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Summary

In this work we analyze the eigenvalues and eigenfunctions of a second-order ordinary differential
equation with classical, non-local and transmission conditions. We present a solution method for the
problem as well as the conditions that need to be satisfied by the eigenvalues. We provide both analytic
and geometric methods to analyze the eigenvalues. In the literature review we give a few examples
of problems with non-local boundary conditions encountered in the natural sciences and engineering,
as well as present classical, non-local, transmission conditions and their problems. The novelty of the
work is in the combination of both transmission and non-local boundary conditions in the problem, as
well as a geometric method to analyze the eigenvalues.

Keywords: Eigenvalue problem, non-local boundary conditions, transmission conditions

Santrauka

Siame darbe tiriame antros eilés paprastosios diferencialinés lygties su klasikine, nelokalia ir pernaSos
krastinémis salygomis tikrines reikSmes ir tikrines funkcijas. Pristatome sprendimo metoda; taip pat
salygas, kurias turi tenkinti tikrinés reikSmeés. Tikrinéms reik§méms istirti naudojame analizinius ir ge-
ometrinius metodus. Literaturos apzvalgoje pateikiame kelis uzdaviniy su nelokaliomis krastinémis sa-
lygomis taikymuy gamtos moksluose ir inZinerijoje pavyzdzius, taip pat pristatome klasikines, nelokalias
ir pernaSos krastines salygas ir jy uzdavinius. Darbo naujumas susideda i$ to, jog nelokaliosios ir per-
nasos krastinés salygos yra nagrinéjamos drauge tame paciame uzdavinyje, bei geometrinio metodo tirti
tikrinéms reik§méms.

Raktiniai ZodzZiai: tikriniy reik8miy uzdavinys, nelokaliosios krastinés salygos, perkelties salygos



Notation

e N denotes positive integers {1,2,3,...}.

Ny denotes positive integers with 0: {0,1,2,3,...}.

R denotes the real numbers without zero: R\ {0}.

u’,u” denote the first and second derivative of the function u, respectively.

< I,u > denotes a linear functional [ acting on a function wu.



1 Introduction

In this literature review we will first present some examples of applications of models with non-local
boundary conditions in the natural sciences. Next, we will remind the reader of the classical boundary
value and Cauchy initial-value problems for ordinary differential equations. Then we will consider
non-local boundary conditions and give extra attention to the corresponding Sturm-Liouville problem.

Lastly, we will introduce transmission conditions.

1.1 Examples of Models with Non-Local Boundary Conditions

Here we will introduce a few examples of problems with non-local boundary conditions in the natural
sciences and engineering: an equation for the free surface of a droplet, diffusion on a semi-conductive
material, thermoelasticity in mechanics, control of a thermostat and a circulating bioreactor. Most of

these examples can be found in M. Sapagovas’ textbook [10].

1.1.1 The Equation for the Free Surface of a Droplet

The equation for the free surface height u(r) of a symmetric droplet is found by minimizing the

potential energy F1 + Fo, where

E = wpg/ rudr,

0
Ey =2m0 | ry/1+ (du/dr)dr
0

under a fixed known volume

V= 27r/ rudr. (1.1)
0

Here p is the density of the fluid, g is the gravitational constant, o is the coefficient of surface
tension, a is the radius of the circle where the droplet touches the surface, r is the polar coordinate,
u(r) is the height of the droplet above the surface.

According to the principle of calculus of variations we can derive the Euler-Lagrange equation for

the free surface [1]:

Ld L d—u)—Kqu)\:O,

rar /T (duan

where K = pg/o and ) is the Lagrange multiplier (an unknown constant).



In order to uniquely determine A and a, as well as the two constants of integration for u(r), we need
to impose a total of four boundary conditions. One such condition is (1.1), which is a non-local integral
boundary condition that ensures the conservation of the total volume of the droplet. The other three

conditions, all of which are classical, are:

u'(0) =0, (1.2)
u(a) =0, 1.3)
u'(a) = cosn. (1.4)

Condition (1.2) ensures that the surface at the very top of the droplet is tangent to the surface below
the droplet. Condition (1.3) means that the radius of the droplet is a, at which point the height of the
droplet becomes 0. Lastly, the condition (1.4) fixes the angle that the droplet makes with the surface
at the droplet’s boundary.

1.1.2 Diffusion of a Mixture from a Limited Source

The implantation-diffusion process in a semi-conductive material happens in two repeated steps:
implantation and diffusion. The one-dimensional thermodiffusion process is modeled by the following

nonlinear diffusion equation |2]:

on 0 on
L T (D2l
on 896( or 895)’
together with the following boundary conditions:
n(xz,0) =0, (1.5)
n(l,t) =0, (1.6)

/l n(x,t)de = m. (1.7)
0

Here n(z,t) stands for the concentration of an ion species on the surface of a semi-conductor at
the point 0 < & < [ and time moment ¢ > 0. m is the total amount of the diffusing material and
Do > 0,0 > 0 are diffusion constants.

The boundary conditions (1.5)—(1.6) are classical and imply that, initially, there are no ions on
the surface, and that the ion concentration is zero at the right end-point x = [ of the semi-conductor
throughout the experiment. The non-local integral boundary condition (1.7) ensures the conservation

of mass, that a fixed amount of material diffuses.

1.1.3 Quasistatic Thermoelasticity

W. A. Day [3] considers the problem of quasistatic thermoelasticity. In the article it is proved that
the entropy density u(x,t) satisfies the heat equation
on 0%n

(14‘52)@ = 5.2 (1.8)



with non-local boundary conditions

1
n0.8) = =4 [ (et
1
= — 2 xr xr
(1.0 = =5* [ afa.t)a

and the initial condition
n(x,0) = no(z), (1.9)

where

0= 38X+ 2N)a(()\f;u)c>1/2

A, i are the elastic moduli, « is the thermal expansion coefficient, g is the initial temperature, ¢ is
the specific heat capacity.

W. A. Day also considered another deformation model of a quasistatic thermoelastic material of
unit length [4]. The entropy satisfies the same equation (1.8) together with non-local integral boundary

conditions:

1
n(0,t) = —252/0 (2 — 3x)n(z, t)dx,

1
n(1,0) =28 [ (1= 3)n(a ),
0
and the initial condition (1.9), where
_ ©¢B?
A

A is the bending stiffness of a rod, B measures the interaction between thermal and mechanic effects.
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1.1.4 Thermostat Problem

Consider the problem of an air-conditioning system where the thermostat and the sensor are placed

at the opposite sides of a room [7]:

ou  0%*u
9 o (1.10)
u(z,0) = ¢(x), (1.11)
a@g(;,t) = B(u(0,t) + 1), (1.12)
2D fufo.1). (113)

(1.10) is the partial differential equation for the propagation of heat in a room and it requires three
conditions. (1.11) represents the initial condition - the initial distribution of heat in the room. (1.12) is
a classical boundary condition signifying that the rate of change of heat at the location of a sensor, that
is situated at the boundary, is proportional to the heat at the sensor. The last condition, the non-local
boundary condition (1.13), represents the action of the thermostat, which is a function H of the heat

at the sensor that sits at the opposite side of the room with respect to the thermostat. In other words,



the last condition (1.13) connects the values of heat at opposite sides of a room.

1.1.5 Cyeclical Bioreactors

The article [11] considers a model of a cultivation process of bacteria or yeast in a cylindrical

bioreactor. We consider a system of diffusion-convection-reaction equations for the concentration of

mass X (z,t) at height z and time ¢ of a living culture, subject to the concentration of a substrate

S(z,t) that the culture consumes:

0X 10X 0X XS
ot B 022 0z K+ 5’
05 _ 1S 0S ) XS
ot  B0z2 0z K+S
with boundary conditions:
0X(1,t) 0
0z ’
0S(1,t
( ) ) — O,
0z
1 0X(0,1) 1 v
X S = X(1
(0.%) B 0z 1+fy+1+7 (1,¢)
1 05(0,t) c 0
S(0,t) — = = S(1,t
0.0 =55, 147 1+7(’)
and initial conditions:
X(2,0) = Xo(z),
S(Z, 0) = So(Z).
Here B, D are, respectively, the Bodenstein and Damkohler numbers, v, K, ¢ are constants.
The terms
OX _ 10X
ot B 022
and
o5 _ 10
ot B Oz?

in (1.14)-(1.15) represent the diffusion of the culture and substrate in the bioreactor. The terms

X

T
and

oS

5
in (1.14)-(1.15) represent convection due to water c

X _
ot
95 _
ot

ox
0z

_9s
0z

irculation. Whereas

XS
K+ 5’

XS
K+S

(1.14)

(1.15)

(1.16)
(1.17)

(1.18)

(1.19)



in (1.14)-(1.15) represent the consumption of the substrate, and hence the growth of the culture, where
K controls for the saturation of substrate consumption: the consumption is at half-maximal rate when
S=K.

The conditions (1.16)—(1.17) are classical Neumann boundary conditions at the top of the reactor
for the culture and substrate. The conditions (1.18)-(1.19) are non-local and imply that there is
circulation: a fraction ﬁ of the culture and substrate at the top of the bioreactor is reintroduced to
the bottom and another fraction is supplied anew. c is the relative strength of new supply of substrate

compared to culture.

1.2 Classical Problems in Ordinary Differential Equations

A differential equation is an equation that involves an unknown function along with its derivatives.
Consider the linear second-order ordinary differential equation
a(t)dQ—u + b(t)d—u + c(t)u = f(t), for t € (0,1), (1.20)
dt? dt
where a(t),b(t),c(t), f(t) are some real-valued functions and wu(t) is a twice-differentiable unknown
function that satisfies the equation above.

We know from the general theory of ordinary differential equations (take any introductory textbook
on ordinary differential equations, for example [5]) that the solution to (1.20) is a function of one
variable

u(t) = crug(t) + coua(t) + up(t),

where uy ir ug are two linearly-independent solutions of the homogeneous equation (equation (1.20)
with f(t) = 0), whereas ug is the particular solution. ¢; and ¢y are some constants to be determined.

If we want to uniquely determine the solution (i.e., solve for the constants), then we need to specify
further conditions upon the system. In the classical case such conditions can be:

u@ =po, MOy, (1.21)

that specify the values of the function u(¢) and its derivative u/(¢) at the initial value ¢ = 0, which

together with (1.20) formulates Cauchy’s initial-value problem, or

w(0) = po,  u(l) = pu, (1.22)

called Dirichlet boundary conditions that define the values of the function u(t) at the two end-points
of the interval (0,1) under consideration, which together with (1.20) forms a classical boundary-value
problem.

Another example of classical boundary conditions are Neumann boundary conditions:

u'(0) = po,  w'(1) = pua, (1.23)

that enforce the slopes of the curve u(t) at the boundary points.



Note that these conditions are local in the sense that the values of the function u(t) at which the

conditions are specified are independent of each other.

1.3 Non-Local Boundary Conditions

In practice sometimes classical boundary conditions such as (1.21)-(1.23) are insufficient; sometimes
the value of the function at one point depends on its value at other points. In such a case we will have
a so-called non-local boundary-value problem. For example [10],

1. Periodic conditions:

u(a) = u(b), (1.24)

u'(a) = u'(b) (1.25)
connects the values of a function and its derivative at the two end-points of an interval [a,b] under
consideration.

2. Connected boundary-value conditions:
aou(a) + aru'(a) + bou(b) + byu’(b) = po,
cou(a) + c1u’(a) + dou(b) + dyu’(b) = pa,

where the periodic conditions (1.24)-(1.25) are a particular case.

3. Non-local integral conditions:

b
u(a) = / a(x)u(z)dr + pi,

ab
uwwi/ﬂmMWMx+m;

b

/ N (@)u(z)de = pn
b

[ ez = o

4. Non-local Bitsadze-Samarskii conditions:

u(a) = you(éo) + po, a <& <0,
u(b) = yiu(&y) + p1, a <& <b.

More generally, we can consider second-order ordinary differential equations together with the con-
dition < I, u(t) >= 0, where [ is a functional, which connects the values of the function u(¢) and/or its
derivative in at least two different points of the interval. A good introduction to non-local boundary

problems is provided in the textbook [10].



1.4 Sturm-—Liouville Problem with Non-Local Boundary Conditions

We can also consider the Sturm-Liouville eigenvalue problem for a second-order differential operator

together with non-local boundary conditions. For example, consider the problem:

—u" = Au, for t € (0,1), (1.26)
u(0) = 0, (1.27)
u(1) = yu(f), (1.28)

¢ € (0,1), eigenvalue A € C, v € R - some constant, (1.28) is a Bisadze-Simarskii type non-local
boundary condition. The problem is to find the values A for which there exists a non-zero solution to
(1.26)—(1.28). Such solutions are known as the eigenfunctions.

There is already a substantial amount of results known for this problem in the literature, for example
[12, 13, 14]. We will provide a few here.

1.4.1 The cases with classical boundary conditions

If v =0, then we have a classical Sturm-Liouville problem. In this case, all eigenvalues of (1.26)—
(1.28) are positive and simple [14]:

A=s% s=mn, neN
and the eigenfunctions are

u(t) = sin(st). (1.29)

If v £ 0, but £ = 0, then we have the classical case as above. Likewise, if v # 1 and £ = 1, then we
have the classical case also.

If we formally allow v = oo by turning the non-local Bisadze—Simarskii condition (1.28) into

Jim Zu(1) = u(o),

then we get the condition u(§) = 0. For £ > 0 the result is similar to the classical case:

T
A=s2 s=-n, neN

§

and the eigenfunctions have the same form as in (1.29).

1.4.2 The case with one classical boundary condition

If v = co and £ = 0, then the second boundary condition (1.28) becomes the same as the first
boundary condition (1.27). Whereas if v = 1 and £ = 1, then (1.28) becomes an identity 0 = 0. In

both cases we have the problem with a single classical boundary condition [14]:

—u" = \u, (1.30)
u(0) = 0, (1.31)



for t € (0,1).

If A\ =0, then the solution u(t) = Ct satisfies the problem (1.30)—(1.31) for an arbitrary constant
CeR.

Let us define a bijection A = s? such that s € C; = {z € C: —71/2 < arg(z) < /2 or z = 0} and
A € C. If we have an s € C,, then the corresponding eigenvalue of (1.30)-(1.31) is A\. If s # 0, then
the eigenfunction for (1.30)—(1.31) is

u(t) = C'sin(st). (1.32)
We can combine the eigenfunctions for the cases s = 0 and s # 0 into a single eigenfunction:

sin(st)

u(t) =C .

, s€Cs. (1.33)

This is because the function (1.33) is an analytic function with a removable singularity at the point
s =0:

i t
lim St oy (1.34)
s5— S
This is clear if we write down the Maclaurin series:
sin(st) = s,
= L — 1.35
s Z( ) (2n+1)! (1.35)

n=0

If s # 0, then the s in the denominator of (1.33) can be absorbed by the arbitrary constant C' and
we retrieve (1.32). Therefore, without loss of generality, we can work with the function (1.33). Since

eigenfunctions are defined up to an arbitrary multiplicative constant C, we can work with C' = 1.

1.4.3 The case when A =0

Let us return to the problem (1.26)-(1.28) and consider the case when v # 0 and 0 < £ < 1. If we
substitute the function (1.33) into the non-local boundary condition (1.28), we get

C(sins _’ysin(sf)) _o

S S

There exists a non-zero solution (an eigenfunction) if s satisfies

sins 7Sln(sf) —0 (1.36)
S S

When A = s = 0, we have the equality v¢ = 1 [14]. Therefore, the eigenvalue A = 0 exists if and only

ity = % The corresponding eigenfunction is u(t) = t.

1.4.4 The case when )\ >0

For convenience, we will define

s=0+iw (1.37)

10



that satisfies
s =\, (1.38)

such that s € C5. Then we will have a bijection between Cg and Cy = C. From the (1.37)-(1.38) above

we get
A =02 — w? 4 20wi. (1.39)

It is clear that A > 0 when o > 0 and w = 0. There exists an eigenfunction

u(t) = sin(ot)

whenever o > 0 satisfies

sino — ysin(c€) = 0. (1.40)

If sins = 0 and sin(s§) = 0, then (1.36) is valid for all v € R. In this case we have eigenvalues
A = 52 that do not depend on the parameter y. We will say that )\ is a constant eigenvalue if, for
a given fixed &, it does not depend on the value of v. Suppose that m and n are positive co-prime
integers. A countable infinity of positive constant eigenvalues exist only for rational { = ™ € (0, 1),
and those eigenvalues are A\ = s2, s = wk, k € nN = {n,2n,3n,...}. The corresponding eigenfunctions
are (1.32). All other eigenvalues are non-constant [14].

Furthermore, if || & [1, %], then the real roots of (1.36) are simple. In particular, the positive real
roots o are simple. Whereas if |y| = %, then for non-simple roots o of (1.40) both sides are equal to
zero and o > 0 [6].

In general, the analysis of (1.40) is very difficult. We will provide an example when £ = % In this

case we have

sino = vy sin (%)

By the double-angle formula,

2sin (g) coS (%) = ysin (%)

When o is a root of sin (%) =0, then A = 02 is a constant eigenvalue. The roots corresponding to

constant eigenvalues are

o =2mn, n €N.

When the roots o satisfy

2 cos (%) =,

that is, when

o = 2arccos (%) 4+ 2mn, n € N,

11



provided that |y| < 2, then we have non-constant eigenvalues.

1.4.5 The case when )\ <0

We will have that A < 0 if and only if 0 = 0 and w > 0. Then the eigenfunction is
u(t) = sinh(wt)
and the condition (1.36), for the eigenfunction to exist becomes

sinh(w) — 7 sinh(w) = 0. (1.41)

flw)

I B ]
[} [

Gle Glw GiN vje

Figure 1: Plots of the function f¢(w) for several values of & 1,2, 2, %. The plot shows that f¢(w) is
a positive, monotonically increasing function, where smaller values of & correspond to larger values of

limg, 0 fe(w) = % and larger f¢(w) for all w > 0.

et us consider the function w) = L or w > 0 and fixe <E< . e have that
L ider the function f¢ S f 0 and fixed 0 1 [10]. We have th

lim fe() = ¢, (1.42)
Tim_fe(w) = oo. (1.43)

From the Figure 1 we can see that fe(w) is a monotonically increasing function and it is steeper
for smaller values of £. From the monotonicity of the function and (1.41)-(1.43) we can see that the

equation (1.41) has a unique root w > 0 if and only if v > %

12



1.4.6 Complex eigenvalues

If A\ =52 s=o0+iwis a complex eigenvalue, then the corresponding eigenfunction is
u(t) = sino coshw + i cos o sinh w,

for o > 0, w > 0.
We will provide a negative result: if || < 1, then the problem (1.26)-(1.28) does not have complex
eigenvalues [10].

Let us separate the equation

sins — ysin(s§) =0 (1.44)
into real and imaginary parts by substituting s = ¢ + tw. Then we get

sin o coshw — 7 sin(c€) cosh(wé) = 0,

sinh w cos o — v sinh(w¢) cos(c€) = 0.

By expressing sino from the first equation and coso from the second, we can rewrite the equation

sin? o + cos? o = 1 as:

cosh(wé) . 2 sinh(w§) 2

o —_— =1 1.4

(7 coshw sm(af)) * (7 sinh w COS(U@) (1.45)
But since 0 < £ < 1, then for all w > 0 we have that
h inh
0 < SBNES) ) <1, 0< 20 (we) <1
cosh w sinh w

If we assume that |y| <1, then

cosh(wé)\ 2 sinh(wé)\ 2
(i) <1 () <1
Therefore, the equation (1.45) cannot be satisfied. Thus, if |[y| < 1 and 0 < £ < 1, then the problem
(1.26)—(1.28) does not have complex eigenvalues.

A further result is that all complex roots of (1.44) are simple [6].
Considering the results from the previous subsections 1.4.3-1.4.5, we can conclude that if v € (o0, %)

and 0 < £ < 1, then the problem (1.26)-(1.28) can only have real positive eigenvalues [10].

1.5 Differential Equations with Transmission Conditions

A further complication of ordinary differential equation problems is when we impose a discontinuity
in the solution of the differential equation (1.20). This can be achieved by specifying special conditions,
called transmission [9], or sometimes also interface [§], conditions. An example of such transmission
conditions are

u(tq +0) = du(tqy — 0), (1.46)
v (tg +0) = du'(tg — 0), (1.47)

13



where d € R and 0 < tq < 1. In practice, these conditions enforce a discontinuity at the point t = ¢,.
The size of the discontinuity is proportional to d.

Another, more general, example of transmission conditions is

u(td + 0) = anu(td — O) + algu’(td — 0),
ul(td + 0) = aglu(td — 0) + agzu/(td — 0),
where a11, a12, a21, aze € R, not all zero.

We can also have multiple points of discontinuity at ¢t = t4,,%4,,...,tq,- Then the transmission

conditions may take the form of

u(tdn + 0) = dnu(tdn — 0),
u'(ta, +0) = dyt/(tg, —0)
for d; € R.
The solution to

d?u du
a(t)ﬁ + b(t)a

along with (1.46)—(1.47), will now be composed of solutions at two intervals, separated by the discon-

+etyu=0, te(0,1), (1.48)

tinuity:
ui(t) =C t) + C t), for0<t<ty—0,
u(t) = 1(t) = C191(t) + Cotha(2) d (1.49)
up(t) = Caihr(t) + Cara(t), fortg+0<t <1,
where 11 (t) and 19(t) are two linearly-independent solutions of (1.48).
Notice that the solution (1.49) involves four unknown constants, therefore the two transmission
conditions (1.46)—(1.47) are insufficient in order to determine the solution uniquely. Hence, we need to

enforce further constraints. These can be classical or they can also be non-local.

14



2 The Sturm—Liouville Problem with Transmission and Non-Local

Boundary Conditions

In this section we will consider the eigenvalue problem of a linear second-order differential operator

together with non-local boundary and transmission conditions:

—u" =, te(0,tq)U(tg1), (2.1)
w(0) =0, (22)
u(ty +0) = du(tq — 0), (23)
W' (tg+0) = du'(tg — 0), 24
u(l) = y1u(ér) + y2u(é2) (2.5)

where 0 < & <t; <& <1, de R and 71,72 € R, A € C is the eigenvalue of the problem.

We can interpret the two transmission conditions (2.3)-(2.4) as imposing a discontinuity of the first
kind upon the solution at the point ¢ = t4. However, here we will take the interpretation that we have
two domains I1 = (0,tq) U {tq — 0} and I = {ty + 0} U (¢4, 1), where the the solution set u(t) will be

composed of two real-valued functions for the two different intervals:

uy(t), for t € Iy,
u(t) = 1(?) ! (2.6)
us(t), for t € Is.

The two solutions are not independent, but are connected through the boundary conditions (2.3)—(2.5).

The condition (2.5) is a non-local Bitsadze-Samarskii type boundary condition, where 41,7 € R
are some constants. £1,& are defined such that 0 < & <ty < & < 1. In other words, & € I; and
& € I. If 1 # 0, then the two solutions uq(t), u2(t) are connected not just through the point t = ¢4
via the transmission conditions (2.3)—(2.4), but also through the condition (2.5). Condition (2.1) is
classical.

Obviously, u(t) = 0 is a solution to (2.1)—(2.5) for any A € C. Therefore, the goal will be to look
for non-zero solutions (i.e., the eigenfunctions) of the problem and retrieve the conditions that o,w in
(1.37)—(1.39) must satisfy in order for A to be an eigenvalue.

Remark 1. Before going further, we will consider the case when d = 0. We will conclude that for

the eigenvalue problem to be well-posed, we must assume that d # 0.

15



Consider the problem (2.1)-(2.5) when d = 0. Then (2.1)-(2.5) becomes

—u" =M, fortelUls, (2.7)
u(0) = (2.8)
u(tg +0) = (2.9)
U (tg +0) = (2.10)
u(l) = 71”(51) + you(§2). (2.11)

The conditions (2.9)-(2.10) are simply Cauchy’s initial value conditions for the solution in the
interval I. They imply that that ua(f) = 0, for ¢ € Is. Thus u(1) = u(&2) = 0, which turns (2.11) into

Tu(é) =0, (2.12)
that is a local condition. The solution to (2.7)-(2.8) is

sin(st)

u(t) =0C , for t € I, (2.13)

S

where the remarks about (1.32)-(1.35) apply. If 49 = 0, then from (2.12) we cannot determine the
constant C' or the value of s in (2.13), which makes the problem ill-posed due to non-uniqueness. Then
(2.13) is an eigenfunction for any A € C.

If 71 # 0, then (2.12) implies that (&) = 0, or, equivalently, that

Csin(sfl)

S

= 0. (2.14)

We are looking for non-zero solutions, therefore we assume that C' # 0. If s = 0, then by (2.14) and
(1.34) we have & = 0. But we have assumed that 0 < & < t4. Thus, s # 0.
Therefore, by assuming that C' # 0 and s # 0, s in the denominator of (2.14) can be absorbed by

the constant C, and we have the condition that

sin(s&1) = 0.

This has solutions

™
s="—, forneZ".
&

Thus, if d = 0 and 1 # 0, we have a family of solutions
™

u1(t) = sin (—

(1) =sin (g

UQ(t) =0, for t € Is.

t), forte1,neZ",

In what follows we will assume that d # 0.
Remark 2. Another special case is when d = 1. Since from —u” = Au it follows that u”, v/
are continuous whenever u is continuous, the case d = 1 corresponds to when we have a removable

discontinuity at the point ¢t = t4. We can eliminate this discontinuity by defining u(ty) = u(ty — 0) =
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u(ty + 0). Then the transmission conditions (2.3)—(2.4) can essentially be ignored and we are left
with a Sturm—Liouville problem with a non-local three-point Bisadze—Samarskii boundary condition
(2.1)-(2.2), (2.5).

Remark 3. If & = t4 or & = tg, then we have the limiting cases, where u(&1) = u(ty — 0) or
u(&2) = u(ty + 0).

Remark 4. If v; = 72 = 0, then the boundary condition (2.5) becomes local and we have a case
that was already presented in 1.4.2.

Remark 5. The reason we are interested in the equation (2.1) is because it represents the zeroth
order term in asymptotic expansion or perturbation series of more general second-order differential

operators.

2.1 Solution Development

In this section we will provide a solution method for the problem (2.1)—(2.5).
The solutions in both intervals will be linear combinations of two linearly independent solutions to
equation (2.1), whenever A is an eigenvalue Luckily, we can easily find such solutions: 1 (t) = cos(st)

and ¥(t) = Sm(St) , where s € Cs and s = \. Hence, we will search for the solution u(t) in the form

u1(t) = Cy cos(st +CSin(St),fort€I,
u(t) = 1) = Cheostst) Lo ' (2.15)
ug(t) = C3 cos(st) + Cy bmgst), for t € I.

Note that we have four unknown constants. Correspondingly, we have four conditions (2.2)-(2.5).
We can retrieve the constants by substituting the solution (2.15) into the conditions (2.1)—(2.5). Then

we get a system of equations:

C3cos(stq) + Cy sin(sta)

sin(st
= d(C’l cos(stq) + Ca (s d)),

—sCysin(sty) + Cy cos(sty) = d( — sC sin(sty) + Co cos(std)>,

sin s

Cscos s+ Cy =M (01 cos(sé1) + 02M> + 72 (03 cos(s&2) + 0481“(552))_

In matrix-vector form this becomes

1 0 0 0 Cy 0
—d cos(sty) dsm(ss 2) cos(stq) % Cy| |0
—sdsin(stg) —dcos(stq) —ssin(stq) cos(stq) cs| o
—y1cos(s€y)  —mt ( D coss— e cos(s&p) s — 72% o 0

We get non-zero solutions if and only if the determinant of the matrix is equal to zero:
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1 0 0 0

P R T
—sdsin(stq) —dcos(stq) —ssin(stq) cos(stq)

Expanding the determinant by the first row we get

_dsin(std) COS(Std) Sin(jtd)
—d cos(stq) —ssin(stq) cos(stq) = 0.
M Ln(jgl) cos s — Y cos(sfp) HLE — 7Sin(ss§2)

By multiplying through the diagonal entries and summing them up we get

. 9 sins  sin(sé2)
d sin (std)( . 2 )
—m 6052(5td)sm(;&)

sin(stq) cos(stq)

—d (coss — Y2 cos(sﬁg))

S

-m simz(stgz)M
s
+dsln(3 d)SCOS(S d) (cos S — Y2 COS($§2)>
+d cos?(sty) (sms . sm(8§2)) =0,
S s

which, upon simplification, yields

d

sin s sin(s&y)
-n

_ ,YQdSln(;f?)

= 0. (2.16)

S

This is the condition that s € C4 must satisfy in order for A to be an eigenvalue, and thus for us to
have non-zero solutions to (2.1)—(2.5).

However, we still need to find the eigenfunctions. For this, we will offer an alternative solution
method to the problem (2.1)—(2.5).

Substituting the solution (2.15) into the classical condition (2.2) we find that

0 =u(0) = C; cos(0) 4+ Cysin(0) = C1,
thus

sin(st)
PR

Ul (t) = (Y

Because eigenfunctions are non-zero and only differ by a constant multiple, then without loss of

generality we will pick Co = 1. Therefore,

in(st
ui(t) = smis ), forte I

is the eigenfunction for the first interval.
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From the transmission conditions (2.3)-(2.4) we get the relations

_ dsin(std) 7

S

sin(stq)

Cs COS(Std) + Cy
—C3ssin(stg) + Cy cos(stq) = dcos(stq).

These allow us to easily conclude that C3 = 0 and C4 = d. Therefore, our eigenfunctions are:

] t
w(t) = “nis ) forten, (2.17)
in(st
ug(t) = dsmis ), for t € Is. (2.18)

Inserting these into the non-local boundary condition (2.5) we get

sin(s&1)

sin(s&s sin s
71T+72d (562)

=d—, (2.19)

S

which agrees with (2.16).
If s € C, satisfies the equation above, then A\ = s? is an eigenvalue of the problem. In conclusion,
the problem (2.1)—(2.5) has a non-zero solution (2.6), (2.17)—(2.18) whenever s satisfies (2.19).

2.2 Analysis of Eigenvalues

In this subsection we will analyze the roots of the equation (2.19). These roots will correspond to
the eigenvalues of the problem (2.1)-(2.5).

2.2.1 The case when A =0

The case when A = 0 is very important theoretically, because it determines when the operator £ =
—C‘li—; in (2.1) together with the boundary conditions (2.2)—(2.5) is singular. This, in turn, determines
when we have none or infinitely many solutions.

A = 0 corresponds to the case when s = 0. Then the condition (2.19) becomes

Y& +dybe =d (2.20)

and the corresponding eigenfunctions are

ui(t) =t, forte I,
UQ(t) =dt, for t € I,

Note that the condition (2.20) does not involve ¢4 directly, but only indirectly through the relation
0<&i <tg<&E<1
We can rewrite (2.20) as
12
T+t =1 (2.21)
& &2

which is an equation of a line for the variables v1,v2, where we assume that d, &1, & are given. Hence,
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A = 0 will be an eigenvalue if and only if v; and 72 belong to the line (2.21). The line (2.21) has a
~y1-intercept at the point v, = Eil and a ~ye-intercept at the point v5 = é

Y2

Figure 2: The line (2.21) in blue, where & = %,52 = %, d= % and tg = % The red lines represent the

values that the vi-intercept and ~o-intercept cannot occupy when we fix d = %, tg = % and vary &1, &o.

We shall investigate the allowed regions for the line (2.21) when we change &1,& while keeping
deRand 0 < tg < 1 fixed.
From the assumption that 0 < & <ty < & < 1, we find that

d d
—00 < —ug—u, for d <0, (2.22)
&1 ta
d| |d
ld] Su < oo, ford>0 (2.23)
ta — &
1 1
l<— < — < o0, (2.24)
§ " ta
which implies that the ~i-intercept belongs to (— 00, —%] if d < 0 and ~;-intercept belongs to [%, oo)

if d > 0, and the 7o-intercept belongs to (1, %] This allows us to determine some theoretical conditions

upon the line (2.21) if we know the values of d and ¢4, as can be seen from Figure 2.

If we fix &1,&,tq and vary d € HO%, then we can see that the v;-intercept gl can achieve arbitrary

non-zero values, as can be seen from the Figure 3. Thus, for arbitrary non-zero values of d and fixed
1

Eu
If we now consider the case when we fix &1, &9, d, but vary 0 < t; < 1, then we see that

&1, &2, tg, the absolute restriction is that ~s-intercept ¢ (—oo, 1] U [+, 00).

1
1 <— < o0,
tq

d

|d| <’t| < oo, ford>0,
d
|d|

—00 < —— < —|d|, ford <0
ta
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Q
1=
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Sl= N
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1111

Figure 3: The lines (2.21) for varying values of d : —7,1, 5, 15, where {1 = i,fg = % and tg = % are
fixed. The thick red lines on the ~»s-axis represent the restrictions for ~i-intercept and ~vs-intercept as
we vary d, but keep &1, &9, tq fixed.

from which we conclude that for fixed &1, &2, d and varying tg4, the yp-intercept € (—oo, —|d|) for d < 0
and (d, c0) for d > 0, while ~o-intercept > 1.
When d = 1, we have that (2.20) becomes

né+ 7l =1

and the solution is
U(t) =t, fort € I Uls.

We can define u(ty) = t4 and obtain a solution for the entire interval ¢ € (0,1).

2.2.2 The case when \ >0

A > 0 whenever ¢ > 0 and w = 0. Then the condition (2.19) becomes

~18in(0&1) + yadsin(o&s) = dsino. (2.25)

This equation is notoriously difficult to study and therefore it is left for future studies. Here we will
consider only a few special cases.
If 44 = 0, then (2.25) becomes

Y2 sin(oy) = sino, (2.26)
which is (1.36) with v, := v and & := £. The results for this situation have already been investigated

and presented in 1.4.4.
If 45 = 0, then (2.25) becomes

% sin(o€)) = sino, (2.27)
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which is (1.36) with I := v and & :=¢&.
If & = & =&, then (1.36) becomes
(2.28)

(71 + 72) sin(c€) = sina,

d
L was shown in 1.4.4.

2

which is, again, (1.36) with % + 5 := . An example when §; = §» =
%1 = 79 := 7. Then we have

A more interesting case is when

v(sin(c&y) + sin(o&z)) = sino.

We can rewrite this as
27 sin (Ma) cos (Ma) = 2sin (f) cos (g).

2 2 2 2

If we further assume that & + & = 1, then we will have constant eigenvalues o = 27n for n € N

The non-constant eigenvalues will then satisfy
26 —1
(261 )a> = coS (%)

~ cos ( 5

2.2.3 The case when A <0
The case of negative eigenvalues has been investigated thoroughly and it is one of the main focus

of this work. From (1.39) A < 0 corresponds to the case when o = 0 and w > 0. The eigenfunctions

will be in the form of
u1(t) = sinh(w), fort € I,
uz(t) = dsinh(w), for ¢t € I

and the condition (2.19) will be
71 sinh(wé) + yad sinh(wés) = dsinh(w). (2.29)

Since sinh(fw) is a monotonically increasing function that intersects 0 at w = 0, when g > 0, the
function sinh(Bw) will be positive for w > 0. Therefore, after rearranging, we can turn the condition
2y, (2.30)

sinh(w)
sinh(é2w)

(2.29) into
4!

sinh(w)

sinh(&1w)
which is an equation of a line in vy, 72 for fixed d, &1, &, w. Hence, A < 0 will be an eigenvalue if
sinh(w) d th
sinh(§1w) an €

and only if 77 and 7, belong to the line (2.30). The ~-intercept is at the point v; = d

sinh(w)
sinh(§2w) *
S;‘ﬁ?w‘*é) is an increasing function for 0 < § < 1. Therefore, in analogy

Yo-intercept is at the point yo =
From Figure 1 we can see that
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with (2.22)—(2.24), we can conclude that

|d| d sinh(w)
&1 sinh(§w) 7
B .,y sinh(w) ldl
e |d|Siﬂh(§1w) &’
p <L sbl)
€2 sinh(§w) .

This means that the ~;-intercept > {% for d > 0 and < —Lfil' for d < 0, while the ~s-intercept > é

Y2

Y1

Figure 4: The plot of the lines (2.30) for w = 2,3 in yellow and green. The blue line corresponds to
(2.20). We can see that for some values of 71, 72, the green and yellow lines cross. This means that
for those values of 71, 72, we have that w = 2 and w = 3 are the two solutions to (2.30). In this figure

1 3 1 2
élZZa 52:Zad:§) td:g.

Y2

Y1

Figure 5: The plot of the lines (2.30) for w = 2,3 in yellow and green when & = &. The blue line
corresponds to (2.20). We see that in this case two lines do not cross. In this figure & =ty = & =
1 3
3 d=1

Figures 4 and 5 show a few lines (2.30) for several values of w > 0. Looking at the lines in Figure
4 we can notice an interesting observation: for some fixed values of d, &1, &, 1, 7o there will be two

lines that intersect at the same point. In other words, under certain conditions, there will be two values
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of w that satisfy (2.30) for fixed d, &1, &2, 71, Y2, and therefore, we will have two negative eigenvalues.

On the other hand, in the limiting case when & = & that is depicted in Figure 5, we can see that the

lines do not cross.

We shall investigate this more closely. Let us define a parametric curve in the (z,y) € R? plane

sinh(&w) sinh(&w)
. _ P .
g(w; &1, 82) ( sinh(w) ’ simh(w) >, or w>0
We will denote the two coordinate functions as
_ B sinh(&w)
T=01w) = sinh(w)
_ _ sinh(§w)
y=92(w) = sinh(w)

We can rewrite (2.30) as a line in the (z,y) plane:

il
l:—z+ =1.
dx Y2y

(2.31)

(2.32)

These definitions allow us to incur a separation of variables: the curve g depends only on &1, &o,

whereas the line [ depends on v1, 72, d. The equation (2.30) will be satisfied when the curve g crosses

the line [. By studying g and [ we will be able to understand the conditions that must be satisfied for

there to be two, one or no negative eigenvalues.

— 7n=0,y2=%d=0
1=3Y2=0,d=—

Hw MW

=1 — n=-Ly;=2d=

- n Ya=—

— =4 2 7
i=nY:=5d=5

=1 1)

Y 2

=3
d=3

Figure 6: The line [ (2.32) for various values of v;,72,d. The red line has a negative slope, the green
and purple lines have a positive slope. When ~v; = 0, the line is horizontal and y = %2, which is

demonstrated by the blue line. When v = 0, the line is vertical and = = ,%, which is demonstrated by
the yellow line. The 2- and y-intercepts can take both positive and negative values. The red point at
the origin corresponds to the only restriction upon the line I: it does not cross the point (z,y) = (0,0).
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First, we will investigate the line [. The x-intercept = % when 7 # 0, whereas the y-intercept
= 712 when 9 # 0. It is clear that the point (z,y) = (0,0) can never satisfy the line (2.32) because we
would get 0 = 1. Since we assume that 71,2 # 00, this can never happen. We have also assumed that

Y1, Y2 can never be both zero and that d # 0. If v4 = 0, but v # 0, then we have a horizontal line

y = %2 If 79 = 0, but 71 # 0, then we have a vertical line x = %. If 79 # 0, then we can rewrite the
equation (2.32) as
y =mx+b, (2.33)
where we have defined
s
=——, 2.34
. (2.34)
1
b= —. (2.35)
Y2

As |y2| — oo, the y-intercept b — 0. The slope m depends on the values of 71,72, d and when they
are all positive, the slope is negative. If one variable or all three are negative, then the slope is positive.
In general, the only restriction placed upon the line [ is that it cannot cross the point (z,y) = (0,0),

otherwise it is free. Some examples of lines (2.32) are shown in Figure 6.

__ sinh(§w)
sinh(w)

flw)

1

// l
L T B
U]
Gla vjw N e

€

-
w4y

1 2 3

Figure 7: The function f¢(w) = Ssl&};l((%))

and f¢, (w) < fe,(w) whenever & < &.

for several values of £&. The function is monotonically decreasing

Next, we will investigate the curve g(w;&1,&2). We have investigated the function ;Eﬁ(g) in 1.4.5
and the curve g is composed of the reciprocals of that function, as depicted in 7. Thus, we can

immediately see that

Uljigb g(w; &1, 82) = (&1,&2),
Jim - g(w; &1,&2) = (0,0).

Since both functions g1, g2 are monotonic, the curve g will monotonically interpolate between the
points (£1,&2) and (0,0). Because 0 < & < & < 1, the end-point (&1, &2) can only lie within the triangle
restricted by the lines {x = 0,y = 1,y = x}.

From Figure 7 we can see that

sinh(&§1w) < sinh(&§ow)
sinh(w) — sinh(w) ’

whenever £ < & and the equality is only achieved when & = &;. Therefore the z-coordinate of the

parametric curve g will always be less than or equal to the y-coordinate. That is, if & < &, then
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g1(w) < g2(w).
We can also compute the slope of the curve g(w) by calculating

dga % & sinh(w) cosh(§aw) — sinh(&aw) cosh(w)
dgr % & sinh(w) cosh(&w) — sinh(&w) cosh(w)

(2.36)

If & = &, then g—g?(w) =1 for all w € (0,00). It is possible to evaluate the limits

. dgy, &1 -&)
im (w) = s
w—0 dg1 51(1 — ‘51)
1i dga
im —

Jm dgl<w) =o00, for0 <& <& < 1.

The function %(w) is positive for positive &1, &3 and is monotonically increasing as can be observed
from Figure 8. Therefore, given that g(w) monotonically interpolates between (£1,&2) and (0,0), where
&1,& > 0, the restriction that g1(w) < ga(w), and that limg,_, j—gf(w) > 0, limy, 00 Z—gf(w) = oo for
0 < & < & < 1, we can say that the curve g(w;&,&2) lies in the triangle restricted by the lines
{x =0,y =&,y = %x} This suggests that the curve g is concave down whenever 0 < & < & < 1.

dg,

0, W)

Figure 8: Equation (2.36) for various values of 0 < & < & < 1. We can see that the function equals 1
whenever £ = & and is a monotonically increasing positive function when 0 < & < & < 1. We can
also notice that the function increases faster for greater values of the difference & — ;.

We can compute the second derivative to see the concavity of the the curve g:

d [ dg
d*gy  dw <ﬁ>

2 d
T

2 o .
:( — 5%52 sinh (w&;) cosh (w&s) + &7 sinh i:jil)i:r)lh (wéa)

€2 sinh (w&; ) sinh (wés)
a tanh (w)

-(&; sinh (w) cosh (wé&;) — sinh (w&) cosh (w)) ™+

+ flég sinh (w&2) cosh (w&7)

—&; sinh (w&2) cosh (swéy)

+ & sinh (w&; ) cosh (wfz))
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d?gs
dg%
0 < & < & < 1. Therefore, the curve g has negative curvature as it can be seen from Figure 9. In

Numerical exploration shows that (w) has one root at w = 0 and is negative otherwise whenever

other words, the curve g is concave down.

0.000

—0.005 4

-0.010 4

—0.015

flw)

—0.020 1

—0.025

—0.030 4

—0.035 4

Figure 9: The curvature of the curve g as a function of w > 0. The curvature is negative for all tested
values of 0 < & < & < 1 and asymptotically approaches 0 from below. In this figure £ = %, & = %.

A few examples of curves g are depicted in Figure 10.

y

—

— &Lhi=16

&=1&
— &=1&=
— &=L&=
— &=%&=

7
— &= =1

© BW Nie Bw

9
0

|
TN
9|

I
Jo

9|

Figure 10: Curves (2.31) for various values of 0 < & < & < 1. The curves start at their respective
point (&1,&2) and approach the point (0,0) as w — oo. The curves are confined to the triangle defined
by the lines {x = 0,y = 1,y = x}, which are depicted in red. The purple curve depicts the case when
&1 = &9t the curve is a straight line with slope 1. Otherwise, the curves are concave.

Having investigated the line [ (2.32) and the curve g (2.31) separately, let us combine two as their
intersection will determine the roots of (2.29).

First we will consider the case when & = & = &. Then the curve g becomes a straight line segment
y = x between the points (§,&) and (0,0). The line [ cannot cross the point (0,0), therefore the line {

and curve g cannot coincide; they can only cross at one point at most.
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If & = & = &, then we will have an intersection if and only if the system of equations

z—y =0,
N
d

has a solution = € (0,&) and y € (0,£). This corresponds to the condition that

T+yy=1

d
=x=———¢€(0,%).
Y Y1 + dya (0,¢€)
This is satisfied whenever J
0< —m— < 1.
&(1 + dyz)

This holds even if 43 = 0 or 9 = 0. Figure 11 shows examples of this situation.

y
N
— h=-Ly.=3d=L
¥1=0,y2=2,d#0
— Nn=0y2=%d=0
— v1=4,v2=0,d=3
— n=4y,=0d=3
— v1=2,¥v2=4,d=3

g(w; & =§v & =§)

07 (E’ 5/

0.5 —

03

0.2 ]

(0,0)

Figure 11: Lines (2.32) for various values of 41,72,d and a curve (2.31) in yellow, when & = & = &.
Plotted are the curve’s starting point (&,§) in yellow and the end-point (0,0) in red. The lines cannot
cross the red point. We will have a root w > 0 when a line and the curve cross. When ~; = 0, then we
have a horizontal line. When o = 0, we have a vertical line. Blue, orange, red, purple and brown lines
cross the yellow curve. Red and green lines do not.

Now we will turn to the case when 0 < & < & < 1. We will have a solutions if

_ sinh(§w)
~ sinh(w) ’
_ sinh(§w)
~ sinh(w)

satisfies
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Ba!
_— :]_
dx—i—’my

for some w > 0.
From the concavity of the curve g we can see that we can have two, one or no intersections between
the line [ and curve g. Figures 13 and 12 show some examples.
y
En -5

(61,82)

(0,0)

Figure 12: The line (2.32) in blue and curve (2.31) in yellow for & < £3. We can see that for some
values of &1, &2, V1, 72, d, tgq the line and the curve do not cross. In this figure &, = 0.7, &, = 0.9, d =

0.5, tg =08, 1 =—1, 1o =2

&g -5
(€1,82)

(0,0)

Figure 13: The line (2.32) in blue and curve (2.31) in yellow for &; < & can cross at two points. The
yellow point (&1, &2) represents the start of the curve and the red point (0,0) represents the end of the
curve. Also depicted is y-intercept point of the line in blue and the blue point is the point that the line
(2.32) taken when = = &;. In this figure & = 0.7, & =0.9, d=0.5, t; = 0.8, 1 = —2.5, 72 = %0.

Let us check what needs to be satisfied for there to be two intersections. As can be seen from Figure

13, a necessary condition for the line to intersect the curve at two points is that the y-intercept of the

line is lower than the maximum height of the curve, that is, 712 < & or, equivalently, that é < Y.
Y1

Another necessary condition is that the slope of the line is positive, that is, — 3 > 0. Since we have
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to have v > é > 0, we see that d and v have to have opposite signs. Also, as discussed previously,

we have to have & < &. Finally, by Figure 13, the y-value of the line at the point x = & has to be

higher than &. Substituting x = &; into (2.32), we see that

1
— = lél < &,
Yo o dye

which, after rearranging, becomes

o2
7+T<1'

&g &

This implies that the crossing point is beneath the line (2.21) corresponding to the zero eigenvalue

in the 71, yo-space.

In summary, the necessary conditions to have two negative eigenvalues are:

o 1+ +E <L
&1 £2

1
° Y2 <£2’
e § <&,

e d and 1 have opposite signs.

All of these results can also be verified by looking at Figures 4 and 5.

However, these are not sufficient conditions, as can be seen from the example in Figure 12. While

all of the necessary conditions are satisfied, the line [ does not cross the curve g. Provided that the

necessary conditions already presented are kept fulfilled, we can see that there will not be any crossing

when the line is above the curve and there will be two crossing points when the line is below the curve.

Therefore, we will investigate when the line is tangent to the curve. The line (2.32) will be tangent to

the curve g if

sinh(&w)
T=—"V"77 >

sinh(w)

sinh(&aw)
Y= = )

sinh(w)

d sir.lh(ng)
= ds( sinh(w) )

d (sinh(flw)) ’
ds \ sinh(w)
The first two equations (2.37)-(2.38) evaluate to

sinh(w)  sinh(&iw)

= b
sinh(w) mn sinh(w) +5

whereas the equation (2.39) evaluates to

& cosh(§aw) sinh w — sinh(§aw) coshw

&1 cosh(&w) sinhw — sinh(&w) coshw”

30

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)



(€1, & — 1)
(€1, &)
(0, 1) o]
(0,0) o1 02 03 04 05 06 07 08 0 1o X

Figure 14: For some values of 71,72,d, &1, &2, the line (2.32) in blue and curve (2.31) in yellow for

& < & are tangent and therefore we have a double root. In this figure & = 0.7, & = 0.9, d =

0.5, tg= 0.8, 1 = —13, 12 = G-

Here m and b are as in (2.34)—(2.35).

The graphs of (2.41) are depicted in Figure 8. Whenever the equations (2.37)-(2.39) are satisfied,
we will have a double root of (2.29). This situation is depicted in Figure 14.

In short, given a pair wg, mo that satisfies (2.41), we can find a value by = %2 that satisfies (2.40).
We will have two different roots if we lower the line below the tangent point. For that we need to lower
the y-intercept of the line, which is A,% We can pick 72 such that

0< i < by
72
and we will have two different roots. Having admissable 75, we can use (2.34) to find the required

values of d,~;. From (2.34) we can deduce that

71 mo

d T by
Alternatively, we can select the two roots. Call the two values of w where we have intersections as

w1 and wo. Then define the points

(21,91) <sinh(§1w1) sinh(fgwl))’

sinh(wy)  sinh(w)

sinh(&1ws) sinh(£2w2>)
sinh(wy) 7 sinh(ws)

(z2,92) = <
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From

y1 = mxy + b,
Yo = mxo + b
we get that

Y2 — Y1
m = s
T2 — 1

b=y —may
where m and b are as in (2.34)-(2.35). Then we have the values for the line [ (2.33).

y

(61, 62)

En g -8l

Figure 15: The line (2.32) in blue and curve (2.31) in yellow for {; < &3 can cross at one point when the

y-value < & at the point x = &;. In this figure & = 0.7, & =0.9, d = 0.5, t; = 0.8, 71 = —%, Yo = %0.

(§1,62)

Figure 16: The line (2.32) in blue and curve (2.31) in yellow for £; < &3 can cross at one point when the

y-value < 0 at the point x = 0. In this figure &, = 0.7, & =0.9, d =0.5, t; =0.8, v1 = ?, Yo = —%0.
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Now let us investigate when we only have one root w > 0. Figures 15 and 16 depict the two scenarios

where we have a single root. Let us investigate the first case in Figure 15. Define the points

(.%'(], yO) = (07 b)a
(z1,91) = (§1,m& + ).
From Figure 15 we see that we must have 0 < yp and y; < &. From this we can deduce that
0 <72,
1< %51 + 7282.
For the case depicted in Figure 16, define the points
(x(]v yO) = (07 b)a
(z1,91) = (§1,m& +b).
Then we will have a single crossing if yg < 0 and y; > &. From this we conclude that
0> 79,
1> %51 + 7282

However, we can combine these two cases into a single condition. Observe that we will have a single
root if and only if the line [ crosses the line segment connecting the points (0,0) and (£1,£2) as it is

depicted in Figure 17

) 0.9 4 (511'52)

5

0.8
0.7
0.6
05
0.4
0.3
0.2

0.1

(Ell% 2 flvvzl)

0: 1 O.‘Z 0: 3 O:4 0.5 0.6 Ot? O:E 0:9 l.‘O
(0,0)

Figure 17: The line (2.32) in blue and curve (2.31) in yellow for & < & can cross at one point if
and only if the line (2.32) crosses the green line segment y = %x for x € (0,&). In this figure

6 =07, &=09,d=05t4=08, 11 =2, o=1%.
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The equation for the line segment is y = %x The line (2.32) crosses y = %x when the system of

equations

has a solution z € (0,&1), y € (0,&2).

In other words, the solution

v d&;
§171 + Sady2

B d&s
Yo+ §adryo

€ (Oa 51)7
€ (Oa 52)7

if and only if

d
0<— < 1.
§171 + &adye

This applies even when v9 = 0 or 73 = 0. Indeed, if 79 = 0 or 73 = 0, then we cannot have two

(2.42)

roots as horizontal or vertical lines cross the curve g at most once and are never tangent to the curve.
Therefore, only (2.42) condition is relevant for these cases.

Thus, we can say that we will have a single root whenever (2.42) is satisfied.
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3 Sturm-Liouville Problems with More General Transmission and

Non-Local Boundary Conditions

3.1 Problem 1

Consider a generalizatoin of the problem (2.1)—(2.5):

—u" = Au, for t € I} Uy, (3.1)

u(0) =0, (3.2)
u(ty) = du(ty), (3.3)
u'(ty) = u'(ta), (3-4)
<ng,u>=<l,u>+<lyu>, (3.5)

where I} = (0,%,) and Is = (tp,1), d,0 € R not both equal to zero, 0 < t, < t, < 1, 71,72 € R some

constants, nj is a local boundary condition at the point ¢ = 1:

< ny,u >:=au(l) + Bu'(1), a, B € R. (3.6)

l1 is a non-local boundary condition in the interval I; and Iy is a non-local boundary condition in the
interval I.
If we repeat the solution procedure outlined in subsection 2.1, then we can find that the eigenfunc-

tions

<3 t
ul(t): MD(S ), for t € I,
s
ug(t) = M(s)cos(st) + N(s) sm(st)’ for t € I,
where (st2) (st4)
sin(st, sin(stp
M(s) = ty) | d -4 .
(s) = cos(sty) (4= =), (3.7)
sin(stg) 9 sin(stg) sin(stp)
N — t — .
() sin(stp) cos”(sty) (d s g s )’ (3:8)
exist if and only if s satisfies the condition
sin(st) sin(st)
M(s)<n1 — ll,cos(st)> + N(s)<n1 — g, T> = <l1, T> (3.9)
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As before s> = \, where s € C;. M(s) and N(s) are related by

_sin(st,)

N(s) =

Sn(st) cos(stp) M (s).

Note that if < nj,u >=u(l), <lj,u >= yu(&) for & € I, < ly,u >= yu(&) for & € I, d =6
and t, = tp, then M(s) =0, N(s) =d and (3.9) becomes (2.19).
3.1.1 The case when A =0

We will consider when the operator of the problem is singular, that is, when A = 0. Evaluating
(3.7)—(3.8) at s = 0 we get
M(0) = dt, — oty

N(0) = d™® — M(0),
ty

where we have evaluated the limits

lim =1,
s—0

lim — = —.
s—0 sin(sty)  tp

At s =0 (3.9) becomes

M(O)<TL1 —l1,1>+N(O)<TL1 —l2,t> = <l1,t>. (310)
First, we will consider what happens when M (0) = 0 and/or N(0) = 0.

M(0) = 0 if and only if dt, = dt,
M (0) = 0 implies that N(0) = 9,
t
1—t’
N(0) = 0 implies that M(0) = —9

N(0) = 0 if and only if dt, = —¢

1—t
M(0) =0 and N(0) = 0 together imply that both d,0 = 0. This is an extreme case that is similar
to the one investigated in (2.7)-(2.11) and is ill-posed. Then the eigenfunctions are
ui(t) =t, for t € I,
UQ(t) =0, for t € I,

whenever

(li,t) = 0.

If dt, = 0tp, then M(0) = 0 and N(0) = 6, which we will assume is not equal to zero. Since
0 <ty <ty <1, we also have that |d| > |0| and the signs of d, § must be the same. The eigenfunctions
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are
ui(t) =t, forte I,

ug(t) = dt, for t € Iy,

and we have a further condition that

(n1 — %11 —l,t) = 0. (3.11)

If ny takes the most general form of (3.6), then < nj,t >= a+ 5. If <nj,t >=0, that is, « = —f3,
then the functionals [q,lo are linearly dependent and < ls,t >= % < l1,t >. We will assume that
< ny,t>7#0. Since § # 0 and < ny,t ># 0, we can rewrite (3.11) as

1 <y, t> <lg,t>
S<n,t> <ni,t>

Y

which is an equation of a line in the variables < l,t >, < lo,t > for fixed J, < ny,t >. If we further
assume that < nj,u >=1, <l,u >=yu(&1), <lo,u >= yu(&), then we can retrieve (2.21) with d
replaced by .
2
If dt, = —(513’3, then N(0) = 0 and M(0) = —51t_—”tb or, equivalently, M (0) = di—‘;. Since 0 < t, <
tp < 1, we can conclude that the signs of d and § must be opposite and that —|d| < ]d|§—z < |d|. This,

in turn, implies that —|d| < |5|1i—"tb < |d|. Solving for t;, we get the inequality ¢, < t; < min{%, 1}.
The corresponding eigenfunctions in this case are
ui(t) =t, for t € I,
UQ(t) = M(O), for t € I.
A further condition is that

M) <l,1 >+ <lj,t >=M(0) <ni,1>. (3.12)

Note that this condition does not involve the functional ly. If < nj,1 >= 0, that is, if a = 0, then
<l1,1>= ﬁ(o) < l1,t >. So let us assume that < ny,1 >= a # 0. If we fix M(0) and < ny,1 >, then

we can rewrite (3.12) as

<l1,1>+ 1 <ly,t> -
<ny, 1> M(@O)<n;,1>

which is an equation of a line in < 3,1 >, <lj,t > for fixed M(0), < ni,1 >. If we take < nj,u >=

1, <li,u>=yu(&), then we have 1 = 51]&320)'
t

If dtq # 6ty and dtq # —677, then M(0) # 0 and N(0) # 0, so we have to consider equation (3.10)

in its full generality.

If we assume that < nj,u >=1, <l,u >=yu(&), <l2,u >= yu(&), then our condition is

(61 dt, — 5tb)71 s (dz — dt, + 6tb>72 — 1.
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3.2 Problem 2

Consider another generalization when we have several discontinuities at the points ¢ = t4,,%4,, ..., ta,:

—u" = M,
u(0) =
u(tyg, +0) = dlu(td1 0),
u'(tg, +0) = diu/(tg, —0),
u(tq, +0) = dau(ty, —0),
u' (tg, +0) = dot/(tg, — 0),

u(tdn + 0) = dnu(tdn — 0),
u’(tdn + 0) = dnul(tdn — 0),
u(1) = vou(&o) +y1u(&1) + ... +vu(én)
forte Iyul; Ul U...UI,, where

Iy = (O,tdl), L = (tdl, td2),...,In_1 = (tdn—17 tdn), I, = (tdn,l).
A € C is the eigenvalue, d; € I@, where the remark about d = 0 case apply as well.
0<& <ty <& <tg, <...<tg, <& <L

The solution set u(t) will be

i t
up(t) = w, for t € I,
S
in(st
ul(t) = d181n($ ), for t € I,
i t
UQ(t) = dldQSIH(S ), for t € I,

in(st
un(t) = dldg...dnsmis), for t € I,,.

For A = 52, s € C, to be an eigenvalue, s must satisfy

sin s sin(&ps
dydy...dn =" =0 (fo ) 4

Smf@ ﬂzdldzsmfm L ﬂndldz“.dnm(sfn#

The main conclusion is that this situation is analogous to the one investigated in the main part of

the text, except that this time we must work in a higher-dimensional space.
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4 Conclusions

In this work we have looked at a Sturm-Liouville problem for a simple second-order differential
operator with transmission and non-local boundary conditions. An analytic solution method was pre-
sented as well as a geometric way to investigate the eigenvalues. The conditions that need to be satisfied
to have eigenvalues have been determined. The singular case and the case of negative eigenvalues was
explored in more depth. It was found that under certain conditions we may have up to two negative
eigenvalues, including repeated ones. The analysis of positive and complex eigenvalues proved to be
much more difficult and it is postponed to future research. Some generalizations have been considered
and preliminary results were presented, although much more research is required for the more general

cases.
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