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Chapter 1

Introduction

Noncollinear optical parametric amplification is already proved to be the key
element in the generation of ultrashort and powerful light pulses. Extremely broad
gain bandwidth provided by noncollinear optical parametric amplifier (NOPA) [1]
in the combination with chirped-pulse amplification (CPA) concept [2] has became
a widely recognized amplification technique. Since the first demonstration of
optical parametric chirped-pulse amplifier (OPCPA) [3] many systems based on
this technique for generation of tunable femtosecond pulses with durations down to
sub-5-fs have been reported [4, 5, 6]. With an increasing interest in this technique
different setups have been developed for achieving TW-level signal pulse powers
(7, 8,9, 10] or high average powers as well [11, 12].

Typically, the broad amplification bandwidth is provided by NOPA operating
at the so-called "magic” phase-matching angle [13, 14]. However, this noncollinear
configuration has a drawback, arising as a consequence of pulse-front mismatch of
signal and pump. It has been shown [15, 16, 17|, that due to pulse-front mismatch-
ing, signal pulse experiences a reshaping, which leads to the reduced conversion
efficiency and spatio-temporal distortions of the signal pulse, such as pulse-front
tilt, angular dispersion and spatial chirp. The induced angular dispersion has
been studied in several works [5, 18, 19]. However, the presence of the angular
dispersion was considered as a consequence of the pulse-front tilting, but as it

became apparent later, the pulse-front tilt can be also caused by the simultaneous



presence of the spatial and temporal chirps. Recently, an extensive 3D numerical
study has revealed a new aspects of signal pulse reshaping during the amplifi-
cation in noncollinear femtosecond OPCPA [20]. It has been shown, that when
pump and signal fronts are not matched, the signal pulse becomes tilted and aside
from angular dispersion has a spatial chirp. The main results of this study are
presented in chapter 4.

In particular, the broad amplification bandwidth of the optical parametric
amplifier (OPA) is provided by the noncollinear interaction geometry. When
combined with an angularly dispersed signal beams, it could yield still broader
parametric bandwidths [21, 22, 23]. Additionally, the use of angular dispersion
could open the route for parametric amplification of chirped X-pulses, featuring
temporal compression during propagation in free space [24, 25]. For amplification
of high-peak-power pulses this feature would be of particular importance, since in
contrast to ordinary OPCPA technique, the pulse compressor is no longer needed.
Yet realization of such compressor-less idea has been left to be proven as obtaining
a particular X-pulse for seeding is obscure.

It is well-known that in case of parametric amplification of tightly focused
signal, the angular dispersion, corresponding to the phase matching curve, is
imprinted in the signal pulse [26]. Usually, the imposed angular dispersion is
considered as a drawback that must be corrected for, however, recently it was
demonstrated, that it can be exploited in generation and amplification of pulsed
Bessel beams [27] and pulsed conical waves (PCWs) in general [28]. Remarkably,
due to tight focusing the initial Gaussian-shaped beam is self-adopted by the
parametric amplifier and is transformed into conical one, defined by the phase-
matching condition. In such a way Gaussian wave-packet can be reshaped into
conical wave packet just by means of a lens and nonlinear crystal. However, in
those works, parametric amplification was performed in the near field of the tightly
focused signal, therefore it resulted in a sudden manifestation of the saturation

regime without appreciable energy transfer from the pump.



In this contribution, we have proposed a method, which is aimed to deliver a
new approach in generation and amplification of few-cycle high-peak-power light
pulses by means of optical parametric amplification [29]. The presented method
combines the major features of OPA and CPA, namely, the ultra-broad parametric
bandwidth, which is achieved by achromatic phase matching, and amplification
of stretched seed pulse, which is achieved by performing the far-field parametric
amplification. Moreover, these features are brought in a simple setup, in which
a pulse compressor is dismissed. The main results of this study are presented in
chapter 5.

In addition to the generation of ultrashort light pulses, recently, a considerable
attention has been drawn by spatio-temporal control of pulsed light beams in laser-
matter interaction experiments [30, 31, 32, 33, 34, 35, 36, 37]. Pulsed light beams
are said to exhibit spatio-temporal couplings (STCs) when their spatial properties
depend on time, and vice versa, for example in case when the front of the pulse
is tilted. The significance of these effects largely depends on the application as
well as on parameters of the pulsed light beam, and while STCs may be negligible
in some cases, they are detrimental in others. A great contribution in identifying
and understanding the relations between the different STCs have been made by
S. Akturk et. al. [38, 39, 40, 41]. It has been shown, that while there are eight such
couplings in all, only two independent couplings exist. The presented theory also
revealed, that in the general case, pulse-front tilt can be caused by simultaneous
presence of spatial and temporal chirps, thus destroying the old, but wrong belief,
that pulse-front tilt and angular dispersion are equivalent phenomena.

However, the spatio-temporal transformations, experienced while propagating
through linear optical systems by the pulsed light beam containing STCs, has not
been well explored yet. We have performed a theoretical study, which is intended
to fill this gap and to provide an intuitive understanding of the behavior of pulsed
light beams possessing STCs. The main results of this study are presented in

chapter 3.



The main tasks of the thesis

1. To disclose the spatio-temporal dynamics of pulsed Gaussian beam, possess-
ing first-order spatio-temporal couplings, during propagation in free space

and after the reflection from a parabolic mirror.

2. To find optical scheme suitable for simultaneous space and time focusing of

temporally chirped pulses by means of linear optics.

3. To study the spatio-temporal distortions of the signal pulse emerging in non-
collinear optical parametric chirped-pulse amplifier and to obtain a quanti-

tative description of this phenomenon.

4. To find a simple and practical optical scheme for broadband parametric
chirped-pulse amplification with subsequent spatio-temporal compression of

the signal pulse.

Scientific novelty

1. The essential role of the spatial chirp in linear propagation of pulsed Gaussian

beams has been revealed.

2. The method for formation of pulses with a flat-top temporal profile by means

of angularly dispersive element and a lens has been presented.

3. The conceptional scheme for the simultaneous space and time focusing of

temporally chirped pulses by means of linear optics has been presented.

4. The diverse-domain analysis of the pulsed beams has been applied to study

their spatio-temporal dynamics during the parametric amplification.

5. The obtained images of spatio-temporal, spatio-spectral and spatio-temporal
spectrum distributions have manifested the actual spatio-temporal distor-
tions of the signal pulse arising in NOPA. The obtained analytical expressions

provide the quantitative description of this phenomenon.

6. The method for formation of pulsed conical waves by means of parametric
amplification of the far field has been presented. In contrast to ordinary
OPCPA technique, it does not require a pulse compressor, thus greatly facil-

itates the parametric amplification of few-cycle light pulses.



Statements to defend

1. The spatial chirp gives rise to the temporal chirp and pulse-front tilt, when
the phase-front of the pulsed Gaussian beam is not flat. The angularly dis-
persed pulsed Gaussian beam may undergo temporal compression when prop-
agating in free space even in the case when initial temporal chirp is negative.
The pulse-front tilt of the angularly dispersed pulsed Gaussian beam may
be counterweighted by the spatial chirp, acquired during propagation in free

space.

2. In noncollinear optical parametric chirped-pulse amplifier, the magnitudes of
the induced spatial and angular dispersions decrease at different rates with
the increase of the signal pulse temporal chirp. The induced pulse-front tilt is
nearly independent of the signal pulse temporal chirp, but is always smaller
than the tilt of the pump pulse. In case of large temporal chirp, mainly the

spatial chirp contributes to the pulse-front tilt of the signal.

3. Using nonlinear crystal as a spatial spectrum filter, the far field of the Gaus-
sian wave-packet can be reshaped into the far field of the pulsed conical wave

and simultaneously amplified with a large energy gain factor.

Practical value

The presented analytical expressions describing the spatio-temporal transforma-
tions of a pulsed Gaussian beam due to the presence of spatio-temporal couplings
could provide an intuitive understanding of the behavior of ultrashort pulses and
could be adopted in a broad range of practical applications. The presented method
for formation of flat-top pulses could be applied in OPCPAs where flat-top pump
pulses are preferred. The presented scheme for spatio-temporal compression of
temporally chirped pulses could be employed in light-matter interaction experi-
ments where enhanced localization of the pulse intensity is needed. A revealed role

of initial pulse parameters in the spatio-temporal distortions, arising in NOPA,



could be used when designing a distortion-free NOPA or optical scheme for elim-
ination of the induced distortions. The presented method for formation of pulsed
conical waves could be used for formation of ultra-intense and propagation invari-
ant wave-packets capable to propagate over many Rayleigh range in the desired

material.
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The structure of the thesis

These thesis consists of six chapters. At the beginning of the first chapter, an in-
troduction to the field of this work is given. In chapter 2, theoretical background
is provided and equations used in numerical model are presented. These equa-

tions are referenced in the following chapters, depending on the physical situation



under consideration. Chapter 3 is aimed to give a comprehensive introduction to
the spatio-temporal couplings of the pulsed Gaussian beams. Some general fea-
tures of pulsed Gaussian beams possessing linear spatio-temporal couplings are
disclosed. Chapter 4 is devoted to the investigation of signal pulse spatio-temporal
distortions, occurring in noncollinear optical parametric amplifiers. The origin of
these distortions is explained and dependencies on the initial pulse parameters
are revealed. In chapter 5, a new concept of optical parametric chirped-pulse
amplification technique is presented. The performance of this new technique is
explored by numerical experiments. This chapter combines all the knowledge of
the previous chapters. Finally, the major conclusions of this work are presented

in the last chapter.



Chapter 2

A model of forward propagating

plane waves

This chapter introduces the equations used throughout this work in the analytical
studies as well as in the numerical experiments. One of the most important things
in the theoretical work is knowing the scope of the validity of the equations that
are employed. Therefore, in this chapter the particular attention is paid to the
approximations made along the derivation of equations. In the following section,
starting from the Maxwell’s equations, the master wave equation of the thesis is
derived, and the adopted assumptions are discussed. In the subsequent section,
a well-known approximations for this master wave equation are considered in the
way, that emphasizes and elucidates the lost accuracy in the proper description of
the phenomenon. At the end of this chapter, focusing of the light beam by means
of parabolic mirror is considered and the associated phase-factor is derived in the

non-paraxial case.

2.1 Unidirectional wave equation with minimal approxi-

mations

A great contribution to the development of the optical pulse propagation models
has been made by Kolesik et al. [42, 43, 44]. In those papers the derivation of the
unidirectional pulse propagation equation (UPPE) from the Maxwell’s equations

is presented. In addition, it has been shown that various conventional carrier-



Chapter 2. A model of forward propagating plane waves

resolved [45, 46, 47, 48] as well as envelope propagation equations [49, 50, 51] can
be derived, starting from the UPPE and employing the procedure that clearly
elucidates the physical meaning of all the underlying approximations, and also
reveals relations between different equations. At this point we should also mention
that Kinsler [52, 53] has drawn some addition remarks in this field. This section
is, most of the part, just a deliberated review of the previously referenced papers.
Yet, since the results of these thesis are exceptionally theoretical, we have found
it to be a good starting point to discuss what are the fundamental assumptions
and approximations of the model used in this work.

At first, we postulate that Maxwell’s equations provide a correct picture of the
physical processes that are involved in following chapters of the thesis. Thus our

starting point of derivations is the Maxwell’s equations [54]

0

V x E(r,t) = —aB(r,t), (2.1.1)
V xH(r,t) = %D(r,t} + J(r, 1), (2.1.2)
V -D(r,t) = p(r,t), (2.1.3)
V- B(r,t) =0, (2.1.4)
along with the continuity equation
V- J(r,t)= —%p(r,t), (2.1.5)

where E and H are the electric and magnetic fields, respectively, D and B are the
corresponding flux densities, J is the current density of free charges, p(r,t) is the
free charge density and r is the position vector. At this point let us introduce a
general field vector F, by which we will refer to each of the fields E, D, H, B, J,
and also P and M, that will be introduced later. Each field can be represented

in term of its projections

F =F,e, + Fye, + FLe., (2.1.6)

10



Chapter 2. A model of forward propagating plane waves

where e;, ey, e, are the unit vectors in the Cartesian coordinate system, and F,
F,, F. are the scalar components of the vector field. By substituting Eq. (2.1.6)
into Maxwell equations, we would obtain the set of equations for each component
of the vector field.

Before introducing the constitutive relations, we shall postulate, that scalar
components F, I, I, of each vector field can be viewed as an interference of a

plane monochromatic waves

1 [o. CNNe OluNe o]
Fi(t,y.2) = o5 / / / Fj(w, ko, ky, 2)e! @ ket =R qodke, dk,,  (2.1.7)
— 00— —00

where w is the temporal frequency and k;, ky are the spatial frequencies. Note that
we have implicitly assumed the existence of a well defined propagation direction.
In particular, we assume that each field F(t,x,y, z) evolves along the dominant
propagation direction, and can be observed at arbitrary z as a function of time ¢
and transverse coordinates x and .

In this work it is assumed that the medium is anisotropic, yet homogeneous,
meaning that neither electric nor magnetic susceptibility of the medium depen-
dents on transverse (z,y) or longitudinal z coordinates, and neither does the
electrical conductivity. In such case, the flux densities are related to the field

vectors by the following constitutive relations [54]

D = E + eoYe(w, ks, ky)ﬁ), (2.1.8)
B = oH + 110 Xm(w, ke, ky)H, (2.1.9)
J =G (w, ks, k) E. (2.1.10)

where ¢ is the permittivity and pg is the permeability of free space, Y. and y,
are the tensors of electric and magnetic susceptibilities, respectively, and & is the
tensor of the electrical conductivity. Note that medium response to the applied

fields depends on temporal as well as spatial frequencies, that is, on propagation

11



Chapter 2. A model of forward propagating plane waves

direction in the medium. The induced polarization and magnetization reads

A ~

P = goe(w, bz, ky)E, (2.1.11)

M = Ym(w, kz, by ) H. (2.1.12)

In this work we consider a medium, which is nonmagnetic, nonconducting and

possess no free charges. Thus, for the rest of the derivation we assume that
Xm = 0, g =0, p=0. (2.1.13)

Actually, the electric susceptibility x. depends on the strength of the applied
electric field. This gives rise to the nonlinearity of the material. Provided that the
external field applied to the material is small compared to the internal molecular
fields, the relationship between P and E can be expanded in a Taylor series of the

electric field

A

P = cox W (W, ko, ky ) B + coXx P (w, ki, by B + c0X® (w0, ko, k) B + ... (2.1.14)

where Y1), ¥ and v are linear, second-order and third-order electric suscep-
tibilities, respectively. In this work we will consider just a second and third-order
nonlinearity of the medium, and for convenience we denote the nonlinear polar-
ization as

P, = cox P (w, ka, ky)E2 + 20 (w, ks, ky)E3. (2.1.15)

Finally, by substituting Eq. (2.1.7) into Eq. (2.1.6), then Eq. (2.1.6) into
Maxwell’s equations, and then Eq. (2.1.8) into Eq. (2.1.2) and into Eq. (2.1.3),
and Eq. (2.1.9) into Eq. (2.1.1), and taking a curl of Eq. (2.1.1) we obtain the

following equation for the each plane wave of the electric field

PE [w? )
WPNL  E(w, kg, k) o
2 - — : (wt—kaz—kyy)
c? €0 Eoei(UJt*kxm—kyy) \Y (V PNL€Z w T—RyY ) ’

where c is the speed of light in free space ¢ = (Eoﬂo)_%- Note that we have

12



Chapter 2. A model of forward propagating plane waves

employed the vector Laplacian V2F = V(V - F) — V x V x F, and we have used
the relationship between the linear susceptibility and relative permittivity of the
medium &(w, kg, ky) = 1+ ¥ (w, kg, ky).

In the following we neglect the second term on the right hand side of Eq. (2.1.16),
which describes the spatial gradient of the nonlinear polarization. This is justified
by its insignificance in comparison to other terms in the equation. Nevertheless,
we should note that this term may give rise to phenomena such as nonlinear
diffraction [55].

In this work we consider only a linearly polarized fields, including the fields,
resulting from the response of the medium (P, M). Therefore, at this point we
drop the vector notation of the field, since for plane polarized field, a scalar version
allowing just for one of the linear polarization components is sufficient. However,
for materials that couple the orthogonal polarizations together due to second-
order nonlinearity, we could write one equation for each polarization and then
find that they were coupled together by the nonlinearity.

Finally, from Eq. (2.1.16) we arrive to

PE  [w? AT w? P
W_‘_ (gﬁ(wakxaky)_kx_ky)E_ _?? (2'1'17)

Thus, we have obtained a so-called bi-direction wave equation (BWE) [52, 53],
which accounts for forward and backward-propagating waves. Note that the
backward-propagating wave originates not due to reflection from some bound-
ary. The source of the backward-propagating wave is the nonlinear polarization
Pyr. In this sense, the obtained equation is exact and all the prerequisites are
readily fulfilled in the experimental situations that are in the scope of these the-
sis. However, handling of forward and backward-propagating waves in numerical
simulations is cumbersome. Therefore, in the following we adopt a reasonable

simplification for the bi-direction wave equation.

13



Chapter 2. A model of forward propagating plane waves

In order to obtain a unidirectional wave equation, we make a substitution
E(w, kz, ky, 2) = B1(w, ky, ky, 2) exp (—ik, (w, ke, ky)2) (2.1.18)

where k, is the projection of the wave vector onto z axis, namely

s (w, ko, Ky \/k: (w, ks by)? — k2 — 2. (2.1.19)

In such case a fast variation of the spatial phase along the z axis is precisely
removed from the F; (w, kg, ky, 2), since it is done individually for each components
of the electric field.

Note that there is no assumptions associated with the substitution of Eq. (2.1.18)
into Eq. (2.1.17) and it can be done without any loss of generality. The ap-
proximation is adopted afterwards, when we assume a so-called slowly evolv-

ing wave approximation (SEWA) [49, 45, 56]. In particular, by assuming that

0?4 OF,
L 2k, (w, ky, ky)a—, we obtain
2

022
0z 2k (w, kz, ky ) 2 &
and, finally, from the definition of E;, we obtain the following equation
oF A j 2h
T2 L ika(w, ke k) B = : © AL (2.1.21)

0z 2k (w, ke, ky) @ g

This equation is termed as non-paraxial forward Maxwell equation (non-paraxial
FME) or unidirectional pulse propagation equation (UPPE) [42, 43, 44]. This is
a master wave-equation used throughout the simulations of the thesis.

Note that SEWA is equivalent to elimination of the backward-propagating wave
solutions from bi-direction wave equation [49, 45, 46, 56]. It is applicable as
long as the optical field, generated in the backward direction, is so weak, that
its contribution to the nonlinearity can be neglected. It is essential to realize
that SEWA is inherent in any one-way propagating pulse evolution equation [44].

However, the obvious problem with SEWA is that it is not a priori clear whether

14



Chapter 2. A model of forward propagating plane waves

it holds or not in a particular situation. Only very recent investigation of mutual
interaction between forward and backward-propagating waves has revealed, that
backward-generated wave is most likely unimportant in case of typical single-
filamentation scenarios [57]. Note that when the backward-propagating wave can
be neglected, UPPE is equivalent to BWE, but the numerical solution is much
more efficient.

Nonetheless, in the linear case, when Py, = 0, there is no need for such
approximation as SEWA, since there is no coupling between the forward and
backward propagating waves, and furthermore the BWE has an exact solution in

this case:

E@ﬁm@J»:EW$M@&ZOWW<%¢MM%JML%%—%O,
(2.1.22)
where k(w, ks, ky)? = i—je(w, kz, ky) is the magnitude of the wave vector. Thus,
the linear propagation of the pulsed light beams can be simulated with minimal
approximations as discussed after Eq. (2.1.17).

Note that in the general case, the magnitude of the wave vector k(w, kg, ky),
in addition to the temporal frequency w, also depends on the spatial frequencies
k; and ky, that is, on propagation direction in the medium. In what follows, the
explicit form of this dependence in case of uniaxial anisotropic media is provided.

Recall that spatial frequencies are related to the magnitude of the wave vector
simply as

kzy = k(w, kg, ky) sinagy, (2.1.23)

where oy, is the angle between the wave vector projection in the xz or yz plane
and the z axis. Assuming that the optic axis of the uniaxial crystal lies in the zz

plane, the following relations for the extraordinary wave can be set

w? w? No(w)?ne(w)?
k(w, k)? = Sn(w, ky)? = = ° e , 2.1.24
(. kz) c? n(w, k) ¢ no(w)?sin? Oy, + ne(w)? cos? Oy, ( )
k.
O, =0 — ay = 6 — arcsin (m) : (2.1.25)
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where 6 is the angle between the optic axis and the z axis, and nq(w), ne(w)
are the principal indices of the uniaxial crystal. Substituting Eq. (2.1.25) into
Eq. (2.1.24) and then solving it for k(w, k;), we obtain

k2k2 kdsin? 0 + k2 cos® 0 — k2k2 12

~ kZsin® 0+ k2 cos? 0 (k2 sin? 0 + k2 cos? 0) 2

k(w, ky)? (2.1.26)

koke sin(20) (k2 — k2) \/kg sin® 0 + k2 cos? 0 — k2

kz,
(k2 sin 0 + k2 cos? 0)2

where k, = %no(u}), ke = %ne(w). As it can be seen, two propagation-direction
dependent terms appear next to the usual term of this equation. The term next
to k; is responsible for the spatial walk-off of the extraordinary wave due to
birefringence, and the term proportional to k2 modifies the diffraction of the
extraordinary beam [58, 59]. The actual direction along the x axis, in which the
extraordinary wave gets shifted due to birefringence, will depend on the particular
arrangement, that is, on the sign of # and the type of uniaxial crystal. Recall that
for the positive uniaxial crystal (ke > ko) the extraordinary wave is dragged
towards the optic axis, and for the negative (ke < ko) - outwards. Thus, the
extraordinary wave will be shifted in the positive = direction whenever the sign
of the sin(26) (k2 — k2) is positive, otherwise it will be shifted in the negative =
direction.

In addition to the linear propagation of the waves, in this work we will con-
sider a second and third order nonlinearity of the medium. However, nonlinear
susceptibilities )‘((2) and )‘((3), that are present in the nonlinear polarization pNL
(Eq. (2.1.15)), will be assumed to be a scalar quantities. Let us note that this
scalar representation should be still understood as a description of two transverse
single-polarization components of an optical field that are coupled by a system of
equations [56, 60]. While each equation appears scalar, the two become coupled
through the nonlinear polarization term pNL- Additionally, the )’((2) and )’((3) sus-

ceptibilities will be assumed to be independent on temporal or spatial frequencies,
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since there is no such data readily available. This approximation corresponding
to the assumption that nonlinear response to the electric field is instantaneous
and isotropic. In such case, the actual susceptibilities can be replaced by the
corresponding effective quantities, designated for each nonlinear interaction indi-

vidually, thus the nonlinear polarization is rewritten as

A 2 A 3 A
Par = cox D E? + eox D ER. (2.1.27)

It should be noted the actual objective in this work is not the electric field it
self, but the complex amplitude, which represent the envelope of the electric field.

Without any assumptions or loss of generality, the electric field can be written as
1 twet 1 * —iwct
E(t,z,y,2) = §A(t,x,y,z)e <t + §A (t,z,y,z)e ", (2.1.28)

where A(t,z,y, z) is the complex amplitude and w, is the carrier frequency. Note
that carrier frequency is just a coefficient, which sets the linear temporal phase
relative to the complex amplitude, and so the temporal spectrum of the pulse
is positioned along the w axis. Therefore, it not necessarily corresponds to the
central frequency wg of the pulse, as it might be thought at first.

Typically, in the performed experiments the total electric field is composed of

a distinet constituents. This could be illustrated as follows

E(t,l‘,y, Z) = El(taxaya Z) + Ez(t,l‘,y, Z) + E3(t,l’,y,2’) +.. (2129>

1 , 1 : 1 -
= §A1 (t,x,y, z)e™1t + §A2(t, x,y, 2)e 2! 4 §A3(t, z,y,2)e“3t 1 e

where Ay, Ao, Az are the complex amplitudes of the constituents, and wy, we,

7c.c.” denotes the complex conjugate part. By

w3 are their carrier frequencies;
transforming the Eq. (2.1.29) into Fourier domain and then substituting into
Eq. (2.1.21), we could obtain a set of UPPEs, describing the evolution of the

complex amplitude of each individual constituent in the spectral domain. Ob-

viously, the obtained differential equations would be coupled via nonlinear term
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presented in Eq. (2.1.21). The convenience brought by introducing the complex
amplitude and separation of the total electric field into distinct constituents will
become apparent in the next section. However, it should be noted a priori that
the temporal or spatial spectra of the constituents must be well-separable or their
states of polarization must be different. Otherwise, the distinction between the
different constituents disappears, and such description becomes inaccurate. This
requirement must be also considered in the situation when one of the constituents
undergo the supercontinuum generation [61, 62|, that is, in the situation when the
temporal spectra of the initial pulses are narrow, but get broadened significantly

during the nonlinear propagation.

2.2 Useful approximations for unidirectional wave equa-

tion

In order to gain more insight into Eq. (2.1.22) additional approximations have to
be made. In particular, the magnitude of the propagation vector k.(w, ks, ky) is
simplified by applying two approximations, which are very common in the litera-
ture on optics, namely, the paraxial approximation for the beams and the quasi-
monochromatic approximation for the pulses. It is at this stage that artificial
parameters are introduced into a propagation model.

In case of paraxial approximation it is assumed that the spatial spectrum of
the beam is narrow enough, so that k2 + k:g < kX (w, ks, ky), and the propagation
factor in the exponential of Eq. (2.1.22) is approximated to the first order in Taylor

series as follows

k. (w, k k k(w, k k — k2 — k2~ k(w, ky k k%+k§ 2.2.1
w T \/ W, Rg, xRy =~ (W7 T y)_m<)

As it can bee seen, the obtained equation has a suggestive appearance, as distinct
phenomena are described by the different terms. In detail, the first term accounts
for dispersive pulse propagation in the medium, whereas the second, for diffraction

of the beam. If the second term was omitted, then we would have the plane wave
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Figure 2.1: Spatio-temporal intensity profiles of pulsed Gaussian beam after the propagation
in free space. In (a) and (b) graphs the magnitude of the wave vector was approximated as
in Eq. (2.2.1), whereas in (c) and (d) graphs it was approximated as in Eq. (2.2.4). Initial
parameters were as folllows: transform-limited duration 7pr, = 10 fs (FWHM), beam diameter
p =10 pym (FWHM), the central wavelength Ao = 0.8 um, propagation distance d = 30 mm;
in (b) and (d) graphs the pulse was linearly chirped and its initial duration was 7 = 100 fs
(FWHM). All graphs are normalized.

model, yet accounting for a full material dispersion and imposing no restrictions
to the bandwidth of the pulse.

It can be readily seen, that the term accounting for the diffraction of the beam
is frequency dependent. It corresponds to the fact that the beam divergence
is different for different frequencies. This dependence on frequency results in
reshaping of the ultrashort pulsed Gaussian beam, even when it is propagating
in free space: the transform-limited pulsed beam acquires the parabolic shape
(Fig. 3.9a), whereas the temporally chirped pulsed beam acquires the triangular
shape (Fig. 3.9b). In both cases the transform-limited duration is the same. Note
that if the beam is diverging, the periphery of the beam lags behind the central

part, as in Fig. 3.9a, but if the beam is converging the periphery advances.

Commonly, Eq. (2.2.1) is further simplified by adopting the quasi-monochromatic
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approximation. In case of quasi-monochromatic approximation it is assumed that
the bandwidth of the pulse is narrow enough, so that deviation from the reference
frequency wg is not significant, that is, |2 = w — wr| < wr. In such case the
magnitude of the wave vector k(w, k;, k) is expanded in Taylor series, and usually

only the terms up to second order are taken into account
k(w, kg, ky) = k(WR, ka, ky) + K'Q+ E'Q2, (2.2.2)

where k(wr, kz, ky) is the magnitude of the wave vector corresponding to the

reference frequency (in case of isotropic medium it could be simply denoted as kg),

dk
E = " is the inverse group velocity, namely, group velocity (GV) is equal to
W
1 . d%k , o :
u = o and k" = e describes the group velocity dispersion (GVD). Note
WR

that in Eq. (2.2.2) the dependence of dispersion orders on the spatial frequencies
k; and k, is omitted. It is a reasonable assumption, since GV and GVD usually
have a weak dependence on the propagation direction in the medium.

However, in case of quasi-monochromatic approximation, the k(w, kg, ky) in the
denominator of the diffraction term (Eq. (2.2.1)) is approximated to the zeroth
order, namely

ky+ky o ki 4k

B ~_ 2.2.
2(w, kyy ky)  2k(wR, ks y) (229

and thus, under the quasi-monochromatic approximation in addition to paraxial
approximation, the magnitude of the propagation vector k,(w, k;, ky) is approxi-
mated as

k2 + k2

b (w, ko, ky) = B(WR, ko, ky) + K'Q+ K702 — e
z(wa T y) (wR’ zs y)+ + Zk(wRakwaky>

(2.2.4)

As we can see by comparison with Eq. (2.2.1), the term, accounting for the diffrac-
tion of the beam, now does not depend on the temporal frequency. Such approx-
imation has a significant effect on the spatio-temporal profile of the ultrashort
pulsed Gaussian beam considered previously. As it can be seen from Figs. 3.9¢

and 3.9d, in contrast to the previous case, the spatio-temporal shape of the pulsed
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beam does not show any changes during the propagation in free space. This is
due to the fact that the beam divergence was assumed to be the same for all the
temporal frequencies.

However, it is important to note, that despite the drastic assumptions and
lost accuracy in properly describing the diffraction of the ultrashort pulsed beam,
the quasi-monochromatic approximation is of particular importance. It enables to
obtain a relatively simple analytical expressions for the straightforward analysis of
the pulsed Gaussian beam, propagating throughout the arbitrary optical scheme.
Actually, the whole analytical study of chapter 3 is based on this approximation.

It is important to note, that the reference frequency wg is actually a free pa-
rameter. However, in most situations the frequency corresponding to the central
component of the pulse spectrum is taken as a reference frequency. Such choice
has an obvious reasons, since the central components contribute the most to the
evolution of the temporal pulse profile, and the magnitude of the approximated
wave vector has exact value just at the reference frequency (Eq. (2.2.2)). Conse-
quently, the central frequency wq is usually referred as a reference frequency wgr
without the explicit justification [63].

The nonlinear term in Eq. (2.1.21) can also be approximated accordingly. In
particular, the most common approximation, yet the most crude, is a so-called
slowly varying envelope approximation (SVEA) [44]. Under this approximation,

the nonlinear term is approximated as

_ : W_QPNL 1 “RPw (2.2.5)
2k, (w, kg, ky) 2 €0 2kr 2 eo o

As it can be seen, it is assumed that k.(w, ks, ky) ~ kg, and in addition, that
the dependence on the temporal frequency is negligible w &~ wr. As a result, this
approximation omits such phenomenon as a self-steepening of the pulse envelope,
which in case of extremely short pulses may have a crucial consequences, such as
optical shock and blow-up [63].

In order to see how this approximation is actually incorporated, let’s consider
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a particular case. In what follows, we consider the case when three waves, those
temporal or spatial spectra are well-separated or their states of polarization are
different, are propagating in the nonlinear media. Thus, by transforming the
Eq. (2.1.29) into Fourier domain and then substituting together with Eq. (2.1.27)
into Eq. (2.1.21), we obtain a sum of UPPEs, depicting the evolution of the

complex amplitudes of each waves in the spectral domain

9
0z

) w2 2) ~ ~ . 2 3) R . . 3
_ m |:Xeff <A1 + As + Az + C.C.) + Xoff (Al + Ao+ Az + c.c.) 1

(/L + Ay + Az + c.c.) + ik (w, ke, ky) (Al + Ay 4 Az + c.c.) = (2.2.6)

where Al, Ag, As are Fourier counterparts of the complex amplitudes, namely
[0 CRNNe SlNNe o]
A 1 A —i(wt—kzz—kyy)
j(w, kg, ky, 2) = 5 itz oy, 2 dtdzdy. (2.2.7)
— 00— —00

By expanding the nonlinear terms in Eq. (2.2.6), we would expose a vast diver-
sity of possible parametric processes. After the expansion, each term would have
its definite carrier frequency. Recall that carrier frequency defines the position
of the temporal spectrum along the w axis. Thus, different parametric processes
can be identified by the carrier frequency of the particular term. In what fol-
lows, we retain just the terms with the carrier frequencies of the initial waves (wy,
w2, w3). Obviously, other parametric three and four wave mixing processes, like
second or third harmonic generation (2w; = w; + wq, 3w = w1 + w1 + wy ete.),
may also take a place simultaneously. However, they are omitted, assuming that
they are not phase-matched, and thus, are not sustained during the nonlinear
propagation. Note that any number of the simultaneous parametric processes can
be readily taken into account by complementing the Eq. (2.1.29) with additional
constituents.

Note that, despite the introduced complex amplitudes in Eq. (2.2.6), there is
no approximation implemented yet, and it is as accurate as Eq. (2.1.21). The

SVEA is applied after the nonlinear terms in Eq. (2.2.6) are expanded, and for
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each resulted term the approximate coefficient is established, just as in Eq. (2.2.5).

In the following, the term accounting for linear propagation of the waves is
omitted for convenience, since on the basis of the split-step method [64], em-
ployed throughout this work, the linear propagation of the the waves is treated
independently from the nonlinearity of the material and vice versa.

Finally, by Fourier transforming Eq. (2.2.6) back into space-time domain, and
assuming that ws = w; + wg, which just represents the energy conservation in
case of three-wave parametric interaction, we obtain the following set of coupled

differential equations

0A w2 . W1

T2 = Ve Al 2l 2 ) A

. ok 202 Xéff)31A3A1 i (n2y 12 + 2ng,) 1 + 2n2,,13) Ag, (2.2.8)
0A  w?

aj ~ ke Sra Neity A1 2 — 2—3 (n2y I3 + 2ngy 11 + 202y, I2) As,

where I; is the intensity of the wave I; = %njCeso]AjP, n; is the refractive index

3,3

. . . . . Xeffj .
of the medium, ns. is the nonlinear refractive index no, = 5——, and ng . is

J J 4njceo J

3

. o 3X£f3jk .

the nonlinear refractive index no, = ————— due to cross-phase modulation.
J dnjngceq

Thus, we have obtained a coupled three-wave equations, describing three-wave
parametric interaction under SVEA, and, in addition, self-phase as well as cross-
phase modulation encountered by each wave due to Kerr nonlinear optical effect.

Note that in Eq. (2.2.8) each effective susceptibility is designated for each
nonlinear interaction individually, as it is indicated by the subscripts. However,

typically it is assumed, that

2 2) 2) (2
X((?ﬁ?gg = X((effgl = Xéffm = Xeff)7 (229)

and
3 3 3 3 3
XSt = X, = X = XS, =X (2.2.10)

In numerical experiments of Sects. 4.3 and 5.3, the simulations of nonlinear
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propagation and parametric amplification of the waves are based on Eq. (2.2.8).
Yet a different approach is taken in Sect. 5.4, where numerical experiments of four-
wave mixing were performed using a single equation (Eq. (2.1.21)) and without

the need to adopt the SVEA discussed above.

2.3 Accounting for parabolic mirror in non-paraxial case

Almost every experiment in optics inevitably involves such optical elements as
curved mirrors or refractive lenses. However, in the model of forward-propagating
plane waves the medium is restricted to be with no sharp optical interfaces crossing
the z axis. Therefore, the reflection from the surface of the mirror or refraction
at the surface of the lens could not be actually simulated. Instead, the effect of
such optical elements is taken into account by applying a particular spatial phase
modulation ¢(r) to the incident beam. In the following, we provide with the
derivation of the phase modulation function ¢(r) in case of parabolic mirror.

Let’s consider a plane wave propagating parallel to the z axis and incident upon
the parabolic mirror. It can be proved by means of geometrical optics, that all the
parts of the plane wave, coming from the different positions off the mirror, will
meet simultaneously at a single point, that is, at the focus of the parabolic mirror.
This is a very special thing about the parabolic mirror, implying that a plane wave,
propagating parallel to the z axis, becomes spherical after the reflection from the
mirror (Fig. 2.2a, dashed line). Due to the acquired spherical wavefront, the plane
wave will be focused to a single spot. In case of geometrical optics it would be
depicted by the rays, directed towards a single point.

This feature is of paramount importance, empowering to achieve nearly diffrac-
tion limited beam diameters at the focus. In addition, this feature should be beard
in mind when focusing a spatially dispersed pulsed beam (Sect. 3.3). In this case
it is essential to realize, that despite the fact that the beams of different frequen-
cies take a different paths towards the focus, they all meet simultaneously at the

focus. Hence, no temporal chirp is generated in this case, and thus at the focus
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Figure 2.2: Schematic representation of the plane wave incident on the parabolic mirror (a),
and of a spherical wave diverging from the focus (b). The plane, at which the spatial phase
modulation ¢(r) is applied in the forward-propagating plane wave model, is denoted by z = 0.

In (a) dashed circular line depicts a spherical wavefront, acquired by the plane wave after the
reflection from the parabolic mirror. f denotes the focal length of the parabolic mirror.

the pulse preserves its transform-limited duration.

In order to account for parabolic mirror in a forward-propagating wave model,
the ultimate question is: what is the function of the spatial phase modulation
¢(r), that should be applied to the plane wave, awaiting at z = 0, in order to
properly simulate the propagation towards the focus of the plane wave, which
was reflected by the mirror? And the answer is quite simple: the spatial phase
modulation can be retrieved by speculating of what would be the phase at each
point r in plane z = 0 of the reflected wavefront, if after the reflection it was
propagated backwards.

In case of parabolic mirror and a plane wave parallel to z axis, the reflected
wavefront is spherical, converging towards the focus (Fig. 2.2a). Therefore, the
spatial phase modulation ¢(r) is found by observing the phase at each point r
in plane z = 0 of a spherical wave diverging from the focus (Fig. 2.2b). It can
be done by geometrical considerations, since in geometrical optics a wavefront
actually represents continuum of the rays, which are perpendicular to each point
of the wavefront. As it can bee seen from Fig. 2.2b, the function of the phase

modulation ¢(r), that is, the phase difference between the point r = 0 and any
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other point 7 in plane z = 0 is equal to

o(r) = +k (x/fQ e |f|> , (2.3.1)

where the sign ”+” corresponds to the concave parabolic mirror, i.e. when f > 0,
and the sign ”—" to convex mirror (f < 0). This is our desired result.

We should note that in all the textbook it is typically assumed, that r < f, in
which case Eq. (2.3.1) becomes simply

2
o(r) = kﬁ- (2.3.2)

Thus, we have obtained a well-known formula for the thin lens. Note that the
validity of this formula is restricted to a so-called paraxial approximation. Ac-
tually, the r < f condition is fulfilled in most of the practical situations, if the
beam is positioned on the z axis. However, if the off-axis beam, incident on the
parabolic mirror, is considered, for example when focusing a ring-shaped beam,
then discrepancies arises and Eq. (2.3.1) should be used instead. In any case,
the paraxial lens formula (Eq. (2.3.2)) should be used in tandem with paraxial
approximation for the propagation vector (Eq. (2.2.1)).

In addition, if a quasi-monochromatic approximation is applied, namely, if it
is assumed that Q < wg, the magnitude of the wave vector in Eq. (2.3.2) is

wr + €2 w ) .
R ~ —R, and in such case the phase modulation
c

approximated as k =
c

becomes
2

o(r) = kR;—f, (2.3.3)

where kg is the magnitude of the wave vector corresponding to the reference
frequency kr = W_CR'

It should be noted that the validity of Eq. (2.3.1) is restricted to the case of
plane wave parallel to the 2z axis and incident on the parabolic mirror. However,

in practice we consider beams that consists of many plane waves, of which just

one is actually parallel to the z axis. Therefore, Eq. (2.3.1) should be considered
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as an approximation for the beams with a narrow angular spectrum.
Lastly, we should note that throughout the text of this thesis it is usually re-
ferred to the lens instead of parabolic mirror, however, when it comes to modeling

it is always assumed to be a parabolic mirror.
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Chapter 3

Pulsed Gaussian beams
containing first-order

spatio-temporal couplings

The propagation dynamics of space-time coupled wave packets has recently be-
came a major issue of laser physics. Pulsed light beams are said to exhibit spatio-
temporal couplings (STCs) when their spatial properties depend on time, and
vice versa. The importance of STCs has been largely overlooked in most laser-
matter interaction experiments. In strong-field science, STCs are even consid-
ered as highly detrimental, because they decrease the peak intensity at the focus.
The significance of these effects largely depends on the application, and pulsed
beam parameters as well, and while STCs may be negligible in some cases, they
are detrimental in others. STCs commonly result due to mismatched fronts of
pump and signal pulses in NOPA [15, 16, 19, 20] or from misalignments in CPA
stretcher-compressor [65, 66, 67] and seem undesirable. In such case they are
referred as spatio-temporal distortions. However on the other hand, they can be
viewed as an additional, controllable pulsed beam parameter and become quite
useful [30, 31, 32, 33, 34, 35, 36, 37]. For the comprehensive review and deeper
introduction into this field the reader is referred to [68].

Although S. Akturk and R. Trebino et. al. [38, 39, 40, 41] have made a great

contribution in identifying and understanding the relations between the different
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STCs, yet, the spatio-temporal transformations, experienced by the pulsed light
beams containing STCs, while propagating through linear optical systems has not
been well explored. This chapter is intended to fill this gap and to provide an
intuitive understanding of the behavior of pulsed light beams possessing STCs.
It should be considered as a short course of linear optics necessary for proper
interpretation of the results presented in the following chapters of the thesis.
Here the basic characteristics of pulsed Gaussian beams containing STCs are
investigated in case when they are propagating in free space and when focused by
the lens.

Different methods for analytical treatment of this problem has been presented,
either using Gaussian beam model [69, 70, 71] or the model of extended ABCD
matrices [72, 40]. In this chapter we have employed a Gaussian beam model, as it
seemed to be more intuitive to follow. However, note that restrictions to the pulse
bandwidth and beam paraxiality are unavoidable in these analytical approaches.

Simply by Fourier transforming the spatio-temporal profile of the pulsed beam,
we can obtain the corresponding profiles in four characteristic space and time
domains, from which a comprehensive deductions about the STCs can be made.
Besides the well-familiar spatio-temporal domain (¢, ), the intensity distribution
of the pulsed beam can be depicted in three additional domains, namely in the
spatio-spectral domain (w,z), in the spatio-temporal spectrum domain (w, k),
and in the spatial spectrum domain (¢, k;). This is illustrated in Fig. 3.5. All the
four domains are related by the Fourier transformation, therefore spatio-temporal
coupling introduced in one domain will necessarily has effect in another domain
as well. Consequently, only two independent STCs exists overall [40].

As indicated in [38, 40], there are two distinct approaches to characterize each
STC, and both give a proper description of the coupling under investigation. For
example, in the w-r domain (Fig. 3.5b) if we measure the center position at each
frequency, then the measured parameter is the spatial dispersion, on the contrary,

if we measure the center frequency at each position, then the measured parameter
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is frequency gradient. The characterization of the STCs is explained at a greater

detail in the subsequent section.

3.1 Characterization of the tilted pulsed Gaussian beams

The purpose of this section is to obtain a handy expressions for the characteriza-
tion of the STCs in case of pulsed Gaussian beam. The obtained expressions will
be used throughout the following sections of this chapter.

In the following, the profile of the tilted pulsed Gaussian beam is considered in
the t-r domain, however, it is essential to realize that the same analysis applies
for the profiles, depicted in the distinct spatio-temporal domains, i.e. for char-
acterization of the spatial chirp (w-z domain), angular chirp (w-k; domain) and
angle vs. time (t-k; domain). In what follows, the two characteristic parameters
are derived.

The intensity profile of the pulsed Gaussian beam, possessing linear tilt in the

t-x plane, reads

(t —pptx)Z 22 y2
I(t,,y) = Do oxp | —2—22 97 27 ) (3.1.1)
T p2 T pl

where I,eq is the peak intensity, 7 and p;, p, are the parameters characterizing
pulse duration and beam diameter, respectively, and py¢ is the parameter char-
acterizing pulse tilt. It is readily seen from Eq. (3.1.1), that the function of the

iso-intensity contour in ¢-z plane can be written in the general form as follows
—At* + Btz — C2® = —my, (3.1.2)

where A and C are positive real numbers, B is the real number, which defines
the coupling between t and x domains, and my defines the intensity level of the
iso-intensity contour as Ipeax exp(—my). Thus, for the iso-intensity contour, cor-
responding to the half-maximum intensity, m; = In 2.

There are two distinct ways to determine the tilt of the pulsed beam, namely,

by observing the delay of the pulse at each transverse position to(z) (Fig. 3.1,
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Figure 3.1: Iso-intensity contour of the pulsed Gaussian beam, tilted (ppy > 0) in the t-x domain
(black line). The dashed contour represents initially untilted pulsed beam. Straight lines show
the two distinct approaches to characterize the tilted pulsed beam. Filled circles correspond to
the most-distant points of the iso-intensity contour.

blue line), or by observing the position of the beam at each moment of time x(t)

(Fig. 3.1, red line). Depending on the chosen approach, the tilt of the pulsed beam
d$0
dt -

These two characteristic parameters can be obtained from geometrical considera-

dt
can be characterized by two distinct parameters tan ¢ = d—o and tanvy =
x

tions as follows.

Since we have assumed that the tilt of the pulsed beam is linear, the straight
line to(x), connecting two the most-distant points of the iso-intensity contour
along the = axis, can be obtained by differentiating Eq. (3.1.2) with respect to
t and then solving it for ¢. Similarly, the straight line xo(t), connecting two the
most-distant points along the t axis, can be obtained by differentiating Eq. (3.1.2)

with respect to x and then solving it for z. In the former case we would obtain

B
= — 1.
tolw) = 5 . (3.1
and in the later
zo(t) = Dt (3.1.4)
olt) = 55t 1.
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Hence, the slopes of these straight lines, i.e. the two characteristic parameters for

the tilted pulsed beam are

tan ¢ = %, (3.1.5)
tanty = % (3.1.6)

This is the desired result of this section.
For illustrative purpose, in the following we obtain the expression for the
pulse-front tilt angle ¢ of the tilted pulse. After expanding the exponent in the

Eq. (3.1.1), we may obtain the expressions for A, B, C' coefficients
A=2r7% B=dpur % C=2p,7+2p57 " (3.1.7)

Thus, from Eq. (3.1.5) we can see, that the slope of the pulse front with respect
to the phase front is simply

tan ¢ = ppt. (3.1.8)

However it is important to note, that ¢ angle was defined in the -z domain, and
as a result the actual value of this angle depends on the scales of ¢ and x axes.
Therefore, the comparison of two ¢ angles, obtained in the different scales of ¢ or
x axes, is inconvenient or might be even impossible, when the scales for one of the
angles are unknown. In order to avoid such situation, commonly, the pulse-front
tilt angle ¢ is defined in the z-xr domain. For such purpose, ¢ must be replaced
by —z/c in Eq. (3.1.1), where ¢ is the speed of light in vacuum. In such case
Eq. (3.1.8) becomes

tan ¢ = —cppt. (3.1.9)

Once again, note that the same generalized expressions of the tan ¢ and tan
would be obtained if the iso-intensity contour was analyzed in another spatio-
temporal domain, for example w-x, w-k; or t-k,. In this sense, these expressions
are universal and can be applied for characterization of distinct first-order spatio-

temporal couplings of the pulsed Gaussian beams. In particular, parameters char-
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acterizing pulse tilt pp¢, spatial dispersion pyq, angular dispersion p,q and angle

vs. time p,¢ are obtained as

By B,.
Dot tan ¢t—az = 2At-xas’ Dsd = tan @ij—m = 26‘:;:;’ (3-1-10)
Bk, Bk,

= = , = tan _ et

where the corresponding domains are denoted in the subscripts.

Yet, in order to fully characterize the tilted pulsed Gaussian beam, we have to
consider its overall and local dimensions [40]. The overall duration (half-width) 7
and overall radius p, of the tilted pulsed Gaussian beam are depicted in Fig. 3.1.
In order to obtain the general expressions of these parameters, recall, that the
straight lines defined by Egs. (3.1.3) and (3.1.4) determine the position of the
most-distant points of the iso-intensity contour, along the corresponding axis.
Hence, by substituting Eq. (3.1.3) into Eq. (3.1.2) and then solving it for x we
obtain the radius p,, and by performing similar steps with Eq. (3.1.4) we obtain

the duration 7 as given below

_ Cmy

AmI

By substitution of Eq. (3.1.7) into the obtained equations, the overall duration

and radius of the tilted pulsed Gaussian beam, defined by Eq. (3.1.1), evaluate to

7=/ + 2P, (3.1.13)

R (3.1.14)

Here the duration and diameter are given at mj = 2 intensity level, i.e. at ]peakeﬂ.

The corresponding local parameters, i.e. the duration 7(,_gy at © = 0 and the
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radius p,;—g) at t = 0 are obtained directly from Eq. (3.1.1) and evaluate to

T{z=0)} = T (3.1.15)

.
Pr{i=0} = Pu=- (3.1.16)

In addition, assuming that the total energy of the pulsed Gaussian beam is pre-
served during the physical process after which it becomes tilted in ¢-x plane, the

peak intensity can be obtained from

Lpeax = To2 L0 L0 (3.1.17)

T Px Py’
where Iy, 79, pz0, pyo are the peak intensity, duration and radii of the initial
untilted pulsed Gaussian beam.

Finally, by evaluating the pulsed Gaussian beam propagation through the ar-
bitrary optical system, the explicit expressions of the A, B, C' coefficients can be
obtained. After substituting into the obtained equations, the peculiar dependen-
cies can be obtained and the critical parameters can be identified. Such analysis

is performed in the following two sections for the particular optical setups.

3.2 Focusing of pulsed Gaussian beams possessing angular

dispersion

Angular dispersion, or more precisely, angularly dispersed pulses are frequently
encountered in optical systems. The most common angularly dispersive optical
elements are prisms and gratings, usually used in pulse stretchers and compressors.
As it is demonstrated in Sect. 3.3, the lens also becomes a source of angular
dispersion, in case when the pulsed beam is spatially dispersed in the front of
it. In practice, due to slight misalignments in pulse stretchers or compressors the
pulse usually contains some residual angular dispersion, which may lead to the
tilted pulse front in the near field and to the reduced peak intensity at the focus
(65, 66, 67].
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In this section we are interested in the spatio-temporal dynamics of the pulsed
Gaussian beam after being passed through angularly dispersive optical element
and then focused by the lens. The optical scheme under consideration is depicted
in Fig. 3.2.

Actually, focusing of angularly dispersed pulses was theoretically studied in
Ref. [73]. It was shown, that at the focus the temporal profile is independent of
the initial pulse profile, but rather is determined by the profile of the initial beam.
In addition it was shown, that at the focus the pulse duration is defined by the
initial diameter of the beam and the angular dispersion, but does not depend on
the initial duration of the pulse. However, the results of this work are valid only
for the case of transform-limited pulses and, in addition, when the pulse duration
is much shorter than the pulse-front-tilt-time, i.e. than the overall duration of
the tilted pulsed beam. Moreover, it was assumed that the angularly dispersive
element is placed close to the lens, thus the spatial dispersion, acquired during
the propagation from the angularly dispersive element to the lens, was ignored.

In the following study, we consider the optical scheme, where angularly dis-
persed pulsed Gaussian beam propagates an arbitrary distance z; before it is
being focused by the lens (Fig. 3.2). It is shown, that this distance is of particular
importance, as depending upon this distance, different spatio-temporal couplings
are involved in the propagation towards the focus.

In the special case, when z; = f, i.e. when this distance is equal to the focal
length of the lens, the scheme is exploited in spatially dispersive amplification of
ultrashort laser pulses [74, 75, 76, 77]. The basic idea of such amplifiers is to
overcome the gain narrowing by introducing artificial inhomogeneous broadening.
This is achieved by placing the amplifier in the back focal plane of the lens, where
individual wavelength components are decoupled from one another inside the gain
medium, i.e. they are spatially dispersed.

This scheme, could also be regarded as a stretcher-compressor, especially, for

picosecond pulses, since due to narrow bandwidth the stretching in time of these
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Figure 3.2: Schematic representation of the angularly dispersed pulsed beam being focused by
a lens. It depicts a particular situation, when at the input the pulsed beam is transform- and
diffraction-limited. Thus at the back focal plane of the lens the pulsed beam is not tilted,
however, in addition to the angular dispersion, possesses the spatial chirp (see text for more
details). z; denotes the distance from the angularly dispersive optical element to the lens, f
- focal length of the lens, aout(w) - the frequency dependent propagation angle of the beam.
Vertical dashed lines denote the planes, at which the spatio-temporal profiles of the pulsed beam
were obtained and depicted in Fig. 3.5.

pulses is hardly achieved by the usual means (pair of gratings, prisms etc). How-
ever, it is important to note that in this stretcher, the pulse remains stretched
only at the focus. Nevertheless, such stretching method has been applied for am-
plification of bandwidth-limited 15 ps pulses, after stretching them to 200 ps [78].
Yet, there was no theoretical explanation given of what actually causes the pulse
lengthening at the focus, and the given expression for pulse duration was based
just on geometrical considerations.

In this section we present theoretical results, revealing the spatio-temporal
couplings, that are involved, and the dynamics of the spatio-temporal profile of
the angularly dispersed pulsed beam while it evolves through the optical scheme
depicted in Fig. 3.2. In addition, the analytical expression for the pulse duration
at the back focal plane of the lens is obtained from the theoretical considerations
of pulsed Gaussian beam propagation. Therefore, it is considerably more accurate
than the ones, obtained by means of geometrical considerations in the previous
works.

At the input of the optical scheme we consider a pulsed Gaussian beam pos-

sessing a linear temporal chirp. In such case, the complex amplitude of the initial
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pulsed Gaussian beam reads
( t? . 2 . Y . )
Ao(t,z,y) = apexp | —— (1 —im0) — — (1 —ivz0) — 5 (1 —iy0) |, (3.2.1)
) Pz0 Py0

where ag is the peak amplitude of the electric field, 7y is the half-width duration
of the initial pulse, py0, pyo are the initial radii of the beam in x and y directions,
respectively, 740 is the parameter characterizing the initial linear temporal chirp,
and 7,0, Y40 are the parameters characterizing the initial phase-front curvature of
the beams in x and y directions, respectively.

For the Gaussian pulses the temporal chirp parameter v49 may be expressed as

Y0 = £ TTO -1, (3.2.2)

TL
where 77y, is the half-width duration of the transform-limited pulse, the sign ”+”
corresponds to positively chirped pulse, that is, when the high-frequency compo-
nent lags behind the low-frequency component, and the sign ”—" corresponds to
negatively chirped pulse.
Similarly, the phase-front curvature parameters .0 and v, in case of Gaussian

beams may be expressed as

(3.2.3)

where p.pr, pypr are the diffraction-limited radii of the beam in the correspond-
ing directions, the sign ”+4” corresponds to converging phase-front of the beam,

7

and the sign ”—" corresponds to diverging phase-front. Other handy expressions

of vz0 and 7,0 parameters are

ZRx <Ry
T gy

where f; and f, are the focal lengths of the cylindrical lenses being placed in front
of the beam; positive focal length ( f;, f, > 0) corresponds to positive (converging)

lens and negative (fz, f, < 0) corresponds to negative (diverging) lens; zp, and
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2Ry are the Rayleigh lengths corresponding to the initial beam radii in x and y

directions, respectively,

2
_ kop2g Kooy

50 Ry = — (3.2.5)

ZRx

At first, the pulse is incident on the angularly dispersive element. In the
following analysis the angularly dispersive element is treated as a thin optical
element, i.e. it is assumed that beam diffraction as well as pulse dispersion inside
this element is insignificant. As it is depicted in Fig. 3.2, the angularly dispersive
element gives rise to deflection of an incident beam with an output angle agyt,
which depends on the temporal frequency w of the beam. Note that, after the
angularly dispersive element, the propagation direction of the beam with the
central frequency wy is taken as a reference for the propagation direction of the
whole angularly dispersed pulsed beam, thus agyt(wp) = 0.

Actually, it is more convenient to work with the projections of the wave vectors
onto the x axis instead of output angles. The projection of the wave vector onto
the x axis is simply

kﬂ?out (w) = k(w) sin (aout(w)) ) (3.2.6)

where k(w) = %, and agyt is the angle between the z axis and the propagation
direction of the wave vector in free space.

In general, the function of the angular dispersion aoyt(w) can be of the arbi-
trary form. However, in the following analysis we shall assume that the angular
dispersion, imposed by the angularly dispersive element, is such that the k,_ , (w)

function is linear. Thus, we restrict the imposed angular dispersion to the case

when Eq. (3.2.6) can be rewritten as
kfout (W) = kl’out (MO) + k:ICOQJ (327)

where kg, (wo) is actually equal to zero, since in our reference frame agut(wp) = 0;

Q) denotes the deviation from the central frequency Q = w — wo; &, is the first-
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\ Input pulse

Output pulse

Diffraction grating

Figure 3.3: Schematic representation of the pulsed beam incident on the diffraction grating.

order derivative of ky_, (w)

Ao dagut

¢ dX

_Wo daout

k/ dkmout

Zo = " dw

(3.2.8)

¢ dw Ao

wo wo

This assumption is justified by the fact that it is a usual assumption in optics
in order to obtain the analytical expressions. Commonly, the angular dispersion,
imposed by the angularly dispersive element, can be kept linear only in the narrow
region of the spectrum. Therefore, such assumption implies a restriction on the
pulse bandwidth, or equivalently on the duration of the transform-limited pulse,
and must be justified for each experimental conditions individually.

In order to illustrate how the coefficient ki,  of the angular dispersion is actually
calculated, for the moment we shall assume that the angularly dispersive element is

grating (Fig. 3.3). The angular dispersion imposed by the grating can be obtained

from the grating equation [79]
d (sinfy — sin ) = mA, (3.2.9)

where 67 is the angle of incidence, Ay is the diffracted angle, m is the diffraction
order, \ is the wavelength of the incident beam, and d is the period of the grating.

From the grating equation we may obtain
. (mA
02(\) = arcsin (7 + sin 91) . (3.2.10)

Thus, the output angle with respect to the beam with the central wavelength \g
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is simply

Qout(A) = O2(N\) — O2( o). (3.2.11)
By differentiating the obtained equation we have

daout sin fgo — sin Oy

3.2.12
dA o )\0 COS «902 ( )

where g1 and 6y denote 61(A\g) and 02(\g), respectively. Additionally, it was

assumed that 01(\) = const., i.e. that the incident pulsed beam has no angular

dispersion. For the spacial case of Littrow configuration, when 0y = —0p1, it
reduces to
dCVout 2
= ——tantpy, 3.2.13
- Y (3:2.13)

in which case Eq. (3.2.8) becomes simply

2
K, = =tanfp;. (3.2.14)

xo_z

For simplicity we assume, that the initial pulse is angularly dispersed only in
the x direction. Thus, there is no coupling involved between y and ¢, nor y and x
dimensions. In such case, the diffraction of the beam in y transverse direction is
not affected by the pulse tilting and is actually described by a well-known formulas
of Gaussian-beam propagation.

In the following study it is also assumed, that the angular spectrum of the
beam in the x direction is narrow enough, meaning that the radius p,ps, of the
diffraction-limited beam is large enough, so that the shape and the diameter of the
monochromatic beam remains unchanged after passing the angularly dispersive
element. In such case, just a linear spatial phase is added to the beam.

With the assumptions mentioned above, the effect of the angularly dispersive
element is taken into account by performing the partial Fourier transformation
of Eq. (3.2.1) into the spatio-spectral domain (€2, x,y) and simply multiplying by

frequency-dependent linear spatial phase, and finally transforming back to the
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space-time domain
Ai(t,z,y) = F " {F{Ao(t,z,y)} - exp (—ik], Qx)} . (3.2.15)

Thus, the complex amplitude after the angularly dispersive element becomes

2
t—k «x ] 2 ) y2 )
At z,y) = apexp —# (1 —iv0) — —5 (1 —ivz0) — =5 (1 —iv0) | -
7o Pz0 Py0

(3.2.16)

It is readily seen from the obtained expression, that in case when kf, # 0, the

space-time coupling term "t - z” is present in the exponent, meaning that the
pulsed Gaussian beam becomes tilted.

The spatio-temporal intensity profile takes the form as given in Eq. (3.1.1).

Therefore, it will not be explicitly rewritten here, just the essential parameters of

the tilted pulsed Gaussian beam are provided below

1 = To, 7L =1\/T0 + P2k, (3.2.17)

Pz1 = Pz0, Pyl = Pyo-

Parameters, characterizing the spatio-temporal couplings, were also obtained, as

defined in Eq. (3.1.10)

ppt1 = ki, Psa1 = 0, (3.2.18)

, 2k,
Pad1 = kg, Patl = — (Y20 — Mt0) -
i

As it is readily seen, most of the pulsed beam parameters, including the peak
intensity (Eq. (3.1.17)), remain unchanged after the angularly dispersive element.
However, the pulsed Gaussian beam becomes tilted since ppt1 # 0, and, in addition
to the angular dispersion (pa,q1 # 0), possesses the angle vs. time, since pay; #
0. Note that angle vs. time essentially depends on the initial temporal chirp
parameter ;9 and the initial phase-front parameter ~,9. Interestingly, but if
these two parameters are equal, the angularly dispersed pulsed Gaussian beam

being tilted in the near field becomes untilted in the far field.
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The overall duration 71 of the tilted pulsed Gaussian beam becomes longer as
it is apparent from the obtained expression, and increases with the initial radius
of the beam pyo as well as with the angular dispersion k;zo. On the other hand,

the local radius py1 at t = 0 becomes smaller (Eq. (3.1.16)) by the same factor

70
Prl = Pr)——. (3.2.19)
For the tilted pulsed beams it is common to define the pulse-front tilt angle ¢,
namely, the angle between the pulse front and the phase front. It can be shown

that this angle is related to the angular dispersion by [80, 81]

daout

dr |y,

tan ¢ = —ck;, = Ao (3.2.20)

It is important to note, however, that this relation is valid only for the case when
the spatial chirp is negligible or when there is no temporal chirp and the beam is
well-collimated [39, 40]. A more universal expression, which does not dependent
on the origin of the tilt, is obtained by incorporating the pulse tilt parameter (see
Sect. 3.1)

tan ¢ = —cppt. (3.2.21)

Obviously, these two relations are identical at the moment, as the pulse tilt is
caused just by the presence of the angular dispersion, and pp¢1 is simply equal
to k;;o. However, at the back focal plane of the lens, the pulse tilt will also be
affected by the presence of spatial and temporal chirps and phase-front curvature
as well, therefore the pulse tilt parameter will become more complex, and relation
in Eq. (3.2.20) will be no longer valid.

In order to step further in the optical scheme, the propagation in free space of
the angularly dispersed pulsed Gaussian beam must be calculated. The implicit

expression of the complex amplitude accounting for the propagation distance z;
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in free space is

2, 1.2
Ag(t,z,y) = ﬁk_gjky {ﬂyw {A1(t,z,y)} exp [—i <k0 + % — k"“;;oky) 21] } .
(3.2.22)

Note that the calculations were performed under paraxial and quasi-monochromatic
approximations (Eq. (2.2.4)), as otherwise an intuitive analytical expressions of
the characteristic parameters of the pulsed Gaussian beam could not be obtained
without supplementary assumptions.

Again the spatio-temporal intensity profile takes the form as given in Eq. (3.1.1),
and the characteristic parameters of the pulsed Gaussian beam at the plane in

front of the lens are

2 2 =4 4 104 A2 2
z 2% T+ k z 4dk
Ty = 1222 (1 - = %co) + = Pa0 i _ <1 - %0) Y0,
0

P2 ZRx 2By 73 2R ek
T2 = T1,

2 2 =2 2 102 2

B 21 21 T+ PRk

Px2 = pr\/(l - _%UO) + 21 1 :r(2) 2 tOj (3.2.23)
2 2

4l z
Py2 = Pyo (1 - _’Vy()) + Tla

and the parameters characterizing the spatio-temporal couplings are

/ p20 <1 k%

Ppt2 = kyy =5 (1 — — (w0 — ’Yto)) , Psd2 = 2172, (3.2.24)
pr ZRx ko
Pad2 = Padl Pat2 = Patl-

As it can bee seen, the on-axis pulse duration 79, i.e. pulse duration at x,y = 0,
depends on the propagation distance z;. This is a consequence of the angular dis-
persion, which gives rise to the two effects simultaneously, namely, the lateral and
temporal walk-off of the spectral components. Thus, during the propagation the
angularly dispersed pulsed beam acquires both spatial chirp and temporal chirp.
Nevertheless, the overall pulse duration 7o does not change during the propaga-

tion, despite the fact that its spatio-temporal profile is consistently changing, as
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it is apparent from the expression of ppio.

It is important to note, that during the propagation the angularly dispersed
pulsed beam acquires a negative temporal chirp (a more detailed discussion is
provided in Sect. 5.5). This is a consequence of the angular dispersion, which
causes a negative GVD during the propagation in free space independently from

the sign of k), as it is shown in the equation below

— koz — d_2 k + 9 _ k«%out _ d2 _ (k;?oQ)2 _ _il?o
I= |, T2\ ok ), A\ 2k ST R
(3.2.25)

Therefore, if the pulsed beam has a positive temporal chirp at the input (149 > 0),
it undergoes a temporal compression. However, a transform-limited duration can-
not be achieved due to simultaneous lateral walk-off of the spectral components.
Therefore, at some distance the pulse duration reaches its minimal value, but
it will be greater than the transform-limited duration. Naturally, for the wider
beams the lateral walk-off is less significant and, at the particular distance, the 7
duration should be nearly transform-limited. It can be shown, that the distance,

at which the on-axis duration becomes minimal, is equal to

2
70

Zlmin(TQ) = ’YtOZR.T ) (3226)

T+ 7'02 Yt0Vz0 + Pgokéo%?o.

The dependence of 7 duration on the propagation distance is depicted in
Fig. 3.4a,b for the three different initial beam diameters. As it can bee seen
from Fig. 3.4a, after the point of temporal focus, where the minimal duration
is achieved, the pulse duration increases. However, this increase is confined by
the acquired spatial chirp, which grows with the propagation distance z; (see
Eq. (3.2.24)) and has an opposite effect on the pulse duration. In detail, due to
the spatial chirp, the beam fronts of different frequencies are shifted with respect
to each other in the transverse direction, thus inducing the positive temporal
chirp (see the comments below Eq. (3.3.5)). Consequently, the magnitude of the

negative temporal chirp is gradually reduced. Thus, depending upon the initial
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Figure 3.4: Variation of the on-axis duration (FWHM) (a) and (b), and of the pulse tilt param-
eter (¢) and (d) of the angularly dispersed pulsed Gaussian beam during propagation in free
space, for the case of three different diameters (FWHM) of the initial beam, namely 0.5 mm
(black line), 1 mm (green line) and 2 mm (red line). In (a) and (c) graphs the initial temporal
chirp parameter was ;0 = 5, whereas in (b) and (d) graphs it was ;0 = —5. The transform-
limited duration (FWHM) was 7rr, = 100 fs (it is depicted by horizontal gray solid line in (a)
and (b) graphs), the angular dispersion was &}, = 0.5 ps/mm, the parameter of the phase-front
curvature was v,o = 0, and the central wavelength was Ag = 0.8 pm.

diameter of the beam, the pulse duration may become shorter after some propa-
gation distance even in the case when 739 < 0 (Fig. 3.4b, black line), i.e. in the
case when the sign of the initial temporal chirp coincides with the sign of the
temporal chirp, resulting from the angular dispersion.

As it is apparent from Eq. (3.2.24), in case when 79 # vz0 the angularly dis-
persed pulsed Gaussian beam has all the four spatio-temporal couplings. However,
as it can be seen from the inspection of the ppio expression, after some interme-
diate variation, the tilt of the pulsed Gaussian beam gradually disappears with
the increasing propagation distance z;. Such behavior can be seen from Fig. 3.4c,
where ppo is depicted as a function of the propagation distance for the case when
Y0 > Yz0- Yet a more spectacular evolution of the spatio-temporal profile is in

case when the pulsed Gaussian beam has a temporal chirp at the input such that
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Yt0 < Yz0- In this case the pulse tilt vanishes, or more precisely, changes the sign,

at the particular distance (Fig. 3.4d), which is equal to

0 =R (3.2.27)

P20y — 0

At this propagation distance the pulse gathers its maximal duration as in Fig. 3.4b,
which is actually equal to the overall pulse duration 7;. In addition, note that
at this distance the pulse is not tilted, even though it has the angular dispersion.
Such a case can be explained by recalling, that the simultaneous presence of
the spatial chirp, and temporal chirp or phase-front curvature of the beam, also
contributes to the pulse tilt [39, 40]. In order to illustrate that, expression of the
ppt2 could be rewritten in a more suggestive form

Pio Y0 — 0

Ppt2 = —5— (pad2 - 2psd2T) . (3.2.28)

P2 Pz0
Now, having in mind that the signs of the p,q2 and psqo are always the same,
and that pggo increases with the propagation distance, it can be seen, that in case
when v49 < 7,0 the pulse-front tilt caused by the angular dispersion p,q2 is coun-
terweighted at the particular distance by the pulse tilt, resulting from the spatial
chirp. Note that for the greater diameter of the initial beam a longer propagation
distance is required, since the effect of the spatial chirp is less significant in this
case (Fig. 3.4d, red line).

For the beam of the particular temporal frequency w, the traverse position at

k. Q
the plane in front of the lens is determined simply by () = psg2f) = 21 gl:’ .
0
/
This relation has an obvious geometrical explanation, since —2— = sin agy (),

and in the paraxial case sin agyt &~ tan ag,. However note, that due to adopted
quasi-monochromatic approximation the magnitude of the wave vector is assumed
to be the same for all the spectral components of the pulse (k(w) & ko). There-
fore, even in the paraxial case the actual transverse position of the beam will be

different from the one, obtained using pgqo, and the difference will increase with
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the increasing propagation distance z; or deviation from the central frequency (2.
Now let’s further proceed with the optical scheme. The complex amplitude
after the lens is obtained simply by multiplying the complex amplitude in front

of the lens by the phase factor of the lens (Eq. (2.3.3))

2, .2
As(t,z,y) = Aa(t, x,y) exp (z‘kogc ;}y ) ) (3.2.29)

Thus, most of the pulsed Gaussian beam parameters are preserved, just those

determining the angular spread of the pulsed beam undergo some changes, namely

z 2k! —z
m&—%bc—i),nm——_?ﬁfé+f 1wm—mﬂ.(amm
/ 71 / ZRx

As it can be readily seen, in case when z; = f the pulsed Gaussian beam possesses
no angular dispersion after the lens. This is in agreement with the geometrical
optics, since it corresponds to the case when all the rays emerging from the focal
point become parallel after the lens.

Finally, the complex amplitude at the back focal plane of the lens is obtained

by calculating the diffraction of the pulsed Gaussian beam in free space

B . 0 kQ + ]{22
A4(t7 x,y) = gk‘g:k'y {‘glhy {A3(t7 ]}7y)}€Xp [_Z (ko + ; - xQT(ﬁ) f] } :
(3.2.31)
The obtained characteristic pulsed Gaussian beam parameters at the back focal

plane are given below

_ 2
1+ (18720 + P20kI2 10) _

Ty = | = , =T, (3.2.32)
T+ 78720 + ProkiE Vi
o 2.9 2 2
_ /] \/71 + 70720 T P20k Vi |f 5
Pxd = prZ ) Pyds = Py0— 1+ V40>
Rx 70 ZRy

and the ones, determining the spatio-temporal couplings, are

2 !
Pz0 [ 0
Pz4 Rz /{0
Pad4 = Pad3, Pat4 = Pat3-
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The obtained expressions of 74, pz4, py4, Ppta reveal that, although the prop-
agation distance z; before the lens was taken into account, the spatio-temporal
profile at the back focal plane of the lens does not dependent on that distance.
However, it can be seen from the expression of 74 that, in contrast to Ref. [73], the
duration of the pulse at the back focal plane of the lens, actually, depends on the
initial duration, indicating that the temporal profile at the focus depends on the
initial pulse profile. Moreover, the on axis duration 74 depends on the phase-front
curvature of the input beam, as indicated by the presence of ~,9. Furthermore,
the spatio-temporal profile of the pulsed Gaussian beam is tilted, since ppta # 0.
Interestingly, but the pulse-front tilt at the back focal plane of the lens can be ad-
justed by varying the phase-front curvature of the input beam, and in the special
case, when v,0 = 70, the pulse tilt vanishes.

Additionally, from the expression of pyq4 we can see, that at the back focal plane
of the lens the spatial dispersion (spatial chirp) does not depend on the propaga-
tion distance z; in front of the lens. This independence of the spatial dispersion
can be readily explained by means of geometrical optics, since all the parallel rays
intersect at the same point in the back focal plane of the lens, independently from
their transverse position in front of the lens.

It should be reminded here, that the radius py4 is independent on the temporal
parameters of the pulse, and depends just on the initial radius pyo, propagation
distance z; and the focal length of the lens. Therefore, in the general case, the
radii py4 and py4 are not equal, hence, at the back focal plane of the lens the
beam is elliptical. However, since the initial radius pyg is a free parameter, the
radii py4 and pys can always be matched in the experiment, simply by adjusting
the initial radius pyo with the help of the cylindrical lenses. For such purpose it
might be useful to employ the cylindrical lens instead of the spherical one in the
considered scheme as well (Fig. 3.2), so that the beam is focused only in the x
direction by that lens. In such case, the beam radius py4 will be defined just by

the diffraction in free space. If this is the case, then the radius py4 in Eq. (3.2.32)
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should be replaced by

2 2

z21 + z21 +

Pyd = Py0 (1 - f’Yy()) + # (3.2.34)
“Ry zRy

In order to get further insight into the obtained expressions of Eq. (3.2.32), let’s
consider a particular case when the beam is well-collimated at the input (y,0 = 0)
and when the overall duration 7; of the tilted pulsed Gaussian beam is much
longer than the initial duration 7o, i.e. when pyolkl, | > 79. This is actually the
case under consideration in Ref. [73]. In such case, the 71 duration in Eq. (3.2.17)
reduces to

71~ paolky, |, (3.2.35)

and the characteristic parameters of the pulsed Gaussian beam at the back focal

plane of the lens simplifies to

B _ | fE,|
Ty = Ty = p$0|k§co|7 Prd! = P4’ — 2—x 1+ 71520’ (3236)
Toko
pt4 2 f/{j!vo 1 + 72&20’ Sd4 Sd47
1 21— f
Pad4’ = Pad3; Pata? = — (1 + %o) :
Dsd4 ZRzx

As it can bee seen from the obtained expressions, in case when v,9 = 0 and
pzo|k, | = 7o, the on-axis duration 74 does not depend on the initial duration 7,
but, in agreement with Refs. [73] and [78], is defined just by the initial radius pzo
and the angular dispersion &/,_. In addition, we have found that the radius p 4 at
the back focal plane of the lens does not depend on the initial radius pg, but is
determined by the initial duration 7y and other parameters. However note, that
in this case the pulsed Gaussian beam still possesses all the four spatio-temporal
couplings.

It is important to note, that in this case the on-axis duration of the pulse
T4 must always be much longer than the initial duration 79, despite the fact

that 74 is independent of 7p. This requirement comes from the assumption that
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pz0|kl, | = 70, which has been made in deriving the expression of 7.

Yet another special case of interest is when at the input the pulsed Gaussian
beam is well-collimated v,9 = 0 and, in addition, has no temporal chirp ;9 = 0.
In such case, the spatio-temporal profile at the back focal plane of the lens is not
tilted, since ppta = 0, and the on-axis duration is just equal to the overall pulse
duration 74 = 71, which has been acquired after the incidence on the angularly
dispersive element. Therefore, in this case the 74 duration can be readily calcu-
lated from Eq. (3.2.17) knowing the initial diameter of the beam p,g, the angular
dispersion &}, and the initial duration 79 of the pulse. Note that in this case the
pulsed Gaussian beam possesses the spatial dispersion, angular dispersion and
angle vs. time.

In order to illustrate the dynamics of the spatio-temporal profiles of the pulsed
Gaussian beam propagated through the optical scheme, the intensity profiles at
each particular plane of the optical scheme are depicted in Fig. 3.5. The four
graphs correspond to the distinct spatio-temporal domains: (a) spatio-temporal,
(b) temporal spectrum, (c) spatio-temporal spectrum and (d) spatial spectrum.
Intensity profiles were depicted by a dashed line in some of the graphs, in order to
avoid the possible misleadings in case when intensity profiles are overlapping. Here
we consider the case of transform-limited and well-collimated pulsed Gaussian
beam at the input, hence 40 = 0 and v,9 = 0. The tilt of each of the profiles follow
exactly the characteristic parameters in accordance with the previously obtained
equations. Namely, after the angularly dispersive optical element (red line) the
pulsed Gaussian beam has the positive angular dispersion (c¢) and becomes tilted
(a), but has no spatial dispersion (b) nor angle vs. time (d). After propagation of
some distance in free space (green line) it acquires the positive spatial dispersion
(b), its on-axis duration is increased and the tilt is reduced (a), however the
angular dispersion (c) as well as angle vs. time remain unchanged. After the
lens (orange line) the angular dispersion becomes zero (c), since z; = f, but

the pulsed beam acquires the negative angle vs. time (d), whereas the pulse
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Figure 3.5: Variation of the iso-intensity profiles of the pulsed Gaussian beam in the different
spatio-temporal domains. Note that the colors of the iso-intensity profiles correspond to the
colors of the particular planes, at which they were observed (see Fig. 3.2). The initial parameters
were as follows: 79 = 100 fs (FWHM), py0 = 1 mm (FWHM), k,, = 0.5 ps/mm, z; = f =1 m,
A = 0.8 um, v49 = vz0 = 0. All the iso-intensity contours are depicted at half-maximum intensity
level (my = In2).

tilt (a) and spatial dispersion (b) remain unchanged. Finally, at the back focal
plane of the lens (black line) the pulsed Gaussian beam becomes untilted (a), but
inevitably possesses the spatial dispersion (b), which remains actually the same,
since Pgq4 = Psqo in case when z1 = f.

In the introduction of this section, it was mentioned that the optical scheme
considered in this section (Fig. 3.2) could be applied as a stretcher-compressor for
picosecond pulses. In what follows, we present yet another possible application
of this scheme. In the following, we present the numerical results disclosing the
applicability of the considered optical scheme for optical parametric chirped-pulse
amplifiers (OPCPAs) [3, 82]. As it is explained in the introduction of the next
chapter, it is a desired feature in OPCPA to have the pump pulses with a flat-

top temporal profile, since it enables to achieve a wider amplified bandwidth
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Figure 3.6: The spatio-temporal profiles of the pulsed beams at the input (a) and output (b)
of the optical scheme (Fig. 3.2). The corresponding temporal profiles at = 0 are depicted
in (c¢) and (d), and the spatial profiles at ¢ = 0 in (e) and (f), respectively. All graphs are
normalized. The initial parameters were as follows: Ipeao = 10 GW /ecm?, 79 = 10 ps (FWHM),
pz0 = 5 mm (FWHM), &, = 20 ps/mm, z; = f = 3 m, A = 0.532 pum, ;0 = Y20 = 0.
Pulsed beam parameters at the back focal plane of the lens were as follows: 74 = 99.5 ps,

Ipeaka = 3.5 GW/cm?, 74 = 97 ps (FWHM), py4 = 1.4 mm (FWHM).

of the signal pulse and a greater pump-to-signal conversion efficiency. As it is
demonstrated below, this scheme could be used to transform flat-top spatial profile
into flat-top temporal profile. Such reshaping of the pump pulse, in particular, its
temporal profile, is readily available, since nearly flat-top pump beams are usually
encountered in a high-energy setups. Nevertheless, to the best of our knowledge,
such an idea has not yet been presented and here it is disclosed for the first time.

In contrast to the analytical study presented above, we have employed a pulsed
super-Gaussian beam. Namely, at the input the temporal profile was still Gaus-
sian, but the spatial profile was super-Gaussian of the 10th order. The spatio-

temporal profile of the initial pulsed beam is depicted in Fig. 3.6a. At the input
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the pulse was transform-limited and the beam was well-collimated. This guaran-
teed that the spatio-temporal profile will not be tilted at the back focal plane of
the lens (Eq. (3.2.33)). It should be mentioned, that in the numerical simulations
we do not make any assumptions about the paraxiality of the beams nor band-
width of the pulses, as the propagation is modeled using Eq. (2.1.22) and the lens
is taken into account using Eq. (2.3.1).

The spatio-temporal profile at the back focal plane of the lens is depicted in
Fig. 3.6b. As it can be seen by comparison of Figs. 3.6¢,d and Figs. 3.6e,f, the
shape of the temporal profile has been inter-switched with the shape of the spatial
profile. Thus, instead of the super-Gaussian spatial profile, at the back focal
plane we have a pulsed Gaussian beam with a super-Gaussian temporal profile.
The main requirement for such transformation of the profiles to occur, is that
the overall duration 7; of the angularly dispersed pulsed beam to be considerably
longer than the initial duration 79, that is, the condition polk}, | > 70 must be
fulfilled.

Nevertheless, there are some drawbacks regarding the applicability of this
scheme in OPCPA setups: (a) the length of the nonlinear crystal must be short
enough, so that the pump pulse is nearly in its "horizontal position” throughout
the crystal, (b) the angularly dispersive optical element may introduce some en-
ergy losses to the pump pulse, (¢) the pump pulse has a spatial chirp, which may
lead to undesired results during the parametric amplification. Yet, at least, the

potential of this idea is worth the experimental verification.

3.3 Focusing of pulsed Gaussian beams possessing spatial

dispersion

Spatial dispersion, namely, separation of frequency components in the transverse
direction, is a permanent companion of the angular dispersion, since pulsed beams
possessing the angular dispersion inevitably acquire the spatial dispersion simply

when propagating [38]. Therefore, there are many possible ways to obtain spatially
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Figure 3.7: Some common ways, in which a spatially dispersed pulsed beam can be obtained.

dispersed pulsed beam, and just some of them are depicted in Fig. 3.7. Do not be
confused with the spatial dispersion, which refers to the property of the medium,
but has no relations to the spatial dispersion of the pulsed beams considered here.

In this section we are interested in the spatio-temporal dynamics of the pulsed
Gaussian beam after being passed through spatially dispersive optical element
and then focused by the lens. The optical scheme under consideration is depicted
in Fig. 3.8. We should emphasize that in this case the pulsed Gaussian beam has
no angular dispersion in front of the lens, just a spatial dispersion. Note that in
the previous section, the angular dispersion gave rise to the spatial dispersion not
only in the front of the lens, but also at the back focal plane of the lens as well.
As it is apparent from Fig. 3.8 and examination by the geometrical optics, there
will be no spatial dispersion at the back focal plane of the lens in this case. This
scheme could be thought as the extension of the previous (Fig. 3.2), which in case
when 21 = f, becomes just as the one depicted in Fig. 3.7b, i.e. provides with the
spatially dispersed pulsed beam, possessing no angular dispersion.

Usually, spatial dispersion is regarded as a spatio-temporal distortion of the
pulsed beam, that should be avoided. However, in the recent years there was much
attention dedicated for exploiting the spatial dispersion. In particular, focusing

of spatially dispersed pulsed beams turned out to be advantageous in many fields
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Figure 3.8: Schematic representation of the spatially dispersed pulsed beam being focused by a
lens. It depicts a particular situation, when at the input the pulsed beam is transform-limited,
thus at the back focal plane of the lens it is transform-limited as well. At the back focal plane
of the lens the pulsed beam possesses the pulse-front tilt and angular dispersion, but has no
spatial dispersion (see text for more details). z; denotes the distance from the spatially dispersive
optical element to the lens, f - focal length of the lens, zout(w) - the frequency dependent output
position of the beam.

of laser-matter interaction. The main feature, which has drawn the attention, is
the enhanced localization of the pulse intensity at the focus. When a pulsed beam
possessing spatial dispersion is focused by a lens or curved mirror, its duration
becomes transform-limited just at the focus, i.e. at the moment when all the
frequency components are fully overlapped. Thus the axial intensity is strongly
localized.

Recent works in nonlinear microscopy [36, 37|, micromachining [83], waveguide
writing [34], multiphoton microfabrication [84] and filamentation [32] has taken an
advantage of this special feature. In particular, the strong localization that results
from simultaneous space and time focusing is useful for multi-photon microscopy,
since it improves the axial resolution for wide-field imaging. In micromachining, it
strongly suppresses the nonlinear effects in a medium along the way to the focus,
thus allowing to operate on the back side of a transparent medium. However, it
should be noted, that at the focus the pulse front is tilted, and this may have
additional effect in laser-matter interaction [33, 85].

Furthermore, the spatial shaping of the spatially dispersed pulsed beams em-
powers to actively control their temporal properties during propagation, and is a

promising tool for many applications. In this technique, a lens or curved mirror
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is placed one focal length away from a grating or prism, mapping frequency to
position, that is, introducing spatial dispersion at the back focal plane of the lens
(Fig. 3.7b). By deliberated separation of the different frequency components spa-
tially, the pulse shaping in the frequency domain becomes possible [86, 87, 88, 89].
Naturally, the accuracy of pulse shaping depends on the degree of spatial disper-
sion at the focal plane.

Other applications of spatial dispersion include the suppression of longitudinal
mode competition in the active medium of the laser, as was referenced in the
introduction of the previous section.

The analytical study presented in the following is very similar to the one of
the previous section, since most of the initial conditions and assumptions are
analogous and can be simply adopted to this scheme. Just as in the previous
section, at the input of the optical scheme we consider pulsed Gaussian beam
possessing a linear temporal chirp (Eq. (3.2.1)). At first, the pulse is incident on
the spatially dispersive element, which again is treated as a thin optical element.
As it is depicted in Fig. 3.8, the spatially dispersive element gives rise to the
lateral shift of an incident beam with an output position zy,t, which depends on
the temporal frequency w of the beam. Note that, after the spatially dispersive
element, the output position of the beam with the central frequency wq is taken
as a reference, thus zou(wp) = 0. For simplicity we assume, that pulsed Gaussian
beam is spatially dispersed just in the x direction.

In general, the function of the spatial dispersion zoy(w) can be of the arbi-
trary form. However, in the following analysis we shall assume that the spatial

dispersion is linear

d
Tout (W) = z;“t (w — wp) = 2,Q. (3.3.1)

wo

Typically the spatial dispersion, imposed by the spatially dispersive element, can
be kept linear only in the narrow region of the spectrum. Therefore, be aware of

the restriction to the pulse bandwidth, that is introduced by this assumption.

56



Chapter 3. Pulsed Gaussian beams containing first-order spatio-temporal couplings

With the assumptions mentioned above, the complex amplitude after the spa-
tially dispersive element is obtained by performing the partial Fourier transfor-
mation of Eq. (3.2.1) into the spatio-spectral domain ({2, k., y) and multiplying
by the frequency-dependent linear spatial phase, and finally transforming back to

the space-time domain
At z,y) = 9’5}@ {Fra{Ao(t,z,y)} - exp (ix)Qhky) } . (3.3.2)

The spatio-temporal intensity profile takes the form as given in Eq. (3.1.1). There-
fore, it will not be explicitly rewritten here, just the essential parameters of the

pulsed beam are provided below

P20 82 162! 9 2
1 =To—4 |1+ (1 —v0v20) + —— (L +7 I +7),
Dol 7_02pi0 x Tgﬂio ( to) ( wO)
41./2
T =10 \/1 + = % (1 + %%0), (3.3.3)
To Pz0
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_ 4x
pxlzpw0\/1+ 3 % (1+7t20)7
70 Pz0

Pyl = Pyo-

As it can be seen from the obtained expression of the on-axis pulse duration
71, its dependence on the spatial dispersion parameter z;) is quite complicated. In
general the 71 duration may become longer as well as shorter after the spatially
dispersive optical element. It essentially depends on the sign and value of the
vt0 and 7v,0. Whereas the overall pulse duration 7; and overall beam radius p,1
always increase with the increased spatial dispersion x/. Obviously, the overall
beam radius p; also depends on the temporal chirp parameter 49, since the greater
value of 7,9 corresponds to the wider spectrum of the pulse. However, the similar
dependence of the overall pulse duration 7; on the phase-front curvature v, is
not so obvious, and actually indicates, that the pulse tilt of the spatially dispersed
pulsed Gaussian beam depends on the phase-front curvature of the beam. This

will become apparent in the following.
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Parameters, characterizing the spatio-temporal couplings acquired by the pulsed
Gaussian beam after the spatially dispersive optical element, were obtained in ac-
cordance with Eq. (3.1.10)

/

Ppt1 = =5 (10 + Y20) ; Psdl = To, (3.3.4)
pml
4x!
Pad1 = 0, Patl = — 525 (1+ %%0) :
meTl

The obtained expression of the pulse tilt pyt1 evidences the fact, that in the ab-
sence of the angular dispersion the pulse tilt may result from the spatial dispersion
and simultaneous presence of either temporal chirp ;9 or phase-front curvature
Y20 of the beam. Moreover, the spatial dispersion contributes to the temporal
chirp of the pulse, as it can be seen from the obtained expression of the on-axis

temporal chirp

2 ”

p 4o

Y = =50 (%0 — =570 (1 + 7,;20)) : (3.3.5)
Pz1 70 Pz0

As we can see, in case when the initial pulsed Gaussian beam has a diverging
phase front (7,0 < 0), the spatial dispersion gives rise to the positive temporal
chirp of the pulse, and vice versa. Note that the sign of the spatial dispersion z)
does not affect the induced temporal chirp.

Let’s step further in the optical scheme. The implicit expression of the complex
amplitude at the plane in front of the lens is given by Eq. (3.2.22), and the obtained

characteristic parameters of the pulsed Gaussian beam are
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and the parameters characterizing the spatio-temporal couplings are

2x! 21
Ppt2 = =5 (%o + 920 — — (14 %250)) : Psd2 = Psd1, (3.3.7)
Pad2 = Padl; Pat2 = Patl-

As it can bee seen, the on-axis pulse duration 79 has even more complicated
expression now, but we can obviously see that it depends on the propagation
distance z7. This can be explained by the fact that the phase-front curvature
of the beam varies during the propagation, and in the presence of the spatial
dispersion it affects the duration of the pulse. Nevertheless, the overall pulse
duration 7o does not change during the propagation. Whereas, the overall beam
diameter p;o depends on the propagation distance in the usual way, despite the
additional term due to spatial dispersion.

As it is apparent from the expression of ppto, similarly as in case of propagation
of the angularly dispersed pulsed Gaussian beam, the sign of the pulse tilt changes

at the particular distance

Yt0 + V20

ppt2:0 = ZRI 1—’—’}/%0 . (338)

<1

It witnesses the fact that both the temporal chirp and the phase-front curvature
affect the pulse tilt, and that in some cases their contribution to the pulse tilt
may be canceled by each other. To illustrate this, let’s consider the case when
at the input the pulsed Gaussian beam is well-collimated (y,0 = 0) and has a
positive temporal chirp (740 > 0). In such case, after the spatially dispersive opti-
cal element the pulsed Gaussian beam acquires the positive pulse tilt (ppt1 > 0).
However, during propagation in free space the phase-front of the beam becomes
divergent and gives rise to the negative pulse tilt. Therefore, after some propaga-
tion distance the pulse tilt pp1 is canceled.

Note that other spatio-temporal couplings remain unchanged during the prop-

agation. Nevertheless, the lens introduces the angular dispersion and changes the
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angle vs. time as given below

x! 22! ko
Dad3 = _14;070, Pat3 = —%—207 Vto + Y0 —
1

2 —f

ZRx

(1+ vio)) . (3.3.9)

The acquired angular dispersion can be readily explained by means of geometrical
optics, since it corresponds to the case when all the rays parallel to the z axis
are deflected to the focus of the lens. However, it should be noted that the
angular dispersion must obey the paraxial approximation, that is, the condition
tana = x_f) ~ sin a must be fulfilled.

Finally, at the back focal plane of the lens the parameters of the pulsed Gaus-

sian beam become

T4 = 70, Ty = T1, (3.3.10)
_ f f
Pza :Pxou\/1+’7;%07 Pyd :Pyou\/lJF’Vgoy

ZRzx ZRy

and the ones, determining the spatio-temporal couplings, are

Pptd = Pad3; Psda = 0, (3.3.11)

Pada = Pad3, Pat4 = Dat3-

As we can see, the obtained expressions are very simple and has no dependence
on propagation distance z1, except for paes. In addition, the pulse duration 74 is
simply equal to the initial pulse duration 7y, and the pulse is free from spatial

dispersion (pgqqs = 0), but is tilted due to the angular dispersion, acquired after

the lens (ppta = Pads)-

3.4 Space-time focusing of temporally chirped pulses

In the previous two sections we have considered the spatio-temporal transforma-
tions of pulsed Gaussian beams possessing common STCs, yet without particular
purpose having in mind. This section is aimed to give a clue of how to employ

the STCs in order to simultaneously compress the temporally chirped pulsed light
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beams in space and time. Such compression could be of particular interest for
high-peak-power laser systems, where typically a temporal compression of the
amplified chirped pulse is accomplished using a pair of gratings or prisms [90, 91].
These traditional pulse compressors suffer from optical damaging of the compo-
nents due to high pulse intensity when the pulse duration gets shortened [92].
The approach of the chirped-pulse compression presented below, could be a key
solution, since spatio-temporal compression of the pulsed beam is achieved during
its propagation in free space, and without being in contact with optical elements
at the compression stage. Thus, resolving the issue of optical damaging. Yet
another potential application of the spatio-temporal compression could be seen in
the laser-matter interaction experiments, where enhanced localization of the pulse
intensity is required (see for example Ref. [32]).

The basic idea of space-time focusing is simple: we have to assure that all
the spectral components of the temporally chirped pulse arrive at the same point
in space and at the same time. In order to achieve this in vacuum, different
spectral components have to take a different optical path towards the focus. This
prerequisite comes from two fundamental conditions: first, the speed, at which
the spectral components travel in vacuum, is the same for all the components,
and second, at the input the spectral components are delayed with respect to each
other, since the pulse is temporally chirped at the input. To take a different optical
path in vacuum actually means to propagate at different angle with respect to
common propagation axis, usually denoted as z axis. As we can imagine different
spectral components, propagating at different angles and arriving at the same
point in space, have to come from different space locations. And these are the
essential elements for the solution of this problem. In particular, in order to focus
in time at the desired distance the spectral components of the pulsed beam must
obey the proper angular dispersion, and in order to focus in space at the same
distance, the spectral components must obey the proper spatial chirp at the input.

The conceptual scheme is depicted in Fig. 3.9. Actually, there are two of
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them: one for pulsed Gaussian-shaped beams (Fig. 3.9a), and the other for pulsed
Bessel-Gaussian beams (Fig. 3.9b). The first scheme might seem very similar to
the one considered in [71], and the second to [93], however, note that in those
setups the pulse must be transform-limited at the input, in order to obtain a
transform-limited pulse at the focus. Therefore, it is actually not a true space-
time focusing and this is the essential difference, since we consider the temporally
chirped pulses at the input.

Actually, the first scheme has been originally proposed on a slightly different
purpose in [94]. It is essential to realize, that in this scheme the initial temporal
chirp of the pulse is compensated by the pair of the gratings and that all of
its spectral components arrive at the same time in front of the lens. This is a
prerequisite of this scheme, since otherwise, the transform-limited duration would
not be obtained at the focus (see the previous section). Therefore, the pulse must
possess a specific temporal chirp at the input, which can be retrieved from the
analysis of the grating pair by means of geometrical optics. The evolution of the
pulsed beam after the grating pair is actually described in the previous section,
thus for further details the reader is referred to that section.

The second scheme (Fig. 3.9b) has been presented in [C2]. The fundamental
difference from the previous scheme, is that at the output we have a pulsed Bessel-
Gaussian beam [95]. The main advantage of such a beam over the ordinary

Gaussian beam is a prolonged region in space, where the beam diameter is nearly
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constant. In case of Bessel-Gaussian beams this particular region in space is called
a Bessel-zone. It is important to realize, that the diameter of the pulsed Bessel—-
Gaussian beam is defined just by intersection angle and the central wavelength of
the pulse. Thus, we actually do not need any focusing optics in order to obtain
a small beam diameter at the Bessel-zone. However, there is a price, namely, the
peak intensity of the pulsed Bessel-Gaussian beam is much lower in comparison
to the peak intensity of the pulsed Gaussian beam when the energies, durations
(FWHM) and diameters (FWHM) are the same. This is due to the fact that
most of the energy of the pulsed Bessel-Gaussian beam is located in its exterior.
On the other hand, it may turnout to be advantageous, since it leads to another
peculiar feature of the Bessel-Gaussian beams, that is, the ability to restore its
shape after the central part of the beam is being blocked by the opaque disk.

The actual layout of this scheme is depicted in Fig. 3.10. As it can bee seen,
there are actually two axicons employed. The first axicon just transforms a Gaus-
sian beam into a ring-shaped beam, and the second ”focuses” the ring-shaped
beam, which after the distance zo interferes with itself and forms the Bessel-zone.
The length of the Bessel-zone is defined by the diameter of the ring-shaped beam
and the intersection angle a. The temporal compression results from the angular
dispersion imposed by the refraction at the interface of the axicons. Just as in
the previous scheme (Fig. 3.9a), in order to obtain a transform-limited pulse at
the center of the Bessel-zone, it must possess a suitable temporal chirp at the
input, which, for the particular set of the axicons, can be retrieved by means of
geometrical optics. Note that in this scheme the temporal compression occurs
simultaneously with the compression in space.

However, in order to achieve a considerable compression in time, a highly
dispersive material is needed and the base angle of the axicon should be as large as
possible. Therefore, for the second axicon axy we have chosen a SF11 glass. The
base angle was equal to g2 = 20 deg, since larger angles is hard to produce due

to technological problems. Nevertheless, for the first axicon ax; we have chosen
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Figure 3.10: Schematic representation of space-time focusing using two axicons. ax; and axs
denote the axicons with the base angles o1 and o4, respectively. Red and blue lines indicate the
paths of different spectral components of the pulse. o denotes the intersection angle, r denotes
the radius of the ring-shaped beam, z; - the distance between the axicons, and z; - the distance
form the second axicon to the center of the Bessel-zone (space-time focus).

BKT7 glass, since the purpose of this axicon is just to reshape the Gaussian beam
into a ring beam. The base angle of this axicon was equal to o1 = 20 deg as well,
since a smaller base angle would lead to a larger intersection angle «, and thus,
to the reduced length of the Bessel-zone.

If materials and base angles of the axicons are set, the temporal compression
factor depends on the distance z; between the axicons, namely, the longer is
this distance the longer chirped pulse can be compressed. However, this distance
is limited by the diameter of the axs, as increasing distance z; the radius r of
the ring-shaped beam also increases. If considering the axicons of 50 mm in
diameter, the estimated duration of the chirped Gaussian pulse at the input is
195 fs for 27 = 110 mm. This duration was obtained by calculating the group
delay dispersion of this scheme using the geometrical optics, and assuming the
pulse bandwidth, centered at 800 nm and corresponding to 10 fs transform limited
Gaussian pulse.

It should be noted, that in this setup we did not take a special care about
the spatial chirp at the entrance plane of the second axicon. In the ideal case,
the spatial chirp must be of some particular shape in order for all the spectral

components of the pulse to arrive at the same point in space. Otherwise, the
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residual spatial chirp may result in the reduction of the achievable minimal pulse
duration at the center of the Bessel-zone.

The contribution of the residual spatial chirp to the pulse duration at the center
of the Bessel-zone was verified numerically. A transform-limited pulsed Gaussian
beam of 10 fs duration (FWHM) and 1 mm diameter (FWHM) was transformed
into pulsed Bessel-Gaussian beam by applying the angular and spatial dispersions,
retrieved from the analysis of this optical scheme using geometrical optics. The
duration and diameter of the obtained pulsed Bessel-Gaussian beam were 10.6 fs
(FWHM) and 3.5 pm (FWHM), respectively. Thus, the contribution of the spatial
chirp to the pulse duration at the Bessel-zone was not significant. Nevertheless,
note that for smaller diameters of the initial Gaussian beam or for wider pulse
bandwidths the role of the spatial chirp may become detrimental. The peak inten-
sity was 5.4 PW/cm?, assuming the 1 mJ energy of the pulsed Bessel-Gaussian
beam. The distance between the axicons was z; = 110 mm, whereas the distance
from the second axicon to the center of the Bessel zone was zo = 242 mm. For the
central wavelength the radius of the ring-shaped beam at the entrance plane of
the second axicon was r = 19.8 mm, and the intersection angle was o = 4.76 deg.

Finally noted, that such compression in space and time could be achieved not

only in free space, but in the desired material as well.

3.5 Conclusions

Due to the presence of the angular dispersion the pulsed Gaussian beam acquires
a negative temporal chirp when propagating in free space. Therefore, if the ini-
tial pulsed Gaussian beam has a positive temporal chirp, it undergoes a temporal
compression. However, a transform-limited duration cannot be achieved due to
simultaneous lateral walk-off of the spectral components, namely, due to the ac-
quired spatial chirp.

The spatial chirp accompanied by the phase-front curvature of the beam may

give rise to the temporal chirp and pulse-front tilt. Remarkably, under certain
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initial conditions the angularly dispersed pulsed Gaussian beam may undergo a
temporal compression during propagation in free space even in the case when its
initial temporal chirp is negative, and the pulse-front tilt, caused by the angular
dispersion, may be counterweighted at the particular propagation distance by the
pulse tilt, resulting from the spatial chirp. At this propagation distance the pulsed
Gaussian beam is not tilted, even though it has the same angular dispersion.

In the general case, after some intermediate variation, the pulse-front tilt of
the angularly or spatially dispersed pulsed Gaussian beam gradually disappears
with the increasing propagation distance. However, the overall duration of the
angularly or spatially dispersed pulsed Gaussian beam does not change during
propagation in free space, despite the fact that its spatio-temporal profile is con-
sistently changing.

When the angularly or spatially dispersed pulsed Gaussian beam is focused
by the lens, its spatio-temporal profile at the back focal plane of the lens does
not dependent on the propagation distance before the lens. However, the spatio-
temporal profile is tilted. In case of angularly dispersed pulsed Gaussian beam,
the pulse-front tilt at the back focal plane of the lens depends on the initial
parameters of the pulsed Gaussian beam and its sign is determined by the phase-
front curvature and temporal chirp at the input. Whereas in case of spatially
dispersed pulsed Gaussian beam, the pulse-front tilt at the back focal plane of the
lens does not depend on the initial parameters of the pulsed Gaussian beam, and
is determined by the acquired angular dispersion only.

In the particular case, when initial pulsed Gaussian beam is well-collimated
and its overall duration after the angularly dispersive optical element is much
longer than the initial duration, the pulse duration at the back focal plane of the
lens does not depend on the initial duration, and the beam diameter does not
depend on the initial diameter. It has been demonstrated that in such case, the
considered optical scheme could be used to inter-switch the temporal profile of

the pulsed beam with its spatial profile.
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Signal pulse reshaping during the

parametric amplification

Material related to this chapter was published in [A1, A2]

It is well-known that in optical parametric chirped-pulse amplifier (OPCPA),
the spectrum of the signal pulse can be substantially reshaped. The two com-
plementary mechanisms that affect the signal pulse spectrum in OPCPA are:
wavelength-dependent phase mismatch and inhomogeneous amplification of the
chirped pulse, due to non-uniform profile of the pump pulse. Since the spectral
components are temporally delayed in the chirped pulse, different parts of the
signal spectrum could be amplified simply by changing the delay between chirped
signal and a short pump pulse [96]. Such situation is generally not of practical
importance for OPCPA, however, one should have it in mind if difference between
the group velocities of signal and pump can not be neglected. In such case, the
group-velocity mismatch in combination with the depletion of the pump, might
result in ambiguous reshaping of the signal spectrum [97, 98].

In order to reduce the spectral narrowing occurring when a chirped signal
pulse is being amplified by a Gaussian pump pulse, in most common situations
of OPCPA, the employed signal pulse is considerably shorter than the pump
pulse [99]. Note that such spectrum narrowing occurs even in the case of perfect

phase matching for all signal wavelengths. Obviously, the spectral narrowing
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could be avoided if the duration of the signal pulse was much shorter than the
duration of the pump, or if the temporal profile of the pump pulse was flat-top.
However, formation of the flat-top pump pulse is demanding, and in the former
case, a trade-off between the amplified bandwidth and pump-to-signal conversion
efficiency arises [100, 101, 102, 103]. Nevertheless, in the saturation regime, the
Gaussian spectrum of the signal may be reshaped into super-Gaussian and may
become broadened significantly. Furthermore, it may possess a dip around the
central wavelength due to back-conversion [100].

As it was explained above, when phase-matched bandwidth is much broader
than the spectrum width of the chirped signal pulse, the amplified bandwidth
essentially depends on pump-to-signal duration ratio. However, if phase-matched
bandwidth is not that broad, then phase matching also takes a part in reshap-
ing of the signal pulse. In particular, only the spectral components of the signal
pulse that are phase matched with the pump, will be preferentially amplified.
Consequently, just the part of pump pulse, which is over the phase-matched com-
ponents of the chirped signal pulse, will be depleted. And here comes an idea, pre-
sented in [104], that wavelength-dependent phase mismatch in combination with
arbitrarily-shaped temporal profile of the pump pulse could be used to achieve
a uniform spectral gain for the chirped signal pulse. In particular, it has been
shown that ideal combinations of wavelength-dependent phase mismatch, pump
intensity, seed intensity, and their temporal profiles can significantly boost am-
plifier bandwidth as well as conversion efficiency, allowing in some amplifiers a
severalfold increase of the obtainable peak power.

Spectral shaping by means of phase matching might also be employed in order
to extend the total bandwidth of the parametric amplifier [105, 106]. The basic
idea in this case is to phase match and amplify different parts of the signal spec-
trum in the subsequent amplification stages, and in such a way to achieve much
broader signal spectrum, in comparison to a single-stage case.

As referenced above, there are many works devoted to the analysis and op-

68



Chapter 4. Signal pulse reshaping during the parametric amplification

timization of the OPCPA (see also [21, 107, 108]). So far, almost all of them
assume a 1D model of plane monochromatic waves and focus their attention to
the achievable signal bandwidth or conversion efficiency. Only very recently an
extensive 3D study, taking into account the transverse dimensions, has revealed
a new aspects of signal pulse reshaping during the amplification in noncollinear
OPCPA [20]. It has been shown that, in noncollinear parametric amplifier, when
pulse fronts of pump and signal are not matched, the signal pulse becomes tilted
and aside from angular dispersion has a spatial chirp. The main results of this

study are presented in the following sections.

4.1 Manifestation of spatial chirp

As it was mentioned above, the temporal spectrum of the signal pulse may be re-
shaped even in the case of extremely broad bandwidth of OPCPA. Yet, in case of
noncollinear interaction not only the spectrum of the signal pulse, but the whole
spatio-temporal distribution might be reshaped. Typically, the extremely broad
amplification bandwidth is provided by the noncollinear optical parametric am-
plifiers (NOPAs) operated at the so-called "magic” phase-matching angle [13, 14].
However, this noncollinear configuration has a drawback, arising as a consequence
of pulse-front mismatch of signal and pump. It has been shown [15, 16], that
due to pulse-front mismatching, signal pulse experiences a reshaping, which leads
to the reduced conversion efficiency and spatio-temporal distortions of the signal
pulse, such as pulse-front tilt, angular dispersion and spatial chirp. These dis-
tortions limit the achievable minimum pulse duration and are more pronounced
in case of the femtosecond pulse amplification, when the physical length of the
pulses, in most of the cases, is much less than the diameter of the beams.

The angular dispersion induced in noncollinear parametric amplifier has been
studied in several works [5, 18, 19]. It was shown, that this type of distortion can
be eliminated or significantly reduced by pulse-front matching. In those works,

the presence of the angular dispersion was considered as a consequence of the

69



Chapter 4. Signal pulse reshaping during the parametric amplification

pulse-front tilting. However, as it was pointed out by Akturk et al. [39], the
pulse-front tilt and angular dispersion are not equivalent. It has been shown,
that the pulse-front tilt can be also caused by the simultaneous presence of the
spatial and temporal chirp. Therefore, solely from the pulse-front tilt, one cannot
conclude that the pulse has angular dispersion.

A typical femtosecond NOPA has been studied in [17], and the measurements
taken by imaging spectrometer have revealed, that at the output of NOPA the
signal pulse has a slight spatial chirp. This result has spurred the following re-
search on the spatio-temporal distortions arising in noncollinear OPCPAs due to
pulse-front mismatch. In what follows, the performed investigation reveals that
signal pulse tilting induced by the pump pulse, causes simultaneous appearance of
angular dispersion and spatial chirp. However, in case of large temporal chirp of
the signal pulse, the contribution of the angular dispersion to the pulse-front tilt
becomes negligible. In parallel, we discuss the case when pump and signal fronts
are perfectly matched.

This study is organized as follows. In section 4.2 we give an explanation for
the origin of spatial chirp and present results of analytical treatment of the non-
collinear parametric amplification. The expressions relating the magnitudes of
the acquired spatial chirp and angular dispersion to the temporal chirp of the
signal pulse are derived. In section 4.3 we present results of (3D+1) numerical
experiments for the case of femtosecond noncollinear OPCPA. And in section 4.4

experimental verification of the theoretical findings is presented.

4.2 Spatial chirp and angular dispersion in noncollinear
OPCPA

The origin of the signal pulse tilt and spatial chirp in noncollinear parametric am-
plifier can be explained with the help of schematic diagram presented in Fig. 4.1a.
In the figure interacting pulses are depicted by iso-intensity lines: red ellipse for

signal pulse and green ellipse for pump pulse. In noncollinear amplifier signal
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Figure 4.1: Noncollinear interaction scheme when pump and signal fronts are not matched
(a) and when pump front is tilted to match the signal front (b). Wave vectors k; and ks
denote propagation direction of signal and pump pulse, respectively; O’ denotes the optic axis
of nonlinear crystal; 6 - phase matching angle, « - noncollinearity angle.

pulse and pump pulse propagates at slightly different directions, which in the fig-
ure are indicated by wave vectors ki and ks, respectively. In the case of common
noncollinear amplification, the amplitude fronts of signal and pump pulses are not
matched and, as a result, the contour of constant gain (black ellipse) is tilted with
respect to signal pulse front. Consequently, during parametric amplification the
powerful pump pulse makes signal pulse tilted. Furthermore, if input signal pulse
is temporally chirped the different spectral components are amplified at differ-
ent transverse positions (see Fig. 4.1a). Thus, signal pulse acquires spatial chirp,
which can be characterized in terms of spatial dispersion or frequency gradient
[38]. Obviously, the magnitude of spatial chirp depends on the temporal chirp of
the signal.

We note that spatio-temporal distortions can also emerge due to simultaneous
temporal and spatial walk-off of pump and signal pulses even if their fronts are per-
fectly matched in noncollinear amplifier (Fig. 4.1b). However, it requires nonlinear
crystal of length comparable or longer than characteristic spatial and temporal
walk-off distances of interacting pulses. This case of spatio-temporal distortions
buildup is not considered here, since short crystals providing the broadband op-

tical parametric amplification are typically used in practice.
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The study is aimed to give an explanation on how the spatial chirp and angular
dispersion can emerge just from signal pulse temporal chirp and front mismatch
of signal and pump pulses (Fig. 4.1a). For that reason we are using analytical
model of undepleted-pump parametric interaction with omitted dispersion and
diffraction terms. Such model of the stationary parametric amplification shows
that spatial chirp and angular dispersion could be produced ”instantly” and are
merely the result of the product of signal and pump pulse envelopes. Obviously,
this model is valid only when nonlinear crystal is considerably shorter than the
characteristic lengths of dispersion and diffraction effects. If such condition is
not satisfied the dispersion and diffraction terms should be included (it is done
in numeric experiments presented in Sect. 4.3). However, the inclusion of disper-
sion and diffraction effects will make just some distortions and reductions to the
"instantly” produced spatial chirp and angular dispersion.

The characteristics of the spatial chirp and angular dispersion were examined
using analytical expressions derived from the approximate solution of coupled
differential equations describing three wave parametric interaction in undepleted-
pump approximation. Assuming that pump intensity is so high that large am-
plification factor is achieved in short nonlinear medium, the diffraction as well as
dispersion effects can be neglected. Then complex amplitude of the signal pulse,
amplified in the field of transform-limited pump and in the case of perfect phase

matching, is readily found to be [109]
Aq(t,x, 2) = A1(t,x, 2 = 0) cosh(A3(t, z)oz), (4.2.1)
where Aj(t,z,z = 0) and As(t,z) are the amplitudes of signal and pump pulses

at the entrance of amplifier; ¢ is the nonlinear couping coefficient

_ WiW2 Xeff

2¢2 \kiks'

where Yo = 2df is the effective nonlinear susceptibility, w; and ws are the carrier

(4.2.2)

frequencies of signal and idler pulses, respectively, k1 and ko are their correspond-
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ing wavenumbers in nonlinear crystal. In the case of large gain (As(t,z)oz > 1)

the asymptotic approximation cosh(z) ~ %exp(m) becomes valid. Thus
1
A1t z,2) = §A1(t,x, z = 0)exp(As(t,z)oz). (4.2.3)
We assume that initial signal pulse is Gaussian and linearly chirped:

t2 z?
Ai(t,x, 2 =0) = Ajgexp (_ﬁ (1 —ivy) — —2) : (4.2.4)
1 P1
where 71, p1, 7 are the pulse duration, the beam diameter and the temporal chirp
parameter of the signal, respectively. Pump pulse is also assumed to be Gaussian:
t/2 x/2
As(t',2') = Aspexp (——2 - —2) , (4.2.5)
7, P
3 3
where 13 is the pump pulse duration and p3 is the pump beam diameter. Due
to noncollinear interaction the pump pulse is rotated by internal noncollinearity

angle iy in the frame of coordinates (¢, z) fixed with the signal pulse, thus its

amplitude is given by

. 2 . 2
(tug cos aipg — @ SN Qg ) (tug sin ajpg + T COS Qing)
AS(tal’) :AgoeXp - 2 9 - 2 )
T3U3 P3

(4.2.6)
where ug is the group velocity of the pump pulse. After some reorganizing,

Eq. (4.2.6) may be rewritten in a more convenient form:
As(t, z) = Asgex (t—por)” 2 (4.2.7)
3(t, 30 €XP = 2| 2.

where 7 is the pump pulse duration, p is the pump beam diameter and pg is the

parameter of pump pulse tilt in the frame of the signal pulse coordinates, namely

T = 7'3@, (4.2.8)
)
p= \/p?,) cos? aing + T3 sin? Qi (4.2.9)

9 2) COS Qjpt SIN Qint

2
po = (p5 — 35U 4.2.10
( 3~ T3U3 203 ( )
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In the proximity of the peak of the pump envelope we have ¢, x ~ 0, thus

A A (t — pox)z ZL‘2
Substituting Eqs. (4.2.4) and (4.2.11) into Eq. (4.2.3), we obtain:
t? , 2?2 (t—pox)? 2’
Aq(t,z, 2) = Agexp [_7'_12 (1—iy)— p_% - sz — ?Fz , o (4.2.12)

where I' = 0 Agq is the small-signal gain coefficient and Ag = %Alo exp(I'z) is the
peak amplitude of amplified signal pulse.

The characteristics of induced pulse-front tilt, spatial chirp and angular dis-
persion can be investigated by analysis of the Eq. (4.2.12). In the following we
derive analytical expressions parameterizing the magnitude of the spatio-temporal
distortions.

The induced spatial chirp is determined from spatio-spectral intensity distri-
bution F(w,x), whereas angular dispersion is determined from spatio-temporal
spectrum intensity distribution G(w, k;) [40]. These distributions can be obtained

by Fourier transform of the complex amplitude described by Eq. (4.2.12), namely

2

Flw,z) = ‘ /_ T AL () exp (i) | (4.2.13)

2

G(w, ky) = ' / /_ Z Aj (t,z) exp (iwt — ikya) dtde (4.2.14)

By slicing the surface F'(w,x) at number of frequencies, we obtain a set of
functions F,(r) = F(w = const.,z). The beam center position x for each fixed
frequency value is defined as a point corresponding to the peak intensity in the
slice F,(x). Finally the induced spatial chirp, or more precisely spatial dispersion,
is characterized by the slope dzg/dw of the retrieved function xg(w) [38].

Similarly, the induced angular dispersion is characterized by the slope dk,o/dw,
where kzo(w) is a function retrieved by slicing the surface G(w, k;) at fixed fre-
quency values and by finding the spatial frequency value k,y corresponding to

the peak intensity in each slice. Note that spatial frequency k.o is a projection
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Figure 4.2: Variation of the iso-intensity lines of normalized spectra defined by conditions (a)

F(2mv,z) = § and (b) G(27v,27f,) = % when increasing temporal chirp parameter v of the

signal pulse: 73 = 0, 79 = 5, v3 = 10. Filled circles correspond to the most-distant points of
iso-intensity lines along the frequency axis. 73 = 300 fs (FWHM), uz = 0.2 pm/fs, p5 = 1 mm
(FWHM), Tz =9, ajnt = 2.6 deg, 71 = 100 fs (FWHM), p; = ps.

of the wave vector k onto x axis, namely kzo = |k|sin By, where [y is the angle
between propagation direction of the spectral component and the z axis. Using
this relation angular dispersion could be readily expressed in a common form as
the propagation angle dependence on frequency dfy/dw [39].

Note that functions zo(w) and kgo(w), corresponding to the Gaussian pulse with
linear front tilt and linear temporal chirp, are linear as well and can be derived
analytically from geometrical considerations. Any linear function is determined
just by two points, thus the desired functions can be obtained by finding two the
most-distant points of the iso-intensity line of F'(w, z) and G(w, k) distributions
along the frequency axis (Fig. 4.2). The straight line crossing these two marginal
points determines the position of all the points that would be retrieved from the
slicing method described above. Thus we have obtained the analytical expres-

sions relating the slopes of xg(w) and kyo(w) functions to temporal and spatial
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parameters of the interacting pulses:

dzg Y Asd
= 4.2.15
dw 2B+ C ( )
and
dkxO Aad
= 4.2.16
dw  ?B+C’ ( )
where
Aa = gpoTipiTs ey, (4.2.17)
Aaa = pori (77 +78) (o1 + 05) + porins) (4.2.18)
B = 73 (15 (01 + %) + pipins) (4.2.19)
C = (f+7) ((F +75) (o1 +05) +pipies) . (4.220)

In the preceding equations we have denoted 74 = 7/ VT2 and ph = p/ VTz.

Also, in the equivalent way, the analytical expression for the parameter char-
acterizing pulse tilt of the amplified signal in (¢,x) plane was obtained from the
intensity distribution Ay (¢, z, 2)|?:

dto _ po
de 14782/

(4.2.21)

where to(x) is the dependence of pulse delay on transverse position in the beam.

In this study we are addressing the dependence of the induced spatial chirp
and angular dispersion on the initial temporal chirp of the signal. Thus in the
following analysis only the temporal chirp parameter -y is being varied, while other
initial parameters of the pulses are fixed.

The straight lines in Fig. 4.2 depict the induced spatial and angular dispersions
for the three different values of the temporal chirp parameter. Spatial dispersion
is depicted in Fig. 4.2a as xg(v) = 27r%1/, and angular dispersion is depicted in
Fig. 4.2b as fyo(v) = d(iiou.

For the fixed signal pulse duration, the greater value of the temporal chirp pa-

rameter 7y corresponds to the broader bandwidth of the signal pulse (see Fig. 4.2).
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Since signal beam diameter and thus the width of the spatial spectrum for the
certain interaction geometry are fixed, the increase of chirp parameter v leads to
the reduction of the slopes dzg/dw and dk,o/dw, as it can be seen from Fig. 4.2.
Namely, in the case of large v values the magnitude of the induced angular dis-
persion according to Eq. (4.2.16) vanishes as 1/+2. However, the magnitude of
the spatial dispersion given by Eq. (4.2.15) reduces just as 1/v. Thus for the
large temporal chirp (v > 1) the pulse-front tilt of the amplified signal is mainly
caused by spatial and temporal chirp. Whereas in case of the transform-limited
signal pulse amplification (v = 0) the amplified signal pulse has no spatial chirp,
but possesses non-zero angular dispersion. Note, that angular dispersion of the
amplified signal pulse is caused entirely by the front tilting and is unrelated to the
phase matching in nonlinear material. Also note that in the case of interaction
when pulse fronts are perfectly matched (Fig. 4.1b) we have pg = 0, therefore
amplified signal pulse is free from spatial and angular dispersions.

As it can be seen from Eq. (4.2.21), signal pulse tilt p depends on the signal-
to-pump duration ratio, but is independent of temporal chirp of the signal pulse.
The tilt of the signal pulse p is always smaller than the tilt of the pump pulse
po, and decreases when reducing the duration of the signal pulse. Naturally, it
is desirable to avoid spatio-temporal distortions, however, if signal pulse duration
is much shorter than duration of the pump pulse it would lead to the significant
drop in conversion efficiency. Thus in the further analysis signal pulse duration is
restricted to m3/71 = VTz, since this ratio of durations was shown to be the op-
timum, when considering conversion efficiency and bandwidth of amplified signal
pulse [100].

The tilt of the amplified signal pulse essentially depends on the pump pulse
tilt pg. Consequently, sign and magnitude of the signal pulse tilt depends on the
ratio of pump pulse duration and pump beam diameter, as it can be seen from
Eq. (4.2.10). In case when 13u3 < ps, i.e. in the usual case of femtosecond pulses,

the angle of the pulse-front tilt of the pump is close to the noncollinearity angle.
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Figure 4.3: Dependences of pulse tilt (a), spatial dispersion (b) and angular dispersion (c) of
the amplified signal on the pump pulse duration (FWHM) for the three different pump beam
diameters (FWHM): 2 mm (red line), 1 mm (green line), 0.2 mm (black line). uz = 0.2 pm/fs,

Pz =09, aing = 2.6 deg, 71 = 73/VIz2, p1 = ps, 77, = 10 fs (FWHM), v = /7¢/75, — 1. Note
the logarithmic scale of the z-axis.

Whereas, in case when pulse physical length and beam diameter of the pump are
equal, i.e. Tsuz = p3, the tilt of the pump pulse vanishes (py = 0) and so does
the tilt of the signal pulse. As one can see from Egs. (4.2.17) and (4.2.18), the
spatial dispersion as well as angular dispersion in this case vanish as well. Hence,
it is possible to avoid spatio-temporal distortions simply by matching the physical
length and beam diameter of the pump. For longer pump pulse durations, i.e.
T3us > ps3, the tilt of the signal pulse increases in magnitude, but in this case
signal pulse is tilted in the opposite direction (see Fig. 4.3a). Note that it is
true only while the length of the nonlinear crystal is longer than the physical
length of the pump pulse. Otherwise signal pulse front is not effected by the front
mismatching of the interacting pulses.

In addition to the dependence of the signal pulse tilt, Fig. 4.3 shows the depen-

dences of spatial and angular dispersions on the pump pulse duration for the three
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different pump beam diameters. Note that the dependences of angular dispersion
(Fig. 4.3c) are quite far different from the ones of spatial dispersion (Fig. 4.3b).
As one can see from Fig. 4.3c, independently from the pump beam diameter, the
magnitude of the induced angular dispersion decreases rapidly and becomes negli-
gible for pump pulse durations longer than 1 ps. Whereas the magnitude of spatial
dispersion, depending on the pump beam diameter, might be about the same for
pump pulse durations in the femtosecond and picosecond scales. Nonetheless the
magnitude of spatial dispersion generally increases with the increase of the pump
beam diameter. Hence, this figure clearly demonstrates, that the induced spatial
and angular dispersions are more pronounced in case of femtosecond pump pulses,
when the physical length of the pulses is much less than the diameter of the beams.
Note that in this figure the bandwidth of the signal pulse is fixed. Therefore the
temporal chirp parameter v is a function of the signal pulse duration, namely
v = ,/712 / T%L — 1, where 77y, is transform-limited duration of the signal pulse.
Finally, let us note that diffraction in free space and focusing by the lens of
the Gaussian pulses possessing angular as well as spatial dispersion were studied

in Sect. 3.2 and Sect. 3.3, respectively.

4.3 Numerical experiments

In order to check the findings we have performed numerical experiments of the
three-wave parametric interaction in BBO nonlinear crystal, using the symmetrized
split-step method [64, 102]. According to this method the medium was divided
into number of slices. Diffraction and material dispersion were accounted for in
each slice independently from the nonlinearity of material. The linear propagation

of the waves was handled in the Fourier space in accordance with Eq. (2.1.22)

At 2) = Tk, g, { Frwa (A5 exo (=i [h(w, k)2 = K2 = K32) ]
(4.3.1)
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where j=1,2 and 3 indicate signal, idler and pump respectively, and .%# denotes
the Fourier transformation. Dispersion and diffraction effects are accounted for
via exponential term in Eq. (4.3.1), where k(w, k;) = %n(w, k) is the magnitude
of the wave vector and n(w, k) is the refractive index. The spatial walk-off of
the extraordinary wave due to birefringence was taken into account via n(w, k)
dependence on kg, that is, on propagation direction (Eq. (2.1.24)).

The nonlinear step, accounting for the three-wave parametric interaction, was
performed using fourth-order Runge-Kutta method for integration of the coupled

three-wave equations (2.2.8) in the near field representation (¢, x,y)

0A; W 2) s

B2 lgpy e Yer A3z,

0As T .

== —z2k2262 2 A34%, (4.3.2)
8A3_ _wg 2)

E N _ZngcQXeff 12

Note that for the nonlinear step, a slowly varying envelope approximation was
assumed (Eq. (2.2.5)).

In numerical experiments it was also accounted for self-focusing and cross-
focusing as well as self-phase and cross-phase modulation, due to third order non-
linearity of the BBO material. The intensity dependent spatio-temporal phase
modulation was accounted in each step under slowly varying envelope approxima-

tion in accordance with Eq. (2.2.8)

k=3
Aj(t,z,y,2) = Aj(t,x,y) exp —iﬂng Li(t,z,y) + 2 Z I(t,z,y) | 2|,
c

k=1,k#j
(4.3.3)
where [;(t,z,y) is the intensity of the wave and wj is its central frequency. The
nonlinear refractive index was taken to be ng = 5.5x 10716 cm? /W [110]. However,
the modifications of the characteristics of amplified signal pulse due to Kerr effect

were negligible.

Numerical experiments were performed for the case of type-I (0o-e) interaction
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Figure 4.4: Calculated phase-matching curve (black line) at the magic phase-matching angle
of # = 24.67 deg in type-I BBO crystal pumped by A3 = 512 nm. Signal pulse spectrum
corresponding to 10 fs transform-limited Gaussian pulse is depicted by gray solid line.

in 1.5 mm long BBO crystal at the phase matching angle § = 24.67 deg and
internal noncollinearity angle ajy,e = 2.6 deg. In what follows, these angles were
found for the broadband phase matching of 512 nm pump wavelength and 800 nm
signal wavelength.

In case of perfect phase matching, wave vectors of interacting waves form a

triangle, from which noncollinearity angle can be obtained [14]

kiR -k

cos(int(N)) = ST (4.3.4)

Broadband phase matching in the vicinity of 800 nm wavelength is ensured by

setting the condition:
aOéint

=0. (4.3.5)
oM A1=800 nm

Thereby solving this equation for 8, the "magic” phase-matching angle was found.
As it follows from Eq. (4.3.5), the noncollinearity angle ajn(A) keeps nearly con-
stant value for broad spectral range (see Fig. 4.4), thus the broadband signal
pulse free from the induced angular dispersion can be amplified [26].

In numerical experiments, the durations of pump and signal pulses were set
to 300 fs and 200 fs (FWHM), respectively. The bandwidth of the chirped signal
pulse corresponded to 10 fs transform-limited pulse duration. Thus it resulted in
temporal chirp parameter of v = 20. Beam diameters of signal and pump were

equal to 1 mm (FWHM), whereas peak intensities were 40 GW /cm? for the pump
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Figure 4.5: Normalized intensity profiles of amplified signal pulse in three different domains
(see text) for the three different input conditions: (a-c) when signal pulse is temporally chirped
(v = 20); (d-f) when signal pulse is transform limited (y = 0); (g-i) when fronts of signal and
pump pulses are matched (v = 20). Note that the scale interval of frequency axis is reduced ten
times in (e) and (f) due to narrow bandwidth of transform limited signal.

and 0.03 GW/cm? for the signal. Pulse and beam profiles were Gaussian. The
coefficients of Sellmeier equations given by Kato [111] were used and the effective
second order nonlinear susceptibility was taken to be ng) =4 pm/V [102].
Results of numerical experiments are summarized in Fig. 4.5. Three rows of
graphs correspond to the three different input conditions: results in case of tem-
porally chirped (y = 20) signal pulse amplification when fronts of the pulses

are not matched are presented in the first row (a-c graphs), for the same initial

conditions, but in case of transform limited (y = 0) signal pulse amplification,
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results are presented in the second row (d-f graphs) and in the third row (g-i
graphs) results for the case of pulse-front matching are presented. Three columns
in the figure correspond to three different domains of normalized intensity distri-
butions of the amplified signal pulse: the first column (a, d, g graphs) depicts near
field intensity distributions |A(t, )|?, the second column (b, e, h graphs) depicts
the spatio-spectral intensity distributions F'(27v, x) and the third column (c, f,
i graphs) depicts the far field intensity distributions G(27v, 27 f;). One can see
from the graphs presented in the first row that, after amplification of temporally
chirped signal pulse, it becomes tilted (Fig. 4.5a) and has spatial chirp (Fig. 4.5b),
but its angular dispersion is negligibly small (Fig. 4.5¢). Whereas from the graphs
presented in the second row one can see that after amplification of the transform
limited signal pulse it has no spatial chirp (Fig. 4.5¢e), but acquires angular dis-
persion (Fig. 4.5f). Note that in this case signal pulse tilt (Fig. 4.5d) is nearly the
same as in the case of temporally chirped signal pulse amplification.

Lastly, in the case of pulse-front matching, i.e. in case of interaction geometry
depicted in Fig. 4.1b, as expected, amplified signal pulse has no spatio-temporal
distortions (see Fig. 4.5g, 4.5h, 4.51). However, the results of numerical experi-
ments show that pulse-front matching leads to narrower bandwidth of the ampli-
fied signal pulse. In the case of pulse-front matching signal bandwidth at FWHM
was 1067 cm ™!, whereas in the case when fronts were not matched the bandwidth
was 1242 cm™!. Pump-to-signal energy conversion efficiencies were calculated to
be 12.6 % and 11.2 %, respectively. Better spatio-temporal overlap of signal and
pump pulses leads to higher conversion efficiency in the case of matched fronts,
however, the broader bandwidth is achieved when fronts are not matched due to
longer effective duration of the pump pulse. Hence, when signal and pump pulse
fronts are mismatched the bandwidth of the amplified signal pulse depends not
only on signal-to-pump duration ratio and temporal profile of the pump pulse
[100, 102], but also, on pump beam diameter and spatial profile as well. This

is a result of space-time coupling introduced by the rotated pump pulse, as it
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Figure 4.6: Dependences of FWHM bandwidth of amplified signal pulse (black line) and pump-
to-signal energy conversion efficiency (red line) on pump beam diameter (FWHM) in case when
fronts are not matched.

can be seen from Egs. (4.2.8)—(4.2.10). The dependences of the signal bandwidth
and pump-to-signal energy conversion efficiency on the pump beam diameter are
depicted in Fig. 4.6. As one can see, the broader bandwidth can be achieved
with the increase of the pump beam diameter, however at the cost of conversion

efficiency.

4.4 Experimental verification

The experiment was carried out in two-stage NOPA [A2], driven by femtosecond
Yb:KGW laser system ("PHAROS”, Lightcon Ltd.), which after second harmonic
generation was delivering 200 pJ and 300 fs pulses centered at 512 nm. White
light continuum, generated in a bulk sapphire and then precompressed in a prism
pair compressor, was used as a broadband seed in this setup. The amplification
was performed in type-I BBO crystal at the phase-matching angle § = 24.6 deg
and internal noncollinearity angle ajy¢ close to 2.6 deg. In the first amplification
stage seed and pump beams were focused into 1.5 mm long BBO crystal, where
signal pulses were amplified to 1 pJ energy. The spatio-temporal distortions of
the signal pulse were negligible in this stage due to small beam size, which was

nearly 70 pm at FWHM. Further signal beam was expanded to 1.2 mm diameter
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Figure 4.7: Spatio-spectral intensity distributions F(A,z) (a, ¢ graphs) and far field intensity
distributions G(A, 8) (b, d graphs) of amplified signal pulse in case of not matched fronts (first
row) and in case of matched fronts (second row).

and collimated to the second 2.5 mm long BBO crystal, where it was amplified
from 0.8 pJ to 14 pJ energy. The estimated signal pulse duration was 200 fs,
while its bandwidth corresponded to the transform limited pulse duration of 10 fs
and to the chirp parameter value of 20. Peak intensity of the pump pulse in the
second stage was 35 GW/cm?.

The spatio-temporal distortions of the amplified signal pulse were investigated
in both matched-front and non-matched-front cases of noncollinear parametric
amplification. For the measurements of angular and spatial distributions of the
signal spectrum an imaging spectrometer similar to one described in [66] has been
used, except that achromatic lenses were replaced by spherical mirrors in the
current setup. For measurements of the angular dispersion the signal beam was
focused into the entrance slit of the spectrometer by spherical mirror of 1 m focal

length placed at a focal distance from the slit, whereas for spatial chirp measure-

85



Chapter 4. Signal pulse reshaping during the parametric amplification

ments, the mirror was moved to the position required for the exact imagining of
the BBO output plane onto the entrance slit.

Initially, spatial chirp and angular dispersion were measured for the signal
pulse before amplification, indicating that spatio-temporal distortions are unde-
tectable within our experimental accuracy. However, the experimental results for
the amplified signal pulse show that in the case of not matched pulse fronts the am-
plified signal pulse acquired spatial dispersion of dxg/d\ = 1 um/nm (Fig. 4.7a),
whereas angular dispersion was found to be negligible (Fig. 4.7b). The residual
angular dispersion alone would correspond to the pulse-front tilt of approximately
0.03-0.04 deg which is insignificant compared to the noncollinearity angle in this
interaction. This leads to the conclusion that pulse-front tilt is related to the
simultaneous presence of spatial and temporal chirp. After the pump pulse front
was tilted employing BK7 prism of 67 deg apex angle in order to match the fronts
of signal and pump pulses neither spatial chirp (Fig. 4.7¢) nor angular dispersion

(Fig. 4.7d) were observed after amplification.

4.5 Conclusions

We have investigated spatio-temporal distortions acquired by signal pulse in non-
collinear OPCPA due to pulse-front mismatch. The analytical expressions derived
from the solution of the coupled wave equations of three-wave interaction allows
for easy analysis of pulse-front tilt, spatial and angular dispersion. It was shown
that the acquired pulse tilt by the signal is always smaller than the tilt of the
pump pulse, and that both vanish when the physical length of the pump pulse
is equal to its diameter. The results of analytical treatment complemented by
numerical experiments in the (3D+1) space has shown that in case of amplifica-
tion of strongly chirped signal pulse in NOPA, it acquires spatial chirp as well
as pulse-front tilt, however the angular dispersion is negligible. On the contrary,
when transform limited signal pulse is amplified, at the output it is also tilted, but

possess angular dispersion only. Theoretical findings were verified by experiment.
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Chapter 5

Compressor-less OPXPA with

subsequent space-time focusing

Material related to this chapter was published in [A3]

Optical parametric chirped-pulse amplification (OPCPA) [3] has became a
widely recognized technique [7, 9, 10, 112, 113, 114, 115] and recently was investi-
gated for generation of few-cycle light pulses with petawatt peak powers [108, 116]
and beyond [92]. In particular, the broad amplification bandwidth of the optical
parametric amplifier is provided by the noncollinear interaction geometry. When
combined with an angularly dispersed signal beams, it could yield still broader
parametric bandwidths [21, 22, 23]. Additionally, the use of angular dispersion
could open the route for parametric amplification of chirped X-pulses, featuring
temporal compression during propagation in free space [24, 25]. For the case of
high-peak-power pulses this feature would be of particular importance, since in
contrast to ordinary OPCPA technique, the pulse compressor is no longer needed.
Yet the realization of such compressor-less idea has been left to be proven as
obtaining a particular X-pulse for seeding is obscure.

The main requirement for the X-pulse to be seeded is actually the same as
for Gaussian-shaped pulses, namely, the angular dispersion of the pulse must be
perfectly matched with the phase-matching curve. One realistic possibility for

obtaining such X-pulses was experimentally demonstrated in [27, 28]. It has been
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proven that X-pulses, or pulsed conical waves (PCWs) in general, with the angu-
lar dispersion, which corresponds to the phase-matching curve, can be obtained
by parametric amplification of the tightly focused signal. Remarkably, due to
tight focusing the initial Gaussian-shaped beam is self-adopted by the paramet-
ric amplifier and is transformed into conical one, defined by the phase-matching
condition (a more detailed explanation is given in the next section). Therefore,
there is no need to apply any angular dispersion to the seeded pulse. However,
in those works, parametric amplification was performed in the near field of the
tightly focused signal, thus resulting in gain saturation without appreciable energy
transfer from the pump. In this contribution, we present a method that allows
to avoid amplification of the near field possessing the intense central spike. In
our method, the far field of the tightly focused signal is amplified. Therefore, a
sudden manifestation of the saturation regime is avoided. This is a simple, yet
essential improvement regarding the previous works.

This study is aimed to deliver a new approach in generation and amplifica-
tion of few-cycle high-peak-power light pulses by means of optical parametric
amplification (OPA). The proposed method combines the major features of OPA
and chirped-pulse amplification (CPA), namely, the ultra-broad parametric band-
width, which is achieved by achromatic phase matching, and amplification of
stretched seed pulse, which is achieved by performing the far field amplification
of the PCW. Moreover, these features are brought in a simple setup, in which a

pulse compressor is dismissed.

5.1 Gaussian wave-packet reshaping into conical via para-

metric amplification of the far field

There are many works that consider the ways of achieving a broadband phase
matching. However, none of them points out that one of the easiest way to achieve
the broadband phase matching is by tightly focusing the signal beam. Recently

it was demonstrated, that broad angular spectrum of the tightly focused signal
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beam can be exploited in generation and amplification of pulsed Bessel beams
[27] and conical wave-packets in general [28]. In the following it is demonstrated,
that such amplification is particularly suitable for pulsed conical wave paramet-
ric amplification (PCWPA) with subsequent spatio-temporal compression during
propagation in free space.

In case of parametric amplification of tightly focused signal, the angular disper-
sion, corresponding to the phase matching curve, is imprinted in the signal pulse.
Usually, the imposed angular dispersion is considered as a drawback that must be
corrected for [26]. However, in the scheme presented below it is a workhorse em-
powering temporal compression of the amplified signal pulse during propagation
in free space. This feature is of particular importance and is a major advantage
over ordinary OPCPA technique, since there is no need for pulse compressor.

In the following, we numerically demonstrated that Gaussian wave-packet can
be reshaped into pulsed conical wave just by means of lens and nonlinear crystal.
We pointed out that performing the far field amplification of the PCW is the
key for generation of localized PCWs with ultrahigh intensities. It allows to form
ultra-intense and propagation invariant wave-packets capable to propagate over
many Rayleigh range in the desired material.

The scheme under consideration is depicted in Fig. 5.1. Actually it is cylindrical
symmetric, except that the optic axis of the nonlinear crystal is not. In what
follows, the main clues of the proposed method are explained using the results
of the numerical experiment, from which intensity profiles of the signal pulse are
depicted in the distinctive space and time domains.

The basic idea is to achieve broadband phase matching simply by sending signal
pulse with wide angular spectrum into the nonlinear crystal [117]. Therefore, we
put lens in front of the nonlinear crystal. In such case the optical parametric
amplifier becomes achromatically phase matched, i.e. phase mismatch is equal
to zero for all signal wavelengths along the phase-matching curve. Thus, the

width of the amplified temporal spectrum is virtually not limited by the nonlinear
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Figure 5.1: Schematic representation of interacting waves. ks and k;, denote wave vectors of
signal and pump waves, respectively; O’ denotes the optic axis of nonlinear crystal; 6 - phase-
matching angle; f - focal length of the lens; L - the length of the nonlinear crystal; d; - the
distance between the lens and the entrance plane of the nonlinear crystal; ds - the distance
between the exit plane of the nonlinear crystal and the actual position of the focal plane of the
lens; d3 the distance between the focal plane and the center of the Bessel-zone.

crystal, unless absorption takes place or phase matching for certain wavelengths
is simply not possible. Yet only those angular components that lay in the vicinity
of the phase-matching curve are amplified by the pump pulse. Consequently, the
amplified angular spectrum becomes ring-shaped (Fig. 5.2a, vivid). The diameter
of the ring is determined by the phase-matching condition, whereas the width
of the ring at each signal wavelength depends on the acceptance angle of the
nonlinear crystal for that wavelength [118]. In such a way the angular spectrum
of the broadband PCW is formed during the parametric amplification.

Note that it is not obligatory for the lens to be close to the nonlinear crystal.
Actually, the results of the experiment would not change at all, if, for the fixed
position of the nonlinear crystal relative to the back focal plane of the lens, the
distance between the lens and the nonlinear crystal was increased. However, an
appropriate scaling of the focal length and diameter of the signal beam in front of
the lens must be ensured, since the width of the angular spectrum of signal beam

in front of the nonlinear crystal must be preserved.
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Figure 5.2: (a) Spatio-temporal spectrum of the signal pulse before (dimmed) and after (vivid)
amplification in nonlinear crystal; phase-matching curve is depicted by black dotted line; v
denotes the spatial frequency v, = k, /27, and v denotes the temporal one v = Q/27. (b)
Spatio-temporal profile of the signal pulse before (dimmed) and after (vivid) amplification in
nonlinear crystal. (c) Spatio-spectral intensity distribution of the amplified signal pulse. (d)
Spatio-temporal profile of the amplified signal pulse at the center of the Bessel-zone. Depicted
signal profiles correspond to DKDP() case (see text for more details). All graphs are normalized.
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Figure 5.3: Iso-intensity profile of the formed PCW at the exit plane of the nonlinear crystal
(a) and at the center of the Bessel-zone (b). Iso-intensity profiles are depicted at 0.5 and 0.05
levels of the peak intensity, respectively. Note that the scales in (a) and (b) are different.

After the lens, signal pulse possess broad angular spectrum and, in addition,
acquires a parabolic spatio-temporal profile (Fig. 5.2b, dimmed). Such profile is

caused by distinct group velocity delay at different transverse position of the lens.
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However, the amplification is selective and just a particular part of the signal
pulse, where angular components are phase matched with the pump, is amplified.
Under such amplification conditions signal pulse becomes ring-shaped (Fig. 5.2b,
vivid). Furthermore, signal pulse acquires the spatial chirp (Fig. 5.2¢) [38], since
different wavelengths are amplified at slightly different positions across the signal
beam. Thereby, due to selective amplification and focusing the far field of PCW
is formed with all the wave vectors directed to the focus.

During propagation in free space toward the focus, the far field evolves, and
finally, results in the near field of the localized PCW. The actual shape of the
spatio-temporal profile of the localized PCW is defined by its angular dispersion
[119, 120]. In our case the angular dispersion is not a free parameter and is defined
by the phase-matching condition. In this particular case, the spatio-temporal
profile (Fig. 5.2d) closely corresponded to a so-called pulsed Bessel-Gaussian beam
[95]. The propagation of such pulse is characterized by Bessel-zone, where the
peak intensity reaches extreme values and the beam diameter is nearly constant.
Actually, pulsed Bessel-Gaussian beams have attracted a considerable interest
due to their superior features over pulsed Gaussian beams in high-order harmonic
generation [121, 122].

The iso-intensity profiles of the formed PCW at the exit plane of the nonlinear
crystal and at the center of the Bessel-zone are depicted in Fig. 5.3. These profiles
were retrieved from the corresponding intensity profiles of Fig. 5.2b and Fig. 5.2d.

It is important to note, that nonlinear crystal performs as a spatial spectrum
filter in this scheme, selecting only those angular components of the signal pulse
that are phase matched with the pump. Therefore, signal pulse with the arbitrary
profile can be reshaped into PCW. It is also noteworthy, that the ultra-broad gain
bandwidth in this scheme is not restricted to the specific phase-matching angles
as it is common in OPCPA setups. Moreover, by changing the phase-matching
angle or, generally, nonlinear crystals as well as wavelengths of interacting waves

it is possible to form PCWs with miscellaneous types of angular dispersion and
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Figure 5.4: (a) Spectral power of the amplified signal pulse (red line); black line depicts initial
spectrum of the Gaussian signal pulse. (b) On-axis temporal profile of the amplified signal pulse
at the center of the Bessel-zone (red line); black dashed line depicts its Fourier transform-limited
profile. All graphs are normalized.

linear propagation features [28, 123]. Therefore, PCWPA could stand as versatile
tool for formation and amplification of PCWs with the specific angular dispersion
adjusted for each application.

Also note that amplified temporal spectrum resembles the initial Gaussian
spectrum (Fig. 5.4a, red line). In addition, it has no significant modulation nor
sharp side peaks, that may emerge in the OPCPA setups employing a fixed non-
collinearity angle for all signal wavelengths [102, 108]. As a result the on-axis
temporal profile of the localized PCW is also nearly Gaussian and is free from
significant pre- and post-pulses (Fig. 5.4b, red line). Such uniform amplification
of the whole signal spectrum was achieved by achromatic phase matching and a
flat-top pump pulse.

The spatio-temporal profile of the amplified signal pulse (Fig. 5.2b, vivid),
i.e. the far field of the PCW, is mainly determined by the interplay between the
acquired angular dispersion and spatial chirp. It actually suggests that the far
field of the PCW can be obtained in advance, i.e. without the explicit simulation of
the parametric interaction. It can be done by calculating back-propagation, from
the focus to the nonlinear crystal, of transform-limited PCW with the specified
angular dispersion in free space. This might be very useful when estimating the
required duration and diameter of the pump, and also, the actual dimensions

of PCW in the far-field. Note that having large spatio-temporal dimensions of
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the far field enables to take the key advantage of the CPA technique. Specifically,
boosting the energy of the far-field that has a rather low intensity, makes it possible
to attain ultrahigh intensity at the focus. In addition, that allows to avoid gain
saturation without appreciable energy transfer when the near field with intense
central spike is being amplified.

Let us note that the focal length of the lens has no effect on the angle at
which the ring-shaped signal beam intersects. This angle is equal to the external
noncollinearity angle and is essentially determined by the phase-matching condi-
tion. Whereas the focal length of lens determines just the width of the angular
spectrum at the entrance of the nonlinear crystal, and the energy of the angular
components that are phase-matched with the pump.

By replacing the spherical lens with the cylindrical one in Fig. 5.1, this scheme
could be also be applied for parametric amplification of one-dimensional pulsed
Bessel-Gaussian beams [124]. Furthermore, if just a half of the signal beam was
overlapped by the pump, then an ordinary pulsed Gaussian beam, possessing
angular dispersion, could be obtained. However, there should be additional lens
in the optical scheme in order to focus this beam. Recall, that focusing of the
angularly dispersed pulsed Gaussian beam results in the spatial chirp at the focus,

and consequently, a transform-limited duration cannot be achieved (Sect. 3.2).

5.2 Pre-chirping of the signal pulse

Before the exemplifying numerical analysis the pre-chirping of the signal pulse
must be considered. Initially, when there is only lens presented in the scheme, sig-
nal pulse must be transform-limited in front of the lens in order to have transform-
limited duration at the focus. However, when nonlinear crystal is placed after the
lens, the spectral phase of the signal pulse must be adjusted before the lens in
order to compensate the introduced material dispersion. Material dispersion of
the lens is not taken into account, i.e. it is assumed to be a parabolic mirror.

Nonetheless, signal pulse is pre-chirped just to compensate the material disper-
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sion, and the real CPA effect is essentially determined by the largeness of the
spatio-temporal profile of the PCW in the far field. Not all the far fields will work
equally well, but those with larger dimensions will enable to gain more energy
into PCW. Comprehensive discussion on this issue can be found in Sect. 5.5.

In the ideal case, when parametric amplification does not introduce any aber-
rations, the localized PCW should be obtained at the focal plane of the lens.
However, the signal and idler beams become mutually trapped during the propa-
gation in the nonlinear crystal [125]. Therefore, at the exit plane of the nonlinear
crystal, the far field of the PCW appears to be slightly shifted from the z-axis
when compared to the ideal case. Consequently, PCW has to propagate some
extra distance ds in free space from the focal plane of the lens to the actual focus,
where it becomes localized (Fig. 5.1). In DKDPW) case the distance d3 from the
focal plane of the lens to the center of the Bessel-zone was 14.6 mm, and in other
two cases it was 22.4 mm (for more details see next section). Due to dispersive
propagation of the PCW in free space, this distance must be accounted for in
order to obtain the transform-limited duration of the localized PCW.

The dispersion experienced by the localized PCW in an arbitrary media can

be evaluated from a simple relation [126]

kz(w) = k(w) cos (a(w)), (5.2.1)

where k(w) = gn(cu), n(w) is the refractive index of the media and a(w) de-
c

fines the angular dispersion of the PCW. Since PCWs are formed through the
parametric amplification, the angular dispersion is directly related to the phase-
matching condition. In case of perfect phase matching of plane waves, the internal

noncollinearity angle between signal and pump can be obtained from [14]

K4 k3— k3

cos(aipt(w)) = ST (5.2.2)

where subscripts 1,2, and 3 indicate the magnitudes of the wave vectors of signal,

idler, and pump, respectively. By taking into account the refraction at the exit
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interface of the nonlinear crystal we obtain

a(w) = arcsin ( - (L) sin (aint(w))> . (5.2.3)

Finally, the group velocity (GV), group velocity dispersion (GVD) and so forth

can be obtained from (5.2.1) in the usual way:

1 dk,
dw

_ d%k,
 dw?

Pk,
 dwd

u

g o (5.2.4)

wo ’ wo wo

Thus, knowing the propagation distance and dispersion orders, the dispersive
propagation of the PCW can be taken into account when pre-chirping signal
pulse. In case of DKDP()| the values of the dispersion orders for localized PCW,

propagating in free space, were:
u™t =3.343 fs/pm, g = —0.003 fs®/pum, h = 0.044 fs>/pm. (5.2.5)

For comparison the corresponding values of the material dispersion of the DKDP

crystal were:
Upkpp = 5-045 fs/pm, gpxpp = 0.019 fs®/um, hpkpp = 0.051 fs*/pm.  (5.2.6)

Lastly, it should be noted that by placing the nonlinear crystal after the lens,
the focal length of the lens is prolonged due to the refraction at the entrance
and exit interfaces of the nonlinear crystal. The distance from the exit plane of
the nonlinear crystal to the actual position of the focal plane of the lens can be
obtained from a simple considerations of geometrical optics. Knowing the internal
aint and external o noncollinearity angles, this distance can be calculated for the

particular wavelength by the following formula
dy = f — di — Ltan(aynt) cot(a), (5.2.7)

where f is the focal length of the lens, dj is the distance from the lens to the
entrance plane of the nonlinear crystal, and L is the length of the nonlinear crystal.

In addition it is important to note, that refraction at the interfaces of the non-
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linear crystal also introduces a non-negligible aberrations to the pulsed Gaussian
signal beam. These aberrations are caused by the wide angular spectrum of the
signal beam. Due to these aberrations, the initial Gaussian pulse is no longer
transform-limited at the focus, yet the FWHM duration and the diameter are
very close to the transform-limited ones. However, the peak intensity at the focus
is reduced by 10-15 % in comparison to the case when nonlinear crystal is removed
from the scheme. Nevertheless, the width of the angular spectrum of the formed
PCW is much narrower than that of the initial Gaussian beam (see Fig. 5.2a).
Therefore, the influence of the refraction-related aberrations on the peak intensity

of the localized PCW is negligible.

5.3 Numerical experiments

In this section we present a detailed numerical study of the method presented
above (Fig. 4.1). The numerical experiments were performed for the case of Type
I (0oo-e) interaction in DKDP crystal using the split-step method. Similarly as
in Sect. 4.3, the linear step was handled in the Fourier domain in accordance
with Eq. (2.1.22), thus taking into account full material dispersion and beam

non-paraxiality:

Aj(t,r, z) = 34’5% {ﬁ},r {A;(t,r)}exp (—i k(w)? — kiz) } , (5.3.1)
where © = /a2 + 42, ki = \/kZ+ k2, j=1,2, and 3 indicate signal, idler, and
pump, respectively, k(w) = C—un(w) is the magnitude of the wave vector, n(w)

c

the refractive index, and .# denotes the Fourier transformation. Actually, the
transformation in the spatial domain was performed using quasi-discrete Han-
kel transform [127, 128]. For the nonlinear step, the coupled three-wave equa-
tions (4.3.2) were solved in the near field representation (¢, r, z) using fourth-order
Runge-Kutta method.

In numerical experiment it was also accounted for self-focusing and cross-
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focusing as well as self-phase and cross-phase modulation, due to third order
nonlinearity of the DKDP material. The intensity dependent spatio-temporal
phase modulation was accounted in each step using Eq. (4.3.3). The nonlinear
refractive index was taken to be ng = 5 x 10716 cm2/W for the pump, and
ng = 3 x 10716 cm?/W for the signal and idler [108]. However, the modification
of the presented results due to Kerr effect was found insignificant.

The coefficients of Sellmeier equations for 96 % deuterated DKDP were taken
from [129], and the effective second order nonlinear susceptibility was taken to
be ng) = 0.4 pm/V. The center wavelengths of pump and signal were 532 nm
and 950 nm, respectively. The phase-matching angle was taken to be ¢ = 40 deg,
which resulted in external noncollinearity angle of 4.2 deg at 950 nm. This phase-
matching angle and the wavelengths of pump and signal assured sufficiently small
GVD for the localized PCW (Eq. (5.2.5)), thus a long Bessel-zone could be ob-
tained. Absorption in the DKDP crystal as well as Fresnel reflection losses at the
interfaces were not taken into account.

The bandwidth of the signal pulse corresponded to 10 fs (FWHM) transform-
limited Gaussian pulse, but signal pulse was pre-chirped before the lens in order
to obtain transform-limited duration of the localized PCW. Consequently, the
temporal profile of the signal pulse was not Gaussian due to presence of third and
higher dispersion orders in the spectral phase. The focal length of the lens was
60 mm and the diameter of the collimated Gaussian signal beam in front of the lens
was 5 mm (FWHM). Accordingly, when there was no parametric amplification,
the beam diameter at the focal plane of the lens was 5 pm (FWHM).

As it is common in OPCPA there is a trade-off between the amplified signal
bandwidth and pump-to-signal conversion efficiency. However, in this paper we
focus on disclosing the features related to formation of PCWs. Therefore, for the
proof-of-principle numerical experiment, we took pump pulse with nearly rectan-
gular spatio-temporal profile and fully overlapping with the whole signal pulse.

The duration of the pump pulse was 2.4 ps, and the beam diameter was 15.5 mm.
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Obviously, more reasonable dimensions of the pump pulse could be adopted in
order to obtain greater pump-to-signal conversion efficiency. The shape of the
amplified signal pulse suggests that for greater conversion efficiencies the ring-
shaped pump beam should be employed. Such pump beam could be obtained
using either a pair of the axicons [130] or a lens-axicon doublet [131, 132] or a
W-shaped axicon mirror [133]. In the former cases, the diameter of the produced
ring could be adjusted by changing the distance between the axicons.

When considering the optimum duration and diameter of the pump, the tempo-
ral as well as spatial walk-off effects between signal and pump, and also temporal
as well as spatial chirps in the far field of the PCW should be taken into account.
We also note that birefringent walk-off effect of extraordinary polarized pump
will introduce some asymmetry in the far field of the PCW. It should be more
pronounced if the diameter of the pump beam is optimized. However, we assume
that this effect is not significant in the current setup.

In the following we demonstrate that saturation of parametric amplification can
be achieved with relatively low intensities of the signal pulse and without tangible
loss of signal bandwidth during the amplification. Of course, for the weaker signal
the longer the nonlinear crystal is required in order to achieve the saturation.
However, it is not a problem, since the parametric bandwidth, namely, phase-
matched bandwidth, is practically unlimited in this scheme. Therefore energy gain
factors in access of 107 have been reached without any loss of signal bandwidth.
The large gain factor is vital, at least in the first amplification stage, in order to
suppress remainders of the original Gaussian pulse.

We have found that in case of longer nonlinear crystal, localized PCWs with
the longer Bessel-zone can be formed. In the current setup the length of the
nonlinear crystal is limited only by the process of back-conversion starting when
saturation of parametric amplification is reached. Therefore, by reducing signal
or pump intensity one can increase the length of the nonlinear crystal and thus

achieve a longer Bessel-zone. As it is explained in the following, this is related to
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the acceptance angle of the nonlinear crystal. Therefore, nonlinear crystals that
have a small acceptance angle are preferable in formation of the PCWs with the
prolonged Bessel-zone.

In order to demonstrate these findings and the performance of the PCWPA
in general, numerical experiments were performed for three different cases with
different peak intensities of signal and pump pulses. In every case the pump-
to-signal conversion efficiency was kept the same by adjusting the length of the
nonlinear crystal. The three different cases are labeled as DKDPW, DKDP®),
and DKDP®) and referring to the following variation of initial conditions: (a)
DKDP(M): E; =30 nJ, I, = 50 GW/cm?, L = 23 mm; (b) DKDP®): E = 30 pJ,
I, = 50 CW/cm?, L = 31.8 mm; (c) DKDP®): E, = 30 nJ, I, = 25 GW/cm?,
L = 31.6 mm, where Es denotes the energy of the signal pulse, I, denotes the
peak intensity of the pump pulses, and L is the length of the DKDP crystal.

For the DKDP() case the characteristic spatio-temporal profiles of the signal
pulse are depicted in Fig. 5.2. For the other two cases these profiles were visually
very similar. As can bee seen from the amplified temporal spectrum (Fig. 5.4a,
red line), there was no loss of signal bandwidth. Moreover, for the given initial
conditions, it became 15-25 % wider due to saturation of parametric amplification.
Energy gain factors of the signal pulse were 5 x 104, 5 x 107 and 2.5 x 10* in case
of DKDPW, DKDP® and DKDP®), respectively.

For the fixed pump intensity the output energy of the PCW is limited by the
saturation of parametric amplification, and in those three cases it was 1.54 mJ,
1.52 mJ and 0.77 mJ, respectively. However, note that higher output energies
could be achieved by re-scaling of the setup.

The evolution of the peak intensity of the localized PCW during propagation
in the Bessel-zone is depicted in Fig. 5.5a. The lengths of the Bessel-zone, mea-
sured as FWHM, were 11.5 mm, 13 mm, and 15 mm in DKDP(), DKDP®), and
DKDP®) cases, respectively, and the peak values of the peak intensity at the
Bessel-zone were accordingly 7.6 PW/cm?, 6.2 PW /cm? and 2.7 PW/cm?. Recall
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Figure 5.5: (a) Normalized peak intensity, (b) beam diameter (FWHM) and (c) pulse duration
(FWHM) of the localized PCW as a function of propagation distance at the Bessel-zone. In all
the three graphs black line corresponds to DKDP() case, green line to DKDP(?) case and red
line to DKDP®) case. The zero corresponds to the 44 mm, 45 mm and 44.5 mm distance from
the exit plane of the nonlinear crystal, respectively.

that in case of Bessel-Gaussian beam the length of the Bessel-zone is longer for
narrower angular spectrum of the beam, which in our case is determined by the
acceptance angle of the nonlinear crystal. On the other hand, the peak intensity
of the diffraction limited Gaussian beam is higher for wider angular spectrum of
the beam. That explains the tendency of the obtained values of the peak intensi-
ties and the Bessel-zone lengths, since the acceptance angle is smaller for longer
nonlinear crystals or for lower pump intensities. Note that it is possible to enlarge
the acceptance angle to some extend, using pump beam with a broad angular
spectrum [134].

Fig. 5.5b shows the corresponding evolution of the beam diameter of the lo-
calized PCW. As expected, beam diameter keeps nearly constant value of 4.7 um
(FWHM) in entire Bessel-zone, which in DKDP() case is 2 orders longer than
Rayleigh length (53 pum) of Gaussian beam of the same waist. Since the diameter
of Bessel-beam is defined by intersection angle, even smaller beam diameters and

higher peak intensities could be obtained at the Bessel-zone by increase of the
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Figure 5.6: (a) Spectral power of the amplified signal pulse (red line); black line depicts initial
spectrum of the Gaussian signal pulse. (b) On-axis temporal profile of the amplified signal pulse
at the center of the Bessel-zone (red line); black dashed line depicts its Fourier transform-limited
profile. All graphs are normalized.

noncollinearity angle.

As can bee seen from Fig. 5.5¢, the localized PCW has nearly transform-limited
duration (= 9.5 fs) around the center of the Bessel-zone. However, due to dis-
persive propagation in free space the duration of this localized PCW varies. The
point in the Bessel-zone, at which the minimal duration is obtained, can be ad-
justed by concerted pre-chirping of the signal pulse before the lens. In addition,
by controlling the position of the point in the Bessel-zone, at which the minimal
duration is obtained, it is possible to modify the evolution of the peak intensity of
the localized PCW during propagation in the Bessel-zone. This might be benefi-
cial in some experiments, where asymmetric evolution of the peak intensity with
respect to the center of the Bessel-zone is required.

In addition, numerical experiments were performed for the signal pulse of band-
width corresponding to 5 fs transform-limited Gaussian pulse. The obtained re-
sults revealed that there were no loss of signal bandwidth (Fig. 5.6a). However,
noncollinear interaction introduces non-negligible spatial walk-off between signal
and idler beams, resulting in chromatic aberration that prevents transform-limited
duration at the Bessel-zone. With the initial parameters as in DKDP(!) the min-
imal duration of the localized PCW was 6 fs, and the temporal profile was still
nearly Gaussian (Fig. 5.6b, read line) with the peak intensity of 14.4 PW /cm?.

Note that DKDP crystal was chosen only for demonstrational purposes, and
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the method presented in this study is suitable for other nonlinear crystals as well
as for other wavelengths of interacting waves.

In the next section we demonstrate, that the same scheme and ideas could
be adopted for parametric amplification of PCWs by means of four-wave-mixing
(FWM) in isotropic materials. Thus, offering the possibility for obtaining ultra-

short PCWs in the ultraviolet.

5.4 PCWPA by means of four-wave-mixing in isotropic

materials

Since FWM has been demonstrated as an attractive way for generation of ultra-
short pulses in the ultraviolet [135, 136, 137, 138, 139], we carried out a series of
numerical experiments for PCWPA in a medium with Kerr nonlinearity. We have
investigated the parametric amplification via FWM in fused silica (FS), using uni-
directional pulse propagation equation (Eq. (2.1.21)). The Kerr nonlinearity was
accounted for in the Fourier domain, thus taking into account self-phase modula-
tion, self-focusing, self-steepening, cross-phase modulation, cross-focusing, and of
course, parametric amplification via FWM. Yet the other relevant effects such as
third harmonic generation, multi-photon absorption and modulation instability
were omitted for simplicity.

The center wavelengths of signal and pump were 395 nm and 527 nm, respec-
tively. Such wavelengths guarantied sufficiently small GVD during propagation in
free space of the localized PCW. The values of the dispersion orders, calculated

according to Eq. (5.2.4), were:
u™t = 3.275 fs/pum, g = 0.00055 fs?/pm, h = 0.085 fs®/um. (5.4.1)

However, just a small scale setup could be handled in a reasonable calculation
time due to requirements of small spatial and temporal discretization. Thus, the
focal length of the lens was 15 mm and the diameter of the collimated Gaussian

signal beam in front of the lens was 1.25 mm (FWHM). Accordingly, when there
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was no parametric amplification, the beam diameter at the focal plane of the lens
was 2 pm (FWHM). The length of the fused silica was 14.5 mm and the distance
in free space from the exit plane of fused silica to the center of the Bessel-zone
was 21.2 mm. The external noncollinearity angle was 4.4 deg at 395 nm. The
non-linear refractive index at 527 nm was taken to be ny = 2.2 x 10716 cm? /W
[140]. The temporal profile of the pump was Gaussian with the peak intensity
of 300 GW/cm? and 2 ps duration (FWHM). The spatial profile of the pump
was super-Gaussian of 15-th order and it was ring-shaped (Fig. 5.7b, dimmed and
dotted). The diameter of the ring-shaped pump was 2.5 mm (FWHM) and the
radius of the ring was 1.6 mm. The bandwidth of the signal pulse corresponded to
10 fs (FWHM) transform-limited Gaussian pulse, but signal pulse was pre-chirped
before the lens in order to obtain transform-limited duration of the localized PCW.

Fig. 5.7 depicts intensity profiles of the signal pulse in distinctive space and
time domains. Similarly as in ¥ case, the angular spectrum and the far field
of the amplified signal pulse were ring-shaped (Fig. 5.7a,b vivid). However, the
resulted spatio-temporal profile of the localized PCW was X-shaped (Fig. 5.7d), as
determined by its angular dispersion (Fig. 5.7a, vivid), which in turn was defined
by the phase-matching condition in F'S.

The iso-intensity profiles of the formed PCW at the exit plane of F'S and at the
center of the Bessel-zone are depicted in Fig. 5.8. These profiles were obtained
from corresponding intensity profiles of Fig. 5.7b and Fig. 5.7d.

The energy gain factor of 1.41 x 10° was obtained with the input signal energy
of 2 nJ. However, the pump-to-signal conversion efficiency was just 0.18 %. In
contrast to x2 case, a deep depletion of the pump pulse could not be achieved
due to self- and cross-phase modulation encountered by the interacting waves.
Thus, the length of the FS was primarily limited by the phase modulation and
not by the saturation of parametric amplification.

In the current setup the initial bandwidth of the signal pulse could not be

preserved during the amplification (Fig. 5.9a, red line). The spectral narrowing
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Figure 5.7: (a) Spatio-temporal spectrum of the signal pulse before (dimmed) and after (vivid)
amplification in F'S; phase-matching curve is depicted by black dotted line; v, denotes the spatial
frequency v, = k, /2w, and v denotes the temporal one v = Q/27. (b) Spatio-temporal profile
of the signal pulse before (dimmed) and after (vivid) amplification in FS; the spatio-temporal
profile of the pump pulse is depicted by dimmed and dotted line. (c) Spatio-spectral intensity
distribution of the amplified signal pulse. (d) Spatio-temporal profile of the amplified signal
pulse at the center of the Bessel-zone; the dotted blue contour corresponds to iso-intensity line
at 0.005 level of the peak intensity. All graphs are normalized.
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Figure 5.8: Iso-intensity profile of the formed PCW at the exit plane of the FS (a) and at
the center of the Bessel-zone (b). Iso-intensity profiles are depicted at 0.5 and 0.005 levels of
the peak intensity, respectively. The iso-intensity profile in (b) is cut-in-half for better visual
experience. Note that the scales in (a) and (b) are different.

was caused by the Gaussian temporal profile of the pump pulse (Fig. 5.7b, dimmed
and dotted) and the presence of spatial (Fig. 5.7¢) and temporal chirps in the far
field of the PCW. Yet the on-axis temporal profile at the center of the Bessel-zone

was close to its transform-limited profile (Fig. 5.9b, red line).
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Figure 5.9: (a) Spectral power of the amplified signal pulse (red line); black line depicts initial
spectrum of the Gaussian signal pulse. (b) On-axis temporal profile of the amplified signal pulse
at the center of the Bessel-zone (red line); black line depicts its Fourier transform-limited profile.
All graphs are normalized.
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Figure 5.10: (a) Normalized peak intensity, (b) beam diameter (FWHM) and (c) pulse duration
(FWHM) of the localized PCW as a function of propagation distance at the Bessel-zone. The
zero corresponds to the 11.2 mm distance from the exit plane of FS.

The length of the obtained Bessel-zone was 6.7 mm (Fig. 5.10a) and the peak
value of the peak intensity of the localized PCW was 4.7 PW/cm?. The beam di-
ameter of 1.85 pm (FWHM) was nearly constant in entire Bessel-zone (Fig. 5.10b)
and the duration of 12 fs (FWHM) was near-transform-limited (11.5 fs) around the
center of the Bessel-zone (Fig. 5.10c). Thereby it is demonstrated that PCWPA

is a feasible tool for formation of ultrashort PCWs in the ultraviolet by means of

FWM.
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In the next section the underlying idea of the PCWPA method is explained in

a greater detail by disclosing some features of the linear propagation of PCWs.

5.5 Linear propagation of pulsed conical waves

Using PCWPA method presented in Sect. 5.1 it is possible to transform Gaussian-
shaped pulse into the far field of arbitrary PCW, determined by the phase-
matching condition in the nonlinear material. The actual shape and linear propa-
gation features of the PCW essentially depend on the acquired angular dispersion.
However, not all the angular dispersions that can be imposed by the parametric
amplification will work equally well. Therefore, in this section some properties of
the formed PCW are discussed in a greater detail. There are two essential things
that we have to consider: first, the dispersive propagation in the Bessel-zone,
and second, the dependence of the far-field spatio-temporal profile on the angular
dispersion.

Due to presence of the angular dispersion, the duration of the PCW varies
during propagation in free space (Fig. 5.5¢). In general, light pulses possessing
angular dispersion will experience the dispersion, which is different from the dis-
persion of the media [141, 142, 143, 144, 123]. Once the function of the angular
dispersion «(w) is known, the experienced dispersion along the chosen direction

2 can be evaluated from a simple relation [126]
ky(w) = k(w) cos (a(w)), (5.5.1)

where « is the angle of the angular component relative to the chosen direction 7’
(Fig. 5.11), and k(w) = %n(w), here n(w) is the refractive index of the media.
The group velocity (GV), group velocity dispersion (GVD) and so forth can be
obtained from Eq. (5.5.1) in the usual way:

42k,

g =
" dw?

-1 o dkzl

u_dw

By

=g (5.5.2)

wo

wo

Due to the presence of GVD or higher dispersion orders, the pulse duration
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Figure 5.11: Schematic representation of the pulse possessing angular dispersion. « is the angle
between the wave vector of particular frequency and the chosen direction of reference z’, whereas
z axis implies the actual propagation direction of the pulse.

and shape varies during the propagation. In case when third and higher disper-
sion orders are negligible, the FWHM duration of the initially transform-limited
Gaussian pulse can be calculated using the following formula

2
7= TTL\/l + (4 1n(2)%d) : (5.5.3)

TTL

where 7pr, is the transform-limited duration (FWHM) and d is the propagation
distance. However note, that this equation is valid only in the case when the pulse
has non-negligible spatial chirp.

Before the specific analysis of the PCWs, we present some general features of
linear propagation in free space of pulses that posses angular dispersion. Assuming

that n(w) = 1, from Eq. (5.5.2) we can obtain an explicit expressions:

ut = = [cos ap — ajwosin ag) (5.5.4)
c
1
g9 = —— [ajwo cos ag + (21 + azwp) sin ag] , (5.5.5)
c
1 .
h=—- [3 (af + araswy) cosag + (—adwo + 3as + azwy) sinag],  (5.5.6)
L (wo) da d’a d3a
where ag = a(wp), a1 = —| ,aa= —| ,a3= —
0 0/, 1 dw y 9 2 dw2 P 3 dw?’
(0] wo wo

As can bee seen from Eq. (5.5.4), the GV of the pulse, possessing angular
dispersion, may have values from positive to negative infinity [145]. Interestingly,
but this feature is not widely recognized. Yet it should be noted, that it depends

on the chosen direction 7/, i.e. on the direction of reference. When propagation
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direction of the angular component with the central frequency wyp is taken as a
reference, then ag = 0 and the GV becomes equal to the speed of light in vacuum,
and is independent from the angular dispersion. Note that in this analysis, the
central frequency wyp is a free parameter and is defined just by the frequency,
which is chosen when evaluating the derivatives in Eq. (5.5.2). In most of the
practical cases, the chosen frequency coincides with the central frequency of the
pulse being considered. In such case, the propagation direction of the central
angular component usually coincides with the direction of the energy flow.

As can be seen from Eq. (5.5.5), depending upon the function of the angular
dispersion, the GVD may have arbitrary values as well. However, in the particular
case when we choose the propagation direction of the central angular component as
a reference, then ag = 0 and the sign of the GVD is always negative. Therefore,
during propagation in free space light pulses possessing angular dispersion will
always experience the anomalous dispersion in the propagation direction of the
central angular component. This is an important feature that empowers to build
pulse compressors, based on gratings and prisms [90, 91]. Do not be confused with
the positive GVD value of the PCW given in the previous section (Eq. (5.4.1)),
since in that case ag # 0, as is explained below.

In the following we are interested in the dispersive propagation of PCWs along
the z axis (Fig. 5.1), therefore ap # 0. Neglecting the fact, that the direction of
the energy flow is different, we chose z axis as a direction of reference, since it is
the actual direction of propagation of the localized PCW at the Bessel-zone.

In order to analyze the dispersion experienced by the localized PCW in free
space we need to obtain the function of the angular dispersion a(w). Recall, that
pump pulse is capable to amplify only those angular components that lay in the
vicinity of the phase-matching curve (Fig. 5.2a, vivid). Therefore the angular
dispersion a(w) of the PCW, obtained by means of PCWPA | is directly related to
the phase-matching condition. For the case of perfect phase matching, the internal

noncollinearity angle ajni(w) can be obtained from Eq. (5.2.2). Yet we have to
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Figure 5.12: GVD (a) and third dispersion order (b) for the localized PCW during propagation
in free space as a function of the central signal wavelength. The external noncollinearity angle
« is depicted in (c¢). The graphs were obtained for the DKDP crystal pumped by 532 nm at
the phase-matching angle 40 deg. The vertical dashed gray line marks the central wavelength
of the signal, investigated in Sect. 5.1. It should be noted, that g and h dependence on the
phase-matching angle was insignificant.

take into account the refraction at the exit interface of the nonlinear crystal, and
finally we obtain

a(w) = arcsin [ng (w) sin (aint(w))], (5.5.7)

where nj(w) is the refraction index for the signal wave in the nonlinear material.

By substituting Eq. (5.5.7) into Eq. (5.5.2) we could obtain expression for each
dispersion order. However, the obtained expressions would be rather lengthy, and
therefore are not presented here. The free parameters in those expression are: the
central frequencies of signal and pump, the phase-matching angle and the material
dispersion of the nonlinear crystal. By changing these parameters a wide variety
of values of the dispersion orders can be obtained. There are no restrictions for
the value and sign of any dispersion order in general, thus it is possible to find
adequate dispersion orders that match the particular goals.

For the particular case presented in section 5.1, the dependences of second
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and third dispersion orders are depicted in Fig. 5.12. In that case, the goal was
to obtain as small GVD as possible, and a small third dispersion order as well,
in order to have a long Bessel-zone. We have looked up some other nonlinear
crystals, yet DKDP crystal seemed to match the best our preferred parameters:
pump wavelength around 530 nm, external noncollinearity angle around 4 deg,
central signal wavelength in the visible or near-infrared.

On the other hand, the goal could be absolutely opposite, in case it is aimed
to have a tight temporal focus of the localized PCW. Naturally, this would result
in a shorter Bessel-zone, but also it may lead to the substantial increase of the
PCW duration in the far field. Therefore, it could be preferable over quasi-steady
duration of the localized PCW at the Bessel-zone, due to advantages from the
CPA point of view (energy boosting). In addition, a tight temporal focus seems
to be advantageous in many applications of light-matter interaction, including
high-order harmonic generation, as was referenced in the introduction of Sect. 3.3.

However, the duration of the PCW in the far field is hardly predicted knowing
just a GVD, since Eq. (5.5.3) is not applicable due to the presence of the spatial
chirp (Fig. 5.2¢). Recall that the spatial chirp may yield shorter as well as longer
pulse duration (Eq. (3.3.3)), depending on the temporal chirp of the pulse, which
actually is a function of GVD and the propagation distance. In addition, due
to the presence of the spatial chirp, the beam diameter will also contribute to
the duration of the far field. Nevertheless, there are some works in which pulse
broadening accompanied by the spatial chirp is treated analytically, however, with
the assumption of linear angular dispersion and narrow bandwidth of the pulse
[70, 69]. Thus, analytical approach is applicable just for particular cases and, in
general, is not suitable for the case under consideration, since we are interested
in ultra-broadband pulses and the angular dispersion is defined by the phase-
matching curve, which may take arbitrary shapes. Therefore, the best way to
estimate the spatio-temporal profile of the PCW in the far field is by numerical

simulation of linear propagation of the localized PCW.
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Figure 5.13: Spatio-temporal spectrum of the PCW (a) and corresponding spatio-temporal pro-
file of the far field (b). v denotes the spatial frequency v, = k, /27, and v denotes the temporal
one v = Q/27. All graphs are normalized. The far field of the PCW was obtained by back-
propagating the transform-limited and localized PCW in free space for 60 mm. The bandwidth
of the PCW corresponded to 10 fs transform-limited Gaussian-pulse duration (FWHM). The
angular dispersion was applied artificially, assuming the parametric amplification of the signal
pulse with 800 nm central wavelength in BBO nonlinear crystal, pumped by 515 nm at the
phase-matching angle 24.545 deg, which corresponds to the "magic” phase-matching angle. The
FWHM duration of the PCW in the far field is 14.6 fs.

The angular dispersion originating in the PCWPA due to noncollinear inter-
action geometry could be separated into three general groups: first, when a(w) is
nearly constant, i.e. when a(w) & «y, thus there is no angular dispersion actually;
second, when k&, (w) = k(w) sin(a(w)) = const., i.e. the angular dispersion corre-
sponds to the definition of the pulsed Bessel beam [146]; third, when the function
of the angular dispersion is arbitrary and cannot be described by the definitions
of the first two groups.

The first group is well exploited in ultra-broadband noncollinear parametric
amplifiers (NOPAs) based on BBO nonlinear crystals [1, 125]. It could be of
particular interest for PCWPA as well, since a(w) = const. would yield zero
GVD and zero higher dispersion orders (see Egs. (5.5.5)—(5.5.6)) for the localized
PCW during propagation in free space. However, due to such angular dispersion,
nearly transform limited pulse duration is preserved in the far field of PCW as
well (Fig. 5.13). Therefore, parametric amplification of ultrashort light pulses by
means of PCWPA would not be practical in this case.

Angular dispersion of the second group (kj(w) = const.), unlike any other

type of angular dispersion, has visually no effect on the spatio-temporal profile
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of the Gaussian pulse. The localized PCW with such angular dispersion is called
pulsed Bessel-Gaussian beam (PBGB) and corresponds to a special case of PCWs.
Note that localized PCW with nearly k| (w) = const. was formed in the PCWPA
presented previously (Fig. 5.2d). Nevertheless, it is possible to find nonlinear
crystals and wavelengths of pump and signal, that would match this condition
more strictly for the broadband signal pulse. Commonly, the broadest parametric
bandwidths with & (w) & const. are obtained in case of noncollinear degenerate
parametric interaction, for instance: DKDP crystal, § = 39.5 deg, A, = 515 nm,
As = 1030 nm.

Since in case of PBGB the angular dispersion is defined just by one number,
the dispersion orders for the PBGB propagating in free space can be estimated in
advance without specifying neither nonlinear crystal nor pump wavelength. The
function of the angular dispersion is obtained simply from the following formula

a(w) = arcsin <k—%) | (5.5.8)

w

After substituting Eq. (5.5.8) into Eq. (5.5.2), the first three dispersion orders
were evaluated for two specific central frequencies and depicted as a functions of
k) in Fig. 5.14. For indication, the angle of the central angular component with
respect to the z axis is provided in Fig. 5.14d. Recall, that in case of PCWPA, this
angle is related to the external noncollinearity angle between signal and pump.
Therefore, in the practical setups, ag should not be greater than 10 deg, in order
to avoid problems related to the spatial walk-off between the interacting beams
during the parametric amplification.

From Fig. 5.14a we can observe the general feature of the PBGB, namely, the
group velocity of the PBGB in free space is always smaller than the speed of
light in vacuum c. Furthermore, as it can be seen from Figs. 5.14b and 5.14c, the
PBGB with the shorter central wavelength would experience the smaller GVD
during propagation in free space. Therefore, in case when quasi-steady duration

is desired during propagation at the Bessel-zone, the PBGB with the shorter
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Figure 5.14: (a) GV relative to the speed of light in vacuum, (b) GVD and (c) third dispersion
order for the pulsed Bessel-Gaussian beam during propagation in free space as a function of the
spatial frequency v, = k) /27. In addition, the dependence of the angle between the central
angular component and the z axis is depicted in (d). In each graph, the solid line depicts
the dependencies of the pulsed Bessel-Gaussian beam with the central wavelength of 1064 nm,
whereas the dashed line - of 800 nm.

central wavelength would be more advantageous. However, numerical experiments
of PBGB propagation in free space indicate that the longer central wavelength
yields longer duration of the spatio-temporal profile in the far field, thus it would
be superior from the CPA point of view (energy boosting).

Lastly, the third group of angular dispersion defined above, posses miscella-
neous types of angular dispersion that may yield extraordinary shapes of the
spatio-temporal profile in the far field of PCW (Fig. 5.15). Still it is very at-
tractive for PCWPA, since it gives the maximum flexibility on possible signal
wavelengths and on obtainable dispersion orders for the localized PCW during
propagation in free space or any other medium.

In conclusion, the angular dispersion and the shape of the spatio-temporal
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Figure 5.15: Spatio-temporal spectrum of the PCW (a) and corresponding spatio-temporal pro-
file of the far field (b). v, denotes the spatial frequency v, = k, /27, and v denotes the temporal
one v = Q/27. All graphs are normalized. The far field of the PCW was obtained by back-
propagating the transform-limited and localized PCW in free space for 150 mm. The bandwidth
of the PCW corresponded to 10 fs transform-limited Gaussian-pulse duration (FWHM). The
angular dispersion was applied artificially, assuming the parametric amplification of the signal
pulse with 750 nm central wavelength in DKDP nonlinear crystal, pumped by 515 nm at the
phase-matching angle 38 deg.

profile of the PCW, as well as experienced dispersion during propagation at the
Bessel-zone, are essentially determined by the phase-matching condition in the
nonlinear material. Therefore, despite the fact that in the previous sections the
PCWs were obtained by transformation from the Gaussian-shaped pulses, the
spatio-temporal profile and the linear propagation characteristics of the localized
PCW can be predicted solely from the phase-matching condition. By varying the
phase-matching curves a great variety of angular dispersions can be obtained, thus

empowering to adopt the PCWPA for diverse applications.

5.6 Conclusions

In conclusion, we have presented a novel and versatile method for formation and
parametric amplification of localized ultra-intense few-cycle PCWs. The method
allows to reshape Gaussian wave-packet into PCW and simultaneously achieve
a large gain factor by performing parametric amplification in the far field. The
achromatic phase matching, exploited in this method, empowers the parametric
amplification of bandwidths corresponding to few-cycle light pulses with Gaussian
temporal spectrum. Moreover, it enables to select angular dispersion for the PCW

corresponding to a particular phase-matching curve, among many possible in the
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nonlinear crystal. Thus, a wide family of localized PCWs with peculiar propa-
gation features can be generated. In fact, fine tuning of the angular dispersion
is possible, either by adjusting the phase-matching angle or temperature of the
nonlinear crystal.

The distance to the point of temporal focus is controlled by pre-chirping of
the signal pulse. However, the length of the obtained Bessel-zone is determined
by the acceptance angle and the external noncollinearity angle. Thus, cannot be
controlled freely. The beam diameter of the localized PCW is also not a free
parameter, and is defined by the signal wavelength and the noncollinearity angle.

The presented method renders the main features of the OPCPA technique
and, in addition, suggest a substantial simplification as it does not require a
pulse compressor. Therefore, it might be considered as a key solution in OPCPA
setups, for which the pulse compressor is a bottleneck. Moreover, subsequent
amplification stages could be arranged by exploiting the 4-f imagining with the
nonlinear crystal placed after the second lens like in Fig. 5.2. Each additional
stage could be designed for larger beam diameters, thus enabling for greater pump
energies.

Furthermore, this method can be applied for parametric amplification of PCWs
by means of four-wave-mixing in materials with Kerr nonlinearity. It has been
demonstrated that relatively large energy gain factor, of the order of 10°, could
be achieved with the modest pump intensity of 300 GW/ cm? and without spon-

taneous break-up and filamentation of the pump beam in fused silica.
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Conclusions

1. The overall duration of the angularly or spatially dispersed pulsed Gaussian
beam does not change during propagation in free space, despite the fact that
its spatio-temporal profile is consistently changing. The pulse-front tilt of the
angularly or spatially dispersed pulsed Gaussian beam gradually disappears

with increasing propagation distance.

2. When the angularly or spatially dispersed pulsed Gaussian beam is focused
by the lens, its spatio-temporal profile at the back focal plane of the lens
does not dependent on the propagation distance before the lens. However,
the spatio-temporal profile is tilted. In case of angularly dispersed pulsed
Gaussian beam, the pulse-front tilt depends on the initial parameters of the
pulsed beam. Whereas in case of spatially dispersed pulsed Gaussian beam,
the pulse-front tilt at the back focal plane of the lens does not depend on
the initial parameters of the pulsed beam, and is determined by the acquired

angular dispersion only.

3. The spatio-temporal distortions acquired by the signal pulse in noncollinear
OPCPA originate due to pulse-front mismatch. The acquired signal pulse
tilt is always smaller than the tilt of the pump pulse, and vanishes when the

physical length of the pump becomes equal to its diameter.

4. When a strongly chirped signal pulse is being amplified in noncollinear para-
metric amplifier, it acquires both the spatial chirp and pulse-front tilt, how-

ever the angular dispersion is negligible. Conversely, when transform-limited
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signal pulse is amplified, it also becomes tilted, but possesses angular disper-

sion only.

. The presented PCWPA method is a novel and versatile technique for forma-
tion and parametric amplification of localized ultra-intense few-cycle PCWs.
It exploits achromatic phase matching and allows to generated a wide family

of localized PCWs with peculiar propagation features.

. The proposed method allows to achieve large energy gain factors, and renders
the main features of the OPCPA technique, but does not require a pulse
compressor stage. Thus, it might be considered as a key solution in OPCPA

setups where the pulse compressor is a bottleneck.

. This method is suitable for parametric amplification of PCWs by means of
four-wave-mixing in materials with Kerr nonlinearity. A relatively large en-
ergy gain factor can be achieved with the pump intensity below filamentation

threshold.
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