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m

m,.

the set of natural numbers

the set of real numbers

the set of nonnegative integer numbers N U {0}
the set of complex numbers
the set of vectors 5 := (s1,...,5,), where s; € Zy and 1 < j<n
the linear combinations defining the mapping £ : Z} — Z,

the pre-image, where m € Z

the symmetric group of permutations acting on n > 1 letters

a permutation in the symmetric group S,

the number of cycles of a permutation o

the number of cycles of length j in a permutation o

the cycle vector of a 0 € Sy,
rising factorial if m € N and z(® := 1

falling factorial if m € N and z(g) := 1

the product of the binomial coefficients

the Ewens Probability Measure on S,,, defined by v, g({o}) = () /6(")

a completely additive function, h : S,, — R for a,; € R
for brevity we denote a; := ay;

a sequence of completely additive functions

the distribution function of h,(¢) with respect to vy g
the mean value of h, (o) with respect to vy, g

the variance of h, (o) with respect to v, g

the rth factorial moment

random variable

the Poisson r.v. with parameter 6/j

the linear combination, where &;, 1 < j < n, are mutually independent

the mean value of a r.v. X defined on a probability space {Q2, F, P}
the rth factorial moment of a r.v. X

the Lévy distance of a r.v. X from the set of constants

the Ewens Sampling Formula defining a measure on the subsets of /~1(n)

a multiplicative function G : Z} — C

the set of multiplicative functions G : Z% — C

the set of completely multiplicative functions G : Z% — C, defined by

gj(k) =g}, g; € C, for k>0and j <n;0":=1
the set of strongly multiplicative functions G : Z%} — C, defined by
gj(k) =g;(1) for k>1and j <n

the mean value of a multiplicative function G with respect to P, g
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1 Introduction

1.1 Research problem

The weak convergence of distributions of additive functions defined on the symmetric group with

respect to the Ewens probability measure is investigated in this thesis.

1.2 Actuality

The object of investigation and examined problems refer to probabilistic combinatorics, an important
branch of contemporary mathematics. It has far-reaching applications in theoretical computer
science, statistical physics, mathematical genetics, and other directions of sciences where large
classes of combinatorial structures appear. Facing difficulties to show the existence of any unique
object in a certain class, it is convenient to introduce a probability measure in it. Then it suffices to
show that the probability of examined objects is positive. As a result, the conclusion is done and such
an object exists. When the cardinality of a class is out of reach for computers, and exact methods
to describe properties of individual elements fail, the only way to discover needed information about
a "typical" object in the class is "to take an element at random" and describe it by the probability
means. Nowadays probabilistic combinatorics offers general methods; the development of new ones
is especially desirable, however.

Recent growing interest in random combinatorial structures is very notable. This, in particular,
refers to decomposable structures. Among them, the most popular and important example is per-
mutations. In this work, we analyze permutations which, by definition, are bijective mappings on a
finite set into itself. All permutations of a finite set comprise the symmetric group. A permutation
can be decomposed into cycles which gives the cycle structure vector hiding the most important
properties. To discover them, one defines additive and multiplicative functions. If a permutation is
taken at random, the mentioned functions become sums and product of dependent random variables
(r.vs). In this regard, the objectives of the present work may be attributed to probability theory.

We now give two hints about possible applications. Firstly, we mention that particular additive
functions are good approximations for the logarithm of group theoretical order of a permutation,
which is important in algebra, especially, in the Galua theory. Secondly, in physics, some phenomena
are simulated by random unitary matrices. The permutation matrices corresponding to a symmetric
group are the simplest instances. The real and imaginary parts of logarithm of their characteristic
polynomials are also additive functions. Moreover, many of the trace type functionals over their
eigenvalues also fall within the scope of our theory. In this work, we deal with the asymptotic
distributions of additive functions defined on the symmetric group as the order of the group tends
to infinity. The group is endowed with the weighted probability called Ewens Probability Measure
(EPM). The very motivation comes from the observation that a class of conjugate permutations
can be identified to the common cycle vector of its representatives and the probability of this class
coincides with the Ewens Sampling Formula (ESF) of a vector from the semi-lattice of vectors with

non-negative coordinates. So, the probabilistic theory of permutations under the EPM is equivalent



to that of the vectors under ESF. The latter formula was introduced in 1972 by W.J. Ewens to
model the mutation in a population genetics. Nowadays this formula plays a crucial role in other
branches of mathematical statistics. An advance in the theory of random permutations directly has
its interpretation in these theories.

Finally, the actuality of the subject is supported by the mathematical interest to advance the
very theory. The theory of value distribution of additive functions on the symmetric group has
much in common with probabilistic number theory. Having started almost at the same time, the
latter is a bit ahead. The task to fill up the existing gaps in probabilistic combinatorics is also very

actual from mathematical point of view.

1.3 Aims and tasks

The main purpose of the thesis is to investigate the value distribution of additive functions defined
on the symmetric group and to establish general conditions under which the distribution functions

weakly converge to a limit law. In particular, we focus on the following tasks:

e To investigate weak convergence of distributions of completely additive functions, defined on

the symmetric group with respect to the Ewens probability measure.

e To establish necessary and sufficient conditions for the number of cycles with restricted lengths

under which it obeys a limit law.

e To obtain lower bounds for the mean values of multiplicative functions defined on the additive

semigroup Z'} with respect to the Ewens Sampling Formula.
e To explore the class of possible limit distributions.

e To obtain the expressions of the power and factorial moments of additive functions defined on

the symmetric group.

1.4 Methods

We apply general methods of probability theory, probabilistic combinatorics, and asymptotic theory
of combinatorial structures. The proofs of the weak convergence of distributions of additive functions
are mainly based on the formulae and properties of factorial moments. The concentration function
and the tail probability estimates are also essential. The generating function method is the basic
technical tool in many proofs. The methodology which has proved to be effective in probabilistic
number theory is adopted in the present work. In particular, this let us to obtain lower bounds for

the mean values of multiplicative functions, to examine the necessity of the convergence conditions.

1.5 Defended propositions

e Propositions on the weak convergence of distributions of completely additive functions defined

on the symmetric group with respect to the Ewens probability measure.

10



Obtained lower bounds for the mean values of multiplicative functions defined on the additive

semigroup Z'} with respect to the Ewens Sampling Formula.

The weak law of large numbers for completely additive functions.

The range of asymptotic distributions and their instances for additive functions defined on

the symmetric group.

Formulae of the power and factorial moments of additive functions.

1.6 Novelty

All presented results are new. They extend, generalize and supplement the results on random
permutations obtained so far by many authors. They fill up the existing gap in probabilistic combi-
natorics and correspond to the recent advancement achieved in analogues problems of probabilistic
number theory. The obtained results have been approved in local and international conferences and

exposed in our papers.

1.7 Approbation

Conferences:

e The 50th Conference of Lithuanian Mathematical Society, Vilnius (Lithuania), 2009, "Approz-

imation of the number of components of random structures by Poisson law".

e The 51st Conference of Lithuanian Mathematical Society, Siauliai (Lithuania), 2010, "Additive

functions on the symmetric group and their factorial moments'".

e The 10th Vilnius International conference on Probability Theory and Mathematical Statistics,
Vilnius (Lithuania), 2010, "Additive functions on the symmetric group and their factorial

moments".

e The 52nd Conference of Lithuanian Mathematical Society, Vilnius (Lithuania), 2011, "On

additive functions defined on the symmetric group'.

e 27th Journées Arithmétiques, Vilnius (Lithuania), 2011, "On additive functions defined on the

symmetric group".
The results of the thesis were presented at the seminars on Number and Probability Theory of

the Department of Mathematics and Informatics of Vilnius University.

1.8 Principal publications
The main results of the thesis are published in the following papers:

e T. Kargina, Additive functions on permutations and the Ewens probability, Siauliai Mathe-

matical Seminar, 2(10), 33-41 (2007).
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e T. Kargina, Asymptotic distributions of the number of restricted cycles in a random permu-

tation, Liet. matem. rink. LMD darbai, 50, 420-425 (2009).

T. Kargina, E. Manstavi¢ius, Multiplicative functions on Z’} and the Ewens Sampling Formula,

RIMS Kokydroku Bessatsu, B34, 137-151 (2012).

T. Kargina, Additive functions on the Symmetric group and their factorial moments, 10th
Vilnius International conference on Probability Theory and Mathematical Statistics, Abstracts,

p. 181, Vilnius (Lithuania), 2010.

e T. Kargina, E. Manstavicius, The law of large numbers with respect to Ewens probability,

Annales Univ. Sci. Budapest., Sect. Comp., 40, 2013 (13 pages, to appear).
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1.9 Historical overview and the state of-the-art in the field

Random permutations implicitly made their appearance in the first edition of Pierre - Rémond de
Montmort’s Essai d’Analyse sur les Jaeux de Hasard published in Paris in 1708. Pierre’s game is
related to the number of fixed points of a random permutation:

If Pierre had a pack consisting of n cards all of a single suit, then Pierre would win if the
permutation induced by shuffling the cards had at least one fized point. What is his chance?

Another example, which the most often could be met in books on probability, is the so-called
Hat-Check Problem:

n mathematicians drop off their hats at a restaurant before having a meal. After the meal their
hats are returned at random. The question is what is the chance that no one gets back their own
hat.

W. Feller [23], Chapter IV, gives a number of equivalent descriptions. It is also interesting to
know the distribution of the number of mathematicians who get back their own hats, its mean,
variance and so on. These questions can be formulated in terms of random permutations. To give
some impression on the theory, we start with the main notation.

Let S,, denote the symmetric group of permutations o acting on n > 1 letters. Each o € S,, has

a unique representation (up to the order) by the product of independent cycles k;:
0 =K1 Kuw, (1.1)

where w = w(o) denotes the number of cycles. Set k;(o) > 0 for the number of cycles in (1.1) of

length j if 1 < j <n and k(o) := (k1(0),...,ku(0)). Then
w=Fki(o)+ -+ kn(0).
The vector I;:(cr), called a cycle vector of the permutation o, satisfies the relation
U(Kk(0)) == 1k (o) + - - - + nky(0) = n.
The uniform probability measure on symmetric group S,, is defined by

Vn(.) =)o €S, ...}

Thus, in this notation, Pierre’s success in the game coincides with the event {o € S,, : k1(0) > 1} and
the solution to the Hat-Check problem is the frequency v, (kl (o) = 0). If n is large, an asymptotic
analysis of the behavior of this and more involved probabilities becomes useful. Afterwards we
assume that n — oo without indicating this.

The first probabilistic results on random permutations were obtained in 1942 by V. Goncharov
[27] (see also [28]). Apart from elementary approaches, V. Goncharov applied the generating function
method. In particular, investigating the distribution of the cycle vector, he established the following

relations:
s [n/i]—s ]

Vn<kj(0-)zs):7 Z (_1)ZJT7 jEN,S€Z+,jSS7’L7
1=0 ’
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and
vn(k(o) =35) = P(E=54(¢) =n), 5€Z, (1.2)

where &;, j > 1, are mutually independent Poisson random variables (r.vs) defined in some prob-
ability space (€, §, P) with parameters E¢; = 1/ and € = (&,...,&,). The latter is called the
conditioning relation. It implies the fact that the process of cycle counts converges in distribution

1

to a Poisson process on N with intensity j =", namely,

(k1(0), k2(0),...) 2 (&1,&,...)

Analyzing the statistics w(o), he found asymptotical values for the mathematical expectation and

the variance:
E,w(c) =logn + v+ o(1)

and

72 1 1
Varnw(a)\/logn<122>@+o<m>,

where v is Euler’s constant. His central limit theorem gave birth to a new direction of combinatorics.

Goncharov’s theorem. We have

(w(o) —logn)/+/logn £ N(0,1).
Here and in what follows N'(0,1) stands for the standard normal r.v.

In the fifties of the last century, P. Erdés and P. Turan did the next step in developing the
random permutation theory. Their target was the group theoretical order Ord(c), o € S,,, being

m

the least natural number m such that ¢ is the identical permutation. We stress here that an

approximation of log Ord(co) by the function

> (log j)k;(0)

Jj<n
for almost all ¢ € S,, plays a central role in their proofs. Appropriately normalized the latter function
also obeys the normal law. To the historical account on the Erd6s - Turdn problem presented in
the book [2] one must add the most important latest contribution belonging to V. Zacharovas ([87],
[89])-

S.W. Golomb in [25] (and also collaborating with other authors [26]) found the mean value of the

maximal cycle length in a random permutation. In 1966 L.A. Shepp and S.P. Lloyd [71] initiated

investigations of the order statistics

J1(o) > jalo) > ...,

where j,.(0) is the rth length of a cycle appearing in o. The authors established asymptotic formulas
for the E,,j.(0)™ as well as that for the rth shortest cycle length, where » = 1,2,---. They also
obtained the limiting distribution for the lengths. Together with the generating functions, they
use Tauberian theorems. This direction stands a bit further from our interests; therefore, we just

mention that nowadays [2] this is contained in the relation
Y . d
n~ " (j1(0),j2(0),...) = L:= (L1, Ls,...),

14



where L has the Poisson-Dirichlet distribution PD(1) concentrated on the simplex {(x1 > z3 >
) EeN0 1] e+ < 1}

W. Feller [22] succeeded in defining a random permutation in a sufficiently rich abstract proba-
bility space. This became the start of the coupling method. The idea was taken into use by A. Rényi
[69]) who established Goncharov’s theorem by using a Bernoulli representation of k;(o), j < n, and
applying the Lindeberg-Feller central limit theorem for independent r.vs.

Dealing with random permutations, V.F. Kolchin (1971, [35]; 1986, [36]) proposed to use a
representation in terms of random allocations of particles into cells. In a book [38] there is found

an approximation of the distribution of partial sum
alkl(o)—i—---—i—arkr(a), (13)

by the sum a1 + --- + a,&, where aj, j < r <« n/logn, are arbitrary. Actually, this begins
investigations of completely additive functions on permutations. On the other hand, the condition
r < n/logn makes their result trivial from the point of view of contemporary theory, where r =
o(n) is achieved. The results obtained by Russian authors V.F. Kolchin, B.A. Sevastyanov, V.P.
Chistyakov and others were summarized in the books ([36] - [38]). It were P. Diaconis and J.W.
Pitman (1986, unpublished) and A.D. Barbour [6] who showed that the total variation distance
between the distributions of the vectors k(o) := (k1(0),...,k-(0)) and &, = (£1,...,&,) is

prv(Lk (o). LE) < =, 1<r<nm.

This extends the above mentioned approximation of (1.3) up to the optimal value r = o(n).
Several papers were devoted to the local limit laws. We just mention the pioneering paper
by L. Moser and M. Wyman (1958, [64]), who dealt with the Stirling numbers of the first kind,
namely, with the frequencies |s(n, k)| = nlv, (w(o) = k). For a more systematic and deep treatment
including asymptotic expansions and the large deviation probabilities in the local laws, we refer to
H.-K. Hwang’s papers (see, for instance, [32], [33]).
In 1996 E. Manstavic¢ius [45] started to examine integral asymptotic laws of real valued additive

functions. By definition, a function h : S,, — R defined by
h(o) = ajki(0), o €Sy, (1.4)
j=1

where a; € R is called a completely additive function. The number of cycles w(co) is the simplest
example of such functions. Allowing dependence on n, which will be indicated by the extra index
n, we have sequences of functions. The problem explored in [45] can be formulated as follows:
Under which necessary and sufficient conditions the frequencies vy (hn(0) — A(n) < x) for some
centralizing sequence A(n) converge weakly to a limit distribution law.

E. Manstavi¢ius [45] found general sufficient convergence conditions to infinitely divisible limit
laws and presented instances when the limit laws lay outside this class. The later published book
[2] contained a chapter dealing only with limit laws having finite the second moments. It is also
notable, that a new analytic method adopting many ideas, which had been proved to be useful in

probabilistic number theory, is developed in the paper [45]. Nowadays, we have a complete answer

15



to the formulated problem in the case of the degenerate at the zero point limit law (see [59]) and
if hy,(0) = h(o)/B(n), where B(n) — oo and is slowly oscillating at infinity (see [62]). In its full
generality, the problem is still open.

The motivation to examine general additive functions is not just a desire to generalize the
mentioned Goncharov, Erd6s - Turan, Kolchin - Chistyakov theorems. In recent years, even a
stronger need came from investigations of random permutation matrices. Let M := M(o) :=

(1{i = U(j)}), 1<4,j <nand o € S, be such a matrix taken uniformly, e.i. with the frequency

vn({M}) = vn({0}) = 1/nl,

Zn(z;0) :=det (I —xM(0)) = H(l — gd)ka(o), (1.5)
Jj<n

be its characteristic polynomial, and let 2™%i(?) where ¢;(c) € [0,1) and j < n be its eigenvalues.
The papers by K. Wieand ([84], [85]) and many other authors (see [29], [91]) or many preprints put
in the AMS arXiv (see, for instance, [4] and [34] and the references therein) concern log |Z,,(z;0)],
Slog Z,,(z;0) or the linear statistics

Tef(0) = Y (@) = Y ki) > £(5),

j<n j<n o<egio1 Y

where f : [0,1] — R is a sufficiently smooth function. The last relation, easily seen from (1.5),
is present in [4]. A great portion of the newly announced results fall within the scope of the
above formulated problem. Nevertheless, the authors seldom observe this and prefer to rediscover
properties of the particular statistics.

The recent research of random permutation matrices confirmed the necessity to develop the value
distribution theory of additive functions with respect to weighted measures defined in the symmetric
group. The Ewens probability measure become the most popular among them. Our dissertation is
completely devoted to this objective. Let us add some new definitions.

Let 6 > 0 be a fixed parameter. The Ewens probability measure (EPM) on the subsets of S,, is
defined by

Ung(A) = ﬁ > 0w, Acs,,

c€A

where (") := z(z +1)--- (z +n — 1) and 2(9) = 1 denotes the increasing factorial. For the class of
permutations with the common cycle vector s, we have

vno(k(o) = 5) == 1{£(5) = n}e% H1 (f) ;, (1.6)

j=

We stress that the quantity on the right-hand side is the probability ascribed by J.W. Ewens (1972,
[20]) to a vector from the set £7*(n) := {s € Z% : /4(5) = n}. In other words, he defined the

distribution:

P,o({5}) := 9% 1:[1 (?) "1 ose (n), (1.7)

—
Sj-

which nowadays is known as the Ewens Sampling Formula (ESF). He introduced it in the context

of population genetics to model mutation of a population. The parameter 6 then served for the
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mutation rate. The ESF relates the random permutation theory under the EPM with statistical
problems. For a comprehensive account of the latter we refer to book [21].
The connection highly motivated the increasing interest to the value distribution problems in

S,, with respect to the EPM. Check that, similar to the particular case §# = 1, we have [2]

(k1(0), .. kn(0),0,...) "= (&1, &n Enpts - )

Here and since now &;,j > 1, are independent Poisson r.vs. given on some probability space
{Q, F, P} with E{; = 6/j. The conditioning relation (1.2) and the total variation distance estimate
remain to hold.

We also observe that an easy combinatorial argument (see [2]) gives the distribution of the cycle

vector and the coincidence:

vno(k(0) = 5) = Pus({3}),

if 5 € Q(n). Thus, dealing with statistics of random permutations expressed via k(c), we may
examine corresponding statistics of random vectors 5 € Q(n) = £~!(n) taken with probabilities
(1.7).

The importance of distributions with respect to the EPM on permutations increased after they
had been employed to approximate distributions defined on more general decomposable structures
belonging to the so-called logarithmic class (see [2]). Distribution of additive functions with respect
to EPM was investigated by analytic and probabilistic methods. For instance, deep asymptotic
analysis of the convergence rate in the central limit theorem was done by V. Zacharovas ([87], [89],
[90]). J. Norkuniené developed strong convergence concept by proving the laws of iterated logarithm
including their functional Strassen versions ([65] - [68]).

Let us discuss the results containing necessary and sufficient convergence conditions. The first
milestone was reached by G.J. Babu and E. Manstavi¢ius [7] in functional limit theorems. They
caught an idea to model the Brownian motion (denoted by W) by means of the truncated additive
functions going back even to probabilistic number theory (see [40], [43], [44]). Before them, the
number-of-cycles function w(o) was used by J.M. DeLaurentis and B.G. Pittel [16] in the case 6§ = 1
and, for arbitrary 6 by J.C. Hansen [30], P. Donnelly et al. [17], and R. Arratia and S. Tavaré [3].

We now formulate the result from [7] for general additive functions. Define

= o) = s (3 o)) - A(e)).

J<y(t)

where

hj(1) =: a;, and
y(t) == yn(t) = max{u <n: B*(u) <tB*(n)}, te][0,1].

Consider the weak convergence (denoted also by =) of the process H,, in the space D[0, 1] equipped
with the supremum norm. Equivalently, one could also examine a linearized version of the process

H,, and deal only with elements of the space C|0, 1].
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Theorem BM. Let h(o) be a real additive function, hj(1) = a(j), B(n) — oo. For the weak

convergence

l/nﬂ'H;liW

to hold it is necessary and sufficient that, for each € > 0,

LS 40P 0()] > eB)) = o). (18)
B2(n) 7= j

Unfortunately, the Lindeberg-Feller type condition (1.8) is not necessary for the one-dimensional
limit result v, g- Hy, (-, 1)~ = N(0,1). The further investigations carried out by these authors estab-
lished necessary and sufficient conditions for the convergence in D[0, 1] equipped with Skorokhod’s
topology to processes with independent increments including stable processes (see [8] - [10] or [15]
and the references therein). The paper [52] solves the problem for sequences of additive functions
if & = 1. In this case, the sufficiency part sometimes intersects with our results but our approach
is different. Let us stress that the convergence of distributions of processes H,(c,t), 0 < t < 1,
contains much more information than that of H,(o,1) and this has been exploited in proving the
necessity of conditions.

The second idea to prove necessity of the convergence conditions also came from probabilistic
number theory. It was J. Siaulys who, in a series of papers (see [73] - [78]) dealing with number-
theoretic functions, observed that convergence of power or factorial moments hide the needed piece
of information. The idea was further developed by him jointly with G. Stepanauskas in [79] - [83].
E. Manstavicius succeeded in adopting this for random permutations taken with equal probabilities

([55], [56], [59]). The main purpose of our work is to develop this approach in S,, under the EPM.
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1.10 Main results of the thesis

In the first two parts of dissertation we have laid out the results which are more auxiliary for our
further proofs and main problems tackling. The first section is devoted to the moments. General
expressions and estimates of power and factorial moments of completely and strongly additive
functions with a; € R are obtained in it. We present here only main formulae of the moments
to make an impression of their complexity. Let E, ¢ stand for expectation with respect to v, g.

Further, where this is not specified, n,r1,79,... € N and 1 < j1, jo,... < n. We have

k
A u E—-1 E—ri— —=ry1—1
Buohe) = = o003 (L) (P
u=1 ri+-+ry=k “

T1 Tu

X Z ajlijhwn(n_ﬁ _"'_ju)a (1-9)

where

n! oW
Pn(l) = VIR

Analogically, an expression of factorial moment 4,0 := E, gh(0) ) is obtained. The formula

Tu

contains just aj,(r,) - aj,(r,) instead of the product al} ---a}".

Here and afterwards z(,) =

z(z —1)...(x —m+ 1), denotes the falling factorial. So, if a; € {0,1} for j <n, then

. —~ 1 ~ 1 ‘ ‘ .
D S D L I ) (1.10)

Jjisn Jk<n
where k € N and the (x) over the sums replaces the condition a; = 1.

The purpose of the second thesis section is to obtain lower bounds for mean values of the
multiplicative functions defined on additive semigroup Z’ with respect to the ESF. They imply
useful estimates of probabilities of random permutations missing some cycles. The results are
analogues to that obtained by P. Erdds, I.Z. Ruzsa [18], and K. Alladi [1] for the number theoretical
functions. So, implementing the already mentioned idea, instead of permutations, we now deal
with random vectors. The main advantage of such imbedding is the fact that Z’} has an additive
semigroup structure as well as the partial order defined by 5 = (s1,...,8,) < t = (t1,...,tn)
meaning that s; < ¢; for each 1 < j < n. Moreover, we may exploit the geometry of semi-
lattice Z", say, by introducing the orthogonality of s, te 7}, denoted by 5 L t and meaning that
s1t1+- - -+spty, = 0. In this way, we come closer to probabilistic number theory dealing with random
numbers taken from the multiplicative semigroup N (see [40]) having the partial order defined by
division. The semigroup structures and the partial orders in Z7} and N play the crucial role in
developing parallel theories. Developing this, we obtained the lower estimates of the mean values
of multiplicative functions related to the so-called small sieve problem in number theory.

Let us recall necessary definitions. A mapping G : Z"t — C, G(0) = 1, is called a multiplicative
function if G(5+t) = G(5)G(t) for every pair 5,¢ € Z7 such that § L ¢. If &; := (0,...,1,...,0),
where the only 1 stands at the jth place, then the multiplicative function G has the decomposition

G(k) =[] Gkse;) = ] 95 (ky)-

j<n Jj<n
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Conversely, given a complex two-dimensional array {g;(k)}, 1 < j < n,k > 0, satisfying the
condition g¢;(0) = 1, by the last equality, we can define a multiplicative function. If g;(k) =
g;(1) =: g; for all k > 1 and j < n, the function G is called strongly multiplicative and, similarly,
if g;(k) = g;?and 0% := 1, then G is called completely multiplicative. Denote, respectively, by 91,
M, and M, the sets of just introduced multiplicative functions. Observe that if G € M, and
g; € {0,1}, then G € M, and, conversely, the latter together with g; € {0,1} implies G € M,. The
multiplicative function
. 0\ " 1
(k) =[] () L
j<n N T
depending on 6, plays a special role in the sequel.
If G € 9, then its mean value with respect to P, ¢ is

Mno(G) = > G(k)Puo(k) Z H( )Jga

keQ(n) kGQ(n)]<"

2" Zy(x; G), (1.11)

where

zrtwc) =T (14X () 200)

i>1 r>1
and [2"]Z(z) denotes the nth coefficient of the formal power series Z(z). We also assume that
Moy 9(G) =1 for every G € M.
Our interest is in estimates of M, ¢(G) holding uniformly in G belonging to some subclass of
GeEMIEGeM and 0 <O <g; < 0T < oo for all j < n, then according to the E. Manstavi¢ius
paper [51], we have an asymptotic

M, Aexp{zgj_l} n> 1. (1.12)

j<n

The involved constants in (1.12) depend on 6~ and §%. Afterwards, the constants in these symbols
will be dependent at most on 6.

We observe that, if G(k) takes the zero value rather often, the lower estimation of M, ;(G)
becomes rather involved and, in general, the lower bound as it is stated in (1.12) is false. A
satisfactory result was achieved by E. Manstavicius only for G(k) € {0,1} (see [48] and [50]). Our
results extended them.

We started from an easier problem of estimation the averaged mean values

—~ 1 g(m)
M, o(G) = — M, 0(G), 1.13
oC)i= g 3 S MnelC) (113)
where
o) n? 1
I :i= —=—(1+0|( - >1, 600 =1,
-6 0;@ m! r(9+1)< + (n)) ne=h

Theorem 1.1. Let 0 > 0 and G € My be defined via sequence 0 < g; < 1 where 1 < j <n. Then

Mn,@ = exp { g] }

j<n
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The main result of our investigation of the multiplicative function mean values is the following

theorem.
Theorem 1.2. Let § > 1 and G € M, be defined via sequence 0 < g; <1 where 1 < j < n. If

Zﬂ <K (1.14)

i<n Y
for some K > 0, then there exist positive constants co and c together with a function N : Ry — N

such that
Y(K) :=inf{M, ¢(G) :n > N(K)} > coexp{—eX}. (1.15)

In the following section of our dissertation we deal with the case when a; € {0,1}. Then the
functions hy (o) defined via such a; express the number of cycles with restricted lengths. In this

case, we proved an exhaustive result.

Theorem 1.3. Let h,,(0) be a sequence of completely additive functions with a; € {0,1} and 6 > 0.
The frequencies Vy, g(x) = vpo(hn(0) < x) converge weakly to a limit law if and only if there exist

finite limits

lim @nm,a = 'A)/mﬂ (116)

n—oo
for every m € N. Moreover, if (1.16) is satisfied, the characteristic function of the limit distribution

s

o0 A
1+ Y 7;;9 e -1)", teR.
m=1 ’

General results in the case when 6 = 1 were obtained by E. Manstavi¢ius in papers [45], [55],
[56]. The author analyzes the convergence to non-degenerate laws including the Poisson one. In
particular, he established necessary and sufficient conditions under which V,, ;(x) converges. It is
worth to note that sufficient conditions for the existence of an infinitesimal limit law for V,, ;(x)
follow also from the functional limit theorem for partial sum processes defined via sequences of
truncated additive functions (see [52]). If § = 1, our approach also yields the moments of the limit
law.

The methodology applied in the discussed problem goes back to probabilistic number theory. It
is due to J. Siaulys (see papers ([77], [78] and others) who examined the general weak convergence
conditions for analogues distributions of values of number-theoretic strongly additive functions.

In the fifth section, we establish a general weak law of large numbers without taking any a
fortiori assumption on the sequence a,;. We find necessary and sufficient conditions under which
the frequencies V,, g(x) converge to the degenerated at the point zero limit law.

Then we recall the concept of the Lévy distance of the r.v. h(-) from the set of constants
L(h;vnyp) == inf {e + vy 9(|h(0) —a| > €): a€R,e>0}.
Let u Vv := max{u,v}, u Av:= min{u,v} and as earlier u°® := 1 A |u|sgnu if u,v € R,

Un(h ) i= 32 Hans = X))

Jj<n
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and Up,(h) = min{U,(h,\): XA € R}. In the sequel, < is used as an analog of O(-), moreover,

dependence on # in the involved constants is allowed.

Theorem 1.4. If 0 > 1 and h(o) is a completely additive function, then
L(h;vn ) < 2(1 A (2U,(R))Y?)

and
Un(h) < (1/n)V L(h;vy.9)

forallm > 1.

We now give the answer to the above question in the case of the degenerate limit distribution

modifying a bit the conditions of the theorem.

Corollary 1.1. Let 6 > 1 and h,, (o) be completely additive functions on S,, defined via {a;}, j <mn,
in (1.4). The distributions vy g(h(0) — A(n) < z) converge to the degenerate law at the point zero

if and only if .
Y B - ) = o)

j<n J

for some A=\, € R and

O(a; — Nj)
An) =n\+ E -1 v
" i<n J
laj=xjl<1

Yn(n =) +o(1).

In 2005, professor E. Manstavi¢ius, motivated by the impressive result of Ruzsa (see [70]) in
probabilistic number theory, proved these assertions for § = 1. We succeeded to generalize them,
unfortunately, for # > 1 only. We do believe that the first claim of Theorem 1.4 can be extended
to general additive functions if § > 0. For this, it would be sufficient to adopt technical ideas going
back also to a number-theoretic paper by A. Bir6 and T. Szamuely [14]. On the other hand, there

exists an indirect possibility to obtain the upper estimates based upon the inequality
Uno(lh(0) —a| > u) < PMGP(|X1 o+ Xy >u/3) +1{0 < 1In?,

where a € R and u > 0 are arbitrary, proved by E. Manstavi¢ius jointly with G.J. Babu [7]. In the
case § < 1, an appropriate estimate for these independent r.vs yields the upper bound for L(h, vy, g).

Denote
~ hi(k) — A\jk)°2
U,(h,\) := min —( i )_k 7k)
AER JrE!
Jjk<n

, 0<1.

Theorem 1.5. Let § < 1 and h(o) be an additive function on S,,. We have

L(h;vn) < US/COHD () 4 =0, (1.17)

In theorems 1.3 and 1.5, one can observe some relation between limit theorems for additive

functions on the symmetric group S,, and those for sums of independent r.s. Obtaining necessary
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and sufficient conditions for the weak convergence of V;, g(x) to a non-degenerate limit law, will likely
be more difficult; nevertheless, we demonstrate some achievement in this direction in Section 6 of
our thesis. We now examine the weak convergence of distributions of completely additive functions
with a; € Z to the Poisson limit law.

Let introduce some notation before. Set
a;j if 0<a; <m,
aj(m)=<{m if aj >m, (1.18)
0 if a; <0

and denote truncated completely additive functions
n
h(o;m) = Zaj (m)k; (o).
j=1
The principal result of this section is the following theorem.

Theorem 1.6. Let h,(0) be a sequence of completely additive functions with {a;} € Z, j < n and
0 > 1. The frequencies V, o(z) converge weakly to the Poisson limit law with parameter p > 0 if
and only if

0 Y ?wnm—j) — o(1), (1.19)

i<n

aj§71
P, . . T - . 1
(i1) W}E)noo hnnfolip E,hy(o;m)g) = mlg}noo hnrglgf E,h,(o;m)qy = ', (1.20)

for each fized | € N.

The first attempt to investigate the case when the Poisson limit law with parameter p > 0 appears
in V,, 1(z) was made by E. Manstavicius. Based on a few ideas originated in probabilistic number
theory, especially upon those proposed by J. Siaulys ([73] - [76]), he discovered an unexpected
phenomenon (see Theorem 3, [59]), that the influence of long cycles must be negligible and this
implies that counting the cycles with lengths in [en,n] we can not obtain the Poisson law if a,; €
{0,1}. If a; are unbounded, the situation is different. In this regard, we include an example

generalizing that of E. Manstavicius given in his paper [52].
Proposition 1. Let § > 1, u < —log(1 — vy(1)), where

o1 du

ve(a) == 9/1;(1 — )

u

Introduce the sequence 1/2 =dy < dy < --- by

and set a;j = m if ndy—1 < j < nd,, and a; = 0 otherwise. If hy(o) is a sequence of completely
additive functions defined via these aj, then it posses the Poisson limit law with parameter p.
As we have mentioned earlier, the flow of new papers and even announcements of already known

results in the field does not stop. We present the next instant related to quasi-Poisson distribution.
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M. Lugo in his paper [42], analyzing the case for § = 1, rediscovers (the results is contained in [55])
the limiting distribution of the number of cycles of length between yn and dn in a permutation
of order n chosen uniformly at random, for constants ~,d such that 1/(k +1) <~y < § < 1/k for
k € Z. This distribution is supported on {0, 1,...,k} and has k moments equal to those of a Poisson
distribution with parameter logd/v. In case of the Ewens distribution with 6 # 1, M. Lugo raised

the following conjecture.

Conjecture 15[42]. The expected number of cycles of length in [yn,dn] of a permutation of

order n chosen from the Ewens distribution approaches

1
)\z/ —(1—z) tda
y T

as n — 0o. Furthermore, in the case where 1/(k+1) <y < § < 1/k for some positive integer k, the

distribution of the number of cycles converges in distribution to quasi-Poisson(k, \).

Recall, that a r.v. X has a quasi-Poisson (r,A), 7 € N, A € (0,1], distribution if EX ) = ¢ for
k=0,1,...,r and X is supported on {0,1,...,r}.

According to our calculations in subsection 7.2, the announced formula for the mean value lacks
the factor # on the right-hand side. It is much more important, that the limit distribution in the
conjecture is mistaken if # # 1. It does exist but is not a quasi-Poisson.

The last section of our dissertation is devoted to exploring of other distributions, apart those
we mentioned above, which can appear as limits in Theorem 1.3. We reckon just a few cases. The
factorial moments of a limit distribution satisfy the inequality 41 ¢ < ’Ayfe, for each k£ € N. By this
reason, a mixture of Poisson distribution, binomial and geometrical do not belong to the limiting
class. Actually, we owe to J. Siaulys and G. Stepanauskas [82] who has observed and applied this

simple criteria in number theory.
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2 Moments

In this section, we present exact and asymptotic formulae of power and factorial moments for a
completely additive function h(c) defined in (1.4) via a; € R, 1 < j < n, with respect to the Ewens
probability measure v,, := v, 9, where § > 0. The relevant expectation will be denoted by E,,.
Similarly, in the estimates below, the dependence on 6 is allowed but not additionally indicated.
In the sequel, a < b is an analog of a = O(b), the symbol =< means that ¢ < b and b < a, where
a,beR.

Throughout the thesis, we will often apply the following well known asymptotic formulas:

9(n) nf—1 1

n! 9= 1 m \'! 9.9
wn(n_m)'_e(”)(nm)!’\( _n+1> ’ (22)

and

where 0 < m <n.
We will need the following formal equality for the mean value with respect to v, 1 of a completely

multiplicative function

=107, bec 0=
Jj<n

Lemma 2.1. We have the following formal power series equality
) 1 . ) bj ;
> LS ol =en {3 by}, 23)
n=0 og€S, j=1
It is worth to recall the proof. By Cauchy’s formula, if 5§ = (s1,...,s,) € Z'} and £(5) = n, then
S5 1
= =l il
|{o €8, : =5} = nH() ”
i<n
Hence grouping over classes of permutations with the common cycle vector s, we obtain
Sj 1
=n! _
> se=n 2 I1(%) 4
o€S, L(5)=nj=1

Here and afterwards in such sums, the summation is extended over vectors s satisfying the equality
£(8) = n. To verify (2.3), it suffices now to compare the coefficients in it at y™ and apply the last
equality.

The lemma is proved.
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2.1 Power moments

In this subsection we present exact expressions of the moments of completely additive functions

h(o) with a; € R.

Denote

Bnk = Zeu Z <7i_11><kr1 T:u:'_lru—11>

. ...ar“
<D ]'1...j]*“%(n—jl—'“—jk)
u

Jittiu<n

(2.4)

Theorem 2.1. For a completely additive function h(c) = arki(o)+- -+ ank, (o) and every k € N,

we have
Enh(U)k = Bnkv

where 0 > 0.

(2.5)

Proof. We first prove a recurrence relation for 5, := (0(”) /n')Bnk Set Bno = 0 /n! if n > 0.

Moreover, let Sor, = 0 if k > 1. Further, let ¢o(z) =1 and

g(n)

v zh(o)
SDTL(Z) - n| En,ee

for z € C. Thus, @%k)(zﬂz:o = Bk-
We have

n He?@i k; 1

0€S, j=1 J

This leads to the following formal series equalities from Lemma 2.1:

> puler =exp {030 |

n>0 i>1
and
a;e*% . a;e*%

SUTEITS SIMERS SCCINIT) 3) O yNEL ) 1)

n>0 m>0 j>1 J n>0 “j<n J
Hence

a.eza]‘
@(z) =0 on_j(2) ]j

Jj<n
Taking the derivatives with respect to z of the (k — 1)th order, we arrive at
k—1 I+1 _za;
E—1\a; e (1
=03 (")) e,
7<n 1=0
Consequently,

L o
=03 (1) b 40 Y
r=1 i<n

j<n

akf Q(H_j)

g (n—j)
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We now apply the mathematical induction. A direct application of (2.4), multiplied by (™ /n! with

k =1 yields
a.: 9(" 7)
Bnl =0 Z 2 ,])

]<n
Assume that the induction hypothesis (2.4) holds for 5,,_; x—, if k—r > 1. Applying this formula
leaving 7 and j; for the summation in (2.6) with

we use the summation indexes ro,... and jo,...

respect to r and j. So, inserting the assumption into (2.6), we obtain
a’lt
ﬁ k= 9 < ) _J1
" Tz_:l ri—1 Z J
k—ri+1
_ k*?"lfl k*?"lf"‘fTu_lfl
SO D (i B
u=2 ro+---try,=k—r1 2= 1 Tu = 1
at?...q"u 9(”—j1—"'—ju) n a’? Q(H_j)
e BT Ik R
j (n—j)

D D ‘
Jatetdasn—jy J27 T (n=gr == Ju)! j=1

Interchanging the summation, we arrive at

k
ﬂnk:ZQU Z (2_1)...(1“7“17;;'_1%_11)

u=2 ri+-4ry==k
T Tu S, n k —
y Z aj; ceal g(n—i Ju) ij g(n—1) -
Jiegu (R=jgi = = ) — j (n—j)!

Jittijus<n
The last sum equals the summand corresponding to v = 1 in the previous sum over u. Joining them

together and multiplying by (™) /n!, we obtain (2.5)

The theorem is proved.
A general formula for power moments of an additive function

where ¢;(k) € R and ¢;(0) = 0 for 1 < j < n and k > 0 is rather involved. To demonstrate the
complexity, we include also the case of strongly additive functions, which are defined as ¢(o)

>i—1 a;1{k;j(o) > 1}, where a; € R. Let us denote:

l
n! Z I Z 1 Z s s
Qnpl = (n) 7| | | anjl e a”}r
0 ! silooospl o~

VA REEEN

S15ees sp>1
s ap=l Je#ir 1SsET<r
N1 1
SIE > m()s I @
1 z! 11 ozt
Ji<n—t(e)

=19 e, 0(e)=n—4(@ i<n—L(e)
2j>0,1<j<n—L(8)

where the vector € = (ej, ..., e,) is defined

1 ifj:j17"'aj7“a
ej = (28)
0 otherwise

Lemma 2.2. Let t(o) be a strongly additive function, 8 > 0, and let v, be defined above. Then
(2.9)

Ent(a)l =y,

for allm € N.
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Proof.

Jisegi<n

n l
=En(zaj1{kj(0)21}> = Y aj...q
j=1
En(l{k:j1 (o) >1}... l{kjl (o) > 1})
L . .
Y AaYaYe. ¥oa

1500y sp>1 J1sn ja<n ~ Jr<n
s1+-Fsp=l Jo#i1 Jr#J1sdr—1

E,(1{kj, (0) > 1} L{k;,(0) > 1}).
To calculate E, (1{k;,(c) > 1}...1{k;. (o) > 1}) with pairwise different ji, - ,j,, we use the

vector € = (eq,...,e,), defined in (2.8).

If the vector k(o) is a sum k(o) = é + ¢(o), then by the conditioning relation
E, (1{kj, (o) > 1} ... 1{k;.(0) = 1}) = v,({o € S : kj, (0),... ,kj (o) > 1})
= vn({o € Sn, l(k(0)) = £(e) + U(a(0))}) = P(L(E) = £(e) + LM)IL(E) = n),
where 7 = (11,...,71,) is the random vector with independent coordinates such that n; = &; for

i # j1,- 5 Jr and P(n; = k) = P(§ =k —1).

Earlier we obtained, that
0
=Pl = = i Gt
) = P(U6) =n) =exp{ - §<jz}
So

P((€) = (&) + L)) = n) = p(n) ™" - P(L(E) = 1(e) + (7). £(€) = n)

=p(n)~" - P(E(n) =n — {e) = p(n) ™" P'.
Next, if u:=n —[(e),

[T P =0p( i =u) -

u<i<n i<u
1 . 1
exp{—@ Z Z,}'P(Z’L?%ZU) ::exp{—9 Z i}.Pﬁ'
u<i<n i<u u<i<n

Now

P//: Z HP —Zz

----- z2u20  4<n
1z1+ Huzy=u

= ) exp{ D }H<9)Z’i+l(zl¢i1)!' 11 (f>z1'

2100y z2yu >0 i<u i<u
lzq 4 Fuzy=u Jji<u iF£J1sdr

Continuing we obtain

vn({o €8y 1 kjy(0),...,kj.(0) > 1}) zp(n)lexp{ — QZ 1} L W

x5 5

1z1+ - tuzu=u j<qy
2;20,1<j<u Jji<u

Sl Y (7)) S o

Lz tuzy=u j<qy =
2;>0,1<j<u Jji<u
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So the lth moment equals

! Z l! Z 1 Z
1 n: . 51 Sy
Eat(o) = () 7! sil...sp! v - i,
r=1 S51,..,8p>1 T Il jr<n
S1tten=l JeFirl<s, r<r

r 5 r
0 0\ 1 1
<11+ > I (5) 5 1II :
; ) zi! zi+1
=1 Ji Loyt (n=£(8) 2, _g(a)=n—L(&) i<n—I(E) v = +
2;20,1<j<n—£(8) Jisn—t@

The Lemma is proved.

Further, in the following sections, we will need an estimate of the variance.
Var,h(c) = B h(0)? — (Enh(0))”
with respect to the Ewens probability measure v,,.
Lemma 2.3. If0 > 1, then

2
Var,h(co) <26 Z af.jl/Jn(n —j) =:2B3(h).

Jj<n

(2.10)

Proof. Let z+ denote the nonnegative part of z € R and 2~ := 2™ — 2. The sequences {a;r}

and {a; }, 1 < j < n, give the splitting h(c) = h*(0) — h™(0), where h*(c) are the completely

additive functions defined via af respectively. Thus, by virtue of (x + y)? < 222 + 2y2, it suffices

to prove that Var,h(c) < B2(h) in the case a; > 0 for all j < n.

Lemma 2.4 yields

Oa; . a; .
Enkj(a) = Tan(n_J)v Enh(a) :HZ T?wn(n_J)v
j<n
and
E (o) = ) aia;Ey(ki(0)k;(0))
,j<n
a;a; . .
= > d (En’fj(o) + Enkj(a)@)) +07 Y ijj PYn(n —i—j)
Jj<n H;;sn
a;a; . .
= B2(h)+ Z Z__Jd)n(nfz —J).
itj<n
Hence
a;aj . . . .
Varh(o) = B2+ > X (vuln—i—j) = buln — ifin(n - j)
itj<n Y
a;ay . .
- Z ..an(n_z)wn(n_ﬁ
dzn Y
for 6 > 0.

(2.11)

If § > 1, we have ¢, (n —i — j) < ¢p(n — )Y, (n — 7). Recalling that a; > 0, j < n, we can omit

negative terms and obtain the desired claim Var,h(c) < B2(h).

The lemma is proved.

Remark. It is worth to recall two results showing the quality of the constant in (2.10). Denote

7a(0) = sup { Var,h(c) /BZ(h) : h(o) #0}.

We have that 7,,(1) = 3/2+ O(n™!) and 7,,(2) = 4/3 + O(n~!) (see [57] and [63]).
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2.2 Factorial moments

In this subsection we present exact expressions of the factorial moments of completely additive
functions h(o) with a; € R. Particular attention is spared to the case with a; € {0,1} and their

approximations. We start with a lemma for mixed factorial moments of k;(0) where 1 <1i <r <n.

Lemma 2.4. For (ji, -+ ,j;) €25, l=1j1++rj. and 1 <r < n,

Ji

B} (2.12)
Proof. This formula was established by Watterson (1974). See (5.6) on page 96 in [2].
Note in particular that, in (2.12),

(%) -2l

i=1
where ¢; is a Poisson r.v. with E§; =0/, 1<i<r.

In some applications, a general expression of factorial moments with a; € R is more convenient
than that for power moments presented in Theorem 2.1. Denote

k
k*l k*Tlf"‘fTu_lfl
Ay = 0"
o= Yo S () ()

u=1 ri4--+r,=k

a. r PR a-u Tu . .
Y M%(n_h_..._m (2.13)
St du<n J1 Ju
and
ON

Theorem 2.2. For a completely additive function h(o) = a1k1(0)+-- -+ ank, (o) and every k € N,

we have
E,h(0) k) = Yk (2.15)
where 8 > 0.

Proof. Repeat the previous argument for

p(n)

Tn(2) := FEnzh" (@)

instead of ¢, (%) (see Theorem 2.1). We omit the further details but present an instant instead.

Corollary 2.1. Let 8 >0, k,n € N and a; € {0,1}, then for a completely additive function h(o),

we have

~ 1 ~ 1 , , :
Euh(o)w) =0 ) 0 > AR e L U T 2 (2.16)

Jjisn Jk<n

Proof.  Simplify 4, using a; € {0,1}.
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Lemma 2.5. Let § > 1, h(o) be a completely additive function with a; € {0,1} and let Ay, be
defined in (2.13) above. Then

S < A (217)
Proof. Firstly we observe that

Wi+ +jr+jrpr +- -+ <n}

< 1{j1+-~-+j7' Sn}l{j7-+1+"'+jk Sn},

where 1 <r <k —1 and k£ > 2. Having in mind that

val) =TT (14 50) 7 <l —1) (215)

k=r+1 k
for 6 > 1, we obtain
Ank < YnrYnk—r
for each 1 <r <k —1 and k > 2. Hence the estimate in (2.17) follows.
The lemma is proved.

Now we find the main asymptotical terms of the factorial moments of h(c) with a; € {0,1} as

n — 00.

Lemma 2.6. If6>0, k,n e N and a; € {0,1}, then

1 ] i\ 60—1

n
]1<n Je<n It

< (1 4 1ogk n),

where 1 A 6 := min{1, 6}.

Proof. 1t suffices to deal with the case if 6 # 1 and n is sufficiently large. Separating the terms

with j; + -+ + jr = n and using (2.1) twice, we obtain

1{j1+ - +jr <n} g1+ e\ 01
Ru < , <1f )
g Z Z]k n— (1 +- +Jk)) n

]1<n Je<n
1+ +jijk=n
pro s Loy Mt e =nh (2.19)
= J1 p Jk
Jjisn Je<n

Now, in the sums of second remainder, at least one j; > n/k, 1 <1i < k. Hence

k2 1 W+ +jk—1 <n—n/k
o< oy Loy U . k)
j1<nj Je—1<n Jk—1
k2 1\ ! logk_ln
< = - <p ———
< w(Z5) =
sn

for every k > 1. This is better than the expected order.
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For brevity, introduce temporarily the notation J = j; +--- + ji and j = Jix+1-

the mathematical induction for either of the sums in the splitting

{J<n 1 1
Ron< ¥ 5o SIS S Lo

g1<n Jk<n ]<(an)/2‘7

We will apply

1J n 1 1 J 4\ 0-1
*Z 2D { <o) > }(n_,])—j<17 :]>

j1<77, jk<n (n—=J)/2<j<n—J

= R/ k41 T Rn 1

Now,

Rotly = Y ow ¥ (1-2)

]<n/2 J n/2<j<nj =l
logn 1 np_o _ logn 1 logn
< n + n Z (n—3) < n + nlne ning
n/2<j<n

Assuming that E;lk <4 (log" n)/n, we have

Ry, o1 < Ry logn < (log" ' n)/n

in either of the cases # < 1 or # > 1. Further, if # > 1, (1 — (J + j)/n)?~! < 1; therefore, the same

induction argument can be applied to obtain
R 1 < Ry logn < (log"™' n)/n.

If 6 < 1, it remains to consider the term §Z7k+1. Now

- {J<n J+j\0! L
e < Z ij{fi X (-5 e

]1<n ik<n (n—=J)/2<j<n—J

1{J < 1 log"n  log"
nelz Z { n} Z < 1_0gnn:Oien

_71<n Ik <n 1<9<n

since the last sum is bounded and the remaining iterated sum has been estimated before dealing

with R] , in the case 6 > 1.

Collecting all the estimates we complete the proof of the lemma.

So, based on obtained approximation in Lemma 2.6, we can rewrite an expression of the factorial

moments (2.16) in a form:

* . . . . 0—1 k
i+ -+ 7. < 4+t 1
Ak gk § : {71 : 'Jk > n} (1 J1 ]k) Ok( Ogn n>’

Ji gk n+1

ji<n
1<i<k

if n > 2.

32

(2.20)



3 Multiplicative functions on Z'}

In this part of the dissertation we deal with multiplicative functions G : Z} — C and their mean
values. We assume for simplicity that G € 91,. Further in Corollaries 3.1 - 3.2 we demonstrate that

an extension to general multiplicative functions can be achieved by some convolution argument.

3.1 Mean values of multiplicative functions on Z’
3.1.1 Averaged mean values

In the following theorem, we have estimated the quantity ]\A/[/mg(G), which is just the mean value
of G with respect to the measure defined via f’n,g({E}) = II(5)/T',¢ and supported by the set
5€Z :0<L(5) < n. To check this, it suffices to observe that s; = 0 if £(5) < j < n and apply an

appropriate combinatorial identity.

Theorem 1.1. Let 0 > 0 and G € M be defined via sequence 0 < g; < 1 where 1 < j < n. Then
~ gi — 1
M, 6(G) < eXp{Q - }
@) >

Jj<n
Proof.  Estimating from above, we examine an arbitrary G € 9t such that 0 < g;(k) < 1 for

J.k > 1 with g; := g;(1). Applying (1.11), we obtain

Moo(G) = =— 3 [#™]2(5:G) <

r
n,0 0<m<n

Fi,e J];[ <1 +3 (?)rgj;;“)).

r>1 J

Since 0 < G(5) < 1, the infinite product
ON"9i(r)\ g,/
(2 () o)
7>1 r>1
converges uniformly in G. Thus the previous estimate implies

— 1 , 1
M, 0(G) < T exp{@ZZJ} < exp {ngj]}

n.0 j<n j<n

as claimed.

To obtain the desired lower estimate, we define the Mébius function (k) on Z'} related to the

partial order defined by 5 < k meaning that s; < k; for each i < n. If k = (ky,... k) € 7', then

we set
1 if k=0,
p(k) = TJ (k).  where pi(k)=14 0 if k> 2,
ji<n
1 if k=1

Given G € M, we introduce its dual function G* € M, defined by g7 = 1—g; foreach 1 < j <n.
Then
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By (1.11),

Mo(p?) = %[:ﬂm] 11 (1 + W)

Jj=1

Hence, as it has been shown in [51], M,,(u2) = 1 for m > 0. This implies M, (42) =< 1 for n > 1.
If {(k) = m < n and p?(k) = 1, then ¢ < k implies ¢ L k — ¢ =: 5. Hence

PREOIEUENEN | (RS HES

i<k =
and
I, (k) = IL,,(t + 5) = I, ()T1,,(5).
Consequently,
— 1 - _ .
1 < M,o(p?) = - p2(B)(k) Y GG (k —t)
™0 o (ey<n i<k
1 _
< > GO x 12 (5)G" (5)T1(5)
Fn 0 = -
AUt <n £(35)<n

In the last step we applied already proved upper estimate.

The theorem is proved.

3.1.2 Lower estimate of mean values

The main result of multiplicative functions defined in (1.11) is the next theorem. It is very important

and often used as auxiliary in proofs of other theorems.

Theorem 1.2. Let 0 > 1 and G € M be defined via sequence 0 < g; <1 where 1 < j < n. If

1—a.
> 9 _ g (3.1)
j<n 7

for some K > 0, then there exist absolute constants co and c together with a function N : Ry — N

such that
T(K) := inf{M, ¢(G) : n > N(K)} > coexp{—exp”™}. (3.2)

Before starting the proof of the theorem, we make a remark, that the lower bound for n, that
is, the use of n > N (K) in (3.2) is unavoidable. Without such a bound, given K > 1, one can
assure condition (3.1) for some function G € M, such that gj = 0foreach 1 < j < eX=1 Then

M, (G) =0 for each 1 <n < ef~1L,

Proof. Let the truncated strongly multiplicative function G, be defined from G € 9, by

setting g; = 1 for each r < j < n, where 1 <r <n+ 1. Then G,41 = G, and Gy(k) = 1. Apart

from the vectors €;, we introduce &” = (1,...,1,0,...0) € Z7, where the zeroes start at the r-th,
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r > 1, place. By k AT we denote the vector with the coordinates min{kj,tj} forall 1 < j < n.
Observe that

Gr(k)y= Y uDHC ().
t<kner
Ifn/2<j<nand k=¢;+t€ Qn), thent € Qn —j), &; L ¢, and

. n! = n! 6

Now, if 1/n < 6 < 1/2 is arbitrary and r = m := [(1 — §)n], then, summing over a part of vectors,
we obtain
Mno(Grm) = > Guml& +1)Pas(; +1)
L(ej+t)=n
m<]<71
1D S MR
m<j<n t)—n 7
0 n'
> o Cisn) 0M[ n),0(G)
> 6% exp{—0K}, (3.4)

where K > 0 is as in (3.1). In the last step we used 0" /n! < n?=1 if n > 1 and Theorem 1.1.
Recalling our agreement that My ¢(G,,) = 1, we observe that (3.4) also holds for 0 < ¢ < 1/n.

The next identity is crucial in the forthcoming induction argument. We have

M, 0(Gr) = My o(G)+6 an — §)Mo_j0(G;) (3.5)

r<]<n

for an arbitrary G € M, and n/2 < r < n. Indeed, the formal identity

1—ﬁ1—a] zs:aJH > 1,
Jj=1 =

implies
6.0~ = 6m(1- I1 o) =c®(1- I <1g;>>
T‘Ejjzgln 7535171
= Gk Y, g I a-a=>_ gc
r<j<n  r<i<j-1 r<j<n

A
<l

=1 k=1 kj=1

for each k € Q(n). By virtue of (3.3), we obtain the mean value of the last sum:

Zgjzpne l{k_l}G():WZgj Z

r<j<n kEQ(n) r<j<n teQ(n—j)
=0y jz/)nn—j M, o(G;). (3.6)
7"<j<n

Combining this with the equality above, we complete the proof of (3.5).
Up to the end of the proof of Theorem 1.2, we fix the notation m = [(1—d)n], where § = e~ K¢

and C > 1 is a constant to be chosen later. For § > 1, we have
Yn(n —j) <1 (3.7)
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Hence and from (4.2) and (3.4) we obtain

gt
Mn,O(G) > Mn,Q(Gm)_e Z ?Mn—jﬂ(Gj)

m<j<n
*
> cre %7K g Z g—j > aC)e 2K, (3.8)
m<j<n 7

where a(C) = (c1/2)e=%C, provided that

*

A= Y %g(a(C)/ﬂ)e_QeK.

If ¢ > 26, the bound (3.8) for all K > 0 is better than that given in Theorem 1.2 with N (K) = 2
and ¢y < a(C)/6.

In what follows, we assume that A > (a(C)/0)e2%. We will bound YT (K) from below applying
the real type induction on K. To verify the initial step, we argue as in obtaining (3.5). We firstly

notice that

|

- <

> Pua(B){k; 21} < > kiPag(k) = thn(n — j)

keQ(n) keQ(n)

<o
IS

where the first moment formula found in [2] (p. 96, (5.6)) and inequality (3.7) are used. Using this,

we obtain
M,o(G) = > Pook) [] 0-1-g))
keQ(n) ;ffz"l
. Pn,a<é>(1— S o ] g,->
keQ(n) ST Sy

> 1-Y g5 > Puok)1{k; >1}

J<n  keQ(n)

> 1-603 E > 19K
j

Jj<n
for n > 1. If 0K < 1/2, this is better than the desired estimate (3.2) with any ¢ > 0 and ¢y < 1.
Let K > 1/2 and n > 1/6. We further examine the set Q of vectors k € Q(n) having a

coordinate k; > 1 for some dn < j < n/2. The indicator function of this set is
1{k € U} =max {1{k: k; > 1}: én < j <n/2}.
By virtue of £(k) = n, the equality 1{k : k; > 1} = 1 holds for at most 1/J of j € [6n,n/2]. Hence

Hke}>6 Y 1{k: ki >1}
sn<j<n/2

If k € ', then k = &; + ¢, where £ € Q(n — j). Moreover,

Similarly, due to n > j(t; + 1) > on(t; + 1), we have t; +1 < 1/§ and

_ — 9 . — 62(5 —
P, ; = — ) Po_; > —PFP,_;
n,G(ej + t) j(tj + 1)wn(n -7) n ]79(t) - j n ];9(t>

36



for 6n < j < n/2. Here we have applied the estimate (") /r! < 70=1 if » € N. Hence

Mn,O(G) Z

Vv

Vv

S Gk Pao(R)1{E € ©)

keQ(n)

5§ Y g >, GO)Pus(e;+1)

n<j<n/2  teQ(n—j)
et S E N GOP (D)
dn<j<n/2 J teQ(n—j)

6262 Z gijn_jvg(G).

Sn<j<n/2

(3.9)

We now assume that the claim of Theorem 1.2 is proved for K — A =: K — (a(C)/0)e2°% | that

is,

T(K — A) > ¢gexp{—e? K2}

(3.10)

and N (K — A) is found in the latter. Here ¢ > 20 and 0 < ¢y < min{1,«(C)/0} are constants. The
task now is to extend this lower estimate for K and define N'(K). We apply (3.10) for the mean

values on the right-hand side of (3.9).
If on < j < n/2, then

3 %?gK_ 3 gz—;:K—AgK—A

i<n—j

m<i<n

by our earlier agreement on A and the definition of m. Set

N(z) = max{ef+C 2N(K — A)}

for K—A<z<K.Ifn>N(K)and én <j <n/2, thenn—j>N(K — A). Hence, by (3.10)

My, —j6(G) 2 T(K —A) = ¢ exp{—eC(K—A)}.

Consequently, (3.9) implies

Mn,g(G) >

>

>

1—g*

coc20? exp{—ecE—A)) . Z 793
sn<jnsz 7

Gy

coc20” GXP{—GC(KA)}< —log(20) - = — K
n

cocad? exp{fec(K*A)}(C’ —log2—C4)

)

where Cy > 0 is an absolute constant. The choice of C' = (log2 + Cy + 1)/cy is at our disposal. It

gives

My 0(G) > co6? exp{—e“H 2},

Now, if

672K72C exp{iec(KfA)} > eXp{76CK}

(3.11)

for all K > 1/(26) and for some sufficiently large ¢ > 26, from the last inequality, we obtain the

desired estimate (3.2) with this very c.
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Inequality (3.11) is equivalent to
ek (1 — e_CA) > 2K +2C.
Assuming that ¢ > 6a(C) ™!, we see that the last inequality follows from
K (1—em™) 22K + 2.
Furthermore, due to ze™® < 1 —e~* for x > 0, this is implied by
e(em20)K =o' > 2K +2C
and, further, by
e(cT20K =1 — (2KH2C oyl (e — 20 — 2)K — 2C — 1} > 2K + 2C.

It is evident that the last inequality holds for all K > 1/(26) if (c—20—2)/(20) > 2C'+ 1. Therefore,

to assure this and validity of the previous cases, it suffices to chose
c = max{fa(C)™*,2+46(C + 1)}.

The theorem is proved.

3.1.3 Lemmata

To prove the corollaries stated below, we need some auxiliary lemmas.

Lemma 3.1. Assume that
Xi(2) = ez, G =1,
n>2

are entire functions satisfying |c,;| < C3/n! for all j > 1 and n > 0, where Cy > 0 is a constant.

Then

where C5 is a positive constant depending on Ca only.

Proof.  This is essentially Lemma 6 from [33], where the case of x;(z) not depending on j has

been examined. The proof in more general case goes by the repetition of the same argument.

Lemma 3.2. Let F(l;) be a complex valued multiplicative function defined via f;(s) such that

Ifi(s)] <1 forallj > 1 and s > 1. Define the completely multiplicative function G(k) by setting

g; = f;(1), 5> 1. If Z(z; F) and Z(z; G) are the corresponding generating functions, then

[2"H(2) = [zk](Z(z;F)/Z(z;G)) <k, kE>1 (3.12)
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Proof.  We write

e (1 DI ) = T+ /m).

j>1 s>1 i>1

Here

" n
=> ! > , ) (593" fi(s =D "
n>2 T rts=n n>2

rs>0
are entire functions. Moreover, |c,;| < (20)™/n!. By Lemma 3.1, this implies (3.12).

The lemma is proved.

Lemma 3.3. Let G € M, be as in Theorem 1.2 and 2 < T < +/n be arbitrary. Then there exist

positive constants cs and Ry (K) such that

M, 4(G) = F(e.)/lle { 9 e_Zj/”}dz + O(Rl(K)T_CS).

27'('2 T

i<n
Proof. This is a corollary of Proposition in [11]. Checking its proof, one could find an

expression of Ry (K).
Lemma 3.4. Suppose G € M. be as in Theorem 1.2. Then

Min0(G) — Mnp(G) < n™“Ra(K) (3.13)
uniformly in n —/n <m < n. Here Ry(K) = max{R;(K),e’ }.

Proof. ~ We apply twice the integral representation given in the last lemma and compare the
integrands. Let z =1+it, t € R, \t| <T,and 2 <T < /n, then

Z g] —zy/n Z gj . —zj/m < — + Z ‘1 _ e—zj(n—m)/mn

j<n j<m j<m
Tlogn

vn

for n —/n <m < n. If T <n'/3, this and Lemma 3.3 imply

T(logT) I 1—g;
M) = M) < OB L oy [ 37 1200y (rcye

to complete the proof of (3.13).

<

Jj<n

Now we chose T' = nl/4

The lemma is proved.

3.1.4 Lower probability estimates
Let J C {l,...,n} and Q(n;J) = {k € Qn): k; =0V j € J}.
Corollary 3.1. Let 0 > 1, K > 0, and J be such that

S <K <. (3.14)

Ppo(Qn; J)) > coexp { — X}

forn > N(K). Here ¢, co, and N(K) are the same as in Theorem 1.2.
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Proof.  Apply Theorem 1.2 for the strongly multiplicative indicator function G(k) defined via
g; =0if j € J and g; = 1 otherwise.

The next corollary involves two types of sifting (one with respect to the indexes and another
with respect to the value of coordinates) of the vectors from €2(n). We also observe that in the
Corollary 3.2, the indicator function of the examined event is not strongly multiplicative. Its proof

is based on the convolution argument combined with auxiliary lemmas, presented above.

Corollary 3.2. Let 0§ > 1, K > 0, and J be as in Corollary 3.1. Denote I = {1,...,n}\ J. Then

there exists a positive constant R(K) such that
Poo(keQn;J): k; <1Viel) > R(K), (3.15)

provided that n > N1(K) is sufficiently large.

Proof.  The indicator of the event in (3.15) is the multiplicative function F'(k) defined by

0 ifjeJ
filk)=40 ifjeland k> 2,
1 otherwise.

Introduce also the multiplicative indicator function G € M, N M so that g; = f;(1) where j < n.

The corresponding generating functions satisfy the following relation
Z(z F) = Z(% G)H(z),

where, by Lemma 3.2, hy := [2*|H(2) < k2 for k > 1.
Applying Lemma 3.4, we obtain

M, ¢(F) = (Z + Y )hank,O(G)

k<vmn n<k<n

= (Mno(G)+ O~ Ro(K))) 3 hk+0< 3 k12>

k<\/n Vn<k<n
= H(1)M,0(G) +O(n “Ra(K)) + O(n~"/2).

By definition,
174 1 2 1 1
-T2 - ) -
jer J =2 J

Inserting this and the estimate obtained in Corollary 3.1 into the previous inequality, we complete

the proof.
Corollary 3.2 is proved.
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4 Cycles with restricted lengths

In this section we answer the question about general conditions under which the distributions
Vo(z) == V,0(z) converge weakly to a limit distribution law with respect to EPM. We observe,
that under the condition a,; € {0,1} the additive function h(c) is just the number of cycles with
restricted lengths of a random permutation o € S,,. Further, the dependence on 6 is allowed but

not additionally indicated.

4.1 Lemmata

The following lemma concerns the concentration function
Qn(u) :=sup {v,(|h(c) —z| <u): v € R}, u>0.

Denote
2

D, (u) := m}nDn(u; A) := min { Z M

: /\ER}.
J

j<n

Lemma 4.1. For arbitrary 0 > 0, we have

—1/2

Qnlu) < u(Dn(u)) (4.1)

Proof. 1In case, when 6 = 1, the lemma is proved in [53]. To prove the inequality, we use

> flo) <Clexp{—Cmin Y 1—%(1)(:7)‘“”)}

1
n! <
"l jes, lul<m 33 J

where
n

flo) = Hb(j>kj(0'), b(j) = e2mihs (1)t

j=1
tecR, 1<j<nand0®:=1.
For 6 > 0, we have [49]
1 ithn (o) gu(c) = 1= R(b(j)a™)
MZ@ 0 < Cyexp 4 C min e e

<
o ul<m S J

where C' > 0 depends mostly on 6. Thus, in the general case, further estimation of the concentration
function remains the same.

The lemma is proved.

The previous lemma is used to obtain lower estimates of the further needed frequencies. Let

J C {j:j < n} be an arbitrary nonempty set, maybe, depending on n, and J = {j : j <n} \ J.
Lemma 4.2. Let 0 > 1, K >0, and J be such that

1
Y <K<, (4.2)
jer !

Denote

pn(K) = iLI}fz/n(kj(a) =0 VjelJ),
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where the infimum is taken over J satisfying (4.2). For a sufficiently large no(K), there exists a

positive constant ¢(K), depending at most on 6 and K, such that
fin (K) = c(K)
if n > no(K).
Proof. The claim is Corollary 3.1 of Theorem 1.2 (see section 3.).

Lemma 4.3. Let J satisfy (4.2), no(K) be as in Lemma 4.2, and
IC((Jx{1)u{(,k)eN*:k>2})N{(j,k) € N* jk <n—no(K)}

be an arbitrary subset of ordered pairs of natural numbers. Define

S.= |J st
(J,k)er

where
Sok = {a €Sy k(o) =k, ki(oc) =0Vie J\{j} k(o) <1Vl eT\ {j}}.
Then
va(Sa) >k Y. (g)k%(l _ ﬁ)eflv W)

(4,k)eI

provided that n > 2ny(K).
Proof. We use (1.2) to obtain

va($5%) = P& =k, & = 0vi € T\ {j}, & < 1¥L € T\ {j}| €(§) = n).

Set Q(m) = P(£(§) =m) for 0 < m < n. Then, if j € J,

. 1 /70\F _
Qnvn(SJF) =~ (=) Pl&=0Vie g<1VIeld, Y i&§=n—jk). (4.4)
K'\ j oy
i<n
Denote J,, := J N [1;m] and J,, == {j : j <m}\ J,, for 0 < m < n. Observing that £(§) = n — jk
implies & = 0 for each n — jk < i < n, we obtain

Qs = () peo{-0 ¥ 1}

n—jk<i<n

><P<§i =0Vi€Jyjp, G<IVIE Tnjiy Y i njk)

i<n—jk

= (' heo{-0 X thaw-m

J n—jk<i<n
Xl/n—jk(k’i(g) =0Vie Jo_ji, §<1Vie jn,jk)

Here we again use (1.2). By Cauchy’s equality,

ow = P@-n- > T (%)

$1,---,5n.20 §<n
£(3)=n
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Inserting this into the previous equality, using (1.2) and Lemma 4.2, we obtain
, k (n=jk) p! k ik 61
(19 2 () =g > (5) (-7 (4.5)
provided that n — jk > no(K).
If j € J, instead of (4.4), we have
a5t = (5) (6 =0vic Tulh @ < 1w T\ G) 6= jik).

J igJ
i<n

Repeating the previous argument, from this we obtain (4.5) with ¢(K + 1) instead of ¢(K).
The sets SJ for j € I are pairwise disjoint, summing up (4.5) over (j,k) € I, we complete the

proof of the lemma.

Proposition 4.1. Assume that T, (x) = F(z), where F(x) is a distribution function having a

positive jump at a point x = xg. Then

yUHLZY oo (4.6)

j<n

where Cg is a positive constant depending on F.

Proof.  Since the limit law has an atom, we obtain a lower estimate of the concentration function
Qn(u) > ¢ > 0 for every u > 0 if n is sufficiently large. Now applying Lemma 4.1, we have
Dy, (u, \) < u? which includes (4.6) with a; — \j, where A = \,, € R, instead of a;. If J:={j <n:
a; # \j} and

hn(o) = +Z = Aj)k; (o) =: An+ hy (o),

jeJ

then, by Lemma 4.2,
Un(hn(0) = M) = vy (hn(0) = 0) > Vn(kj(o) =0VjeJ)>c > 0.

Hence if A\n — oo for some subsequence of n — oo, at least ¢; of the probability mass disappears

at infinity. This contradicts to the assumption of theorem. Hence A < n~!

. Now the inequality
(z +y)? <222+ 2y% z,y € R implies

m

D,(1,0) < 2D, (1)\+2Z <1+ M%<« 1.

i<n
The latter estimate contains (4.6).

The proposition is proved.

4.2 Convergence of factorial moments

Theorem 1.3. Let h,,(0) be a sequence of completely additive functions with a; € {0,1} and 6 > 0.

The frequencies V,,(x) converge weakly to a limit law if and only if there exist finite limits
lim Yum =: Ym (4.7)
n—oo

for all m € N. Moreover, if (4.7) is satisfied, the characteristic function of the limit distribution is

1+Z%ﬂ' " teR.
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Proof. Sufficiency. Condition (4.7) of the theorem implies
/7711 é C < o,

if n > 1, where C' > 0 depends on 6§ only. Further we use (4.7) and the expression

L . .
En ithn(o') =1 Tnm it 1 m n,L+1 it 1 L+1 . 4.
e +Z‘1—m! (" =1 + O pegyle 1 (4.8)

To estimate the reminders, we now prove that
’S/nm S Cl'?n,m—la

where C7 > 0 does not depend on m > 1.

Let recall the formula of the factorial moments 4y, with a; € {0,1}
. mx~ 1o Lo, . . .
Anm =0 ZE"'Z71{j1+"'+]mSn}wn(n_]l_"'_]m)-
Jjisn Jm<n ?T

Denote J := ji + ...+ jm_1 and majorise the most inner sum over 7,, =: j, so using cd(™ /n! <

(1+n)?=1 < C20™ /n! we obtain

1 gin—J—4) L1 Vni(n) g(n—J—3)
Z e = 0 Z ~Pn(n —j)—= ;
A2 (n—J—j)! A 6 (n—J—3j)!

Cy . CyC
< é’}’m < 622 = Cl

By induction 4, < C%*, where C5 = max {C,C1}. So applying the latter evaluation we obtain

that
L . L
) , C
En ithy (o) =1 E Ym o it —1)m 10 3 1
€ +m:1m! (e )"+ (L+1)! +or(1),

where either of the estimates is uniform in ¢ € R and the second one depends on L > 1. Taking
now n — oo and L — oo, we complete the proof of convergence of the characteristic function and

find the formula of its limit. This implies the weak convergence of V,(z).

Necessity. Let V,(z) converges weakly to a limit distribution P(¢ < z), where ¢ is a random

variable taking values in the set Z, . Using the proposition 4.1, we

. —~1 J -1
n Eflf— 1,
n1 < j( - 1) <

j<n
for n > 1.

Then applying that 9, < C3™, we obtain
sup Byl (0) (m) < CF
n

for every m > 1 and with some positive constant depending on 6.
From the weak convergence of frequencies V,,(x) we obtain convergence of factorial moments.

Theorem is proved.
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4.3 Laws with a finite support

Corollary 4.1. Let m > 2 be fized, 6 > 0 and h,,(c) be a sequence of completely additive functions
with a; € {0,1}. The frequencies V,, () converge weakly to a limit distribution Fy(u) with a finite
support {0,1,2,...,m — 1}, where ¢ is a r.v. if and only if

*

, 1
lim_ > -=no, (4.9)

j<n/m
lim 4,, = lim 6% Z*: i z*: i1{j1—|'-~-—|-jk<n}
n—oo ' n— 00 jl ] -
n/m<ji<n n/m<jp<n
j1+"'+jk)9*1 .
( n+1 gL ( )

for each 1 < k < m. Moreover, the characteristic function of the limit distribution Fy(u) has the

form

2>

m—1
1+ >
k=1

Proof. Necessity. Let V,(z) converge weakly to a limit distribution Fy(u) of a random variable

" -1, teR

o~

¢. According to the Theorem 1.3,

Jim g, =
exist for each k > 0 and are equal to the factorial moments of Fy(u). Since the support is finite,
Ak = 0, if K > m. Let us prove condition (4.9) of the corollary. From the formula of the mth
factorial moment (2.20), we have

* . . . . 0—1
1 e i < ot I
0= lim 6" 3 Ui+t _n}(1_31+ + ) _

— e
N v dm nt1
1<i<m

Let 0 < e < 1/m and take j, <n(l —¢)/m for each 1 <r < m, then

. . 1-6 50—1’ if 0> 17
1_]1+...+]m N [ o>
n+1 -

1, if 0<1.
Then
* 1 m
(9 Z ) x min{1,e?71} = o(1),
j<n(i=e)/m?
if n — oc.

On the other hand,

1 1
g - < log <L e.
, J l—¢
n(l—e)/m<j<n/m

Consequently,

*

> 1« 0-(1) +¢

j<n/m

for each 0 < & < = . So this implies condition (4.9) of the corollary.
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For proving the second condition (4.10), it is sufficient to apply the mathematical induction. It

is obvious that 1/(2m) <1 —j/(n+1) <1 1if j < n/m; therefore by (4.9),

%1_92*:;<1 j>9_1—|—0(1)— Z ;<l_ni1)9_1+0(1)'

. n+1 (
i<n n/m<j<n

Now we prove that, if equality (4.10) is true for any k, 1 < k <m—1, so it is true for k+1 < m—1.

The argument is seen in the case £ = 2. The summation region for j; and js in 4,2 is the
"triangle" {j1,j2 : ji; +j2 < n}. Condition (4.9) takes out the square {j1,j2 < en:=n/m} from it.

The remaining region to be cut of consists of two symmetric triangles, one of which is
{1,920 ji <enyen < j2 <n,ji + j2 < n}.

For 0 > 1, we have

* * . .\ 0—1 * .
1 1 i+ 1 n—

Y5 2 G(aH) <X et

j<en J en<i<n—j v n+ j<en J en
1

< Y = =o(1).
j<en’
In the case 6 < 1, it suffices to show that the inner sum of the latter expression is bounded:
* . .\ 0—1 *
1 i+ 1 1 . p—1 1 0—1
—(1- < -m+1—17— < — k < 1.
S () e X ogeeiegn ¥
en<i<n—j en<i<n—j 1<k<n
, Jm—1 one of which is larger than en.

In this way, we can eliminate the summation over ji,
Then the factorial moments attain the form given in the Corollary. We omit the remaining details

Sufficiency. From the equalities (4.9) and (4.10) follows (4.7) for each fixed [ =1,2,...,m —1
So to complete the proof of sufficiency of the Corollary 4.1, we just apply the Theorem 1.3.
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5 Weak law of large numbers

In this section we answer the question about necessary and sufficient conditions for the weak law of
large numbers if the parameter is not less than one. Firstly we present some observations.

In virtue of

% Z |1/n(k1(or) =51,...,k(0) = 3,.) — P& =s81,...,& = sr)| =o(l), if r=o(n)
51500y80 20

one could expect that the conditions are close to that for the sums of independent r.vs X; := a;¢;,

j < n. The instance of M(k(c)) = An, with an arbitrary sequence A := \,, € R shows that this is

not the case, however. This sequence of functions obeys the degenerated limit law at the point zero

if centralized by An, while the corresponding sum of X; does not in general. This shows that an

additive function can have a deterministic summand to be extracted in the first step of the problem

solving. If we are successful in doing this, the difference

n

h(o) = M(k(0)) = Y _(a; — Aj)k;(0),

j=1

demonstrates closer behavior in some stochastic sense to the sums of independent r.vs (a; — Aj)¢;,
j < n. That have been established to be true if permutations are taken with equal probabilities
or even according to a generalized Ewens measure, provided that the influence of long cycles is
negligible (see [62], [15]). If the latter does not hold and € # 1, more bias appears. As it is
seen in the below formulated result, this gives an extra factor (1 — j/n)?~! in the conditions. A
quantitative result is demonstrated in the Theorem 1.4 of this section. The proof of this theorem
is based upon the number theoretical ideas originated by I.Z.Ruzsa in [70] and also adopted in
probabilistic combinatorics by E.Manstavi¢ius in the case 8 =1 (see [59]).

Further the dependence on @ is allowed but not additionally indicated.

5.1 Lemmata

Lemma 5.1. Let 0 > 1, &, 1 < j < n be independent Poisson r.vs. with E§; = 6/j, h(o) be an
additive function, b € R, and u > 0. Then

vn(|h(o) = b > u) < P(}Zhj(gj)b| 2u/3). (5.1)

Proof.  See [47].
Applying (5.1) and formula E|X|' = lfooo |u|'"'P(]X| > u)du twice, then using Rosenthal’s

inequality for power moments of X,, — EX,,, we obtain the following result.

Corollary 5.1. Let 8 > 1. For arbitrary | > 2, we have

En|hn(0) — A(n; b)|' < ( 3 (j_)kh?k(!k))l/Z > <9.>k|hjgf)|l,

jk<n Jjk<n J
where A(n;h) is either of the sums

Ay(nih) = > (?)khjk(!k), Ap(nih) =" (?)hju).

Jk<n

47



5.2 Estimate of Lévy distance

Let us recall some notation. The Lévy distance of the r.v. h(-) from the set of constants
L(h;vy) == inf {e + v, (|h(c) —a| > €): a € R,e > 0}.
Let w V v := max{u, v}, u A v :=min{u,v} and as earlier u°® := 1 A |u|sgnu if u,v € R,
0 .\ 02 .
Un(h,N) =Y = (a; = Xj) “hn(n — j)
js<n

and Up,(h) = min{U,(h,A\): XA € R}. In the sequel, < is used as an analog of O(-), moreover,

dependence on # in the involved constants is allowed.

Theorem 1.4. If 0 > 1 and h(o) is a completely additive function, then
Lh;vn) < 2(1 A (20, (h))?)

and
U,(h) < (1/n) Vv L(h;vy,)

forallm > 1.

Proof.

The upper estimate. Recall that £(k(c)) = n for each o € S,,. Hence L(h;v,) = L(h—\;v,) for
every A € R. Without loss of generality, we further assume that A = 0 and set U,,(h,0) = U, (h) =: 4.
If 6 = 0, then a; = 0 for each j < nand L(h,v,) = 0. If 6 > 1/2, the trivial upper bound in Theorem
1.4 holds. It remains the case with 0 < § < 1/2.

Define

W(o)=>_ aj1{la;| < 1}k;(0),  h"(0) = h(o) — (o).

Jj<n

Observe that, by virtue of (2.11),

vn(h'(0) #0) < > 1{la;| = v k(o) > 1)

> Ulayl = Y Eak;(o)

j<n

S 1401 > 1} 200 - ). (5.2)
J

j<n

IN

IN

Lemma 2.3 implies
vn (|0 (0) — Enh/(0)| > €) < 2e7*BL(K).
Now,

vn([h(0) = Ex' (0)| =€) < vy (|W (0) — Exh' (0)| > €) + vn (K (0) # 0)

< 2e7B2(W) + Z 1{|a;| > 1}§wn(n — ) < 272U, (h).

Jj<n
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For ¢ = (26)'/% we achieve the minimum of ¢ 4+ 2¢725. Thus, L(h;v,) < 2(20)'/3 in the case
0 < § < 1/2. Recalling the previous trivial bound we complete the upper estimation in Theorem.
The lower estimate. If L(h;v,) > ¢ > 0 for some constant ¢, the task is trivial. Now, let

0 :=2L(h;vy,) < ¢ for a constant ¢ < 1/2 to be chosen later. We have that
Un(|h(o) —a| > 8) <4
for some a € R and
Qn(0) > vp(lh(o) —al <d)>1-6>1/2.

Hence, by Lemma 4.1,

Jj<n ji<n
Here we would have used a;()) instead of a; = a;(0) for some A € R. Justifying this simplification,
we recall that L(h;v,) = L(h — An;v,) = §/2 for every A; therefore, we could further deal with the
shifted function h(o, A). Thus, taking A = 0 had no effect on the generality. Afterwards, having in
mind that ¢, (n—j) < 1if § > 1, we will include this quantity as a factor of the summands in (5.3).
Set a; = a; if |a;| < § and a; = 0 otherwise, and denote d; = a; — a; for j < n. Further, define,

as in (6.2), two completely additive functions (o) and h(o) via a; and &; respectively.

We now use Lemma 4.2 with J = {j <n:|q;| > ¢}, K = C, and
I={1<j<n—neC),la;] > Vi},

where n > 2ng(C). If S,, is defined as in Lemma 4.2, then

_ 1 .
vn(Sn) > ¢ Z “ih(n — §)1{|a;] > VE} =: 0.

j<n—no(c)’
The completion of this sum over n — ng(C) < j < n would contribute not more than Cs/n with
some Cy > 1 for n > 2no(C). Hence if & < M§, where M > 1 is arbitrary, then taking into account

the first estimate in (5.3) with /0 instead of &, we had the desired claim in the form
Un(h) <0(CS+ MS+ Con™ ') <n™t V6.

Since now we assume that o > MJ, where M > cfl is a constant to be chosen later. This
gives Vn(gn) > ¢1 M. Further we examine the values of the additive functions when o € §n If
o € 83, then h(c) = a;, where |a;| > V3. So, |h(c)] > /5 for each o € S,,. Hence, if o € S, and
\h(0) — a| < &, then |h(c) —a| > v/§ — 6 and

v (|h(o) —a| > V5 —38) > wvu(0€8,) —va(lh(o) —al >6)
> (aM —1)d. (5.4)

Denote

S,={0€S,: kjlo)=0vjeJ}.

By Lemma 4.2, we also have z/n(gn) > co > 0if n > np(C).
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Hence and the fact that h(c) = h(c) if o € S, we obtain

vn(lh(o) —al <8) > wvp(o€8,: |h(o) —al <)

> co—vp(lh(o) —al >08) > co— 0 > ca/2 (5.5)

if 6 < ¢ < ey/2, where, as we have agreed, the choice of ¢ is at our disposition.

It is known (see, e.g. [59]) that, for a real random variable X, we have that VarX > 1/2p;pad?
it P(X €A >p, P(X€B)>py,andd=inf{|lz —y|: © € A,y € B}, where A, B C R. This,
(5.4), and (5.5) yields

Var,h > (1/4)(ciM — 1)¢e28(V3 — 26)? > (1/16)(c1 M — 1)¢96>

if § <e<1/16 and n > 2ny(C).
On the other hand, by Lemma 2.3 and (5.3), we have

Var,h < 2B2(h) < 20042

which contradicts to the previous inequality if M and n are sufficiently large. Consequently, the
estimate U, (h) < n~1 V § is proved for n > 2ng(C). For 1 < n < 2ny(C), it is trivial.

The theorem is proved.

5.3 Necessary and sufficient conditions

Corollary 1.1. Let 8 > 1 and h(o) be completely additive functions on S,, defined via {a;}, j <mn,
in (6.2). The distributions vy, (h(c) — A(n) < x) converge to the degenerate distribution at the point

zero if and only if

a >\] o2
S @ T ) = o)
j<n J
for some A=\, € R and
CLj — )\] .
An)=nA+ > 0 > Un(n —j) +o(1).
j<n
lajl<1

Proof. 1t suffices to apply the well known equality 1, (n — j) = (1 — j/n)? "1 (1 + O((n — j)™1))
if 0 < j <n—1 and the fact that, in the weak law of large numbers, the centralizing sequence A(n)

is uniquely determined up to an error o(1).

As it has been yet mentioned the first claim of the Theorem 1.4 we can extend to general additive
functions if # > 0. The lower estimate, if < 1, raises much more difficulties. To overcome them,
one needs effective lower estimates for the mean values of multiplicative functions defined on the
symmetric group. The approach applied in the results of Theorem 1.1 - Theorem 1.2 of the present
note is of little help.
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5.4 Estimate of Lévy distance in the case 0 < 1

In this subsection, we analyze Lévy distance for general additive functions

= h;(ki(0)), hi(k) €R, h;i(0)=0

j<n
Define
hj(k,A) = h;(k) — A\jk, X eR.

Denote

0 < 1.

Un (hyA) —mlnz kk" ,

jk<n

For convenience, we introduce sums of independent r.vs

YWL:Zhj(gjv)‘)? Z}Al f]?
Jj<n

j<n
where

z if |x| <1,

>
Il

0 if |z|>1.

Theorem 1.5. Let § <1 and h(o) be an additive function on S,. We have
L(h;vyn) < UY/COHD () 4 =0, (5.6)
Proof. Using G.J. Babu and E. Manstavi¢ius result [7], we estimate
L(h;v,) < inf{s-i—Pe( w—al > >+n_9:a€R,5>0}
= inf{f—:+P‘9(|Y ~Yo+Y,—a| > )+n9:aeR,e>0}
( ) +n 7 ie> O}

+ inf{5+P9(|Yn—a|26>+n_9:a€R,€>0}

< inf {5 + P°

Let estimate separately the probability:

P(m AR g) (5.7)

According to the definition of #, the function h;(£;, A) is equal to the function h; (&}, A), if |7 (&5, \)| <

1,1 < j < n. Then the probability (5.7):

P(|Yn — Y>> > > P(lhy(&, M| > 1)

i<n

DS e—e/j(".)kkl!< > (".)k;wn(h),

j<n 1<k<n J
[hj (k221 [ (koA >1

SO

P(|Yn Y, > ;) < Un(h). (5.8)
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Coming back to the estimation of the distance L(h;v,) and using (5.8), we obtain:

£

L(h;vy,) < inf {5 + p? (|}~/n —al > 5

)+n_9:a€R,5>0}+(72(h).

Applying the Chebyshov lemma and using the sum of averages > E?Lj (&, A) instead of central-

Jj<n

izing constants a € R, we obtain
inf{e + PQ(DN/” —a| > 2) +n?:aeR,e>0}+Ulh)
2 2
. /] et 3 _0 ~9
= 1nf{5—|—P <(Yn—a> 236)4—71 :aER,6>O}—|—Un(h)
36 . . 246
inf {E—I— |:62 ZE(h](fj,)\) — Eh](fj,)\)> :| tE> 0}

j<n

+ n 40U n)

IN

N, B
< inf {5—1— UZZ(;Z) ie> 0} +n=? + U (h).

770
Let us find such € under which {5 + U;"z(f ) ie> O} earns the minimum value. It is possible, if

Up(h)
€ T T
e = UYED(n).

Entering such ¢ to the latter inequality, we obtain

Ul(h ~
inf{e + gz(e ) ce>0}+n"0 +U(h)

20240202

= UV 4+ U, 7 (h)+n 0+ U’(h)

< UYCHD () 4+ U8 (h).

So we have that

L(hp;vp) < ﬁg/(%ﬂ)(h) + ﬁg(h) +nY,

Consequently,
L(hp;vy) < UL/ 204D (1) 4 =0,

The theorem is proved.
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6 Weak convergence to the Poisson law

In this section, we will demonstrate the weak convergence of the distributions of completely additive
functions h,, (o) with a; € Z to the Poisson limit law. The establishing necessary and sufficient
conditions for arbitrary function are likely more difficult than in case of degenerate limit law. This
was the main reason to examine integer valued functions. In what follows, the dependence on
0 is allowed but not additionally indicated and as earlier h(o;m) denotes the truncated additive

functions.

6.1 Necessary and sufficient conditions

Theorem 1.6. Let h,(c) be a sequence of completely additive functions with a; € Z, j < n, and

0 > 1. The frequencies Vy,(x) converge weakly to the Poisson limit law with parameter u > 0 if and

only if
0
) 3 Suln =) = of0),

(i) lim limsup E,h(o;m)g) = lim liminf E,h(o;m)( =ul,

m—r o0 n—o00 m—o0 N—oo

for each fized | € N.
Proof. Necessity. 1. Firstly we will prove estimate (i) of the theorem. Set
Jm={j1j <na; < -1},
Jti={j i <na; >1}
and J = J~ + JT. Define
SI={oc€8S, kilc)=1k(c)=0 VieJ\{j}}

and note that h(c) = a; < —1forall o € S with j € J~. We observe, that according to Proposition

4.1, we have

Z g < K(p) < oc. (6.1)

j<n
aj#0

Now we can apply Lemma 4.3 for n > ng(K) with K = K (1) and so obtain

0(1)=yn(h(a)g_1)gyn( U 33;)>>C(K) - 1,(1_ J )H.

J n+1

ji<n—ng(K) j<n—ng
Jj€J— jed—

.\ 0-1
Since the sum over n — ng(K) < j < n of %(1 — ﬁ) is negligible, this implies condition (i) of

the theorem.

We finish this part by a remark. By Theorem 2.2 and condition (i), for each ¢ > 0,

(o) =Y k(o) 20 < 3 wallylo) 2 1)
< Y Bk = X Do) = ol (6.2
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we see that the weak convergence of the distributions V,,(z) to the Poisson limit law is also satisfied
for the nonnegative functions h(c) with aj, 1 < j <n. So, further, this allows us consider only the

case, where a; > 0 for all j < n.

II. In this step we prove that

0 i\ 01 m
lim sup Z f(l - l) < M—', m € N. (6.3)
n—oo J n m.
aj>m

Use Lemma 4.3 for I = {1} x {j < n,a; > m} and

Se= U {cr €8, :kj(o)=1,k(c)=0 Vic J\{j}},
j<n—ng(K)
jelI

where ng(K) € N is sufficiently large. So applying Lemma 4.3 we obtain

Vn(h(d)zm)zyn(gn)>>c(K) Z 1'(lin—j}‘—l)e_l'

j<n—mnq(K) J
aj>m

. 6—1
Adding the negligible sum of %(1 - n%rl) over [n — ng, n| and using

uk
e”H +0(1) = vn(h(o) = k), (6.4)

we complete the proof of (6.3).

ITI. Observe from the weak convergence of the frequencies V,,(z) to Poisson limit law, it follows

that
E h(o;m)) <y m!, 1eN. (6.5)

Indeed, according to the definition and (6.3), we have

as(m %)
GZ ’<,>§m22.<<m2.
=

Consequently, (6.5) follows from the Corollary of Lemma 5.1, where k = 1 and instead of h, we have

h(o;m).
IV. In the last step, we will prove that

lim limsup E,h(o;m)q) = lim liminf E,h(o;m)q) = pt.

m—r o0 n—o00 m—o0 N—oo

Split

E,h(o;m)q) = Z <l{h(o;m) <m —1} +1{m < h(o;m) < m!*?}
€S,

Qw(a)

+1{h(o;m) > ml+2}>h(a; m)qy - OR Ri(l,n,m) + Ra(l,n,m) + R3(l,n,m).

Let py, 1 (n) be some remainder term which approaches to zero for any fixed [ and 6 > 1 when n — oo

and, then m — oco.
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In the sum Ry (I, n,m), we have h(o;m) = h(o), thus having in mind (6.4),

m— m—1 k
1(l,n,m) Z Vn(h Zk(l k,+ﬂml()
k=1 k=1
’LI/m
= Y e +%x>u+0(0+%m>
k>m

So

lim limsup Ry (l,n,m) = lim liminf Ry (I,n,m) = u'. (6.6)

m—00 n_yo0 m—00 n—o0
Analogically, if m > 2I,

mit? mlt? 1+2
1
Ry (l < kyn(h(o) > k) < m
() = 2 Fom o) 2 0= 2 == T
1
L — + pmi(n).
m

We obtain

lim limsup Ro(l,n,m) = lim liminf Rs(l,n,m) = 0. (6.7)
At the end, having in mind (6.5), for m > k,

1 -1

Rs(l,n,m) < mEnh(g;m)(H—l) <m
Consequently,

lim limsup R3(l,n,m) = lim liminf R3(I,n,m) = 0. (6.8)

m—00 5_soo m—00 n—0o0

The expected condition (ii) follows from the expressions (6.6)-(6.8).

Sufficiency. By condition (i) and estimate (6.2), it suffices to consider nonnegative functions

hn (o). Using the Taylor expansion, we have that

. X E h O' m 1 Enh(a'm)(L+1)
E, ith(o;m) _ -1 ( ) 1 l 9] ’ it -1 L+1
e + Z (e —1)' + —(L — le |

uniformly for |t| < T for each fixed T'> 0 and L € N. According to the condition (ii), we obtain

L
E, eith(oim) — § ”— ) +0 20t (n) (6.9)

In other words,

L
zth(a m) Z l'

=

lim limsup |E
m—00 n—o00

for every L > 1. On the other hand, since

0 ] 6—1 1 N\ 0—1 M
lim sup E - (1 — ) < i i (1 — ) = —,
n—o00 J n mr—>o0 npnsco i<n n m

if m > 1, then

ﬂw“m “MM<V<U¢Mamww@w%>m k(o) 2 1)

< j{: Vn( j{: wn n—j3) = pm(n).

i<n ]<n
a;>m j>m
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The last two approximations imply

l 2LML

(L+ 1)

oh (el — 1)
lim sup ‘Ene” n(o) _ Z I <

It remains to take L — oo.

The theorem is proved.

6.2 Corollaries

Corollary 6.1. Let h,(o) be a sequence of completely additive functions defined in (1.4) with
a; € {0,1}, 1 < j < n. The frequencies V,,(x) converge weakly to the Poisson limit law with

parameter p > 0 if and only if

*

> g =p+o(1) (6.10)

j<en
and, for each fired 0 < e <1

> Suntn—) = o) (6.11)

en<j<n
Proof. Sufficiency. We only need to check the condition (ii) of the theorem. In other words, we
have to establish the convergence of the factorial moments 4,,;. From conditions (6.10) and (6.11)
we see that the expression of the factorial moments

* . . . . 60—1 l
Ay = 6" E: {31‘5" +']zn}(1‘71+ +jl> +O(og n>

1t J ntl "

we can change by

* . . . .\ -1
1 <
S Ui+ 4 g <n} (1 it +Jz> +o(1) = it + of1).

J1s--J1en Ji--- n+l1

Then
Ant = /~Ll +o(1).

Necessity. According to the condition (ii) of the theorem, we have

*

0 j o1 logn
An == - 1-— = 1).
An1 Zj( n+1> +O( n p+o(1)

Jj<n

Moreover,
Ant = ! +0(1), (6.12)

for any [ > 1. Consequently, having in mind the inequality (2.18), we have

X « - Hipn+-+n<n . . . .
0(1):7511_'7nl:9l Z {jl : -]l }|:¢n(n_]1)"~wn(n_ﬂ)_wn(n_]l_"'_]l)]
. ~ < Jr---J1
Il JISM
S T Ry A , ‘ L1 RY
oy ML G-y 20 (Y Sean-d)
J1yenfi<n Ji-- n/l<j<n
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for any [ > 1 and taking 0 < € < 1, we have

> %zpn(n —j) = o(1).

en<j<n
So we obtain (6.11).
The Corollary is proved.

Corollary 6.2. Let h, (o) be completely additive functions with a; € Z, 1 < j < n that

S Lt —5) = o(1) (6.13)
J
j<n/2

The frequencies Vi, (x) converge weakly to the Poisson limit law with parameter p > 0 if and only if

the condition (i) of the Theorem 1.6 is satisfied and

0
lim limsup E —YPp(n—3)=0 (6.14)
M0 n—oo n/2<j<n
a,j>7n,

and, for each k > 1,

9 ‘ ko
S Zduln—j) = %e "4 o(1). (6.15)
n/2<j<n :

a;=k

e
Proof. Necessity. From Theorem 1.6 we have (i) and also having in mind Proposition 4.1,
we can analyze only the case, when a; > 0. Let, as above, j,j1,... < n and s,l,7,...,7s € N.
According to the expression of factorial moments (2.13), we have
1
-1 l—r— o =ry1—1
T — 1 Tu — 1
u=1 1ty =l

a:. (m r ...a-u m ru . .
c Y M) G M) (6.16)
Jitetu<n

jl...ju

The condition (6.13) allow us to assume that a; = 0 for any j < n/2, so in the equality (6.16)
we analyze the case, when j; € (n/2;n]. Consequently, the condition (ii) in Theorem 1.6 could be

rewritten in such a form:

‘ .o\ 0-1
lim limsup Z H%(m,)(l)(l J )

m—00 n_ 300 n/j2<g<n ] n+1
. 6—1
aj(m
= lim liminf Z 0 s ,)(l) <1— J ) =ul,
n/2<j<n
for [ > 1. On the other hand,
0 j 0—1
lim su -(1-
ayom
< 1 lim lim sup Z 9aj(T) 1-— i\ _ £ (6.17)
T mr—oo 500 ] n+1 m ’

n/2<j<n

We also have

. 6—1
Z (eitaj(m) _ 1)Q (1 __J > — exp{,u(eit -1D}-1/=0

n/2<j<n J

lim limsup
m—00 noo




uniformly for |¢| < T for each fixed T' > 0.

Further,
0 . 0—1 0 .
Z (eitaj(m)_l).<1_ J 1) _ Z (eitaj_l).(l_ J -
n/2<j<n J n+ n/2<j<n J n+
1 ] 6—1
< - 1- .
; J ( n+ 1)
A

Now, from the two last estimations, having in mind (6.17), we have

. 0—1
> @ (1- ) el 1) - 1+ ol
n/2<j<n J n+l
= p it k
= ﬁ(e — 1) +o(1).
k=1
Integrating this equality multiplied by e~

Sufficiency. By (6.14) it suffices to prove that

lim lim sup
m—=00 p_sinfty

J o+l

n/2<j<n
aj <m

This clearly follows from (6.15).
The Corollary is proved.
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on the interval [—7, 7], we obtain (6.15).

. 6—1
(6itaj - 1)9 (1 J ) —1— exp{p(eit — 1)} = 0.




7 Examples

Here we present some examples of distributions which occur as limit laws for V,,(z). Let £ be the
class of such laws.

In the following subsection, we examine a case when Poisson law appears as limit distribution
for the frequencies V() of completely additive functions h, (o) with a; € Z and cycles’ lengths
j€Jc (n/2,n], where J C {j : j <n}. In particular, there will be established an area of parameter
p > 0, under which h, (o) posses the Poisson limit law II,,.

At the beginning, we present the following lemma for the moment generating function.

Lemma 7.1. Ifa; # 0 for j € J C (n/2,n] and a; = 0 elsewhere, then the moment generating

function

E, 2" =

JjeJ

j 6—1
(—4) +o(l), |z <1
jeJ

Proof. 'We obtain from the formula (2.3):

S on(s)u" = exp{ez = wﬂ}

n>0 i>1

that

! 1 2% —1 .
E, hoy _ ™ o[ L 0 E J
z o) [w"] (1 w)9 exp 7 w ,

jed
where [w™]f(w) means the mth coefficient of a power series f(w). Expanding the exponential
function we easily find the nth one.
To obtain the asymptotical formula, it suffices to approximate ¢, (n — 7).
The lemma is proved.
In further calculations of moments and factorial moments, we need a tool for the remainder
terms estimate. The following inequality will serve us.

Koksma - Hlawka inequality. If f :[0,1] — R is differentiable and |f’(¢)| is integrable,

then
:;zi: < ) jf f(t dt’ Jélf%tndt. (7.1)

This inequality is very convenient in cases, if we have monotonic function f or its derivative is

bounded. In the first case, the derivative is of the same sign, so the integral on the right-hand side
of the inequality (7.1) does not exceed |f(1) — f(0)|.

Checking the fact of weak convergence of the distributions V;,(z) with a; € {0,1}, we must have
in mind inequality (2.17) 4,; < 4%, from Lemma 2.5.
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7.1 The Poisson distribution on long cycles

At the beginning, we need an easy calculus exercise.

Lemma 7.2. Let 0 > 1 and x € [1/2,1]. The function

_9/ 91du
/2

is strictly increasing in x and 0 = vg(1/2) < vg(1l) <wv1(1) =log2 < 1.
Proof. Apply calculus.

Proposition 1. Let u < —log(1 — vg(1)), where

_9/ Gldu
/2 u

Introduce the sequence 1/2 =dg < dy < --- by
-
k!’
k=1

and set a;j = m if ndy—1 < j < nd,, and a; = 0 otherwise. If hy(0) is a sequence of completely

additive functions defined these a;, then it posses the Poisson limit law with parameter p.

Proof. Lemma 7.2 assures that the sequence d,, is correctly defined. Indeed, the values on the

right-hand side

k
o < 1—e ™ <wg(l).
=1

Now the claim is evident.
Using Lemma 7.1 and definition of a;, we calculate the characteristic function

. ’Lt(lJ _ 1 0—1
E, @ = 149 3 (1 - 1) +o(1)

n
n/2<g<n

. 0 G
-1 itm _ 1 ~(1-2) 1
N} > s1=n) e,
m=1 Ndm—1<j<nd,
where ¢ € R. For the inner sum, we apply the Koksma-Hlawka approximation formula (7.1) and,
having in mind uniform in n convergence, proceed

E,eithn(@)  — 14 Z(eitm — D[vg(dp) — ve(dm_1)

m=1

+0((dp — dm—1)n" )] + o(1)

= 1+ Z(eitm B 1)6_:5”1 +O<Tll Z(dm _ dml)) + 0(1)

m=1

exp {u(e” = 1)} +o(1)

uniformly in ¢ € R.

The proposition is proved.
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7.2 The quasi-Poisson distribution

Here we examine the quasi-Poisson distribution in relation with the proposed conjecture of M. Lugo

(see [42]). For reader’s convenience we quote it.

Conjecture 15 The expected number of cycles of length in [yn,dn] of a permutation of n chosen

from the Fwens distribution approaches

A= /5 %(1 — ) ldx (7.2)

as n — oo. Furthermore, in the case where 1/(k+1) <~ < § < 1/k for some positive integer k, the

distribution of the number of cycles converges in distribution to quasi-Poisson(k, ).

Now we will show that it is actually mistaken.
Proposition 2. M. Lugo conjecture 15[42] is false.
Proof. Define the sequence of sets of natural numbers
J,=NnN (n/3,n/2]

and take a; = 1if j € J, and a; = 0 elsewhere. The factorial moments of the additive function

defined via these a; are equal to

R 0 . 1/2 du logn
fynlzzgzbn(nf]):ﬁ/ (1u)91u+0( i ), n > 2.

JEIn 1/3

?yn2:Zl{i—f—jgn}%wn(n—i—j):92 > or Y Sew-i-g)

1
4,JE€JIn n/3<i<n/2  n/3<j<n/2

The inner sum of the latter equality, having in mind Koksma-Hlawka approximation, equals

. . 0—1 1/2 . 0—1
1 1 1
E -{1—- L :/ (12— du+ O — ).
n+1l n+1 13 U n+1 n

n/3<j<n/2 J

Using Lemma 7.1, we continue the calculations of 4,2:

1/2 1 1 2
%2:62/ (1uv)‘“dudv+o( o8 ”) n> 2.
1/3 uv n

Analogically, we obtain

1/2 4 |
42, = 92/ —(1—w)f 11 —v) dudv + O( ogn)
1/3 uv n

Checking the inequality (2.17), we compare the integrands of the last two equalities and see that
1-u)(1—v)>1—u—u,ie.
Anz < A1
So, we conclude that the first claim of M. Lugo conjecture, mentioned above, is not true because
of a lack of the parameter 6 on the right-hand side of the formula. The second claim is also mistaken
if @ # 1, i.e. according to the Theorem 1.3 and the latter checking, the limit distribution really
exists, but it is not the quasi-Poisson.

The proposition is proved.
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7.3 Bernoulli distribution

We now demonstrate that the Bernoulli distribution Be(p), if the parameter p is small enough, can
appear as a limit if § > 1 and a; € {0,1}.

Check that 41 = p and 4; = 0 if [ > 2. Let vg(z) be the function defined in Proposition 1 on
[1/2,1].

Proposition 3. For every p < vg(1), find o such that vg(«) = p and let hy (o) be the sequence of

additive functions defined via

1 if n/2<j<an,
a]‘ =
0 otherwise.

Then the limit distribution of h,(c) is Be(p).
Proof. Check that 1/2 < « < 1 and by the Koksma-Hlawka approximation

=0 T — ) = vala) + o(1) = p+ o(1).

n/2<j<an

On the other hand, 4,; = o(1) for every [ > 2.

The proposition now follows from Theorem 1.3.

7.4 Binomial distribution

Let Z be a random variable distributed according to the binomial distribution B(p, M) with param-
eters p € (0,1) and M € N, that is,

P(Z=k)= (Alf)pku —p)M=k ke{0,1,...,M}.

The factorial moments are equal EZ(;) = M(l)pl ifl=1,2,.... Mand EZ) =0ifl =M +1, M +
2

P

We now present a construction of additive functions obeying a binomial asymptotic distribution.

For simplicity, we confine ourselves to a particular case.
Proposition 4. If 0 =1 and
0<p< (log2)/Vv2=0.490...,
then the distribution B(p,2) € £.
Proof. Tt is important to note that
2EZ(5) = (EZ)? (7.3)

if M =2.
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The idea of our construction goes back to G.Stepanauskas and J.Siaulys’ number-theoretical
paper [83]. Let 0 < o < log2 and 0 < 8 < log(3/2) be temporary parameters. Define the sequence

of sets of natural numbers
J,=Nn ((n/g, (n/3)e%] U (2n/3, (2n/3)eﬁ])

and take a; = 1if j € J,, and a; = 0 elsewhere. The factorial moments of the additive function

defined via these a; are asymptotically equal to

1
An1 = Z —=a+pF+o0(1) <log3+o(1),
JE€Tn

1 1\’
2= D Hitj<n}s= ( > ) =’ +o(1),
1,J€Jn J n/3<j<(n/3)e> J
and y,; = 0 if [ > 3. By virtue of (7.3), we have to require that
20% = (a + B)*.
Hence
a=(V2+1)8.
Given p satisfying the condition of Proposition, we can choose 5 and, consequently, « so that

2p=a+f=(V2+2)8 <log3.

Now, taking 8 = (2 — v/2)p and a = pv/2, due to the condition on p, we have finished.

The proposition is proved.

7.5 Outside the class of limit laws

Let £ be the class of limit laws which do not occur as limit laws for distributions V;,(z). Again, we
exploit the observation due to J.Siaulys and G. Stepanauskas [82] concerning the relations between

the first two factorial moments (see Lemma 2.5).

7.5.1 Mixture of the Poisson distribution

We begin with a mixed Poisson distribution II, -, where 0 < 8 < 1 and A,7 > 0. Let Y have such

a distribution, then its factorial moments
EYy =B8N+ (1=, 1=12,...
Proposition 5. If A # 7, then Il , € £.
Proof. 1If 1, € £, then by Lemma 2.5, we have
EY( < (BY)".
Solving this, we obtain that the equality A = 7 must be satisfied. The contradiction proves the

proposition.
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7.5.2 Geometrical distribution

Let G be a r.v. having the geometrical distribution I's:
P(G=b=(1-p)B" b=0,1,2,...,

where the parameter 8 € (0,1), and the factorial moments

l
ey (2

Proposition 6. If 3 € (0,1), then Tz € £.

Proof is trivial.
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8 Conclusions

e Treatment of the moments of additive functions defined on the symmetric group endowed with
the Ewens probability measure is available via the conditional moments of sums of independent

random variables.

e Sharp estimates of the mean values of multiplicative functions defined on the additive semi-
group Z’ with respect to the Ewens Sampling Formula can be obtained by the small sieve

method cultivated in probabilistic number theory.

e For the number of cycles with restricted lengths of a random permutation, the weak conver-
gence of distributions under the Ewens probability measure is equivalent to the convergence

of all factorial moments.

e The weak convergence of distributions of integer-valued additive functions to the Poisson law is

equivalent to the convergence of all factorial moments of an appropriately truncated function.

e The Poisson, Bernoulli, quasi-Poisson distributions belong to the class of limiting distributions
for additive functions, while the non-degenerate mixed Poisson, geometric, and binomial do

not.

e The methodology developed in probabilistic number theory can be adopted in the theory of

random permutations.
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9 Reziumée

Disertacijoje nagrinéjamos atsitiktiniy keitiniy problemos yra priskirtinos tikimybinei kombina-
torikai. Gauti rezultatai apraso visiskai adityviyjy funkcijy, apibrézty simetrinéje grupéje, reikSmiy
asimptotinius skirstinius Evenso tikimybinio mato atzvilgiu, kai grupés eilé neapréztai didéja. ISvestos
adityviyjy funkcijy laipsniniy ir faktorialiniy momenty formulés. Funkcijy, iSreiskianciy atsitiktinio
keitinio cikly su bet kokiais apribojimais skaicius, atveju rastos butinos ir pakankamos ribiniy
tikimybiniy désniy egzistavimo salygos. ISsamiai iSnagrinétas konvergavimas i Puasono, quasi-
Puasono, Bernulio, binominio ir kitus skirstinius, sukoncentruotus sveikyju neneigiamy skaiciy
aibéje. Rezultatai apibendrinti sveikareikSmiy visiskai adityviyju funkcijy klaséje. Darbe jrodytas
bendras silpnasis didziyjy skaic¢iy désnis, rastos butinos ir pakankamos adityviyjy funkcijyu seky
pasiskirstymo funkcijy konvergavimo i iSsigimusj nuliniame taske désnj egzistavimo salygos.

Sprendziamos problemos yra susietos su tikimybiniais vektoriy, turin¢iy sveikasias neneigiamas
koordinates, uzdaviniais. Adicinéje tokiy vektoriy pusgrupéje iSnagrinéti multiplikatyviyju funkcijy
vidurkiai tikimybinio mato, vadinamo Ewenso atrankos formule, atzvilgiu. Gauti tikslus virsutinieji
ir apatinieji jverciai. IS jy iSplaukia svarbios atsitiktiniy keitiniy tikimybiy savybés.

Disertacijoje plétojami faktorialiniy momenty ir kiti kombinatoriniai bei tikimybiniai metodai.
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