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Introduction

In the thesis, the Atkinson formula for the periodic zeta-function (,(s) on
the critical line and in the critical strip, and limit theorems in the sense of
weak convergence of probability measures in various spaces are considered.

Actuality

The functions of complex variable in some half-plane defined by Dirichlet
series with coefficients having a certain arithmetical sense are called the zeta-
functions or L-functions. They play an important role in the analytic number
theory. For example, the properties of the classical Riemann zeta-function
((s) and Dirichlet L-functions are directly connected to the distribution of
prime numbers. Therefore, it is clear why many famous mathematicians
studied and study zeta-functions. The works of F. V. Atkinson, H. Bohr,
E. Bombieri, B. Conrey, S. M. Gonek, R. Garunkstis, G. H. Hardy, D. R.
Heath-Brown, M. V. Huxley, A. E. Ingham, A. Ivi¢, H. Iwaniec, M. Jutila, A.
Laurincikas, A. F. Lavrik, N. N. Levinson, J. E. Littlewood, K. Matsumoto,
H. L. Montgomery, Y. Motohashi, A. Perelli, P. Sarnak, A. Selberg, J. Steud-
ing, E. C. Titchmarsh, S. M. Voronin and others influenced the investigations
in this field.

The moment problem plays an important role in the theory of zeta-
functions. It consists (in the case of ((s)) of finding the asymptotics or
estimates for
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as I' — oco. The problem is very complicated. For, example, the asymptotics
for I;(3,7) are known only for k =1 [8], k = 2 [10] and k = c(loglog T') 2,
c> 0, [19].
On the other hand, in many problems, the mean values I;(o,T) replace
individual values of ((s) which are not known. For example, the famous
Lindel6f hypothesis asserting that, for every € > 0,



1
<(§ +1t) = O(t°), t >t >0,

is equivalent to the estimate [31]

1
Ik(§,T) = O(T"*), keN.

The Atkinson formula gives the explicit formula for the error term in the
asymptotic formula for I, (3, 7). This result is not only interesting itself but
also has a series of applications, for example, in the investigation of higher
moments I;,(1,T).

Probabilistic limit theorems are used for the characterization of asymp-
totic behavior of zeta-functions. Recently, it was observed that theorems
of such a kind are the principal component in the proof of universality for
zeta-functions.

Finally, the periodic zeta-function ) (s) is not classical, however, it occurs
in various problems of analytic number theory. For example, it appears
[6], [20] in the asymptotic formula for the mean square with respect to the
parameter of Hurwitz and Lerch zeta-functions.

On the other hand, the majority works of the mentioned above authors
are devoted to the classical zeta-functions, and the results for the function
(x(s) are not numerous. All those remarks show the actuality of the subject
of the thesis.

Aims and problems

The aim of the thesis is to obtain the Atkinson formula and prove limit
theorems in the sense of weak convergence of probability measures for the
periodic zeta-function (y(s), more precisely, to solve the following problems:

1. To obtain the Atkinson formula on the critical line for the periodic
zeta-function ()(s).

2. To obtain the Atkinson formula in the critical strip for the periodic
zeta-function () (s).

3. To prove limit theorems on the complex plane in the sense of weak
convergence of probability measure for the periodic zeta-function (y(s).

4. To prove limit theorems in the space of analytic functions for the
periodic zeta-function (,(s).



Methods

Analytical and probabilistic methods are applied. For the proof of Atkinson
formula, we use properties of the function A(z), the error term in the Dirich-
let divisor problem, and classical Voronoi formula for A(z). For the proof of
limit theorems , the theory of weak convergence of probability measures, in
particular, the Prokhorov theory is applied.

Novelty

All results obtained in the thesis are new. The Atkinson formula for the peri-
odic zeta-function ¢)(s) was not known. The same is true for limit theorems
for periodic zeta-function.

History of the problem and main results

Let ((s), s = o +it, as usual, denote the Riemann zeta-function. In [1], F.V.
Atkinson discovered a famous formula for the mean square of the function
((s). Let
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where 7y, is the Euler constant. The Atkinson formula gives an explicit ex-
pression for E(7') involving some elementary functions. Let 0 < ¢; < ¢3 be
any two fixed constants such that ¢;T" < N < ¢T', and let, for brevity,

T N N2 NT

Moreover, define

o, T
E(T) = \ C(5 +at)["dt = Tlog o— — (2% — 1T,

f(T,m) = 2T arsinh( %) +V2rmT + 72m?2 — %7

where

arsinh(x) = log(z + V1 + 22).
Then F.V. Atkinson [1] proved that
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Here, as usual, d(m) is the divisor function. The proof of the Atkinson
formula is also given in [11]. M. Jutila proposed [13] a new version of the
Atkinson formula with a weaker restriction for N, ¢;T° < N < ¢,T?, § >
0, and with the error term dependent on N. T. Meurman gave [27] an
averaged version of the Atkinson formula with the error term O(T~ 1 log T).
Y. Motohashi also proposed [28| a new version of the Atkinson formula with
a small error term. M. Jutila proposed [14] a new proof of the Atkinson
formula based on the Laplace transforms. For more comments, see, a very
informative paper [23].

T. Meurman obtained [26] an analogue of Atkinson’s formula for Dirichlet
L-functions L(s, x). Meurman’s formula gives an explicit expression for

T

BT = 3 / LG + it )P

2
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q Og 27T + D — 1 + Y0 + 9

plg
where the sum runs over all Dirichlet characters modulo ¢, and ¢(g) denotes
the Euler function.
Define the function ((s), for o > 1, by the series
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and by analytic continuation elsewhere. Clearly,

G(s) = ™ L(A 1, 5),
where L(A, «, s), 0 < « < 1, is the Lerch zeta-function defined, for o > 1, by

o0 627ri)\m
L\ = —_—
(A @ 5) mz%(m—ka)s’

and by analytic continuation elsewhere. Moreover, for A € Z, the function
(A(s) reduces to the Riemann zeta-function. In view of the periodicity, we
can suppose that 0 < A < 1.

The aim of the thesis is to obtain the Atkinson formula for the periodic
zeta-function ¢, (s) in the critical strip % < o < 1. First, in Chapter 1, we
obtain the Atkinson formula for o = %

Define the constant ¢(«) by

n

1 1
—— =logn+c(a)+ O(=), n— .
— mta n

Then in [7] it was proved that, for all 0 < A < 1,

/|C,\( +it)|?dt = T'log T + T (7o + ¢(N)

—1—log2m) + O(T7 log T).
Let A = % with given integers 1 < a < ¢, and let

Z/ +zt|dt

Define

qT
E(q,T)=1(¢q,T) — qT(log o T2 - 1).

In terms of these functions, define
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Su(g, T) =272 Y (=1)™d(n)(qn) "=

n<N

mqn T

N\
x (arsinh ﬁ)_l (M + Z) cos f(T, qn),

and

1
T gN gN\> ¢NT\’
N =N(qT,N)=q| —+2° [ (L oy
@ T, N)=q| -+ ((2)*%

Theorem 1.2.1. If q is a positive integer and T < N < T, then
E(q,T) = q(S1(¢,T) + (. T)) + O(g? log” T) + O(gT™).

Corollary 1.5.1. For ¢ < T?log" T, we have

E(q,T) = ¢(S1(q, T) + Sa(q, T)) + O(q2 log? T).

Here and in the sequel, n; < m < mny means that there exist positive
constants ¢; and ¢y such that ¢;ny < m < cons.

The Atkinson formula allows to estimate the error term in the mean
square formula. Corollary 1.5.2. For1°* < H < T and 0 < ¢ < %, we
have

E(q,T) < qHlogT + ST H

K. Matsumoto [22] jointly with T. Meurman [25] obtained the analogue
of Atkinson formula in the critical strip % <o < 1.Let
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E,(T) = / |C(o + it)|*dt — ((20)T — (277)2”’1UT2’2".
0 2—-20
The Atkinson formula gives an explicit expression for F,(T) involving some
elementary functions. Let N and N; be the same as above, and % <o <1
Denote

Y16(T) = 2071(?)075 Z (=1)"01 95 (m)m” !
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and

T\ T
X <log 27rm> cos (T log Sy —— T+ %) .

Then it is proved [22], [25] that

E,(T) = S1,(T) + X9, (T) + O(log T).

where

oa(n) =) _d

din

is the generalized divisor function.
In Chapter 2, we obtain the Atkinson formula for the function ()(s) in
the case 3 <o < 1. Let A = ¢ with given integers 1 < a < ¢. For § <o <1,
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let
Z/ Ca(o +it)|?dt — q¢(20)T

+C(20 - 1)F§2_00— 1) sin(mo)

(gT)* .

Define

o—1 . n. 4
9 hy/—
X 01 _9,(n)n " (arsin 2T)

and

T\1 T
x(log;—) cos(Tlogq— -1+ %)

™ 2mn
The main result of Chapter 2 is the following statement. Corollary
2.0.2. Let q be a positive integer, T < N < T, and let o be a fixed number
satisfying % <o <1. Then

EU(Q7 T) = E1,0((]7 T) + EQ,U((L T)

+0(¢* log(¢T)) + O(q)-
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Using functional equation for the Riemann zeta function ((s) we can ob-
tain the Atkinson formula in the form of [22] and [25].

An idea of application of probabilistic methods in the theory of functions
belongs to H. Bohr. In [3], he together with B. Jessen proved that, for o > 1,
there exists the limit

1
lim —p{t € [0,7]:log((c +it) € R},
T—oo T

where p denotes the Jordan measure, and R is a rectangle which edges parallel
to the axes. In [4], this result was extended to the region o > 1.

Later, Bohr-Jessen’s theory was developed by many authors. Among
them A. Wintner, A. Selberg, A. Gosh, P.D.T.A. Elliott, B. Bagchi, A. Lau-
rin¢ikas, K. Matsumoto, B. Garunkstis, J. Steuding, J. L. Mauclaire and
other famous mathematicians, for history and results, see [10], [12]. At the
middle of the last centure, a new theory of convergence of the probability
measures was developed, and it became convenient to use this theory for the
probabilistic results for zeta-functions.

We need some notation. Let meas{A} denote the Lebesgue measure of a
measurable set A € R, and let,for T > 0,

vr(...) = %meas{t €0,7]:..},

where in place of dots a condition satisfied by ¢ is to be written.

Denote by B(S) the class of Borel sets of a space S. Let P,, n € N, and P
be probability measures on on (S, B(S)). We recall that P, converges weakly
to P as n — oo with every real bounded continuous function f in the space
S we have that

lim [ fdP, = / Fdp.
S S

n—oo

Define

Q:H’Ypy
p

where 7, is the unit circle v = {s € C : |s| = 1} for all primes p. By
the Tikhonov theorem, the torus €2 is a compact topological Abelian group.
Therefore, on (€2, B(€2)) the probability Haar measure my can be defined.
This gives a probability space (2, B(£2), my). Denote by w(p) the projection
of w € € to the coordinate space v,. We extend the function w(p) to the set

14



N by the formula

= H w*(p), meN,

p|(Im

where p® || m means that p®|m but p**! { m. For o > £, define

X 2widm

e w(m) 0>1

G(o,w) = 5

mU’
m=1

Then ()(o,w) is a complex - valued random element defined on the proba-
bility space (€2, B(£2), mp). Denote by Pg the distribution of {)(o,w), i.e.,

PE(A) =mp{w e Q:((o,w) € A}, A€ B(C).
The main result of Chapter 3 is the following theorem.

Theorem 0.0.1. Let o > % Then the probability measure

vr(C(o+it) € A), A € B(C),
converges weakly to P(CA, as T — oc.

Now let G be a region on the complex plane. Denote by H(G) the space of
analytic on G functions equipped with the topology of uniform convergence
on compacta. Let D ={s € C:0 > 1}.

In Chapter 4, a limit theorem in the space H(D) for the function () (s) is
proved. On the probability space (€2, B(§2), mpy), define the H(D) - valued
random element (s, w) by the formula

i 627rMm )
m=1
and denote by P/l its distribution, i.e.,

Pg(A) =mpg{w € Q:((s,w) € A},  Ae B(H(D)).
Then in Chapter 4 the following statement is obtained.
Theorem 0.0.2. The probability measure

vr{C\(s+ir) € A}, A€ B(H(D)),

converges weakly to Pg as T — oc.

15



Approbation

The results of the thesis were presented at the 4th International Conference
"Analytic and Probabilistic Methods in Number Theory" (Palanga, 2006),
at the 4th International Conference on Analytic Number Theory and Spa-
tial Tesseletions (Kyiv, 2008), at the International Number Theory Confer-
ence (Siauliai, 2008), at the Conferences of Lithuanian Mathematical Society
(2007, 2008, 2009), as well as at the seminars of number theory in Vilnius
University.
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Skyrius 1

Atkinson formula for the periodic
zeta-function on the critical line

In this chapter, we prove the Atkinson formula for the periodic zeta-function
on the critical line.

1.1 Definition of the periodic zeta-function

The periodic zeta-function (\(s), s = o +it, A € R, is defined, for 0 > 1, by
2miAm

Gl = 30—

m=1

If A € Z, then the function ()(s) becomes the Riemann zeta-function
((s). Therefore, in this case, it is meromorphically continuable to the whole
complex plane, and the point s =1 is a simple pole with residue 1.

If A ¢ Z, then, for o > 1,

= 627ri)\m )
Gls) =™ Y oy = LA L), (L.1)
m=0
where R
et 2mwiAm
e
L\ a,s) = Z—s, o> 1,
= (m+a)

0 < a < 1, is the Lerch zeta-function. Since the function L(\,«,s), for
A ¢ Z, is entire [20], the function ((s), in virtue of (1.1), is as well. In this
case, in virtue of the periodicity of e?™™_ we can suppose that 0 < A\ < 1.

19



1.2 Statement of results

Let A = % with given integers a and ¢, 1 < a < ¢, and let

Z/ +zt|dt

Define T
E(q.T) = 1(q.T) — g1 (log 5+ 27 — 1),

where 7, is the Euler constant, i.e.,

1 1
Y = lim <1+—+---+——10gn>
2 n

n—0o0

= 0,577215....

:ZL m € N.

dlm
For two fixed constants ¢; and ¢z, 0 < ¢; < ¢, such that ;T < N < T, we
put

Let, as usual,

N'=N'(q,T,N)

1
B T gN gN ., qNT\?
_q(2W+2 ((2)+27r .
Moreover, as usual, let
arsinh(x) = log(z + V1 + x2)
and
™ T
T,n) = 2Tarsinh, | — 2rnT + w2n? — —).
f(T,n) arsin ,/2T+\/ T + 72n 4)

In terms of these functions, define

S0 T) =273 30 (=)™ dln) (gn)

n<N

—1 _
. Tqn T 1
hy/ 2 Z
X (arsm 5T ) <27rqn + 4)

x cos f(T, qn),

e

-1
1 ql
(0. T) = -2 3 din)lan) * (1og )
n<N’
T 2rn. W
Tlog & _py T
x cos(T log - . 4)

The Atkinson formula for the function (,(s) on the critical line is the
following statement.

20



Theorem 1.2.1. If q is a positive integer, then
E(q,T) = q(X1(q,T) + Xa2(q, 1))
+0(q? log”(qT)) + O(gT™").

Note, that if ¢ = 1, then C%(s) = ((s), and the formula of Theorem 1.2.1
coincides with that for the function ((s).

1.3 Some lemmas

First, we recall a version of the Poisson summation formula.

Lemma 1.3.1. Let a and b be integers, and let f(x) be a function of the real
variable x with bounded first derivative on |a, b]. Then

/ f(z)dx + 22 ) cos(2mnx)dx.

a<n n=1"a

Here, as usual, Y.' means that 1f(a) and f(b) are to be taken instead of
f(a) and f(b) respectively.

Proof of the lemma is given, for example, in [11].
Define

1 & ™ cos(2mmiqy)
gqlu,v) = gl ZlquU 1 Z/o Ty)dy' (1.2)
=1 =1

Lemma 1.3.2. Suppose that 0 < Re(u) < 1. Then the formula

an 2(1 - u)

_y (% (%(1 S+ %(@) 990 — log %”)

+Q(gq(u7 1— u) =+ gq(l - u, U))
holds.

Proof. For Re(u) > 1 and Re(v) > 1, we have that

q q
a=1
q 00  2m%m 0 —21in
(& q € q
=2 (13)
mY n?
a=1 m=1 n=1



Since

zq: e?ﬂi%(m—n) _ q if m= n(modq),
1 0 if m # n(modg),

a=1
from (1.3) we have that

ZC@ ~2(v) = q(Clu+v) + fo(u, v) + fy(v, u)), (1.4)

where

Z Z my m1+qm2)

mi1=1mo=1

and the series converges absolutely for Re(u + v) > 2 and Re(v) > 1. More-
over, equality (1.4) shows that the sum f,(u,v) + f,(v,u) is analytically
continuable, except for poles u =1, v =0and u+v = 1.

Now suppose that Re(u 4+ v) > 2 and Re(u) < 0. In this case, we apply
Lemma 1.3.1. This gives

e¢]

1
Z mi(my + gma)?

mp=1

(2
:/ da:+22/ cos(2mma) dx
o xU(x 4+ qmy)? z¥(x 4+ qgmy)?

1 /°° 1
= y
(qmz)““’*1 o Yu(l+y)v

cos 27rmm2qy)
dy,
me u+v (o Nutv—1 Z/O 1 —+ y y

after the change of variable x = ¢moy. Using the well-known formula

/°° 1 d CTu+v -1 —u)
o Y

1ty I'(v) ’
from this we deduce

Cut+v -1l (u+v— 1)L —u) .
ol v) = e Falnn)(15)

Since the function I'(s) has simple poles at s = —m, m € Ny, (1.5) shows
that the function

fq(u> U) - gq(u> U)

is meromorphically continuable in » and v to the whole complex plane.
Therefore, the sum

(fa(u, ) = gq(u, v)) + (fo(v,u) = gq(v, u))

22



has the same property as well. From this and from (1.5), we find that

fQ(uvv) +fQ(U7u)
C(u+v—-—DI(u+v—-1)
qu+v71
y rl—w) T(1-uwv)
( M) ' ) )
+gfI(uaU> +gQ(U=u)'

Now, by (1.4), we have

S e ()¢ o (1—u)

=q (C(u +0) + lute _qi)ﬂ? to=l (1.6)
" 'l—u) T(1-wv)

( NORENR0) )
+9q(u7v) +gq(U7U)-

Let u+v =144, |d] < . Then we have that

O

Tw)  T(w

—q (g(l +0) 4+ ¢ °¢(6)T(5) <F(F1(i; i)(s) N F(lit(;)é)»

(ru—u) n1—m>

= gC(1 4+ 6) + ¢3¢ (1 — gy i LTS

'l —u) I'(u—9)
(ra—u+®+ rw>>
267% 7T_%+6 ™
(2%)% COoS %5

(1 —u) ['(u—9)
(ru—u+®+ r@))

= q((1+0) +¢" °¢(1— 5)(27T)62601S 2 (r(rl(i; 1)5)

= qC(1+0) +¢'7°¢(1 - 9)
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+M = q(% + %)

~(5 = W1+ 8log )7 (1-
I I
6F(1 —u)+1— 6F(u) + O(|d]).

Therefore, if § — 0, this and (1.7) give the formula of the lemma.
The next lemma can be found in [1].

Lemma 1.3.3. Let o, 3, v, a, b, k, T be real numbers such that o, 3, v are

positive and bounded, a 1, 0 < a < %, a < %, b>T,k>1andT > 1.

Then

/ by&(lwwaogl‘;yw (1.7)

Y + 2nkiy)dy

1
x exp(i1 log *

1 1
= (2kn?) T TV U (U — 5 U+

x exp(iTV + 2mwikU — mwik + %)
+O0(ar T + O Pk~Y) + R(T, k)

uniformly for o — 1] > ¢,

T 1
U=|(—-— +=
(27Tk +4> ’

M

M

mk
= 2arsinh | —
Vv arsin <2T)

TO-a=B)2=5 p=(—a=B)2=%  for 1 < k < T,
T-2—ake-l, for f>T.
A similar result holds for the corresponding integral with —k in place of k,

except that in that case the main term on the right-hand side of (1.7) is to
be omitted.

R(T, k) < {
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The following lemma is a modification of Atkinson’s Lemma 2.3 from [1].
Lemma 1.3.4. Let
T a T a?

Y N
o T2 W T

ForT>1,a>VT,v>0and a> 1, we have
/OO o qrsinh T T +1+1
ars — —+ -+ =
A e A VY oma? 4 2

1
T \* L x? T a?
X (277352 + Z) exp 2m(5 —x\/— +—)

, T T .
X exp —Z(Tlog% — T+ 2710+ Z) +17/2

+0(a® mm(%, VY= VZ| )

-«
+0 (V(al)/Q <2£ - V) Tg) ;
(s

provided that v < Z. If v > Z or if /v is replaced by —\/v, then the
main term and the last error term on the right-hand side are to be omitted.
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Lemma 1.3.5. (Stirling’s formula) Suppose that a is a constant, |args| <
7w —0, 0 >0, and that s = 0 and neighborhoods of poles of I'(s + a) are ex-
cluded. Then

1 1
logl'(s+a) =(s+a+ 5) logs — s+ 3 log 21 + O(Js|™1)).
Proof of the lemma can be found in [11].

Lemma 1.3.6. Let

Afz) =) d(m) — z(logz + 27 — 1).

m<zx

Then, for every e > 0,

A(z) = O(z:Te).

The estimate of the lemma was obtained by G. F. Voronoi [33], see also
[11]. There exist more precise estimates for A(x), however, the estimate of
the lemma is sufficient for our aims.

The Voronoi formula for A(x) will be also useful for the proof of Theorem
1.2.1.

Lemma 1.3.7. Suppose that x is not an integer. Then

Az) = (mvV/2) " 'zs Z d(m)

m

B

m=1

x (cos(4wm— . %) — 3(32m/mz) " sin(4m/mT — %))

+O(z7 1),

The lemma is a modification of the Voronoi formula [33]. In the formula of
the lemma, the Bessel functions are changed by their asymptotic expressions,
see [34].
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1.4 Proof of the Atkinson formula for the peri-
odic zeta-function on the critical line

It is not difficult to see that

q LT
= %Z/Z Ge(u)Goe (1 — u)du.

a1 5T

Therefore, by Lemma 1.3.2,

I(q,T) =1L <log Pz +i)

2i T —1T)

. 2m
+ 2i7(27y — log 7) (1.8)

q $+iT
+ —_/ gq(u, 1 — u)du.
1

Since

§+iT 5T
/ gq(u, 1 —u)du = / 9q(1 — u, u)du,
1 1

1 .
5 —iT

hence we find that

+1ogr(<%+z‘T> +F((%+¢T> —F((% —iT)

1, .
2 §+ZT
+2iT (270 —log —7T> + g/ gg(u, 1 —u)du =
q 1

tJ—ir
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q (3 +iT) . 21
= 9 (1og =270 4 o7 (290 — log F
2@(°gr(§—m+ S e

q LT
+—,/ gq(u, 1 — u)du.

tJir

An application of Lemma 1.3.5 shows that

L(5+iT) I 1
————— =1i1T'log 2¢T log(= +1T) — =
oL =) iT log 2i 0g(2+2 )

1
og 5

1
—iT+ 5 log 27 + O(T™)
1 1
z‘Tlog(§ —iT) + 3~ iT
1 —1
~3 log2m +O(T™")

1
= iT'(logi +log T + log (1 + ﬁ>) — 2iT +4TiT log
i

2T

1
+logT + log (1 - —) +0(T™h)

T 1 —9 1
—zT<2 +log TR+ 2@'T+O(T )) +0O(T7)
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= 2T logT — 2iT + O(T™").
Therefore, in view of the definition of E(q,T) and (1.8),

E(q,T) = 2/2“ 9q(u, 1 —w)du + O(¢T ). (1.9)

tJir
2
Now we consider the convergence of the double series in (1.2). For this,

we apply the method of [26]. For Reu < 1, Re(u +v) > 0 and n € N, we
have the estimate

2/ y “(1+y) Y cos(2rny)dy
0
= [ @ ey
0
— nul/ yfu(l + g)(627riy) _|_6727riy)dy
0

n

— nul/ yfu(l + g)fve%riy)dy
0

3

+nu1/ yfu(l_'_%)fvef%riydy
0

nu—l

u—11"

uniform for bounded u and v. Hence, it follows that the double series (1.2)
converges absolutely for Reu < 0, Rev > 1 and Re(u + v) > 0 because it is
majorized by the series

o

D

m=1

1

o0
> s

=1

bl

and we take n = ml. Thus, we can take ©u = v — 1 with Reu < 0. Using the
definition of the function d(m), we obtain that

% os(2
gul—u—22d /Mdy. (1.10)
0

(I+y)tu

Due to (1.9), we need an analytic continuation for g,(u,1 — u) when
Reu = %
2
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We take n € N, and, for brevity, denote

* cos(2rmaqy)
=2 ——==dy. 1.11
wlwa) =2 [ SEEE Ly (1.11)

Moreover, let

= Zd(m

m<z

Then using the definition of A(x) in Lemma 1.3.6 we have that

Z d(m)v(u,m) = /OO ve(u, 2)dD(x)

1
m>n +§
00

/n+ (log z + 270) v, (u, z)dx +/ vg(u, 7)dA ()

1
n+s3

oo
1
n+;

= / (log x + 2v)v,(u, x)dx + vy(n, z) A(x)
n—&-%

—/ A(m)wdx:/ (log x + 2v)vy(u, z)dx
nt 0w nt

1 1

—-)A -).

DA+ )

Consequently, formula (1.10) can be written in the form

—vg(u,n +

5

1)A(n+ 5

J(u,u—1) Zd m)vg(u, m) — vq(u,n—|—2

m<n
o0

/oo (log x + 2v9)v,(u, v)dx —/ A(ZL«)OU‘J(U’JC)dx (1.12)

+% n+% or
def
= g1 (1) — gg2(u) + gg3(u) — gga(uw).
Note that g, 1(u) and g,2(u) are analytic functions in the half-plane Reu < 1
because the integral in (1.11) is analytic in this region. So, it remains to
consider g,3(u) and g,4(u). We start with g,4(u). Suppose that Reu < 1
and uis bounded. Then, using the formula

e—iz + ez’z
cosz = ———,
2
we find that
700 e2mizqy —100 e 2mizqy ( )
v(u,x) :/ —dy+/ ———dy, 1.13
o Y14yt o y(l+y)t
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and

Ovlu. 100 e2mizqy —900 e 2mizqy
—( ’ ) = Zﬂqi/ il I dy — 27Tqi/ dy
o Y ) 0 Y

ou (]_ +y ufl(l +y)17u
o ( 100 eZﬂ'i:rqy —100 627ri:1:qy
= 2miqx*” / dy —/ dy
o YL+ L) 0 yemt (1 + L)t
— O(ZEReu_2).

Therefore, the estimate of the Lemma 1.3.6 shows that the function g,4(u)
is analytic for Reu < %

Denote b = n + 1. Then, in view of (1.13), the function g,3(u) can be
written in the from

( ) /oo (1 ) 100 e2mizqy 4 —100 e~ 2mizqy 1

9g3\U) = 0g x + 27 (/ —_y+/ —_) Y.

" b PNy o Y4y’
(1.14)

Suppose that Reu < 0. Then the integration by parts yields

/ ) ((1 ) A ) (1.15)
0g T + 27, / _— y) T .
b o @4y

B 10gb+’)/() /’LOO e?wimqy d
T omig Sy (g

1 [e’S] 100 e?m’qu
2miq /b /0 y Lyt

_logb+ /°° e2mibay
- 2mig Yyt (1 + y)l-v

dy

1 200 62m’mqy
_ ! / dy
2miqu Jo -y (b+y)

_logb+ /°° g2mibay
- 2mig Yt (1 + y) v

dy

1 ) 627ribqy
= - / dy.
2miqu Jo  y (1 +y) o

Similarly, we find that

/oo ((l ) )/—ioo 6—27rz':tqy q ) d
ogzr + ———dy | dT
b S
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_logb+ /oo e~ 2mibgy
Yy

d
27qu u+1(1_|_y)17u Yy

1 o0 27ibqy
—— / dy.
2miqu Jo Yyt (1 +y)™

This together with (1.14), (1.15) and the formula

leads to

_ logb4v [ sin(2mibgy)
9g3(u) = — Tq o yUHL(L +y)t-v
1.1
N 1 [ sm(27rbqy) d (1.16)
ol T e

The integrals in the latter equality converge uniformly on compact subsets
of the half-plane Re(u) < 1, therefore, the function g,3; has an analytic
continuation which is valid for Re(u) = 1.

From the above remarks and (1.12), it follows that the function, g,(u,1—
u) has an analytic continuation which is valid for Re(u) = 1. Thus, we can
integrate in (1.9).

Now, using (1.11) and (1.8), we arrive at

B(q,T) = Ipn = o + 1,33 = La + O(3), (1.17)

where, for j = 1,2, 3,4,

q
Iq,j = —,[ gqyj(u)du. (118)

Therefore, by (1.12) and (1.16),

oo gin(T log 11¥ L) cos(2mgny)

Ii=4) d(n / dy,
0

n<N y2(1+y) 10%7

% sin(7 lo Hy cos(2mqNy
S 2150 cosnay
y2 1+y) log =¥

Y,
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9 1
Iz =——(log N +2v)1,5 + —1,30,
™q ™q?
where
; /00 sin(7 log %) sin(2rgNy) d
% 2T (] ¢
Iss :/ ylsin(gﬁqu)dy/ <_—i—y> u'du,
o T Y
and
° A(r o0 cos(2mqzy
I,4= / Ldac/ I : 3 )1+y
x @ o yi(l+y)zlog =
1 1
x{T cos(T log + y) —sin(T'log ki y)
1 1+
x(5 +1log™t =)}y,
where N > 1.

From now we suppose that 7' < N < T'. To evaluate I; we apply Lemma
1.3.3Withoz:6:%,*y:l,kzqm,qm2T,andleta—>0,b—>oo.
Then, using the definition of ¥(gq, T, we have

It = %1(q,T) + O(g " og? T) + O((¢T) "2 log T). (1.19)
Similarly, using the estimate of Lemma 1.3.7, we get
Iy < q T clogT. (1.20)

Next we consider I, 3. Divide the range of integration at (2¢/N) ! and
obtain that

(2qN)~! o0 sin(T log 1;’—3’) sin(2rgNy)
Iq31 :/ "’/ 3 1 14y Y
0 (2qN)-1 y2 (14 y)2 log - (1.21)

< T,
since by the second mean value theorem

Y

3 S log 17t
y2(1+y)2log =,

(2¢N)~* sin(T log 12¥) sin(2rgNy)
J g
0
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& sin Tlog ) yé(l + y)%
= 27qu/ ( logH—y dy

Y

+& & sin(7T log 112
i) ame,
& & y(l+y)
&1
¢
X <T_1 cos (T log ﬂ))
()

&2
< qéT’%,
where 0 < & < & < (2¢N)7!, and the integral

[e.e]
/ ody
(2¢N)~1

is estimate by Lemma 1.3.3, and is

N

= 2mgNEI (1 + &)

o=

= 2mgNEI (1 + &)

< qéT’é.
We write
1 O\ o 1y
2mqN 2 1 d
Iq,32:</ +/ )Mdy/ (ﬂ)_u
0 1 Y LT Yy u (1.22)
= Il 32T ](I;l32
The point u = 0 is a simple pole. Therefore, for 0 < y < 1, by the residue
theorem

/EHT (1 + y) du

1T Y u

—oo+iT §—iT 1 d
o / N / (ﬂ) du
$+iT oo—iT Y u
1
=2mi + O(—),
Ty>
since
—oo%eT x
1 d 1 2 /1
o )= L(50) @
%izT u T —00 Yy
+ 1




Therefore,

' sin(2mgN 1 in(2rgN
Iy 2m‘/ sIn@raNy) 4o (_ el | sin( ™4 y)ldy>
0 Y T e

R 1 qN /Wl dy (1 /°° dy> (1.23)
=2mi—+0(—)+ 0| =— —|14+0| = —

q
= 7% + O(q%T*%).
The integration by parts shows that

” * sin(2mgNy) Ty \ " du
’ 1 Yy 1T y u
+

[ cos(2mgNy) /éJ’iT 1+y du|oo
B 2mqNy 1, u 't

2

y
/°° cos(2maNy) | /$+iT (1 + y>“ d
JE— _— y [ —

1 2mqNy? LT Yy u
N /°° COS(27Tqu)dy/5”T (1 +y>“‘1 du _logT
1 2mqNy iir Y

y> T
Here, for y > 1, we have used the estimate

LT 14y U du LT du
o (5) 5=,
i Y u ir

—‘ <L logT.
u
Therefore, in view of (1.22) - (1.24),

(1.24)

This and (1.21) gives the estimate

log T
[q72:E+O< o8 ) (1.25)
q (qT)>

Now we will evaluate I, 4. To estimate the inner integrals, we use Lemma
1.3.3 with @ = %, 8= %, v =1,2, k = qx, letting a — 0, b — oco. For
gr > T, we obtain in the notation of Lemma 1.3.3 that

Y

/00 cos(T log 24 cos 27quyd
Y
0 y%(1+y)%logp;—y
T 1 1 1, 1 1 s
— 4 —1 - valU*T U_ Y35 U _\Y 35
(4g2) (L) VU0 - )+ )
m

x cos(TV + mqe(2U — 1) + Z)
+ O(T’l(qyc)’é)7
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and similarly, for v =1, 2,

o sin(7 log 1+y) coS 2mqxy .
/ dy < (qz)™7.
0 yi(1+y)? (log ”y)

[ 1 /OOAJU
VG

cos(TV + mqu(2U — 1) + %)
3 3
sarsiuh (22) (51 + 1) ((T £+ )
+0((gz) 7)dz.

Using Lemma 1.3.6 and taking (qx)% in the place of gz and applying Lemma
1.3.7, we obtain

Hence, we have

B

x | T(gz)~

T > % cos(2Tarsinh(z /% + 2(27T + 7222)? — 7x + 1)
Iy = 2t S d(nn~ / L (@y/7r + 22nT + ) ¢ +1)
TR e ahasinn(e/50) (e + D) (G D) %)

3

X | cos(dmz,[—— =) — \/jsm A, [— z
q 327z 4

+O(q ¥ T7%).

: _ _ _ 3 _ 5
Now we apply Lemma 1.3.4 with a = \/qN, v = % and o = 5 or @ = 3.
Then, in notation of Lemma 1.3.4,

qZ = N',

where N’ is defined in the statement of Theorem 1.2.1. The main term comes
from the integral with o = % Note also that

T
N’ <Aq
o’

for some A > 1. Hence, for m < N’,

T
g4 =2 Z d(n)(nq) ’% (log q—)f1
n<N? (1.26)



11 def
+0(q2T71) = g1 T Lga2 + g a3

+Iq744 + O(qiéTiéx

while if m > N’, then the main term and the last two error terms are to be

omitted. We have that
Iq,41 - _EQ(an)

Since T« N < T, we have N' <« ¢T. Therefore,

Lo < (@0 3 N < (41)4 log(T)

m<N' m2
and, similarly,
Lyas < (¢T) 7 log(qT).

The quantity I, 44 is estimated as

m
1 1
521D R VR >
m<¥ N om<N' VN N'—VN'<m<N'+VN'

PR
N'4+VN'<m<2N'  m>2N'

= q_%T%(Sq,l + Sg2 + Sy + Sga + Sq5)-

Summing by parts and applying the estimate

Z d(z) < zlog,

m<x
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(1.28)

(1.29)

(1.30)



we find

Son = Z d(n;) (NI@>1

aq (1.31)

Sez= >

d(m) ( | N’ /m)
- Y s
N < N'—/N' me 1 1

2 =

-1

IN

<N7> 2 dm) (%%)1 (1.32)

N <m<N'—V/N'

B R e

and, similarly,

Sys = 3 d(”il) (ME) B

N'—V/N'<m<N'+v/N' m 74 (1.33)
L1
< q2 (1) log(qT),
and
d(m) (N'm\ *
- 2 (@)
NN <meN VA T (1.34)
< q*(T) *log*(qT)
Moreover,
-1
d(m m | N’
Si5= Y (ﬁ) (\/Z _>
m<an’ T q
1 d(m (1.35)
< ( 5)
m<an' T

From (1.30)- (1.35) we find that
Iyaa < q* (1) Hlog*(gT).
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This and (1.26) - (1.29) show that
Ipa = =a(q,T) + O(g7 log”(¢T)).
This, (1.17), (1.19) - (1.21) and (1.25) imply the estimate

E(q7 T) = Q(El(q, T) + E2((]7 T))
+0(g log*(¢T)) + O(qT ™).

1.5 Corollaries

In this section, we simplify the error term in Theorem 1.2.1, and obtain an
upper estimate for E(q,T).

Corollary 1.5.1. Suppose that ¢ < T?log* T. Then, under hypothesis and
notation of Theorem 1.2.1,

E(q,T) = q(S1(q. T) + a(g, T)) + O(g? log*(qT)).

Proof. We have that q% < Tlog®T. Therefore, q%T’1 < log’T, ¢T ' <
q% log? T, and both the error terms in Theorem 1.2.1 coincide.

A more complicated problem is the estimation of the quantity E(q,T).

Theorem 1.5.1. Let 0 < e < % be fired. Then, for T° < H < T%,

E(q,T) < qHlogT +q sup S (=1)™d(m)(gm)
T | cpite -2

—1 1
} Tqm T 1\
h - .
X (arsm \/ o > (27rqm + 4> cos f(1,qm)

Proof. We use Theorem 1.2.1 and apply the average technique. Let 0 < z <
T. Then, from the definition of E(q,T), we find that

2

E(q,T+x)—E(q,T):Z/ - dt

T

C;(% +it)
(T + x)

q
— (T ]
q(T' + z)(log 5

T
+ ¢T'(log g—ﬂ + 2y — 1)

_ zq: /TTJra:

a=1

+ O(qzlog(qT)).

a=1
+ 2’}’0 — 1)
(1.36)

2

1
Cg(§ +it)| dt
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Moreover, from the mean square formula for ¢, (s)

/T-HE
T

Thus, (1.36) shows that there exists an absolute constant ¢ > 0 such that,
for T > T(),

2

g;(% +it)| dt=0(TlogT).

E(q.T +z) — E(q,T) > —(qzlog(qT')).

Hence,
T+zx T+zx
Bla.ndt= [ (Blat) - B@T) + E(e. )i
T T
T+x
| B - Ba )+ o8, T)
T
> 2E(q,T) — Cqa*log(qT).
Thus,
1 T+x
E(q,T) < ;/ E(q, t)dt + Cqzlog(qT).
T

Let n € N be large but fixed. Then, reasoning similarly as above, after n
steps we arrive at the bound

1 H H
0 0

+ CqH log(qT).

(1.37)

In Theorem 1.2.1, we take N =T and

1
1 q a\%  q\?
N=gr|—+2_ (—) 437,
q <2w+2 (2 +27r>)
Since

T ™m i
5(T10g23r—m—T+2T— Z)
oT
T 2
q i ™ q

log

2mm gl 2mm B
qT
m

= log

> 1,

after n integrations by parts, for n sufficiently large, we obtain that
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1 "

— e | So(a. T oo ty)duy .. duy,

Hn/o /0 20, T +uy + -+ -+ up)duy u (1.38)
)

< qH log(qH).

Denote by S\ (¢, T) a part of the sum (g, T) with T'**H=2 <m >T.
Then an integration by parts again and trivial estimates show that

T n)dug .. duy,
H”/ / Ng, T+ uy + -+ up)duy u (1.39)
< qH log(qH).

Let Egg)(q,T) be a part of the sum (g, T) with m < T'H 2. Then,
clearly,

‘H”/ / (¢, T +up + -+ - 4 up)duy ... duy,

ap |3 g (s [T

%STSQT m< T +e =2

N

x( . +i> cos f(r,qm).

2mgm
This together with (1.37) - (1.39) proves the theorem.
Corollary 1.5.2. The estimate
E(q,T) < qHlogT + ¢iT="H™2
holds with T¢ < H < T and every fized ¢, 0 < e < %
Proof. We have that

ap | Y () (g (arsion /72" )

TS cite -2

><< . +£>4cosf(7,qm)

2mgm
1 d i
< (qT)fi Z T (m) < lq T(T1+5H72)%
m<T1+e 2 m4 log(qT) 084
Z d(m) < q—%T%-I—SH—Z.
m

m§T1+5H*2
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Corollary 1.5.3. We take in Corollary 1.5.2 H = Ts. Then

E(q,T) < C]T% log(qT) + q%Té—l—fsT—%
< g1’ log(qT).

We expect that the bound of Corollary 1.5.3 can be improved by the use of
exponential sum techniques.
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Skyrius

Atkinson formula for the periodic
zeta-function in the critical strip

Let, as in Chapter 1, A = g with given integers a and ¢, 1 < a < ¢q. For
% < o < 1, define

a—l—zt

¢(20 — 1)F(20 — 1) sin(wo)
l1—o

—qC(20)T + (qT)**,

where T'(s) is the Euler gamma-function, and ((s) is the Riemann zeta-
function. In this chapter, we give the explicit formula for E,(q,T).

For a € C, let
= Zdo‘, m € N,
dim

be the generalized divisor function. We use the same notation as in Chapter
1. Define

Ik %_U
Sio(q,T) =" 1273 (=) —1)om
10(0,T) =¢q 3 mz;v( )

-1
, Tqm
O1_95(m)(m)7 ! (arsmh %)

=

( T +1> cos(f(T, qm)),

2rgm 4

and
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T\35° O1_9g(m)m°~
S0 (0, T) = —2¢°~ 1( ) Z 1-2 (q)_T

T
xcos(Tlog d —T—i—z).
2mm 4

Theorem 2.0.2. If q is a positive integer, and T < N < T, then

EU (Q7 T) = 21,0(% T) + EQ,U (Q7 T)
+0(¢* T log(¢T))O(q).

2.1 The case%<a<%

Let, as in Section 1.3,

cos 27rmlqy)
o) = g gy 3 [ ot

We start with an analogue of Lemma 1.3.2.

Lemma 2.1.1. Suppose that 0 < Re(u) <1 and 0 < Re(v) < 1, u+v # 1.
Then the formula

> Ca ()G (v) = a(Clu+ )T

I'l-w) I'(1 —v))
I'(v) u

+C(u+v—1)F(u+v—1)(

(1, 0) + gg (v, 1))
Proof. The lemma is the first part of the proof of the Lemma 1.3.2.
Lemma 2.1.2. Suppose that 0 < Re(u) < 1. Then the formula

>/

2
Ce o + ét)‘ dt = q(C(Qo)T

+C(20 — 1)F£20 — 1) sin(mwo) (qT)>2
— O
o+iT
iq/ ; 9q(u, 20 — u)du + O(qlog(¢T))

holds.
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Proof. We take u = o+t and v = 20 —u = o0 —it in Lemma 2.1.1. This gives

q o+i
1 Z/ +TC;(0+it)C_;(a—z't)dt

20—~ Jsur

2
Calo +it)| dt =

1 q o+iT
= — a _a d
2 | G o)

1 [oriT 20 — )20 — 1
:2—2. o (QC(20)+<( - q2)‘7—(10 ))

F'l—u) T(1-204u)
(F(20 — u) * ['(u) )

q o+iT
+ = / gq(u, 20 — u)du,
v Jo—iT

since
o+iT
/ (9q(u, 20 —u) + g4(20 — u, u))du
o—iT

o+iT
= 2/ 9q(u, 20 — u)du.

—iT

For the integrand of the first integral in (2.1), we apply lemma 1.3.5 (Stirling’s
formula). This gives

i {5 )

« log(1 — u) — (20 — % — ) log(20 — u) — (1 — u)

+ (20 —u) + O(|1 — u|™Y) + O(|20 — u|—1)}

= exp{ (% = u) log(1 —u) — (20 — % — u)
x log(20 — 1) — (1 — ) + (20 — u) + O(|1 — u|~) + O(|]20 — u|—1)}
= exp{ (% — u) (log(1 — u) + 210__5

+ 0|1 = ™) + (20 = u) + O(|1 = u™") + O(|20 — u| ™)}

+ (20 — u)

- exp{—(?a — W) log(1 — u) + O(|1 — u[™") + O(|20 — u\—l)}.
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Now integration yields

o+l ING =
/ =,
omir 1(20 —u)

A 22)
= — /UiT A= u)ypet + O(log 7).
It is easy to see that
1—0—iT)** —(1—0o+iT)**
— TR2(()22 (§)220) 4 (T %)
=T*?(cosn(l — o) —isinm(l — o) —cosm(l — o)
—sin7(1 — o)) + O(T'~%)
= —2isin(ro) + O(T'~%).
This and (2.2) show that
/:;ZT %du = —2isin(ro) + O(log T). (2.3)

Obviously,

o+iT _ o+iT’ _
/ I'(1—u) du — / I'(1—20+u) du
oir L'(20 —u) o—iT ['(u)

Therefore, the lemma is a result of (2.1) and (2.3).

Remark. The main term of the lemma can be changed by

(2m)*71¢(2 — 20)

20)T Tq)* .
q¢(20)T + Y (Tq)
Really, by the functional equation for ((s) [31]
_s S _1-s 1 — S
mOT(E)(s) = T T (5 )C(1 — ),
we find that
I'(1—o0)'(o)

2_1:2(1'*‘§
20 —1) =7

(271')20_1
(2 = 20)T'(20 — 1) sin(7o)
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after application of the formulae

™

L(s)I'(1—s) =

sin(rms)

and
I(s)T'(s+ %) = 2\/m2 T (2s).

Define Ay 5,(x) by the formula

Z '01_95(n) = ((20)7 + (2 — 20)7'((2 — 20)2* 7%
"~ 1 (2.4)
Ly A

where 3" means that the last term in the sum is to be halved if z is an integer.
The analytic continuation of g,(u, 20 — u) can be obtained by the use of the
analogue of Voronoi’s classical formula for the function A;_o,(z). We recall
that a series is called boundedly convergent if it converges everywhere and
its partial sums are bounded. One has

A _op(x) = Oz 4)
+ (\/57)7137%7” Z 0172077”7%{“)5(477\/”_ - %) (2.5)

— (32nyv/nz) 1(16(1 — 0)% — 1) sin(4m/nz — %)}.

Here the series is boundedly convergent when x lies in any fixed closed subin-
terval of (0, 00), provided that % <o < %. From there, the condition for o
13

to be from the interval (3, 7) appears. One can estimate [25]

Al_gg(llf) <K $1/(40+1)+6. (26)

From Lemma 2.1.2 we find that

o+iT

B T) = i [ ayfu,20 — wdu+ O(glogT)
o—iT (2.7)

= _éq2720(Gq71 — G2+ Gz — Ga) +O(qlogT),
with

o0 cos(2mgny) sin(T log 24)
g, Z 1-20(1) y0(1—|—y)‘710g1+7y Y

n<N 0

o0 cos(2mgN Xy) sin(T log 11%)

Y

G%Q - 4Z'A1_20(N) / y7

0 y7(1+y)7 log =
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Gos = —j—é(@(%) (2 - 20)X27)

Y
Y71+ y)7 log =~
N (1—20)((2 —20)N?*2%°
™q

o < I 2 N o+iT 1 U
A USSR (ﬂ) au,
o y(l+y)* o—iT Y

o sin(2mgNy) sin(T log 1)
X / dy
0

o AL Y oo 92
G = 4i / Si-2(2) g, / cos(2mgzy) -
N T o Y (1+y)7tlog =¥

14y
)

X (20— 1)(1+y) — o +log ! HTy)}dy.

1
x {T cos(T log i y) —sin(T log

where N > 1.

To evaluate Gy; we apply Lemma 1.3.2 witha =8 =0, 7v=1, k = ¢n,
gn > T and make a — 0, b — oo. Then

1, -1
T ? n o—1 : qn
<%> Z(—l)q o195 (n)n (arsmh ST )

n<N

1

T 1\ ¢
(M + Z) cos(2Tarsinh(y / %) + /2mqnT + w2 (qn)? — %)

+ O(q”_%T_%).

NI

Gq,l = q07127

Similarly, by using (2.6), we get
3 1—4o
Guo < ¢° 1T+, (2.8)

Next consider G, 3. Divide the range of integration of the first integral
at (2¢X)~". The integral over [0, (2¢X)™'] gives, as in [22], < ¢°T°'. The
integral over [(2¢X)~!,00) is estimated by Lemma 1.3.2 with o = o + 1,
B=0,v=1k=qX a=(2¢X)! and making b — oo. This leads to the
estimate < q_lT_%. Consider the second integral. By dividing the range of
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integration with respect to y at y = 1, and proceeding like in [22] we have
that it equals to

im(l — 20’)(27T)20—1%q20—2 L O(T7) + O(g~17227)

and so, altogether,

Gz =im(1 — 20)(2@2“%&’2 +O0(¢°T" ). (2.9)

It remains to evaluate G, 4. To estimate the inner integrals, we use Lemma
1.3.2 and the fact that

Al_gg(l’) < ZL’%—%.
Then, for gx > T, we obtain

ol ot o1t [T AL 9(1)
Gq74 = 22 (ﬂ-) 2q 1T2 /N ,1‘2*0'

cos(2Tarsinh /2% + (qu2rT + 72(qx)?)? — 7(gr)? + )
I I
2arsinh (%) (273;55 + }1)2 ((2£m L+ }1) ;. %>

+O(Tig" Y.

X

Changing the variable from z to (gz)?, we find

Mw

. 1
G = 2i¢° 1 (==)2 201 20

y /°° cos(2Tarsinha /7= + x(2nT + 7’z 2)5 — 7z’ + 1)
1
VaN wzarSIHh 2T2 ( = +l)4 ((27ra:2 + ) +%)

2mx?

cos(drx, [— — =) — \/jsm A z
q 327z 4

—i—O(q”_lTT").

Now we apply Lemma 1.3.4. The main term comes from the integral with
o= g Note also that

qT
N < A=— 2.1
27 ( 0)
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for some A > 1. Hence, for n < N’,

P AN O1-95(n)n? 1
Goa = 210" 1(52)F 7 ) ==

<N lOg 2mn
2tn 0w
Tlog— — T+ — — —
x cos(T log — . 4)
T n —3
L = o—1 [ £ -
+O(q 2T 2 Z 0'1,20(71)% <27T q) )
n<N’
+0(7' T Y 01y ()n® F min(L, [/ — VN'[T)
n<N'

Al g
+ O(qg 1T4 ) - G(q,41 + Gq,42 + Gq,43
+ O(qa—lT%—U),

but if n > N’, the main term and the last two error terms are to be omitted.

Since T < N <« T, we have N’ < ¢T. Also we have % — 2> T. Then
from this and (2.10) it is easily seen that

Gq’42 < q’éT"’Q.

In I, 43 the sum is split up at %N’, N —+V/N', N ++/N'"and 2N’'. Then we
find easily that .
Gz < ¢*7" 1 log(qT).

Hence,

R AN 0190 (R)no~4 ql 2rn W
G4 =2iq 1(%)§ Z % cos(T log Py T+——-)
n<N’

log £ ™ q 4
+O0(q* 7 log(qT)).

2mn

Substituting this in (2.7) completes the proof of Theorem 2.0.2 in the case
1 3
5 <o < 7.
2 4

2.2 The case % <og<l1

Define ¢
DkQa(f) :/ 201720(71)(115-
0

Instead of (2.5) and (2.6), we will need the Voronoi-type formula for Dy _35(€).
The crucial point is that the Voronoi series for D;_s,(§) converges for any o
satisfying % < 0 < 1. The basic principle of the proof of the Theorem 2.0.2
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in the case %

Theorem 1.2.1. Let € > 1, and define Ay_y,(€) by

¢(2 —20)
(2 —20)(3 — 20)

< 0 < 1 is similar to the proofs in the case % <o < % and

Dranl€) = 5C(20)€ + £ — ({20~ 1)¢

) (2.11)
+ EC(QO- — 2) + Alfgg—(g).
Then the following Voronoi-type formula holds [25].
Lemma 2.2.1. We have
A _ 1 5/4—0c - o—7/4 e, T
Al_gg(f) = —Wf ;Ol_gg(n)n COS(47T be —+ Z)
(5—40)(T—40) .34 Yy T (2.12)
¢ O1_as(n)n’ cos(4dmy/né — —
s €T el (dmy/n€ = )
+O(E),

where the two infinite series on the right-hand side are uniformly convergent
on any finite closed subinterval in (0, 00).

The proofs of the following two lemmas can be found in [25].

Lemma 2.2.2. We have A_5,(€) = O(€" log &), where
r=(—40"+70 —2)/(40 — 1) < 1/2.

Lemma 2.2.3. We have
/ Al—Qa(f)Q <<1,7/272tr.
1

Now analogically to the previous case, using Lemma 2.2.2, we treat the
integrals Gy 1, Gg2, Gy 3. It remains to evaluate the integral G, 4. Similarly
as in [25|, we can show that

o+iT 5 00

ix ) y~(1 + )" cos(2mq X y)dydu

Gyt = —2A, 0 (X) /

g

oo o+iT 52 o]
- / A-24(8) / i@ / y (14 y)" " cos(2mgéy)dydudé
X o—1iT 0
=-G; -G}

(2.13)

First consider GGj. After differentiating the inner integral, we get four
integrals. We split up these four integrals at y = T. Then we estimate in
cach case [ by the first derivative test and fOT, after the further splitting up
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into integrals over the intervals (277,217 (k = 1,2,...), by the second
derivative test (see |[11]). This gives

o+1T ) o0
/ — Y1+ )% cos(2rg Xy )dydu < T2
o—iT 0X 0

Together with Lemma 2.2.2 and the definition of G , this gives
Gy < logT. (2.14)

Now consider G7. First we evaluate the inner integral of G7% by inte-
grating twice by parts and applying Lemma 1.3.2 and Lemma 2.2.3. Next
we apply Lemma 2.2.3, a slight modification of Lemma 1.3.4 (see [25]) and
evaluate by a technique we used to evaluate G, 4 in the Theorem 1.2.1. Thus
we have

-0 o—1

" (T 01-2,(n)n
G4 =—2q 2 <§> Z —

n<N’ IOg 2mn

[

™

7

T
cos(T log L7y
2mn
+O(¢* *log(qT)).

Combining this with (2.14) and (2.13) gives

1
L (TN’ 0195 (n)n7
e 2 (L) 5
q 2m n;/ log% ( |
2.15
qT T
Tlog — —T + —
cos(T log 5 + 4)

+0(g* *log(qT)).

This completes the proof of Theorem 2.0.2.
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Skyrius 3

Limit theorems on the complex
plane for the periodic
zeta~-function

3.1 Probability theory elements

Let us begin with some well known facts from the theory of weak convergence
of probability measures.

Let S be a metric space with its class of Borel sets B(S), and let P, and
P be probability measures on (S, B(S)). We recall that P, converges weakly
to P asn— oo if

/fdPn—>/fdP, n — 0o,
S s

for every real bounded continuous function f on S. Let h : S — 5] be a
measurable function. Then every probability measure P on (S, B(S)) induces
on (S, B(S1)) the unique probability measure Ph~! defined by the equality
Ph™Y(A) = P(htA), A € B(S)).

Lemma 3.1.1. Let P, converge weakly to P and let h be a continuous func-
tion. Then P,h™' also converges weakly to Ph=!.

Proof. This lemma is a particular case of Theorem 5.1 from [2].

The next two lemmas are called Prokhorov’s theorems. They relate com-
pactness with tightness of a family of probability measures, and are often
used in applications.

Definition 3.1.2. The family {P} of probability measures on (S, B(S)) is
tight if for arbitrary ¢ > 0 there exists a compact set K C S such that
P(K)>1—¢ for all P from {P}.
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Definition 3.1.3. The family {P} of probability measures on (S, B(S)) is
relatively compact if every sequence of elements of {P} contains a weakly
convergent subsequence.

Lemma 3.1.4. If the family of probability measures { P} is tight, then it is
relatively compact.

Lemma 3.1.5. Let S be a separable complete metric space. If the family of
probability measures { P} on (S, B(S)) is relatively compact, then it is tight.

Lemma 3.1.6. Let P, and P be probability measures on (S,B(S)). Then
the following three assertions are equivalent:

1° P, converges weakly to P;
2° lim,, oo P, (A) = P(A) for all continuity sets of P;

3° liminf, o P,(G) > P(G) for all open sets G of S.

Proofs of Lemmas 3.1.4, 3.1.5 and 3.1.6 can be found in [2].

Denote by 2y the convergence in distribution.

Lemma 3.1.7. Let (S, 0) be a separable metric space with a metric o, and
let Yy, X1, Xop, ... be the S-valued random elements defined on the proba-

bility space (Qo, B(€),P). Suppose that Xy, P, Xy for each k, and also

n—oo

X5 % X. If, for every e > 0,
—0

lim limsup P(o(Xpn, Yn) > €) =0,

k—=oo pnoo

then Y, 2, x

n—0o0

The lemma is Theorem 4.2 from |2].

Lemma 3.1.8. Let random variables X1, Xo, ... be pairwise orthogonal and

Z E|X|? log® m < 0.
m=1
Then the series
> X
m=1

converges almost surely.



The lemma is called the Rademacher theorem. Its proof can be found in
[21].

Lemma 3.1.9. Let a process X (1,w) be ergodic, E|X(r,w)| < oo, and let
sample paths be integrable almost surely in the Riemann sense over every
finite interval. Then

1 T
lim —/ X (r,w)dr = EX(0,w)
0

T—oo T

almost surely.

Proof of the lemma can be found in [6].

3.2 Definition of a random element

Define

Q:H’Vpa
p

where 7, is the unit circle v = {s € C : |s| = 1} for all primes p. By
the Tikhonov theorem, [29], with the product topology and pointwise multi-
plication, the infinite-dimensional torus €2 is a compact topological Abelian
group. Therefore, on (2, B(Q2)) the probability Haar measure my can be
defined, and this leads to a probability space (€2, B(£2), my). Denote by w(p)
the projection of w € Q) to the coordinate space v,. Since the Haar measure
my is the product of the Haar measures on the coordinate space v,, {w(p)}
is a sequence of independent complex-valued random variables uniformly dis-
tributed on the circle v. We extend the function w(p) to the set N by the

formula
wim) = 1] «* ).
p|lm
where p® || m means that p®|m but p® t m. For o > 1/2, define

0 2miAm
o = S

m=1

Denote by EX the expectation of a random element X.

Lemma 3.2.1. (y(o,w) is an complex valued random element defined on the
probability space (2, B(Q), my).
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Proof. Let oy > 1/2 be fixed, and let

w ( m) 627ri)\m

(m):

Then {x,,} is a sequence of complex-valued random variables defined on
(Q,B(2), mg). We have

Ty = , meN.

. 62m’)\m
E|£L’m| - m2o1 '
627ri)\(mfn)

B —mial if m =n,
0 if m #n.
This shows that {z,,} is a sequence of pairwise orthogonal random variables,
and

o0
Z E|z,,[*log” m < oo.
m=1

Consequently, by Lemma 3.1.8, the series

et W (m) e27rz')\m
D T
m=1

converges almost surely with respect to the measure my. Hence, by the well-
known property of Dirichlet series, that if the Dirichlet series converges at
the point sq = 0¢ + ity, then it converges in the half-plane o > gy [19], the
series

e W (m) e27rz')\m
>
m=1

converges almost surely for ¢ > ;. From this, taking oy = 1/2+1/r, r € N,

we deduce that the series converges almost surely for o > %, and thus it

defines a complex valued random element. This ends the proof.
Denote by Pg the distribution of {)(s,w), i.e.,

PE(A) =mp (weQ: ((o,w) € A), Ae B(C).

Denote by meas(A) the Lebesgue measure of a measurable set A C R,
and, for T' > 0, define

vp(...) = %meas{t e[o,7],...},
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where in place of dots a condition satisfied by t is to be written.

Theorem 3.2.2. Let 0 > % Then the probability measure

Pr(A) =vr (G0 +i7) € A), A€ B(C),

converges weakly to Pr, as T — oo.

3.3 A limit theorem on ¢

Theorem 3.3.1. The probability measure

Qr(A)=vr((p ", peP)eA), AcB(Q),

converges weakly to the Haar measure my as T — 0o.

Proof. The dual group of €2 is
Dz
P
where Z, = Z for all p € P. An element

k = (kg ks,...) € @Zp,

where only a finite number of integers k, are distinct from zero, acts on €2 by

X — X —kap x = (z9,x3,...) € (.

Therefore, the Fourier transform g (k) of the measure Q7 is

1 (7 .
_ kp _ | | —itkp
_/QIppr dQT_T/o . p

1 T
:T/o exp{—itzp:kplogp} dt.

It is well known that the set {logp : p € P} is linearly independent over
the field of rational numbers Q. Thus, by (3.1),

(3.1)

1 if k=0,
gr(k) = 1-exp{ —iTY, kplogp} .
il exp{—iT'y>, kylogp} if k#0

where in the second case only a finite number of %, are non zero. Thus,
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1 if k=0
lim gr(k) = 1 ’
o 0 if k£0,

and therefore, see, for example, [9], the measure Q1 converges weakly to my
as T' — oo.

3.4 Limit theorems for absolutely convergent
series

Let oy > % be fixed, and, for m,n € N,

v(m,n) = exp{— (%) " }

In this section, we consider the series

oo

C)\,n(s) — Z

m=1

eQﬂ'iAmv(

m,n)

mS
Lemma 3.4.1. The series for (x,(s) is absolutely convergent for o > %

Proof. Define
() = =1 (=),
g1 g1
and consider the integral

1ot (2) dz
an(m) = —/ n(z)_
270 J oy io MF 2

Clearly, a,(m) = O(m~7"). Therefore, the series
o 627ri)\man<m)
D
m=1
converges absolutely for oy > % Using the Mellin formula
1 b-+io00
— I(s)a*ds=e* a>0, b>0,
2mi b—ioc

we easily find

This proves the lemma.
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The function () ,(s) also has an integral representation. Really, using the
absolute convergence of the series for (\(s) in the region o7 > 1, we find that

o0 GQWMm’U(m,TL) o0 e2m’>\man(m)
Guale) = 30 ) _ 95 7 o)
m=1 m=1
io: eQﬂ'iAm( 1 /01+i00 ln(Z) dZ)
N —~ m’ 270 J o —io P 2
1 o1+ico X 627ri)\mln(z) dz
2 o1—ivo 7} mst? z
1 1tico dz
R — l —.
270 J 5y —ioo C)‘(S + Z) "(Z) z

On (C, B((C)), define two probability measures
Pro(A) = vr(Gunlo + it) € A)

and A
Pgn(A) = VT(C)\,n(O + it,(ﬂo) € A),

where wy is a fixed element of €2, and, for o > %,

Gl =3 e mw(y;rz)v(m,n).

m=1

Theorem 3.4.2. Suppose that o > % Then both the probability mea-

sures P}C’n and ]—C’f(—;n converge weakly to the same probability measure PS on
(C,B((C)) as T — oc.

Proof. Consider the function h,, : 2 — C given by the formula

> 1
ha(w) = 3 © “;l”z_)“(m’”), weq, o>z,

Since the latter series converge absolutely for o > %, the function h,, is
continuous. Moreover,

By =N 2Ty (m .
ha(p™ipeP)=> % = Qualo +it).
m=1

Therefore, P%n = Qrh,', where Qr is the measure from Theorem 3.3.1.

This , the continuity of the function h,, Theorem 3.3.1 and Lemma 3.1.1
shows that the measure Py, converges weakly to mph;' as T — co.
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To prove the weak convergence of the measure P(TCW we define a new
function Ay, : Q — C by the formula

2wiAm

o (w0) = Z e wo(mgnoi(m)v(m,n)

1
cQ > —,
) w ? 0- 2

m=1
Then, similarly as above, we have that the function h, is continuous and
ho((p™ :p € P)) = (n(00+it,wp). Using Theorem 3.3.1 and Lemma 3.1.1,
we obtain that the measure P%n converges weakly to myh ' as T — oo.

However, hy(w) = hy(wwp). Since the Haar measure my is invariant with
respect to translation by points from , hence we obtain that myh,' =
myh, !, and the theorem is proved.

3.5 Approximation in the mean

In this section, we approximate in the mean the functions ,(s) and {\(s,w)
by Can(s) and (yn(s,w), respectively.

Theorem 3.5.1. Suppose that o > % Then

1 T
lim lim sup T/ |Ga(0 +it) — Qo+ it)|dt = 0.
0

n=%0  Too
Proof. We start with the integral representation of (y ,(s)
1 01+100 dz
Guonls) = %/glioo O(s+ Z)ln(z)?

We shift the line of integration in the latter integral to the left. Let o5 > oy
but 0y < 0. The integrand has a simple pole at z = 0 with residue (,(s).
Therefore, by the residue theorem,

Con(s) = Ca(s) = —— / T st (0 (3.2)

270 J oy o ico z

Hence, we find that
1 (7
1|16 = Gualo + i
T Jo

0 1 T
< lln(09 — 0 +iT) || = |Ca(09 + it + i) |dt ) dT.
T Jo

[e¢]

In view of (3.1) and the mean square theorem for the Lerch zeta-function,
we find that

1 T - . 1 T+|7| . - )
T/o |CA (02 + it + i) |dt < <T /|T| |Ca(o2 + it +i7)| dt)

=

N

S

T+ |7|
< (Lt

1
T )2<<1+]T\.
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Thus, substituting this estimate in (3.2), we obtain that

T—o0

1 T
limsup / (0 + it) = Gl + it)[dt
o 0 (3:3)
< / |l (09 — o +47)|(1 + |7|)drT.

o0

However, from the definition of the function [,(s), it follows easily that

o

lim lln(02 — o +i7)|(1 + |7|)dT = 0.
n—o0 J_

This together with (3.3) proves the theorem.

A more complicated is an approximation in the mean of the function
(a(s,w) by (un(s,w)We have to use some facts of ergodic theory.

Let a; = (p7™™: p€Py), t € R. Then {a; : t € R} is a one-parameter
group. Define a one-parameter group {h; : t € R} of measurable measure
preserving transformations of 2 by h(w) = aqw, w € Q. We recall that a
set A € B(Q) is called invariant with respect to {h; : ¢t € R} if, for each ¢,
the sets A and A; = hy(A) differ at most by a set of zero my-measure. All
invariant sets form a o-field. A one-parameter group {h; : t € R} is called
ergodic if its o-field of invariant sets consists only of sets having m g-measure
equal to 0 or 1.

Lemma 3.5.2. The one-parameter group {hy : t € R} is ergodic.

Proof of the lemma can be found in [19].
Lemma 3.5.3. Suppose that o > % Then, for almost all w € (),

/0 G (0 + it w) [2dt = O(T).

Proof. We give only a sketch of the proof because it is similar to that for the
Riemann zeta-function [19].
We have that

m2o’
Moreover, using the pairwise orthogonality of random variables w(m), we
find that

2wiAm

e w(m) |2

BlGy(s, ) = 3 B[S 2 = 3 LN, (3.4)

m=1 m=1

since o > %
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From Lemma 3.5.2, it follows that the process [(\(c + it,w)|? is ergodic.
Therefore, by Lemma 3.1.9,

T

lim |G\ (0 + it,w)[*dt = E|((s,w)]* < o0
T—oo f

in view of (3.4) for almost all w € Q.
Theorem 3.5.4. Suppose that o > % Then, for almost all w € €2,
1 /7
lim lim sup — / |G\ (0 + it,w) — Oualo + it,w)[?dt = 0.
n—=00 T e 1 0

Proof. We use lemma 3.5.3 and repeat the arguments of the proof of Theorem
3.5.1.

3.6 Proof of Theorem 3.2.2

Define one more probability measure
PS(A) = vr(G(o +it,w) € A), A€ B(C).

Theorem 3.6.1. Suppose that o > % Then both the measures Py and P}C
converge weakly to same probability measure P¢ as T — oo.

Proof. First we prove that the family of probability measures {P° : n € N},
where PC is the limit measure in Theorem 3.4.2, is tight. Let M be arbitrary
positive number. Then, in view of Chebyshev type inequality,

Pfgn({z eC:|z| > M})

= vr({|Ganlo + it)] > M}) (3.5)

< TM/ sup |Ca (o +at)|dt.

seK

Clearly,

neN T—oo

1 /7
sup lim sup T / |G (o +at)|dE
0

1 [T
< sup lim sup ?/ |G(o +it) — Qo +at)|de
0

neN T —oo

1" 2
—i—limsup(T/ |Can (o +3t)| dt)

T—oo
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This, (3.5), Theorem 3.5.1 and the mentioned in Section 3.4 bound
T
/]QAU+MRﬁ:O@)
0
imply the inequality

limsupP%n{z eC:lz|>M}) <

T—o0

(3.6)

=[=

with V' < oc.
Now let € > 0 be an arbitrary positive number. We take M = M, = %
Then (3.6) shows that

lim sup P%n({z €C:lz| > M.}) <e. (3.7)

T—o0

The continuity of function h : C — R given by formula z — |z|, Theorem
3.1.5 and Lemma 3.1 imply the weak convergence of

vr({lGun(o +it)] € A}), A € B(R)
to P°h~! as T — oo. Therefore, by (3.8) and Lemma 3.1.6, we obtain that

PE({z € C: |z > M.})
< limsup P%n({z € C:|z| > M.}

T—o00

<e.
Denoting K. = {z € C: |z| < M.}, hence we deduce that, for all n € N,
PE(K)>1—c.

Since the set K, is compact, we have that the family of probability measures
{P% : n € N} is tight. Hence, by Lemma 3.1.4, it is relatively compact. Thus,
there exists a sequence { P} C {Py} such that the measure Py converges
weakly to a certain probability measure P® as k — oc.

Let 6 be a random variable defined on a certain probability space (g, B(€), P)
and uniformly distributed on [0,1]. Define

X5in(0) = Gunlo +i0T).

By Theorem 3.1.5, the measure P%n converges weakly to PS as T — oo.
Therefore

X%C”,n(o-) ﬁ XS(O'),

where X©(o) is a complex-valued random element with the distribution P,

Here and in the sequel, 2, denotes the convergence in distribution. From the
weak convergence of P, , we have that

XE (0) —2— PC.
k—oo
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Define one more complex-valued random element
X5(0) = C(o +i0T).
Then, Theorem 3.1.6 implies that, for every ¢ > 0 and o > %,

lim limsup P(| X5 (o) — X%n(a) > ¢l)

n—0 T _sno

= lim limsup vr(|(y(0 + it) — Guu(o +it) > ¢f)
=0 T o0
T

1
< lim limsup Te |Ca(0 + it) — (o +it)|dt = 0.
€Jo

n—0 T 50

Relations (3.9)-(3.11) show that all hypotheses of Lemma 3.1.7 are satisfact-
ed. Therefore,

D
Xécj(a) m PC;

and we have provd tat the measure Py converges weakly to P“. Moreover,
(3.12) shows that the meassure P is independant of the choice of the se-
quence P, . Thus,

XC(o) -2 PC. (3.8)

n—oo

It remains to prove the weak convergence of the measure PS to PC as
T — oo. For this, define

X%n(a) = Qo +1i07, w),

and X
X5(0) = (o +i0Tw).
Then, repeating the above arguments for the random elements X%n(a) and

X%(0), using Theorems 3.1.5 and 3.1.8, Lemma 3.1.7 and (3.13), we find that
the measure Py also converges weakly to P® as T — oo.

3.7 Proof of Theorem 3.1.2

In view of Theorem 3.1.9, we have to show that the measure coincides with
PE.
A
We take an arbitrary continuity set A of the measure P®. Then, by
Theorem 3.1.9 and Lemma 3.6,

A vp(G(o +it,w) € A) = PC(A). (3.9)
—00
On the probability space (Q,B(2),mg), define a random variable ¢ by

the formula Fo Ve A
o 17 1 C)\ o,w € 3
O(w) = { 0. if (r(oyw) ¢ A.
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Then the expectation of 6 is
Q

From Lemma 3.5.2 it follows that the process 0(h;(w)) is ergodic. Therefore,
by Lemma 3.1.9,

T—o00

1 /7

lim ?/ 0(hy(w))dt = E(0) (3.11)
0

for almost all w € Q. On the other hand, by the definition of h;(w),

1

T/O O(hy(w))dt = vp(Gi(o +it,w) € A).

This, (3.10) and (3.11) show that
Aim vr (G (o +it,w) € A) = PE(A).
From this and (3.9) we have that
PE(A) = PZ(A)

for all continuity sets A. Since continuity sets constitute a determining class,
hence it follows that
P(A) = P (4)

for all A € B(C). The theorem is proved.
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Skyrius 4

Limit theorems in the space of
analytic functions for the periodic
zeta~-function

The function (,(s) with A ¢ Z is entire one. Therefore, its asymptotic
behavior is characterized better by limit theorems in the space of analytic
functions. Let D = {s € C : 0 > 1}. Denote by H(D) the space of
analytic functions on D equipped with the topology of uniform convergence
on compacta. We recall that we consider the case 0 < A < 1.

In this chapter, we use the notation

vr(...) = %meas{T €[0,7],...},

where in place of dots a condition satisfied by 7 is to be written, and consider
the weak convergence of the probability measure

PI(A) = vr(Gi(s+it) € A), Ac B(H(D)).
We will use the scheme of Chapter 3.

4.1 Definition of H(D)-valued random element

Let (€2, B(€2),mpg) be the same probability space as in Chapter 3, w(p) be
the projection of element w € 2 to 7,, and let

wim) = [T w*).

p*{|m
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For o > %, define

27wiAm

Gs,w) = e Mw(m)

ms
m=1

Lemma 4.1.1. (\(s,w) is an H(D)-valued random element defined on the
probability space (2, B(Q), my).

Proof. Let oy > % be a fixed number. Then in the proof of Lemma 3.2.1 it
was obtained that the series

(4.1)
m=1

converges almost surely with respect to the measure my. It is well known

the if a Dirichlet series converges at the point so = oy + 1ty, then it converges

uniformly on compact subsets of the half-plane o > o [19]. Therefore, from

the convergence of the series (4.1), we obtain that the series

o0 2miAm

e w(m
—( ) (4.2)
mS
m=1

converges almost surely uniformly on compact subsets of the half-plane o >
oy. Taking o, = % + %, r € N, we deduce in a standard way that the
series (4.2) converges almost surely uniformly on compact subsets of the
half-plane o > I. Therefore, it defines an I7(D)-valued random element on

the probability space (€2, B(2), mg).

Denote by Pg the distribution of the random element (y(s, wy), i.e.,

PH(A) =mp{w € Q: ((s,w) € A}, Ae BH(D)).
The main result of this chapter is the following statement.

Theorem 4.1.2. The probability measure P} converges weakly to Pg as
T — oo.
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4.2 Limit theorems in H (D) for absolutely con-
vergent series

Let (\n(s) and ), (s,w) be the same as in Chapter 3. On (H (D), B(H (D)),
define two probability measures

P (A) = vp(Gun(s +iT) € A)

and

pi{{n(A) = VT(C)\,n(S + éT7 WO) € A), Wy € Q.

Theorem 4.2.1. Both the probabilily measures P{{n and ]f’{fn converge weak-
Iy to the same probability measure PH on (H(D),B(H(D)) as T — cc.

Proof. Let the function wu, : Q@ — H(D) be defined by the formula

0.9}

ey (mv(n, m
un(w):z (777,5)(, ), w e Q.
m=1
Then u,, is continuous, and
0 2m)\m
_ e (n,m ,
w7 p e P) = 30 S = (o i),
m=1

Thus, P{{n = Qru, ', where Qr is the measure from Theorem 3.3.1. Hence,
as in the proof of Theorem 3.4.2, we obtain that the measure Pf{n converges
weakly to mpu_ ' as T — oco.

Analogically, define the function 4, :  — H(D) by the formula

= eFmmy (m)o(n, m)
=2 o

, w e

m=1

Then we obtain that the measure ]57{{“ converges weakly to myt, ' as T —> 0.
The invariance of the Haar measure mpg shows that mH&n = mgu_ -, and
the theorem is proved.

n 7
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4.3 Approximation in the mean in the space
H(D)

We start with a metric in H(D) which induces its topology of uniform con-
vergence on compacts.

It is well known, see, for example [5], that there exists a sequence {Kj :
[ € N} of compact subsets of the half-plane D such that

D:Gm,
=1

K; C K;41, and if K is a compact subset of D, then K C K for some [.
For f,g € H(D), define

0.9}

fog) = S0t S 1(6) = g9

=1 1+ SUDge K, ‘f(S) o g(s)\ .
Then g is the desired metric in H(D).
Theorem 4.3.1. We have

1 [T
lim lim sup T/ o(Gu(s +i1), Ginl(s + i7))dr = 0.
0

n—00 T _yno

Proof. Let K be an arbitrary compact subset of the half-plane D. It follows
from the definition of the metric p that it suffices to prove the relation

1 /7
lim lim sup —/ sup |(u(s +i7) — Qs + i7)|dr = 0.
0

n—=0 T 00 scK

Let L be a simple closed contour lying in D and enclosing the set K.
Then, by the Cauchy integral formula,

sup [((s +i7) — Qunls + i7)|
seK

<</ ’CA(Z+iT)_CA,n(Z+éT)‘|dZ|
L |z — s
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<5 / (Ca(z +i7) — Can(z + i7)||d2],

where 0 denotes the distance of L from the set K. Denoting by |L| the length
of L, hence we find that, for sufficiently large T,

—/ sup |((s +i7) — Qun(s +ir)|dr

seEK

T+Imz
< 51/ \dz]/ |CA(Rez +i7) — Gn(Rez +i7)|dr
L Imz

2T
< L6t sup/ |G (o +it) — G0+ it)|dt.
seK JO

Using (3.2), we obtain that

1

2T
?/0 ‘C)\(O—Fﬂf) — C)\,n(a + Zt)’dt

o0 27+
< / \ln(02 — 0 +i7) T/ G (o2 + it)dtdr,
oo e

and the proof is finished in the same way as that of Theorem 3.5.1.
Theorem 4.3.2. For almost all w € 1,

1 /T
lim lim sup T/ o(O(s +it,w) — Gun(s +iT,w))dr = 0.
0

=0 7T _s50

Proof. We follow the proof of Theorem 4.3.1 and apply Lemma 3.5.2.

4.4 Proof of Theorem 4.1.2

Theorem 4.4.1. Both the measures PH and ]57{{ converge weakly to same
probability measure P* on (H(D), B(H(D))) as T — oc.

Proof. By Theorem 4.2.1 the measures P, and Pﬁn both converge weakly
to same probability measure P on (H(D),B(H(D))) as T — oc. Define
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X7 (s) = Qs +167).

Then we have that
X1 (s) TL> X (s), (4.3)
’ —00

where X/ (s) is an H(D)-valued random element with the distribution P¥.
Now we will show that the family of probability measures {P7 n € N}
is tight.
Let M; be arbitrary positive number. Then

Py, ({g € H(D) : sup |g(s)| > Mi})

sEK;

= vr({sup [ X7, (s)| > Mi}) (4.4)

< TM/ sup [Qn(s + i7)|d7.

seEK]

Let L; be a simple closed contour that surrounds K; and lies in D, [ € N.
By the Cauchy integral theorem, we have

sup |[Gn(s +i7)| < —/ |Gan (2 +i7)||d2],

SEKl

where ¢; is the distance from L; to K;. We can choose the contour L; in such
a way that 0 < ¢; < ¢; < 1 for some constant ¢;. Since K is bounded, so is
the contour L;. It follows that

1 [T
—/ sup [Qan(s +i7)|dr
0

T seEK;

1 1/t
<X [ a2 / Oun(Rez + Imz + i7)|dr (4.5)
oJo, T Jo

L 1 T—|—\Imz|
< — sup — / |Gan(Rez +iT)|dT.
61 sEL; T —|Imz|

Since (yp(s), for o > £, is given by absolutely convergent series,

17 12
lim — |Can (o +it)|~dt
0

T—oo 1

[o.@] o
v?(m,n) 1
- Z m2co Z m2o°

m=1 m=1
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Thus, for o > % and sufficiently large T',

17 ‘ = 1
?/0 |C)\,n(0' + 'Lt)|2dt <2 z_:l W.

Hence, it follows from (4.5) that

—/ sup [Cn(s +i7)|dr

SEKl

| | 1 T+|Imz| %
< 5—sup(T/ |Q,n(Rez+iT)|d7)
I sel; —|Il’1’1Z|

o0

<< 5 SUP(Z m2Rez)

l SEL[ -1

o0

<a(3 )

m=1

NI

for some constant C; > 0 with o; = min{o : s € L;} > % Thus, for every
[,n € N we have

lim sup — / sup |Can(s +i7)|dr < GV < o0, (4.6)

T—o0 SEK]

where

Vi= (io: ml%l)%'

m=1

Now let ¢ be an arbitrary positive number, and put M; = M;, = Cle2l6*1
Then (4.4) and (4.6) show that

g
lim sup Py, ({g € H(D) : sup |g(s)| > Mi.}) < 7. (4.7)

T—00 SEK]

Define a set
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H.={g € H(D):suplg(s)| < My, | € N}.
seEK;

Then the set H, is uniformly bounded, therefore, it is compact. Moreover,
by (4.7),

for all n € N. This means that the family {PX : n € N} is tight. Thus,
by Lemma 3.1.4, it is relatively compact. Therefore, there exists a sequence

{PT} c {Pl'} such that the measure P!’ converges weakly to certain prob-
ability measure P on (H(D),B(H (D)) as k — oo. Hence,

X[ (s) 2= PH, (4.8)

k—o00

Define

XH(s) = (s +140T).
Then, by Theorem 4.3.1, for every € > 0,

lim limsup P(o(X7 (s), X[, (s)) > ¢)

n—=00 T 500

= lim limsupvr(o(Ca(s +i7), Gun(s +i7)) > €)

n—00 T _ s~y

1 /T
< lim lim sup Te / o(C(s +1i7), (s +iT)dr = 0.
0

k=00 T00

This and (4.8), (4.3) show that all hypotheses of Lemma 3.1 are satisfied.
Thus,

Xl (s) —— P, (4.9)

T—o00

and this means that the measure PH converges weakly to P¥ as T — oo.

Moreover, (4.9) shows that the measure Pis independent on the sequence
{PI}. Therefore,
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X7 (s) 2 P7. (4.10)

n—0o0

Now define the random elements

X{{n(s) = Qs+ 107, w)

and

XH(s) = (s + 0T, w).

Then, using Theorems 4.2.1 and 4.3.2, and (4.10), we obtain similarly as
above that the measure P also converges weakly to P as T — oo.

Proof of Theorem 4.1.2 Let A be an arbitrary continuity set of the measure
PH . Then Theorem 4.4.1 together with Lemma 3.1.2 implies

Jim vr(e(C(s +it,w) € A)) = PH(A). (4.11)

On the probability space (Q, B(Q2), my), define a random variable 6 by the
formula

Then we have that

E(9) = /Qﬁdmg =mp{w: ((s,w) € A} = Pg(A). (4.12)

From Lemma 3.5.2 it follows that the process 0(h,(w)) is ergodic, thus, in
view of Lemma 3.1.9,

lim ~ /0 0o (w))dr = E(0) (4.13)

for almost all w € Q. However, by the definitions of # and h,(w),

%/0 0(hr(w))dt = vp(Ci(s +iT,w) € A).

This, (4.12), (4.13) show that
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lim vp((a(s + iT,w) € A) = PI(A).
T—o00

Combining this with (4.11), we have that P"(A) = P/I(A) for all continuity
sets A of the measure Py. Hence, P"(A) = P/(A) for all A € B((H(D)).
The theorem is proved.
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Conclusions

In the thesis the following properties for the periodic zeta - function (y(s)
are established.

1. For the error term in the mean square formula of the function (,(s) with
rational parameter A on the critical line an averaged version of the Atkinson
formula is true.

2. For the error term in the mean square formula of the function ()(s) with
rational parameter A on the critical strip % < 0 < 1 an averaged version of
the Atkinson formula is true.

3. For the function ((s) in the half-plane o > £, a limit theorem in the sense
of weak convergence of probability measures on the complex plane is valid.

4. For the function (,(s), a limit theorem in the sense of weak convergence

of probability measures in the space of analytic functions equipped with the
topology of uniform convergence on compacta is valid.
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Notation

L\ a,s)

set of all non -negative integers
set of all positive integers

set of all integers

set of all real numbers

set of all prime numbers

set of all complex numbers
positive integers

imaginary unity: i = v/—1
complex variable

Lebesgue measure of the set A
class of Borel sets of the space S

convergence in distribution

Riemann zeta-function defined,
0

for o > 0, by ((s) = Y =4,

and by analytic Continuati:)nn telse—
where
Dirichlet L - function, defined, for
0 > 1, by L(s,€) = Yoo, &,
and by analytic continuation else-
where.

Euler gamma-function defined,

foro > 0,by I'(s) = [ e *2* ldu,
0

and by analytic continuation else-
where

Lerch zeta-function, defined, for
o > 1, by L\as) =
Zzzo%, and by analytic
continuation elsewhere.
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