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Summary

In this thesis, a mitigation of the state space explosion problem is presented in the form of

TLA+ specification writing guidelines that can reduce the state space size when applied to TLA+

specifications. These guidelines are defined based on the decisions made when writing TLA+ spe-

cifications of the Ben-Or distributed consensus algorithm, which has been an important part of

research related to the verification of randomized consensus algorithms [BKL+21; KLS+23].

Distributed algorithm TLA+ specification writing decisions relate to the conclusions made in

the literature review and a paper in which specification writing guidelines for the mCRL2 language

are described [GKO15]. Presented guideline state space reduction effectiveness is measured by

comparing the total state space sizes of respective written Ben-Or TLA+ specifications.

Keywords: TLA+, TLC, Ben-Or algorithm, formalmethods, specificationwriting guidelines,

state space reduction, state space explosion
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Santrauka

Šiame darbe pateikiamos TLA+ specifikacijų rašymo gairės, kurių pritaikymas TLA+ speci-

fikacijose gali sumažinti būsenų erdvės dydį ir taip sušvelninti būsenų erdvės sprogimo problemos

padarinius. Gairės yra apibrėžtos pagal sprendimus, priimtus rašant išskirstyto Ben-Or konsensuso

algoritmo TLA+ specifikacijas. Ben-Or algoritmas yra svarbus tyrinėjant randomizuoto konsensu-

so algoritmų verifikaciją [BKL+21; KLS+23].

TLA+ specifikacijose priimti sprendimai siejasi su atliktos literatūros apžvalgos išvadomis

bei straipsniu, kuris apibrėžia specifikacijų rašymo gaires mCRL2 kalbai [GKO15]. Pateiktų gairių

būsenų erdvės redukcijos efektyvumas yra nustatomas palyginant atitinkamų sukurtų Ben-Or TLA+

specifikacijų pilnos būsenų erdvės dydžius.

Raktiniai žodžiai: TLA+, TLC, Ben-Or algoritmas, formalūs metodai, specifikacijų rašymo

gairės, būsenų erdvės redukcija, būsenų erdvės sprogimas

3



TABLE OF CONTENTS

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1. STATE OF THE ART . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.1. Why state space increases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.1.1. Unnecessary variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.1.2. Records . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.1.3. CHOOSE and the existential quantifier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.1.4. Lenient state conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2. State space explosion relief strategies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.1. Using TLAPS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.2. Refinement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3. Model checking optimization methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.1. Partial order reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.2. Symmetry sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.3. Simulation mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.3.4. Using symbolic logic and Apalache . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.4. Proposed specification writing guidelines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.4.1. Guideline I: information polling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.2. Guideline II: use global synchronous communication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.4.3. Guideline III: avoid parallelism among components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.4.4. Guideline IV: confluence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.4.4.1. Using � -confluence for state space reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.4.5. Guideline V: restrict the use of data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
1.4.6. Guideline VI: compositional design and reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.4.7. Guideline VII: specify external behavior of sets of sub-components . . . . . . . . . . . . . . . . 28
1.4.8. TLA+ and mCRL2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.5. Literature review conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2. REDUCING STATE SPACE IN TLA+ SPECIFICATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.1. The Ben-Or consensus algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2. TLA+ specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2.1. BenOrMsgs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2.2. BenOrAbstSync . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.2.3. BenOrMsgsByz and BenOrAbstSyncByz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.2.4. BenOrAbstByz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.2.5. Common coin specifications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3. WRITTEN SPECIFICATION STATE SPACE REDUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.1. Sharing values between nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.2. Common coin action scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.3. Tossing the common coin. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.4. Specification refinement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.5. State space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4. STATE SPACE REDUCTION GUIDELINES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.1. Guideline definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.1.1. Information pushing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.1.2. Information polling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.1.3. System actions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.1.4. Node actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4



4.2. Comparison to guidelines proposed in [GKO15] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.3. Guideline state space reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.4. Guideline detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

TERMS AND DEFINITIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

APPENDIXES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
Appendix 1. Additional material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
Appendix 2. Ben-Or TLA+ specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5



Introduction

Most software systems are implemented based on a design specification that encompasses

system architecture, components, modules, interfaces, data, and information [Nic11]. As the capa-

bilities of humankind to create innovative software solutions that solve urgent problems increases,

so does the complexity of those solutions due to the ever-growing needs of modern society in terms

of system availability, scalability, and performance [EMB24; KMM18].

Systems become harder to design, maintain, and adapt to environments of rapidly evolving

technologies such as artificial intelligence [Rus24]. That is why in a modern environment it is

paramount to have a correct specification as a basis for a system’s implementation and to verify

and validate both the design and written code to ensure that requirements for the system are met

[ZZW+24].

This is crucial for distributed systems that support important infrastructure: telecommuni-

cation networks, the World Wide Web, aircraft control systems, and various other safety-critical

systems [GvdPW23; KDL+22]. The issue is that it is more difficult to identify defects in big comp-

lex distributed systems. Rigorous testing and quality assurance can only help up to a certain point

since various unexpected scenarios could occur more frequently when many different computers

communicate with each other over separate networks [AZT+24; FGH22; GvdPW23].

Formal methods can alleviate the effects of this problem in the form of modeling, analyzing,

and verifying the software system design [GM12]. If it is possible to define the intended behavior

of a distributed system formally, then this definition can be further examined with tools to verify

certain required properties [GvdPW23].

However, creating a formal definition of system behavior poses its own challenges. To desc-

ribe a software system with formal syntax and semantics while making sure that this description

abides by factors present in the real world is not an easy task [GvdPW23; Pro24]. Over-abstraction

of software behavior leads to formal definitions that might not be very useful unless a refinement

that includes more details related to the implementation of the system is also produced [GM12].

Furthermore, the adoption of formal methods by software developers is not straightforward as

many formal method tools and formal specification languages with their specific syntax, semantics,

and other complexities exist [GM20; GtBvdP20]. Given that some of these languages and tools are
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less popular and less documented than other forms of verification (mainly, software testing), it is

difficult to integrate their use into the software development process in the industry [GvdPW23].

Despite these challenges, some formal method tools and languages are becoming more rele-

vant due to their effectiveness in helping to identify unforeseen defects, especially in large-scale

distributed systems [GvdPW23]. At the time of writing, a great example of this is the TLA+ (Tem-

poral Logic of Actions) formal specification language.

TLA+ is used to describe state machines that model system behavior with temporal logic

formulas [Lam02]. It is based on the Zermelo-Fraenkel set theory and Temporal Logic of Actions

(TLA) which is a variant of linear-time temporal logic [KKM22].

TLA+ has already been actively used by big tech companies likeAmazon, Intel, andMicrosoft

[Bee08; NRZ+15]. It is mostly used for modeling large-scale concurrent and distributed systems

or safety-critical systems since it allows to understand potential unwanted behaviors in the design

of such systems [New14; VBF+11].

Recently, the Linux Foundation announced the creation of the TLA+ Foundation with Mic-

rosoft, Oracle, and Amazon being its inaugural members [Fou23]. This means that TLA+ could

become adopted by more companies and potentially become more popular within the software

development industry.

A TLA+ specification describes states as an assignment of values to defined variables

[Lam02]. Each variable var has a value at the current state and the values of each variable at

the next state are defined as an assignment of a new value to var0. If some variable var does not

change its value in the next state, the UNCHANGED operator can be used to explicitly define what

variables’ values do not change [KKM22].

Propositional logic operators (^, _, =) , and others) are used to define formulas for the

possible behaviors of the state machine model [Lam02]. Temporal operators � (always) and �

(eventually) are used for checking invariants and temporal properties of the system’s behavior.

TLA+ uses TLC to check all possible states and whether the properties defined in the specifi-

cation are true for every state in the model [KKM22]. The problem is that the TLC model checker

uses a brute-force algorithm for checking states [Lam02].

When the number of states in the system grows, the amount of time required to check the

whole state space with TLC increases exponentially [OKK+23]. This is known as the state space
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explosion problem and it has been encountered as early as the second half of the 1980s [LCL87].

Since then many state space explosion relief strategies and state space reduction methods have been

proposed and discussed among the scientific community [CGJ+01; EGK+13; GKO15; NGY+21;

Pel09; Val98].

For TLA+, the main focus of work done to solve the state space explosion problem with TLC

is related to improving the model checker itself [OKK+23]. A symbolic model checker Apalache

for TLA+ is currently being developed to reduce the amount of time required for verifying temporal

properties defined in TLA+ specifications [Apa24; KKT19].

While improvements made to the model checker help to mitigate the state space explosion

problem, not as much attention is given to different styles of writing TLA+ specifications so that

they would be easier to verify.

If some ways of describing system behavior in TLA+ specifications lead to a smaller state

space size of a state machine model in certain cases, then these writing patterns should be defined

and evaluated in terms of their state space reduction effectiveness, advantages, and drawbacks for

them to potentially be used by TLA+ specifications authors.

The aim of this master’s thesis is to define TLA+ specification writing guidelines that when

applied would allow to reduce the state or behavior space size of a state machine model defined

with TLA+.

These guidelines are intended to be applied when modeling distributed systems with TLA+.

Information that explains in what circumstances these guidelines can be applied and how their state

space reduction and effectiveness were shown is provided in the thesis as well.

It is hypothesized that the defined specification writing guidelines applied to TLA+ specifi-

cations correctly would reduce the state or behavior space size of state machine models formulated

with TLA+. For correct application of a guideline to a TLA+ specification, it must be applied within

the provided context – the required application properties that are presented in the definition of that

guideline must be true.

The expected results of the master’s thesis are TLA+ specification writing guideline defini-

tions with their proofs of effectiveness and correctness, and a description of an algorithm that would

detect whether a guideline could be applied to a TLA+ specification and if that specific guideline

was applied correctly.
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1. State of the art

This section contains a conducted literature review to gather the required knowledge neces-

sary to achieve the aim of the master’s thesis. The literature review focuses on the current methods

of state space reduction that are used effectively on TLA+ specifications. All the ways to reduce

state space size in TLA+ are presented from the perspective of distributed algorithms.

The goal of this literature review is to identify how TLA+ specifications could be written to

reduce state space size and how that impacts the state machine model’s representation of the real-

world system behavior. This would later allow to formulate potential TLA+ specification writing

guidelines, their application cases, and trade-offs.

The literature review was done based on the concepts of the snowballing method defined in

[Woh14]. Backward and forward snowballing was used to find new papers to expand the set of

papers reviewed.

This literature review is also a state of the art review since the latest scientific papers and

conference material were considered when looking for information to review. It describes how

state space reduction methods in the context of TLA+ have improved over the years and what has

been accomplished so far.

1.1. Why state space increases

To better understand how to decrease the state space size of a TLA+ specification, it is helpful

to know what could be avoided when writing TLA+ specifications. The circumstances mentioned

in this subsection are the most common causes of increased state space and could sometimes be

circumvented based on what distributed algorithm is being modeled.

1.1.1. Unnecessary variables

The most obvious way to increase the state space size of any TLA+ specification is to add

more variables. By defining more variables, the number of possible behaviors increases since there

are more possible sets of variables and their values.

The state space grows exponentially because every new variable added also has relationships

with other variables. Since TLC checks all possible executions, all possible orders in which variable
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values are assigned will also be checked [Lam02]. This means that if a variable that is a set with

several elements is added to a specification, it can have a huge impact on the growth of the size of

the state space.

1.1.2. Records

Most of the time records are used to model sent and received messages in various distributed

algorithms. They increase the state space size of a TLA+ specification considerably since every

record field can have more than one possible value and that field could be an element of a set or a

whole set.

However, to make sure that the general behavior of a distributed algorithm is modeled exp-

licitly enough to check invariants and temporal properties, records are necessary most of the time.

An example of this would be how the Paxos consensus algorithm’s [Lam01] TLA+ specification

uses records as messages that are added to a set of all messages ever sent [Git20]. Messages have

the acceptor field to make sure that several messages with the same values can still be included in

the set. Since sets can not contain duplicate elements, a bag could be used instead and fields that

describe the message sender could be omitted.

In the general case, if all sent messages are added to the same set, a field for the sender of

every message is added to a record to allow to count the number of messages received based on the

cardinality of a subset of all messages.

The Raft consensus algorithm’s [OO14] TLA+ specification also uses records to represent

messages but instead adds them to a domain of a function that maps a certain record to the number

of times it was sent [Git18].

Records might be unnecessary for simpler distributed algorithms or they could be omitted in

higher abstraction level TLA+ specifications of complex algorithms.

1.1.3. CHOOSE and the existential quantifier

The existential quantifier 9 can increase the state space size of a TLA+ specification con-

siderably compared to the CHOOSE operator. There is a significant difference between 9 and

CHOOSE in TLA+. When the CHOOSE operator is used, a single value that satisfies a defined

predicate is picked and used for all executions of the model by TLC [Lam02]. This means that if
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there is a need to check behaviors with all possible values that satisfy a predicate, CHOOSE should

not be used.

The existential quantifier 9 allows checking all possible values that satisfy a predicate wi-

th TLC [Lam02]. But this can have a huge impact on the state space size of the specification.

The impact on state space growth depends not only on the number of possible choices covered by

the existential quantifier but also on the number of times the existential quantifier is used in the

specification.

Both of these operators have use cases where they can be utilized most effectively. The Raft

consensus algorithm’s TLA+ specification utilizes CHOOSE to return the minimum and maximum

value elements of a given set [Git18]. This is a valid use of the operator because there can only be

one possible minimum or maximum value in a finite set. The existential quantifier 9 is used in the

next state formula Next to allow for any node to perform any of the appropriate actions defined in

the algorithm.

In the Paxos consensus algorithm CHOOSE is used to obtain some random value that is

not in a defined set of values [Git20]. Since TLC will always be given the same value for all

executions with CHOOSE, in this particular case CHOOSE is used to obtain a kind of NULL or

Undefined value. The existential quantifier 9 in the Paxos specification is used similarly to the Raft

specification.

In most distributed algorithms, 9 can not be omitted due to the need for TLC to check all

possible behaviors and confirmwhether invariants or temporal properties hold for all possible cases.

1.1.4. Lenient state conditions

State space can increase in TLA+ specifications when conditional operators are used too le-

niently to define what the next possible states are. Actions that could occur from the same state are

usually written with the disjunction propositional logic operator _.

An action formula A _ B implies that both actions A and B can occur in the next state

[Lam02]. In TLA+ specifications it is essential to ensure whether it is intended and correct for

actions A and B to both possibly occur from the same state. If A and B do occur from the same

state, two or more new behaviors are evaluated by TLC.

Disjunction can still be used in cases where only one action A or B can occur in the next step.
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Additional conditions for actions A and B could be added with the conjunction operator to ensure

A and B never both occur from the same state.

(A ^ :C) _ (B ^ C) (1)

(1) defines a step in which only one action A or B could occur, depending on the value of the

formula C. Another alternative to making sure that actions A and B could never both occur from

the same state is to use the IF THEN ELSE operator.

IF C THEN B ELSE A (2)

CHOOSE V : (C =) (V = B)) ^ (:C =) (V = A)) (3)

(1) and (2) both allow for only one action A or B to occur in the next state of the system. The

definitions presented in (2) and (3) are equivalent [Lam02].

Sometimes it is forgotten to check what level of leniency is required for certain actions in a

specification. The number of states and behaviors in a TLA+ specification grows the more lenient

conditions are formulated for the next state’s actions. Not only because there are more possible

actions that could occur in the next state, but also because there are more possible orders in which

actions are taken in different behaviors.

1.2. State space explosion relief strategies

The strategies mentioned in this section do not impact the state space size of a TLA+ speci-

fication directly. Instead, they allow to avoid the state space explosion problem to some extent.

1.2.1. Using TLAPS

An alternative to using the TLC model checker to check all states is to use the TLAPS (TLA+

Proof System) to formally prove that certain invariants are true [CDL+12]. This is done by const-

ructing mathematical proofs and using mathematical solvers to formally prove theorems for a par-

ticular TLA+ specification. TLAPS does not require traversing the whole state space and is faster

than TLC when there are a lot of possible states and behaviors.

However, the construction of mathematical proofs, especially for proving inductive inva-
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riants, is a challenging task that requires a considerable amount of time and effort [CDL+12]. This

can be mitigated by using mathematical proof techniques [Vel19] and defined keywords for proof

simplification (HAVE, TAKE, WITNESS, PICK, and SUFFICES) [Inr24a].

Sometimes, certain theorems can not be proven without defining specific assumptions for

the specification. Assumptions are written with the ASSUME keyword and are based on conditions

that are upfront requirements for a given distributed algorithm [Lam02]. For example, this could

be the assumption that the number of faulty nodes f has to be lower than a certain threshold value

of the number of all nodes N .

TLAPS does not automatically expand formula definitions when proving theorems

[KKM22]. These have to be manually expanded with the DEF keyword. Very long and comp-

lex formulas have to be divided into smaller parts and proven separately from one another.

Another issue is that if the TLA+ specification changes, TLAPS proofs would have to be mo-

dified accordingly. This is not ideal when complex proofs get long and they have to be readjusted.

If certain properties can not be proven with TLAPS formally, errors might be present in the

TLA+ specification. They can be identified without using TLC by writing test case proof steps with

PROOF OMITTED and examining what proofs are still missing and can not be proven without

omission. Although, in such cases, it is recommended to consider running TLC on a specification

with a smaller state space size [Inr24b]. This could help identify potential errors more reliably than

examining how proof steps are evaluated.

There are also general theorems based on set theory, functions, and other fields of mathema-

tics defined and provided with a TLAPS installation [KKM22]. These theorems must at times be

explicitly used to prove a safety or liveness property of a specification with the BY keyword.

A very important part of working with TLAPS is making sure to use the correct backend

solvers for proofs [Inr24b]. One of the most frequently used TLAPS solvers is the propositional

temporal logic (PTL) solver that allows proving inductive invariants such as TypeOK [KKM22].

1.2.2. Refinement

Specification refinement can be used to mitigate the state space explosion problem and allow

to prove certain temporal properties with the TLC model checker quicker.

If there is a specification B and it has a huge state space size, a separate specification A
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that has fewer states could be written. Then there could exist such a refinement mapping R that

would map all the possible states and behaviors of specification A to a subset of possible states and

behaviors of specification B.

If such a refinement mapping R is proven to be true with TLAPS or TLC, then all behaviors

that are valid in specification A would also be valid in specification B. This would mean that all

temporal properties that are true for specification B would also hold for specification A [LM22].

Due to the smaller state space size of A, temporal properties of the specification could be checked

with TLC much more quickly.

However, checking temporal properties only in specification A might not be enough to verify

them in specification B. It would be possible to define such a refinement mapping R that would

map all valid behaviors of specificationA to the initial state in specificationB. Then valid temporal

properties in specification A would not necessarily show whether such temporal properties are true

in all possible behaviors of specification B.

Additionally, defining and proving refinement mappings usually requires some additional

variables called auxiliary variables [LM22]. They are used to store certain information that would

enable the mapping of certain behaviors of different specifications.

There are three main kinds of auxiliary variables used for refinement mappings [LM22].

History variables store information about the previous and current states. Prophecy variables are

used to predict what the next state action will be. Stuttering variables add additional stuttering steps

so that both specifications have the same number of stuttering steps for certain behaviors. All of

these require additional analysis of both specifications to be utilized effectively and what kind of

auxiliary variable to use depends on how specifications A and B differ from one another.

1.3. Model checking optimization methods

The methods described in this section encompass the model checking process and its effec-

tiveness. Various techniques can be used to reduce the state space size of a specification during

model checking. Of course, a particular model checker has to support the implementation of such

methods.
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1.3.1. Partial order reduction

Partial order reduction aims to minimize the number of modeled orders of states in system

behaviors to reduce the state space size for model checking [BK08]. This is done by identifying

concurrent state transitions whose effects are independent of their order of execution.

Let us define an operator for sending a broadcast message by adding a record to a set of all

sent messages.

Send(node) ,

msgs0 = msgs [ f[type 7! “request”; value 7! proposal[node]; sender 7! node]g
(4)

The operator Send defined in (4) models the sending of a broadcast request message with a

certain value. This value is the node’s current proposal and is used to reach a consensus among all

nodes in a distributed system. The sender field is used to make sure that several messages of the

same type and value can be included in the set of all sent messages.

Figure 1. Partial order reduction for a distributed algorithm

Figure 1 depicts the states and behaviors of a distributed algorithm where node n1 sends a

message a and node n2 sends a message b with the Send operator defined in (4).

The possible states of the system are S, U , V , and M , and the possible behaviors of the

system are S ! U ! M and S ! V ! M . If messages a and b have the same value and only

differ by their sending node, and if both nodes n1 and n2 are of the same role (voters) then, in

general, it should not matter whether n1 or n2 sends their respective message first. In that case,
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S ! U !M and S ! V !M are independent behaviors and they would lead to the same state

M . With partial order reduction, one of these behaviors could be entirely omitted during model

checking, and the state space that needs to be traversed by the model checker would be reduced.

The types of messages a and b, and types of nodes n1 and n2 matter since, depending on the

distributed algorithm, the order of message sending could result in different states and could not be

reduced. It is also important to mention that states U and V must transition to only state M . This

means that, in this particular case, the addition of one message to the set msgs does not cause any

additional state transitions to occur.

There are a couple of variants of partial order reduction. Static partial order reduction as

defined in [KLM+98] computes the reduced state space before checking the whole state space of

the systemmodel. Dynamic partial order reduction [FG05] does certain computations before model

checking but mostly calculates the reduced state space during the process dynamically. On large

system models, dynamic partial order reduction performs worse than static partial order reduction

[Akh12].

TLC does not support partial order reduction and instead uses a brute-force breadth-first sear-

ch algorithm for state space traversal [YML99]. There has been a proposed partial order reduction

implementation for a modified TLC model checker [Akh12]. However, this project has been dis-

continued and, at the time of writing, TLC still does not support any form of partial order reduction

[Gro24].

1.3.2. Symmetry sets

A set S is a symmetry set if and only if permuting its elements in any way does not change

whether or not a behavior is valid in a given TLA+ specification. In TLA+ sets can be declared

as symmetry sets in the configuration file with the SYMMETRY keyword [Lam02]. Once a set is

declared a symmetry set, TLC will only check behaviors with one chosen permutation of that set’s

elements.
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Figure 2. Sets N1 to N6 are all equivalent, N1 is a symmetry set

Figure 2 shows a symmetry set N1 that contains node identity values that are commonly used

in most distributed algorithm TLA+ specifications. Since the cardinality of the N1 set is 3, the total

number of omitted executions with symmetry by TLC is 3! � 1. If there are a lot more symmetry

set elements, the state space size reduction becomes greater.

There are certain difficulties with using symmetry sets. Even though it is possible to declare

several separate sets as symmetry sets in a configuration file, is it required that the union of all

symmetry sets can not contain elements of different types.

Furthermore, TLC does not check whether a set declared with a SYMMETRY keyword is

really a symmetry set. This means that it is possible to remove important states and behaviors from

model checking if the set is not a symmetry set.

Most importantly, using symmetry sets is only viable when trying to prove safety properties,

as liveness property verification is not supported with symmetry sets [Lam02]. Additionally, if

the symmetry set is very large, TLC will take some time to remove other possible orderings of set

elements and can take longer to check the model on specifications with a small state space size.

1.3.3. Simulation mode

TLC can also be run in simulation mode which randomly samples the state space instead

of checking all possible states and behaviors up to a certain depth of the constructed state graph

[Lam02].

This approach does not produce a full verification of the specification, but it can help to detect

certain errors without the need for long model checking sessions.

Despite that, the random sampling can lead to missing some design bugs and could end up

making it only seem like everything is correct. If the state space is small enough, it would be better

to use the normal TLC mode for model checking to avoid false positive assumptions about the

validity of the specification.
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Each time TLC is run in simulation mode it picks states based on a random generation seed

and an aril value [Lam02]. Both of these values can then be inputted during the next TLC simulation

mode session as additional parameters to reproduce the same choices of states.

Found errors can be investigated more thoroughly by adding Print statements to the TLA+

specification. Print statements do not affect the outcome of a TLC model checking session in

simulation or normal modes [Lam02].

1.3.4. Using symbolic logic and Apalache

Symbolic model checkers can evaluate a huge number of states in one step by representing

them as single formulas.

Binary decision diagrams are used to represent boolean formulas and to model check them

more effectively [BCM+92]. However, the construction of binary decision diagrams heavily de-

pends on the order of variables in a specification. If the variables are defined in an unfavorable

order, the constructed binary decision diagram would be unnecessarily complex and less effective

for symbolic model checking. Reduced ordered binary decision diagrams were defined to mitigate

this problem [PAH+08]. They are binary decision diagrams with stricter formulation requirements

that allow to create a structure with fewer unnecessary elements.

Apalache is a symbolic model checker for TLA+ that utilizes Satisfiability Modulo Theory

(SMT) solvers [KKT19]. Currently, it does not fully support all TLA+ operators but there are

methods provided by the developers of Apalache to overcome these limitations [Apa24]. This

makes Apalache a preferable alternative to the TLC model checker due to its greater effectiveness

in model checking [KKT19].

Recently there have been improvements made to Apalache based on SMT array theory that

have increased its effectiveness considerably [OKK+23]. Apalache could be modified to also use

partial order reduction for even greater model checking effectiveness.

1.4. Proposed specification writing guidelines

[GKO15] describe seven guidelines for reducing state space in state machines defined with

mCRL2 (micro Common Representation Language 2) [mCR24] specifications. However, the au-

thors do not provide any data regarding the equivalency of specifications before and after guideline
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application. This is left to the guideline applier to assess themselves.

It would be more useful if there was some data provided and a way to let readers know

what trade-offs certain guidelines entail exactly. It is apparent that guidelines should be applied

when modeling certain concepts or processes when their application effect is satisfactory to reach

a desired outcome.

At the time of writing, the [GKO15] paper is still relevant and is the only paper that the author

was able to find that defines state space reduction guidelines for writing specifications. The seven

guidelines defined in [GKO15] are illustrated with examples of traffic light controller systems that

give insight on how and when the guidelines should be applied.

A very important aspect of these guidelines is that they are based on a “design for verifiability”

approach. This means that system models are created in such a way that their behavior could be

verified easily. The authors note that there has not been an emphasis on how to create system

models that are more easily verifiable. Instead, most research has been conducted on how to verify

already existing system models more effectively [GKO15].

There is no guarantee that applying a certain guideline defined in [GKO15] will yield a result

that has a smaller state space size, is verifiable, and also behaviorally equivalent in all cases. The

authors argue that themore traditional approach of state space reduction that preserves equivalences

is far less effective than their proposed guidelines.

However, the trade-offs of guidelines defined by the authors should be quite well documented

so that specification writers could understand when to apply them. The fact that the authors use

only traffic light controller systems to illustrate the applications of their guidelines does not fully

show how they would be useful when modeling other kinds of systems. The authors do, however,

give recommendations on what type of system models could benefit from the application of each

guideline.

For distributed algorithms preserving specification equivalences is not mandatory if there is a

certainty that specific safety or liveness properties are preserved. This is because if the specification

writer knows what properties need to be proven, they can use a guideline that would allow them to

reach the desired outcome.

There might exist such state space reduction guidelines that preserve certain properties only

for certain distributed algorithms. And some of these guidelines might in some way be related to
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the guidelines described in [GKO15]. Of course, the trade-offs and application cases of these gui-

delines would need to be provided for them to be useful in the modeling of distributed algorithms.

1.4.1. Guideline I: information polling

The first guideline defined in [GKO15] states that specifications should model information

polling instead of information pushing because then the size of the state space is smaller. It is

mentioned that a system that communicates based on information polling could overload commu-

nication networks with an overwhelming number of messages about events being shared between

servers and clients.

In most distributed algorithm TLA+ specifications, nodes only check the number of particular

messages when they need to make decisions on what messages to send next. This means that all

messages that are required are received and evaluated at once.

There are a few considerations when modeling message communication in distributed algo-

rithms. It is possible to explicitly model message content or just have boolean variables that would

show whether a certain quorum has been formed like the boolean variables for triggers defined in

the polling example shown in the paper [GKO15].

The boolean variable approach would reduce the state space size quite considerably, however,

for most distributed algorithms modeling messages explicitly is essential to proving certain safety

or liveness properties. Nevertheless, such an approach might be enough to prove that consensus is

eventually reached or that no two nodes can become leaders at the same time.

Since messages are omitted entirely they do not have to be stored for later use like the pus-

hed signals in the traffic light controller example for the information polling guideline [GKO15].

Additionally, each node must keep track of its flag values to make sure it is in the correct phase

of the algorithm. The sensors provided in the example [GKO15] must also keep track of whether

they have been triggered or not.

A system’s specification does not necessarily need to model information pushing just becau-

se it would be a better implementation option for the real-world system. If the main purpose of a

certain specification is to prove the safety or liveness properties of a distributed algorithm, informa-

tion polling could be modeled. That would allow to prove specific properties with model checking

more quickly due to a smaller state space size.

20



1.4.2. Guideline II: use global synchronous communication

The second guideline defined in [GKO15] states that communication should be modeled syn-

chronously so that messages are received and forwarded instantaneously. This eliminates unneces-

sary states for communication chains that contain several communicating components because a

single message passing several components is modeled as a single behavior. The example given

for the guideline is simple and does not have a lot of different behaviors.

In mCRL2 the operators � and || are used for defining whether actions happen sequentially or

in parallel. In TLA+ disjunction (_) is used to describe actions that could occur at the same time in

the modeled system.

Distributed algorithm specifications model how each node receives and sends messages se-

parately. There is a set of nodes that has elements that represent nodes (similar to sets depicted in

Figure 2). For each node operators for message sending, receiving, and entering various phases of

a distributed algorithm are defined as actions that occur in different steps. This is done because it

is impossible to determine which subset of nodes will advance to the next phase of the algorithm

or reach a consensus.

To prove safety or liveness properties all possible node actions must be examined. What

is more, nodes could also fall off and be stuck in different rounds. If faulty nodes are also mo-

deled, then the most important parts of node communication should not be over-abstracted in the

specification.

Due to these reasons, distributed algorithm specifications allow for only one node’s actions to

occur in a single step. An application of the global synchronous communication guideline would

mean that when one node receives a message it sends another message and then the node that

receives it can send its message in the same step.

1.4.3. Guideline III: avoid parallelism among components

The third guideline defined in [GKO15] states that behavior among parallel components of

a system should be sequential to reduce the size of the state space. If parallelism is avoided in

specifications, then the state space size grows only linearly in the number of components, not

exponentially.

This guideline is not relevant for distributed systems because nodes in a distributed system
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operate in parallel inherently. Unless certain properties must be proven, there can be no use in

making a distributed system sequential since it would not represent the real-world system being

modeled at all. The authors in [GKO15] mention that avoiding parallelism does not provide bene-

ficial results when used with symbolic logic model checking.

1.4.4. Guideline IV: confluence

The fourth guideline defined in [GKO15] describes how � -confluent system state spaces can

be reduced with � -prioritization and branching bisimulation reduction [vGW96]. These techniques

also guarantee that the reduced specification would be behaviorally equivalent, and can reduce the

size of the state space quite considerably even for complex system specifications.

It is important to note that for this approach to work the following must be true:

1. The system model must be � -confluent.

• This can be ensured by examining a behavioral description of the system.

• It is not necessary to generate the full set of states and behaviors to ensure � -

confluence applies to a system’s model.

2. The author of the specification must correctly denote which state transitions are “empty

multi-actions” [GKO15] which are referred to as � actions.

• If � -confluence is ensured then that means it is known which state transitions are �

actions.

• mCRL2 supports a hiding operator written as �{}. TLA+ does not support such an

operator.

• If TLA+ did support such an operator it could be applied to defined action formulas.

The authors note that information pushing prevents a system model from being � -confluent

[GKO15]. However, if the system is � -confluent, then � -prioritization can be executed on the

system state space to reduce its size by a considerable amount. After that, branching bisimulation

reduction can reduce the � -prioritization’s reduced state space even more in most cases.

For distributed algorithms, � -confluence could potentially be an effective state space reduc-

tion method. For example, the transitions of message sending could be omitted as a � action. If

message receiving is also omitted as a � action, then a specification with a lot fewer states would

be produced.
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����



�R�I �U�R�X�Q�G�V �U�H�T�X�L�U�H�G �W�R �U�H�D�F�K �F�R�Q�V�H�Q�V�X�V �>�$�7�����@��

�,�Q �W�K�H �F�D�V�H �R�I �W�K�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P�� �W�K�L�V �F�D�Q �E�H �D�F�K�L�H�Y�H�G �E�\ �P�D�N�L�Q�J �D�O�O �Q�R�G�H�V �H�V�W�L��

�P�D�W�H �W�K�H �V�D�P�H �Y�D�O�X�H �W�K�D�W �Z�D�V �U�D�Q�G�R�P�O�\ �S�L�F�N�H�G �E�\ �W�K�H �W�R�V�V �R�I �D �J�O�R�E�D�O �F�R�L�Q �>�$�7�����@�� �5�D�Q�G�R�P�L�]�D�W�L�R�Q

�V�W�L�O�O �H�[�L�V�W�V�� �E�X�W �L�W �L�V �L�Q�L�W�L�D�W�H�G �Q�R�W �E�\ �H�D�F�K �Q�R�G�H �V�H�S�D�U�D�W�H�O�\ �Z�K�L�F�K �O�H�D�G�V �W�R �O�H�V�V �G�L�I�I�H�U�H�Q�W�L�D�W�L�R�Q �E�H�W�Z�H�H�Q

�U�D�Q�G�R�P�L�]�H�G �Q�R�G�H �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �L�Q �W�K�H �V�D�P�H �U�R�X�Q�G��

�$�O�J�R�U�L�W�K�P ���%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �I�R�U �S�U�R�F�H�V�Vp �E�\ �0�L�F�K�D�H�O �%�H�Q���2�U �>�%�H�Q�����@�� �D�G�D�S�W�H�G �I�U�R�P
�>�$�7�����@
�,�Q�S�X�W��

f � 1; f < N /2; N � 4;
rnd = 0; estp 2 f 0; 1g; rval 2 f 0; 1g; pval 2 f ?; 0; 1g; decp /2 f 0; 1g

�2�X�W�S�X�W��
�$�O�O �D�O�L�Y�H �S�U�R�F�H�V�V�H�V �G�H�F�L�G�H �R�Q �W�K�H �V�D�P�H �G�H�F�L�V�L�R�Q �Y�D�O�X�Hdecp 2 f 0; 1g

���� �Z�K�L�O�H �W�U�X�H �G�R
���� rnd = rnd + 1 �?�? �&�X�U�U�H�Q�W �U�R�X�Q�G

���� �V�H�Q�G(Report; rnd; estp) �W�R �D�O�O �S�U�R�F�H�V�V�H�V �?�? �3�K�D�V�H ��

���� �Z�D�L�W�I�R�UN � f (Report; rnd; rval ) �P�H�V�V�D�J�H�V

���� �L�I �U�H�F�H�L�Y�H�G�P�R�U�H �W�K�D�QN /2 Report �P�H�V�V�D�J�H�V �Z�L�W�K �W�K�H �V�D�P�H �Y�D�O�X�Hval �W�K�H�Q
���� �V�H�Q�G(P roposal; rnd; val) �W�R �D�O�O �S�U�R�F�H�V�V�H�V
���� �H�O�V�H
���� �V�H�Q�G(P roposal; rnd;?) �W�R �D�O�O �S�U�R�F�H�V�V�H�V
���� �H�Q�G �L�I

������ �Z�D�L�W�I�R�UN � f (P roposal; rnd; pval) �P�H�V�V�D�J�H�V �?�? �3�K�D�V�H ��

������ �L�I �U�H�F�H�L�Y�H�G�D�W �O�H�D�V�Wf + 1 Proposal �P�H�V�V�D�J�H�V �Z�L�W�K �W�K�H �V�D�P�H �Y�D�O�X�Hval 6= ? �W�K�H�Q
������ decp = val
������ �H�Q�G �L�I

������ �L�I �U�H�F�H�L�Y�H�G�D�W �O�H�D�V�W �R�Q�HProposal �P�H�V�V�D�J�H �Z�L�W�K �W�K�H �Y�D�O�X�Hval 6= ? �W�K�H�Q
������ estp = val
������ �H�O�V�H
������ estp = �U�D�Q�G�R�P �Y�D�O�X�H �I�U�R�Pf 0; 1g
������ �H�Q�G �L�I
������ �H�Q�G �Z�K�L�O�H

�$�O�J�R�U�L�W�K�P�� �J�L�Y�H�V �D �J�H�Q�H�U�D�O �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �W�K�D�W �L�V �D�S�S�O�L�F�D�E�O�H �L�Q

�H�Q�Y�L�U�R�Q�P�H�Q�W�V �Z�K�H�U�H �D�Q �D�G�Y�H�U�V�D�U�\ �L�V �S�D�V�V�L�Y�H�� �(�D�F�K �D�V�\�Q�F�K�U�R�Q�R�X�V �S�U�R�F�H�V�Vp �H�[�H�F�X�W�H�V �W�K�H �V�W�D�W�H�P�H�Q�W�V

�G�H�I�L�Q�H�G �L�Q �O�L�Q�H�V ���±������ �3�U�R�F�H�V�V�H�V �D�U�H �X�Q�G�H�U�V�W�R�R�G �D�V �V�H�S�D�U�D�W�H �Q�R�G�H�V �L�Q �D �G�L�V�W�U�L�E�X�W�H�G �V�\�V�W�H�P �W�K�D�W �F�D�Q

�E�H �L�Q �G�L�I�I�H�U�H�Q�W �U�R�X�Q�G�V �G�X�U�L�Q�J �W�K�H �H�[�H�F�X�W�L�R�Q �R�I �W�K�H �D�O�J�R�U�L�W�K�P��f �G�H�Q�R�W�H�V �W�K�H �Q�X�P�E�H�U �R�I �Q�R�G�H�V �W�K�D�W

�F�D�Q �I�D�L�O �E�\ �F�U�D�V�K�L�Q�J�� �Z�K�L�O�HN �L�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �Q�R�G�H�V��

�7�K�Hestp �Y�D�O�X�H �U�H�S�U�H�V�H�Q�W�V �D �Q�R�G�H�¶�V �L�Q�L�W�L�D�O �D�Q�G �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H�� �V�R �L�W �P�X�V�W �E�H �V�H�W �W�R �H�L�W�K�H�U �D0

�R�U1 �Y�D�O�X�H �E�H�I�R�U�H �W�K�H �V�W�D�U�W �R�I �W�K�H �D�O�J�R�U�L�W�K�P �L�Q �W�K�H �F�D�V�H �R�I �E�L�Q�D�U�\ �F�R�Q�V�H�Q�V�X�V�� �9�D�U�L�D�E�O�H�Vrval �D�Q�Gpval
����



�G�H�V�F�U�L�E�H �W�K�H �S�R�V�V�L�E�O�H �Y�D�O�X�H�V �R�I �U�H�S�R�U�W �D�Q�G �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V �U�H�V�S�H�F�W�L�Y�H�O�\��

decp �L�V �W�K�H �Q�R�G�H�¶�V �G�H�F�L�V�L�R�Q �Y�D�O�X�H �D�Q�G �F�D�Q �Q�R�W �E�H �F�K�D�Q�J�H�G �R�Q�F�H �V�H�W �± �L�I �D �Q�R�G�H �P�D�N�H�V �D �G�H�F�L�V�L�R�Q��

�L�W �E�H�F�R�P�H�V �L�P�P�X�W�D�E�O�H�� �6�L�Q�F�Hf �Q�R�G�H�V �F�D�Q �I�D�L�O�� �W�K�H �D�O�J�R�U�L�W�K�P �L�V �H�[�H�F�X�W�H�G �X�Q�W�L�O �D�O�O �D�O�L�Y�H �S�U�R�F�H�V�V�H�V

�G�H�F�L�G�H �R�Q �W�K�H �V�D�P�H �Y�D�O�X�H �W�K�D�W �L�V �H�L�W�K�H�U �D0 �R�U1��

�7�K�H�U�H �D�U�H �W�Z�R �P�D�L�Q �S�K�D�V�H�V �L�Q �H�D�F�K �U�R�X�Q�G �R�I �W�K�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P�� �'�X�U�L�Q�J �W�K�H

�I�L�U�V�W �S�K�D�V�H�� �D�O�O �Q�R�G�H�V �V�H�Q�G �U�H�S�R�U�W �P�H�V�V�D�J�H�V �Z�L�W�K �W�K�H�L�U �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �W�R �D�O�O �R�W�K�H�U �Q�R�G�H�V��

�7�K�H �I�L�U�V�W �S�K�D�V�H �H�Q�G�V �Z�K�H�Q �D �Q�R�G�H �U�H�F�H�L�Y�H�V �H�Q�R�X�J�K �U�H�S�R�U�W �P�H�V�V�D�J�H�V �I�U�R�P �R�W�K�H�U �Q�R�G�H�V �W�R �W�K�H�Q �V�H�Q�G

�L�W�V �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�� �(�L�W�K�H�U �W�K�H �P�D�M�R�U�L�W�\ �R�I �D�O�O �Q�R�G�H�V �U�H�S�R�U�W �W�K�H �V�D�P�H �H�V�W�L�P�D�W�H �Y�D�O�X�H �D�Q�G �W�K�L�V �Y�D�O�X�H

�L�V �W�K�H�Q �V�H�Q�W �L�Q �D �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�� �R�U �D? �Y�D�O�X�H �L�V �V�H�Q�W �D�V �D �S�U�R�S�R�V�D�O �W�R �L�Q�G�L�F�D�W�H �Q�R �F�O�H�D�U �F�D�Q�G�L�G�D�W�H

�G�H�F�L�V�L�R�Q �Y�D�O�X�H��

�,�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �P�H�Q�W�L�R�Q �W�K�D�W �D �Q�R�G�H �F�D�Q �V�H�Q�G �D �P�D�M�R�U�L�W�\ �H�V�W�L�P�D�W�H �Y�D�O�X�H �Z�L�W�K �D �S�U�R�S�R�V�D�O

�P�H�V�V�D�J�H �W�K�D�W �L�V �Q�R�W �H�T�X�D�O �W�R �L�W�V �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H �Y�D�O�X�H�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �V�R�P�H �Q�R�G�H�V �F�D�Q �S�U�R�S�R�V�H?

�Y�D�O�X�H�V �Z�K�L�O�H �R�W�K�H�U�V �S�U�R�S�R�V�H �H�V�W�L�P�D�W�H �Y�D�O�X�H�V ��0 �R�U1�� �G�X�U�L�Q�J �W�K�H �V�D�P�H �U�R�X�Q�G�� �7�K�L�V �F�D�Q �R�F�F�X�U �Z�K�H�Q

�D �V�L�Q�J�O�H �Q�R�G�H �U�H�S�R�U�W�V �D�Q �H�V�W�L�P�D�W�H �Y�D�O�X�H �G�L�I�I�H�U�H�Q�W �I�U�R�P �D�O�O �W�K�H �R�W�K�H�U �Q�R�G�H�¶�V �U�H�S�R�U�W�H�G �H�V�W�L�P�D�W�H �Y�D�O�X�H�V��

�7�K�H �F�L�U�F�X�P�V�W�D�Q�F�H�V �X�Q�G�H�U �Z�K�L�F�K �W�K�H�V�H �V�L�W�X�D�W�L�R�Q�V �K�D�S�S�H�Q �D�U�H �G�H�V�F�U�L�E�H�G �L�Q �7�D�E�O�H�� �Z�K�L�F�K �F�R�Q�W�D�L�Q�V

�Q�R�G�H�V�� �D�Q�G �W�K�H�L�U �U�H�S�R�U�W �D�Q�G �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H �Y�D�O�X�H�V��

�7�D�E�O�H �����$ �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �V�L�W�X�D�W�L�R�Q �L�Q �Z�K�L�F�K �Q�R�G�H�V �S�U�R�S�R�V�H �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V

�1�R�G�H�V �Q�� �Q�� �Q�� �Q��

�5�H�S�R�U�W �Y�D�O�X�H �� �� �� ��

�3�U�R�S�R�V�D�O �Y�D�O�X�H �� �" �" �"

�(�Y�H�Q �W�K�R�X�J�K �L�Q �7�D�E�O�H�� �Q�R�G�Hn1 �H�V�W�L�P�D�W�H�G �D �Y�D�O�X�H �R�I0 �D�Q�G �V�H�Q�W �L�W �D�V �D �U�H�S�R�U�W �P�H�V�V�D�J�H �W�R �D�O�O

�R�W�K�H�U �Q�R�G�H�V�� �L�W �V�H�Q�G�V �W�K�H �Y�D�O�X�H1 �L�Q �D �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H �E�H�F�D�X�V�H �L�W �U�H�F�H�L�Y�H�G �W�K�U�H�H �U�H�S�R�U�W �P�H�V�V�D�J�H�V

�I�U�R�P �R�W�K�H�U �Q�R�G�H�V �Z�L�W�K �W�K�H �V�D�P�H �Y�D�O�X�H �R�I1��

�1�R�G�H�Vn2��n3�� �D�Q�Gn4 �R�Q�O�\ �U�H�F�H�L�Y�H�G �W�Z�R �U�H�S�R�U�W �P�H�V�V�D�J�H�V �Z�L�W�K �W�K�H �Y�D�O�X�H1 �D�Q�G �R�Q�H �U�H�S�R�U�W

�P�H�V�V�D�J�H �Z�L�W�K �W�K�H �Y�D�O�X�H0�� �'�X�H �W�R �W�K�H�U�H �E�H�L�Q�J �Q�R �Y�D�O�X�H �W�K�D�W �K�D�V �E�H�H�Q �U�H�S�R�U�W�H�G �E�\ �W�K�H �P�D�M�R�U�L�W�\ �R�I �D�O�O

�Q�R�G�H�V��n2��n3�� �D�Q�Gn4 �V�H�Q�G �W�K�H �Y�D�O�X�H? �L�Q �W�K�H�L�U �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V��

�2�Q�H �Q�R�G�H �F�D�Q �Q�R�W �S�U�R�S�R�V�H �D �Y�D�O�X�H �R�I0 �L�I �D�Q�R�W�K�H�U �Q�R�G�H �S�U�R�S�R�V�H�V �D �Y�D�O�X�H �R�I1 �L�Q �W�K�H �V�D�P�H �U�R�X�Q�G

�>�$�7�����@�� �(�L�W�K�H�U �D �Q�R�G�H �S�U�R�S�R�V�H�V0 �D�Q�G �D�Q�\ �R�W�K�H�U �S�U�R�S�R�V�H�G �Y�D�O�X�H �L�V �D? �R�U0�� �R�U �W�K�H �Q�R�G�H �S�U�R�S�R�V�H�V1

�D�Q�G �R�W�K�H�U �S�U�R�S�R�V�H�G �Y�D�O�X�H�V �F�D�Q �E�H? �R�U1��

����



�'�X�U�L�Q�J �W�K�H �V�H�F�R�Q�G �S�K�D�V�H �R�I �W�K�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P�� �D�O�O �Q�R�G�H�V �U�H�F�H�L�Y�H �D�W �O�H�D�V�WN �

f �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V �I�U�R�P �R�W�K�H�U �Q�R�G�H�V �D�Q�G �G�H�F�L�G�H �R�Q �D �Y�D�O�X�H �R�U �X�S�G�D�W�H �W�K�H�L�U �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H��

�1�R�G�H�V �F�D�Q �F�K�D�Q�J�H �W�K�H�L�U �G�H�F�L�V�L�R�Q �D�Q�G �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �L�Q �W�K�H �V�D�P�H �U�R�X�Q�G �± �W�K�H �G�H�I�L�Q�L�W�L�R�Q �S�U�R�Y�L�G�H�G

�L�Q �$�O�J�R�U�L�W�K�P�� �D�O�O�R�Z�V �I�R�U �V�X�F�K �D�Q �H�Y�H�Q�W �W�R �R�F�F�X�U �G�X�H �W�R �W�K�H�U�H �E�H�L�Q�J �W�Z�R �V�H�S�D�U�D�W�H �L�I �V�W�D�W�H�P�H�Q�W�V �L�Q

�O�L�Q�H�V �����±���� �D�Q�G �����±������

�7�K�H�U�H �D�U�H �D �W�R�W�D�O �R�I �W�K�U�H�H �G�L�V�W�L�Q�F�W �S�R�V�V�L�E�L�O�L�W�L�H�V �G�X�U�L�Q�J �W�K�H �V�H�F�R�Q�G �S�K�D�V�H �I�R�U �H�D�F�K �Q�R�G�H��
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�7�K�Hmsgs �Y�D�U�L�D�E�O�H �S�U�R�Y�L�G�H�V �D �Y�H�U�\ �F�R�P�S�U�H�K�H�Q�V�L�Y�H �K�L�V�W�R�U�\ �R�I �Q�R�G�H �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�K�H�Q

�G�H�S�L�F�W�H�G �L�Q �W�K�H �V�W�D�W�H �W�U�D�F�H �J�H�Q�H�U�D�W�H�G �E�\ �7�/�& �D�I�W�H�U �P�R�G�H�O �F�K�H�F�N�L�Q�J�� �,�W �F�D�Q �E�H �V�H�H�Q �Z�K�D�W �Q�R�G�H�V

�V�H�Q�W �Z�K�D�W �P�H�V�V�D�J�H�V �D�W �Z�K�D�W �U�R�X�Q�G �H�Y�H�Q �L�I �Q�R�G�H �H�V�W�L�P�D�W�H �R�U �G�H�F�L�V�L�R�Q �Y�D�O�X�H�V �K�D�Y�H �Q�R�W �F�K�D�Q�J�H�G �R�Y�H�U

�P�X�O�W�L�S�O�H �U�R�X�Q�G�V��

�'�H�V�S�L�W�H �W�K�D�W�� �7�/�& �Z�L�O�O �Q�R�W �E�H �D�E�O�H �W�R �F�K�H�F�N �D�O�O �S�R�V�V�L�E�O�H �V�W�D�W�H�V �R�I �W�K�H �V�W�D�W�H �P�D�F�K�L�Q�H �P�R�G�H�O

�E�H�F�D�X�V�H �W�K�HRounds�I�R�U�P�X�O�D �Y�D�O�X�H �G�R�H�V �Q�R�W �S�U�H�Y�H�Q�W �Q�R�G�H�V �I�U�R�P �V�H�Q�G�L�Q�J �P�H�V�V�D�J�H�V �Z�K�H�Q �F�R�Q�V�H�Q�V�X�V

�K�D�V �Q�R�W �E�H�H�Q �U�H�D�F�K�H�G��Rounds �L�V �H�T�X�D�O �W�R �W�K�HN �V�H�W �W�K�D�W �L�V �L�Q�I�L�Q�L�W�H �D�Q�G �7�/�& �Z�L�O�O �K�D�Y�H �W�R �F�K�H�F�N �D�Q

�L�Q�I�L�Q�L�W�H �Q�X�P�E�H�U �R�I �V�W�D�W�H�V �L�I �Q�R�G�H�V �N�H�H�S �V�H�Q�G�L�Q�J �P�H�V�V�D�J�H�V �H�Y�H�Q �W�K�R�X�J�K �P�H�V�V�D�J�H �Y�D�O�X�H�V �F�D�Q �U�H�P�D�L�Q

�W�K�H �V�D�P�H��

�(�D�F�K �V�W�D�W�H �L�Q �7�/�$�� �L�V �D�Q �D�V�V�L�J�Q�P�H�Q�W �R�I �Y�D�O�X�H�V �W�R �G�H�I�L�Q�H�G �Y�D�U�L�D�E�O�H�V �Z�K�L�F�K �P�H�D�Q�V �W�K�D�W �7�/�& �Z�L�O�O

�U�H�J�D�U�G �D�Q�\ �D�G�G�H�G �H�O�H�P�H�Q�W�V �W�R �W�K�Hmsgs�V�H�W �D�V �Q�H�Z �V�W�D�W�H�V�� �0�H�V�V�D�J�H�V �Z�L�W�K �W�K�H �V�D�P�H �Y�D�O�X�H�V �F�D�Q �V�W�L�O�O

�E�H �D�G�G�H�G �W�R �W�K�Hmsgs�V�H�W �E�H�F�D�X�V�H �W�K�H�\ �D�U�H �D�G�G�H�G �L�Q �G�L�I�I�H�U�H�Q�W �U�R�X�Q�G�V �D�Q�G �D�U�H �Q�R�W �W�U�H�D�W�H�G �D�V �G�X�S�O�L�F�D�W�H

�H�O�H�P�H�Q�W�V�� �,�I �W�K�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �Z�L�O�O �Q�R�W �J�X�D�U�D�Q�W�H�H �F�R�Q�V�H�Q�V�X�V �G�X�H �W�R �X�Q�I�D�Y�R�U�D�E�O�H

�F�K�R�L�F�H�V �L�Q �H�V�W�L�P�D�W�H �U�D�Q�G�R�P�L�]�D�W�L�R�Q�� �7�/�& �Z�L�O�O �N�H�H�S �F�K�H�F�N�L�Q�J �V�W�D�W�H�V �X�Q�W�L�O �D �O�L�P�L�W �R�I �7�/�&�¶�V �H�[�H�F�X�W�L�R�Q

����



�H�Q�Y�L�U�R�Q�P�H�Q�W �U�H�V�R�X�U�F�H�V �L�V �U�H�D�F�K�H�G��

HowManyMessages(sendingNode; nodeRound; messageType; messageV alue) ,

Cardinality (f msg 2 msgs :

^ msg:Sender 6= sendingNode

^ msg:Round= nodeRound

^ msg:Type= messageType

^ msg:V alue= messageV alueg)

������

�1�R�G�H�V �F�D�Q �I�L�Q�G �R�X�W �W�K�H �Q�X�P�E�H�U �R�I �P�H�V�V�D�J�H�V �U�H�F�H�L�Y�H�G �I�U�R�P �R�W�K�H�U �Q�R�G�H�V �E�\ �F�R�X�Q�W�L�Q�J �W�K�H �Q�X�P�E�H�U

�R�I �V�S�H�F�L�I�L�F �P�H�V�V�D�J�H�V �D�W �D �F�H�U�W�D�L�Q �U�R�X�Q�G �D�Q�G �H�[�F�O�X�G�L�Q�J �W�K�H�P�V�H�O�Y�H�V �D�V �W�K�H �V�H�Q�G�H�U�V �R�I �P�H�V�V�D�J�H�V�� �7�K�L�V �L�V

�V�K�R�Z�Q �L�Q ������ �Z�K�H�U�H �W�K�HHowManyMessages�R�S�H�U�D�W�R�U �L�V �G�H�I�L�Q�H�G �I�R�U �J�H�W�W�L�Q�J �W�K�H �F�D�U�G�L�Q�D�O�L�W�\ �R�I �D �V�H�W

�W�K�D�W �F�R�Q�W�D�L�Q�V �F�H�U�W�D�L�Q �P�H�V�V�D�J�H�V �W�K�D�W �K�D�Y�H �Q�R�W �E�H�H�Q �V�H�Q�W �E�\ �W�K�H �Q�R�G�HsendingNode�� �6�L�P�L�O�D�U �R�S�H�U�D�W�R�U�V

�I�R�U �J�H�W�W�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �P�H�V�V�D�J�H�V �R�I �D �V�S�H�F�L�I�L�F �W�\�S�H ���S�U�R�S�R�V�D�O �R�U �U�H�S�R�U�W�� �D�U�H �D�O�V�R �I�R�U�P�X�O�D�W�H�G �Z�L�W�K�L�Q

�W�K�H�"�2�M�P�`�J�b�;�b�V�S�H�F�L�I�L�F�D�W�L�R�Q��

^ rounds = [ node2 NODES 7! 1]

^ IF CHECK �BALL �BINIT IAL �BV ALUES

THEN 9 initialEstimates 2 AllEstimates : estimates = initialEstimates

ELSE estimates = [ node2 NODES 7! IF node 2 EST IMATE �BZERO

THEN �³0�´

ELSE �³1� ]́

^ decisions = [ node2 NODES 7! �³� 1� ]́

^ msgs= ?

������

�7�K�H �L�Q�L�W�L�D�O �V�W�D�W�H �L�V �G�H�I�L�Q�H�G �L�Q ������ �D�Q�G �L�V �T�X�L�W�H �W�\�S�L�F�D�O �I�R�U �G�L�V�W�U�L�E�X�W�H�G �D�O�J�R�U�L�W�K�P �7�/�$�� �V�S�H�F�L�I�L��

�F�D�W�L�R�Q�V�� �,�Q �W�K�H �I�L�U�V�W �V�W�D�W�H�� �D�V �S�H�U �$�O�J�R�U�L�W�K�P���� �W�K�H �F�X�U�U�H�Q�W �U�R�X�Q�G �L�V �V�H�W �W�R ���� �$�O�O �Q�R�G�H �G�H�F�L�V�L�R�Q �Y�D�O�X�H�V

�D�U�H �V�H�W �W�R� 1 �W�R �L�Q�G�L�F�D�W�H �W�K�D�W �Q�R �G�H�F�L�V�L�R�Q�V �K�D�Y�H �E�H�H�Q �P�D�G�H �E�\ �D�Q�\ �Q�R�G�H�V �\�H�W�� �1�R �P�H�V�V�D�J�H�V �K�D�Y�H

�E�H�H�Q �V�H�Q�W�� �V�R �W�K�Hmsgs�V�H�W �L�V �D�Q �H�P�S�W�\ �V�H�W �D�W �W�K�H �V�W�D�U�W �R�I �W�K�H �D�O�J�R�U�L�W�K�P��

�$�O�O �S�R�V�V�L�E�O�H �L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�V �D�U�H �F�K�H�F�N�H�G �Z�K�H�Q �W�K�HIF THEN ELSE �V�W�D�W�H�P�H�Q�W �L�V �H�T�X�D�O �W�R

�W�K�H �I�R�U�P�X�O�D �Z�L�W�K �W�K�H9 �R�S�H�U�D�W�R�U�� �7�/�& �Z�L�O�O �F�K�H�F�N �D�O�O �P�H�P�E�H�U�V �R�I �W�K�HAllEstimates �V�H�W �W�K�D�W �F�R�Q�W�D�L�Q�V

����



�D�O�O �S�R�V�V�L�E�O�H �L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�V �E�D�V�H�G �R�Q �W�K�H �Q�X�P�E�H�U �R�I �Q�R�G�H�V��

�,�ICHECK �BALL �BINIT IAL �BV ALUES �L�V �V�H�W �W�RFALSE �L�Q �W�K�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �I�L�O�H�� �Q�R�G�H

�L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�V �D�U�H �E�D�V�H�G �R�Q �Q�R�G�H�V �E�H�L�Q�J �P�H�P�E�H�U�V �R�I �W�K�HEST IMATE �BZERO �V�H�W�� �7�K�H �V�W�D�W�H

�P�D�F�K�L�Q�H �P�R�G�H�O �F�D�Q �W�K�H�Q �E�H �F�K�H�F�N�H�G �Z�L�W�K �7�/�& �Z�K�H�Q �Y�H�U�L�I�\�L�Q�J �S�U�R�S�H�U�W�L�H�V �I�R�U �D �V�L�Q�J�O�H �S�R�V�V�L�E�O�H �V�H�W �R�I

�L�Q�L�W�L�D�O �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �L�V �V�D�W�L�V�I�D�F�W�R�U�\�� �,�Q �W�K�H�V�H �F�L�U�F�X�P�V�W�D�Q�F�H�V �L�W �L�V �R�Q�O�\ �U�H�T�X�L�U�H�G �I�R�U �W�K�H �V�S�H�F�L�I�L�F�D�W�L�R�Q

�D�X�W�K�R�U �W�R �F�K�D�Q�J�H �W�K�H �Y�D�O�X�H �R�ICHECK �BALL �BINIT IAL �BV ALUES �D�Q�G �W�K�H �V�S�H�F�L�I�L�F�D�W�L�R�Q �L�W�V�H�O�I

�G�R�H�V �Q�R�W �K�D�Y�H �W�R �E�H �P�R�G�L�I�L�H�G��

Next ,

9 node2 NODES :

^ : LastState

^ _ Phase1(node)

_ Phase2(node)

��������

�������� �G�H�I�L�Q�H�V �S�R�V�V�L�E�O�H �D�F�W�L�R�Q�V �W�K�D�W �F�D�Q �W�D�N�H �S�O�D�F�H �L�Q �W�K�H �V�W�D�W�H �P�D�F�K�L�Q�H �P�R�G�H�O �D�I�W�H�U �W�K�H �L�Q�L�W�L�D�O

�V�W�D�W�H�� �+�H�U�H �W�K�H9 �R�S�H�U�D�W�R�U �P�D�N�H�V �7�/�& �F�K�H�F�N �D�O�O �S�R�V�V�L�E�O�H �Q�R�G�H �D�F�W�L�R�Q�V �D�Q�G �D�O�O �W�K�H�L�U �G�L�I�I�H�U�H�Q�W �R�U�G�H�U�V

�G�X�U�L�Q�J �P�R�G�H�O �F�K�H�F�N�L�Q�J�� �:�K�H�QCHECK �BDEADLOCK �L�V �V�H�W �W�RTRUE �L�Q �W�K�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q

�I�L�O�H��LastState �L�V �X�V�H�G �W�R �V�W�R�S �7�/�& �I�U�R�P �H�[�H�F�X�W�L�Q�J �Z�K�H�Q �F�R�Q�V�H�Q�V�X�V �K�D�V �E�H�H�Q �U�H�D�F�K�H�G �E�\ �D�O�O �D�O�L�Y�H

�Q�R�G�H�V�� �'�X�H �W�R �W�K�H^ �D�Q�G: �R�S�H�U�D�W�R�U�V�� �W�K�H �I�R�U�P�X�O�D �G�H�I�L�Q�H�G �L�Q �������� �Z�L�O�O �H�Y�D�O�X�D�W�H �W�RFALSE �Z�K�H�Q

LastState �L�VTRUE �L�Q �D �V�W�D�W�H�� �7�K�L�V �Z�L�O�O �F�D�X�V�H �D �G�H�D�G�O�R�F�N �W�R �R�F�F�X�U �V�L�Q�F�H �Q�R �I�X�U�W�K�H�U �D�F�W�L�R�Q�V �Z�L�O�O

�E�H �W�D�N�H�Q �E�\ �Q�R�G�H�V��

�2�S�H�U�D�W�R�U�VPhase1(node) �D�Q�GPhase2(node) �D�U�H �G�H�I�L�Q�H�G �Z�L�W�K �W�K�H_ �R�S�H�U�D�W�R�U �D�Q�G �W�K�X�V �F�R�X�O�G

�E�H �H�T�X�D�O �W�RTRUE �L�Q �W�K�H �V�D�P�H �V�W�H�S �W�D�N�H�Q �E�\ �D �Q�R�G�H�� �+�R�Z�H�Y�H�U�� �D�G�G�L�W�L�R�Q�D�O �F�R�Q�G�L�W�L�R�Q�V ���6�H�F�W�L�R�Q

������������ �S�U�H�Y�H�Q�WPhase1(node) �D�Q�GPhase2(node) �I�U�R�P �E�H�L�Q�J �H�T�X�D�O �W�RTRUE �D�W �W�K�H �V�D�P�H �W�L�P�H��

�‡�$ �Q�R�G�H �F�D�Q �H�Q�W�H�U �W�K�H �I�L�U�V�W �S�K�D�V�H �R�Q�O�\ �Z�K�H�Q �L�W �K�D�V �Q�R�W �V�H�Q�W �D �U�H�S�R�U�W �P�H�V�V�D�J�H �I�R�U �L�W�V �F�X�U�U�H�Q�W

�U�R�X�Q�G �D�Q�G �W�K�H �V�H�F�R�Q�G �S�K�D�V�H �R�Q�O�\ �Z�K�H�Q �L�W �K�D�V �V�H�Q�W �D �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H �I�R�U �W�K�H �F�X�U�U�H�Q�W

�U�R�X�Q�G��

�‡�1�R�G�H�V �G�R �Q�R�W �Z�D�L�W �I�R�U �D�W �O�H�D�V�WN /2 �U�H�S�R�U�W �P�H�V�V�D�J�H�V �E�H�I�R�U�H �F�R�Q�W�L�Q�X�L�Q�J �W�R �W�K�H �V�H�F�R�Q�G

�S�K�D�V�H �± �W�K�H �Q�X�P�E�H�U �R�I �U�H�S�R�U�W�V �U�H�F�H�L�Y�H�G �I�U�R�P �R�W�K�H�U �Q�R�G�H�V �L�V �H�Y�D�O�X�D�W�H�G �D�I�W�H�U �U�H�F�H�L�Y�L�Q�J �D�W

�O�H�D�V�WN � f �U�H�S�R�U�W �P�H�V�V�D�J�H�V �D�Q�G �K�D�Y�L�Q�J �V�H�Q�W �D �U�H�S�R�U�W �P�H�V�V�D�J�H �W�R �R�W�K�H�U �Q�R�G�H�V ���D�V �G�H�I�L�Q�H�G

�L�Q �$�O�J�R�U�L�W�K�P������

�$�G�G�L�W�L�R�Q�D�O �F�R�Q�G�L�W�L�R�Q�V �R�Q �Q�R�G�H �D�F�W�L�R�Q�V �D�O�O�R�Z �W�K�H �X�V�H �R�I �Z�H�D�N �I�D�L�U�Q�H�V�V �I�R�U �D�O�O �Q�R�G�H �D�F�W�L�R�Q�V

����



�V�L�Q�F�H �G�L�I�I�H�U�H�Q�W �S�K�D�V�H �D�F�W�L�R�Q�V �F�D�Q �Q�R�W �K�D�S�S�H�Q �D�W �W�K�H �V�D�P�H �W�L�P�H �D�Q�G �F�D�Q �R�Q�O�\ �K�D�S�S�H�Q �R�Q�F�H �G�X�U�L�Q�J �W�K�H

�V�D�P�H �U�R�X�Q�G��WF �Bvars(Next) �L�V �H�Q�R�X�J�K �W�R �J�X�D�U�D�Q�W�H�H �W�K�D�W �Q�R�G�H�V �P�D�N�H �S�U�R�J�U�H�V�V �W�R�Z�D�U�G�V �W�K�H �Q�H�[�W

�S�K�D�V�H �D�Q�G �U�R�X�Q�G �R�I �W�K�H �D�O�J�R�U�L�W�K�P��

�‡�,�I �D�Q�\ �Q�R�G�H �D�F�W�L�R�Q �L�V �H�Q�D�E�O�H�G�� �L�W �L�V �H�Q�D�E�O�H�G �F�R�Q�W�L�Q�X�R�X�V�O�\ �X�Q�W�L�O �L�W �L�V �S�H�U�I�R�U�P�H�G��

�‡�7�K�H�U�H �L�V �Q�R �Z�D�\ �I�R�U �Q�R�G�H�V �W�R �V�R�P�H�K�R�Z �W�D�N�H �E�D�F�N �W�K�H �P�H�V�V�D�J�H�V �W�K�D�W �W�K�H�\ �K�D�Y�H �V�H�Q�W �W�K�X�V

�V�R�P�H�K�R�Z �F�D�X�V�L�Q�J �H�Q�D�E�O�H�G �S�K�D�V�H �D�F�W�L�R�Q�V �W�R �E�H�F�R�P�H �G�L�V�D�E�O�H�G �G�X�H �W�R �W�K�H �G�H�F�U�H�D�V�H �R�I �W�K�H

�U�H�F�H�L�Y�H�G �Q�X�P�E�H�U �R�I �P�H�V�V�D�J�H�V��

�‡�2�Q�O�\ �R�Q�H �V�L�Q�J�O�H �Q�R�G�H �D�F�W�L�R�Q �F�D�Q �E�H �F�R�Q�W�L�Q�X�R�X�V�O�\ �H�Q�D�E�O�H�G �D�W �D �W�L�P�H �G�X�H �W�R �V�W�U�L�F�W �F�R�Q�G�L�W�L�R�Q�V

�R�Q �D�F�W�L�R�Q �V�W�D�W�H�V��

ConsensusReached,

^ 8 node2 NODES : decisions[node] 2 f 0; 1g

^ 8 node1; node2 2 NODES : decisions[node1] = decisions[node2]

��������

LastState �G�H�I�L�Q�H�G �L�Q �������� �L�V �H�T�X�D�O �W�RConsensusReached�I�U�R�P ���������� �&�R�Q�V�H�Q�V�X�V �L�V �U�H�D�F�K�H�G

�Z�K�H�Q �D�O�O �Q�R�G�H �G�H�F�L�V�L�R�Q �Y�D�O�X�H�V �D�U�H �P�H�P�E�H�U�V �R�I �W�K�H �E�L�Q�D�U�\ �Y�D�O�X�H�V �V�H�W ��0 �R�U1�� �D�Q�G �D�Q�\ �W�Z�R �Q�R�G�H�V �I�U�R�P

�W�K�HNODES �V�H�W �K�D�Y�H �G�H�F�L�G�H�G �R�Q �W�K�H �V�D�P�H �Y�D�O�X�H�� �1�R�G�H�V �F�D�Q �Q�R�W �F�K�D�Q�J�H �W�K�H�L�U �G�H�F�L�V�L�R�Q �Y�D�O�X�H�V �R�Q�F�H

�W�K�H�\ �K�D�Y�H �G�H�F�L�G�H�G �R�Q �D0 �R�U1 �Y�D�O�X�H�� �V�R �L�I �D �Q�R�G�H �F�K�D�Q�J�H�V �L�W�V �G�H�F�L�V�L�R�Q �Y�D�O�X�H �I�R�U �W�K�H �I�L�U�V�W �D�Q�G �R�Q�O�\

�W�L�P�H�� �L�W �L�V �H�Q�R�X�J�K �W�R �F�K�H�F�N �Z�K�H�W�K�H�U �D�O�O �W�K�H �G�H�F�L�V�L�R�Q �Y�D�O�X�H�V �R�I �Q�R�G�H�V �D�U�H �W�K�H �V�D�P�H��

������������ �%�H�Q�2�U�$�E�V�W�6�\�Q�F

�7�K�L�V �7�/�$�� �V�S�H�F�L�I�L�F�D�W�L�R�Q ���)�L�J�X�U�H������ �L�V �E�D�V�H�G �R�Q �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q �S�R�O�O�L�Q�J �J�X�L�G�H�O�L�Q�H ���6�H�F�W�L�R�Q

������������ �D�Q�G �L�V �D�Q �D�W�W�H�P�S�W �W�R �U�H�G�X�F�H �W�K�H �V�W�D�W�H �V�S�D�F�H �V�L�]�H �R�I �W�K�H�"�2�M�P�`�J�b�;�b�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �7�K�H �P�D�L�Q

�D�L�P �R�I �W�K�H�"�2�M�P�`���#�b�i�a�v�M�+�V�S�H�F�L�I�L�F�D�W�L�R�Q �L�V �W�R �U�H�P�R�Y�H �P�H�V�V�D�J�H �V�H�Q�G�L�Q�J �H�Q�W�L�U�H�O�\ �D�Q�G �K�D�Y�H �Q�R�G�H�V

�O�R�R�N �D�W �H�D�F�K �R�W�K�H�U�¶�V �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �G�L�U�H�F�W�O�\�� �5�R�X�Q�G�V �D�U�H �D�O�V�R �R�P�L�W�W�H�G �I�U�R�P �W�K�H �V�S�H�F�L�I�L�F�D�W�L�R�Q �W�R

�K�D�Y�H �7�/�& �V�K�R�Z �X�Q�G�H�U �Z�K�D�W �F�L�U�F�X�P�V�W�D�Q�F�H�V �Q�R�G�H�V �F�D�Q �Q�R�W �U�H�D�F�K �E�L�Q�D�U�\ �F�R�Q�V�H�Q�V�X�V��

�,�I �Q�R�G�H�V �F�D�Q �Q�R�W �E�H �R�Q �G�L�I�I�H�U�H�Q�W �U�R�X�Q�G�V�� �W�K�H�\ �P�X�V�W �D�O�O �E�H �R�Q �W�K�H �V�D�P�H �U�R�X�Q�G �W�K�D�W �L�V �U�H�S�H�D�W�H�G

�R�Y�H�U �D�Q�G �R�Y�H�U�� �'�X�U�L�Q�J �W�K�H �V�D�P�H �U�R�X�Q�G �Q�R�G�H�V �P�X�V�W �D�O�V�R �Z�D�L�W �I�R�U �D �S�D�U�W �R�I �R�W�K�H�U �Q�R�G�H�V �W�R �E�H �L�Q �W�K�H

�V�D�P�H �S�K�D�V�H �E�H�F�D�X�V�H �W�K�H�U�H �L�V �Q�R �V�H�S�D�U�D�W�L�R�Q �E�H�W�Z�H�H�Q �D �Q�R�G�H�¶�V �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H �Y�D�O�X�H �D�Q�G �W�K�H �H�V�W�L�P�D�W�H

�Y�D�O�X�H �W�K�D�W �Z�R�X�O�G �E�H �V�K�D�U�H�G �Y�L�D �D �U�H�S�R�U�W �P�H�V�V�D�J�H��

�"�2�M�P�`���#�b�i�a�v�M�+�L�V �D �7�/�$�� �V�S�H�F�L�I�L�F�D�W�L�R�Q �R�I �D �V�\�Q�F�K�U�R�Q�L�]�H�G �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P

�G�H�V�F�U�L�E�H�G �L�Q �$�O�J�R�U�L�W�K�P���� �7�K�H �V�\�Q�F�K�U�R�Q�L�]�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �U�H�T�X�L��

����



�U�H�V �I�R�U �Q�R�G�H�V �W�R �Z�D�L�W �I�R�U �H�D�F�K �R�W�K�H�U �W�R �F�R�P�S�O�H�W�H �W�K�H �I�L�U�V�W �D�Q�G �V�H�F�R�Q�G �S�K�D�V�H�V�� �7�K�L�V �L�V �D �P�X�V�W �V�L�Q�F�H �L�Q

�W�K�L�V �Y�D�U�L�D�Q�W �R�I �W�K�H �D�O�J�R�U�L�W�K�P �Q�R�G�H�V �Q�H�Y�H�U �V�H�Q�G �S�U�R�S�R�V�D�O �R�U �U�H�S�R�U�W �P�H�V�V�D�J�H�V �W�R �R�Q�H �D�Q�R�W�K�H�U��

�$�O�J�R�U�L�W�K�P ���6�\�Q�F�K�U�R�Q�L�]�H�G �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �I�R�U �S�U�R�F�H�V�Vp�� �E�D�V�H�G �R�Q �$�O�J�R�U�L�W�K�P��
�,�Q�S�X�W��

f � 1; f < N /2; N � 4;
proposalV aluep /2 f ?; 0; 1g; phaseF lagsp /2 f 1; 2g;
estp 2 f 0; 1g; decp /2 f 0; 1g

�2�X�W�S�X�W��
�$�O�O �D�O�L�Y�H �S�U�R�F�H�V�V�H�V �G�H�F�L�G�H �R�Q �W�K�H �V�D�P�H �G�H�F�L�V�L�R�Q �Y�D�O�X�Hdecp 2 f 0; 1g

���� �Z�K�L�O�H �W�U�X�H �G�R
���� �L�I�I�R�U �P�R�U�H �W�K�D�QN /2 �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0��estp0 = val �W�K�H�Q
���� proposalV aluep = val
���� �H�O�V�H
���� proposalV aluep = ?
���� �H�Q�G �L�I

���� phaseF lagsp = 1 �?�? �3�U�R�F�H�V�Vp �H�Q�G�V �S�K�D�V�H ��

���� �Z�D�L�W�X�Q�W�L�O �I�R�U �H�Y�H�U�\ �R�W�K�H�U �S�U�R�F�H�V�Vp0��phaseF lagsp0 = 1 �?�? �:�D�L�W �E�H�I�R�U�H �S�K�D�V�H ��

���� �L�I�I�R�U �D�W �O�H�D�V�Wf + 1 �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0��proposalV aluep0 = val �D�Q�Gval 6= ? �W�K�H�Q
������ decp = val
������ �H�Q�G �L�I

������ �L�I�I�R�U �D�W �O�H�D�V�W �D�W �O�H�D�V�W �R�Q�H �R�W�K�H�U �S�U�R�F�H�V�Vp0��proposalV aluep0 = val �D�Q�Gval 6= ? �W�K�H�Q
������ estp = val
������ �H�O�V�H
������ estp = �U�D�Q�G�R�P �Y�D�O�X�H �I�U�R�Pf 0; 1g
������ �H�Q�G �L�I

������ phaseF lagsp = 2 �?�? �3�U�R�F�H�V�Vp �H�Q�G�V �S�K�D�V�H ��

������ �Z�D�L�W�X�Q�W�L�O �I�R�U �H�Y�H�U�\ �R�W�K�H�U �S�U�R�F�H�V�Vp0��phaseF lagsp0 = 2 �?�? �:�D�L�W �E�H�I�R�U�H �S�K�D�V�H ��
������ �H�Q�G �Z�K�L�O�H

�$�O�O �Q�R�G�H�V �P�X�V�W �Z�D�L�W �I�R�U �D�O�O �R�W�K�H�U �Q�R�G�H�V �W�R �I�L�Q�L�V�K �W�K�H �I�L�U�V�W �S�K�D�V�H �W�R �D�Y�R�L�G �D �V�L�W�X�D�W�L�R�Q �Z�K�H�Q �D

�Q�R�G�H �F�K�D�Q�J�H�V �L�W�V �H�V�W�L�P�D�W�H �Y�D�O�X�H �L�Q �O�L�Q�H�V ���� �R�U ���� �E�H�I�R�U�H �D�Q�R�W�K�H�U �Q�R�G�H �H�Y�D�O�X�D�W�H�V �W�K�H �F�R�Q�G�L�W�L�R�Q �L�Q �O�L�Q�H

���� �7�K�H�U�H �D�U�H �Q�R �U�R�X�Q�G�V �D�Q�G �P�H�V�V�D�J�H�V �W�R �G�L�I�I�H�U�H�Q�W�L�D�W�H �F�K�D�Q�J�H�G �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �± �Q�R�G�H�V �P�X�V�W �Z�D�L�W

�I�R�U �H�D�F�K �R�W�K�H�U �W�R �P�D�N�H �V�X�U�H �W�K�D�W �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �D�U�H �F�R�X�Q�W�H�G �D�W �W�K�H �F�R�U�U�H�F�W �V�W�D�W�H �R�I �W�K�H �V�\�V�W�H�P��

�1�R�G�H�V �Z�D�L�W �I�R�U �D�O�O �R�W�K�H�U �Q�R�G�H�V �W�R �I�L�Q�L�V�K �W�K�H �V�H�F�R�Q�G �S�K�D�V�H �E�H�I�R�U�H �V�W�D�U�W�L�Q�J �W�K�H �I�L�U�V�W �S�K�D�V�H �D�J�D�L�Q

�W�R �D�Y�R�L�G �D �F�D�V�H �Z�K�H�Q �D �Q�R�G�H �H�Y�D�O�X�D�W�H�V �W�K�H �F�R�Q�G�L�W�L�R�Q �L�Q �O�L�Q�H �� �E�H�I�R�U�H �R�W�K�H�U �Q�R�G�H�V �K�D�Y�H �K�D�G �D �F�K�D�Q�F�H

�W�R �F�K�D�Q�J�H �W�K�H�L�U �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �L�Q �O�L�Q�H�V ���� �R�U ������

�$�O�J�R�U�L�W�K�P�� �U�H�T�X�L�U�H�V �W�K�HphaseF lags�Y�D�U�L�D�E�O�H �W�R �D�O�O�R�Z �Q�R�G�H�V �W�R �Z�D�L�W �I�R�U �H�Y�H�U�\ �R�W�K�H�U �Q�R�G�H

�W�R �I�L�Q�L�V�K �W�K�H �F�X�U�U�H�Q�W �S�K�D�V�H �R�I �W�K�H �D�O�J�R�U�L�W�K�P��proposalV alue�L�V �Q�H�F�H�V�V�D�U�\ �G�X�H �W�R �Q�R�G�H�V �E�H�L�Q�J �D�E�O�H

�W�R �V�H�Q�G �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V �Z�L�W�K �D �Y�D�O�X�H �W�K�D�W �L�V �G�L�I�I�H�U�H�Q�W �I�U�R�P �W�K�H�L�U �H�V�W�L�P�D�W�H �Y�D�O�X�H �D�V �G�H�I�L�Q�H�G �L�Q

����



�$�O�J�R�U�L�W�K�P�� �D�Q�G �G�H�S�L�F�W�H�G �L�Q �7�D�E�O�H����

Phase1(node) ,

^ currentPhase = �³0�´

^ phaseF lags[node] = �³0�´

^ IF CheckPhase1a(node)

THEN SendProposalMessage(node)

ELSE proposalV alue0 = [ proposalV alue EXCEPT ![node] = �³?� ]́

^ phaseF lags0 = [ phaseF lags EXCEPT ![node] = �³1� ]́

��������

�,�Q �W�K�H�"�2�M�P�`���#�b�i�a�v�M�+�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �D�Q �D�G�G�L�W�L�R�Q�D�O �Y�D�U�L�D�E�O�HcurrentPhase �L�V �Q�H�F�H�V�V�D�U�\ �W�R

�E�H �D�E�O�H �W�R �P�D�N�H �V�X�U�H �W�K�D�W �Q�R�G�H�V �Z�D�L�W �I�R�U �H�D�F�K �R�W�K�H�U�� �������� �V�K�R�Z�V �W�K�D�W �L�Q�V�W�H�D�G �R�I �Q�R�G�H�V �Z�D�L�W�L�Q�J �I�R�U

�D�O�O �R�W�K�H�U �Q�R�G�H�V �W�R �K�D�Y�H �W�K�H�L�U �S�K�D�V�H �I�O�D�J�V �V�H�W �W�R0�� �W�K�H �Y�D�O�X�H �R�I �W�K�HcurrentPhase �Y�D�U�L�D�E�O�H �L�V �X�V�H�G

�I�R�U �Q�R�G�H �V�\�Q�F�K�U�R�Q�L�]�D�W�L�R�Q��

�5�H�O�\�L�Q�J �R�Q �W�K�H �Y�D�O�X�H �R�I �M�X�V�W �W�K�HphaseF lags�Y�D�U�L�D�E�O�H �Z�R�X�O�G �E�H �L�Q�F�R�U�U�H�F�W �V�L�Q�F�H �V�R�P�H �Q�R�G�H�V

�Z�R�X�O�G �F�K�D�Q�J�H �W�K�H�L�UphaseF lags�Y�D�O�X�H �D�I�W�H�U �W�K�H�\ �I�L�Q�L�V�K �W�K�H �I�L�U�V�W �S�K�D�V�H �D�Q�G �W�K�H�Q �S�U�H�Y�H�Q�W �W�K�HPhase1

�I�R�U�P�X�O�D �Y�D�O�X�H �I�U�R�P �E�H�L�Q�JTRUE �I�R�U �R�W�K�H�U �Q�R�G�H�V��

Next ,

_ 9 node2 NODES :

_ Phase1(node)

_ Phase2(node)

_ StartPhase2

_ NextRound

_ LastState

��������

currentPhase �L�V �S�D�U�W �R�I �I�R�U�P�X�O�D�VStartPhase2 �D�Q�GNextRound �W�K�D�W �D�U�H �X�V�H�G �L�Q �������� �W�R

�F�K�D�Q�J�H �S�K�D�V�H�V �R�I �W�K�H �D�O�J�R�U�L�W�K�P��StartPhase2 �D�Q�GNextRound �D�U�H �Q�R�W �G�H�I�L�Q�H�G �L�Q�V�L�G�H �W�K�H9 �R�S�H��
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�I�R�U �R�W�K�H�U �Q�R�G�H�V �W�R �I�L�Q�L�V�K �W�K�H �S�U�H�Y�L�R�X�V �S�K�D�V�H�� �R�U �Z�K�H�Q �Q�R�G�H�V �G�R �W�D�N�H �D�F�W�L�R�Q�V ���V�H�W �S�U�R�S�R�V�D�O �Y�D�O�X�H�V��
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�,�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�V �� �� �� ��
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�R�U �R�W�K�H�U�Z�L�V�H �D�I�I�H�F�W �W�K�H �U�H�V�X�O�W �R�I �F�R�Q�V�H�Q�V�X�V��

�$ �G�L�I�I�H�U�H�Q�W �F�R�Q�I�L�J�X�U�D�W�L�R�Q �I�L�O�H ���"�2�M�P�`�"�v�x�V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �V�K�R�X�O�G �E�H �X�V�H�G �Z�K�H�Q �U�X�Q�Q�L�Q�J
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�H�V�W�L�P�D�W�H �Y�D�O�X�H�V �D�U�H �P�R�G�L�I�L�H�G �V�O�L�J�K�W�O�\��

����



�%�\�]�D�Q�W�L�Q�H �%�H�Q���2�U �V�S�H�F�L�I�L�F�D�W�L�R�Q�V �K�D�Y�H �D �%�\�]�D�Q�W�L�Q�H �D�J�U�H�H�P�H�Q�W �W�H�P�S�R�U�D�O �S�U�R�S�H�U�W�\ �W�K�D�W �L�V �V�L�P�L��

�O�D�U �W�R �W�K�H �G�H�I�L�Q�L�W�L�R�Q �S�U�R�Y�L�G�H�G �L�Q ���������� �7�K�H �R�Q�H �G�L�I�I�H�U�H�Q�F�H �L�V �W�K�D�W �R�Q�O�\ �Q�R�Q���I�D�X�O�W�\ �Q�R�G�H�V �P�X�V�W �U�H�D�F�K

�D�Q �D�J�U�H�H�P�H�Q�W�� �Z�K�L�O�H �I�D�X�O�W�\ �Q�R�G�H �G�H�F�L�V�L�R�Q �Y�D�O�X�H�V �D�U�H �L�J�Q�R�U�H�G��

�7�D�E�O�H �����$ �V�L�W�X�D�W�L�R�Q �L�Q �W�K�H �%�\�]�D�Q�W�L�Q�H �%�H�Q���2�U �D�O�J�R�U�L�W�K�P �Y�D�U�L�D�Q�W �Z�K�H�Q �Q�R�G�H�V �F�D�Q �Q�R�W �U�H�D�F�K
�F�R�Q�V�H�Q�V�X�V��n1 �L�V �D �I�D�X�O�W�\ �Q�R�G�H �D�Q�G �D�O�Z�D�\�V �V�H�Q�G�V? �L�Q �L�W�V �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V

�1�R�G�H�V �Q�� �Q�� �Q�� �Q�� �Q�� �Q��

�,�Q�L�W�L�D�O �H�V�W�L�P�D�W�H�V �� �� �� �� �� ��

�3�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V �" �" �" �" �� ��

�1�H�Z �H�V�W�L�P�D�W�H�V �� �� �� �� �� ��

�"�2�M�P�`�J�b�;�b�"�v�x�D�Q�G�"�2�M�P�`���#�b�i�a�v�M�+�"�v�x�G�R �Q�R�W �V�R�O�Y�H �W�K�H �S�U�R�E�O�H�P �R�I �J�X�D�U�D�Q�W�H�H�L�Q�J �F�R�Q�V�H�Q�V�X�V

�± �W�K�H�U�H �V�W�L�O�O �H�[�L�V�W �E�H�K�D�Y�L�R�U�V �L�Q �Z�K�L�F�K �Q�R�G�H�V �F�D�Q �Q�H�Y�H�U �G�H�F�L�G�H �R�Q �W�K�H �V�D�P�H �Y�D�O�X�H�� �5�X�Q�Q�L�Q�J �7�/�& �R�Q

�W�K�H�"�2�M�P�`���#�b�i�a�v�M�+�"�v�x�V�S�H�F�L�I�L�F�D�W�L�R�Q �U�H�W�X�U�Q�H�G �D �V�W�D�W�H �W�U�D�F�H �I�R�U �W�K�H �V�L�W�X�D�W�L�R�Q �G�H�S�L�F�W�H�G �L�Q �7�D�E�O�H����

�+�H�U�H �Q�R�G�Hn1 �L�V �D �I�D�X�O�W�\ �Q�R�G�H �D�Q�G �D�O�Z�D�\�V �V�H�Q�G�V �D? �Y�D�O�X�H �L�Q �L�W�V �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�� �1�R�G�H�Vn2��

n3�� �D�Q�Gn4 �V�H�Q�G �" �Y�D�O�X�H�V �L�Q �W�K�H�L�U �S�U�R�S�R�V�D�O�V �V�L�Q�F�H �H�D�F�K �R�I �W�K�H�P �F�D�Q �R�Q�O�\ �G�L�V�F�H�U�Q �W�K�D�W �W�K�H�U�H �D�U�H �W�K�U�H�H

�H�V�W�L�P�D�W�H�V �Z�L�W�K �W�K�H �Y�D�O�X�H1 �D�Q�G �W�Z�R �H�V�W�L�P�D�W�H�V �Z�L�W�K �W�K�H �Y�D�O�X�H0��

�7�K�H �P�L�Q�L�P�X�P �Q�X�P�E�H�U �R�I �H�V�W�L�P�D�W�H�V �Z�L�W�K �W�K�H �V�D�P�H �Y�D�O�X�H �U�H�T�X�L�U�H�G �I�R�U �V�H�Q�G�L�Q�J �D �S�U�R�S�R�V�D�O �P�H�V��

�V�D�J�H �Z�L�W�K�R�X�W �W�K�H? �Y�D�O�X�H �L�V �D�W �O�H�D�V�W �I�R�X�U�� �W�K�H�U�H �D�U�H �V�L�[ �Q�R�G�H�V �D�Q�G �R�Q�H �I�D�X�O�W�\ �Q�R�G�H��(N + f )/2 �Z�R�X�O�G

�E�H �H�T�X�D�O �W�R3:5�� �D�Q�G4 �L�V �W�K�H �I�L�U�V�W �Z�K�R�O�H �Q�X�P�E�H�U �E�L�J�J�H�U �W�K�D�Q3:5��

n1��n2��n3�� �D�Q�Gn4 �W�K�H�Q �G�R �Q�R�W �U�D�Q�G�R�P�O�\ �F�K�D�Q�J�H �W�K�H�L�U �H�V�W�L�P�D�W�H�V �D�Q�G �L�Q�V�W�H�D�G �H�V�W�L�P�D�W�H �D �Q�H�Z

�Y�D�O�X�H �R�I1 �E�H�F�D�X�V�H �W�K�H�\ �U�H�F�H�L�Y�H�G �D�W �O�H�D�V�Wf + 1 �S�U�R�S�R�V�D�O �P�H�V�V�D�J�H�V �Z�L�W�K �W�K�H �Y�D�O�X�H1 �I�U�R�P �Q�R�G�H�Vn5

�D�Q�Gn6�� �2�Q�O�\n5 �D�Q�Gn6 �U�D�Q�G�R�P�L�]�H �W�K�H�L�U �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �D�Q�G �L�W �M�X�V�W �V�R �K�D�S�S�H�Q�V �W�K�D�W �W�K�H�\ �U�D�Q�G�R�P�O�\

�F�K�R�R�V�H �W�R �N�H�H�S �W�K�H�L�U �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �W�K�H �V�D�P�H �D�V �E�H�I�R�U�H��

�1�R �Q�R�G�H�V �P�D�N�H �G�H�F�L�V�L�R�Q�V �L�Q �W�K�H �V�L�W�X�D�W�L�R�Q �G�H�V�F�U�L�E�H�G �L�Q �7�D�E�O�H�� �V�L�Q�F�H �W�K�H�U�H �D�U�H �R�Q�O�\ �W�Z�R �S�U�R��

�S�R�V�D�O �P�H�V�V�D�J�H�V �Z�L�W�K �D �Y�D�O�X�H �W�K�D�W �L�V �Q�R�W?�Z�K�L�O�H �W�K�H�U�H �V�K�R�X�O�G �E�H �D�W �O�H�D�V�W �I�R�X�U �R�I �V�X�F�K �P�H�V�V�D�J�H�V ���P�R�U�H

�W�K�D�Q(N + f )/2 ����

����



������������ �%�H�Q�2�U�$�E�V�W�%�\�]

�"�2�M�P�`���#�b�i�"�v�x���)�L�J�X�U�H������ �L�V �D �P�R�G�L�I�L�H�G�"�2�M�P�`���#�b�i�a�v�M�+�"�v�x�7�/�$�� �V�S�H�F�L�I�L�F�D�W�L�R�Q �W�K�D�W �D�O�O�R�Z�V

�I�R�U �Q�R�G�H�V �W�R �E�H �L�Q �G�L�I�I�H�U�H�Q�W �U�R�X�Q�G�V �D�Q�G �I�R�O�O�R�Z�V �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �$�O�J�R�U�L�W�K�P����

�$�O�J�R�U�L�W�K�P ���$�V�\�Q�F�K�U�R�Q�R�X�V �%�\�]�D�Q�W�L�Q�H �%�H�Q���2�U �F�R�Q�V�H�Q�V�X�V �D�O�J�R�U�L�W�K�P �Z�L�W�K�R�X�W �P�H�V�V�D�J�H �V�H�Q�G�L�Q�J �I�R�U
�S�U�R�F�H�V�Vp�� �E�D�V�H�G �R�Q �$�O�J�R�U�L�W�K�P��
�,�Q�S�X�W��

f � 1; f < N /5; N � 6;
Rounds = N;
8 round � 2 2 Rounds : est[round]p /2 f 0; 1g;
8 round � 1 2 Rounds : proposalV alue[round]p /2 f ?; 0; 1g;
rnd = 1; est[1]p 2 f 0; 1g; decp /2 f 0; 1g

�2�X�W�S�X�W��
�$�O�O �Q�R�Q���I�D�X�O�W�\ �S�U�R�F�H�V�V�H�V �G�H�F�L�G�H �R�Q �W�K�H �V�D�P�H �G�H�F�L�V�L�R�Q �Y�D�O�X�Hdecp 2 f 0; 1g

���� �Z�K�L�O�H �W�U�X�H �G�R
���� �Z�D�L�W�X�Q�W�L�O �I�R�U �D�W �O�H�D�V�WN � f �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0��est[rnd]p0 2 f 0; 1g

���� �L�I�I�R�U �P�R�U�H �W�K�D�Q(N + f )/2 �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0��est[rnd]p0 = val �W�K�H�Q
���� proposalV alue[rnd]p = val
���� �H�O�V�H
���� proposalV alue[rnd]p = ?
���� �H�Q�G �L�I �?�? �(�Q�G �R�I �S�K�D�V�H �� �I�R�U �S�U�R�F�H�V�Vp

���� �Z�D�L�W�X�Q�W�L�O �I�R�U �D�W �O�H�D�V�WN � f �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0��proposalV alue[rnd]p0 2 f ?; 0; 1g

���� �L�I�I�R�U �D�W �O�H�D�V�W(N + f )/2 �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0�� proposalV alue[rnd]p0 = val �D�Q�Gval 6= ?
�W�K�H�Q

������ decp = val
������ �H�Q�G �L�I

������ �L�I�I�R�U �D�W �O�H�D�V�Wf + 1 �R�W�K�H�U �S�U�R�F�H�V�V�H�Vp0��proposalV alue[rnd]p0 = val �D�Q�Gval 6= ? �W�K�H�Q
������ est[rnd]p = val
������ �H�O�V�H
������ est[rnd]p = �U�D�Q�G�R�P �Y�D�O�X�H �I�U�R�Pf 0; 1g
������ �H�Q�G �L�I

������ est[rnd + 1]p = est[rnd]p
������ rnd = rnd + 1 �?�? �(�Q�G �R�I �S�K�D�V�H �� �I�R�U �S�U�R�F�H�V�Vp
������ �H�Q�G �Z�K�L�O�H

�,�Q �$�O�J�R�U�L�W�K�P�� �Q�R�G�H�V �F�D�Q �E�H �L�Q �G�L�I�I�H�U�H�Q�W �U�R�X�Q�G�V �D�Q�G �S�K�D�V�H�V�� �,�W �L�V �Q�H�F�H�V�V�D�U�\ �W�R �N�H�H�S �D �K�L�V�W�R�U�\

�R�I �E�R�W�K �H�V�W�L�P�D�W�H �D�Q�G �S�U�R�S�R�V�D�O �Y�D�O�X�H�V �R�Y�H�U �D�O�O �U�R�X�Q�G�V �G�X�H �W�R �W�K�H �I�R�O�O�R�Z�L�Q�J��

�‡�1�R�G�H�V �F�D�Q �Q�R�W �J�R �L�Q�W�R �W�K�H �Q�H�[�W �S�K�D�V�H �R�U �U�R�X�Q�G �L�I �W�K�H�U�H �D�U�H �O�H�V�V �W�K�D�QN � f �R�W�K�H�U �Q�R�G�H�V �L�Q

�W�K�H �V�D�P�H �S�K�D�V�H �D�V �W�K�H�P�� �7�K�L�V �L�V �H�Q�V�X�U�H�G �E�\ �V�W�D�W�H�P�H�Q�W�V �L�Q �O�L�Q�H�V �� �D�Q�G ����

�‡�,�W �V�H�H�P�V �W�K�D�W �L�I �W�K�H �Q�X�P�E�H�U �R�I �Q�R�G�H�VN = 6 �D�Q�Gf = 1�� �H�V�W�L�P�D�W�H�V �D�Q�G �S�U�R�S�R�V�D�O�V �G�R �Q�R�W

�Q�H�H�G �W�R �K�D�Y�H �W�K�H�L�U �Y�D�O�X�H�V �V�D�Y�H�G �R�Y�H�U �P�X�O�W�L�S�O�H �U�R�X�Q�G�V�� �(�D�F�K �Q�R�G�H �L�Q �W�K�L�V �F�D�V�H �Z�R�X�O�G �Z�D�L�W

�I�R�U5 �R�W�K�H�U �Q�R�G�H�V �E�H�I�R�U�H �F�R�Q�W�L�Q�X�L�Q�J�� �Z�K�L�F�K �Z�R�X�O�G �H�V�V�H�Q�W�L�D�O�O�\ �S�U�H�Y�H�Q�W �D�Q�\ �Q�R�G�H�V �I�U�R�P
����



�E�H�L�Q�J �L�Q �V�H�S�D�U�D�W�H �S�K�D�V�H�V �R�U �U�R�X�Q�G�V��

�‡�:�K�H�Q �W�K�H �Q�X�P�E�H�U �R�I �D�O�O �Q�R�G�H�VN = 11 �D�Q�Gf = 2�� �Q�R�G�H�V �F�D�Q �E�H �L�Q �G�L�I�I�H�U�H�Q�W �U�R�X�Q�G�V �D�Q�G

�S�K�D�V�H�V�� �7�K�L�V �L�V �E�H�F�D�X�V�H �Q�R�G�H�V �Z�R�X�O�G �Z�D�L�W �I�R�U �R�Q�O�\9 �R�W�K�H�U �Q�R�G�H�V �E�H�I�R�U�H �S�U�R�F�H�H�G�L�Q�J �L�Q

�O�L�Q�H�V �� �D�Q�G ���� �$ �V�L�Q�J�O�H �Q�R�G�H �Z�R�X�O�G �E�H �D�E�O�H �W�R �V�W�D�\ �E�H�K�L�Q�G �R�W�K�H�U�V �D�Q�G �E�H �L�Q �D �G�L�I�I�H�U�H�Q�W

�S�K�D�V�H �R�U �D �S�U�H�Y�L�R�X�V �U�R�X�Q�G��

�‡�,�Q �W�K�H �P�R�V�W �X�Q�I�D�Y�R�U�D�E�O�H �V�F�H�Q�D�U�L�R�� �D �V�L�Q�J�O�H �Q�R�G�Hnst1 �W�K�D�W �V�W�D�\�V �L�Q �W�K�H �I�L�U�V�W �S�K�D�V�H �R�I �W�K�H �I�L�U�V�W

�U�R�X�Q�G �P�X�V�W �K�D�Y�H �D�F�F�H�V�V �W�R �D�O�O �H�V�W�L�P�D�W�H �D�Q�G �S�U�R�S�R�V�D�O �Y�D�O�X�H�V �D�F�U�R�V�V �D�O�O �U�R�X�Q�G�V �W�R �H�Y�H�Q�W�X�D�O�O�\

�F�D�W�F�K �X�S �W�R �D�O�O �R�W�K�H�U �Q�R�G�H�V��nst1 �Z�R�X�O�G �E�H �D�E�O�H �W�R �J�R �L�Q�W�R �W�K�H �Q�H�[�W �S�K�D�V�H �D�Q�G �U�R�X�Q�G �V�L�Q�F�H

�D�O�O �R�W�K�H�U �Q�R�G�H�V �Z�R�X�O�G �E�H �D�K�H�D�G �R�I �L�W �D�Q�G �W�K�H �F�R�Q�G�L�W�L�R�Q�V �L�Q �O�L�Q�H�V �� �D�Q�G �� �Z�R�X�O�G �E�H �V�D�W�L�V�I�L�H�G��

�,�Q�L�W�L�D�O �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �L�Q �W�K�H�"�2�M�P�`���#�b�i�"�v�x�V�S�H�F�L�I�L�F�D�W�L�R�Q �D�U�H �V�W�R�U�H�G �L�Q �D �Y�D�U�L�D�E�O�H �W�K�D�W �L�V �D

�I�X�Q�F�W�L�R�Q �W�K�D�W �U�H�W�X�U�Q�V �D �I�X�Q�F�W�L�R�Q �W�K�D�W �P�D�S�V �Q�R�G�H �L�G�H�Q�W�L�I�L�H�U�V �W�R �W�K�H�L�U �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �D�V �G�H�I�L�Q�H�G �L�Q

���������� �7�R �H�Q�V�X�U�H �W�K�D�W �I�R�U �W�K�H �I�L�U�V�W �U�R�X�Q�G �Q�R�G�H �H�V�W�L�P�D�W�H �Y�D�O�X�H�V �D�U�H �V�H�W �W�R �L�Q�L�W�L�D�O �Y�D�O�X�H�V �I�U�R�P �W�K�H

�"�2�M�P�`�"�v�x�F�R�Q�I�L�J�X�U�D�W�L�R�Q �I�L�O�H ���)�L�J�X�U�H�������� �W�K�HIF THEN ELSE �V�W�D�W�H�P�H�Q�W �K�D�G �W�R �E�H �P�R�G�L�I�L�H�G
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