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1 Introduction

In this paper, we calculate the decay rate of the sterile neutrino. The calculation has
two parts: the three-particle decay process wherein a sterile neutrino transitions into
three neutrinos, and a two-particle decay process where a sterile neutrino decays into
a neutrino and a photon The Lagrangian that is used for this calculation is the Grimus
Neufeld Model Lagrangian. We will show the formulation in the next section.

We will not use the whole Lagrangian since we only need the parts that can contribute
to our decay rates. Therefore, the first part of both our calculations is writing the
interaction Hamiltonians from the Lagrangian of the model. During the calculations,
we also use a Majorana representation to manipulate the spinors, index summations
and other simplifications that will aid us to get the total decay rate which is calculated
by the Fermi’s Golden Rule that is shown below.

S
I = Shm /|M|2(27r)454(p1 —Ppa— ... —Dn)
- 2 2 92 0 d4pj
=2

where m; is the mass of the i*" particle and p; is its four-momentum. S is a statistical
factor that corrects for double counting when there are identical particles in the final
state. That factor is 1 in our calculation since there will be no identical particles in the
final state. M is called the amplitude. The amplitude is the dynamics of the process
which is a function of momenta of our particles.

To find the decay rate of the sterile neutrino we are going to have to find this amplitude
M. For that, in the first sections of both of the chapters, the quantum operators will
act on the fields of the interaction Hamiltonians, so we can write the spinors and the
polarization vectors that is a part of the amplitude. After this step in the first chapter,
we will integrate our equation over the momenta to write the amplitude and in the
second part we will use different methods to do this step. Once we have our amplitude
we will get the average of the spins and write the |M]? that is the part of the decay
rate formula. And after that, using the averaged spins, we will get the traces of the
matrix elements and evaluate them to we will be able to show our matrix element
as a function of different momenta. And then, the final part will be integrating that
over the phase space with approximations of the minimum and maximum values of
the energy or momenta as a boundary conditions of the integrals and find the decay
rate of the sterile neutrino.

1.1 The Grimus Neufeld Model Lagrangian

The Lagrangian of the Grimus Neufeld Model is an extension of the Standard Model
by a single heavy neutrino and a second Higgs doublet. The Lagrangian of the model



is shown below.
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Its components are Lgy,» which is the Standard Model Lagranglan without Higgs, fol-
lowed by the Higgs doublets with the electron Yukawa coupling Y ) where E left-chiral
lepton doublet of generatlon j and E} right-chiral charged lepton singlet of generation
k, and then a lepton with a'* adjoint Higgs doublet ®, with neutrino Yukawa coupling
ij, and their hermitian conjugates.

The following term on the second line of the equation is the Ngi heavy Majorana
singlet, M Majorana mass term of the heavy singlet, C' the charge-conjugation Dirac
matrix and their hermitian conjugates. The next term is D,®, the covariant deriva-
tive of Higgs followed by the terms in the last line of the equation, Y,;, bilinear terms
in the Higgs potential and Z,;.q quadrilinear terms in the Higgs potential.

To our decay rate calculation, not all the terms above make a contribution. There-
fore we write down the interaction Hamiltonians for the ones that make a contribution.

In the three particle decay interaction Hamiltonian, we have fermion-anti fermion
and a charge-less Higgs and a Yukawa coupling terms. And in the two particle decay
interaction Hamiltonian, we have fermion-lepton-charged Higgs with the Yukawa cou-
pling term, fermion-lepton-W boson with the mixing matrix fermion-lepton-photon
and photon with the charged Higgs and W bosons.

1.2 Quantum Operators Acting on the Fields

In this section, we demonstrate how the creation and annihilation operators act on
the photon field and fermionic fields. Below we see the description of the photon field.

AM(:E') _/ \/_Z ;);ﬁ)[ A T );Tefiﬁ-f] (3)

When the boson annihilation operator acts on the photon field, and after the commu-
tation relations we get, we get

1 L
aX A, (7) = e (k)e kT (4)




And below, the fermionic fields are described.
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When the annihilation operator acts on the fermion field and after the commutation
relations, we get

1
V2E

where the index a indicates the particle that the operator b*@ acts on by our choosing.
And for the field ¢;(x), annihilation operator acts, and after applying the commutation
relations we get

by () = Byt ()™ (6)

by (x) = w® (k)e*? (7)
And for the 1;(z) field we get
V()b = Gaj—mm=0" (B )¢~ P07 (8)

Finally for the field b? acting on the field ¢;(z) and after the commutation relations,
we get

w* (o )e—iﬁ(w'f (9)

1.3 Majorana Fermions Representation

In the further sections, when we get the spinors from the neutrino fields, we will en-
counter an anti-particle spinors. With the help of the Majorana representation we will
be able to change the order of the spinors since the Majorana particles are their own
anti-particles.

We can see this representation below for the v, F'v; spinors by writing the transpose
of the the two spinors, including the terms between them.

voFvy = ( OCU;‘)T YoFvCuj = (u;C_lF%Cu*{)T
= ulCy] FTC Yy = =, CF T C tuy (10)
in a similar fashion, we can show this relation for the uw — v pair.

U Fv; = (70Cv3) v FryoCu} = (vy CTHFyeCul)’
= u107()TFTC vy = —CFTC oy (11)



where F is some numerical matrix between the two spinors and C is a matrix that
has a unitarity property. And if we have a v matrix between the spinors the relation
changes as

ﬂg"}/’u’Ul = —ﬂlc(”y“)TCflvg = —ﬂl(—’y“)vg = ’l_Ll")/MUQ (12)

2 Sterile Neutrino Decays into 3 particles

In the calculation of the amplitude for the sterile neutrino vy — v; + vy, + v, we define
our initial and final states as below.

. S 1.5
st sp st
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where we can see the creation and annihilation operators that will act on the fields of
the interaction Hamiltonian.

In our interaction Hamiltonian, we have two terms for the three body decay. The
terms of the first part can represent the one sterile neutrino decays into another neu-
trino and three different Higgs which decays into another two neutrinos, and one sterile
neutrino decays into a Goldstone boson that decays into two other neutrinos. And the
second part of the interaction Hamiltonian represents the sterile neutrino decays into
a neutrino and the Z boson that decays into two neutrinos, since one sterile neutrino
does not decay into three neutrinos immediately.

2.1 The Interaction Hamiltonian for the 3 particle decay

Here below, we write down the interaction Hamiltonian that is going to be used for
the three body decay.

Hint = (lem%wlcbl + Voo (V) ik 0 v Prtbi, Zm) (14)

We use the second order H;,, since we have four particles total in the decay as it is
shown below.

st

(flexp {/ d:n{;’{im} |i) = V16E;E, EyE. (O]b%‘;béb%(/ dxy Hing)? by

The equation (15) gives the matrix element for the decay rate of the sterile neutrino.
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where the Y is the Yukawa coupling constant and the v and v terms represent the
neutrinos and the ¢ terms represent the Higgs and the Goldstone bosons.



Please note that we do not need to write the product of these two terms when we
write the square of the elements since their interaction does not have a meaningful
value, since they do not couple, so, the vacuum expectation value of the product would
be zero. Therefore, elements that is squared are only our two terms that are multiplied
by themselves.

2.2 Operators acting on the interaction Hamiltonian

In this section, we make quantum operators act on the fields that yield spinors. We
will use those spinors to write the amplitude of our particle interaction.

The annihilation operator b%c acts on the interaction Hamiltonian Hiy,, where it

represents the first diagram of the 3 body decay of neutrino that contains the Higgs
and the Goldstone as it is shown below

Se o lkx s ikexy 7, Se 7,
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When the operator bSC acts on the neutrino fields, the remaining annihilation operator
vanishes when actlng on the vacuum, so the whole term vanishes, too. We can use the
renaming of the summation indices to see, that there are only 2 independent term:

b Hinte: =YisesYiata 5cj3€ikcmgﬁscwegi/_1j4¢e4 - 50536%&31;]'3@8”%41#@4 (¢36)
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Now the b%b acts on the bzf?-[inta. And we get
b c
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Then the b2 acts on the b%i b= Hint,
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Now our last operator b acts on the bs" bz*; bS°Hintg. And we get

T .
S _m _ _ — . _a.
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Using the Majorana representation relations, we can write the interaction Hamiltonian
J P )
as
bsabSbbSCH bsj —9 i(kex1+kpr1+koero—piT2) Y, Y aseust (Y, Y \iab
K.k K intgVp; — € ( cb+ bc)u v ( ai+ ia)u
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[(@16) (21)

Now, we can write the part of the Hamiltonian that contains Z boson in the diagram.
Since, the operators acts on the fields as the same way with the Higgs and the Gold-
stone boson part, we will only show the part that looks different for the mixing matrix
product. The mixing matrix is a unitary matrix and it refers to the mass eigenvalues
of the coupling particles. Our reference equation for this is (20).

That part starts when we start summing the indices for the mixing matrices after
all the quantum operators act on the fields where in the first part, we were summing
the Yukawa coupling constants. Since the internal index is the same for the mixing
matrices we can introduce a new parameter 4 x 4 U;; matrix that is not a unitary
matrix as a substitution of product of the mixing matrices.

Ui = Vie(VT)g (22)

where ¢ is an internal index of this product of the mixing matrices that represents the
three neutrinos that can couple with Z boson.
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From now on we can write our equation as

T .
s! . _ _ _ ) .
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} (Z1Z20) (23)
And using the Majorana representation relations we can write our equation as

i .
S —_n _ _ .
b%“ b%ib%CHinthpg =2 [e’(kcxl kpw1tkaws pzx?)(Ucb — ch)us“y“vsb(l/'ai — Um)us‘“y”usl
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2.3 Integrals of the propagators with respect to momentum

Now, we write the propagator that is going to give a part of the matrix element that
we will use in the phase space integral to find the decay rate. We get it from the ¢;¢9
fields as

Sq 1.5b 1.8 5J-r d4k 4 4 eik(xlilﬁ)
<O’bﬁabﬁzbﬁc7_[intgbpi 0) = / Wd Ild ) m

2[ei(kcxl—l—kbm—&-kaxg—pimg)(chb + Y3 @ 0™ (Yai + Vi@ u™

— gilkemithozathani=piz2) (Y LY, Vatev®s (Vy; + Vi) a0 u®

+ eilkerithrathaza—picr) (Y 4 Y ) gteust (Yoo + Yp )T
(25)

The integral above is depending on a momentum and the difference of z; and xs.

When we write our exponential terms with their corresponding z fields and integrate
our terms first with respect to exponential term of the fields and then the momentum,
we have our amplitude M as

Yien Yiai
4 _ - 4 (Cb) (az) —Sc,.Sb~Sa ,,Si
(2m)*0(pi — ko — kp — ko) M = =21 | (27)*0 (ko — pi + ke + k) G p ) —mi T —u*v b,
Yoo Y(
—(2 4 o, (ba) * (ci) =S¢, ,8a755b,,54
(2m)* (ks pl—i_kc—i_ka)(k:b—pi)?—mz—i—ieu v¥euty
Yiea) Yo
2 4 pp—y “ (ca)* (bi) —Sc,,5i=Sb sa]
+ (2m)*d(k p+k:b—|—k‘)<kc_pi)2_m2+i€uuuv

(26)



2.4 Casimir’s Trick

Now, we can get the square of the matrix element in (26) where its integral over
momenta is part of our decay rate calculation. For that process, we use a method
called Casimir’s trick. What we do is getting the average of all spin configurations
and sum them over all final spin configurations. The complete matrix element after
averaging the spin configuration can be found in the appendix, equation (133) where
below show the first two terms of it.

2
9 ‘Y’(cb)yr(ai) B B o o
|IM|* =16 SU v u ut o Ut ut v
2
(ko = pi)2 = m3]
YY) Yo Y i
+ 16 (cb)  (ai) (ba) * (ci) ﬂscvsbﬂsausiﬂsiusc@sausb

[(k?a —pi)® = mé] [(kc —pi)? = m?ji|
(27)

2.5 Trace of the matrix elements

Now, we get the traces of the matrices from our averaged spinor terms (that were
multiplied by their complex conjugates above). Then we evaluate those traces using
the relations below. We will plug those into our averaged spinor terms and use it to
integrate over the phase space to find the 3 body decay rate.

Tr(dh) =4a-b

Tr(gb¢d) = 4(a-be-d—a-cb-d+a-db-c)

Tr(v°dbed) = 4ie"*?a,b,crd,

Tr = (v°¢p) =0 (28)

where the odd number of v matrices gives zero. Note that we may need to change the
order of the spinors. For an easy read, we only write the first term of the spinors in
each part of the matrix element.

The first step of this calculation is writing the order of the spinors, so we can write the
traces. We should order them in a way that we do not change the order of the pairs
and we close the order with the index of the spinor that we have in the first place that
is the complex conjugate. And writing the trace starts with the spinor that is not a
complex conjugate.

5 w*evueu vt uteutiute = E u v vttuteutiuieueu® (29)

spins spins

We can write the trace as follows:

Tr |y = o), + o) | - Ty + ma) (p, + mo)| (30)



And once we evaluate the trace following the relations above,
4(b-c—mpme) - 4(a - p; + mgm;) (31)

Please note that we wrote the indices of the momenta to to show the products for an
easy read. For example; b is k; in the equation (31) and in rest of the terms in the
appendix. And we can write these products in terms of energy and mass as it is shown
below.

4(a - p; + mgm;) = [2 (mi —2m;E, + m2 —mj —m) — 4mbmc]

4 [mE + mami] (32)

The rest of the trace operations and the evaluations can be found at the appendix
from equation (134) to (141).

Now, we deal with the trace of the matrices of the spinors in part of our interaction
Hamiltonian that has a coupling with the Z boson. Since we have gamma matrices
and the projection operator between the spinors, the traces will look a bit different
now.

Z eyt PLos ey Pou® (— g, ) 0%y Poua®iyP Ppu® (—gy,)

spins

_ Z Y_LSC’Y'HPLUSI’@%’YAPLUSC ﬂsi’y#PLusa asa’Y)\PLUSi (33)

spins

Since we got the ordering, we can now write the trace as follows:

Tr [(%b — my) Y PL(k, + ch‘PL} -Tr [(%a + ma)nPr(p, + mz’)%PL}
=Tr [%bVA%CV“PL] -Tr [%a%\pﬂuPL}

— %(Tr [%w*%cv’“‘ : 1] —Tr [k#%cv“’f’]) : %(Tr [%a%\?ﬂu : 1]) _Tr [%mp{m‘”’])
(34)

We can write the explicit calculation as follows:
1
5 <4 [k;gkg — (b e)g™ + k{jkj] - [41'55*%6[31{:0&])

: %(4 [ka)\piu —(a-i)g, + kaupi)\:| - [42‘65/,\a/uk5l29?/])
- [4k§k5kapr — ARk (a - ) ga + Ak Kapin
—4(b- C)gwkaxpw —4(b- C)gm(a ' i)gm —4(b- C)gAMkaupi)\
AR R kaapip — 4K TN @ - ) g + 41@51@31@@“;%] - [(465“%1)5/@0&)(eﬁ,mwkf’pg’)
(35)
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Please note that only multiplied the terms that has a product of two € and the one
that has not since the product of terms that has one € gives zero.

4b-a)(c-i) —4(b-c)(a-1)+4(b-i)(c-a)
b-c)(a-i)+16(b-c)(a-i) —4(b-c)(a-1)
b-i)(a-c)—4(b-c)(a-i)+4(b-a)(c-1)

— 4| = 2(350% — 555%/)(%/3&(1)(/65'19?/)] — 8[(a-b)(c-i) = (i-b)(c-a)]
=16(b-a)(c-1) (36)
We can once again write the relations in the terms of energy and mass.
16(b-a)(c-i) = 8(m? — 2E.m; + m? — m} — m?)(m;E,) (37)
The rest of the trace operations and the evaluations of the spinors for the Z boson can

be found at the appendix from the equation (142) to (149).

2.6 Integral for the Decay rate to 3 particles

Now, we can integrate our phase space to find the decay rate of the sterile neutrino
decays into three neutrinos. The equation for the decay rate is given below.

2, /‘ ( dgfzaE )((zj;ngb) ((2:;526&) X )N = pe =y (_p)c)
38

2.6.1 Boundary conditions for the phase space and Integration

We start with peeling the ¢ function, we will first integrate over the E,.

o o) () -
: (27)353(5 — Pa— Db — De)

o () () ()

To solve the F, integral, we introduce the u parameter which described as:

E2 =m2 4 |ps|* + |pe]? + 2|po| [pe| cos 0 = u? (40)

We can set the fixed polar axis on p. by our choosing and solve the equation (40) for
dcosf, and We get

2udu = 2pyp.d cos
udu

PvPe

=dcosf =

(41)

11



with this two equations (40) and (41), we can substitute £, with u and write it in
terms of p, and p. as we can see at the equation (46).

Now, by following the conservation of momentum and energy we can now decide the
boundaries of the rest of the integrals. using F,, we get

m2 +m?2 — (my + m,)?

m, < B, < (42)

2m2-

Then we get to the integral of (Ej). For the maximum value for our momentum py
the cosf should be —1. When we solve this equality for the p, we find

m2 +m2 — (my +me)?\

m2 + 2pype cos O + pi + 2<( M — (me ))
2mi

m? +m2 — (my + m.)?

Zmi

2
2pype cos O + py + p2 — ( ) +mg <0 (43)

And our solution for pj is

2 2 _ 2\ 2
Py = —pecosd + \/(PCCOSH)Q — g2 —m2 + (mz e+ e ) (44)

m;

To use this boundary condition in the integral dE, below we have to write it in terms
of energy instead of momentum.

Ebmin =my

2 2_ 2 2 2
Ebma:r: mg_i_ (_pc—i_\/_mg—i— (mz +ma 2 (mb+mc) ) ) (45)

m;

And for the integrand dp., our boundary conditions are from 0 to p.. And when we
make substitutions for £, with u in our equations we get

Demaz Eymaz 1 2 d3p
dr = M?| Pyabs *_ \udud
/ / | <upbpc> ((2%)32Eb (2m)32F. ududg

bmzn

wo(m; — |u| — By — E.) (46)

The integral of u is only gives 1 if the m; — £}, — E. is between the minimum and the
maximum value of u. Therefore, we make those changes in the |M|? for E,. We can
see this form for all the terms in the |M|? that has E,. Below, we show it for one term

2

/pcmaz /Ebmax 64 ‘}/(Cb)if(ai)
2
PPe [in2 — 2(m; — By - E.)) +m? —m3)

bmzn

[2(m —2(m; — By — E)+m2—mb m2)—mbmc}

c

' 4[(”“ — B - Eo)+ mm} e ((2%2%1,) ((27?;?2015) (47)
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where the complete form of [M|? can be found in the appendix, equation (150).

Using the following relation E} = m? + p?, and derive the it as 2E,dE, = 2pydp,
to write pydp, in terms of dFEj.

/pCmaz /EbmaT ’M2 Qﬂpbdpb d3pc (48)
pe \(2m)%4E, ) \ (27)32E.

bmzn

pe \(2m)4E, ) \ (27)32F.

bmzn

= [ [ ) (e o0

bmzn

So, we get

When we write the spherical coordinates for the p., we can see that nothing else
depends on ¢ or # so we simply get 4.

/ch /Ebmm |M2| (dE, p2dp,
dr — -
2 (2m)32F,

bmzn

(51)

After this equation (51), we have all our boundary conditions and we do not have any
other integrals left that are not dependent on Ej and p..

2

/‘pcmaz /Ebmaac 04 ’Y’(cb)}/(az)
2
~2(m; — By — E.)) +m? - m3]

bmzn

[2 (m? —2(m; — B, — E.) +m2 —mj —m2) — mbmc]

4 [(mi — E,— E,)+ mami] . (df”) ( (2%63{2}) (52)

We can see that the form of the integral is product of energies with the sums of the
masses that are constants in the numerator. And in the denominator, we can see a
similar quadratic form of energy products. So, we can integrate over Fj and then plug
in the boundary conditions. In the step of integrating over p., we have two scenarios.

First one is that we ignore the mass of the outgoing particles by them being an in-
finitesimal, and since the m, has much larger value, we will have an integral where we
can calculate the decay rate of the sterile neutrino goes into three neutrinos.

Other scenario is that we do not ignore the mass of the outgoing particles, mean-
ing that our integral is going to have terms such that after validating the integral,
we are going to make an expansion of the mass terms in the result there are going to
be a lot of terms that have much longer values since we will have integrands in the
denominator in the form of forth power polynomial according to our approach.

13



3 Sterile Neutrino Decays into 2 particles

In the calculation of the amplitude for the sterile neutrino decays into a neutrino and
a photon, we define our initial and final states as below.

. o s
shopt
) = VAE.Ey b az, |0). (53)

where we can see the creation and annihilation operators that will act on the fields of
the interaction Hamiltonian.

In our interaction Hamiltonian we have four terms that represent a Feynman dia-
gram of a sterile neutrino decays into a photon and a neutrino with four different
loops. The first loop of the Feynman diagram has charged Higgs particles where in
the second loop of the Feynman diagram there is W+ bosons. The third loop of the
Feynman diagram has a charged lepton and a charged Higgs. And finally, our last
loop has a charged lepton and a W¥ boson.

3.1 The Interaction Hamiltonian for 2 particle decay

That being said, we now show the interaction Hamiltonian for the 2 particle decay
below.

Hin‘u :<Y}'1€1J}j1¢21¢1~_ + (YT)]'Ml,J};lw& ¢1_ + 77%1’)/%#};1‘/41/1
+ Vj1f1775j1'7#¢21 Wl—z + (VT)éljl/&Zl,yul/}jl Wl_,u
+ [4ing AW (W7 — 0PW %) + ding AWy (=0° W + 0°W*e)
o+ ding{WI W (9°A° = 0°A)} + (9,07 ineeA"6" — 06t ineed,d7]) (54)

To get the amplitude of the two particle decay, we need the third order of the (54) as
it is shown below.

(fle

T
i) = VBEE,B, (0] a2 ( / 0ty Him, P11 10) (55)

3.2 The spinors and the polarization vectors of fields

When the annihilation operator b%“ acts on the neutrino fields, the interaction Hamil-
tonian becomes

b%erint :eikazl 5/}1515aj1ﬂsaw21¢1+ + (YT)jlfl(Safl _3'11)8&(;5;
Va8 G, Wit (V1) 7o W . (56)

Notice that there are no more neutrino fields for the annihilation operator to act
and the rest of the terms in the interaction Hamiltonian yield zero for this operator.

14



Then, the next annihilation operator b‘i“ acts on the photon fields where the terms in
interaction Hamiltonian has the index 2 Therefore, we have

a3 iy =072 [0, 5+ [dimgs LW (071, 7 — 07
+ 4ing5,\Abeé‘[W2%(—aaW2+5 + aBW;a)
+ ding(WIW; ) [ — ikt el + ik 5 e)]]
+ [0udz ineedon, €uds + 3M¢§ri7]e€5/\>"’62¢2’ﬂ (57)

Once again, there are no more photon fields that the annihilation operator can act

)
on and the rest of the terms yield zero. Finally, the creation operator b;i acts on the
neutrino fields where the terms in the interaction Hamiltonian have the index 3 and
we get

sl ik s, =) s

,Hintbﬁz =¢ his }/jsfséijsv ll/’éggb; + (YT)J'3€362'€3¢;3U’ 2¢3
+ Vigs U5y s Wit + (V) v u® W, | (58)
Now, we used all the quantum operators on the fields and we can get to the next
step which is writing the whole interaction Hamiltonian with the particles that can

couple and give the terms for the propagators. Below, we can see the the interaction
Hamiltonian formulation that the quantum operators acted on;

s s s st
<0|b5a Sb(/ d;L'j Hintj)3bﬁ}i 0> :<O|(bEZ/d$1 Hint1)<aEZ/d$2 Hintg)(/ dl‘3 Hiﬂt:sbﬁz-) >

— (0| / dry / ds / s | Vi dajy 0™ ), 1 |
(Oudzincednere™ ™65 + du05im.ed epe gy |

(O )i utte 05 | . (59)

where the full version of it is in the appendix equation (151).

3.3 Integrals of the propagators with respect to momentum
(grouped terms)

We can now group the terms we have depending on the type and the number of their
coupling particles in the propagators such as 2 fermions 1 Higgs or, 1 fermion and 2
Higgs and write the propagators afterwards from the vacuum expectation value that
will help us writing the amplitude M for our particle interactions.

3.3.1 1 Fermion 2 Higgs propagators

We can start with the terms that have 1 fermion and 2 Higgs boson. What do we
do below is writing the terms that will give the first propagator that have different
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spinors before them wherein the first term we have u®* and in the second term v°.
To write these two terms together we take the transpose of it as per the Majorana
representation relation and write their propagators from the vacuum expectation value,

where we include the propagators for the Higgs boson in our terms in the equation
(64):

Tl“?/}.dl(b :/dxl/d$2/dx?;ei(kaxl_kbzz_kixs) <5aj16)\>\b5i€3ine€}/jlf1 (YT)jsés

4 tk1(z1—23)
( ¥ [Ex (i =) s 5 )<o|{¢1+au¢;ez¢;¢g}0|>

(kf —m3 + i)

- 5a£1 5)\ 133“76 (YU i141 ij?,fs
. d*ky e“ﬂ(m w) (it A _
(v > o g0 ) 0l[orau0telosar]0)

mj+ze

(60)

where the Tisty 4.4 represents the first pair of terms for the fermion-Higgs-Higgs prop-
agator. We will use the similar formulation for labeling the equations.

The next step is summing the indices of the § functions with the Yukawa coupling
terms, and get the transpose of the second term and write them together using the
Majorana representation relations by writing the v%v% as u*u®.

ety . =ineee’Feot—Rora—kia) 3
j

dik eikl(xl—:m)asa(kﬂ,y _m,>u8i B B
(v | G e ol [t 0,0z o303 ] 0

(2m)4 —m3 + ic)
d*k eik1($3—fﬂl)asa<k“ -m .)usi B B
— 07y [ G e ol [er ot ez of | 0)
J
(61)

16



Then we can change the positions x; and z3 by changing the integral d*k; with a
minus sign

Tisrgg.0 :ineeei(k““_kb@—kws) Z
J

d4k’ eikl(ml_“)ﬂsa(k“—m-)usi 3 B
(v [ L= o) o005 o505 | 0)

(2m)* (k¥ —m3 + i)
d4(—]€1) e—ikl(mg—xl)asa (ku _ mj)usi B o
~ 0y [ g ol vt ] 0)

etk (z1—x3)

_,L,'? ee i(kqx1—kpro— kxs)z/ d4k1
© 2m)4 k2 — mjz + je

(Yas (Y st (K = my)u (01 [ 6F D07 €0 65 | 0)
(V)Y (ko = mg)u (0] |67 B0 2063 0 |10))

(62)
So, we can write the terms with the spinors together as
1 ek dik, etki(@i—es) ., .
Tlst¢¢¢ —277366 i(kaz1—ko2—kiz3 Z/ 27T 4 ]{72 mg2 4 qu a(k/ll - mj)u '
(Vs O sic0) [qﬁfam;eubd)z*%] 0)
+ (V15501 [ 6706 3 67| 10)) (63)

And when we write the propagators from the ¢ fields, we get the equation below.

Tisty.g.6 :/dajl/d:vg/dxgineeei(k““_k”m_ki“)
d4k1 Zkl ml 1‘3) s o
Z/ 2m)4 kf —mj 2 4 e (R = mg

(Ya'(YT>'i|:/ d ]{32 —@k2ueik2(mx2)€/\/ d4k‘3 eik3(12*$3) i|
L) @)t kS —mg e M) (2m)t RS — m] + e

d*k, —ik tka(z1—x2) dAk iks(zo—x3)
+ (YT)jaY;'j [/ : 22 e 2, 6)\/ - 26 5 }) (64)
(2m)* ki —mg +ie M) (2m) k3 —m3 +ie
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Then the Yukawa coupling terms can be summed up and the propagators term can be
written once since they have the same components.

Tirpps :/dxl/d%/dic?)meeei(kﬂlkbx?’fﬂS)

d4k1 ’L'kl(xlfl‘g) s .
Z/ 2m)4 k2 — m +i€u“(kf—mj)ul

d4k2 _Zk,2 eikg(xl—xz) d4k3 eik3($2—2¢3)
Y, (Y1) + (VT ay@)[/ v /\/ ]
< 5V ji + (V1)jalyy (2m)* k3 —mj + e “ (2m)* k3 — m3 + e

(65)

Once we integrate over the z; fields and the momentum we get

Tiety.po =(27m)* 0 (ko — ky — ki) <Yaj(YT)jz' + (YT)jaYij>i77ee
/ d*ks [Usa<_k3 + Fy =k, — my)u® —i(ks — kp)y o\ 1
2m)4 L (kg — kp + ko)?2 — m2 + d€) (ks — kp)2 — m2 +ie “k2 —m?2 + ie
J é 3 ¢
(66)

In the same fashion, we can also write the pair of term that has the partial derivative
d¢ on the 3" index wherein the previous pair, it was on the 2" ¢ field.

TQ"dwdﬂi’ _/dxl/dx2/daj el(kazl koo —kizs) (6aj16 5223 Jlﬁ(YT)jsfsinee

<_saz /d% ’3)% )@1 )<0|[¢+¢; 6505 ]10)

mj—I—z

— Oaty 630, Oijs (YT)jlel Yisesinee
. d4k. elkl xr3— .’L'1 M T _ -~
(v > [ o sy ) 0l[sreseo.esaf0)

)4 (kR —m3 +de)

(67)

Following the same steps above we can write the equation as

Tondy. 4.6 :/dxl/dxg/dazgineeei(k““kb“km’)
d4k1 ikl(xl—:vg) s
Z/ 2m)4 k2 — m2 + e @ (ki — mg
j

d4k eikg(wl—zg) d4k Zk, eik3($2—m3)
Y, (YT + (YT ayz>[/ 2 /\/ 3 thsy
( iV (V5aYs (2m)* k3 —m3 + ie (2m)* k3 —m3 + e
(68)
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Once we integrate over the x fields in the exponential term and the momentum we
have

Tynay . = (21)"0(ka — ki — ki) <Yaj(YT)ji + (YT)jaEJ‘)inee
/ o [ﬂsa(_k?’ = Hy = by = my)u” 1 o ks,
(27T>4 (<k3 - kb + ka>2 - m? + ’lE) (kg — kb)2 — mé + 1€ Vk;g) — mé + 7€
(69)

3.3.2 2 Fermions 1 Higgs Propagators

The following equation shows terms that have the coupling of 2 fermions and 1 Higgs.
T¢-¢-¢ = / d /dl‘2 / dx?’ei(kazl_ikbm_iki% <5GJ15 51'43}/}151 (YT)J'343
d4k Zk‘l xl T2
(_Sa Z / 14 : Wl )5je15jjﬂ“
—m5 + ie)

d4k ezkg To—T3 (M2 ) N
% Z/ mj + ie) 03407451 > (0] |:6p,¢1 ¢3} 10)
_6‘%1 6)\)%5”3 1151}/3343

d4k ezkl r3—IT2 ]?/ )
(3

XZ / s ezkz va-e n§%2+ = s 5o >T<O|[eg¢;¢ﬂ|o>> (70)

Now, we have a bit different form since there are two fermions. The steps are almost
the similar for grouping these two terms. But we have an additional index to sum
up which is j. We sum j, with j and then j with j after taking the transpose of the
second term once again. And changing the boundaries of the last two integral, so we
can change the order of the x3 — x5 and x5 — 7 in the exponential functions, we can
write them in the same brackets as:

T¢_¢_¢ :/dl‘l/dl’g/dl’gei(kaxl_ikbm2_ikix3) (Yaj<YT)ji+(YT)jaY;j>
SQZ/ d4k’1 ezku T1—x2 (klfy'u m],)/yu
—m3 + ie)

d4k, Zk}z CEQ T3 kl/ L, — 3 d4k, ik3(117$3)
/ 246 _ ( 57 . mj>usi€2/ 34 26 - > (71)
(2m) (k3 —m3 + ie) (2m)* k3 —mj + e
We have now all our fields grouped with their relevant denominators according to the

coupling of our particles and the quantum operators acted on every field and we wrote
the propagators as well.
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Once we integrate over the x fields and get the delta functions and integrate over
the momentum the equation becomes

Ty =(2m) 0 (ka — ki — ki) (Ya'(YT)ji + (YT)jaY;j>Z'T]e€
/ Py (oo ), kbt
2m)4 Lk, + K3)2 — m? + ie K —kg — ko + k)2 —m?2 +ie "kI—m?2 +ie
J J 3 ®
(72)

But during the integration over the momenta, we always have one leftover momentum
at the last integral. For that, we are going to have to use the Feynman parametrization
and the Wick rotation since that is an integral of a loop and we need to evaluate it
with these steps. The description of these methods are shown below.

3.3.3 1 Fermion 2 W* boson Propagators

Now, we get to the terms with 1 fermion and 2 W bosons. Starting with the one that
shows the W

sz.W“'.W— :/dl’l/diCQ/d.Z'gZLZ'T]g‘/ajld)\)\bV;jS
eikaxle—ikb:cge—iki:cg <O’ [asavaélij;:;yuusi]
| QAWILOW, W W, + AW (—07 W5 )W,
+ VW Wos (=0 Wy YWy, + eA Wi, W (9P W)W,
Wi Ws, (— ke + ikbvew‘)W;gWgV} 10) (73)

where the following terms, showing the W~ boson

Tw.wa+ = — /dl’l /dl’g / dx34i77gVajl (SA)\bV;js
eikaxle—ikb:cge—ikimg <0| [@si,}/Vw;B)@Z}l,yuvsa]
| AWLW (07 Wy YWl + W, W (—0 W5 )W,
+ VW (—0 W YWy Wil + e W, (9P W) W, Wi
o W W, (iR + ke W Wi | 10) (74)
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We attempt to write them with the same constants that they have in common, then
we have

Ty w+ :/dxl/dxg/dxgélingvmé’\ bV, e et g T hvr2 g ikiTs
(O [, By ™ — 5759 0 o
| AWILOW, W W, + AW (—0P W5 )W,
AW W (=0 W)Wy, + W W (07w )W, |0)
+/dxl/dx2/dx34ing‘/aj15)\>\b‘/ij3eikamle—ikbzze—ikim
<O||: yw]legfyu slw+ W2v( o Zkb@ VA + Zkbv GA)WQZW;);,
— (5, B W, W (ke ik Wi o) (75)

Using the Majorana representation relation, we can write the term with v** as @ and
change the order of the x5 — x; as we did before as

(Ol 4 B — By e )

/dxl/dﬂiz/dﬂﬁsva]lfs)\/\ ijs

/ d4k ezkl T1—T3 usa,yu(kl ),yl/usl

K m? 1 e 5410573
/d(lﬁ'l/diEg/dﬂ?g‘/a]l(SA)\ s
d4k ezkl(:c3 z1) (%1 m]),yu,u )T
0410573

k m + 1€

/dl’l/dl’g/d$3‘/a](s>\/\bv;]

d4k ezkl T1—T3 usa,yu(kl m]),}/uusl

k3 — m + €

/dxl/dxg/dxg\/a]é’\’\b‘/;j

_zkl(a:;g T1 usa,yu(kl j)fyuusi
kP —m3 +ie

/dl’l/dl’g/dﬁg‘/a](v\/\ ij

/ d4k ezkl T1—T3 usa,.yu(kl m]),y usi
(2m)4 kT —m3 +ie

(76)

21



And then write the propagators from the vacuum expectation value as
Tyw+t = / dxq /dasg / alx?,élz'ngvaj(SMbV;jeikam«5’_“""79”2e_“““”3

4 4 4
[ i [ e | Gl
4 gtyeiti@m—ea) (1 _ ;)Y e

(e (ghikg o) (=g, eo(eame)

+ealgpiky 217 (—gg ettt

+ Eg(_guﬁeikg(aq—am))(_gfikgzeikg(a:z—xg))

+ ) (—gupe™ 1)) (— gtk ei'“”(“‘“))>

—1
((k% - m? +i€) (k3 — m3y, +ie) (k3 — miy + ze)) ]
+ / dxq /de / dx342'7flg‘/aj5)‘)\b‘/;jeikam6—ikbx26—ikix3
d4k1 d4k2 d4k3 7S ik1(z1—2 v, S;
/ (27‘()4 / (27‘()4 / (2ﬁ)4 [(u anle k1(z1 3)(’1?/1 _ mj)’)/ u l)
(_guveib(ml—xﬂ)( - ik_b0€v)\ =+ ik_bveé)\) (_geyeikg(xz—mg))
+ (asa,yueikﬂzl—mg)(k/l . mj)’y”usi)
(—guueik2($1_$2))(—ikb“e” + Z-kbeew\)(_geyeikg(xg—acg))

-1
(67 = m2 + i) (3 — by + ie) (k3 — miy +i€)) |
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We can carry the exponentials out for they are the same for each term

T+ :/al:z:l/alxg/cl:rgélz'77gﬂ/;j(5)"\bVz-jeﬂc““’“«e_“’“’“e‘iki‘”3

/d4k1 / d4k2 / d4k3 eik1(wl—$3)6ik2($1—$2)6ik3($2—a)3)
(2m)* J (2m)* ) (2m)*

[7768“7“(/?/1 —my) Y Ut 4wty (B — my) v

(= Mgliks)(gs) — ex(gikd) (g0)

+ ) (95 KS) + ) (g8) (92 K5) )

(k2 = 2 4 i€ (k3 — iy + ie) (k3 — miy + ic)) _1]

—i—/al.ar:l/alarg/dacgélz'ng‘/;w(V‘AbVijeik“““e_“’“b””e_ik“”3

/d4k1 / d4k2 / d4k3 eik‘1(xl—Ig)6ik2($1—3}2)6ik‘3($2—$3)
(2m)* J (2m)* ) (2m)*

(@ (B, = mg)y )

(—gu) (= k"€ + ik ™) (—gay)
. eik‘l (zl—xg)eikg(xl—xg)eikg(xg—xg)
(0% 9" (B — my)yHv™)
(_guv)(_ikbvew\ + ikbeem)(_gé’u)

((kf —m? 4 ie) (K} — m3y + i€) (k2 — m?y + ie))_l] (78)

Now, we can integrate over the position to get the ¢ functions for the momenta integral
Tyw+ =2m)*0(ky — ky — k;)8ingV,;0™M* Vi
N R A s
(271')4 u ,7(_3_{_ b a_mj)’)/u
(= ghedi(—ks + ki) gp, — goeni(—ks + k7 )ga
+ guseai(—ks + ki)l + guseni(—ks + ky)gy)
+ (guo) ( — iK€ + ik ") (g0
+ (guo) (— k"€ + ik €) (g,)

(((kg — ky + ka)? — m3 +i€)((ks — kb)® — miy + i€) (k3 — mjy + i€)>_1}
(79)

23



After we sum the indices we get
Tyw+ =2m)* 5 (ka — ky — ki)8ingVia; Vi

/ (27:.{)34 [(ﬂsa’w(_k:s + by — K, — mj)’VVUSi) (Eﬁbi(kg,,) — eﬁbz’(k;gu))
(((kg — ki + ka)? = m2 4 ie) (ks — ko) — my +ie) (k2 — m3y + Zf))_l}
(80)

3.3.4 2 Fermions 1 W* Boson Propagators

And finally for the 2 fermions 1 W Boson terms, we write the equation as

Tysavs = [ don [ doa [ draVig, 0 ijoctior s e
—USW/’/ d'ky M @E=w) () —my) u/ d*ky e () —my)
(2m)* (kf —m? +ie) 2m)* (k3 —m?2 +ie)
_{_asa,yu/ d4]{51 6ik1(:}c1fx2)<%l _mj) V/ d4k’2 eikz(aczfacs)(%2 _mj)vpus%)\
(2m)t (kb —m3 + ie) (2m)* (k3 —m3 + ie) v

/ d*ks _gﬂpei%(l‘l—xs) (81)
(2m)* (k3 — m3, + ie€)

yHyse e’y\

having the first term’s transpose, we can write them together as we did in the previous
pairs similarly. So, we have

Ty :/dib“1/dxz/dmvajl(5)‘)‘b‘/ijsei(k“xl_kaQ_kix3)
_asa,y,u/ d4]{51 eik1(x1—x2)(k2+mj) 1// d4/{32 eikz(:cz—m)(%l_’_mj)
(2m)t (k2 — m? + i€) 2m)* (k2 — mJQ. + i€)
+u5a7u/ d'ky e (g —my) V/ d'ky eh2(mrs) (f —mj)vpusiex
2m)* (kf —m? +ie) 2m)* (k3 —m2 +ie) v

d4k3 _gupeikg(xlfxg,) 82
/@mﬂ@—ma+m (82)

A

Py, Si
Yuie,

So after integrating over the position and the momentum, we can write our terms as
Typw= :(277)45(7% —ky — ki)v:zj‘/z‘j

( / (2%34 @ [8(ky + K, )m; — Skym; £ u]
(<(ka + ka)® = +ie)((—ks — ko + kp)* — m3 +i€) (k5 — miy + i6)>_1]
(83)

where the explicit calculation can be found at the appendix equation (154) and (155).
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3.4 The Feynman parametrization for the denominators

For the evaluation of the loop integrals, we now introduce the Feynman parametriza-
tion. And then we will apply it to the four different denominators. We can see the
formulation as follows

n—1

Ln:/ldxdya(x+y—1) A (84)
AB 0 [xA + yB]

1 — (n— 1.__ " ' " O(1 = > ey Tn)
AA, ”!/o 4 / N AL (85)

in the integral after the Feynman parametrization we will have dxq, dxy and dxsz for
the terms wherein the previous pages we had the same notation for the positions. But
from now on it is for the integral of the parameterized values.

3.4.1 Wick rotation for the momentum

After using the Feynman parametrization we are left with one integral over the mo-
mentum k* that is in the Minkowski space. Therefore, we use the Wick rotation to
write momentum in the Euclidean space.

d*k 1
/ (2m)* (k2 — A +ie)" (86)

where the A is the terms in the denominator that does not contain momentum k.
This integral has poles at ko = V k2 + A +ic and kg = —V'k2 + A +ie. We substitute
ko — iko, so that k2 — —k2 — k* = —k% where k% = k2 + k2 is now the Euclidean
momentum. This process is called the Wick rotation. From now on, we will not need
the 7€ term anymore. So, we set it to be zero. Using the formula for the surface area
of the Euclidean 4-sphere [, = 27% we can evaluate the rest of the integrals.

3.4.2 4 Denominators (that represents 4 different diagrams)

To be able to calculate the loop integrals, first we must use the Feynman parameters
to write the denominators as in the steps below. Wick rotation which is going to help
us write the integral in polar coordinates where at the end we will have not d*k but a
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simpler integral.

Denomy, 4.4 =z2((ks — ky + ko) — m]2 + ie)
+ (21 — 2) (ks — ky)* — m, +ie) + (1 — @1) (k3 — m}, + ie)
= za(k5 + ki + kI — 2ks.(ky — ko) — 2ka.ky — m5 + ie)
+ (1 — 2) (k3 + ki — 2ks.ky — m, +i€) + (1 — x1) (k3 — m}, + ie)
=ki(zo+ a1 — 20+ 1 — 21) — 2k3.(2ky — Toka + (71 — 22)kp)
+ xa (ki + k3 — 2k ky —m3) + (21 — x2) K}
— (zq — x2)m¢ +(1- xl)(—m¢) + (xo + 21 — 20+ 1 — 7)€
= ki — 2ks.(x1ky — waka) + ma(k] — m3) + (x1 — 2)ky — (1 — x2)m + ic
= (ks — x1ky + $21€a)2
— (w1ky — 2oka)? + 22(K7) + (21 — 22) k7
- aam? — mi + .Clﬁgmi + i€ (87)

When we write the second line of the last equation in a more expanded way we get

— (l‘lk’b — Qfgka)Z + .732(/4122) + (5171 — $2)k‘§
= —27ki + 2179 2k Koy — k2 + wok? + w1k} — w0k} (88)

And when we write the k, and k, momentum in terms of k;, and since they are also
the momentum of outer going particles, we can write them in terms of their masses.

ipky = (ko — kp)? — k2 — ki = k? — k2> — k} =m? —m?2 —m (89)
for the integration k3 — k with k = ks — x1ky + 22k, or k3 = k + x1ky — 29k,
We can write the integral of the neutrino-Higgs-Higgs term now as

Tty =(27) 6 (ko — ki — kl)<Yaj<YT) z+(YT)jaYij)inee
/ d:cl/ d:cQ/ d*k w (= — x1(k, — ki) + 22k, — K, — mj)u’

—k — .Z'lk'b + 1'21{1 + k’b)

2 2 2 2 22 2 2 2
[k — 2¥mi + z12o(m? — m2 —m?) — xim? + zom? + mymi — vem;

-3
— zom} — m} + xam} + ie} (90)

and we can introduce the term A where
2 9 2 2 2 2 9 2 2 2
A = —zimy + zxo(m; —ms —my) — xams + raom; + rymy — xom;
2 2 2
ToMmy — My + TaMy,

_ 2 2 22 2 2
= xywo(m; — my) — xomi + Tom; — roms

2 —m3 + xom} (91)
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when we use, that m; = m, and we know the photon is mass less.

Then the integral becomes
Trotpso = (21)20 (ko — ky — ki) (Yai; (YD) is + (Y1) ,0Y55 ) inee
15t).¢.¢ b ) aj Ji jatij |tTe
d4
/ dxq / dwz/ ’8“ — x1(mg — my) + xamg — m; — m;)u’

-3

i(—k — x1kp + woky + kp).€ [k;2 +A+ ze}
27T)45 ko — ki — )Yhel (Y )ijséifséajlé)\Abinee

d*k N K+ kY
/ de'l/ dl‘g/ u “yuuiie, "TETATid

-3
+ (=1 (Mg — my) + Tamy — My — M) T Ui Ty (k) [k:Q + A+ ie]
-3
+ (=21 (Mg — my) + xamy — my; — my)uteuii(1 — ) (ky.e?) [kQ +A+ ie} }
(92)
When we shift kg — ikg, so that k? — —k3 — k2 = —k%, we get our Euclidean

momentum. When we look at the poles, we could see that it is at kg = + k2 + ATFie.
After shifting the terms and using k,.€* = 0, our integral becomes

Tyetpps :(27r)45(k —ky— k) (Y;j(YT) Pt (YN, -)inee

/ dx / dx / 49 / Khdbs { e utic) 9" (ki)
(2m)t ! ? ! E E Tu Y=k, 4+ A +ie)?

-3
21(Mmg — myg) + Tamy — my; — M)A Uiz (k) [ — kL + A+ ie] }
(93)

Since the [ d€4 yields 27 the integral becomes

Tyetgip =(21) 0 (ke — ky — ky) (Yaj(YT)ﬁ +(Y1),uY; -)inee

O )
0 oofo i 2
—X

-3
1(mg —my) + xamg — m; — my)uu’ Z$2(ka.€A)|:—k%+A:| }
(94)
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We can write the Feynman parametrization for the integral of the other neutrino-
Higgs-Higgs pair, so, the integral becomes

Toniyg.9 = = (27)"0 (ko — ky — ki) (Y ;Y1) + (YT)jaY%j>inee
/ dxl/ dacQ/ d*k LU (= — w1 (F, — K + 22k, — Fi — my)u”

]{Z + l’lkb - [L’Qk?

2 _ 2 2 2 2 2,9 2 2 2
[l{: — 2¥m} + 2129 (mF — m2 —mj) — xam? + zom? + xymi — xom

-3
— x2m§ — mi + azgmi + z'e]

= (2m)*6(ka — ko — ks) (Yaj(YT)jz' + (YT)jaYij)We@
v d'k
/ dz, / d:cg/ 4118“(—}6 — x1(mg — my;) + Tamg — my; — my)u’
0 0 (27)

-3

i(k + z1ky — oky). [/ﬁ FAT ie}
= (2m)"0 (ko — Ky — ks) (Yaj(YT)jz‘ + (YT)jaYij)inee
d4k o kR
/ dz, / dxg/ u “yuiie, CTET AT
-3
+ (—z1(mg — my) + xamg — my; — mj)ﬂs‘lusimg(—ka.e)‘) [k2 + A+ ie]

-3
+ (=1 (Mg — my) + Tamy — My — M) Ui (1) (kp.€”) [k2 + A+ ie} }
(95)

And after the Wick rotations, we get

Tynay g =(27) 6 (ki — ki — ;) (Y YN+ (YD),Y ‘>2'17€e

Sa Si; s A gl“’(k%)
87]'2/ dl’l/ de/dQLL/ k‘ dk’E U e ZE”[—k2E—+A]3

T1(ma — M) + Tamg — m; — my) U u iz (— ka-€") [ — kg + A} 3}
(96)
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The other denominator that represents the diagram that has one charged two fermions

and a charged Higgs is shown below

Denomy, g =2 ((ka + ks3)* — m3 + i€) + (21 — 22)((—ks + ko + k3)* — m7 + ie)

+ (1= a1) (k5 — mJ + ie)
= (k} + ki + 2koks — m? 4 ie)
+ (w1 — @) (kg + K2 + K3 — 2ky (ks — ko) + 2koks — m + ic)
(1 — 1) (k3 — m? + ie)
:kg’(fﬂg + 21— 29+ 1— I'1> -+ (331 — l'g)(k'g + ki — kak’a — kak’g
-—(1- xﬂm?5 +ie(x; —xo+ 1 — 21 + 29)
=k3 — (@1 — x2)m5 — xom; — (1 — z1)mj, + ie
+ (.171 — IQ)(I{Z? + ]{fi — 2kbka — Zkbkg + 2kak}3)
:k§ — (551 — 33'2)7’]’1,? — me? — (1 — xl)mi + iﬁ
+ (fL’l — lL‘Q)(k’?) + k’g(l‘l — .I‘Q)(—Qk’b + Qk’a)
= (ks = (21 — @2) (ko — s))”
— ((a:l — x9)(ky — kb))2 — (z1 — a:Q)m? — :cgm?
+ (x1 — :Eg)kf — mi + xlmé + 1€
When we expand the terms that do not have a mass term we get
— (21 — w2) (ka — ko))" + (21 — )7
= —m1 k2 + 1ok? — 21k} + ok + 2kokpxy — 2k kyre — 21k7 + 2ok

for the integration of the fermion-fermion-Higgs term k3 — k with k = kg —

xg) (ko — kp) or k3 =k + (21 — x2) (ks — kp). And we get

Ty =(2m) 0 (ko — ky — ky) <Y '(YT) i+ (YT)jaYij>in6€

/ a, / iy / Chs ool gy k(01— o) (R — ) — )

— (21— 22) (K, —%b) Ko+ K, —myuie,
[(k+<x1—xz><ka—kb>—<x1—x2><ka—kb>)

— ((x1 — xa) (ko — k) 2 (r1 — :@)mz — zom? + (r1 — asg)kf —m2 4+ xym? + ie
J J [ [

once we use the relation m;, = m.,, and use the equation (98), we can write the integral

as

Typap.g =(27m)"(ka — Ky — ki) (Yaj(YT)ji + (YT)jaY;j>inee

/ ) / 0 / Ths oy — — (21— 22)(ma) — my)

(—F — (21 — 22) (Mg )—m —mj)ue [k‘Q—i—A—l—ie]_g
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(98)

(z1 —

(99)

(100)
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where

A = —x1k2 + 2ok? — 21ki + 20ki + 2K,k — 2k kyry — 21k] 4 2ok

2 2 2 2
— (71 — T2)Mmj — X29M; — MY + T!yMY

2

= —22,m2 + 2xym? — Tim; + Tom? — Tom; — mé + xlmi (101)

J

So, our integral becomes

Tyy.o =(2m)"0(ka — kb — ki) (Yaj(YT)jz‘ + (YT)jaY;j>inee
4 ni.v
[ [ Elemresc
[k'? +A+ ie]

-3
+ ( —mg — (x1 — x9)mMy — mj)2as"fy“u3iez [kQ + A+ ’ie] } (102)

After the Wick rotations we get

Ty 2(27?)45(/% — kp — ki) <Yaj(YT)ji + (Y -aYij>z‘nee

1 1 0o v(i_ 1.2
5 [ dor [ de | Khdk{aryrune) 9"(ks)
= o Joo o |- kg + 4]
2 2 —3
+ (= mq — (21 — 22)my —m;) W@ vue[ ky —I—A} } (103)

Since the rest of the two denominators have the same form of these two, fermion-
fermion-w boson or fermion-w boson-w boson, we can immediately write them. The
only different term would be the non-fermion particle terms. We can write them below
and make the calculations of Feynman parametrization and the Wick rotation for the
loop integrals.

DenOmw.Wi.Wi :(kg — .leb + LL’Qka)2
— <$1kb — LEQka)Z + .1'2(]{12) + (iUl — 1‘2)]{‘5
— zom} — myy + Tamiy, + i (104)

We can write our term as

Tyw+.w+ =(2m)*(kq — Ky — k;)8ingVa;Vij
1 1 d4k’
dl‘l dIQ/ 3
0 0

(" —%—x1<%a—%~>+x2ka—% —m)yu)

62177, ]{7 + xlkb — 1’2]%‘ ) E;\bi(—k — 561/{75 + l’gka)“)

(
[k2 + A+ 26} h (105)
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We can use the commutation relation of v matrix. So, the equation (105) becomes

Tyw=w+ =2m)*6 (ko — ky — ki)8ingVa,; Vi

d*k
/ dl’l/ d.Z’Q/ 3

— i (2k3 ¢ + 247 (ks k:g) + 25 (kie?)
+ 2my(e i) — 2(e AkB)ki)

-3
[k? FAT ie} (106)
So, after the Wick rotation, the equation looks like

Tyww =(2m) 45 k, — k;b SanVaJVU

— i’ ( — xgk 2+ 242 (ki(k — woka)) + 2(—wok, ) (kie?)
+2m(Mk — waka)) — 2(Nk — woka) ) ;) u
[k?E + A} h (107)

And the last denominator can be written as

Denomw.w.wi :(kfg — (l’l — l’g)(k‘a — kb))Q

— ((:El — o) (ko — kb))2 — (21 — .rg)mf — xgm?-

where its numerator looks like
Typws =2m)*6(ka — ko — ki)Vay Vi
d4k3 ase A, 8
[( (27T)4 [ (kd +k )mj Skbmj¢ u]

<k2 YA+ z‘e) _1] (109)

and after the Wick rotation where we substitute ks = k + (1 — z2)(ka — kp), the
equation looks like

Twww;ﬁ —(27T) k’ - k’b k )V;JV;]

(87T2/ dml/ d@/ kS dkg
(8

(K + (z1 — z2)f, + K, )}mﬂfA %]

[
(k; ) } (110)
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3.4.3 Loop integrals for the left-over momentum

We now have written all the terms with their propagators that have one left-over
momenta. We used the Feynman parametrization to solve the last integral after using
the Wick rotation. Now, we can integrate the equation to find the amplitude of our
particle interaction. We can seperate our terms by the ones with the Yukawa coupling
constants using the notation for the equation 7} 5y, and terms with the product of
mixing matrices using the notation 7} 5 . Starting with the former as

fna;y:@wfak-—m—ww(nﬂywﬁ+«ywmnomke

win 9" (k)
87‘(2/ dl?l/ d.Z‘Q/ kEdk)E u’ ")/MU ZEAﬁ

-3
(2 (o — my) + wymy, —m, — wwwW%u@fﬂﬂ%%+A}}

4 (2m) (ke — ky — kJ(YaJ(YT )

9" (k)
871'2/ dl’l/ dl'g/ kEdkE u P)/,uu ‘i€ [ ]{72 —|—A]

-3
x1(mg — m;) + xomg — my; — mj)ﬂs“usii@(—k‘a.e ) [— k% + A] }

+ (27)45@; ke — k) (Y SN+ (v m)mee

1.2
8 — da:l / da / kEdkE - —
T [ — k2 + A]
(= — (0 = w)ma — g werure [ - K+ A 3} (111)

We can use the following relation to integrate with the boundaries from 0 — oo

(z— A2 =22 — 22A + A?
22 = (2= AP +22A + A? (112)

and for the d(k%) we can make the substitution as

k3 =z
= d(k%;) =dz
dz
dkg = 113
B ok (113)

32



So, we can re-write our equation as

Tl 2V —(277' (k’ — k’b ]{72) (Ya](YT)]Z + (YT)jaY;‘j>iT]e€

/dm/ dx /CutOff u u’iie [ dz + 28dz + 3A2d2]
82 ! 2 ey —A] AR [z-AP

-3
(—z1(mg —m;) + xamg — m; —my)u’ v’ iy (kq.€")dz [z — A] }

+ (2m) "0 (ko — Ky — ki) (Yaj(YT)jz’ + (YT)jaYz‘j>i77e€

/ . / e /CUt off 1 u ey [_ dz B 2Adz B 3A%dz ]
82 ! 2 i —A] [-AP [ -AF
_|_

-3
(—z1(mg — m;) + xomg — m; — mj)ﬂS“uSiixQ(ka.e)‘)dz [22 — A] }

+(2m) 6 (ke — Ey — Ky) (Yaj(YT)ji + (YT)jaY,-j)mee

/dx/dx /Cutoﬁ” u e W[ dz_ . 2Mdz SAQdZ}
82 ! 2 g A AR AP

— (= mq — (z1 — 22)My — m]) w ey u e’\dz[z—A]B} (114)

We can see that most of the terms cancels due to the opposite signs, so we only have
T1_2_y :(271')4(5(]{? — kb — k‘z) (Y (YT) i+ (YT)jaY;])Z'T]eG

dx/dx /Cumﬁ u s )\[ dz n 2Adz n 3A2dz]
87?2 ! 2 W LA T AR T AP

_ ( —mg — (1 — 22)My — mj) wy,u’ ierdz [z — A} _3} (115)

where we used the g" on € and lowered the index and sum with the index of v* we
get 7%’\. When we integrate over z we can see the eqaution

Tyooy =0(ka — ky — ks) (Yaj(YT)ﬁ +(Y1),uY; ->z’n€e

—im / dxl/ daa{ it *u [In (2 - >+[A2fz]+2[§§22]2]

A\ 2y jcut off
—mg — (X1 — T3)My m]) u’e ¢ u [A — z] }

(116)

0

Once we put off the cut off values to the terms that have z, in the denominator goes
to infinity, so the whole term goes to zero.

Ty oy =0(ks — ki — ki) (Yaj(YT)jz‘ + (Yf)jayz‘j>i77e€

(—in?) /01 dry /01 d{EQ{ﬂsa¢’\u5i [IDW -2 - g}
+2( = mq — (

— (x1 — xo)My — mj)2ﬂ5“¢’\u5iA_2} (117)
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And below, we write the terms with the product of mixing matrices. After the sub-
stitution for k% to z, and summation of the indices and the loop integrals, this is how
the equation looks like

Tl 2-V _5(k _kb 8”79%]‘/;]

_Zﬂ— / dl’l/ d!EQ

(2(—wka)2¢* + 202 (ki(—w2ka)) + 2(—2ok,) (ki)
+ 2mj< A(—xzk‘ )) — 2N (—aka) ) ) ur [A]
+45(k — ky — VaJV;j

5 / dccl/ dyt* [8((w1 — wa)f, + Ky)Jmy ¢ u [A] 72 (118)

Once we solved the loop integrals, we have our amplitude with ¢ functions and their
coefficients. As we can see from the terms; to get the square of the matrix element we
have one type of spinor order which is u* ;éAuSi with different coefficients. We can go
the next step now, writing the |M|? by summing over the average of the spinors by
their complex conjugates as we can see in the next section.

3.5 Square of the matrix elements

We can now write the absolute square of it |M|? by once again using the Casimir’s
trick and get the average over the sum of the indices. In this case in total, we have
four spinors in the numerator not eight as we had in the previous chapter. We also
have gamma matrices and polarization vectors too in them. So, the trace of the matrix
elements will look different once again.

ST = a () + calkaf a6 + (119)

spins

Remember, this is one of the three terms that is the part of |M]?.

3.6 Trace of the matrix elements

Once we wrote the square of the matrix element, we can get to the step of taking the
traces of the matrices. The difference of the traces between the first chapter and this
one is the number of the averaged spinor. We have 4 spinors in total, not 8 with differ-
ent terms in between such as the product of v matrices and momenta. Therefore, for
the terms that have v matrix products in between the spinors, we can write the 4 x 4
~ matrices with a basis of 16 matrices to parameterize them and find their coefficients.

We can calculate the trace of the element of

W [8((x1 — w2) Ky + K,) ] myf u (120)
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After the sum trace of the element would look like this

Tr((cikof + cabuf™) (ki + ma)(Cikaf™ + 3™ ) (ko + ma)] (121)

We multiply everything out and see

Clka¢)\ki + Clkaf/\mz‘ + Clka?g)\cikafg)\* + 01%#/\0;%#/\* + 01%#/\/% + Clka¢)\ma
+ bt o ki + ol mi + ol R+ okt iRt + okt i + cof o
(122)

And these terms yield

- 4clkakac>f + _402kakacg+
= —dci(p) — 4c3(p2) (123)

Using this term we could have an idea of how the whole matrix element square looks
like. We could write it as sum of two more terms that are similar to one that we show
below.

Aci(p3) — 46 (p7)

|M| - 32‘/;”“/1']' A

(124)

where ¢; and ¢y are constants with several mass terms.

3.7 Integral for the Decay rate to 2 particles

Since we have our matrix element square in terms of energy and momentum, we can
now start integration of the phase space to find the decay rate of the sterile neutrino
two a neutrino and a photon. The Golden Rule formula for this calculation is shown
as

_ S 2 ¢4 d*pq d*py
b= 32m2hm; / <‘M| O (Pi = Pa = o) (27)32F, (271')32Eb> (125)

We can peel the 6(p; —ps — p3) function as we did in the previous chapter to two delta
functions §(p) — p§ — p3)63(py — p2 — p3) and substitute the terms in the § function
(energies) as

S /<|M|26(mi_\/pg‘f’mg_pb)(s(g))
32m2hm; (2m)%4py/p2 +m2

when we integrate over p, that leaves integral —p,. And the equation becomes

S 20(mi — /P2 +m2 —pa) 4
_5 Pp, 127
s | (Pt e

(# = pa — po)d*pad’py (126)
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For the d®p, integral, we can go to the spherical coordinates where we introduce a
component 7 = |p,| and the integral goes as d*p, — 72 sin 8drdfd¢. And we have

§(m; — /72 2 _
5 / (12 (s = V24 M) o drdnds (128)
32mw2hm; (2m)04ry /12 +m2

Since there are no dependence on the integrals of ¢ and 6 they yield the numerical
value 47. Then we can simplify the delta function introducing v parameter as

u=\/r24+mi+r (129)

where

d
u_ v

dr /12 +m?
T+ /% +m2

NGEY

u

S — 130
/12 +m? (130)
So, we can write the integral as
S r [M2Sp|
32m2hm; / MI3(m u)u N 8rhmic (131)

where the |p| is the momenta of outgoing particles in case of the incoming particle m;
is larger than the mass of the outgoing particles since otherwise the ¢ function causes
the I' to be zero.

Having that one term out of three elements of the |[M|%S|p|, we at least could write
one part of the total decay rate, since the other terms are independent summations
with this term.

_432_432 S/ 4
F:< DaCo pacl+'_.) mz

3 8rhm?
—4p3c3 — 4p3c3 S
_ a a1, ) S 132
< 3 * 8mh (132)

So, this is the sterile neutrino decay rate to two particles for one of our W* boson
propagator. The rest of the two terms could be found in the same way and summed
together to find the total decay rate where that part is missing from our calculation.
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4 Conclusion

In this paper, we have calculated the sterile neutrino decays in two chapters by using
the interaction Hamiltonian of the Grimus Neufeld Model. In the first chapter of this
paper, we investigated the sterile neutrino decay into three neutrinos. As a mediating
particle we had Higgs boson and a Z boson. Once we have written the propagators, we
integrated over position and the momentum to find the amplitude of the interacting
particles. Then averaging over sum of the indices we have found the matrix element
that was the part of the phase space integration. And when we integrated over the
phase space, ignoring the mass of the outgoing particles except the Higgs and the Z
boson, we can found the decay rate of the sterile neutrino to three neutrinos. We can
see the complete version of the result in the appendix.

In the second chapter, sterile neutrino decay into a neutrino and a photon Once we have
written the propagators and integrated over the position and the momentum, we had
one leftover momentum and to solve it we had to introduce the Feynman parametriza-
tion and the Wick rotation to calculate the loop integrals. We have completed this
part for one term in summation of three terms and gave one of the coefficient for the
matrix element square. Taking the trace of the matrix element was still possible since
after the simplifications in the terms we have found out that we had the same spinor
order and the type for all the terms. We have calculated the matrix element square
for the same term and used it in the integration of the phase space. And by summing
the two decay rates in these two chapters, we could find the total decay rate of the
sterile neutrino that we tried to calculate.
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A Appendix

A.1 Square of the matrix element with spinor sums

We can see below the square of the matrix element for the 3 body decay with showing
the averaged spinors.

2
Yiew Yiai) | |
2 _ _ _ _
|IM|* =16 AU R TR R TR TR T
(ko = pi)2 = m3)
+ 16 }/(cb)}/(az) }/’(za) S/(Z”L) ,aSc,USb asa uS,‘ /asi usc T}Sausb
[ = pi)? = m3| [k = p)? = m3]
Yoy Yiai)Y o Yoo
—16 (cb) * (ad) (ca)~ (bi) v S uSi v uSe utiuSt
[k = i) = m3| [ Ok = p)? = m3]
2
‘}/(ba)yv(cz) B o L B
+ 16— U uTutvt e ut vt v u
(ke — pi)? —mj
+ 16 }/'(b(l)}/’(cl) }/’(zb) }/'(ZZ) ﬂScuSiESbUSa @Sbuscﬁsi usa
(ke = pi)? = m2] | (ko = pi)? = m3]
' Yipa Yien Y Y
— 16— (ba) * ( _) (ca) ~ (bi) aeuS S S e Se iy st
_(k’c —pi)® - mi_ [(k’b —pi)? — mi]
2
‘}/(ca)y(bz) B B o s
+ 16— R R R TR TR Ta
(kp — pi)? — mé
— 16= }/(CQ)Y*(()Z;) }QZb) }/(:k“) BV T U T S Uiyt
(ky = p2)? = m3] | (k= pi)?2 = m3)
YiaYon Yoo Y
— 16— (ca) (b_) (ba) ~ (ci) ascvsaﬂsbusiasiuscq—)sausb
_(kb —pi)® - mi_ [(kc —pi)? — mé]
2
’U[cb] Ulai) ) o N
+ 16— R A A TR VA Vi
(o = pi)? = m2
' Uiy Ut Ui UF
+ 16 _ [ b] [ _} [ba] [CZ} ﬁSCvs"as"usiﬁsiuSCﬂsﬂusb
(ko = pi)? = m2] | (ke = po)? = m?
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UtetUlai) Upeq) Uy

— 16 vt aieui ot uteuiut
(ko = pi)? = m2| | (ky = pi)? = m2]
2
(%wﬁm
+ 16— . 2Esﬁus’ﬂsbvs‘lﬂsius“@s“usb
(ke —pi)? —m?2
' U Uei) Uy U
=+ 16— [ba] [_] [cb]  [ai] T uS TSt v 5P uS e uSiuse
(ke —p;i)? — m? [(k‘a —pi)? — mz}
' U Ueat U UE
— 16— [ba] ¥ _] [ca] ™ [bi] TSeuSigspSa gy e iyt
(ke = pi)? = m2] | (k= p)? = m2]
i L
‘U[ca]U[bi]
+ 16— —u v Ut v u e ut u
(ky — pi)? — m2
' Useat U Uz U
_ 16 _ [ ] [b_] [cb] ~ [ai] ﬂscﬂsaﬂsbusiﬁsbuscﬂsiusa
(ky = pi)? = m2| | (ky = pi)? = m2]
Urea Ups Ui, Ur
— 16+ (a7 ] [pa) ~ [ w* v eutu uiue vt u (133)
(ky = ps)? = m2] | (k. = pi)? = m2]

where the (27)* and the § functions are excluded in the equation since they are not
the part of the matrix element.

A.2 Traces of the Matrices for the Higgs and the Goldstone
bosons

Below we have written explicit calculation of the traces for the matrix elements of the
Higgs and the Goldstone boson spinors from the terms of the second fraction.
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2md term is

E ﬁscvsb asa usi ﬁsi usc @Sausb — E asa usi asi usc ascvsb (_@sbusa )

spins spins

= =T [(p, +ma) (. + me) (B, — mo) (K, + o)
= —4((pi- )b a) ~ (b-p)(e-a) + (pi-a)(b-c) )

— dmyme(b - a) + dmymy(c - a) — dmymg(c - b) + dmymempmy,
+ dmemy(p; - a) — dmemg(p; - b) + dmymy (p; - ¢)
1
=—4 [(mi(Ec + mc))é (m} — 2m;E. + m? —mj —m})
2 2

(m2 —2m; By +mj —m? — ma)

C

+ (mi(E, + ma))§(mf —2m;E, +ml —mj —m?)
— mymempmg — memp(miEy) + memg(m; Ey)

+ mbma(miEc)} (134)

374 term is

Z w’evtutrutivteuteutiutt = Z (—urv®e)u u v u utiu®
spins spins
= =T7r[(Ky + ma)(p, + ma) (K, + ) (K. — me)]
= —4[(a-p)(b-c) = (b-a)(pi-c) + (a-c)(b-pi)]
— dmaem;(b - ¢) — dmgmy(p; - c)
+ dmome(p; - b) + dmom;mym,. — 4m;my(a - ¢)

+ 4m;me(a - b) + dmyme(a - p;)

1
= —4 [(mi(Ea + ma))é(mz2 —2m;E, +m2 —mj — mg)
1
_ (m@(Ec + mc))§ (mf —2m; B, + mz — m% — mz)

1
+ (mi(Ey + mb))§ (m} — 2m; Ey + mi —m?2 —m?)
+ mgmp(m; E.) — meme(m;Ey) — mamymym,

- mbmc<mz‘Ea)} (135)
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4t term is

E ESCUSi asbvsaﬁsiusc@sausb — § asiuscﬂscusi asausbasbvsa
spins spins

= Tr((p, +mi) (k. + me)] - Tr[(k, — ma) (K, +my)]
=4(p; - c+mym.) - 4(a - b —mgmy)
=4 [(mZEC) + mimc} -4 [% (ml2 —2m; B,

+my, —mZ —m?) — mamb] (136)

5" term is

E weuiuttoterttuteutiu’e = E wieu’ ufiute uttott pttu’e

spins spins

= E w*eu utute (—utev®) vtu’e

spins

= =Tr[(p, +mi) (K, +ma)(Fy — mp) (K. +me)]
= —4|(pi-a)(b-¢) = (b-pi)(a- )+ (pi-)(b-a)
+ 4m;mg (b - ¢) — dmymy(a - ¢)
+ dm;me(a - b) — dm;mompm,.
— dmgemy(p; - ¢) + dmgme(p; - b) — dmyme(p; - a)
= —4 [(mi(Ea — ma))%(mf —2m;E, +m?2 —mj — mg)
1

— (my(Ep — mb))2 (mf —2m; By + mg — mz — mz)

1
+ (my(E, — mc))i(ml2 —2m;E. +m? —mj —m?)

— mimgmpme — mamp(m; E.) — mgme(m; Ey)

- mbmc(miEa)] (137)
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6t term is

E ﬁscusi Z—stvsa@sauscﬂsiusb — E asbvsa z—}sauscﬂscusiasiusb
spins spins

= Tr{(Ko = ma) (K +me) (p, +ma) (ky +m)]
= 4(a-)(pi-b) = (i~ @) e+ b) + (a- )(pi - )| — dmamc(p; - b)
— dmgm;(c - b) — dmemy(c - p;) — dmamemymy, + dmem;(a - b)

+ dmemy(a - p;) + 4mymp(a - ¢)

— 4[(miEb + mzmb)%(ml2 —2m; By +mj —m? — mg)
— (i mam) s (m? — 2B+ — m? )
+ (miB -+ Amem) 2 (m? — 2miB + m? — m? — )

— mgme(m;Ey) — mgmy(m; E.) — mamemgmy,

n mcmb(miEa)} (138)

7th term is

E ascvsaasbusiﬁsauscasiusb — § ascvsa Tjsausc asiusbasbusi
spins spins

= Tr[(ky = ma) (K. +me)] - Tr{(k, + mo) (p, + mi)]
=4(a-c—meme) - 4(b- p; + mpym;)

1
=4 [5 (m7 —2m; By + mj —m2 —m?) — mamc]

4 [miEb . mbml} (139)

8th term is

§ ascvsaaSbuSi @SbuscﬂSi usa — § ﬂSa,USC/ELSbuSi@SCquaSiuSa

= Trl(ke = me) (ky + ma) (p, + ma) (K, +ma)]
_ 4 [%(mi(Ea +ma)) (m2 — 2mi B, + m? —m? —m})

2 2 2)

— (my(E. +m,)) (m? —2m;E, — m? —mj — m}

1

2
1

+ (mi(Ey + mb))ﬁ(m? — 2m;Ey + my —mZ —m?)

— memyp(m; Ey) — memg(m; Ey) — mempmmy,

+ mbma(miEC)] (140)
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9th term is

§ ﬂscvsa /Ijsbusi asiuscﬁsa usb — E ﬂsi usc ascvsa ﬁsausb ESbU/Si

spins spins

= Tr((p, + mi) (k. + me) (K, — ma) (K, + 1m0))

= 4[(m,~(Ec + mc))—(m2 —2m;E, +m? —m? — mg)

7

— | =

— (mi(Eq + mq))= (m? — 2m;E, + m — mZ — mj)

il NG

-+ (mz(Eb + mb))§(mf — 2mlEb —+ mg — mg — mz)
— MMM My — mcma<mz‘Eb) + mcmb(miEa)

- mamb(miEc)] (141)

A.3 Traces of the Matrices for the Z boson Part

Below we have written explicit calculation of the traces for the matrix elements of the
7 boson spinors from the terms of the second fraction.

274 torm is

Z et PLost ey Pou® (— g, 0%y PLu vy u (—gy,)

spins

Z eyt Prut a¥iy Prue ateyt Ppo® (—o%~* Ppu)

=_-Tr [(pZ + m)V P (K, + me)y* Pk, — my)Pr (K, + ma)y,.Pr
=_—Tr [pﬂAPLkﬂ”PL%b%PLka%PL

= —Tr[p, (287" k)K" PL]

= 2Tr[p Jyd(c - a) PL]

:8(61-6)'%‘4(291"]{76)

=16(a-c)(b-1)
= 8(m? — 2mymy + mi — m2 — m2)(m; Ey) (142)
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3 term is

Z u’y* Pro®tu’ey” Pru® (—gw,)ES“WAPLUSCESWPPLUS’J (—axp)

spins

= Z Ty Pru’® @yt Pru® uiy? Pru® (—u’ty, Prv’)

spins

= ~Trlk " Pup 7 Prkyyu Pk Pl
= 2T [k, (9,7 oy B0 P
= 8Tr[kapi(b . C)PL]

— 8(a- );4(b-c):16(a-i)(b-c)
= 8(m? — 2E,m; +m2 — mj — m?)(m;E,) (143)

4t term is

Z eyt PLutia*ty” Pov®e (— g, Uiy Pou v y? PLu® (—gy,)

spins

:E ﬂsw)‘PLusCﬂsw“PLusi vy Prutu®y, Pro®™

spins

= Tr((p, + mi)y" Pk, + me)y Po] - Tri(k, — ma)v.Pr(ky + ms) 7 Pr]
= Tr[p A" Pok .y Pr] - Trlkovu Prky i Pr)

= 2 (Trlp ke 1] - Trip b))

) %(TT[%CL%%WA 1] = Tr[}éa%%b”ng’])
- %(4 [PVERY = (c-i)g™ + PPkt — [4@'65Aa”piﬁk0a]>

: %(4 Faubns — (@ B)gux + Farksy] — [4i65/mrykf/kgq>
= [Apl' KX kapkon — APIE) (@ - ) g + APEED kar Ky,

—4(c-1i)g “)‘k;aukw\ +4(c- z)g“’\(a - b)gun — 4(c- i)g“)‘ka,\kw

+ AP K gy — ApP K (a - ) g + 4PNk Kok — (46 piskea) (€amnar bl k)]
=4(i-a)(b-c) =4 - c)(a-b)gu +4(i - b)(a-c)

—4(c-1)(a-b)g" +4d(c-1)g"(a - b)gun — 4(c-i)g"(a - b)

+4(i-b)(a-c) —4(i-c)gun(a-b)+4(i-a)(b-c)

[ —2(65,0% — 62,65 ) pigkeakl k'] — 8[(a-i)(c-b) — (i - b)(a-c)]

/BI a/
=16(i-a)(b-c) = 16(m;E,)(mpm.)
= 8(m? — 2E,m; +m2 — mj — m?)(m;E,) (144)
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5t term is
Z@SCV”PLUSW%V”PLUS“(—guu)@SWAPLUSCESWPPLUS“(—gxp)
spins

= Z wreyt Ppu®t @iy Prute (—a’ry, Pro™) 0%y Pru®™

spins

= _TT[pﬂAPLka'YuPL%b%\PL%CIWPL]

= Trlpd (b R

= QTT[pi’y)\ka(%b’y/\%cﬂ

= 8(a - b)T?”[}ﬁichL]

= 16(a - b)(c- 1)

= 8(m? — 2B,m; +m? —m} —m?)(m;E) (145)

a

6t term is
DT Pty P (= g 0%y Pru iy PLu® (= gy, )
spins

= E ¥yt PLutepten Pruse ey, Pou®u® oy Pru®™

spins

= Tr[(k, — ma)v Pr(F. + me) v, Pr(p, + ma) yaPr(ky, + my)y" Pl

= Trlk, Pk Pop i Prkyy Pr

= Trlk, Ko (=29 70 Ky) Pr]

= =277k, kyd(c- i) P

= —16(a-b)(c-1)

= —8(m? — 2E.m; +m? —mi —m?2)(m;E.) (146)

a
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7t term is

E u’eyH Pro®eu® Y Ppu®o® 7’\ Pruieu®~P Pru®

spins
— Z ESW“PLUS“TJS’W)‘PLUSC wiry, Pruu® v\ Pru®
spins
= T’I“[ka’)/’uPch’)/)\PL] ’ Tr[kb’YMPLzzji’y/\PL]
1 1
= S (Trik "k - 1 = Trik k") - STrlkpon - 1) = Trlkyp, 0]
1 .
= 5 (4kERY = (@~ )9 + R2RE] — Alie™ hoghi]
1 , , o
. 5 <4 [l{;bﬂpik - (b . Z)g‘u)\ -+ kb)\pi,u} — 4[@65/)\0/“1{?5 D; ])
= 4]{51{5?/{@%} - 4k5k<§\(b : i)guA + 41{:gkék‘bxpw
—4(a - c)g" kyupir +4(a - €)g" (b 1) gun — 4(a - )g" kirpis
+ ARkt pin — ALK (D - 8) g + AROKERnpi — A€ Raphea) (€grarnky D))
=4(a-b)(c-i)—4(a-c)(b-1i)+4(a-1)(b-c)
—4(a-c)(b-i)+16(a-c)(b-i) —4(a-c)(b- 1)
+4(a-i)(b-c)—4(a-c)(b-i)+4(a-b)(c-1)
— 4] 25502 — 02,65 kagheaky p] — 8[(a-i)(c-b) — (a-b)(c-i)]
=16(a-i)(b-c)
=8(m? — 2E,m; +m2 — mj —m?)(m;E,) (147)
8" term is

E eyt PLoteaey” Pou® o%y Pputeu® ~P Pru

spins

— E 118“7“PLUSCESCVAPLUSZ’QSZ’%PLUSZ'ﬂsi7,\PLus“

spins

= Trlky* Pk v Pop, Pk 0" P

= Tr(k.(=2kyy.p,) k" PL]

= —8Tr[kKy(a-1)Pr]

= —16(c-b)(a-1)

= —8(m? — 2E,m; + m2 — mi — m?)(m;E,) (148)
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9th term is

E u’eyH Proteu® Y Ppu®a® 7’\ Pruev®e~y? Pru®

spins

— E ﬁs"v’\PLusCﬂsw“PLvS“@s“ wPruuy, Pru™

spins

= Trlpy" Pk Pk, Pk P

= Trp,(—2F7uk o) K" Pr]

~ —8Trlp f.(a-b)P]

= —16(c-i)(a - b)

= —8(m} — 2E.m; + m? —mj —m?2)(m;E,) (149)
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A.4 The complete square of matrix element of 3 body decay

The square of the matrix elements that we will use in the phase space integration for
the 3 body decay is shown below.

2
‘Yv(cb)yv(ai)

3 (5% = 2mi B i — ) — .|

|IM|? =64
[mg —2m;E, +m? — mi]
-4 [miEa + mami}

Yiew Yian)Yism Yo
_ 64 (cb) ¥ (ai) * (ba) * (ci)

[mi —2m;E, + mi — mﬂ [mg —2m;E.+ m? — mﬂ

1
[(mi(Ec + mc))é(mz2 —2m;E. 4+ m? —m; —m?)

a

1
— (ml(Eb + mb))ﬁ(m? — 2mZEb —+ mg — mz — mi)

1
+ (mi(E'a + ma))a(mf — QmiEa =+ mi — mg — mz)
— MMcMpMMg — mcmb(miEa) + mcma<miEb)
+ mbma(miEc)}

YY) Yo Y
+ 64 (cb) X' (ai) ¥ (ca)t (bi)

[mg —2m;E, +m? — mi] [mg —2m;Ey + m? — mﬂ

1

[(mi(Ea + ma))g(mz2 —2m;E, +mZ —mj —m?)

1
_ (ml(Ec + mc))§ (mf — Zszc -+ mg — mg — mZ)

1
+ (my(Ep + mb))§ (m7 — 2m; By + mj —m2 —m?)
+ mamp(m; E.) — meme(m;Ey) — mamymym,
- mbmc(miEa)]

2
(Ywa)Y(cz') 1,

[mz —2m;E. +m? — mﬂ

2 2 2
+mp —mg —m?2) — mamb]
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Yiow Yien Yo Yo
iy (o) Yien) () Yiioo)
[mg—QmiEchm?—mi] [mg—QmiEa—i-mf—mi}

*
cb)

1
[(mi(Ea — ma))ﬁ(w%2 —2m;E, +m —mp —m?)

— (mi(Ep —my)) (mf —2m,; By + mi — mi — mg)

| —= Do —

+ (mi(E. — m.))= (m; — 2m; E. + m? — m; —m])

— mymgmpme — mgmp(m; E,) — mgme(m; Ey)

- mbmc(miEa)]

Yia)Yieo) Yo Y i
_ 64 (ba) £ (ci) L (ca)t (bi)

[mz —2m;E. +m? — mé] [m% —2m;Ey + m? — mi]

1
[(miEb + mimb)i (mf —2m;Ey +mi —m? — mi)
1
— (miE, + mamz)é(ml2 —2m;E, +m —m? —m;)

1
+ (miE. + 4771677%)5(77112 —2m;E. +m? —m} —m;)
— mgme(m; Ey) — mamp(my; E.) — mgmem;my,

+ mcmb(miEa)]

2
‘Y(W)Y(bi)

+ 64

1
; [g(m? — 2m; By + mi —mg —m?) — mamc]
m? — 2m; B, + m? — mé]

-4 [miEb — mbmi]

Yiea)Y i)Y p Yini
_ 64 (ca) £ (bi) * (cb) * (i)

[m% —2m;Ey + m? — mi] [mg —2m;E, + m? — mi}

1
[§(mi(Ea +myg)) (sz —2m;E, +m2 —m? — m%)

1
— (my(E, + mc))é(ml2 —2m;E, —m? —mj —m})

1
+ (mZ(Eb + mb))é(mf — 2mZEb + m% — mz — mZ)
—memp(m;Ey) — memg(miEy) — mempmym,

+ mpmg (szc>]
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— 64

Yiea)Yoi)Y (o

(ba) Y (ci)

[mg —2m;Ey + m? — mé] [m% —2m;E. +m? — mé]

1
[(mi(Ec + mc))i (mf —2m;E, + mg - mi - mi)

1
_ (mi(Ea + ma))§(mf —2m; B, + mz — mi — mg)

1
+ (my(EBy + mb))g(mf —2m;Ey + mj —mZ —m})

— mymemamy — memg (m; Ey) + memy(m; Ey)

- mamb(miEc)}
2
‘U[Cb} Ulai] 2 2 2
+ 128 —(m; — 2E.:m; +m; —mj
m2 — 2m; E, + m? — m?
Utet)Utai)Uppg) Ut

+ 128~ -
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— 128+
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+ 128—

+ 128—

+ 128—

+ 128—
+ 128~ -
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+ 128 .
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UteUtai Upea) Upyg
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Upp) Uteq

[mg —2m;Ey +m? — mg}
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—mg)(miE)

(m? — 2Eym; +mi —m?2 —m?)(m; )

(mf —2E,m; + mZ — mg - mi)(miEa)

(m? —2E.m; + mg — mg — mi)(miEc)
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A.5 Integrating over the phase space

We show below the decay rate of the sterile neutrino to three neutrinos; where n is
the m;, b is E, maximum value p is the mass of Higgs m. is the mass of the Z boson,
¢ is the maximum value for E. and Y and the U are the Yukawa coupling constants
and the product of the mixing matrices written in shorthand.
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A.6 Complete interaction Hamiltonian for the 2 particle de-
cay

We introduce the parameter D to fit the whole equation to the page.

s
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A.7 Majorana Representation Explicitly

This is an example of the explicit Majorana representation relation that we used for
the term in equation (82).

v 7p(%1 - mj)”YV(kQ - mj)”YMU
=(10Cu* ™) oy (fy = my)y” (Fy — mj) v Cue” (152)

And once we get the transpose, we have

(™ CT )0y (Ry — mj)y <k1 M) %0
= (—C)(—=C 17 C) (—C7 IO [(~CHC) — my](—~C 717 C)
[(—c-lkc*)—mj](—o-wﬂcx O 190) (O 0) (O u®

= @yt (fy + mj)y”(}él +m;)y u (153)
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A.8 YyW* Propagator numerator simplification

We can simplify the terms of the equation by separating it into two equation first.
Starting with the first one; We can simplify the terms of the equation by separating
it into two equation first. Starting with the first one;

Y (K +my)y" Ky — Ky +my)y”

= "k Kk’

+tmy Eyy”

= ¥'my Ky’

+ my my”

— Y F”

+ Ry myn” (154)

And the other term is shown as

- 7#(%32 kb J) (%2 - mj)Vp

= ="y ko’

+ Hmy kyy?

— Aty my”

+ 7" kg7 myy”

+ Ky Ky”

— ey My (155)

After the simplifications and summing up the indices, we have

u®e (Skaj S}ébm]);{’\ 5 (156)
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