a(1,1))

and let r be defined as in (2.19). For the sake of brevity we write v, instead of ;(¢).

Lemma 3.4.5 If (2.20) is satisfied, and n is sufficiently large, then

Pi(t) = 1+y1z+%z2+ %Z3+CGV4|Z|4,
Ua(t) = 1+ byz+boz® 4 b3z’ + COrlz|*,
Yp(t) = 14biz+by2® 4+ bgz® + COr|z|*, (k = 3).

Proof. Let £ > 8. From Lemma 3.4.1 it follows that

LRy k—1 k=3 k-7
Yp=1+EY,+> —IHE 4w+ Y o+ Y+ (3.45)
o UiV Yk S S o
Applying (3.42) to the second term in (3.45) we obtain
V2.2, V3.3 4
EYy =v12+ 57 + 57 + COvy|z|*. (3.46)
Due to Lemma 3.4.1 and (3.40) we have
[ — 1] < v1]z| + 6Cor |2 < 2(1 + 12C)vy | sin(t/2)]. (3.47)
We have v; = o(1). Therefore, for sufficiently large n,
1 1 1 10
Cort < ——, <=, < 3.48
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Taking into account (3.48) and (3.36) we can estimate the last term in (3.45):

L BY Y- =

1710 o .
—JJyr: F < ) 2k_j|Z‘k_j+1(COV1)(k_‘]+1)/2
=1 ¢J¢j+1 ﬂ}k 1 —1

j
481_ 10 _jk'k'71k_j_7 41,14
< (Com)dz ; (9) ok—igk=i— (20) < Ovilz). (3.49)
From (3.48) it follows that

k—3

k-3 k—j—l k—
BY;Yjia - <1o) _

Dot -t § : Yy IEY, Y
j=k—6 /(/)]7‘/]]+1 1/% 1 =k —6| J ]+1 ‘ :zk: J ]+1 |

Applying inequality |[e'X — 1| < X|z| it is easy to check that
E|Y1Ys: V| <a(l,1,...,1)|z[™, E|Yi(Y; — 1)Ya| < 2a(2,1)|2[3 (3.50)
and so on. Thus, from (3.7) we get

EY1Ys| < EViYa| +EV|EY2| < (a(1,1) + v9)|2/%, (3.51)
[EY1Y2Ys| < EY1YaYs|+ E[Y1|E[Y2Y3] + [EY1 Vs B[V
< (a(1,1,1) +2v1a(1,1) + 07 ) |2 (3.52)

and

E|Y1Y2Y3Ys| + E|Yi [E[YaY3Ya| + [EY1 Y2 |E[YaYy| + [EY; YaY3|E|Ys|
a(1,1,1,1)|2[* 4+ v1a(1,1,1)|2)* + |EY1 Y2 |a(1,1)|2]? 4 |EY; YaYa|in 2|
a(1,1,1,1)|2)* + v1a(1,1,1)]2|* + (a(1,1) + v)a(1,1)|2]*
+a(1,1,1) + 2v1a(1,1) + vi]v 2|
[a(1,1,1,1) + 211a(1,1,1) + 3a(1, 1) + a*(1,1) + v7]|2|*
[a(1,1,1,1) + 2v1a(1,1,1) + 4a®(1,1) + 40}]|2|* < Cr|z|.

|EY1Y2Y3Yy|

INCININ

NN

Similarly estimating all remaining terms, we finally obtain

k— ~
2 EYYj Vi

< Crlz|t. 3.53
i1 Yr—1 12 (3:53)

j=k—6

Collecting the last estimate, (3.46) and (3.49) and substituting them into (3.45) we have

3 R .
2 EY, oY, 1Yy EYp 1Y 4

=1+ vi— + + + Cor|z|. 3.54

v Z; 7 Yrp—2Vr_1 Yi—1 12 (8:54)

It is easy to see that vy < C2ua, vy < C2uva, a(1,1,1) < Coa(l,1), a(k,1) < C(k)a(1,1), since all
X, are bounded by Cy. Therefore, from (3.54), arguing as in above, we obtain the following rough
estimate

Y = 1+v12 + CO(vg + a(1,1) +v7)|2)°. (3.55)

Taking into account (3.48) and (3.55), for a sufficiently large n, we prove

ro_ _ _ Y
T e + (1= vn) + OO — | ]ZOH V|
+ 1+ (1—y) + COvE|z)? Zmy =112+ C0lvs +a(1,1) +v7)z]%.  (3.56)
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From (3.48) it follows that
1
‘%2%1 -
Combining estimates (3.56), (3.57), (3.51) and (3.52) with (3.54) we obtain

1‘ S ON = Yp_ot—1]| < C(|1 = hp—a| + [Yr—2| |1 — ¥r_1]) < Crrz]. (3.57)

v =1+ Z vzl EYi 2V 1Yi + BYj 1 Ye(1 — v12) + COr|z|*. (3.58)

Applying (3.42) with s =4 and s = 3, we get

_ 2 _ _ 3
EY.Y, — E{Xlz n Xl(X12 1)z n X1(Xy 12;(X1 2)z }Y2 + X6a(3,1)]2]*
1.2
_ EXlz{ng + M + COXo (X — 1)( X — 2)z|3}
X1(X; —1)22
+E1(+>Z(X2z + COX5(Xo — 1)|2[%) + Cha(3,1)]2|*
= a(1,1)2* + (a(1,2) + a(2,1))2* + CO(a(3,1) + a(2,2) + a(1,3))|z[*. (3.59)
Similarly
2 2
EY:EY, = V12’<l/12 + % + C’9ug|z|3> + %(mz + COuy|2|?) + COvyvs)2|*
= 722+ + CO(nvs + 13) 2| (3.60)

Combining the last two expressions with the definition of EYlYQ we obtain
BY1Ya(1—112) = [a(1,1) — v2]22 + {[a(l, 2)+a(2,1) — v1vs] —11]a(l, 1) — uf]}zg +C0r|2*. (3.61)
Arguing in the similar way we prove
EY1YaYs = [a(1,1,1) — 2v1a(1,1) + 1§]2% + Cor|z|*.

Putting the last expression and (3.61) into (3.58) we get 1 = 1 + b1z + be2? + b323 + COr|z|*. If
k =3,4,...,7 then arguing is exactly the same if not simpler, since the last term in (3.45) is absent.
The case k = 2 is proved similarly. The case k = 1 follows from (3.42) with s =4. O

Lemma 3.4.6 If (2.20) is satisfied and n is sufficiently large, then

Proof. We prove (3.62) by induction. It is easy to check that
[y | < iEX1e' 1| < B[ X6 = vy < Couy. (3.63)

Let us assume that (3.62) holds for m =1,2,...,k — 1. From (3.35) it follows that

k—
|(BY; - Yi)'| EY; U
WLl < v+ ’ 3.64
Vil < 12\% el Z| wmz (364
Taking into account (3.37) and (3.48) we obtain
Z |( NN k) | < ]§ (m)kj(k — i+ 1)2k7j|z|k7j(c v )(k*j+1)/2
‘wj k; 1| X = 9 0¥1
k=1 10\ F7 . 1\ (k=i=1)/2
< C — k— 1)4+—7
01/1;(9) (k—j+1) (400)
k—1 2 k—j
= 20Con Y (k—j+1) < ) < 4.5Couy. (3.65)
j=1
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For estimation of the last sum, we used a standard combinatorial approach by taking = = 2/9 and
applying the following formula

k—2 k' ) 3 o0 !/ .’133 ! 3.132 .133
kE—i+1 L3 4 = m - — .
S+t <ot art b= (Sam) = (75) = Tt

j=1 m=3

Taking into account inductions assumption, (3.48) and (3.36) we obtain

k= k k—j+1
EY; - , 10\ "9 o p
Z || W 1| Z ’w S GCOZ“Z <9> (k — )25 2|59+ (Couy ) B 77D/
w0\t ,

< 6COV1 Z — J ( ) 2k_]2k—_7+1(20)—k+_]—1

- k—j+1
(2 12Cyv

- 300V1Z(k:—1)(9> < 43 L (3.66)

j=1

Combining (3.66) and (3.65) with (3.64) we complete Lemma’s proof. O
Lemma 3.4.7 If (2.20) is satisfied and n is sufficiently large,then

WO = nd +2E) B 1 Ol
Vh(t) = byz' +bo(2%) +bs(2®) + COr|z[?,
Pr(t) = b2 +by(2?) +b3(23) 4+ COr|z|?, (k> 3).

Proof. Lemma’s proof is a combination of the proofs of Lemma 3.4.5 and Lemma 3.4.6 and is
therefore omitted. [J

Lemma 3.4.8 If (2.20) is satisfied and n is sufficiently large, then

2
Vo — UV 1% 1%40%
Ini(t) = vz+ 22 122+(63—122+ 3)23+C’0r|z|4,

b3
IH'LZJQ(t) = biz+ b — > (bg — b1by + 3)23+09?"|24,

3

Invyp(t) = biz+ (b2 ) <b3 — b1y + b31>z3 + Cor|z|*, (k > 3).
Proof. From (3.47) and (3.48) it follows that

—1)2 _1)3 00 .
gy = (fp—1) - (@ — 1) + e —1) +COlpy, — 1P le
=0

2 3

)~ G0 G g5 (LY

2 3 =
Applying Lemma 3.4.5 we complete the proof. [
Lemma 3.4.9 If (2.20) is satisﬁed and n is sufficiently large, then

(I (1) = me +2-14 (6‘3 v j) (23) + Cor|z]?,
(Inya(t) = b2’ + (bz - ) (63 — biby + )(z?’)/ + COr|z)?,
(Inyp(t) = b2’ + (bz - ) (b3 —biby + )(23)/ + COr|z|?, (k = 3).
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Proof. We have o
/I _ Yk
(Intx)" = Ur
Arguing as in (3.56) we prove
1 —
o
The proof now follows from Lemmas 3.4.7 and 3.4.5. O

T+ (1 =) + (1 =) + COVE| 2|5,

Lemma 3.4.10 Let M be finite variation signed measure concentrated on integers, 7 € [0,1], a €
[0,1]. If (2.20) is satisfied and n is sufficiently large, then

| M exp{ninU + al'yU? + 1T3U%}|| < ||M exp{0.5n4,U}|,
| M exp{ni U + aloU? + 1T3U%} |o < [|M exp{0.5n1 U} oo

Proof. Due to (3.44), if n is sufficiently large, then
nv
T2 + TsU | = ©(|T2| + 2|Ts)) = 0=
Total variation norm of a distribution is always equal to unity. Consequently, || exp{0.5v1U}| = 1.
If n is sufficiently large, then, taking into account Lemma 3.1.3 below, we obtain

| exp{0.501U + al'yU? + 713U} || = || exp{0.5n11U + 0.1n1, 0} ||
=1 nvy nvy m > e 3m\™
¢ 5 LR ea{g] a1 5 f () <o
+m2:1 m!ll 10 P 2m +m2:1 m™\/2mrm \ de

The proof of Lemma’s assertion now follows from the properties of the total variation and local
norms. Indeed, we have

| M exp{T'1U + al'2U? + 7T3U°}| oo
< || M exp{0.5T1 U} oo | M exp{0.501 U + al'xU? + 7T3U3}||.

Similar relation also holds for the total variation norm. O

3.5 Proof of Theorems 2.2.1-2.2.5

Proof of Theorem 2.2.4. To make expressions shorter we write ﬁn and 133 instead of ﬁn(t) and
Ds(t), respectively. We assume that n is sufficiently large and all auxiliary results hold. Taking into
account (3.39) and Lemma 3.4.8 we obtain

|F, — D3| < Ce Cmisin®(#/2)|1n F (¢) — In Ds|
< Cnr|sin(t/2)[te=Crrsin®(#/2), (3.67)
Applying formula of inversion (3.2) and (3.6) we easily prove (2.28). From Lemma 3.4.9 it follows

that

|(In E,) — nuni| < |(In E,) — nun 2’| + nin |2’ —i| < Cnunz).

Therefore, applying Lemma 3.4.9, (3.67) and (3.6), we obtain

‘(e—itnul B, — e itmn f)S)/

= ’(ln B, - itnul)/ﬁne*it””l — (In ﬁg — itnyl)’ﬁgefit"”l

< ’(ln F, — itnul)/(ﬁn — D3)e 1 4 g itmn 53((111 E,) - (In 133)’)
< CeCrwisin(t/2) {|(1n F,) — inwn|nr| sin(t/2)[* + nr| sin(t/2)|3}
< CemOmasin®(t/2) e gin(¢/2)]3. (3.68)
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Let us take in Lemma 3.1.1 v = u = nv; and M = F,, — D3. If n is sufficiently large and nvy > 1,
then the estimate (2.27) follow from (3.67), (3.68) and (3.6) . O

Proof of Theorem 2.2.5. We have
D3 — Do(I +T3U?) = Do(exp{I'3U} — I —T3U?) = Do(T'3U?)? /01(1 — 1) exp{r[3U>}dr.
From Lemma 3.4.10 and Lemma, 3.1.3 it follows that
D3 — Do(I +T3U%) < /01 | Dy exp{rT3U3}T3US || dr

Ts|?
(ny1)3 '

Estimate (2.29) follows from the triangle inequality and Theorem 2.2.4. For the proof of (2.30) one
must replace the total variation norm by the local one. OJ

< O ||US exp{0.5n, U} || < C

Proof of Theorem 2.2.3. If n is sufficiently large, then nr; > 1. Therefore, applying Lemmas
3.4.10 and 3.1.3 and Theorem 2.2.5, we obtain

|Fn — Ds|| < ||F — Do(I +T3U3)|| + |T3U3 Dy

C Cr?
< nT/TQ + thé + COnry||U? exp{0.5n0, U } |
1 1
Cr Cr? Crq Crq

<

V1y\/ N1 + ’/ll/i)’ + V14/ M1 = 1/1\/’/”/1'

N

O
Proof of Theorem 2.2.2. We have

1
Dy — Dy (I +ToU?) = Dy(exp{l2U?} — I —ToU?) = Dy (T2U?%)? / (1 — 1) exp{rToU?}dr.
0
From Lemma 3.4.10 and Lemma 3.1.3 it follows that

1
|Ds — Dy (I +T2U?)|| < /|\D1exp{TF2U2}F§U4||dT
0

o
(nvp)?’

Estimate (2.23) follows from the triangle inequality and Theorem 2.2.3. For the proof of (2.24) one
must replace the total variation norm by the local one. [J

< ON?|U* exp{0.5n1 U} < C

Proof of Theorem 2.2.1. If n is sufficiently large, then nyv; > 1. Therefore, applying Lemmas
3.4.10 and 3.1.3 and Theorem 2.2.2, we obtain

|F — D1l < ||Fy— Di(I +T2U?)|| + |T2UDy ||
(o +a(1,1) + v3)? N 1

<
V% V1y/ N1
+ Cn(ve + a(1,1) + v} ||U% exp{0.5n, U}
< (1/2—|—a(1,1)—|—1/f)2+ 1
V% 1/1\/W
L eta@DAvi)  (eta(l )+ vf)
141 = 1%} '
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3.6 Auxiliary results for Poisson type approximations for sums
of 1-dependent symmetric three point distributions

Let s =it and v; = v1(s) = EesX1,

Ee® : [ it X 2
Uk = Fossh 1 wy(it) := y/E|e®Xi — 12, k=2,3,...,n

The following lemma follows from Lemma 3.1 and Lemma 3.2 [25].

Lemma 3.6.1 Let (2.31) hold. Then, for k=1,2,...n, and all real t

k=1 < <
B(esXs sXiv — 1), (e — 1
o = EetXe 4 Z 1)(e ) ( )’
- VjUj41 - - Vk—1
Jj=1
lop — 1] < |ECSX’“ — 1]+ 2\/E|CSXk—1 —1]2E[esXr — 1[2/(1 — 4w, (2))
< 13ple® —1] < 1/5,

|In B, (t) — nH|

N

ver 1 [hGLk
np(za,ke{ 11} (G Bl +90\/15)|Z|2-

p
Lemma 3.6.2 Let (2.31) be satisfied. Then, for all |t| < 7

max{| P, (1), |B"(1)|} < exp{—Csnpsin®(t/2)}.

Proof. Note that R R
[Pa(®)] < | exp{nH1}|exp{| n Pa(t) — niy])

and apply Lemma 3.6.1. The estimate for ﬁ”(t) follows directly from its definition and (2.31). O
Lemma 3.6.3 Let condition (2.31) be satisfied. Then, for k > 7, we have

vp—1 = Hy+ Hy+ Hs— HyHy + Hy — 2H3H, + Ho(H? — Ho)
+ Hs—3H,H, + H3(3H? — 3H,) + 3H2H,
+ Hg—4HsH, + H3(12HyH, — 2H3) + Hy(2H2 — 4H,)
+  Hy+ H3(10H3 — 5Hy) — 5HoHs + Cofp*|2|*. (3.69)

Moreover, for k = 2,3,4,5,6 the estimate (8.69) holds with Hy = Hy = Hs = H¢ = H; = 0,
Hy=Hs;=Hs=H;=0, H; = Hg = H; =0, Hy = H7; =0, Hy = 0 respectively.

Proof. Applying Lemma 3.6.1 we obtain
H2 H3 H4 H5

+ + +
Vk—1 Vi —2Vk—1 Uk —3Vg—2Vk—1 V-4V —3VE—2Vk—1
Hg Hy

+
Vk—5Vk—4VE—-3VE—2Vk—1 Vk—6Vk—5Vk—4Vg—3VE—2Vk—1

N ’i? E(eSXJ’ — 1)(esj(j+1 —1)... (eSXk - 1)'

VjUj41 .. V-1

’Uk—l = H1—|—

(3.70)

j=1
and
1 1 5
|Uk| I—[1- Uk\
From Lemma 3.1.9 we obtain
|E(esz _ 1)(esz+1 —1)...(e Xk _ 1] < ok—j H E|esf(m — 12

LR € Oyt
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Noting that, due to (2.31), we can assume p to be small. Therefore,

E(eX — 1)(eXm — 1) ... (eXr — 1)

VjUj41 .- Vk—1

j=1
k—T7 _
< Cuptlel* D (V)T < Cooplal. (3.71)
j=1
From (3.70) and (3.71) we get
1 H H.
— = 14+ —vp)+ (1 —vp)?+Cusbp®|2|* =1 - H — — — 2
Vg Vk—1 VE—1Vk—2
H4 H5{E5

- + (1= vg)? + C140p°|2|*
V-1V —2VE—-3 V-1V -2V —-3Vk—4

= 1—H,+H} — Hy +3HyH, — Hy +2H3 +4H3H, — Hy + 5HyHs — Hs + C150p°|2|*.

Putting the last expression into (3.70) we complete the proof of Lemma 3.6.3, for k > 7. The cases
k=2,3,4,5,6 are proved similarly. [J

Lemma 3.6.4 Let condition (2.31) be satisfied. Then, for k > 7,
lnvk = H1 + 0160(K1|Z|2 + K2|Z|3 + K3‘Z|4)

Proof. Applying Lemma 3.6.1 and Lemma 3.6.3, it is not difficult to show that

7
Inv = H, +cl79(z|ﬂj| P +p2|z|4>.

j=2
Since z = —% — |z|? one can easily obtain the following estimates
Hy = (p1—p-1)z—p-al2l,
H = Cib(plps = p-all= + 521",

|Ha| < [h(—1,-1) — h(—1,1) = h(1,—1) + h(1,1)| |2[* +
|h(—1,1) + h(1,—1) — 2h(1, 1)| |2[> + |A(1,1)] |2]*,

> G R =) =hGE D[P+ > AR =) |2 + | Hal.
j,ke{—1,1} j.ke{—1,1}

| H3|

N

Let h(j1, ja, -, dx) = P(X1 = j1, Xo = ja, ..., X = j) — P(X1 = j1)P(X2 = ja) - P(X), = jx)
and let ), denote the sum over all ji,...,ji € {—1,1}. Then, for k =4,5,6,7,

k—1

[Hi| <D 1A gz, i)l [2F + Cus Y | Hinl.

m=2

Lemma’s statement now follows from the following estimate

|h(j1,d2,- - dk)| < Crola(ji, j2)| + Caop?.
O

Lemma 3.6.5 Let (2.31) be satisfied and let |t| < w. Then

1P.(t) = B*(t)] < Ca1exp{—Coanpt®}[K1[t|? + Ka|t]® + Ks|t|"].
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3.7 Proof of Theorem 2.3.1
Proof. Applying Lemma 3.6.2 we get
|Po(t) — B™(t)] < Cas exp{—Caonpt>}|In P, (t) — In B"(t)].

Note that In P, (t) = > r_, Invg. Consequently, from Lemma 3.6.4 we get the required estimate.
Theorems proof now follows from Lemmas 3.6.5 and 3.1.1. O

3.8 Auxiliary results for sums of 1-dependent non-identically
distributed Bernoulli variables

For the sake of brevity set s = it, z = e'f —1. Moreover, we denote by @ all quantities satisfying |0| < 1
and use C for all absolute constants, which may vary from line to line. Let ¢; = 1 (2) = Ee*X1,

BEe?* ;
Pr = FezSk—1’ wn(it) = E|elth _1|27 k=2,3,...,n

2 E 77; as ;

j=1 5]
Z=i=l 2 4180 max /p; < C < 1. 3.72
> max VP (3.72)

The following lemma follows from Lemma 3.1 and Lemma 3.2 in Heinrich [25].

More precisely, let

Lemma 3.8.1 Let condition (3.72) hold. Then, for k =1,2,...n, and all real t

LB — 1) (e — 1)L (e5Xr — 1)

o = Ee*Xr 4 < ~ (3.73)
=1 PjPi+1 - Ph—1
and
. V/ElesSi1 — 12Ejes%e — 12
bh—1] < [Be*Xr — 1|42
-1l < (Bt 1]y e
< pele® = 1]+ 12y/pepr—1le” — 1|
< Cpk + pr-1)le® — 1], (3.74)
|1nEeit§ —M(E*=1)] € X\ (M + 90 max ,/pk> le* — 1/ (3.75)
Al 1<k<n

Lemma 3.8.2 Let condition (3.72) be satisfied. Then, for all |t| < 7,
max{[BeS|, | D(#)|} < exp{—CA1(e* — 1)}.
Proof. Note that

EeitS] < eXp{| In EeitS — Xy (e® — 1)|}

exp{/\l(eS - 1)}

and apply (3.75). The estimate for ]\/Z(t) follows directly from its definition and (3.72). O
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Lemma 3.8.3 Let condition (3.72) be satisfied. Then, for k > 7, we have

G —1 = prz+asrz” + (ask — a2 kpr—1)2”
+  (ask — a3 p(pr—z +pe—1) + a2 k(Pi_y — azp—1))2"*
+ (a5 — aak(Pr—3 + Pr—2 + Dr—1) + a3,k(pi_1 + pi_g + Pk—1DPk—2 — G2, k—1 — A2,k—2)
+  ag k(2024 1Pk—1 + G2k 1Pk—2 — A3 5-1))2"
+ (aek — a5 k(Pr—a + Pr—3 + Pr—2 + Dr—1) — G4 k(@2,5—1 + G2 k-2 + a2 5—3)
+ a3 k(202 k—1Pk—1 + 202 k—2Dk—2 + 202 k—1Pk—2 + Q2 k—2Pk—3 + A2 k—2Pk—1 — A3 k—1

2
ask—2) + as k(a2 p—102 k2 + a3 p—1 + 203 k—1Pk—1 + a3,k—1Pk—2 + a3 k—1Dk—3
6
a4 k-1))2" + (a7 5 — as k(a2 k-1 + a2 k—2 + a2 k-3 + a2 k—4)

2
— aax(aszp—1+azk—2+asr—3) + azr(as k—2a2 k3 + a3z k2

+ 2azk—102 k-2 + a%,kq — G4 -1 — Q4,k—2)
+ a2k(2a2 k-103 k-1 + G2, 5—203 k-1 + Q2 k—3A3 k—1 + A2 k—103 f—2 — as,kq))Z?
+ COD) +Ph_1 + Dho + Dz +Ph_s + Dis + Pi_6 +Pr_7)|2" (3.76)

Moreover, for k =2,3,4,5,6 the estimate (3.76) holds with a3, = aar = a5k = sk = = arx =0,
a4k = Q5 = A6k = A7k = 0, as k= ae k. = A7k = 0, ae.k = a7k = O, a7k = 0, respectively.

Proof. Let k > 7. Then from (3.73) we obtain

R as, k2> as k2’ as k2t
or—1 = prz+ — — —
Prk—1 Prk—2Pk—1 Pk—3Pk—2Pk—1
+ a5,k2’5 aﬁykzﬁ
Pk—aPh—3Pk—2Pk—1 Ph—5Pk—4Pk—3Pk—2Pk—1
+ a77kz7

Pl—6Pk—5Pk—aPk—3Pk—2Pk—1
N ’“2‘37 BesX — 1)(es%1 — 1) ... (e¥Xk — 1)
PjPjt1 - Pr—1 '

(3.77)

j=1

From Lemma 3.1.9 we obtain

B(e*Xi — 1)(eXit1 —1)... (5% — 1)

k
< 22 [ VElesXm — 12
m=j

= 2 T i e (3.78)
From (3.74) it follows that

1 1 )
— L — < - 3.79
Bl STl < 4 (379)
Consequently, noting that due to (3.72) all p; are very small, from (3.78), (3.79) we get

kT E(esj(f — 1)(esj(f+1 -1)... (esgk -1)

PjPjt1 - Pr—1

<
—

o7 /o \Fimstl
< VTPl Y5t (180)
j=1

k=7 k—j
5
< Oyt -pelz* Z (180)
=1
<Cyprr--prl2l* (3.80)
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From (2.35),
1
o
+
+
+
+

(3.74) and (3.80) we get

L+ (1= @)+ (1= ¢r)* + COW; + pi_y)lz|*

2 3 4 5
az kz as gz a4 k2 as k2 o
1—ppz— —= - - - +(1—¢p)?
Pr—1 Pre—1Pk—2 Prk—1Pk—2Pk—-3 Prk—-1Pk—2Pk—-3¥Pk—4

COW; +pi_1)|z* =1 — prz + (P} — ao k) 2® + (2a2, 1Pk + ag kpr—1 — az k)2

(a3 1 + G262, -1 + 203 kP + A3, kPR—1 + A3 kPk—2 — A4 k)2"
(20 ka3 ; + Q2 kA3 11 + G312 k1 + A3 kA2 f—2 — A5.1)2°
COW} +Py_y + Doy +Pi_s +Da_s +Pi_5)|2[" (3.81)

Putting the last expression into (3.77) we complete the proof of Lemma 3.8.3, for k > 7. The cases

k=2,3,4,5,

6 are proved similarly. [

Lemma 3.8.4 Let condition (5.72) be satisfied. Then, for k > 7,

%(@k) =
_|_

+

+

_|_

+

_|_

+

+
Proof. Let
d, .
@(@

Noting that

e’ [pk + 2as,,2 + 3(asp — az kpr—1)2°

Aagk — az k(pr—2 +pr—1) + a2 x(Pi_; — a2 1))z

5(as.k — aak(Pr—3 + Pr—2 + Pr—1) + a3,k(pi71 + Pifg + Pr—1Pk—2 — Q2 k—1 — (2,k—2)
a9 k(202 k_1Pr—1 + A2k 1Pk—2 — A3 5-1))2"

6(ae,x — a5k (Prk—a + Dr—3 + Dr—2 + Dr—1) — Ga (G2, k—1 + G2 k—2 + a2,k—3)

as (262, k- 1Pp—1 + 22 k—2Pk—2 + 202 | —1Pk—2 + A2 k—2Dk—3 + A2 k—2Pk—1 — 43 k—1
as k—2) + ag k(A k—102 k-2 + (I%,kq +2a3 k—1Pk—1 + A3 k—1Pk—2 + A3 k—1Pk—3
as-1))2" + T(azx — as p(as k1 + az k—2 + az k3 + a2 k1)

aq k(a3 p—1 + as -2 + a3 x—3) + as k(a2 k—202 k-3 + a;k_g

2
2a3 k102 k-2 + Q3 51 — Q41 — A4 k—2)

as k(2a9 k—103 k-1 + 2 k—2G3 k—1 + Q2 k—303 k—1 + Q2 k—103 k—2 — a5,k—1))26}
CO(pk + Ph_1 + Pho +Di_s+ Ph_a +Phs + Dh_g + Ph_7)l2. (3.82)
k > 7. Then from (3.73) we obtain
a 22 a 23 a Z4 a Z5
k) = (pkz T . S o
dt Pr—1 Prk—2Pk—1 Prk—3Pk—2Pk—1 Pk—4Pk—3Pk—2Pk—1
e 1.50 7
+ - _ 6,k% 4 _ ACL?,kAZ _ _
Prk—5Pk— 4<Pk 3Pk—2Pk—1 Pk—6Pk—5Pk—4Pk—3Pk—2Pk—1
k=7 5 . <
E(e —1 SXfrlfl... sXk
. e 1) (e >>. 53
= PiPi+1 - Pk—1
due to (3.72) all p; are very small, we get
CIE(esX — 1) (5Kt — 1) (esXr — 1)
= PjPj+1 - Pr-1
3k77 1 k—j—8
< . k—7+1)5 7 —
B k) (155
k-7 5\ K
< Cypur--. 3 — —
VD=7 - Pl ; Jj+1 (180)
< C\/Pk 7 pelz> < C(ph_7 + Ph6 + Phs + Di_a
+ Prs+Dh o+ pi1 ORI (3.84)
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From (3.74), (3.81), (3.84) and Lemma 3.1.10 we get

a/27k722

Pr—1
4 2

a2 k—1Pk—2 — @3 k—1)2" +6az k(a3 1 + a2 k—102,k—2 + 203 k—1Pk—1 + A3 k—1Pk—2

d .
. it 2 2 3
T =ie"(2a2,42 — 3ag kpu—12" + 4azk(Pi_1 — a2,k—1)2" + Baz k(2a2 k—1Pk—1
5
a3 k—1Pk—3 — A4 k—1)% + Ta2 (202 k—103 k—1 + A2, k—103 k—2 + a3,k71a2,k72)

a3 k—102,k—3 — a55-1)2° + CO(Dy + Ph_1 + Ph_o + P + Ph_a + Drs + Pho
Pe-n)l21%, (3.85)

o+~

A) = ie" (3azkz” — 4(askpr—1 — a3 Pe—2)2° + 5azk(Ph_1 + Pi_s

5
a2 k—2Pk—1 + 202 k—1Pk—2 + 202 k—1Pk—1 — A3, k—1 — A3 k—2)Z

2 2 6
a3, (a5 g _g + 202,102 k—2 + A2 k—202,k—3 + A3 1 — G4 k-1 — G4 k—2)2")

+ Pi ot Ph1Pk—2 — G2k—1 — G2 k—2)2" + 6az k(202 k_oPr—2 + a2 k_2Pk—3

_l’_

+

+ CO(pr+Pr_1+Pro+Phs+PiatPis+Pig+Prr)lzl’ (3.86)

d a47kz4

dt <95k—195k—295k—3
+ agp-2+azp-32°) — Tagp(asp—1+ asp—2 + asp—3)2°%) + CO(py + Ph_q + Ph—s

+ Phog +Phoa + Dies + Phos + Di7)| 2", (3.87)

) = ie" (dayg kz® — Bayg k(Pe—1 + Pe—2 + Pr—3)z" — Bay k(a2 k1

d as pz° . »
( 2 L ) = ie" (bas 2" — 6ie" a5 12" (Pe—1 + Pr—2 + Pr—3 + Pr—a)|2|)
dt \ Pr—1Pr—2Pk—3Pk—4

— Tas2%(az -1+ a2 p—2 +asp_3 + az, k1)) + CO(pf + pr1 + P + Ph_3
+ Pha+Dhs+Phg+ D7)z’ (3.88)

d Qa sz L
( = ) = 6Gic'ag 12" + CO(p}; + Ph_y

dt \ Pr—19k—2Pk—3Pk—1Pk—5
+ Dio+Pis+Dhoa+DPis+Phc+Di7)2° (3.89)
d ar kz7 ) L
— [ = ~ — ~ ~ = Tieay 1125 + CH p4 —|—p4_
dt (s%1s0k290k330k4s0k590k6 ’ (Pi. + Py
+ Proot+DPrhost+Phat+Phos+Phst+Pr_7)lz’. (3.90)

Putting the (3.84)-(3.90) into (3.83)we complete the proof Lemma 3.8.4 for k > 7. The cases
k=2,3,4,5,6 are proved similarly . OJ
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Lemma 3.8.5 Let condition (3.72) be satisfied. Then, for k > 7,

1 1
Ingr = prz+ (azk — ipi)zz + (as,k — a2,k (pr + pr—1) + gpi)zs
2 2 1 4
+  (aan — ask(pr + pe—1 + Pr—2) + a2k (P} + Ph_y + PrPE—1 — 502k ~ a2 k-1))z
+ (%,k — a4, (Pr—3 + Pr—2 + Pr—1 + Pi) + a3 k(PrPr—1 + PEPr—2 + Pk—1Pk—2 + p%
+ Pi_l eri_g — Qo) — G2,5—1 — G2 k—2) + G2 5 (G2, kDK + Q2. kPK—1 + G2 k—1Dk
4+ 205 k-_1PK—1+ A2 k—1Pk—2 — A3 %—1))2"
+ (a6,k — a5k (Pr—a + Pr—3 + Dh—2 + Dr—1 + D) — @a k(2,53 + a2 k-2 + a2 k1 + G2.1)
+  a3k(@2,k—1Pk + a2 k—2Pk + 202 KDk + 202 kPr—1 + G2, kPk—2 + 202 k—1Pk—1
+  2a9 g—2pr—2 + 202 k—1Pk—2 + A2 k—2Pk—3 + A2 k—2Dk—1 — 308k~ 03k-1 ~ as k—2)
+ agi(ag ke k-1 + azp—102,k—2 + a;k_l +az g—1pk +2a3 p—1Pk—1 + A3 k—1Pk—2
1
+ aggp—1Pk—3 —aak—1+ gai,k))zﬁ
+ (a7,k —as (a2, + a2 p—1+ G2 -2+ a2 k—3 + a2 k—a) — as (a3 + a3 k-1 + a3 k—2
+ a3 p-3)+ a3 k(202 k-102 k-2 + Q2 x—202 k—3 + a%k,l + (Z%,kfg — Q4 k-1 — Q4 )—2)
+ a2 k(a2,k03,5—1 + 202, k—1a3 k—1 + A2 k—203 k—1 + A2 k—303 k—1 + G2, k—103 k—2 — A5 k—1)
+  agkasi(ask + 202 5-1 + a2,k—2))27
+ OO}, + iy + Di—s + Pi—s + Ph—s + Phs + Pis + Dir)|2|".
Proof. From (3.74) we obtain
) . or— 12 (pp—1)°
Ingp = (¢r — 1) — ( 5 Sy 3 ) +CO(pf, + pi—y)le” — 1|1

To complete the proof one needs to apply Lemma 3.8.5 . [J
Lemma 3.8.6 Let condition (3.72) be satisfied. Then, for k > 7,

d L )
T (ln <pk> = et [pk + (2a27k — pi)z + (Sag,k — 3az,k(pk + Pr—1) +pi)22
2 2 1 3
+  4(asr — a3k (Pe + Pr—1 + Pr—2) + a2,k (P + Pi_1 + PePr—1 — 502k ~ azp-1))z
+ 5((15,k — a4, (Pk—3 + Dr—2 + Pr—1 + Pr) + a3,k (PrPr—1 + PEPr—2 + Pr—1Dk—2 +pi
+ PR+ Pho— Ao — G2,k—1 — A2,k—2) + G2,k (a2 kDK + A2 kDR—1 + A2 k—1Dk
4+ 2a0j—1Pk—1 + a2 k—1Pk—2 — a3 1)) 2"
+ 6(a6,k — a5k (Pr—a + Pr—3 + Pr—2 + Pr—1 +Pr) — aar(a2k—3 + a2 2+ az 1+ azx)
+  a3k(@2,k—1Pk + Q2 k—2Pk + 202 KDk + 202 kPr—1 + G2 kPk—2 + 202 k—1Pk—1
+  2a9 g—2pr—2 + 202 k—1Pk—2 + A2 k—2Pk—3 + A2 k—2Dk—1 — 308k~ 03k-1 ~ as k—2)
+  agk(a2,k02,5—1 + a2 k—102 k—2 + a;k_l + a3, k—1Pk + 203 k—1Pk—1 + a3 k—1Pk—2
1
+ a3 k—1Pk-3 —G4k—1+ gag,szS
+ 7(a7,k —as k(a2 + a2 k—1 + a2 p—2+ a2 k—3 + a2 k—a) —as k(A + a3z k-1 + a3 k—2
+ a3 p-3)+ a3 k(202 k—102 k-2 + Q2 x—202 k—3 + a%,k,l + a%,k,z — Q4 k-1 — Q4 k—2)
+  a2k(a2,k03,5-1 + 202, k—1a3 k—1 + A2 k—203 k—1 + A2 k—303 k—1 + Q2 k—103 k—2 — A5 k—1)
+  agkask(ask + 202 5-1 + a2,k—2))zﬁ]
+ COpy + D1 + Ph_o + Dhs + Ph_s + Dhs + Ph_g + Dir)|2[>.
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Using (3.81) and (3.82) and Lemma 3.8.6 we get the stated of Lemma. O

Lemma 3.8.7 Let condition (3.72) be satisfied. Let A5 =3 _sask— > p_oa2.k(Pk +Pr—1) + 33
and Ay(t) = (ZZ:Z azk — 3X2), then

HeO.QAU—&-tAQUZH < C (3.91)
and

||6049/\U+A2U2+tA3U3 | < C. (3.92)

Proof. The estimates are provided similarly, so we give the details of (3.92). In view of Lemma
3.1.4 and (3.72), we see that

||eo.9,\U+A2U2+A3tU3 | = Heo.gw i (A2U? + AstU?)”

r!

r=0

_ HQO.QAU n i 0N (A2U2 + A3L‘U3)’°

—t rl
< 1+Z H 0.9AUT (4, U2+A3tU‘5)H
< 1+Z—'He0'9’\U’"U2H(\A2|+2|A3|)’
!
— 1 3r\"
< 1 —(]A 2|As])"
+ 2 (Al +214s) (O.9e>\)
o~ e 3(|Az| +2|A43))\ " r"
< 1 . 3.93
* ; rT\/2mwr ( 0.9\ er ( )

We used the facts || exp0,9A\U|| = 1 and ||U]|| < 2. Applying condition (3.72), we obtain

(W) < 1 (3.94)

The proof is completed. [J

3.9 Proof of Theorems 2.4.1-2.4.5

Proof of Theorem 2.4.3. Applying Lemma’s 3.8.2, 3.8.5 and 3.1.1 we obtain

I1£(S) = Ms|loo < C [ |Ee'™S — My(t)|dt
< C [ exp{—CAM?*}|InEe® — In Ms(t)|dt

—T

< C/ e~ O [Ry[t|* + Rs[t]® + Rg[t|® + Ry [t|")dt
0
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Let A > 1 and 3 = max(1,v/\). Applying Lemma’s 3.8.2, 3.1.1, 3.8.5 and 3.8.6 we obtain

T

1£(3) - My < © (ﬂES AL

- 2
)

1 , A~ !
- <e—7,t/\|EeltS o Mg(t))
< C/ (eC”Qﬂ[ﬂfﬁt|8+1w2§|1t|1°+1?%|t|12 + #3M]
0

3

1
+ e*c“zﬁ [Ri|t|6 + REt]® + RE|t)° + R$t|12Ddt.

Let A > 1 and § = max(1,v/\). Applying Lemma’s 3.8.2, 3.1.1 and Lemma’s 3.8.5, 3.8.6 where
exiting expressions are divided by x, also using simple 1.1 equality we obtain

1£(5) — Mal < © (mEe”S )P
!/
+ l (e—it)\IEeitS _ ]/\4\3(15”)

2
ﬂ‘ dt)

< C/ ( MG RO + REI® + REI™ + R3]

4 O 5 [R4|t|4 + R2[t[S + R2Jt[® + R2|t|1OD
where
n
Ry = > (pk+ ozl (0} + lazkl) + las klpk + lasrl),
k=1
Ry = Y (pra3y + lazkas | + las klpi + laaklpr + las k),
k=1
Rg = Y (lagkasyl ® + |as klprk + las.kl),
k=1
_ 2
R = ) ( ).
k=1
O

Proof of Theorem 2.4.1 and Theorem 2.4.2. The proof of Theorem 2.4.1 and Theorem 2.4.2
are similar to the proof of Theorem 2.4.3, the only difference is that one should use shorter asymp-
totic expansion. [J

Proof of Theorems 2.4.4 and 2.4.5. All estimates are proved similarly, therefore we give the
details of the proof of (2.47) only. We have
1£(S) = Ma(I + M U®)| < |L£(S) = My + (| Mz — Ma(I + Moy UP)]|.
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Applying Lemma 3.8.7 and the properties of the total variation norm (see Introduction), we get
”‘2\43 o MQ(I + M21U3)|| _ He/\U-i-MuU2 (eM21U3 I M21U3)||

1
= ||M221U6/ eAU+M11U2+tM21U3(1 —#)dt||
0

N

1
A [
0
< OIMBUSS Y

The proof is completed by applying Lemma 3.1.4. [J
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