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1 Introduction

In this paper, we calculate the decay rate of the sterile neutrino. The calculation has
two parts: the three-particle decay process wherein a sterile neutrino transitions into
three neutrinos, and a two-particle decay process where a sterile neutrino decays into
a neutrino and a photon The Lagrangian that is used for this calculation is the Grimus
Neufeld Model Lagrangian. We will show the formulation in the next section.

We will not use the whole Lagrangian since we only need the parts that can contribute
to our decay rates. Therefore, the first part of both our calculations is writing the
interaction Hamiltonians from the Lagrangian of the model. During the calculations,
we also use a Majorana representation to manipulate the spinors, index summations
and other simplifications that will aid us to get the total decay rate which is calculated
by the Fermi’s Golden Rule that is shown below.

Γ =
S

2ℏm1

∫
|M|2(2π)4δ4(p1 − p2 − . . .− pn)

×
n∏
j=2

2πδ(p2j −m2
jc

2)θ(p0j)
d4pj
(2π)4

(1)

where mi is the mass of the ith particle and pi is its four-momentum. S is a statistical
factor that corrects for double counting when there are identical particles in the final
state. That factor is 1 in our calculation since there will be no identical particles in the
final state. M is called the amplitude. The amplitude is the dynamics of the process
which is a function of momenta of our particles.

To find the decay rate of the sterile neutrino we are going to have to find this amplitude
M. For that, in the first sections of both of the chapters, the quantum operators will
act on the fields of the interaction Hamiltonians, so we can write the spinors and the
polarization vectors that is a part of the amplitude. After this step in the first chapter,
we will integrate our equation over the momenta to write the amplitude and in the
second part we will use different methods to do this step. Once we have our amplitude
we will get the average of the spins and write the |M|2 that is the part of the decay
rate formula. And after that, using the averaged spins, we will get the traces of the
matrix elements and evaluate them to we will be able to show our matrix element
as a function of different momenta. And then, the final part will be integrating that
over the phase space with approximations of the minimum and maximum values of
the energy or momenta as a boundary conditions of the integrals and find the decay
rate of the sterile neutrino.

1.1 The Grimus Neufeld Model Lagrangian

The Lagrangian of the Grimus Neufeld Model is an extension of the Standard Model
by a single heavy neutrino and a second Higgs doublet. The Lagrangian of the model

2



is shown below.

LGN = LSM ′ −
(
ℓ̄jΦα(Y

(α)
E )jkEk + ℓ̄jΦ̃α(Y

(α)
N )jNR + h.c

)
+
(1
2
N̄RMRCN̄

⊤
R + h.c.

)
+
(
DµΦα

)†(
DµΦα

)
− Yαb

(
ΦαΦb

)
− 1

2
Zαbcd

(
ΦαΦb

)(
ΦcΦd

)
(2)

Its components are LSM ′ which is the Standard Model Lagrangian without Higgs, fol-
lowed by the Higgs doublets with the electron Yukawa coupling Y

(α)
E where ℓ̄j left-chiral

lepton doublet of generation j and Ek right-chiral charged lepton singlet of generation
k, and then a lepton with ath adjoint Higgs doublet Φ̃α with neutrino Yukawa coupling
Y

(α)
N and their hermitian conjugates.

The following term on the second line of the equation is the NR heavy Majorana
singlet, MR Majorana mass term of the heavy singlet, C the charge-conjugation Dirac
matrix and their hermitian conjugates. The next term is DµΦα the covariant deriva-
tive of Higgs followed by the terms in the last line of the equation, Yab bilinear terms
in the Higgs potential and Zabcd quadrilinear terms in the Higgs potential.

To our decay rate calculation, not all the terms above make a contribution. There-
fore we write down the interaction Hamiltonians for the ones that make a contribution.

In the three particle decay interaction Hamiltonian, we have fermion-anti fermion
and a charge-less Higgs and a Yukawa coupling terms. And in the two particle decay
interaction Hamiltonian, we have fermion-lepton-charged Higgs with the Yukawa cou-
pling term, fermion-lepton-W boson with the mixing matrix fermion-lepton-photon
and photon with the charged Higgs and W bosons.

1.2 Quantum Operators Acting on the Fields

In this section, we demonstrate how the creation and annihilation operators act on
the photon field and fermionic fields. Below we see the description of the photon field.

Aµ(x⃗) =

∫
d3p

(2π3)

1√
2|p⃗|

3∑
λ=0

ϵλµ(p⃗)
[
aλp⃗ e

ip⃗·x⃗ + aλ†p⃗ e
−ip⃗·x⃗

]
(3)

When the boson annihilation operator acts on the photon field, and after the commu-
tation relations we get, we get

aλb
k⃗b
Aµ(x⃗) =

1√
2|⃗kb|

ϵλbµ (k⃗)e−ikb·x⃗ (4)
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And below, the fermionic fields are described.

ψa(x) =
2∑
r=1

∫
d3p

(2π)3
1√
2Ep⃗

[
brp⃗au

r(p⃗)e−ip·x⃗ + br
†

p⃗av
r(p⃗)eip·x⃗

]
ψ̄a(x) =

2∑
r=1

∫
d3p

(2π)3
1√
2Ep⃗

[
br

†

p⃗aū
r(p⃗)eip·x⃗ + brp⃗a v̄

r(p⃗)e−ip·x⃗
]
. (5)

When the annihilation operator acts on the fermion field and after the commutation
relations, we get

bsa
k⃗
ψj(x) = δaj

1√
2Ek

vs(k⃗)eikx (6)

where the index a indicates the particle that the operator bs(a) acts on by our choosing.
And for the field ψ̄j(x), annihilation operator acts, and after applying the commutation
relations we get

bsa
k⃗
ψ̄j(x) = δaj

1√
2Ek

ūs(k⃗)eik·x⃗ (7)

And for the ψ̄j(x) field we get

ψ̄j(x)b
s†i
p⃗ = δaj

1√
2Ep(i)

v̄s(p⃗(i))e
−ip⃗(i)·x⃗ (8)

Finally for the field bs†p⃗ acting on the field ψj(x) and after the commutation relations,
we get

ψj(x)b
s†i
p⃗ = δij

1√
2Ep⃗(i)

us(p⃗(i))e
−ip⃗(i)·x⃗ (9)

1.3 Majorana Fermions Representation

In the further sections, when we get the spinors from the neutrino fields, we will en-
counter an anti-particle spinors. With the help of the Majorana representation we will
be able to change the order of the spinors since the Majorana particles are their own
anti-particles.

We can see this representation below for the v̄2Fv1 spinors by writing the transpose
of the the two spinors, including the terms between them.

v̄2Fv1 = (γ0Cu
∗
2)

†γ0Fγ0Cu
∗
1 = (u⊤2 C

−1Fγ0Cu
∗
1)

⊤

= u†1Cγ
⊤
0 F

⊤C−1u2 = −ū1CF⊤C−1u2 (10)

in a similar fashion, we can show this relation for the u− v pair.

ū2Fv1 = (γ0Cv
∗
2)

†γ0Fγ0Cu
∗
1 = (v⊤2 C

−1Fγ0Cu
∗
1)

⊤

= u†1Cγ
⊤
0 F

⊤C−1v2 = −ū1CF⊤C−1v2 (11)
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where F is some numerical matrix between the two spinors and C is a matrix that
has a unitarity property. And if we have a γ matrix between the spinors the relation
changes as

ū2γ
µv1 = −ū1C(γµ)⊤C−1v2 = −ū1(−γµ)v2 = ū1γ

µv2 (12)

2 Sterile Neutrino Decays into 3 particles

In the calculation of the amplitude for the sterile neutrino νs → νj + νk + νℓ we define
our initial and final states as below.

|i⟩ =
√

2Ei b
s†i
p⃗i
|0⟩

|f⟩ =
√

8EaEbEc b
s†a
k⃗a
b
s†b
k⃗b
bs

†
c

k⃗c
|0⟩. (13)

where we can see the creation and annihilation operators that will act on the fields of
the interaction Hamiltonian.

In our interaction Hamiltonian, we have two terms for the three body decay. The
terms of the first part can represent the one sterile neutrino decays into another neu-
trino and three different Higgs which decays into another two neutrinos, and one sterile
neutrino decays into a Goldstone boson that decays into two other neutrinos. And the
second part of the interaction Hamiltonian represents the sterile neutrino decays into
a neutrino and the Z boson that decays into two neutrinos, since one sterile neutrino
does not decay into three neutrinos immediately.

2.1 The Interaction Hamiltonian for the 3 particle decay

Here below, we write down the interaction Hamiltonian that is going to be used for
the three body decay.

Hint =
(
Yj1ℓ1ψ̄j1ψℓ1ϕ1 + Vj1ℓ1(V

†)ℓ1k1ψ̄j1γ
µPLψk1Z1µ

)
(14)

We use the second order Hint, since we have four particles total in the decay as it is
shown below.

⟨f | exp
[∫

dx1Hint

]
|i⟩ =

√
16EiEaEbEc ⟨0|bsak⃗ab

sb
k⃗b
bsc
k⃗c
(

∫
dx1 Hint)

2 b
s†i
p⃗i
|0⟩

The equation (15) gives the matrix element for the decay rate of the sterile neutrino.

(2π)4δ(pi − ka − kb − kc)M :=
√

16EiEaEbEc⟨0|bsak⃗ab
sb
k⃗b
bsc
k⃗c( ∫

dx1 Yj1ℓ1ψ̄j1ψℓ1ϕ1 + Vj1ℓ1(V
†)ℓ1k1ψ̄j1γ

µPLψk1Z1µ

)2
b
s†i
p⃗i
|0⟩

(15)

where the Y is the Yukawa coupling constant and the ψ and ψ̄ terms represent the
neutrinos and the ϕ terms represent the Higgs and the Goldstone bosons.
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Please note that we do not need to write the product of these two terms when we
write the square of the elements since their interaction does not have a meaningful
value, since they do not couple, so, the vacuum expectation value of the product would
be zero. Therefore, elements that is squared are only our two terms that are multiplied
by themselves.

2.2 Operators acting on the interaction Hamiltonian

In this section, we make quantum operators act on the fields that yield spinors. We
will use those spinors to write the amplitude of our particle interaction.

The annihilation operator bsc
k⃗c

acts on the interaction Hamiltonian HintG , where it

represents the first diagram of the 3 body decay of neutrino that contains the Higgs
and the Goldstone as it is shown below

bsc
k⃗c
HintG = Yj1ℓ1Yj2ℓ2

[
δcj1e

ikcx1ūscψℓ1ψ̄j2ψℓ2 − δcℓ1e
ikcx1ψ̄j1v

scψ̄j2ψℓ2

+ δcj2e
ikcx2ψ̄j1ψℓ1ū

scψℓ2 − δcℓ2e
ikcx2ψ̄j1ψℓ1ψ̄j2v

sc + ψ̄j1ψℓ1ψ̄j2ψℓ2bkc

]
(ϕ1ϕ2)

(16)

When the operator bsc
k⃗c

acts on the neutrino fields, the remaining annihilation operator

vanishes when acting on the vacuum, so the whole term vanishes, too. We can use the
renaming of the summation indices to see, that there are only 2 independent term:

bsc
k⃗c
HintG =Yj3ℓ3Yj4ℓ4

[
δcj3e

ikcx3ūscψℓ3ψ̄j4ψℓ4 − δcℓ3e
ikcx3ψ̄j3v

scψ̄j4ψℓ4

]
(ϕ3ϕ4)

+Yj4ℓ4Yj3ℓ3

[
δcj3e

ikcx3ψ̄j4ψℓ4ū
scψℓ3 − δcℓ3e

ikcx3ψ̄j4ψℓ4ψ̄j3v
sc
]
(ϕ4ϕ3)

=Yj3ℓ3Yj4ℓ4

[
δcj3e

ikcx3ūscψℓ3ψ̄j4ψℓ4 − δcℓ3e
ikcx3ψ̄j3v

scψ̄j4ψℓ4

]
(ϕ3ϕ4 + ϕ4ϕ3)

=2
[
Ycℓ1Yj2ℓ2e

ikcx1ūscψℓ1ψ̄j2ψℓ2 − Yj1cYj2ℓ2e
ikcx1ψ̄j1v

scψ̄j2ψℓ2

]
(ϕ1ϕ2) (17)

Now the bsb
k⃗b

acts on the bsc
k⃗c
HintG . And we get

bsb
k⃗b
bsc
k⃗c
HintG = 2

[
YcbYj2ℓ2e

i(kcx1+kbx1)ūscvsbψ̄j2ψℓ2 − Ycℓ1Ybℓ2e
i(kcx1+kbx2)ūscψℓ1ū

sbψℓ2

+ Ycℓ1Yj2be
i(kcx1+kbx2)ūscψℓ1ψ̄j2v

sb − YbcYj2ℓ2e
i(kcx1+kbx1)ūsbvscψ̄j2ψℓ2

+ Yj1cYbℓ2e
i(kcx1+kbx2)ψ̄j1v

scūsbψℓ2 − Yj1cYj2be
i(kcx1+kbx2)ψ̄j1v

scψ̄j2v
sb]

(ϕ1ϕ2) (18)
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Then the bsa
k⃗a

acts on the bsb
k⃗b
bsc
k⃗c
HintG

bsa
k⃗a
bsb
k⃗b
bsc
k⃗c
HintG = 2

[
YcbYaℓ2e

i(kcx1+kbx1+kax2)ūscvsbūsaψℓ2 − YcbYj2ae
i(kcx1+kbx1+kax2)ūscvsbψ̄j2v

sa

− YcaYbℓ2e
i(kcx1+kbx2+kax1)ūscvsaūsbψℓ2 + Ycℓ1Ybae

i(kcx1+kbx2+kax2)ūscψℓ1ū
sbvsa

+ YcaYj2be
i(kcx1+kbx2+kax1)ūscvsaψ̄j2v

sb − Ycℓ1Yabe
i(kcx1+kbx2+kax2)ūscψℓ1ū

savsb

− YbcYaℓ2e
i(kcx1+kbx1+kax2)ūsbvscūsaψℓ2 + YbcYj2ae

i(kcx1+kbx1+kax2)ūsbvscψ̄j2v
sa

+ YacYbℓ2e
i(kcx1+kbx2kax1)ūsavscūsbψℓ2 − Yj1cYbae

i(kcx1+kbx2+kax2)ψ̄j1v
scūsbvsa)

− YacYj2be
i(kcx1+kbx2+kax1)ūsavscψ̄j2v

sb + Yj1cYabe
i(kcx1+kbx2+kax2)ψ̄j1v

scūsavsb)]
(ϕ1ϕ2) (19)

Now our last operator b
s†i
pi acts on the bsa

k⃗a
bsb
k⃗b
bsc
k⃗c
HintG . And we get

bsa
k⃗a
bsb
k⃗b
bsc
k⃗c
HintGb

s†i
pi = 2

[
ei(kcx1+kbx1+kax2−pix2)(Ycbū

scvsb − Ybcū
sbvsc)(Yaiū

sausi − Yiav̄
sivsa)

− ei(kcx1+kbx2+kax1−pix2)(Ycaū
scvsa − Yacū

savsc)(Ybiū
sbusi − Yibv̄

sivsb)

+ ei(kcx1+kbx2+kax2−pix1)(Yciū
scusi − Yicv̄

sivsc)(Ybaū
sbvsa − Yabū

savsb)]
(ϕ1ϕ2) (20)

Using the Majorana representation relations, we can write the interaction Hamiltonian
as

bsa
k⃗a
bsb
k⃗b
bsc
k⃗c
HintGb

s†i
pi = 2

[
ei(kcx1+kbx1+kax2−pix2)(Ycb + Ybc)ū

scvsb(Yai + Yia)ū
sausi

− ei(kcx1+kbx2+kax1−pix2)(Yca + Yac)ū
scvsa(Ybi + Yib)ū

sbusi

+ ei(kcx1+kbx2+kax2−pix1)(Yci + Yic)ū
scusi(Yba + Yab)ū

sbvsa]
(ϕ1ϕ2) (21)

Now, we can write the part of the Hamiltonian that contains Z boson in the diagram.
Since, the operators acts on the fields as the same way with the Higgs and the Gold-
stone boson part, we will only show the part that looks different for the mixing matrix
product. The mixing matrix is a unitary matrix and it refers to the mass eigenvalues
of the coupling particles. Our reference equation for this is (20).

That part starts when we start summing the indices for the mixing matrices after
all the quantum operators act on the fields where in the first part, we were summing
the Yukawa coupling constants. Since the internal index is the same for the mixing
matrices we can introduce a new parameter 4 × 4 Uij matrix that is not a unitary
matrix as a substitution of product of the mixing matrices.

Uij = Viℓ(V
†)ℓj (22)

where ℓ is an internal index of this product of the mixing matrices that represents the
three neutrinos that can couple with Z boson.

7



From now on we can write our equation as

bsa
k⃗a
bsb
k⃗b
bsc
k⃗c
HintZb

s†i
pi = 2

[
ei(kcx1+kbx1+kax2−pix2)(Ucbū

scγµvsb − Ubcū
sbγνvsc)(Uaiū

saγµusi − Uiav̄
siγνvsa)

− ei(kcx1+kbx2+kax1−pix2)(Ucaū
scγµvsa − Uacū

saγνvsc)(Ubiū
sbγµusi − Uibv̄

siγνvsb)

+ ei(kcx1+kbx2+kax2−pix1)(Uciū
scγµusi − Uicv̄

siγνvsc)(Ubaū
sbγµvsa − Uabū

saγνvsb)]
(Z1µZ2ν) (23)

And using the Majorana representation relations we can write our equation as

bsa
k⃗a
bsb
k⃗b
bsc
k⃗c
HintZb

s†i
pi = 2

[
ei(kcx1+kbx1+kax2−pix2)(Ucb − Ubc)ū

scγµvsb(Uai − Uia)ū
saγνusi

− ei(kcx1+kbx2+kax1−pix2)(Uca − Uac)ū
scγµvsa(Ubi − Uib)ū

sbγνusi

+ ei(kcx1+kbx2+kax2−pix1)(Uci − Uic)ū
scγµusi(Uba − Uab)ū

sbγνvsa]
(Z1µZ2ν) (24)

2.3 Integrals of the propagators with respect to momentum

Now, we write the propagator that is going to give a part of the matrix element that
we will use in the phase space integral to find the decay rate. We get it from the ϕ1ϕ2

fields as

⟨0|bsa
k⃗a
bsb
k⃗b
bsc
k⃗c
HintGb

s†i
pi |0⟩ =

∫
d4k

(2π)4
d4x1d

4x2
eik(x1−x2)

k2 −m2 + iϵ

2
[
ei(kcx1+kbx1+kax2−pix2)(Ycb + Ybc)ū

scvsb(Yai + Yia)ū
sausi

− ei(kcx1+kbx2+kax1−pix2)(Yca + Yac)ū
scvsa(Ybi + Yib)ū

sbusi

+ ei(kcx1+kbx2+kax2−pix1)(Yci + Yic)ū
scusi(Yba + Yab)ū

sbvsa
]
(25)

The integral above is depending on a momentum and the difference of x1 and x2.

When we write our exponential terms with their corresponding x fields and integrate
our terms first with respect to exponential term of the fields and then the momentum,
we have our amplitude M as

(2π)4δ(pi − ka − kb − kc)M = −2i
[
(2π)4δ(ka − pi + kc + kb)

Y(cb)Y(ai)
(ka − pi)2 −m2 + iϵ

ūscvsbūsausi

− (2π)4δ(kb − pi + kc + ka)
Y(ba)Y(ci)

(kb − pi)2 −m2 + iϵ
ūscvsaūsbusi

+ (2π)4δ(kc − pi + kb + ka)
Y(ca)Y(bi)

(kc − pi)2 −m2 + iϵ
ūscusiūsbvsa

]
(26)
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2.4 Casimir’s Trick

Now, we can get the square of the matrix element in (26) where its integral over
momenta is part of our decay rate calculation. For that process, we use a method
called Casimir’s trick. What we do is getting the average of all spin configurations
and sum them over all final spin configurations. The complete matrix element after
averaging the spin configuration can be found in the appendix, equation (133) where
below show the first two terms of it.

|M|2 =16

∣∣∣Y(cb)Y(ai)∣∣∣2[
(ka − pi)2 −m2

ϕ

]2 ūscvsbūsausi v̄sbuscūsiusa
+ 16

Y(cb)Y(ai)Y
∗
(ba)Y

∗
(ci)[

(ka − pi)2 −m2
ϕ

][
(kc − pi)2 −m2

ϕ

] ūscvsbūsausiūsiusc v̄sausb
. . . (27)

2.5 Trace of the matrix elements

Now, we get the traces of the matrices from our averaged spinor terms (that were
multiplied by their complex conjugates above). Then we evaluate those traces using
the relations below. We will plug those into our averaged spinor terms and use it to
integrate over the phase space to find the 3 body decay rate.

Tr(/a/b) = 4a · b
Tr(/a/b/c/d) = 4(a · b c · d− a · c b · d+ a · d b · c)
Tr(γ5/a/b/c/d) = 4iϵµνλσaµbνcλdσ

Tr = (γ5/a/b) = 0 (28)

where the odd number of γ matrices gives zero. Note that we may need to change the
order of the spinors. For an easy read, we only write the first term of the spinors in
each part of the matrix element.

The first step of this calculation is writing the order of the spinors, so we can write the
traces. We should order them in a way that we do not change the order of the pairs
and we close the order with the index of the spinor that we have in the first place that
is the complex conjugate. And writing the trace starts with the spinor that is not a
complex conjugate.∑

spins

ūscvsbūsausi v̄sbuscūsiusa =
∑
spins

ūscvsb v̄sbuscūsiusaūsausi (29)

We can write the trace as follows:

Tr
[
(/kb −mb)(/kc +mc)

]
· Tr

[
(/ka +ma)(/pi +mi)

]
(30)
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And once we evaluate the trace following the relations above,

4(b · c−mbmc) · 4(a · pi +mami) (31)

Please note that we wrote the indices of the momenta to to show the products for an
easy read. For example; b is kb in the equation (31) and in rest of the terms in the
appendix. And we can write these products in terms of energy and mass as it is shown
below.

4(a · pi +mami) =
[
2
(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
− 4mbmc

]
· 4
[
miEa +mami

]
(32)

The rest of the trace operations and the evaluations can be found at the appendix
from equation (134) to (141).

Now, we deal with the trace of the matrices of the spinors in part of our interaction
Hamiltonian that has a coupling with the Z boson. Since we have gamma matrices
and the projection operator between the spinors, the traces will look a bit different
now. ∑

spins

ūscγµPLv
sbūsaγνPLu

si(−gµν)v̄sbγλPLuscūsiγρPLusa(−gλρ)

=
∑
spins

ūscγµPLv
sb v̄sbγλPLu

sc ūsiγµPLu
saūsaγλPLu

si (33)

Since we got the ordering, we can now write the trace as follows:

Tr
[
(/kb −mb)γ

λPL(/kc +mc)γ
µPL

]
· Tr

[
(/ka +ma)γλPL(/pi +mi)γµPL

]
= Tr

[
/kbγ

λ/kcγ
µPL

]
· Tr

[
/kaγλ/piγµPL

]
=

1

2

(
Tr

[
/kbγ

λ/kcγ
µ · 1

]
− Tr

[
/kbγ

λ/kcγ
µγ5

])
· 1
2

(
Tr

[
/kaγλ/piγµ · 1

])
− Tr

[
/kaγλ/piγµγ

5
])

(34)

We can write the explicit calculation as follows:

1

2

(
4
[
kλb k

µ
c − (b · c)gλµ + kµb k

λ
c

]
−

[
4iϵβλαµkbβkcα

])
· 1
2

(
4
[
kaλpiµ − (a · i)gλµ + kaµpiλ

]
−
[
4iϵβ′λα′µk

β′

a p
α′

i

])
=

[
4kλb k

µ
c kaλpiµ − 4kλb k

µ
c (a · i)gλµ + 4kλb k

µ
c kaµpiλ

− 4(b · c)gλµkaλpiµ − 4(b · c)gλµ(a · i)gλµ − 4(b · c)gλµkaµpiλ
+ 4kµb k

λ
c kaλpiµ − 4kµb k

λ
c (a · i)gλµ + 4kµb k

λ
c kaµpiλ

]
−
[
(4ϵβλαµkbβkcα)(ϵβ′λα′µk

β′

a p
α′

i )
]

(35)
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Please note that only multiplied the terms that has a product of two ϵ and the one
that has not since the product of terms that has one ϵ gives zero.

4(b · a)(c · i)− 4(b · c)(a · i) + 4(b · i)(c · a)
− 4(b · c)(a · i) + 16(b · c)(a · i)− 4(b · c)(a · i)
+ 4(b · i)(a · c)− 4(b · c)(a · i) + 4(b · a)(c · i)

− 4
[
− 2(δββ′δ

α
α′ − δβα′δ

α
β′)(kbβkcα)(k

β′

a p
α′

i )
]
→ 8[(a · b)(c · i)− (i · b)(c · a)]

= 16(b · a)(c · i) (36)

We can once again write the relations in the terms of energy and mass.

16(b · a)(c · i) = 8(m2
i − 2Ecmi +m2

c −m2
b −m2

a)(miEc) (37)

The rest of the trace operations and the evaluations of the spinors for the Z boson can
be found at the appendix from the equation (142) to (149).

2.6 Integral for the Decay rate to 3 particles

Now, we can integrate our phase space to find the decay rate of the sterile neutrino
decays into three neutrinos. The equation for the decay rate is given below.

dΓ =
S

2ℏm1

∫
|M|2

(
d3pa

(2π)32Ea

)(
d3pb

(2π)32Eb

)(
d3pc

(2π)32Ec

)
× (2π)4δ4(pi − pa − pb − pc)

(38)

2.6.1 Boundary conditions for the phase space and Integration

We start with peeling the δ function, we will first integrate over the Ea.

dΓ =

∫
|M|2

(
d3pa

(2π)32Ea

)(
d3pb

(2π)32Eb

)(
d3pc

(2π)32Ec

)
2πδ(mi − Ea − Eb − Ec)

· (2π)3δ3(⃗0− pa − pb − pc)

=
S

2ℏm1

∫
|M|2

(
1

Ea

)(
d3pb

(2π)32Eb

)(
d3pc

(2π)32Ec

)
πδ(mi − Ea − Eb − Ec) (39)

To solve the Ea integral, we introduce the u parameter which described as:

E2
a = m2

a + |pb|2 + |pc|2 + 2|pb||pc| cos θ ≡ u2 (40)

We can set the fixed polar axis on pc by our choosing and solve the equation (40) for
d cos θ, and We get

2udu = 2pbpcd cos θ

= d cos θ =
udu

pbpc
(41)
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with this two equations (40) and (41), we can substitute Ea with u and write it in
terms of pb and pc as we can see at the equation (46).

Now, by following the conservation of momentum and energy we can now decide the
boundaries of the rest of the integrals. using Ea, we get

ma ≤ Ea ≤
m2
i +m2

a − (mb +mc)
2

2mi

. (42)

Then we get to the integral of (Eb). For the maximum value for our momentum pb
the cos θ should be −1. When we solve this equality for the pb we find

m2
a + 2pbpc cos θ + p2b + p2c ≤

(
m2
i +m2

a − (mb +mc)
2

2mi

)2

2pbpc cos θ + p2b + p2c −
(
m2
i +m2

a − (mb +mc)
2

2mi

)2

+m2
a ≤ 0 (43)

And our solution for pb is

pb = −pc cos θ ±

√
(pc cos θ)2 − p2c −m2

a +

(
m2
i +m2

a − (mb +mc)2

2mi

)2

(44)

To use this boundary condition in the integral dEb below we have to write it in terms
of energy instead of momentum.

Ebmin = mb

Ebmax =

√√√√
m2
b +

(
− pc +

√
−m2

a +

(
m2
i +m2

a − (mb +mc)2

2mi

)2)2

(45)

And for the integrand dpc, our boundary conditions are from 0 to pc. And when we
make substitutions for Ea with u in our equations we get

dΓ =

∫ pcmax

0

∫ Ebmax

Ebmin

|M2|
(

1

upbpc

)(
p2bdpb

(2π)32Eb

)(
d3pc

(2π)32Ec

)
ududϕ

πδ(mi − |u| − Eb − Ec) (46)

The integral of u is only gives 1 if the mi −Eb −Ec is between the minimum and the
maximum value of u. Therefore, we make those changes in the |M|2 for Ea. We can
see this form for all the terms in the |M|2 that has Ea. Below, we show it for one term

=

∫ pcmax

0

∫ Ebmax

Ebmin

64

pbpc

∣∣∣Y(cb)Y(ai)∣∣∣2[
m2
a − 2(mi − Eb − Ec)) +m2

i −m2
ϕ

]2
[1
2

(
m2
i − 2(mi − Eb − Ec) +m2

a −m2
b −m2

c

)
−mbmc

]
· 4
[
(mi − Eb − Ec) +mami

]
. . .

(
p2bdpb

(2π)32Eb

)(
d3pc

(2π)32Ec

)
(47)
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where the complete form of |M|2 can be found in the appendix, equation (150).

Using the following relation E2
b = m2

b + p2b , and derive the it as 2EbdEb = 2pbdpb
to write pbdpb in terms of dEb.

=

∫ pcmax

0

∫ Ebmax

Ebmin

|M2|
pc

(
2πpbdpb
(2π)24Eb

)(
d3pc

(2π)32Ec

)
(48)

=

∫ pcmax

0

∫ Ebmax

Ebmin

|M2|
pc

(
pbdpb

(2π)4Eb

)(
d3pc

(2π)32Ec

)
(49)

So, we get

dΓ =

∫ pcmax

0

∫ Ebmax

Ebmin

|M2|
pc

(
dEb
4(2π)

)(
d3pc

(2π)32Ec

)
(50)

When we write the spherical coordinates for the pc, we can see that nothing else
depends on ϕ or θ so we simply get 4π.

dΓ =

∫ pcmax

0

∫ Ebmax

Ebmin

|M2|
pc

(
dEb
2

)(
p2cdpc

(2π)32Ec

)
(51)

After this equation (51), we have all our boundary conditions and we do not have any
other integrals left that are not dependent on Eb and pc.

Γ =

∫ pcmax

0

∫ Ebmax

Ebmin

64

pc

∣∣∣Y(cb)Y(ai)∣∣∣2[
m2
a − 2(mi − Eb − Ec)) +m2

i −m2
ϕ

]2
[1
2

(
m2
i − 2(mi − Eb − Ec) +m2

a −m2
b −m2

c

)
−mbmc

]
· 4
[
(mi − Eb − Ec) +mami

]
. . .

(
dEb
2

)(
p2cdpc

(2π)32Ec

)
(52)

We can see that the form of the integral is product of energies with the sums of the
masses that are constants in the numerator. And in the denominator, we can see a
similar quadratic form of energy products. So, we can integrate over Eb and then plug
in the boundary conditions. In the step of integrating over pc, we have two scenarios.

First one is that we ignore the mass of the outgoing particles by them being an in-
finitesimal, and since the mϕ has much larger value, we will have an integral where we
can calculate the decay rate of the sterile neutrino goes into three neutrinos.

Other scenario is that we do not ignore the mass of the outgoing particles, mean-
ing that our integral is going to have terms such that after validating the integral,
we are going to make an expansion of the mass terms in the result there are going to
be a lot of terms that have much longer values since we will have integrands in the
denominator in the form of forth power polynomial according to our approach.
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3 Sterile Neutrino Decays into 2 particles

In the calculation of the amplitude for the sterile neutrino decays into a neutrino and
a photon, we define our initial and final states as below.

|i⟩ =
√

2Ei b
s†i
p⃗i
|0⟩

|f⟩ =
√

4EaEb b
s†a
k⃗a
ab

†

k⃗b
|0⟩. (53)

where we can see the creation and annihilation operators that will act on the fields of
the interaction Hamiltonian.

In our interaction Hamiltonian we have four terms that represent a Feynman dia-
gram of a sterile neutrino decays into a photon and a neutrino with four different
loops. The first loop of the Feynman diagram has charged Higgs particles where in
the second loop of the Feynman diagram there is W± bosons. The third loop of the
Feynman diagram has a charged lepton and a charged Higgs. And finally, our last
loop has a charged lepton and a W± boson.

3.1 The Interaction Hamiltonian for 2 particle decay

That being said, we now show the interaction Hamiltonian for the 2 particle decay
below.

Hint1 =
(
Yj1ℓ1ψ̄j1ψ

′
ℓ1
ϕ+
1 + (Y †)j1ℓ1ψ̄

′
j1
ψℓ1ϕ

−
1 + ψ̄′

j1
γµψ′

j1
A1µ

+ Vj1ℓ1ψ̄j1γ
µψ′

ℓ1
W+

1µ + (V †)ℓ1j1ψ̄
′
ℓ1
γµψj1W

−
1µ

+
[
4iηgAαW

+
β (∂

αW−β − ∂βW−α) + 4iηgAαW
−
β (−∂

αW+β + ∂βW+α)

+ 4iηg{W+
αW

−
β (∂

αAβ − ∂βAα)}+
[
∂µϕ

−iηeeA
µϕ+ − ∂µϕ+iηeeAµϕ

−]) (54)

To get the amplitude of the two particle decay, we need the third order of the (54) as
it is shown below.

⟨f |eHint|i⟩ =
√

8EiEaEb ⟨0|bsak⃗aa
sb
k⃗b
(

∫
dx1 Hint1)

3 b
s†i
p⃗i
|0⟩ (55)

3.2 The spinors and the polarization vectors of fields

When the annihilation operator bsa
k⃗a

acts on the neutrino fields, the interaction Hamil-

tonian becomes

bsa
k⃗a
Hint =e

ikax1
[
Yj1ℓ1δaj1ū

saψ′
ℓ1
ϕ+
1 + (Y †)j1ℓ1δaℓ1ψ̄

′
j1
vsaϕ−

1

+ Vaj1ū
saγµψ′

j1
W+

1µ + (V †)j1aψ̄
′
j1
γµvsaW−

1µ

]
. (56)

Notice that there are no more neutrino fields for the annihilation operator to act
and the rest of the terms in the interaction Hamiltonian yield zero for this operator.
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Then, the next annihilation operator bsa
k⃗a

acts on the photon fields where the terms in

interaction Hamiltonian has the index 2. Therefore, we have

aλb
k⃗b
Hint =e

−ikbx2
[
ψ̄′
j2
γµψ′

j2
δλλbϵλµ +

[
4iηgδλλbϵλαW

+
2β(∂

αW−β
2 − ∂βW−α

2 )

+ 4iηgδλλbϵ
λ
αW

−
2β(−∂

αW+β
2 + ∂βW+α

2 )

+ 4iηg(W+
αW

−
β )

[
− ikbαδλλbϵλβ + ikbβδλλbϵλα

]]
+
[
∂µϕ

−
2 iηeeδλλbϵ

λ
µϕ

+
2 + ∂µϕ

+
2 iηeeδ

λλbϵλµϕ
−
2

]]
(57)

Once again, there are no more photon fields that the annihilation operator can act

on and the rest of the terms yield zero. Finally, the creation operator b
s†i
p⃗i

acts on the
neutrino fields where the terms in the interaction Hamiltonian have the index 3 and
we get

Hintb
s†i
p⃗i
=e−ikix3

[
Yj3ℓ3δij3 v̄

siψ′
ℓ3
ϕ+
3 + (Y †)j3ℓ3δiℓ3ψ̄

′
j3
usiϕ−

3

+ Vij3 v̄
siγµψ′

j3
W+

3µ + (V †)j3iψ̄
′
j3
γµusiW−

3µ

]
. (58)

Now, we used all the quantum operators on the fields and we can get to the next
step which is writing the whole interaction Hamiltonian with the particles that can
couple and give the terms for the propagators. Below, we can see the the interaction
Hamiltonian formulation that the quantum operators acted on;

⟨0|bsa
k⃗a
asb
k⃗b
(

∫
dxj Hintj)

3b
s†i
p⃗i
|0⟩ =⟨0|(bsa

k⃗a

∫
dx1 Hint1)(a

sb
k⃗b

∫
dx2 Hint2)(

∫
dx3 Hint3b

s†i
p⃗i
)|0⟩

=⟨0|
∫
dx1

∫
dx2

∫
dx3

[
Yj1ℓ1δaj1ū

saeikax1ψ′
ℓ1
ϕ+
1

]
[
∂µϕ

−
2 iηeeδλbϵ

λ
µe

−ikbx2ϕ+
2 + ∂µϕ

+
2 iηeeδ

λbϵλµe
−ikbx2ϕ−

2

]
[
(Y †)j3ℓ3δiℓ3ψ̄

′
j3
usie−ikix3ϕ−

3

]
. . . (59)

where the full version of it is in the appendix equation (151).

3.3 Integrals of the propagators with respect to momentum
(grouped terms)

We can now group the terms we have depending on the type and the number of their
coupling particles in the propagators such as 2 fermions 1 Higgs or, 1 fermion and 2
Higgs and write the propagators afterwards from the vacuum expectation value that
will help us writing the amplitude M for our particle interactions.

3.3.1 1 Fermion 2 Higgs propagators

We can start with the terms that have 1 fermion and 2 Higgs boson. What do we
do below is writing the terms that will give the first propagator that have different
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spinors before them wherein the first term we have ūsa and in the second term v̄si .
To write these two terms together we take the transpose of it as per the Majorana
representation relation and write their propagators from the vacuum expectation value,
where we include the propagators for the Higgs boson in our terms in the equation
(64):

T1stψ.ϕ.ϕ =

∫
dx1

∫
dx2

∫
dx3e

i(kax1−kbx2−kix3)
(
δaj1δλλbδiℓ3iηeeYj1ℓ1(Y

†)j3ℓ3(
ūsa

∑
j

∫
d4k1
(2π)4

eik1(x1−x3)(kµ1γµ −mj)

(k21 −m2
j + iϵ)

δjℓ1δjj3u
si

)
⟨0|

[
ϕ+
1 ∂µϕ

−
2 ϵ

λ
µϕ

+
2 ϕ

−
3

]
0|⟩

− δaℓ1δ
λλbδij3iηee(Y

†)j1ℓ1Yj3ℓ3(
v̄si

∑
j

∫
d4k1
(2π)4

eik1(x3−x1)(kµ1γµ −mj)

k21 −m2
j + iϵ

δjℓ3δjj1v
sa

)⊤

⟨0|
[
ϕ−
1 ∂µϕ

+
2 ϵ

λ
µϕ

−
2 ϕ

+
3

]
|0⟩

)
(60)

where the T1stψ.ϕ.ϕ represents the first pair of terms for the fermion-Higgs-Higgs prop-
agator. We will use the similar formulation for labeling the equations.

The next step is summing the indices of the δ functions with the Yukawa coupling
terms, and get the transpose of the second term and write them together using the
Majorana representation relations by writing the v̄sivsa as ūsausi .

T1stψ.ϕ.ϕ =iηeee
i(kax1−kbx2−kix3)

∑
j(

Yaj(Y
†)ji

∫
d4k1
(2π)4

eik1(x1−x3)ūsa(kµ1γµ −mj)u
si

(k21 −m2
j + iϵ)

⟨0|
[
ϕ+
1 ∂µϕ

−
2 ϵ

λb
µ ϕ

+
2 ϕ

−
3

]
|0⟩

− (Y †)jaYij

∫
d4k1
(2π)4

eik1(x3−x1)ūsa(kµ1 −mj)u
si

k21 −m2
j + iϵ

⟨0|
[
ϕ−
1 ∂µϕ

+
2 ϵ

λb
µ ϕ

−
2 ϕ

+
3

]
|0⟩

)
(61)
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Then we can change the positions x1 and x3 by changing the integral d4k1 with a
minus sign

T1stψ.ϕ.ϕ =iηeee
i(kax1−kbx2−kix3)

∑
j(

Yaj(Y
†)ji

∫
d4k1
(2π)4

eik1(x1−x3)ūsa(kµ1 −mj)u
si

(k21 −m2
j + iϵ)

⟨0|
[
ϕ+
1 ∂µϕ

−
2 ϵ

λb
µ ϕ

+
2 ϕ

−
3

]
|0⟩

− (Y †)jaYij

∫
d4(−k1)
(2π)4

e−ik1(x3−x1)ūsa(kµ1 −mj)u
si

(k21 −m2
j + iϵ)

⟨0|
[
ϕ−
1 ∂µϕ

+
2 ϵ

λb
µ ϕ

−
2 ϕ

+
3

]
|0⟩

)
=iηeee

i(kax1−kbx2−kix3)
∑
j

∫
d4k1
(2π)4

eik1(x1−x3)

k21 −m2
j + iϵ(

Yaj(Y
†)jiū

sa(kµ1γµ −mj)u
si⟨0|

[
ϕ+
1 ∂µϕ

−
2 ϵ

λb
µ ϕ

+
2 ϕ

−
3

]
|0⟩

+ (Y †)jaYijū
sa(kµ1γµ −mj)u

si⟨0|
[
ϕ−
1 ∂µϕ

+
2 ϵ

λb
µ ϕ

−
2 ϕ

+
3

]
|0⟩

)
(62)

So, we can write the terms with the spinors together as

T1stψ.ϕ.ϕ =iηeee
i(kax1−kbx2−kix3)

∑
j

∫
d4k1
(2π)4

eik1(x1−x3)

k21 −m2
j + iϵ

ūsa(kµ1 −mj)u
si

(
Yaj(Y

†)ji⟨0|
[
ϕ+
1 ∂µϕ

−
2 ϵ

λb
µ ϕ

+
2 ϕ

−
3

]
|0⟩

+ (Y †)jaYij⟨0|
[
ϕ−
1 ∂µϕ

+
2 ϵ

λb
µ ϕ

−
2 ϕ

+
3

]
|0⟩

)
(63)

And when we write the propagators from the ϕ fields, we get the equation below.

T1stψ.ϕ.ϕ =

∫
dx1

∫
dx2

∫
dx3iηeee

i(kax1−kbx2−kix3)

∑
j

∫
d4k1
(2π)4

eik1(x1−x3)

k21 −m2
j + iϵ

ūsa(kµ1γµ −mj)u
si

(
Yaj(Y

†)ji

[ ∫ d4k2
(2π)4

−ik2µeik2(x1−x2)

k22 −m2
ϕ + iϵ

ϵλµ

∫
d4k3
(2π)4

eik3(x2−x3)

k23 −m2
ϕ + iϵ

]
+ (Y †)jaYij

[ ∫ d4k2
(2π)4

−ik2µeik2(x1−x2)

k22 −m2
ϕ + iϵ

ϵλµ

∫
d4k3
(2π)4

eik3(x2−x3)

k23 −m2
ϕ + iϵ

])
(64)

17



Then the Yukawa coupling terms can be summed up and the propagators term can be
written once since they have the same components.

T1stψ.ϕ.ϕ =

∫
dx1

∫
dx2

∫
dx3iηeee

i(kax1−kbx2−kix3)

∑
j

∫
d4k1
(2π)4

eik1(x1−x3)

k21 −m2
j + iϵ

ūsa(kµ1 −mj)u
si

(
Yaj(Y

†)ji + (Y †)jaYij

)[ ∫ d4k2
(2π)4

−ik2νeik2(x1−x2)

k22 −m2
ϕ + iϵ

ϵλν

∫
d4k3
(2π)4

eik3(x2−x3)

k23 −m2
ϕ + iϵ

]
(65)

Once we integrate over the xi fields and the momentum we get

T1stψ.ϕ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫

d4k3
(2π)4

[ ūsa(−/k3 + /kb − /ka −mj)u
si

((k3 − kb + ka)2 −m2
j + iϵ)

−i(k3 − kb)µ
(k3 − kb)2 −m2

ϕ + iϵ
ϵλµ

1

k23 −m2
ϕ + iϵ

]
(66)

In the same fashion, we can also write the pair of term that has the partial derivative
∂ϕ on the 3rd index wherein the previous pair, it was on the 2nd ϕ field.

T2ndψ.ϕ.ϕ =

∫
dx1

∫
dx2

∫
dx3e

i(kax1−kbx2−kix3)
(
δaj1δ

λλbδiℓ3Yj1ℓ1(Y
†)j3ℓ3iηee(

ūsa
∑
j

∫
d4k1
(2π)4

eik1(x1−x3)( /k1 −mj)

(k21 −m2
j + iϵ)

δjℓ1δjj3u
si

)
⟨0|

[
ϕ+
1 ϕ

−
2 ϵ

λ
ν∂νϕ

+
2 ϕ

−
3

]
|0⟩

− δaℓ1δλλbδij3(Y
†)j1ℓ1Yj3ℓ3iηee(

v̄si
∑
j

∫
d4k1
(2π)4

eik1(x3−x1)( /k1 −mj)

(k21 −m2
j + iϵ)

δjℓ3δjj1v
sa

)⊤

⟨0|
[
ϕ−
1 ϕ

+
2 ϵ

λ
µ∂µϕ

−
2 ϕ

+
3

]
|0⟩

)
(67)

Following the same steps above we can write the equation as

T2ndψ.ϕ.ϕ =

∫
dx1

∫
dx2

∫
dx3iηeee

i(kax1−kbx2−kix3)

∑
j

∫
d4k1
(2π)4

eik1(x1−x3)

k21 −m2
j + iϵ

ūsa(kµ1γµ −mj)u
si

(
Yaj(Y

†)ji + (Y †)jaYij

)[ ∫ d4k2
(2π)4

eik2(x1−x2)

k22 −m2
ϕ + iϵ

ϵλν

∫
d4k3
(2π)4

ik3νe
ik3(x2−x3)

k23 −m2
ϕ + iϵ

]
(68)
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Once we integrate over the x fields in the exponential term and the momentum we
have

T2ndψ.ϕ.ϕ = (2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫

d4k3
(2π)4

[ ūsa(−/k3 + /kb − /ka −mj)u
si

((k3 − kb + ka)2 −m2
j + iϵ)

1

(k3 − kb)2 −m2
ϕ + iϵ

ϵλν
ik3ν

k23 −m2
ϕ + iϵ

]
(69)

3.3.2 2 Fermions 1 Higgs Propagators

The following equation shows terms that have the coupling of 2 fermions and 1 Higgs.

Tψ.ψ.ϕ =

∫
dx1

∫
dx2

∫
dx3e

i(kax1−ikbx2−ikix3)
(
δaj1δ

λλbδiℓ3Yj1ℓ1(Y
†)j3ℓ3(

ūsa
∑
j

∫
d4k1
(2π)4

eik1(x1−x2)( /k1 −mj)

(k21 −m2
j + iϵ)

δjℓ1δjj2γ
µ

×
∑
j̄

∫
d4k2
(2π)4

eik2(x2−x3)( /k2 −mj̄)

(k22 −m2
j̄
+ iϵ)

δj̄j2δj̄j3u
si

)
⟨0|

[
ϵλµϕ

+
1 ϕ

−
3

]
|0⟩

−δaℓ1δλλbδij3(Y †)j1ℓ1Yj3ℓ3(
v̄si

∑
j

∫
d4k1
(2π)4

eik1(x3−x2)( /k1 −mj)

(k21 −m2
j + iϵ)

δjℓ3δjj2γ
µ

×
∑
j̄

∫
d4k2
(2π)4

eik2(x2−x1)(/k2 −mj̄)

(k22 −m2
j̄
+ iϵ)

δj̄j2δj̄j1v
sa

)⊤

⟨0|
[
ϵλµϕ

−
1 ϕ

+
3

]
|0⟩

)
(70)

Now, we have a bit different form since there are two fermions. The steps are almost
the similar for grouping these two terms. But we have an additional index to sum
up which is j̄. We sum j2 with j̄ and then j̄ with j after taking the transpose of the
second term once again. And changing the boundaries of the last two integral, so we
can change the order of the x3 − x2 and x2 − x1 in the exponential functions, we can
write them in the same brackets as:

Tψ.ψ.ϕ =

∫
dx1

∫
dx2

∫
dx3e

i(kax1−ikbx2−ikix3)
(
Yaj(Y

†)ji + (Y †)jaYij

)
(
ūsa

∑
j

∫
d4k1
(2π)4

eik1(x1−x2)(kµ1γµ −mj)

(k21 −m2
j + iϵ)

γµ

∫
d4k2
(2π)4

eik2(x2−x3)(kν2γν −mj)

(k22 −m2
j + iϵ)

usiϵλµ

∫
d4k3
(2π)4

eik3(x1−x3)

k23 −m2
ϕ + iϵ

)
(71)

We have now all our fields grouped with their relevant denominators according to the
coupling of our particles and the quantum operators acted on every field and we wrote
the propagators as well.
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Once we integrate over the x fields and get the delta functions and integrate over
the momentum the equation becomes

Tψ.ψ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫

d4k3
(2π)4

[ ūsa(−/ka − /k3 −mj)

(ka + k3)2 −m2
j + iϵ)

γµ
(−/k3 − /ka + /kb −mj)u

si

(−k3 − ka + kb)2 −m2
j + iϵ

ϵλµ
1

k23 −m2
ϕ + iϵ

]
(72)

But during the integration over the momenta, we always have one leftover momentum
at the last integral. For that, we are going to have to use the Feynman parametrization
and the Wick rotation since that is an integral of a loop and we need to evaluate it
with these steps. The description of these methods are shown below.

3.3.3 1 Fermion 2 W± boson Propagators

Now, we get to the terms with 1 fermion and 2 W bosons. Starting with the one that
shows the W+

Tψ.W+.W− =

∫
dx1

∫
dx2

∫
dx34iηgVaj1δ

λλbVij3

eikax1e−ikbx2e−ikix3⟨0|
[
ūsaγµψ′

j1
ψ̄′
j3
γνusi

]
[
ϵλαW

+
1µ∂

αW−β
2 W+

2βW
−
3ν + ϵλαW

+
1µ(−∂βW−α

2 )W+
2βW

−
3ν

+ ϵλαW
+
1µW

−
2β(−∂

αW+β
2 )W−

3ν + ϵλαW
+
1µW

−
2β(∂

βW+α
2 )W−

3ν

W+
1µW

−
2υ

(
− ikbθϵυλ + ikbυϵθλ

)
W+

2θW
−
3ν

]
|0⟩ (73)

where the following terms, showing the W− boson

Tψ.W−W+ =−
∫
dx1

∫
dx2

∫
dx34iηgVaj1δ

λλbVij3

eikax1e−ikbx2e−ikix3⟨0|
[
v̄siγνψ′

j3
ψ̄′
j1
γµvsa

]
[
ϵλαW

−
1µW

+
2β(∂

αW−β
2 )W+

3ν + ϵλαW
−
1µW

+
2β(−∂

βW−α
2 )W+

3ν

+ ϵλαW
−
1µ(−∂αW

+β
2 )W−

2βW
+
3ν + ϵλαW

−
1µ(∂

βW+α
2 )W−

2βW
+
3ν

+W−
1µW

+
2υ(−ikbυϵθλ + ikbθϵυλ)W−

2θW
+
3ν

]
|0⟩ (74)
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We attempt to write them with the same constants that they have in common, then
we have

Tψ.W± =

∫
dx1

∫
dx2

∫
dx34iηgVaj1δ

λλbVij3e
ikax1e−ikbx2e−ikix3

⟨0|
[
ūsaγµψ′

j1
ψ̄′
j3
γνusi − v̄siγνψ′

j3
ψ̄′
j1
γµvsa

]
[
ϵλαW

+
1µ∂

αW−β
2 W+

2βW
−
3ν + ϵλαW

+
1µ(−∂βW−α

2 )W+
2βW

−
3ν

+ ϵλαW
+
1µW

−
2β(−∂

αW+β
2 )W−

3ν + ϵλαW
+
1µW

−
2β(∂

βW+α
2 )W−

3ν

]
|0⟩

+

∫
dx1

∫
dx2

∫
dx34iηgVaj1δ

λλbVij3e
ikax1e−ikbx2e−ikix3

⟨0|
[
ūsaγµψ′

j1
ψ̄′
j3
γνusiW+

1µW
−
2υ

(
− ikbθϵυλ + ikbυϵθλ

)
W+

2θW
−
3ν

− (v̄siγνψ′
j3
ψ̄′
j1
γµvsa)W−

1µW
+
2υ(−ikbυϵθλ + ikbθϵυλ)W−

2θW
+
3ν

]
|0⟩ (75)

Using the Majorana representation relation, we can write the term with v̄si as ūsa and
change the order of the x3 − x1 as we did before as

⟨0|ūsaγµψ′
j1
ψ̄′
j3
γνusi − v̄siγνψ′

j3
ψ̄′
j1
γµvsa|0⟩

=

∫
dx1

∫
dx2

∫
dx3Vaj1δ

λλbVij3∫
d4k1
(2π)4

eik1(x1−x3)ūsaγµ(/k1 −mj)γ
νusi

k21 −m2
j + iϵ

δjj1δjj3

−
∫
dx1

∫
dx2

∫
dx3Vaj1δ

λλbVij3∫
d4k1
(2π)4

eik1(x3−x1)(v̄siγν(/k1 −mj)γ
µvsa)⊤

k21 −m2
j + iϵ

δjj1δjj3

=

∫
dx1

∫
dx2

∫
dx3Vajδ

λλbVij∫
d4k1
(2π)4

eik1(x1−x3)ūsaγµ(/k1 −mj)γ
νusi

k21 −m2
j + iϵ

−
∫
dx1

∫
dx2

∫
dx3Vajδ

λλbVij∫
d4(−k1)
(2π)4

e−ik1(x3−x1)ūsaγµ(/k1 −mj)γ
νusi

k21 −m2
j + iϵ

=

∫
dx1

∫
dx2

∫
dx3Vajδ

λλbVij∫
d4k1
(2π)4

eik1(x1−x3)ūsaγµ(/k1 −mj)γ
νusi

k21 −m2
j + iϵ

(76)
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And then write the propagators from the vacuum expectation value as

Tψ.W± =

∫
dx1

∫
dx2

∫
dx34iηgVajδ

λλbVije
ikax1e−ikbx2e−ikix3∫

d4k1
(2π)4

∫
d4k2
(2π)4

∫
d4k3
(2π)4

[
ūsaγµeik1(x1−x3)( /k1 −mj)γ

νusi

+ ūsaγµeik1(x1−x3)( /k1 −mj)γ
νusi(

ϵλα(g
β
µik

α
2 e

ik2(x1−x2))(−gβνeik3(x2−x3))

+ ϵλα(g
α
µ ik

β
2 e

ik2(x1−x2))(−gβνeik3(x2−x3))
+ ϵλα(−gµβeik2(x1−x2))(−gβν ikα2 eik3(x2−x3))

+ ϵλα(−gµβeik2(x1−x2))(−gαν ik
β
2 e

ik3(x2−x3))
)

(
(k21 −m2

j + iϵ)(k22 −m2
W + iϵ)(k23 −m2

W + iϵ)
)−1]

+

∫
dx1

∫
dx2

∫
dx34iηgVajδ

λλbVije
ikax1e−ikbx2e−ikix3∫

d4k1
(2π)4

∫
d4k2
(2π)4

∫
d4k3
(2π)4

[
(ūsaγµeik1(x1−x3)( /k1 −mj)γ

νusi)

(−gµυeik2(x1−x2))
(
− ikbθϵυλ + ikbυϵθλ

)
(−gθνeik3(x2−x3))

+ (ūsaγµeik1(x1−x3)( /k1 −mj)γ
νusi)

(−gµυeik2(x1−x2))(−ikbυϵθλ + ikbθϵυλ)(−gθνeik3(x2−x3))(
(k21 −m2

j + iϵ)(k22 −m2
W + iϵ)(k23 −m2

W + iϵ)
)−1]

(77)
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We can carry the exponentials out for they are the same for each term

Tψ.W± =

∫
dx1

∫
dx2

∫
dx34iηgVajδ

λλbVije
ikax1e−ikbx2e−ikix3∫

d4k1
(2π)4

∫
d4k2
(2π)4

∫
d4k3
(2π)4

eik1(x1−x3)eik2(x1−x2)eik3(x2−x3)[
ūsaγµ( /k1 −mj)γ

νusi + ūsaγν( /k1 −mj)γ
µusi(

− ϵλα(g
β
µik

α
2 )(gβν)− ϵλα(g

α
µ ik

β
2 )(gβν)

+ ϵλα(gµβ)(g
β
ν ik

α
2 ) + ϵλα(gµβ)(g

α
ν ik

β
2 )
)

(
(k21 −m2

j + iϵ)(k22 −m2
W + iϵ)(k23 −m2

W + iϵ)
)−1]

+

∫
dx1

∫
dx2

∫
dx34iηgVajδ

λλbVije
ikax1e−ikbx2e−ikix3∫

d4k1
(2π)4

∫
d4k2
(2π)4

∫
d4k3
(2π)4

eik1(x1−x3)eik2(x1−x2)eik3(x2−x3)[
(ūsaγµ( /k1 −mj)γ

νusi)

(−gµυ)
(
− ikbθϵυλ + ikbυϵθλ

)
(−gθν)

− eik1(x1−x3)eik2(x1−x2)eik3(x2−x3)

(v̄siγν( /k1 −mj)γ
µvsa)

(−gµυ)(−ikbυϵθλ + ikbθϵυλ)(−gθν)(
(k21 −m2

j + iϵ)(k22 −m2
W + iϵ)(k23 −m2

W + iϵ)
)−1]

(78)

Now, we can integrate over the position to get the δ functions for the momenta integral

Tψ.W± =(2π)4δ(ka − kb − ki)8iηgVajδ
λλbVij∫

d4k3
(2π)4

[(
ūsaγµ(−/k3 + /kb − /ka −mj)γ

νusi
)

(
− gβµϵ

λ
αi(−kα3 + kαb )gβν − gαµϵ

λ
αi(−k

β
3 + kβb )gβν

+ gµβϵ
λ
αi(−kα3 + kαb )g

β
ν + gµβϵ

λ
αi(−k

β
3 + kβb )g

α
ν

)
+ (gµυ)

(
− ikbθϵυλ + ikbυϵθλ

)
(gθν)

+ (gµυ)(−ikbυϵθλ + ikbθϵυλ)(gθν)(
((k3 − kb + ka)

2 −m2
j + iϵ)((k3 − kb)

2 −m2
W + iϵ)(k23 −m2

W + iϵ)
)−1]

(79)
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After we sum the indices we get

Tψ.W± =(2π)4δ(ka − kb − ki)8iηgVajVij∫
d4k3
(2π)4

[(
ūsaγµ(−/k3 + /kb − /ka −mj)γ

νusi
)(
ϵλbµ i(k3ν)− ϵλbν i(k3µ)

)
(
((k3 − kb + ka)

2 −m2
j + iϵ)((k3 − kb)

2 −m2
W + iϵ)(k23 −m2

W + iϵ)
)−1]

(80)

3.3.4 2 Fermions 1 W± Boson Propagators

And finally for the 2 fermions 1 W Boson terms, we write the equation as

Tψ.ψ.W± =

∫
dx1

∫
dx2

∫
dx3Vaj1δ

λλbV ij3e
i(kax1−kbx2−kix3)(

− v̄siγρ
∫

d4k1
(2π)4

eik1(x3−x2)(/k1 −mj)

(k21 −m2
j + iϵ)

γν
∫

d4k2
(2π)4

eik2(x2−x1)(/k2 −mj)

(k22 −m2
j + iϵ)

γµvsaϵλν

+ ūsaγµ
∫

d4k1
(2π)4

eik1(x1−x2)(/k1 −mj)

(k21 −m2
j + iϵ)

γν
∫

d4k2
(2π)4

eik2(x2−x3)(/k2 −mj)

(k22 −m2
j + iϵ)

γρusiϵλν

)
∫

d4k3
(2π)4

−gµρeik3(x1−x3)

(k23 −m2
W + iϵ)

(81)

having the first term’s transpose, we can write them together as we did in the previous
pairs similarly. So, we have

Tψ.ψ.W± =

∫
dx1

∫
dx2

∫
dx3Vaj1δ

λλbVij3e
i(kax1−kbx2−kix3)(

− ūsaγµ
∫

d4k1
(2π)4

eik1(x1−x2)(/k2 +mj)

(k21 −m2
j + iϵ)

γν
∫

d4k2
(2π)4

eik2(x2−x3)(/k1 +mj)

(k22 −m2
j + iϵ)

γρusiϵλν

+ ūsaγµ
∫

d4k1
(2π)4

eik1(x1−x2)(/k1 −mj)

(k21 −m2
j + iϵ)

γν
∫

d4k2
(2π)4

eik2(x2−x3)(/k2 −mj)

(k22 −m2
j + iϵ)

γρusiϵλν

)
∫

d4k3
(2π)4

−gµρeik3(x1−x3)

(k23 −m2
W + iϵ)

(82)

So after integrating over the position and the momentum, we can write our terms as

Tψ.ψ.W± =(2π)4δ(ka − kb − ki)VajVij[( ∫
d4k3
(2π)4

ūsa
[
8(/k3 + /ka)mj − 8/kbmj/ϵ

λusi ](
((ka + k3)

2 −m2
j + iϵ)((−k3 − ka + kb)

2 −m2
j + iϵ)(k23 −m2

W + iϵ)
)−1]

(83)

where the explicit calculation can be found at the appendix equation (154) and (155).
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3.4 The Feynman parametrization for the denominators

For the evaluation of the loop integrals, we now introduce the Feynman parametriza-
tion. And then we will apply it to the four different denominators. We can see the
formulation as follows

1

ABn =

∫ 1

0

dx dy δ(x+ y − 1)
nyn−1[

xA+ yB
]n+1 (84)

1

A1 · · ·An
= (n− 1)!

∫ 1

0

· · · dx1
∫ 1

0

dxn
δ(1−

∑n
k=1 xk)

(
∑n

k=1 xkAk)
n

(85)

in the integral after the Feynman parametrization we will have dx1, dx2 and dx3 for
the terms wherein the previous pages we had the same notation for the positions. But
from now on it is for the integral of the parameterized values.

3.4.1 Wick rotation for the momentum

After using the Feynman parametrization we are left with one integral over the mo-
mentum kµ that is in the Minkowski space. Therefore, we use the Wick rotation to
write momentum in the Euclidean space.∫

d4k

(2π)4
1

(k2 −∆+ iϵ)n
(86)

where the ∆ is the terms in the denominator that does not contain momentum k.
This integral has poles at k0 =

√
k⃗2 +∆+ iϵ and k0 = −

√
k⃗2 +∆+ iϵ. We substitute

k0 → ik0, so that k2 → −k20 − k⃗2 = −k2E where k2E = k20 + k⃗2 is now the Euclidean
momentum. This process is called the Wick rotation. From now on, we will not need
the iϵ term anymore. So, we set it to be zero. Using the formula for the surface area
of the Euclidean 4-sphere

∫
Ω4 = 2π2 we can evaluate the rest of the integrals.

3.4.2 4 Denominators (that represents 4 different diagrams)

To be able to calculate the loop integrals, first we must use the Feynman parameters
to write the denominators as in the steps below. Wick rotation which is going to help
us write the integral in polar coordinates where at the end we will have not d4k but a
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simpler integral.

Denomψ.ϕ.ϕ =x2((k3 − kb + ka)
2 −m2

j + iϵ)

+ (x1 − x2)((k3 − kb)
2 −m2

ϕ + iϵ) + (1− x1)(k
2
3 −m2

ϕ + iϵ)

= x2(k
2
3 + k2b + k2a − 2k3.(kb − ka)− 2ka.kb −m2

j + iϵ)

+ (x1 − x2)(k
2
3 + k2b − 2k3.kb −m2

ϕ + iϵ) + (1− x1)(k
2
3 −m2

ϕ + iϵ)

= k23(x2 + x1 − x2 + 1− x1)− 2k3.(x2kb − x2ka + (x1 − x2)kb)

+ x2(k
2
b + k2a − 2ka.kb −m2

j) + (x1 − x2)k
2
b

− (x1 − x2)m
2
ϕ + (1− x1)(−m2

ϕ) + (x2 + x1 − x2 + 1− x1)iϵ

= k23 − 2k3.(x1kb − x2ka) + x2(k
2
i −m2

j) + (x1 − x2)k
2
b − (1− x2)m

2
ϕ + iϵ

= (k3 − x1kb + x2ka)
2

− (x1kb − x2ka)
2 + x2(k

2
i ) + (x1 − x2)k

2
b

− x2m
2
j −m2

ϕ + x2m
2
ϕ + iϵ (87)

When we write the second line of the last equation in a more expanded way we get

− (x1kb − x2ka)
2 + x2(k

2
i ) + (x1 − x2)k

2
b

= −x21k2b + x1x2 2kb.ka − x22k
2
a + x2k

2
i + x1k

2
b − x2k

2
b (88)

And when we write the kb and ka momentum in terms of ki, and since they are also
the momentum of outer going particles, we can write them in terms of their masses.

2kb.ka = (ka − kb)
2 − k2a − k2b = k2i − k2a − k2b = m2

i −m2
a −m2

b (89)

for the integration k3 → k with k = k3 − x1kb + x2ka or k3 = k + x1kb − x2ka.

We can write the integral of the neutrino-Higgs-Higgs term now as

T1stψ.ϕ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ x1

0

dx2

∫
d4k

(2π)4
ūsa(−/k − x1(/ka − /ki) + x2/ka − /ki −mj)u

si

i(−k − x1kb + x2ka + kb).ϵ
λ[

k2 − x21m
2
b + x1x2(m

2
i −m2

a −m2
b)− x22m

2
a + x2m

2
i + x1m

2
b − x2m

2
b

− x2m
2
j −m2

ϕ + x2m
2
ϕ + iϵ

]−3

(90)

and we can introduce the term ∆ where

∆ = −x21m2
b + x1x2(m

2
i −m2

a −m2
b)− x22m

2
a + x2m

2
i + x1m

2
b − x2m

2
b

− x2m
2
j −m2

ϕ + x2m
2
ϕ

= x1x2(m
2
i −m2

a)− x22m
2
a + x2m

2
i − x2m

2
j −m2

ϕ + x2m
2
ϕ (91)
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when we use, that mb = mγ and we know the photon is mass less.

Then the integral becomes

T1stψ.ϕ.ϕ = (2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ x1

0

dx2

∫
d4k

(2π)4
ūsa(−/k − x1(ma −mi) + x2ma −mi −mj)u

si

i(−k − x1kb + x2ka + kb).ϵ
λ
[
k2 +∆+ iϵ

]−3

= (2π)4δ(ka − kb − ki)Yj1ℓ1(Y
†)j3ℓ3δiℓ3δaj1δλλbiηee∫ 1

0

dx1

∫ x1

0

dx2

∫
d4k

(2π)4

{
ūsaγµu

siiϵλν
kµkν

[k2 +∆+ iϵ]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(ka.ϵ

λ)
[
k2 +∆+ iϵ

]−3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausii(1− x1)(kb.ϵ

λ)
[
k2 +∆+ iϵ

]−3}
(92)

When we shift k0 → ik0, so that k2 → −k20 − k⃗2 = −k2E, we get our Euclidean

momentum. When we look at the poles, we could see that it is at k0 = ±
√
k⃗2 +∆∓iϵ.

After shifting the terms and using kb.ϵ
λ = 0, our integral becomes

T1stψ.ϕ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
(2π)4

∫ 1

0

dx1

∫ x1

0

dx2

∫
dΩ4

∫ ∞

0

k3EdkE

{
ūsaγµu

siiϵλν
gµν(−k2E)

[−k2E +∆+ iϵ]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(ka.ϵ

λ)
[
− k2E +∆+ iϵ

]−3}
(93)

Since the
∫
dΩ4 yields 2π2 the integral becomes

T1stψ.ϕ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ x1

0

dx2

∫
dΩ4

∫ ∞

0

k3EdkE

{
ūsaγµu

siiϵλν
gµν(−k2E)
[−k2E +∆]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(ka.ϵ

λ)
[
− k2E +∆

]−3}
(94)
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We can write the Feynman parametrization for the integral of the other neutrino-
Higgs-Higgs pair, so, the integral becomes

T2ndψ.ϕ.ϕ = = (2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ x1

0

dx2

∫
d4k

(2π)4
ūsa(−/k − x1(/ka − /ki) + x2/ka − /ki −mj)u

si

i(k + x1kb − x2ka).ϵ
λ[

k2 − x21m
2
b + x1x2(m

2
i −m2

a −m2
b)− x22m

2
a + x2m

2
i + x1m

2
b − x2m

2
b

− x2m
2
j −m2

ϕ + x2m
2
ϕ + iϵ

]−3

= (2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ x1

0

dx2

∫
d4k

(2π)4
ūsa(−/k − x1(ma −mi) + x2ma −mi −mj)u

si

i(k + x1kb − x2ka).ϵ
λ
[
k2 +∆+ iϵ

]−3

= (2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ x1

0

dx2

∫
d4k

(2π)4

{
ūsaγµu

siiϵλν
−kµkν

[k2 +∆+ iϵ]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(−ka.ϵλ)

[
k2 +∆+ iϵ

]−3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausii(x1)(kb.ϵ

λ)
[
k2 +∆+ iϵ

]−3}
(95)

And after the Wick rotations, we get

T2ndψ.ϕ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ x1

0

dx2

∫
dΩ4

∫ ∞

0

k3EdkE

{
ūsaγµu

siiϵλν
gµν(k2E)

[−k2E +∆]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(−ka.ϵλ)

[
− k2E +∆

]−3}
(96)
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The other denominator that represents the diagram that has one charged two fermions
and a charged Higgs is shown below

Denomψ.ψ.ϕ =x2
(
(ka + k3)

2 −m2
j + iϵ

)
+ (x1 − x2)((−kb + ka + k3)

2 −m2
j + iϵ)

+ (1− x1)(k
2
3 −m2

ϕ + iϵ)

=x2(k
2
a + k23 + 2kak3 −m2

j + iϵ)

+ (x1 − x2)(k
2
b + k2a + k23 − 2kb(k3 − ka) + 2kak3 −m2

j + iϵ)

(1− x1)(k
2
3 −m2

ϕ + iϵ)

=k23(x2 + x1 − x2 + 1− x1) + (x1 − x2)(k
2
b + k2a − 2kbka − 2kbk3 −m2

j)

− (1− x1)m
2
ϕ + iϵ(x1 − x2 + 1− x1 + x2)

=k23 − (x1 − x2)m
2
j − x2m

2
j − (1− x1)m

2
ϕ + iϵ

+ (x1 − x2)(k
2
b + k2a − 2kbka − 2kbk3 + 2kak3)

=k23 − (x1 − x2)m
2
j − x2m

2
j − (1− x1)m

2
ϕ + iϵ

+ (x1 − x2)(k
2
i ) + k3(x1 − x2)(−2kb + 2ka)

=
(
k3 − (x1 − x2)(ka − kb)

)2
−

(
(x1 − x2)(ka − kb)

)2 − (x1 − x2)m
2
j − x2m

2
j

+ (x1 − x2)k
2
i −m2

ϕ + x1m
2
ϕ + iϵ (97)

When we expand the terms that do not have a mass term we get

−
(
(x1 − x2)(ka − kb)

)2
+ (x1 − x2)k

2
i

= −x1k2a + x2k
2
a − x1k

2
b + x2k

2
b + 2kakbx1 − 2kakbx2 − x1k

2
i + x2k

2
i (98)

for the integration of the fermion-fermion-Higgs term k3 → k with k = k3 − (x1 −
x2)(ka − kb) or k3 = k + (x1 − x2)(ka − kb). And we get

Tψ.ψ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ 1

0

dx2

∫
d4k3
(2π)4

ūsa(−/ka − /k − (x1 − x2)(/ka − /kb)−mj)

γµ(−/k − (x1 − x2)(/ka − /kb)− /ka + /kb −mj)u
siϵλµ[(

k + (x1 − x2)(ka − kb)− (x1 − x2)(ka − kb)
)2

−
(
(x1 − x2)(ka − kb)

)2 − (x1 − x2)m
2
j − x2m

2
j + (x1 − x2)k

2
i −m2

ϕ + x1m
2
ϕ + iϵ

]−3

(99)

once we use the relation mb = mγ, and use the equation (98), we can write the integral
as

Tψ.ψ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ 1

0

dx2

∫
d4k3
(2π)4

ūsa(−ma − /k − (x1 − x2)(ma)−mj)

γµ(−/k − (x1 − x2)(ma)−ma −mj)u
siϵλµ

[
k2 +∆+ iϵ

]−3

(100)
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where

∆ = −x1k2a + x2k
2
a − x1k

2
b + x2k

2
b + 2kakbx1 − 2kakbx2 − x1k

2
i + x2k

2
i

− (x1 − x2)m
2
j − x2m

2
j −m2

ϕ + x1m
2
ϕ

= −2x1m
2
a + 2x2m

2
a − x1mj + x2m

2
j − x2m

2
j −m2

ϕ + x1m
2
ϕ (101)

So, our integral becomes

Tψ.ψ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee∫ 1

0

dx1

∫ 1

0

dx2

∫
d4k3
(2π)4

{
ūsaγµusiϵλµ

kµkν[
k2 +∆+ iϵ

]−3

+
(
−ma − (x1 − x2)ma −mj

)2
ūsaγµusiϵλµ

[
k2 +∆+ iϵ

]−3}
(102)

After the Wick rotations we get

Tψ.ψ.ϕ =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ 1

0

dx2

∫ ∞

0

k3EdkE

{
ūsaγµusiϵλµ

gµν(−k2E)[
− k2E +∆

]−3

+
(
−ma − (x1 − x2)ma −mj

)2
ūsaγµusiϵλµ

[
− k2E +∆

]−3}
(103)

Since the rest of the two denominators have the same form of these two, fermion-
fermion-w boson or fermion-w boson-w boson, we can immediately write them. The
only different term would be the non-fermion particle terms. We can write them below
and make the calculations of Feynman parametrization and the Wick rotation for the
loop integrals.

Denomψ.W±.W± =(k3 − x1kb + x2ka)
2

− (x1kb − x2ka)
2 + x2(k

2
i ) + (x1 − x2)k

2
b

− x2m
2
j −m2

W + x2m
2
W + iϵ (104)

We can write our term as

Tψ.W±.W± =(2π)4δ(ka − kb − ki)8iηgVajVij∫ 1

0

dx1

∫ 1

0

dx2

∫
d4k3
(2π)4(

ūsaγµ(−/k − x1(/ka − /ki) + x2/ka − /ki −mj)γ
νusi

)(
ϵλbµ i(k + x1kb − x2ka)ν − ϵλbν i(−k − x1kb + x2ka)µ

)[
k2 +∆+ iϵ

]−3

(105)
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We can use the commutation relation of γ matrix. So, the equation (105) becomes

Tψ.W±.W± =(2π)4δ(ka − kb − ki)8iηgVajVij∫ 1

0

dx1

∫ 1

0

dx2

∫
d4k3
(2π)4

− iūsa
(
2k23/ϵ

λ + 2/ϵλ(kik3) + 2/k3(kiϵ
λ)

+ 2mj(ϵ
λk3)− 2(ϵλk3)/ki

)
usi[

k2 +∆+ iϵ
]−3

(106)

So, after the Wick rotation, the equation looks like

Tψ.W±.W± =(2π)4δ(ka − kb − ki)8iηgVajVij∫ 1

0

dx1

∫ 1

0

dx2

∫ ∞

0

k3EdkE

− iūsa
(
2(k − x2ka)

2/ϵλ + 2/ϵλ(ki(k − x2ka)) + 2(−x2/ka)(kiϵλ)
+ 2mj(ϵ

λ(k − x2ka))− 2(ϵλ(k − x2ka))/ki
)
usi[

k2E +∆
]−3

(107)

And the last denominator can be written as

Denomψ.ψ.W± =
(
k3 − (x1 − x2)(ka − kb)

)2
−

(
(x1 − x2)(ka − kb)

)2 − (x1 − x2)m
2
j − x2m

2
j

+ (x1 − x2)k
2
i −m2

W + x1m
2
W + iϵ (108)

where its numerator looks like

Tψ.ψ.W± =(2π)4δ(ka − kb − ki)VajVij[( ∫
d4k3
(2π)4

ūsa
[
8(/k3 + /ka)mj − 8/kbmj/ϵ

λusi ](
k2 +∆+ iϵ

)−1]
(109)

and after the Wick rotation where we substitute k3 = k + (x1 − x2)(ka − kb), the
equation looks like

Tψ.ψ.W± =(2π)4δ(ka − kb − ki)VajVij[( −i
8π2

∫ 1

0

dx1

∫ 1

0

dx2

∫ ∞

0

k3EdkE

ūsa
[
8(/k + (x1 − x2)/ka + /ka)

]
mj/ϵ

λusi ](
k2E +∆

)−1]
(110)
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3.4.3 Loop integrals for the left-over momentum

We now have written all the terms with their propagators that have one left-over
momenta. We used the Feynman parametrization to solve the last integral after using
the Wick rotation. Now, we can integrate the equation to find the amplitude of our
particle interaction. We can seperate our terms by the ones with the Yukawa coupling
constants using the notation for the equation T1−2−Y , and terms with the product of
mixing matrices using the notation T1−2−V . Starting with the former as

T1−2−Y =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ x1

0

dx2

∫ ∞

0

k3EdkE

{
ūsaγµu

siiϵλν
gµν(−k2E)
[−k2E +∆]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(ka.ϵ

λ)
[
− k2E +∆

]−3}
+ (2π)4δ(ka − kb − ki)

(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ x1

0

dx2

∫ ∞

0

k3EdkE

{
ūsaγµu

siiϵλν
gµν(k2E)

[−k2E +∆]3

+ (−x1(ma −mi) + x2ma −mi −mj)ū
sausiix2(−ka.ϵλ)

[
− k2E +∆

]−3}
+ (2π)4δ(ka − kb − ki)

(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ 1

0

dx2

∫ ∞

0

k3EdkE

{
ūsaγµusiϵλµ

−k2E[
− k2E +∆

]−3

+
(
−ma − (x1 − x2)ma −mj

)2
ūsaγµusiϵλµ

[
− k2E +∆

]−3}
(111)

We can use the following relation to integrate with the boundaries from 0 → ∞

(z −∆)2 = z2 − 2z∆+∆2

z2 = (z −∆)2 + 2z∆+∆2 (112)

and for the d(k2E) we can make the substitution as

k2E = z

= d(k2E) = dz

= 2kEdkE = dz

dkE =
dz

2kE
(113)
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So, we can re-write our equation as

T1−2−Y =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ x1

0

dx2

∫ cut off

0

1

2

{
ūsaγµu

siiϵλνg
µν

[ dz

[z −∆]
+

2∆dz

[z −∆]2
+

3∆2dz

[z −∆]3

]
− (−x1(ma −mi) + x2ma −mi −mj)ū

sausiix2(ka.ϵ
λ)dz

[
z −∆

]−3}
+ (2π)4δ(ka − kb − ki)

(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ x1

0

dx2

∫ cut off

0

1

2

{
ūsaγµu

siiϵλνg
µν

[
− dz

[z −∆]
− 2∆dz

[z −∆]2
− 3∆2dz

[z −∆]3

]
+ (−x1(ma −mi) + x2ma −mi −mj)ū

sausiix2(ka.ϵ
λ)dz

[
z2 −∆

]−3}
+ (2π)4δ(ka − kb − ki)

(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ 1

0

dx2

∫ cut off

0

1

2

{
ūsaγµu

siϵλνg
µν
[ dz

[z −∆]
+

2∆dz

[z −∆]2
+

3∆2dz

[∆− z]3

]
−

(
−ma − (x1 − x2)ma −mj

)2
ūsaγµu

siϵλνdz
[
z −∆

]−3}
(114)

We can see that most of the terms cancels due to the opposite signs, so we only have

T1−2−Y =(2π)4δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

−i
8π2

∫ 1

0

dx1

∫ 1

0

dx2

∫ cut off

0

1

2

{
ūsaγµu

siϵλν

[ dz

[z −∆]
+

2∆dz

[z −∆]2
+

3∆2dz

[z −∆]3

]
−

(
−ma − (x1 − x2)ma −mj

)2
ūsaγµu

siϵλνdz
[
z −∆

]−3}
(115)

where we used the gµν on ϵλν and lowered the index and sum with the index of γµ we
get /ϵλ. When we integrate over z we can see the eqaution

T1−2−Y =δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

− iπ2

∫ 1

0

dx1

∫ 1

0

dx2

{
ūsa/ϵλusi

[
ln (z −∆) +

2∆

[∆− z]
+

3∆2

2[∆− z]2

]
− 2

(
−ma − (x1 − x2)ma −mj

)2
ūsa/ϵλusi

[
∆− z

]−2}∣∣∣cut off

0
(116)

Once we put off the cut off values to the terms that have z, in the denominator goes
to infinity, so the whole term goes to zero.

T1−2−Y =δ(ka − kb − ki)
(
Yaj(Y

†)ji + (Y †)jaYij

)
iηee

(−iπ2)

∫ 1

0

dx1

∫ 1

0

dx2

{
ūsa/ϵλusi

[
ln

(cut off−∆)

∆
− 2− 3

2

]
+ 2

(
−ma − (x1 − x2)ma −mj

)2
ūsa/ϵλusi∆−2

}
(117)
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And below, we write the terms with the product of mixing matrices. After the sub-
stitution for k2E to z, and summation of the indices and the loop integrals, this is how
the equation looks like

T1−2−V =δ(ka − kb − ki)8iηgVajVij

−iπ2

2

∫ 1

0

dx1

∫ 1

0

dx2

− iūsa
(
2(−x2ka)2/ϵλ + 2/ϵλ(ki(−x2ka)) + 2(−x2/ka)(kiϵλ)

+ 2mj(ϵ
λ(−x2ka))− 2(ϵλ(−x2ka))/ki

)
usi

[
∆
]−3

+ 4δ(ka − kb − ki)VajVij

−iπ2

2

∫ 1

0

dx1

∫ 1

0

dx2ū
sa
[
8((x1 − x2)/ka + /ka)

]
mj/ϵ

λusi [∆]−2 (118)

Once we solved the loop integrals, we have our amplitude with δ functions and their
coefficients. As we can see from the terms; to get the square of the matrix element we
have one type of spinor order which is ūsa/ϵλusi with different coefficients. We can go
the next step now, writing the |M|2 by summing over the average of the spinors by
their complex conjugates as we can see in the next section.

3.5 Square of the matrix elements

We can now write the absolute square of it |M|2 by once again using the Casimir’s
trick and get the average over the sum of the indices. In this case in total, we have
four spinors in the numerator not eight as we had in the previous chapter. We also
have gamma matrices and polarization vectors too in them. So, the trace of the matrix
elements will look different once again.∑

spins

= ūsa((c1/ϵ
λ) + c2(/ka/ϵ

λ)usi)ūsi(c∗1/ϵ
λ∗ + c∗2/ϵ

λ∗)usa (119)

Remember, this is one of the three terms that is the part of |M|2.

3.6 Trace of the matrix elements

Once we wrote the square of the matrix element, we can get to the step of taking the
traces of the matrices. The difference of the traces between the first chapter and this
one is the number of the averaged spinor. We have 4 spinors in total, not 8 with differ-
ent terms in between such as the product of γ matrices and momenta. Therefore, for
the terms that have γ matrix products in between the spinors, we can write the 4× 4
γ matrices with a basis of 16 matrices to parameterize them and find their coefficients.

We can calculate the trace of the element of

ūsa
[
8((x1 − x2)/ka + /ka)

]
mj/ϵ

λusi (120)
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After the sum trace of the element would look like this

Tr[(c1/ka/ϵ
λ + c2/ka/ϵ

λ)(ki +mi)(c
∗
1/ka/ϵ

λ∗ + c∗2/ka/ϵ
λ∗)(ka +ma)] (121)

We multiply everything out and see

c1/ka/ϵ
λki + c1/ka/ϵ

λmi + c1/ka/ϵ
λc∗1/ka/ϵ

λ∗ + c1/ka/ϵ
λc∗2/ka/ϵ

λ∗ + c1/ka/ϵ
λka + c1/ka/ϵ

λma

+ c2/ka/ϵ
λki + c2/ka/ϵ

λmi + c2/ka/ϵ
λc∗1/ka/ϵ

λ∗ + c2/ka/ϵ
λc∗2/ka/ϵ

λ∗ + c2/ka/ϵ
λka + c2/ka/ϵ

λma

(122)

And these terms yield

− 4c1/ka/kac
∗
1 +−4c2/ka/kac

∗
2+

= −4c21
(
p2a)− 4c22(p

2
a) (123)

Using this term we could have an idea of how the whole matrix element square looks
like. We could write it as sum of two more terms that are similar to one that we show
below.

|M| = 32VajVij
−4c21

(
p2a)− 4c22(p

2
a)

∆
· · · (124)

where c1 and c2 are constants with several mass terms.

3.7 Integral for the Decay rate to 2 particles

Since we have our matrix element square in terms of energy and momentum, we can
now start integration of the phase space to find the decay rate of the sterile neutrino
two a neutrino and a photon. The Golden Rule formula for this calculation is shown
as

Γ =
S

32π2ℏmi

∫ (
|M|2δ4(pi − pa − pb)

d3pa
(2π)32Ea

d3pb
(2π)32Eb

)
(125)

We can peel the δ4(p1−p2−p3) function as we did in the previous chapter to two delta
functions δ(p01 − p02 − p03)δ

3(p1 − p2 − p3) and substitute the terms in the δ function
(energies) as

S

32π2ℏmi

∫ (
|M|2

δ
(
mi −

√
p2a +m2

a − pb
)

(2π)64pb
√
p2a +m2

a

δ(3)(/0− pa − pb)d
3pad

3pb (126)

when we integrate over pb that leaves integral −pa. And the equation becomes

S

32π2ℏmi

∫ (
|M|2

δ
(
mi −

√
p2a +m2

a − pa
)

(2π)64pa
√
p2a +m2

a

d3pa (127)
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For the d3pa integral, we can go to the spherical coordinates where we introduce a
component r = |pa| and the integral goes as d3pa → r2 sin θdrdθdϕ. And we have

S

32π2ℏmi

∫ (
|M|2

δ
(
mi −

√
r2 +m2

a − r
)

(2π)64r
√
r2 +m2

a

r2 sin θdrdθdϕ (128)

Since there are no dependence on the integrals of ϕ and θ they yield the numerical
value 4π. Then we can simplify the delta function introducing u parameter as

u ≡
√
r2 +m2

a + r (129)

where

du

dr
=

r√
r2 +m2

a

+ 1

=
r +

√
r2 +m2

a√
r2 +m2

a

=
u√

r2 +m2
a

(130)

So, we can write the integral as

Γ =
S

32π2ℏmi

∫
|M|2δ(mi − u)

r

u
du =

|M|2S|p|
8πℏm2

i c
(131)

where the |p| is the momenta of outgoing particles in case of the incoming particle mi

is larger than the mass of the outgoing particles since otherwise the δ function causes
the Γ to be zero.

Having that one term out of three elements of the |M|2S|p|, we at least could write
one part of the total decay rate, since the other terms are independent summations
with this term.

Γ =

(
−4p3ac

2
2 − 4p3ac

2
1

3
+ · · ·

)
S
√
m4
i

8πℏm2
i

=

(
−4p3ac

2
2 − 4p3ac

2
1

3
+ · · ·

)
S

8πℏ
(132)

So, this is the sterile neutrino decay rate to two particles for one of our W± boson
propagator. The rest of the two terms could be found in the same way and summed
together to find the total decay rate where that part is missing from our calculation.
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4 Conclusion

In this paper, we have calculated the sterile neutrino decays in two chapters by using
the interaction Hamiltonian of the Grimus Neufeld Model. In the first chapter of this
paper, we investigated the sterile neutrino decay into three neutrinos. As a mediating
particle we had Higgs boson and a Z boson. Once we have written the propagators, we
integrated over position and the momentum to find the amplitude of the interacting
particles. Then averaging over sum of the indices we have found the matrix element
that was the part of the phase space integration. And when we integrated over the
phase space, ignoring the mass of the outgoing particles except the Higgs and the Z
boson, we can found the decay rate of the sterile neutrino to three neutrinos. We can
see the complete version of the result in the appendix.

In the second chapter, sterile neutrino decay into a neutrino and a photon Once we have
written the propagators and integrated over the position and the momentum, we had
one leftover momentum and to solve it we had to introduce the Feynman parametriza-
tion and the Wick rotation to calculate the loop integrals. We have completed this
part for one term in summation of three terms and gave one of the coefficient for the
matrix element square. Taking the trace of the matrix element was still possible since
after the simplifications in the terms we have found out that we had the same spinor
order and the type for all the terms. We have calculated the matrix element square
for the same term and used it in the integration of the phase space. And by summing
the two decay rates in these two chapters, we could find the total decay rate of the
sterile neutrino that we tried to calculate.

37



A Appendix

A.1 Square of the matrix element with spinor sums

We can see below the square of the matrix element for the 3 body decay with showing
the averaged spinors.

|M|2 =16

∣∣∣Y(cb)Y(ai)∣∣∣2[
(ka − pi)2 −m2

ϕ

]2 ūscvsbūsausi v̄sbuscūsiusa
+ 16

Y(cb)Y(ai)Y
∗
(ba)Y

∗
(ci)[

(ka − pi)2 −m2
ϕ

][
(kc − pi)2 −m2

ϕ

] ūscvsbūsausiūsiusc v̄sausb
− 16

Y(cb)Y(ai)Y
∗
(ca)Y

∗
(bi)[

(ka − pi)2 −m2
ϕ

][
(kb − pi)2 −m2

ϕ

] ūscvsbūsausi v̄sauscūsiusb

+ 16

∣∣∣Y(ba)Y(ci)∣∣∣2[
(kc − pi)2 −m2

ϕ

]2 ūscusiūsbvsaūsiusc v̄sausb
+ 16

Y(ba)Y(ci)Y
∗
(cb)Y

∗
(ai)[

(kc − pi)2 −m2
ϕ

][
(ka − pi)2 −m2

ϕ

] ūscusiūsbvsa v̄sbuscūsiusa
− 16

Y(ba)Y(ci)Y
∗
(ca)Y

∗
(bi)[

(kc − pi)2 −m2
ϕ

][
(kb − pi)2 −m2

ϕ

] ūscusiūsbvsa v̄sauscūsiusb

+ 16

∣∣∣Y(ca)Y(bi)∣∣∣2[
(kb − pi)2 −m2

ϕ

]2 ūscvsaūsbusi v̄sauscūsiusb
− 16

Y(ca)Y(bi)Y
∗
(cb)Y

∗
(ai)[

(kb − pi)2 −m2
ϕ

][
(ka − pi)2 −m2

ϕ

] ūscvsaūsbusi v̄sbuscūsiusa
− 16

Y(ca)Y(bi)Y
∗
(ba)Y

∗
(ci)[

(kb − pi)2 −m2
ϕ

][
(kc − pi)2 −m2

ϕ

] ūscvsaūsbusiūsiusc v̄sausb

+ 16

∣∣∣U[cb]U[ai]

∣∣∣2[
(ka − pi)2 −m2

z

]2 ūscvsbūsausi v̄sbuscūsiusa
+ 16

U[cb]U[ai]U
∗
[ba]U

∗
[ci][

(ka − pi)2 −m2
z

][
(kc − pi)2 −m2

z

] ūscvsbūsausiūsiusc v̄sausb
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− 16
U[cb]U[ai]U

∗
[ca]U

∗
[bi][

(ka − pi)2 −m2
z

][
(kb − pi)2 −m2

z

] ūscvsbūsausi v̄sauscūsiusb

+ 16

∣∣∣U[ba]U[ci]

∣∣∣2[
(kc − pi)2 −m2

z

]2 ūscusiūsbvsaūsiusc v̄sausb
+ 16

U[ba]U[ci]U
∗
[cb]U

∗
[ai][

(kc − pi)2 −m2
z

][
(ka − pi)2 −m2

z

] ūscusiūsbvsa v̄sbuscūsiusa
− 16

U[ba]U[ci]U
∗
[ca]U

∗
[bi][

(kc − pi)2 −m2
z

][
(kb − pi)2 −m2

z

] ūscusiūsbvsa v̄sauscūsiusb

+ 16

∣∣∣U[ca]U[bi]

∣∣∣2[
(kb − pi)2 −m2

z

]2 ūscvsaūsbusi v̄sauscūsiusb
− 16

U[ca]U[bi]U
∗
[cb]U

∗
[ai][

(kb − pi)2 −m2
z

][
(ka − pi)2 −m2

z

] ūscvsaūsbusi v̄sbuscūsiusa
− 16

U[ca]U[bi]U
∗
[ba]U

∗
[ci][

(kb − pi)2 −m2
z

][
(kc − pi)2 −m2

z

] ūscvsaūsbusiūsiusc v̄sausb (133)

where the (2π)4 and the δ functions are excluded in the equation since they are not
the part of the matrix element.

A.2 Traces of the Matrices for the Higgs and the Goldstone
bosons

Below we have written explicit calculation of the traces for the matrix elements of the
Higgs and the Goldstone boson spinors from the terms of the second fraction.
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2nd term is∑
spins

ūscvsbūsausiūsiusc v̄sausb =
∑
spins

ūsausiūsiuscūscvsb(−v̄sbusa)

= −Tr
[
(/pi +mi)(/kc +mc)(/kb −mb)(/ka +ma)

]
= −4

(
(pi · c)(b · a)− (b · pi)(c · a) + (pi · a)(b · c)

)
− 4mimc(b · a) + 4mimb(c · a)− 4mima(c · b) + 4mimcmbma

+ 4mcmb(pi · a)− 4mcma(pi · b) + 4mbma(pi · c)

= −4
[
(mi(Ec +mc))

1

2

(
m2
i − 2miEc +m2

c −m2
b −m2

a

)
− (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
c −m2

a

)
+ (mi(Ea +ma))

1

2

(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
−mimcmbma −mcmb(miEa) +mcma(miEb)

+mbma(miEc)
]

(134)

3rd term is∑
spins

ūscvsbūsausi v̄sauscūsiusb =
∑
spins

(−ūsbvsc)ūsausi v̄scusaūsiusb

= −Tr[(/ka +ma)(/pi +mi)(/kb +mb)(/kc −mc)]

= −4
[
(a · pi)(b · c)− (b · a)(pi · c) + (a · c)(b · pi)

]
− 4mami(b · c)− 4mamb(pi · c)
+ 4mamc(pi · b) + 4mamimbmc − 4mimb(a · c)
+ 4mimc(a · b) + 4mbmc(a · pi)

= −4
[
(mi(Ea +ma))

1

2

(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
− (mi(Ec +mc))

1

2

(
m2
i − 2miEc +m2

c −m2
b −m2

a

)
+ (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
+mamb(miEc)−mamc(miEb)−mamimbmc

−mbmc(miEa)
]

(135)
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4th term is∑
spins

ūscusiūsbvsaūsiusc v̄sausb =
∑
spins

ūsiuscūscusi v̄sausbūsbvsa

= Tr[(/pi +mi)(/kc +mc)] · Tr[(/ka −ma)(/kb +mb)]

= 4(pi · c+mimc) · 4(a · b−mamb)

= 4
[
(miEc) +mimc

]
· 4
[1
2

(
m2
i − 2miEb

+m2
b −m2

c −m2
a

)
−mamb

]
(136)

5th term is∑
spins

ūscusiūsbvsa v̄sbuscūsiusa =
∑
spins

ūscusi ūsiusa ūsbvsa v̄sbusc

=
∑
spins

ūscusi ūsiusa (−ūsavsb) v̄sbusc

= −Tr[(/pi +mi)(/ka +ma)(/kb −mb)(/kc +mc)]

= −4
[
(pi · a)(b · c)− (b · pi)(a · c) + (pi · c)(b · a)

]
+ 4mima(b · c)− 4mimb(a · c)
+ 4mimc(a · b)− 4mimambmc

− 4mamb(pi · c) + 4mamc(pi · b)− 4mbmc(pi · a)

= −4
[
(mi(Ea −ma))

1

2

(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
− (mi(Eb −mb))

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
+ (mi(Ec −mc))

1

2

(
m2
i − 2miEc +m2

c −m2
b −m2

a

)
−mimambmc −mamb(miEc)−mamc(miEb)

−mbmc(miEa)
]

(137)

41



6th term is∑
spins

ūscusiūsbvsa v̄sauscūsiusb =
∑
spins

ūsbvsa v̄sauscūscusiūsiusb

= Tr[(/ka −ma)(/kc +mc)(/pi +mi)(/kb +mb)]

= 4
[
(a · c)(pi · b)− (pi · a)(c · b) + (a · b)(pi · c)

]
− 4mamc(pi · b)

− 4mami(c · b)− 4mamb(c · pi)− 4mamcmimb + 4mcmi(a · b)
+ 4mcmb(a · pi) + 4mimb(a · c)

= 4
[
(miEb +mimb)

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
− (miEa +mami)

1

2

(
m2
i − 2miEa +m2

a −m2
c −m2

b

)
+ (miEc + 4mcmi)

1

2

(
m2
i − 2miEc +m2

c −m2
a −m2

b

)
−mamc(miEb)−mamb(miEc)−mamcmimb

+mcmb(miEa)
]

(138)

7th term is∑
spins

ūscvsaūsbusi v̄sauscūsiusb =
∑
spins

ūscvsa v̄sausc ūsiusbūsbusi

= Tr[(/ka −ma)(/kc +mc)] · Tr[(/kb +mb)(/pi +mi)]

= 4(a · c−mamc) · 4(b · pi +mbmi)

= 4
[1
2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
−mamc

]
· 4
[
miEb −mbmi

]
(139)

8th term is∑
spins

ūscvsaūsbusi v̄sbuscūsiusa =
∑
spins

ūsavscūsbusi v̄scusbūsiusa

= Tr[(/kc −mc)(/kb +mb)(/pi +mi)(/ka +ma)]

= 4
[1
2
(mi(Ea +ma))

(
m2
i − 2miEa +m2

a −m2
c −m2

b

)
− (mi(Ec +mc))

1

2

(
m2
i − 2miEc −m2

c −m2
b −m2

a

)
+ (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
c −m2

a

)
−mcmb(miEa)−mcma(miEb)−mcmbmima

+mbma(miEc)
]

(140)
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9th term is∑
spins

ūscvsaūsbusiūsiusc v̄sausb =
∑
spins

ūsiuscūscvsa v̄sausbūsbusi

= Tr[(/pi +mi)(/kc +mc)(/ka −ma)(/kb +mb)]

= 4
[
(mi(Ec +mc))

1

2

(
m2
i − 2miEc +m2

c −m2
a −m2

b

)
− (mi(Ea +ma))

1

2

(
m2
i − 2miEa +m2

a −m2
c −m2

b

)
+ (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
−mimcmamb −mcma(miEb) +mcmb(miEa)

−mamb(miEc)
]

(141)

A.3 Traces of the Matrices for the Z boson Part

Below we have written explicit calculation of the traces for the matrix elements of the
Z boson spinors from the terms of the second fraction.

2nd term is∑
spins

ūscγµPLv
sbūsaγνPLu

si(−gµν)ūsiγλPLusc v̄saγρusb(−gλρ)∑
spins

ūsaγµPLu
si ūsiγλPLu

sc ūscγµPLv
sb (−v̄sbγλPLusa)

= −Tr
[
(/pi +mi)γ

λPL(/kc +mc)γ
µPL(/kb −mb)γλPL(/ka +ma)γµPL

]
= −Tr

[
/piγ

λPL/kcγ
µPL/kbγλPL/kaγµPL

]
= −Tr[/pi(−2/kbγ

µ/kc)/kaγ
µPL]

= 2Tr[/pi/kb4(c · a)PL]

= 8(a · c) · 1
2
· 4(pi · kb)

= 16(a · c)(b · i)
= 8(m2

i − 2mimb +m2
b −m2

a −m2
c)(miEb) (142)
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3rd term is ∑
spins

ūscγµPLv
sbūsaγνPLu

si(−gµν)v̄saγλPLuscūsiγρPLusb(−gλρ)

=
∑
spins

v̄scγλPLu
sa ūsaγµPLu

si ūsiγλPLu
sb (−ūsbγµPLvsc)

= −Tr[/kaγµPL/piγ
λPL/kbγµPL/kcγλPL]

= 2Tr[/ka(/piγ
λ/kb)/kcγλPL]

= 8Tr[/ka/pi(b · c)PL]

= 8(a · i)1
2
4(b · c) = 16(a · i)(b · c)

= 8(m2
i − 2Eami +m2

a −m2
b −m2

c)(miEa) (143)

4th term is∑
spins

ūscγµPLu
siūsbγνPLv

sa(−gµν)ūsiγλPLusc v̄saγρPLusb(−gλρ)

=
∑
spins

ūsiγλPLu
scūscγµPLu

si v̄saγλPLu
sbūsbγµPLv

sa

= Tr[(/pi +mi)γ
µPL(/kc +mc)γ

λPL] · Tr[(/ka −ma)γµPL(/kb +mb)γλPL]

= Tr[/piγ
µPL/kcγ

λPL] · Tr[/kaγµPL/kbγλPL]

=
1

2

(
Tr[/piγ

µ/kcγ
λ · 1]− Tr[/piγ

µ/kcγ
λγ5]

)
· 1
2

(
Tr[/kaγµ/kbγλ · 1]− Tr[/kaγµ/kbγλγ

5]
)

=
1

2

(
4
[
pµi k

λ
c − (c · i)gµλ + pλi k

µ
c

]
−
[
4iϵβλαµpiβkcα

])
· 1
2

(
4
[
kaµkbλ − (a · b)gµλ + kaλkbµ

]
−
[
4iϵβ′λα′µk

β′

a k
α′

b

])
=

[
4pµi k

λ
c kaµkbλ − 4pµi k

λ
c (a · b)gµλ + 4pµi k

λ
c kaλkbµ

− 4(c · i)gµλkaµkbλ + 4(c · i)gµλ(a · b)gµλ − 4(c · i)gµλkaλkbµ
+ 4pλi k

µ
c kaµkbλ − 4pλi k

µ
c (a · b)gµλ + 4pλi k

µ
c kaλkbµ

]
− [(4ϵβλαµpiβkcα)(ϵβ′λα′µk

β′

a k
α′

b )]

= 4(i · a)(b · c)− 4(i · c)(a · b)gµλ + 4(i · b)(a · c)
− 4(c · i)(a · b)gµλ + 4(c · i)gµλ(a · b)gµλ − 4(c · i)gµλ(a · b)
+ 4(i · b)(a · c)− 4(i · c)gµλ(a · b) + 4(i · a)(b · c)

= −4
[
− 2

(
δββ′δ

α
α′ − δβα′δ

α′

β

)
piβkcαk

β′

a k
α′

b

]
→ 8[(a · i)(c · b)− (i · b)(a · c)]

= 16(i · a)(b · c) = 16(miEa)(mbmc)

= 8(m2
i − 2Eami +m2

a −m2
b −m2

c)(miEa) (144)
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5th term is ∑
spins

ūscγµPLu
siūsbγνPLv

sa(−gµν)v̄sbγλPLuscūsiγρPLusa(−gλρ)

=
∑
spins

ūscγµPLu
si ūsiγλPLu

sa (−ūsaγµPLvsb) v̄sbγλPLusc

= −Tr[/piγ
λPL/kaγµPL/kbγλPL/kcγ

µPL]

= −Tr[/piγλ/ka(/kbγ
λ/kc)]

= 2Tr[/piγλ/ka(/kbγ
λ/kc)]

= 8(a · b)Tr[/pi/kcPL]
= 16(a · b)(c · i)
= 8(m2

i − 2Ecmi +m2
c −m2

b −m2
a)(miEc) (145)

6th term is∑
spins

ūscγµPLu
siūsbγνPLv

sa(−gµν)v̄saγλPLuscūsiγρPLusb(−gλρ)

=
∑
spins

ūsbγµPLv
sa v̄saγλPLu

sc ūscγµPLu
siūsiγλPLu

sb

= Tr[(/ka −ma)γ
λPL(/kc +mc)γµPL(/pi +mi)γλPL(/kb +mb)γ

µPL]

= Tr[/kaγ
λPL/kcγµPL/piγλPL/kbγ

µPL]

= Tr[/kaγ
λ/kc(−2/piγλ/kb)PL]

= −2Tr[/ka/kb4(c · i)PL]
= −16(a · b)(c · i)
= −8(m2

i − 2Ecmi +m2
c −m2

b −m2
a)(miEc) (146)
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7th term is∑
spins

ūscγµPLv
saūsbγνPLu

si v̄saγλPLu
scūsiγρPLu

sb

=
∑
spins

ūscγµPLv
sa v̄saγλPLu

sc ūsiγµPLu
sbūsbγλPLu

si

= Tr[/kaγ
µPL/kcγ

λPL] · Tr[/kbγµPL/piγλPL]

=
1

2

(
Tr[/kaγ

µ/kcγ
λ · 1]− Tr[/kaγ

µ/kcγ
λγ5]

)
· 1
2
Tr[/kbγµ/piγλ · 1]− Tr[/kbγµ/piγλγ

5]

=
1

2

(
4
[
kµak

λ
c − (a · c)gµλ + kλak

µ
c

]
− 4[iϵβλαµkaβkcα]

)
· 1
2

(
4
[
kbµpiλ − (b · i)gµλ + kbλpiµ

]
− 4[iϵβ′λα′µk

β′

b p
α′

i ]
)

= 4kµak
λ
c kbµpiλ − 4kµak

λ
c (b · i)gµλ + 4kµak

λ
c kbλpiµ

− 4(a · c)gµλkbµpiλ + 4(a · c)gµλ(b · i)gµλ − 4(a · c)gµλkbλpiµ
+ 4kλak

µ
c kbµpiλ − 4kλak

µ
c (b · i)gµλ + 4kλak

µ
c kbλpiµ − 4[(ϵβλαµkaβkcα)(ϵβ′λα′µk

β′

b p
α′

i )]

= 4(a · b)(c · i)− 4(a · c)(b · i) + 4(a · i)(b · c)
− 4(a · c)(b · i) + 16(a · c)(b · i)− 4(a · c)(b · i)
+ 4(a · i)(b · c)− 4(a · c)(b · i) + 4(a · b)(c · i)
− 4

[
− 2(δββ′δ

α
α′ − δβα′δ

α
β′)kaβkcαk

β′

b p
α′

i

]
→ 8

[
(a · i)(c · b)− (a · b)(c · i)

]
= 16(a · i)(b · c)
= 8(m2

i − 2Eami +m2
a −m2

b −m2
c)(miEa) (147)

8th term is ∑
spins

ūscγµPLv
saūsbγνPLu

si v̄sbγλPLu
scūsiγρPLu

sa

=
∑
spins

ūsaγµPLv
sc v̄scγλPLu

sbūsbγµPLu
siūsiγλPLu

sa

= Tr[/kcγ
λPL/kbγµPL/piγλPL/kaγ

µPL]

= Tr[/kc(−2/kbγµ/pi)/kaγ
µPL]

= −8Tr[/kc/kb(a · i)PL]
= −16(c · b)(a · i)
= −8(m2

i − 2Eami +m2
a −m2

b −m2
c)(miEa) (148)
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9th term is ∑
spins

ūscγµPLv
saūsbγνPLu

siūsiγλPLu
sc v̄saγρPLu

sb

=
∑
spins

ūsiγλPLu
scūscγµPLv

sa v̄saγλPLu
sbūsbγµPLu

si

= Tr[/piγ
µPL/kcγλPL/kaγµPL/kbγ

λPL]

= Tr[/pi(−2/kcγµ/ka)/kbγ
µPL]

= −8Tr[/pi/kc(a · b)PL]
= −16(c · i)(a · b)
= −8(m2

i − 2Ecmi +m2
c −m2

b −m2
a)(miEc) (149)
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A.4 The complete square of matrix element of 3 body decay

The square of the matrix elements that we will use in the phase space integration for
the 3 body decay is shown below.

|M|2 =64

∣∣∣Y(cb)Y(ai)∣∣∣2[
m2
a − 2miEa +m2

i −m2
ϕ

]2[12(m2
i − 2miEa +m2

a −m2
b −m2

c

)
−mbmc

]
· 4
[
miEa +mami

]
− 64

Y(cb)Y(ai)Y
∗
(ba)Y

∗
(ci)[

m2
a − 2miEa +m2

i −m2
ϕ

][
m2
c − 2miEc +m2

i −m2
ϕ

]
[
(mi(Ec +mc))

1

2

(
m2
i − 2miEc +m2

c −m2
b −m2

a

)
− (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
c −m2

a

)
+ (mi(Ea +ma))

1

2

(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
−mimcmbma −mcmb(miEa) +mcma(miEb)

+mbma(miEc)
]

+ 64
Y(cb)Y(ai)Y

∗
(ca)Y

∗
(bi)[

m2
a − 2miEa +m2

i −m2
ϕ

][
m2
b − 2miEb +m2

i −m2
ϕ

]
[
(mi(Ea +ma))

1

2

(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
− (mi(Ec +mc))

1

2

(
m2
i − 2miEc +m2

c −m2
b −m2

a

)
+ (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
+mamb(miEc)−mamc(miEb)−mamimbmc

−mbmc(miEa)
]

+ 64

∣∣∣Y(ba)Y(ci)∣∣∣2[
m2
c − 2miEc +m2

i −m2
ϕ

]2[(miEc) +mimc

]
· 4
[1
2

(
m2
i − 2miEb

+m2
b −m2

c −m2
a

)
−mamb

]
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− 64
Y(ba)Y(ci)Y

∗
(cb)Y

∗
(ai)[

m2
c − 2miEc +m2

i −m2
ϕ

][
m2
a − 2miEa +m2

i −m2
ϕ

]
[
(mi(Ea −ma))

1

2

(
m2
i − 2miEa +m2

a −m2
b −m2

c

)
− (mi(Eb −mb))

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
+ (mi(Ec −mc))

1

2

(
m2
i − 2miEc +m2

c −m2
b −m2

a

)
−mimambmc −mamb(miEc)−mamc(miEb)

−mbmc(miEa)
]

− 64
Y(ba)Y(ci)Y

∗
(ca)Y

∗
(bi)[

m2
c − 2miEc +m2

i −m2
ϕ

][
m2
b − 2miEb +m2

i −m2
ϕ

]
[
(miEb +mimb)

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
− (miEa +mami)

1

2

(
m2
i − 2miEa +m2

a −m2
c −m2

b

)
+ (miEc + 4mcmi)

1

2

(
m2
i − 2miEc +m2

c −m2
a −m2

b

)
−mamc(miEb)−mamb(miEc)−mamcmimb

+mcmb(miEa)
]

+ 64

∣∣∣Y(ca)Y(bi)∣∣∣2[
m2
b − 2miEb +m2

i −m2
ϕ

]2[12(m2
i − 2miEb +m2

b −m2
a −m2

c

)
−mamc

]
· 4
[
miEb −mbmi

]
− 64

Y(ca)Y(bi)Y
∗
(cb)Y

∗
(ai)[

m2
b − 2miEb +m2

i −m2
ϕ

][
m2
a − 2miEa +m2

i −m2
ϕ

]
[1
2
(mi(Ea +ma))

(
m2
i − 2miEa +m2

a −m2
c −m2

b

)
− (mi(Ec +mc))

1

2

(
m2
i − 2miEc −m2

c −m2
b −m2

a

)
+ (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
c −m2

a

)
−mcmb(miEa)−mcma(miEb)−mcmbmima

+mbma(miEc)
]
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− 64
Y(ca)Y(bi)Y

∗
(ba)Y

∗
(ci)[

m2
b − 2miEb +m2

i −m2
ϕ

][
m2
c − 2miEc +m2

i −m2
ϕ

]
[
(mi(Ec +mc))

1

2

(
m2
i − 2miEc +m2

c −m2
a −m2

b

)
− (mi(Ea +ma))

1

2

(
m2
i − 2miEa +m2

a −m2
c −m2

b

)
+ (mi(Eb +mb))

1

2

(
m2
i − 2miEb +m2

b −m2
a −m2

c

)
−mimcmamb −mcma(miEb) +mcmb(miEa)

−mamb(miEc)
]

+ 128

∣∣∣U[cb]U[ai]

∣∣∣2[
m2
a − 2miEa +m2

i −m2
z

]2 (m2
i − 2Ecmi +m2

c −m2
b −m2

a)(miEc)

+ 128
U[cb]U[ai]U

∗
[ba]U

∗
[ci][

m2
a − 2miEa +m2

i −m2
z

][
m2
c − 2miEc +m2

i −m2
z

](m2
i − 2Ebmi +m2

b −m2
a −m2

c)(miEb)

− 128
U[cb]U[ai]U

∗
[ca]U

∗
[bi][

m2
a − 2miEa +m2

i −m2
z

][
m2
b − 2miEb +m2

i −m2
z

](m2
i − 2Eami +m2

a −m2
b −m2

c)(miEa)

+ 128

∣∣∣U[ba]U[ci]

∣∣∣2[
m2
c − 2miEc +m2

i −m2
z

]2 (m2
i − 2Eami +m2

a −m2
b −m2

c)(miEa)

+ 128
U[ba]U[ci]U

∗
[cb]U

∗
[ai][

m2
c − 2miEc +m2

i −m2
z

][
m2
a − 2miEa +m2

i −m2
z

](m2
i − 2Ecmi +m2

c −m2
b −m2

a)(miEc)

+ 128
U[ba]U[ci]U

∗
[ca]U

∗
[bi][

m2
c − 2miEc +m2

i −m2
z

][
m2
b − 2miEb +m2

i −m2
z

](m2
i − 2Ecmi +m2

c −m2
b −m2

a)(miEc)

+ 128

∣∣∣U[ca]U[bi]

∣∣∣2[
m2
b − 2miEb +m2

i −m2
z

]2 (m2
i − 2Eami +m2

a −m2
b −m2

c)(miEa)

+ 128
U[ca]U[bi]U

∗
[cb]U

∗
[ai][

m2
b − 2miEb +m2

i −m2
z

][
m2
a − 2miEa +m2

i −m2
z

](m2
i − 2Eami +m2

a −m2
b −m2

c)(miEa)

+ 128
U[ca]U[bi]U

∗
[ba]U

∗
[ci][

m2
c − 2miEc +m2

i −m2
z

][
m2
b − 2miEb +m2

i −m2
z

](m2
i − 2Ecmi +m2

c −m2
b −m2

a)(miEc)

(150)
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A.5 Integrating over the phase space

We show below the decay rate of the sterile neutrino to three neutrinos; where n is
the mi, b is Eb maximum value p is the mass of Higgs mz is the mass of the Z boson,
c is the maximum value for Ec and Y and the U are the Yukawa coupling constants
and the product of the mixing matrices written in shorthand.
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A.6 Complete interaction Hamiltonian for the 2 particle de-
cay

We introduce the parameter D to fit the whole equation to the page.

D = ⟨0|bsa
k⃗a
asb
k⃗b
(

∫
dxj Hintj)

3b
s†i
p⃗i
|0⟩

D = ⟨0|
∫
dx1

∫
dx2

∫
dx3

[
Yj1ℓ1δaj1ū

saeikax1ψ′
ℓ1
ϕ+
1

]
[
∂µϕ

−
2 iηeeδλbϵ

λ
µe

−ikbx2ϕ+
2 + ∂µϕ

+
2 iηeeδ

λbϵλµe
−ikbx2ϕ−

2

]
[
(Y †)j3ℓ3δiℓ3ψ̄

′
j3
usie−ikix3ϕ−

3

]
+
[
Vaj1ū

saeikax1γµψ′
j1
W+

1µ

]
[
4iηgδλbϵλαe

−ikbx2W+
2β(∂

αW−β
2 − ∂βW−α

2 )

+ 4iηgδλbϵ
λ
αe

−ikbx2W−
2β(−∂

αW+β
2 + ∂βW+α

2 )

+ 4iηg
[
W+
αW

−
β

][
− ikbαδλbϵλβe

−ikbx2 + ikbβδλbϵλαe
−ikbx2

]][
Vij3e

−ikix3ψ̄′
j3
γµusiW−

3µ

]
+
[
Vaj1e

ikax1ψ̄′
j1
γµvsaW−

1µ

]
[
4iηgδλbϵλαe

−ikbx2W+
2β(∂

αW−β
2 − ∂βW−α

2 )

+ 4iηgδλbϵ
λ
αe

−ikbx2W−
2β(−∂

αW+β
2 + ∂βW+α

2 )

+ 4iηg[W+
αW

−
β ]

[
− ikbαδλbϵλβe

−ikbx2 + ikbβδλbϵλαe
−ikbx2

]][
Vij3 v̄

sie−ikix3γµψ′
j3
W+

3µ

]
+
[
(Y †)j1ℓ1δaℓ1ψ̄

′
j1
vsaeikax1ϕ−

1

]
[
∂µϕ

−
2 iηeeδλbϵ

λ
µe

−ikbx2ϕ+
2 + ∂µϕ

+
2 iηeeδ

λbϵλµe
−ikbx2ϕ−

2

][
Yj3ℓ3δij3 v̄

sie−ikix3ψ′
ℓ3
ϕ+
3

]
+
[
Yj1ℓ1δaj1ū

saeikax1ψ′
ℓ1
ϕ+
1

][
ψ̄′
j2
γµψ′

j2
δλbϵλµe

−ikbx2
][
(Y †)j3ℓ3δiℓ3ψ̄

′
j3
usie−ikix3ϕ−

3

]
+
[
(Y †)j1ℓ1δaℓ1ψ̄

′
j1
vsaeikax1ϕ−

1

][
ψ̄′
j2
γµψ′

j2
δλbϵλµe

−ikbx2
][
Yj3ℓ3δij3 v̄

sie−ikix3ψ′
ℓ3
ϕ+
3

]
+
[
Vaj1e

ikax1ψ̄′
j1
γµvsaW−

1µ

][
ψ̄′
j2
γµψ′

j2
δλbϵλµe

−ikbx2
][
Vij3 v̄

sie−ikix3γµψ′
j3
W+

3µ

]
+
[
Vaj1ū

saeikax1γµψ′
j1
W+

1µ

][
ψ̄′
j2
γµψ′

j2
δλbϵλµe

−ikbx2
][
Vij3e

−ikix3ψ̄′
j3
γµusiW−

3µ

]
|0⟩ (151)
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A.7 Majorana Representation Explicitly

This is an example of the explicit Majorana representation relation that we used for
the term in equation (82).

v̄siγρ(/k1 −mj)γ
ν(/k2 −mj)γ

µvsa

=(γ0Cu
si∗)†γ0γ

ρ(/k1 −mj)γ
ν(/k2 −mj)γ

µγ0Cu
sa∗ (152)

And once we get the transpose, we have

((usi∗
†
C†γ†0)γ0γ

ρ(/k2 −mj)γ
ν(/k1 −mj)γ

µγ0Cu
sa∗)⊤

=usa†(−C)(−C−1γ0C)(−C−1γµC)[(−C−1/kC)−mj](−C−1γνC)

[(−C−1/kC)−mj](−C−1γρC)(−C−1γ0C)(−C−1γ0C)(−C−1)usi

= ūsaγµ(/k2 +mj)γ
ν(/k1 +mj)γ

ρusi (153)

A.8 ψψW± Propagator numerator simplification

We can simplify the terms of the equation by separating it into two equation first.
Starting with the first one; We can simplify the terms of the equation by separating
it into two equation first. Starting with the first one;

γµ(/k2 +mj)γ
ν(/k2 − /kb +mj)γ

ρ

= γµ/k2γ
ν/k2γ

ρ

+ γµmjγ
ν/k2γ

ρ

− γµmjγ
ν/kbγ

ρ

+ γµmjγ
νmjγ

ρ

− γµ/k2γ
ν/kbγ

ρ

+ γµ/k2γ
νmjγ

ρ (154)

And the other term is shown as

− γµ(/k2 − /kb −mj)γ
ν(/k2 −mj)γ

ρ

= −γµ/k2γν/k2γρ

+ γµmjγ
ν/k2γ

ρ

− γµmjγ
νmjγ

ρ

+ γµ/k2γ
νmjγ

ρ

+ γµ/kbγ
ν/k2γ

ρ

− γµ/kbγ
νmjγ

ρ (155)

After the simplifications and summing up the indices, we have

usa
(
8/k2mj − 8/kbmj

)
/ϵλusi (156)
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