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Joint Discrete Universality in the Selberg-Steuding Class and

Non-Trivial Zeroes of the Riemann Zeta-Function

Abstract

In this thesis, the approximation property of a certain class of zeta-functions is studied. It is
shown that L-functions from the Selberg-Steuding class . are jointly universal in the Voronin sense
concerning discrete shifts involving the non-trivial zeroes of the Riemann zeta-function ((s), or, more
precisely, we approximate simultaneously any collection of non-vanishing analytic functions on compact
subsets by using shifts L(s + ivy,h;) with accuracy € > 0. Here ;, are the imaginary parts of the non-
trivial zeroes of the function ((s). Also, a modification of this theorem is obtained, i.e., we extend the
result to positive density and show that the limit exists for all but at most countably many € > 0. These
theorems under the weak Montgomery pair correlation conjecture and certain linear independence for
the fixed h;’s are shown. The proof involves the application of Mergelyan’s approximation theorem
and a limit theorem in the space of analytic functions.

Key words: approximation, discreteness, joint universality, non-trivial zeroes, Riemann zeta-function,

Selberg-Steuding class, weak convergence, universality.

Selbergo-Stoidingo klasés diskretus jungtinis universalumas ir

netrivialuis Rymano dzeta funkcijos nuliai

Santrauka

Siame darbe nagrinéjama aproksimavimo tam tikra dzeta funkcijy klase savybe. Jrodoma, kad
L funkcijos i§ Selbergo-Stoidingo klasés .# yra universalios Voronino prasme, kai postiimiy aibé su-
daroma panaudojant Rymano dzeta funkcijos ((s) netrivialiuosius nulius. Tiksliau pasakius, darbe
yra nagrinéjamas vienalaikis analiziniy, nelygiy nuliui funkecijy rinkiniy aproksimavimas L(s + iy;h;)
postumiais € > 0 tikslumu; ¢ia 75 — Rymano dzeta funkcijos ((s) netrivialiy nuliy menamosios dalys.
Taip pat jrodoma Sios teoremos modifikacija isple¢iant rezultata teigiamam tankiui, t. y. paro-
dome, kad egzistuoja riba visiems € > 0, iSskyrus daugiausia skai¢ia jy aibe. Sios teoremos yra
irodomos pareikalaujant, kad buty ispildytos dvi salygos: teisinga silpnoji Montgomerio pory kore-
liacijos hipotezé ir tam tikra fiksuoty h; tiesine nepriklausomybe. Irodymui naudojama Mergeliano
aproksimacijos teorema ir ribiné teorema analiziniy funkcijy erdvéje.

Raktiniai zodziai: aproksimavimas, diskretumas, jungtinis universalumas, netrivialus nuliai, Ry-

mano dzeta funkcija, Selbergo-Stoidingo klase, silpnasis konvergavimas, universalumas.



Notation

f(z) <q g(x) or f=O(g(x))

the set of positive integer numbers
the set of non-negative integer numbers
the set of integer numbers

the set of prime numbers

the set of rational numbers

the set of real numbers

the set of positive real numbers

the set of complex numbers

natural numbers

a complex number, ¢ — imaginary unit
real part of s

imaginary part of s

greatest common divisor of a and b

lower density of zp

upper density of zp

indicator function of the set A
Lebesgue measure of a set A C R
cardinality of a set A

Cartetisian product of sets A and B

asymptotic equivalence of functions f(z) and g(z) as

T — 00, Le., lim f(z)/g(z) = 1.

f(z)] < Cla)g(z)

log a natural logarithm of a

D(a,b) the strip {s € C:a <o <b} fora<b,a,beR

K(a,b) the set of compact subsets of the strip D(a, b) with con-
nected complements

H.»(K) the set of continuous functions on K and analytic in its
interior

HY(K) the subclass of non-vanishing functions of H,(K)
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Introduction

P.G.L. Dirichlet is considered the pioneer of analytic number theory. In 1837, he proved
[24] what is now commonly known as Dirichlet’s prime number theorem. It states that arith-
metic progressions of the form an + b, a,b € N, ged(a,b) = 1, contain infinitely many prime
numbers. To prove the theorem, Dirichlet went “beyond” the bounds of integers and employed
mathematical analysis, limits, and continuity. This gave rise to a branch of mathematics called
analytic number theory, which investigates problems of integers using real and complex num-
bers. More precisely, Dirichlet first defined a complex valued function, now known as the
Dirichlet L-function,

[e.e]

L(s,x):ZX<m>, s=o0+it, o>1, (1)

S

m=1

where x(m) : Z — C is an arithmetic function called the Dirichlet character, and proved that,
for a non-trivial Dirichlet character, it is nonzero at s = 1 (the full proof can be found in [6]).

Since the XIX century, many similar functions to (1), named zeta- or L-functions, have been
defined [21, Chapter 450]. All of these functions can be expressed by the generalized Dirichlet

series
oo
Z a,e s (2)
n=1

converging on some half-plane of the complex numbers. Here {a,} is some sequence of com-
plex numbers, and {\,} is a strictly increasing non-negative sequence of real numbers. The
simplest zeta-function, originally discovered by L. Euler, who only analysed the function with

real argument, is called the Riemann zeta-function

=1
s) = —, o>1
C( ) n=1 n?
It is named after B. Riemann, who proved many properties of the function with complex

argument in his paper [8] in an attempt to prove the prime number theorem.
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One of the most important areas of study in analytic number theory is the non-trivial zeroes
of the Riemann zeta-function ((s). Zeroes of the form s = —2n, n € N, are called the trivial
zeroes of function ((s). All other zeroes are called non-trivial, and it is known that they all
lie in the so called critical strip {s € C: 0 < ¢ < 1}. One importance of the zeroes comes from
the derivation made by Riemann on the explicit expression of the prime counting function 7(s)
over the zeroes of ((s). Also, Riemann conjectured that all of the non-trivial zeroes lie on the
line o = 1/2, which is called the critical line. Therefore, the difficulty in finding a proof for the
Riemann hypothesis and its relation with the prime counting function 7(x) has attracted much
attention to the analysis of the non-trivial zeroes of ((s).

One such analysis of the zeroes is the number of zeroes up to some imaginary part 7T’
in the critical strip {s € C:0< 0 < 1,0 <t <T} (denote it by N(T)). Then the Riemann-
von Mangoldt formula is

T

T
N(T) = o log oo T O(logT). (3)

It was first discovered by Riemann and later proved by H.C.F. von Mangoldt (see [10, Theorem
9.4]). An important consequence follows from this formula, which will be needed later in this
work. If we order the non-trivial zeroes py = Sy + iy of ((s), such that vz > v, then it

follows that (see [10, (9.4.4)])
2rk

~ log k’

In 1975, S.M. Voronin first proved [32] that any non-vanishing analytic function can be

Vi k — oo. (4)

approximated uniformly by shifts of the Riemann zeta-function ((s+i7) in the critical strip, this
property is now called the universality property of a zeta- or L-functions. The modern version
of Voronin’s theorem can be formulated in terms of positive lower density. For this purpose,
some preliminary notation is needed. Let D(a,b) = {s € C:a < ¢ < b}, and meas{A} denotes
the Lebesgue measure of the set A C R. Also, let K(a,b) be the class of compact subsets
of the strip D(a,b) with connected complements. Let, for K € K(a,b), H,p(K) be the class
of continuous functions on K that are analytic in the interior of K, and let HY,(K) be the

subclass of non-vanishing functions of H, ,(K).

Theorem A. Let K C D(1/2,1) is a compact set with connected complement, and f(s) be a

continuous non-vanishing continuous function on K and analytic in the interior of K. Then,



for every € > 0, it holds an inequality

lim inf Clpmeas{T €[0,7] :sup [C (s +iT) — f(s)] < 5} > 0.

T—o0 s|<r

The proof of the theorem can be found in [16, Theorem 1.7] or [2, Theorem 6.5.2]. A key

role in the proof plays the fact that the function ((s) can be written as the Euler product, i.e.,

1\t
C(s)=1] <1—S> , o>1,
peP p

where P is the set of prime numbers. Later B. Bagchi improved [9] Voronin’s result to arbitrary
compact sets in the right-half of the critical strip with connected complement. He also proved
the result in terms of probability theory, which relies heavily on the weak convergence in limit
theorems.

After Voronin and Bagchi the property of universality has been proven for many other
zeta- and L-functions. In Voronin’s original paper [32] he also proved that the universality
property holds for the Dirichlet L-function L(s,x). Voronin in his doctoral thesis [31] was
also the first to prove the so-called joint universality property for L(s,x)’s. More precisely,
that for a collection of non-equivalent characters their corresponding Dirichlet L-functions can
simultaneously approximate a collection of non-vanishing analytic functions [16]. Again, Bagchi

proved this result in a different form and the strongest form of this result is as follow.

Theorem B. Let x; mod qq,...,x, mod q. be pairwise non-equivalent Dirichlet characters,
and, for each 1 < j <, let K; € K (%, 1) and f;(s) € HY (K;). Then, for all e >0,
27
lim i f1 0,7): L ' 0
iminf —measq 7 € [0,T] g?§£2%§| (s +it,x;) — fi(s)| <ep >0.

Also, it turns out, that one can change “liminf” into “lim” for all but at most countably
many € > 0. This was first shown for the Riemann zeta-function ((s) by J.-L. Mauclaire
[19], and independently by A. Laurincikas and L. Meska [3]. More precisely, they proved the

following theorem.

Theorem C. Let K € K (%, 1) and f(s) € H? ((K). Then, for all but at most countably many
27
e >0, it holds

T—o0 seK

lim ;meas{T €[0,T] :sup|C (s+iT) — f(s)] < 5} > 0.
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The universality described above is of the continuous kind. In 1980, A. Reich proved [5]
universality for a type of zeta-function generalising ((s), called the Dedekind zeta-function.
Discrete universality deals with the shifts restricted to an arithmetic progression {hk} for fixed
real h € R". Bagchi in his thesis also proved from the results of Reich an analogous discrete

version of the continuous joint universality theorem for the Dirichlet L-function.

Theorem D. Let x; mod ¢, ..., x, mod ¢, be pairwise non-equivalent Dirichlet characters,
and, for each 1 < j <, let K; € K (%, 1) and fi(s) € H%l(Kj). Then, for all h € R™ and all
e >0,

liNrrLioréf ]1[# {1 <k < N : max max|L (s +ihk, x;) — fi(s)| < E} > 0.

1<j<r s€K,

Similarly, one can change the arithmetic progressions {hk} into more complex sequences,
and it turns out that this is not trivial. The first progress in this direction was made in [1]
for the Riemann zeta-function by A. Dubickas and A. Laurinc¢ikas. They looked at sequences
of the form {k“h} with fixed 0 < o < 1 and h > 0. More precisely, they proved the following

statement.

Theorem E. Let K € K (%, 1) and f(s) € HY (K), and suppose that 0 < a < 1 and h > 0.
2’
Then, for all e > 0,

liNm_)iO%f]i[# {1 <k<N: jg}gl((s +ik“h) — f(s)] < 5} > 0.

An important extension of this was later proven by L. Pankowski [20] for the Dirichlet
L-functions with joint shifts of the form L(s + ia;k% log” k, x;), where, for each 1 < j < r,
aj ER, a; e RT, b e Rifa; ¢ Z, and b; € R\ (0,1] if a; € N, and a; # a;, and b; # by if
k # 75.

Not too long after Bagchi’s doctoral thesis, in 1989, A. Selberg defined [7] a general class of
zeta- and L-functions satisfying certain conditions to study the general properties that these
functions share. One of them is the property of universality, which will be discussed later in
the work.

In this thesis, the aim is to prove a certain joint discrete universality theorem for functions

belonging to a certain extension of the Selberg class, called the Selberg-Steuding class, when

the sequence of shifts is taken to be the the imaginary parts of the non-trivial zeroes of the



Riemann zeta-function. Also, it is shown that this result can be modified as in Theorem C.
The tasks of this thesis are therefore to

~® become familiar with properties of the Selberg-Steuding class;

~® analyse current literature on the discrete joint universality property for the Selberg-
Steuding class;
become familiar with the method used in proving discrete universality;
formulate the new joint discrete universality theorem;

prove the required auxiliary probabilistic results needed to prove the formulated theorems;

¢® ¢ 99

by application of the main limit theorem, Mergelyan’s theorem, and properties of weak
convergence prove the formulated theorem.

In the first chapter of the thesis, some elements of the theory regarding general classes
of ordinary Dirichlet series are presented. In the second chapter, the required auxiliary and
relevant results from the literature together with the new formulated theorems are given. In
the third chapter, some needed known properties regarding weak convergence of probability
measures is presented from the literature. Also, in the same chapter, auxiliary lemmas and the
main limit theorem are proved. Finally, in the last chapter, the main universality theorems are

proved.



Chapter 1

The Selberg-Steuding class

As was stated in the introduction, all zeta- and L-functions can be written as a general
Dirichlet series, but there is no known exact definition for what is a zeta-function, as Huxley puts
it “we know one when we see one” [16]. But one can analyse classes of Dirichlet series satisfying
certain conditions. One such general class was defined by Selberg in 1989 [7], which became
a great deal of interest. This chapter is primarily written following J. Steudings monograph
[16]. To talk about general classes of Dirichlet series we first recall a few results on ordinary
Dirichlet series.

If in (2) we take the sequence {\,} to be simply the sequence {logn}, we obtain a complex

function defined by the Dirichlet series, known as the ordinary Dirichlet series,
~ g,
We will assume that the function L(s) has a representation as an ordinary Dirichlet series

on some half-plane of the complex numbers C, i.e.,

L(s) = il ag:)‘

Then we say that L(s) belongs to the Selberg class S if it satisfies the following hypotheses:
1° Ramanujan hypothesis. Coefficients of L(s) satisfy a(m) < m? for every & > 0.
20 Analytic continuation. There exists a non-negative integer o € Ny such that (s — 1)*L(s)
is an entire function of finite order.

3% Functional equation. L(s) satisfies the equation
AL(s) = wAL(1 —73),

10



where

f
AL(s) = L(s)Q° [T T(\js + 1)

j=1
with positive real numbers ) and );, and with complex numbers p; and w, such that
Ru; >0 and |w| = 1.
4% Euler product. L(s) can be written as the product
L(S) = H LP(S),
peP

where

[e'e) b pl
log L,(s) = Z (ls)
=1 P

with coefficients b(p') such that b(p') < p? for some 6 < 1/2.

Steuding in his monograph extensively analysed the Selberg class and extended it in order
to satisfy certain conjectured properties about L-functions in S. For example, it is conjectured
that all L-functions in § are automorphic. He defined a class, now called the Steuding class S
as the set of functions L(s) satisfying the following conditions.

i Ramanujan hypothesis. The same hypothesis as 1°.

i’ Analytic continuation. There exists a real number o7, < 1 such that L(s) has an analytic
continuation on the half-plane ¢ > o except for at most a pole at s = 1.
iii” Finite order. There exists a non-negative constant py, such that, for all fixed o > o, and

positive e,

L(o +it) <. |t|"*e

as [t| — oo.
iv? Polynomial Fuler product. There exists m € Ny and, for every prime p, there exists a

sequence of complex numbers o;(p), 1 < j < m, such that

L(s):Hﬁ (1—0‘]]'3(8‘7’))_1.

peP j=1

v’ Prime mean-square. There exists a positive constant x such that

lim L S Ja(p)]? = k.

T—00 7'((1;) p<z

11



Steuding then showed that the axioms ii" and iii” can be deduced from S axiom 2". Only the
two axioms iv! and v cannot be deduced from the axioms of S. However, as he mentions, they
are expected to hold since for all known examples of functions in the Selberg class their Euler

Yis a sort of prime number theorem for the coefficients

product has the form iv’ and the axiom v
of the polynomial Euler product. He then proved universality for a subclass of Selberg class
SNS, ie., functions satisfying 2°, 3°, iv? and v°. Later in [11] a stronger result was obtained
removing the condition iv’. So, the Selberg-Steuding class, denoted here as ., is referred to
the class of Dirichlet series satisfying conditions 1° to 4 and v".

An important parameter in the analysis of the structure of . is the degree of L(s) € .7,

which is defined as ;
dp, =2\,
J

where \; and f are as in the 3" condition of S. For example, an equivalent Riemann-von
Mangoldt formula as in (3) can be obtained. If Np(7') is the number of zeroes up to some

imaginary part 7" in the critical strip, one can obtain the following estimate
d
NL(T) ~ —=£Tlog T.
T

For more details, see [16, Theorem 7.7].

12



Chapter 2

Statement of main results

In this chapter, some results necessary in the proof of the main theorems, together with
the related known propositions are presented. Also, the main propositions of the thesis are

formulated.

2.1 Auxiliary propositions

As in the introduction, let {74 : k£ € N} be the sequence of imaginary parts of the non-trivial
zeros of the Riemann zeta-function ((s). Assuming the truth of the Riemann hypothesis,
H. Montgomery studied [13] the distribution of consecutive zeroes of the function ((s) and
conjectured the asymptotic pair relation

Q2 . 2
sin T T
Z 1~ (a/ (1— U >du+5(a1,042)) glOgT

O<’Yk »’YZ<T 1
2raq [/ log T<yr—y<27az/logT

as T — oo, where a; < g are fixed, and §(a1,2) = 1 if 0 € [y, as], and §(ag, az) = 0
otherwise. In [27], a weaker form of the Montgomery conjecture was defined by R. Garunkstis,
A. Laurinc¢ikas and R. Macaitiené, and now it is called the weak Montgomery pair correlation
conjecture. More precisely, for some constant ¢, it can be shown that the estimate

> 1< TlogT, T — o0, (5)

0<vg,<T
Ie—l<c/logT

follows from Montgomery’s pair correlation conjecture.

Now we may state the result obtained in [27].

13



Theorem F. Assume that (5) is true, and let K € K (%, 1) and f € HY (K). Then, for every

e>0andh >0,

| ‘ :
h]\%lo%fN#{l <k <N :sup|C(s+iyh)— f(s)| < e} > 0.

seK

To prove this theorem one important initial step was to show that the sequence {av;} is
distributed modulo 1. The importance of this arise in the proof of the limit theorem, which we
will see later. Recall that a sequence {xj : k € N} C R is called distributed modulo 1 if, for

each interval [a,b) C [0, 1), the equality

1L
lim — > 1apn({ze}) =b—a

M S
holds, where 1,4 is the indicator function of the interval [a,b) and {z;} denotes the fractional
part of xp. Intuitively, it means that the fractional parts of the sequence converge to a uniform
distribution on the interval. An important role in the analysis of uniform distribution modulo
1 is the Weyl criterion (see [12]), which allows such questions about the uniform distribution

of fractional parts to be reduced to bounds of exponential sums.

Theorem 1 (Weyl criterion). A sequence {zy : k € N} C R is uniformly disitributed modulo 1

if and only if, for all non zero integers m,

lim l Z e2mimT — ().

n—0o0
n,=

We state the lemma obtained in [27], where this criterion was used.
Lemma 1. The sequence {av,} with a # 0 is uniformly distributed modulo 1.

Another important result, which connects discrete and continuous mean squares of certain

continuous functions is Gallagher’s lemma.

Lemma 2 (Gallagher). Let Ty and T > 6 > 0 be real numbers and T be finite subset of the
interval {Ty — 0/2,To +T — 0/2}. Define the counting function
Ng(l’) = Z 1
teT
[t—xz|<d
and let S a complez-valued valued continuous function on [Ty, T + Ty| having a continuous

derivative on (Ty, T + Ty). Then

| TorT To+T To+T 1/2
SNOISOF <5 [ S@Pdr+ | [ IS@Pde [ 8@ de
teT To To To

14



The proof of this lemma can be found in [15, Lemma 1.4].
Also, for the proof of universality property a key role is played by Mergelyan’s theorem on

the approximation of continuous functions by polynomials.

Theorem 2 (Mergelyan). Let K be a compact subset of C with connected complements. Then
any continuous function f(s) on K, which is analytic in its interior, can be uniformly approz-
imated on K by the polynomials of s, i.e., for every e > 0, there exists a polynomial p(s) such

that

sup | f(s) —p(s)| <e.
seK

For the proof of the theorem, see [17].

2.2 Main results

Now we state some helpful results regarding the universality in the Selberg-Steuding class ..
Denote o, = max(1/2,1 —1/dy) and, for brevity, Dy, = D(op, 1)

The first proof of universality for the Selberg-Steuding class .7, as is defined in this thesis,
was obtained by H. Nagoshi and Steuding in [11]. There it was shown that invoking the
condition v' to the Selberg class S was enough to prove universality of continuous kind for the

function L(s) € S.

Theorem G. Let L(s) € ¥, K € K(op,1) and f(s) € H?

or,1

(K). Then, for all e > 0,

1
lim inf Tmeas{T €[0,T] :sup|L(s+ i) — f(s)] < 5} > 0.

T—o0 sc K
A general continuous kind joint universality theorem was shown by R. Kacinskaité, Laurin-

¢ikas and B. Zemaitiené in [26].

Theorem H. Let L(s) € ., and real algebraic numbers aq,. .., a, are linearly independent
over the field of rational numbers. For j =1,...,r, let K; € K(oy,1) and f;(s) € HY, |(Kj;).

Then, for every e > 0,

1
lim inf Tmeas{T € [0,7]: sup sup |L (s +ia;7) — fi(s)] < 5} > 0.

T—o00 1<j<r seK;

15



In [4], discrete universality for L(s) € . with shifts of the form L (s + ikh) and the same
conditions as in Theorem G was obtained by Laurinc¢ikas and Macaitiené. An important part

in the proof of the discrete case was the multiset
L(P,h,7) ={(logp:p e P),2n/h}.

Two separate cases needed to be analysed: when L(P,h,7) is linearly independent over the
rational numbers Q and when they are linearly dependant over Q. In the case of the discrete

joint universality, when many different positive fixed hq, ..., h, are taken, denote
L(P,h,2r) = {(hjlogp:peP),j=1,...,r; 21},

where h = (hq,...,h,). With this in mind, an analogous joint discrete version of the discrete

universality for L(s) € .% was obtained in [29] by Kacinskaité, Laurin¢ikas and Zemaitiené.

The main result for which the generalized version in this thesis is obtained was proved by
Kacinskaité in [25]. There the discrete approximation by the shifts of L-functions from the
Selberg-Steuding class . was studied when the shifting parameter involves the set {~;} with

using of the weak Montgomery conjecture (5).

Theorem 1. Suppose that L(s) € . and estimate (5) holds. Let K € K (or,1) and f(s) €
H? (K). Then, for fired h > 0 and any ¢ > 0,

or,l

N _ ,
llNrring#{l <k <N :sup|L(s+iyjh) — f(s)| <5} > 0.

seK

As we have noted, for the majority of these universality theorems, it is also shown that

liminf can be replaced by lim for all but at most countably many ¢ > 0.

Now we state two main universality theorems of this thesis.

Theorem 3. Suppose that L(s) € .7, the estimate (5) holds, and the set L(P, h,27) is linearly
independent over the field of rational numbers Q. For j = 1,...,r, let K; € K(or,1) and
fi(s) € HY |(Kj). Then, for every h € (R+>T and every € > 0,

or,1

1
liminf —# {1 <k <N : sup sup |L(s+ iyh;) — fi(s)] < 5} > 0.
N—oco NN

1<j<r s€K;

16



Theorem 4. Under the same conditions as in Theorem 3 the limit

1 :
]\}1&1}0]\[#{1 <k <N : sup sup |L(s +ivh;) — fi(s)] < 5} >0

1<j<r s€Kj

exists for all but at most countably many & > 0.

For the proof of these theorems, a joint discrete limit theorem in the space of analytic

functions is used and will be discussed in the next chapter of the thesis.

17



Chapter 3

Limit theorem

In this chapter, the main bulk of the work needed to prove the Theorem 3 is presented since

the proof relies heavily on a limit theorem of weakly convergent probability measures.

3.1 Some elements from the theory of weak convergence
of probability measures

This part of the thesis is primarily written following Laurin¢ikas’ monograph [2] since we
need some preliminaries from classical probability and measure theories.

Firstly, we say that a sequence of probability measures {F, : n € N} defined on (S, B (5))
(ussually abbreviated as probability measures P, on (S, B (.S)), omitting that it is a sequence)
converges weakly to a probability measure P on (S,B(S)) as n — oo if for all real bounded
continuous functions f on S,

/fdPn—>S/fdP, n — 0.

S

Sometimes weak convergence is denoted as P, = P. A useful result in proving weak conver-

gence of measures is due to Billingsley [22, Theorem 2.1].

Theorem 5. Let P, and P be probability measures on (S,B(S)). Then the three assertions
are equivalent:
P P, = P;

i lim P,(A) = P(A) for all continuity sets of P, i. e., sets A € B(S), such that P(0A) = 0;

18



7 liminf P,(G) > P(G) for all open sets G.

n—oo
Another well known result is Tikhonov’s theorem for compact topological spaces (for the

proof, see [18, Theorem 5.13]).

Theorem 6 (Tikhonov). A cartesian product of an arbitrary family of compact topological

spaces is compact with respect to the product topology.

Here the product topology or sometimes called Tikhonov topology is the weakest topology
with respect of which all the projections are continuous, i.e., the intersection of all topolo-
gies, such that the projections are continuous, defined on the Cartesian product of compact
topological spaces.

A very important type of the measure is the Haar measure, which is an invariant Borel
measure on a compact topological group. The question of existence of such a measure is

answered in the following theorem (see [30, Theorem 5.14] for the proof).
Theorem 7. On every compact topological group exists a unique probability Haar measure.

The next theorem is Lévys continuity theorem, allowing the study of limit distributions by

looking at their characteristic functions (for the proof see [23, Theorem 26.3]).

Theorem 8. Let P, and P be probability measures with characteristic functions respectively

©n(t) and p(t). Then P, = P, if and only if ©,(t) — o(t) for all t.

Theorem 9 ([22, Theorem 5.1]). Let h be a mapping between metric spaces S and S’, and P,
and P probability measures defined on (S,B(S5)). If P, = P and P(Dy) = 0, where Dy, is the
set of discontinuities of h, then P,h~! = Ph~!.
Here Ph=(A) = P (h™1(A)).

Now denote = convergence by distribution. The following result will be used in order to

prove the main limit theorem.

Theorem 10 ([22, Theorem 4.2)). Let, for each N € N, Yy, Xn1, Xn2, ... be a sequence of
random elements on S. Suppose, that, for each n, Xy, 2, X, as N — oo, and that X, LN e

as n — oo. Also, let, for every e > 0,

lim limsup P{o(Xnn,Y,) >} =0.

n—oo N—o00

ThenYngX as N — oo.
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3.2 Auxiliary results on limit theorems

In this section, limit lemmas on a torus are proven. Let
Q=T[X,
peP
be the infinite-dimensional torus, where X, = {s € C: |s| = 1} for all primes p € P.

Since each X, is a compact set then,by the Tikhonov theorem, Q with the product topology
and pointwise multiplication is a compact topological Abelian group. Now we construct the
set Q" =y x -+ xQ,, where Q; =Q, j =1,...,r. Then, by the Tikhonov theorem again,
we have that Q" is a compact topological group. Denote by w = (w1, ...,w,), w; € Q;, w; =
(wi(p) :peP), j=1,...,r, where w;(p) is the projection of w; € Q; to the coordinate space
X, the elements of {2". So by Theorem 7 there is a unique probability Haar measure mg; on
each (Q;,B(€;)), s =1,...,r, which are products of Haar measures on the coordinate spaces

mj{w:w € A} = [] mujp {w: wj(p) € Ajp}
peP
where A, is the projection of A € B (€;) onto X,,. Therefore, each {w;(p) : p € P} is a sequence
of independent complex-valued random elements on the probability space (2;, B (£;),mu;).
Moreover, by Theorem 7 there is a unique probability Haar measure mg on (Q", B (£2")), which

is the product of Haar measures mg;:
my(A) =mygi1(Ay) -+ -mp.(4,), VA=A x...x A, €B(Q).

Further, let
wi(m) = T wi(p), meN,

ptim
where p'||m denotes that p'|m and p'*' + m. This extends the function w;(p) to the set of
positive integers.
Recall that the Fourier transform of a certain measure @ on (£2, B(€2)) is defined by
g(k) = [ [Tw(p)»da,
O PEP
where the star on the product indicates that only a finite number of k, are non-zeroes and

k = (k, :p€eP), and w(p) denotes the projection of w € 2 onto X, as before. We state
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a special case of the Theorem 8 from [2, Theorem 1.3.21]. The proof can be found in [14,

Theorem 1.4.2] as a special case of the continuity theorem for compact Abelian groups.

Theorem 11. Let {Q,} be a sequence of probability measures on (Q,B(2)) and let {g,(k)}
be the sequence of their corresponding Fourier transforms. Then, if for every k wvector the
limit lim gn(k) = g(k) exists then there exists a probability measure @ on (2, B (2)) such that

Q. = Q and g(k) is its Fourier transform.

Moreover, let H(Dp) be the space of analytic functions on D, endowed with the topology

of uniform convergence on compact sets, and denote
H"(Dp) = H H(Dyp).
j=1

Now, for a set A € B(Q2"), define the probability measure

Qn(A) = ]1[# {1 <k<N: ((p_mhl ‘pE IED) e (p_m'h" ‘pE IED)) € A}. (6)
We prove a a limit lemma for the measure Q) y.

Lemma 3. Suppose that the estimate (5) holds and the set L(P, h,2m) is linearly independent

over Q. Then, Qn(A) converges weakly to the Haar measure my as N — oo.

Proof. Since Q" is an Abelian topological group we can define its characters as continuous
homomorphisms x(w) : Q" — C as

= TTIT<

j=1peP
with integers kj;,, where the star indicates that only a finite number of k;, are non-zeroes.
Therefore, the Fourier transform gn(ky,....k,), k; = (kjp 1 kjp € Z,p€P), j = 1,...,7, of

measure @)y is following

gy (kqy ..o k)

\

H p)dQn(w)
Qr peP

ZH

*p—ihj kjp Yk

Z\H

i
{_Z’Ykzh Z k]p logp} (7)

=1 peP

Z\H
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By Theorem 11, it is sufficient to show that the Fourier transform gy(k,,...,k,) letting
N — oo gives

1, if (ky,....k)=1(0,...,0),

]\P_I}I}DOQN(ED'“;ET): ) (8)
0, otherwise,
i.e, that the measure () converges weakly to the Haar measure my.

From (7) it is obvious that gn(0,...,0) = 1. Now suppose that (k;,...,k,) # (0,...,0).
So, there exists j € {1,...,7} such that k; # 0. Therefore, there exists a prime number p such
that kj, # 0. Then, since the set L(P, h, 27) is linearly independent over QQ, we have that

> hy Z*kjp logp # 0.
j=1 peP
If this is not true, then we would have from (7) that
Z h; Z*kjp logp = 2mn
Jj=1 peP
for some n € Z, which contradicts the linear independence of L(P, h,27r). Therefore, due to
Lemma 1 we have that the sequence
1 i x
?ykZhjijplogp :keN
T j=1  peP
j p
is uniformly distributed modulo 1. From this, together with (7) and the Weyl criterion, we

have that, for (k,...,k,) # (0,...,0),

J\P_IPOOQN@“ SR 7Er) = 0.

The proof follows since the limit measure is uniquely determined by its Fourier transform,

therefore the right hand side of (8) must be the Haar measure my on (Q7,5(2")). B

Now let > 1/2 be a fixed number and put

vn(m; 6) = exp {— (m)e} . mneN.

Define the series

and functions




If L(s) € .7, then a(m) < m* for all € > 0. Since v, (m; #) decreases exponentially with respect
to m, therefore, L,(s) and L,(s,w;) are absolutely convergent for ¢ > o, with some o, and
fixed n € N. Let

Lo(s+ k) = (La(s + i9h), -, Ll + i)

and

L,(s,w) = (Lp(s,w1),..., Ly(s,w,)).

Define the probability measure
1
P, n(A) = N#{l <k<N:L,(s+iywh) e A}, AeB(H"(Dp)).

Lemma 4. There exists a probability measure P, on (H"(Dy),B(H"(Dy))) such that P, n

converges weakly to P, as N — o0.

Proof. Define mappings u,(w) : Q" — H"(Dy,) given by u,(w) = L,(s,w). Each series L, (s,w,),
j =1,...,r, converges absolutely. This implies that u, is a continuous mapping. Therefore
up is measurable in the space (H"(Dy),B (H"(Dy))), i.e., u,(w) are H"(Dy)-valued random
elements. Therefore, every probability measure P on (2", B (£2")) induces a unique probability
measure

PuY(A) = P(u;

n n

'A), AeB(H" (D)),
on (H"(Dy),B(H"(Dyr))). So, taking the measure (6) we get, that for every A € B(H"(Dy))
_ 1 . —ivghy . s -1 _ -1
P, n(A) _N#{l <k<N: ((p 7 .pEIP),] —1,...,7“) € u, A} = Qnu, (A).

Therefore, by Lemma 3, the continuity of u,, and Theorem 9, it follows that P, 5 converges

weakly to P, = myu,'. W

Let
> a(m)w;(m )
L(s,wj) =Y. (3,2;()’ j=1,...,r
m=1

It is known (see Lemma 4.1 in [16]) that, for almost all w;, the Dirichlet series L(s,w;) is
uniformly convergent on compact subsets of the strip Dy,. Therefore, L(s,w;), j =1,...,r, are
H(Dp)-random elements. Also, since the Haar measure my on (2", B (€2")) is the product of the

Haar measures my; on respectively spaces (€2, B (§2;)), therefore L(s,w) = (L(s,w1), ..., L(s,w;))
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is an H"(Dy)-random element defined on (", B(€2")). Let P be the disitribution of L(s,w),
ie.,

Py(A)=mp{we Q" : L(s,w) e A}, AeB(H"(DL)).

1

Lemma 5. The measure P, = mgu, -~ converges weakly to the measure Py as n — oco. More-

over, the support of Pr, is

=({ge H(Dr):g(s) #0 or g(s) =0})". (9)

Proof. The measure P, coincides with same as in the continuous case (see [26]). Therefore, the
proof is given in Lemma 8 in said paper. While the second part is proven in [26, Lemma 9].

The first proof uses weak convergence in terms of continuity sets by Theorem 5. Firstly, a
certain group is proved to be ergodic, i.e., that the o-algebra formed by the invariant sets with
respect to my consists only of sets with measure my equal 1 or 0. Then a certain random
variable on (Q", B (") ,my) is defined for which ergodicity is implied. Then, by application of
the Birkhoff-Khintchine ergodic theorem (see [2, Theorem 1.6.6]) and Theorem 5, the proof of
first part follows.

The second result we get applying Lemma 5.12 from [16]. B

Next we prove an approximation lemma on H"(Dy). Firstly, let
L(s + iych) = (L(s + iyght), . .., L(s + iyih,)) .

The topology of uniform convergence on compact sets of Dy for H;(Dy) is induced by the

metric

- sup [ f(s) — g(s)]
— 3 9 N (10)

= Lsup [f(s) —g(s)]
s€K;

where f,g € H(Dp) and {K, :j € N} is a sequence of compact subsets of Dj. Then, for
g,= (g, qi) € H' (D), l = 1,2, define the metric ¢ on H"(Dp),
Q(ﬂpﬂQ) = énrg}ér 0(g1m; Gam)-

Lemma 6. Suppose that L(s) € . and the estimate (5) is true. Then, for arbitrary fized

numbers hy, ..., h,,

lim limsup — Z o(L(s + ivch), L, (s + ivih)) = 0.

n—oo N—o00
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Proof. From the definition of the metric (10) on H(Dy) it suffices to show that, for every
compact set K C Dy,

1 N
lim limsup — > sup |L(s + ighy) — Lo(s +ivehy)| =0, j=1,...,r (11)

"0 N—oo h—1 SEK

We fix a compact set K C Dy and positive number h. It is known (see [16, Section 4.4])

that L,(s) has the following integral representation

0+ico
1
L.(s) = 5 / L(s+ 2)l,(z;0)dz, (12)
0—ioco

where
1 /s
ln(s;0) = EF (9> n’,

and 6 is the same as in the definition of v, (m; ). There exists § = §(K) such that o + 26 <
o<l-¢forall oc+ite K. Thus,let ¢y =0 —0o,—0 >0and § = o, + 9 > 1/2. Due to
the poles of the gamma function and axiom 2° of . the integrand in (12) has a simple pole at
z = 0 and a possible simple pole at z = 1 — s. Therefore, by the calculus of residues shifting
the integration path to the left we get

o—01+i00

La(s) = L(s) = 5 [ Lis+2)l(z0)dz+ R(s)

where

R(s) = Res L(s+ 2)l,(%;0) = al,(1 —s;0),

z=1l-s
and a = RglsL(s), and L(s) comes from the residue of the integrand at z = 0. If in axiom 2’
a =0, then R(s) =0. Hence, for all s =0 +it € K,

L, (s + iych) — L(s + ivyih)

e}

1
=5 [ L+ imh+ou—0+6+i)(on— 0+ -+im6)dr+ R(s + inh)
i
1 oo
= o / L(op + 0 +iyeh + i)l (o + 6 — s+ i7;0)dT + R(s + iyih)
7r

< / |L(o + 6 +iygh + i7)|sup |l (o +d — s +i1;0)| dT + sup |R(s + iyh)| .
seK seK
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Therefore,

1 X .
N Z 82}3 |L(s + ivkhj) — Lo(s + iyhj)|

< /( Z\L 0L+(5+nykh+27)\> sup |l,(op +0 — s +i7;0)|dr

seK

1
+ = Zsup|R(s—|—mkh)| =: Iy + Zy. (13)
Nk,:]_SEK

It is known (see [16, (2.14)]) that, for a fixed ¢ € (07, 1),

T
/ L(o + it)*dt <oz T. (14)

=T
From the Cauchy integral formula for a point sy we have

L'(sg) = L ?{ (L(Z)de.

QWZ% z—so)

Taking the contour % to be a circle centered at o + it with radius § we find

o
|L' (0 + it)| / o+t + (5ei“0)‘ dep.
0

Taking the maximum of the modulus and by application of the maximum modulus principle
we obtain the estimate

1
|D@+ﬁﬂ§5ww+ﬁ»

From here, integrating over [—7, 7| and applying (14), it follows that

T
/ L (o + it)? dt <oz, T.
-T

So, we obtain that, for all 7 € R and o € (o, 1),

T T
/ \L(o + i +it)[>dt <o, T+ |7| and /\L’(a vir i) dt <, T+ || (15)
0 0
ci N
Now let § = ¢/ log o5
N
Ns(we)= >, L
|7l*:k‘<5
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Then, from the estimate (4) for the sequence {7} and Mongomery’s weak conjecture (5), we

obtain the estimate

N N N
SNt = DY 1« > 1< N. (16)
k=1 k=11=1 0<vk,1<c1N/ logN

Pi=el<o =] </ log L5

Next we find

N N
k=1 k=1

Applying Cauchy-Schwarz inequality we obtain

N
S/ Ns(uh) Ny (quh) [L(or, + 8 + ingh + ir)|
k=1

N N 1/2
< <Z Ns(veh) Z N(S_l(ykh) |L(op + 0 +iyih + iT)|2> )

k=1 k=1

Then, from Gallagher’s lemma and the estimate (16), it follows

N N 1/2
(Z Ns(vih) Z %h |L(or + 0 + iyh + i7)| >
k=1 k=
c(h)N/log N
<np VN |log N / \L(op + 6+ it +ir)[* dt

71

/log N c¢(h)N/log N 1/2 1/2
+ / L(oy + 6 + it + i7)[* dt / L (0 + 6 + it + i7)[* dt
71
Finally, from this and the estimates (15), we find
N
> |L(op + 0 + typh +i7)| <psr N(1+ 7)) (17)
k=1

Furthermore, it is known that, by application of Stirlings formulas (see [28, Theorem 8.18]), for

the gamma function in some strip o7y < 0 < 09 of the complex plane, the following estimate
holds
: 27\ 1 it/ -1
ID(0 +it)] ~ mﬁ]e (1+0(t™).
From the last, it is not difficult to obtain the estimate

T(o+it) < e @l ¢, >0. (18)
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(18) and the definition of ,(s; #) yield the following estimate for all s € K:

1
l(op +6 —s+ir;6) <y nott= | < (op +0 —s+ ZT))‘

6

_5 S _5 —
<gn e T Lo N Ie C3|T|, c3 > 0.

Moreover, the latter estimate and (17) show that

o0

In <5000 K n=° / (1 + ’7‘|) e~sIldr <6,L,0,0,K n=?. (19)

—00

Applying estimate (18) once more for R(s + ivyih), we get similarly, for all s € K,
R(s +ivkh) <o nl=oecalmh=t <LK plor=Pe=esmh o) e > 0.

Again, due to (4), we obtain that

N
Zn <9.K.a nl—UL—%i Z e C5Mkh <o.Kah pl-oL—20 log N i 1 Z e CTkh
N3 N N Sx
. _oslog N
<<0,K,a,h nl oL 267.

This, and (19) and (13) lead to the estimate

1 J . . -5 1—oy—25l0g N
— > sup |L(s + ivehy) — Ln(s + iykhy)| <sphoan *+n' 7020 ——.
N (=l sek N

Thus, taking N — oo and then n — oo, we obtain (11), and complete the proof of the lemma.

Now we shall prove the main joint limit theorem. Firstly, for A € B(H"(Dy)), we set
1
Py(A) = N#{l <k<N:L(s+ivyh) € A}.

Theorem 12. Suppose that L(s) € .7, the estimate (5) holds and the set L(P, h,2m) is linearly

independent over Q. Then Py converges weakly to P, as N — oo.

Proof. Due to Lemma 5, it is sufficient to show that P, and Py converges to same limit measure
as n — oo and N — oo, respectively. Denote by 2, the convergence in distribution.

On certain probability space (2, R, v) with measure v, define a random variable {y by the
formula

v(€n = hy) = kE=1,...,N.

1
N’
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Let X,, = X,,(s) and X = X(s) be H"(Dy)-valued random elements with distributions P, and

Py, respectively. Define the two more H"(Dp,)-valued random elements

Xon =Xan(s)=L,(s+ihén) and Yy =Yn(s) = L(s+ théy).

The defined random elements X,, xy and Yy have distributions P, y and Py, respectively. Then,

by Lemmas 4 and 5, we have

D
XnN —2 4 X, and X, 2 X,
N—o0 n—o0

respectively. Moreover, applying Lemma 6, we get that, for every ¢ > 0,

lim hmsupy{ (Yn, Xnn) > 6}

n—oo N—oo

= lim lim sup N# {1 <k < N:o(L(s+iyh), L,(s +ivh)) > €

n—oo N-—o00

——

< lim limsup — Z o (L(s +ivch), L,(s +ivh)) = 0.

n—oo Nooo &

From this equality and (20), the hypotheses of Theorem 10 are satisfied. Therefore,

YN N—oo X

which proves the assertion of the theorem. W
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Chapter 4

Proof of main theorems

In this chapter, the main theorems, Theorems 3 and 4, of the thesis are proved. The proofs

rely on an application of Mergelyan’s theorem and the main limit theorem, Theorem 12.

Proof of Theorem 3. Because f;(s) are continuous non-vanishing functions, analytic in the inte-
rior of K, by application of Mergelyan’s theorem, there exists non-vanishing in K; polynomials
p1(s), ..., pr(s) such that

€

sup sup |f(s) — p;(s)| < (21)

1<j<r s€K; 4
Since the polynomials p;(s)’s have only finitely many zeroes, we may find a compact subset of
Dy, with connected complement such that K; C K ; and p;(s) # 0 on K ;. Therefore, logp;(s)
is continuous in K. ; and analytic in its interior.

Applying Mergelyan’s theorem again we find polynomials ¢;(s),. .., ¢.(s) such that

sup sup ‘pj(s) —et®] < £ (22)
1<j<r sek; 4
From (21) and (22), we obtain
)] £
sup sup ‘f](s) — el < =, (23)
1<j<r sekK, 2
The tuple (eql(s), cee eqr(s)> is an element of the support Sp of Pj, defined in (9). Then, by

Lemma 5, the set

<<
2

G. = {(gl,...,gr) € H'(Dy) : sup sup ‘gj(s) — e%(®)

1<j<r s€Kj
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is an open neighbourhood of the element of the support Si. This, in view of the definition of
a support, means that Pr(G.) > 0.
Now let

A

G, = {(gl,...,gr) € H"(Dy) : sup sup |g;(s) — fj(s)] < 5}. (24)

1<j<r seKj
Then from (23) we have that G. C (.. Therefore, from Theorems 12 and 5 and assertion iii®,

we have

A

lim inf Py (G.) > Py(G.) > PL(G.) > 0.

N—s00 = =
Finally, the rest of the proof of the theorem follows from the definition of the measure Py.
More precisely,

1 )
liminfﬁ#{l <k < N:L(s+inh) € G} >0

N—oo

or
1
lim inf —# {1 <k <N : sup sup |L(s +ivh;) — fi(s)] < 5} > 0.
N=oco N 1<j<r s€K;

Proof of Theorem /. The beginning of the proof follows the same steps as in the proof of
Theorem 3. Therefore, we preserve the same the notation here also.
The boundary of the set G. lies in

{<gh...,gr> € H'(Dy) : sup sup |g;(s) — f(s)] — }

1<j<r s€Kj

Observe that the boundaries, for different e; # &5, are disjoint, i.e., 86’51 N 8@‘52 = 0.
Therefore, P, (8(}5) > 0 for at most countably many ¢ > 0, i.e., G. is a continuity set of all

0

but at most countably many ¢ > 0. Again, from Theorems 12 and 5 and assertion ii”, we have

lim Py(G.) = Py(G.) > Py(G.) >0

N—oo -

for all but at most countably many € > 0. Finally, the proof of the theorem follows from the

definition of the measure Py, same as in the previous given proof. B
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Conclusions

In this thesis a certain joint discrete approximation for the Selberg-Steuding class . has
been analysed. A short introduction regarding the class . was given, and two universality
results are presented. Then the two main joint discrete universality theorems were formulated.
Afterwards, relevant auxiliary results on limit theorems were proved. Finally, the two main
theorems were proved by application of Mergelyan’s approximation theorem and the main
limit theorem. Therefore, from the thesis, the following conclusions follow.

1. Assuming the Montgomery pair correlation conjecture for the imaginary parts of the non-
trivial zeroes of ((s), vk, collections of discrete shifts (L(s + iyxhy), ..., L(s + iygh,)) of
functions from the Selberg-Steuding class . have the property of joint discrete univer-
sality, when the set L(P, h, ) is linearly independent over Q.

2. The latter result is also true for all but at most countably € > 0, when it is modified so

that regular density is taken instead of lower density in the universality inequality.

In the future, this result could be generalised to composite universality, i.e., for compositions
of operators defined on the space of analytic functions. Further it would be of interest to go to
one more general class of zeta-functions, for example, the class of Matsumoto zeta-functions or

the Pankowski class.
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