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n=1,2,3,... are studied, where H,, is the mth harmonic number with fractional part {H,, } and
0 is a fixed positive constant. In particular, for o = 1, it is shown that the largest limit point of the
above sequence is 1/(e — 1) = 0.581976. . ., its smallest limit pointis 1 — log(e — 1) = 0.458675.. .,
and all limit points form a closed interval between these two constants. A similar result holds for the
sequence % n_1f{Hm}), n=1,2,3,..., where f(x) = x7 is replaced by an arbitrary absolutely
continuous function f in [0, 1].
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1. Introduction

Recall that the mth harmonic number is the sum of the reciprocals of the first m positive

integers:

11 1
H,=14+=+ =4+ —.
m=ltg+z+ 4

Harmonic numbers appear frequently in many different areas, such as combinatorial
problems, expressions involving special functions in analytic number theory, probability
and statistics, analysis of algorithms, etc. Sometimes they appear unexpectedly [1], but
they mainly can be found in many beautiful identities. For instance, in 1775, Euler proved
the following identity:
o0 Hm

Y 5 =20),

m=1 m?
where ( is the Riemann zeta function. See, e.g., [2,3], for a short proof of this and similar
identities involving zeta functions, logarithms and polylogarithms. In [4], there are many
identities of a different type, such as the following;:

n

Z(an)C;)Hm —1-2"

m=1

for n € N. Other more complicated identities have been proven with the help of computers.
See also [5-7].

It is well known that H; = 1 is the only integer among all the harmonic numbers H;;,
(see, e.g., Section 1.2.7 in [8]). Thus, the fractional parts of other harmonic numbers {H,, },
where m > 2, all belong to the open interval (0,1). Note that the mth harmonic number
can be written in the form H;; = u;,/ Dy, where Dy, is the least common multiple of the
integers 1,2,...,m and u,, € N. Here, u,, and D, are not necessarily coprime. In [9], Wu
and Chen conjectured that ged (i, D;y) = 1 for infinitely many m € N. This conjecture
is still open despite some progress in [10], showing that ged (i, Dy, ) cannot be too large
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for all m. In the opposite direction, the set of m € N for which ged (1, D;y) > 1 has been
recently studied by Yan and Wu [11].

In particular, from the representation Hy, = u;;/ Dy, even in the worst case, when there
is no cancellation by the factor ged (i, Dyy) > 1, it follows that {Hy,} = Hy — [Hp| >
1/D,, for each m > 2. By the prime number theorem, it is well known that log D,, — m
as m — oco. This gives the exponential bound {H;} > «™ for each positive constant
x < e~ 1 =0.367879... and each sufficiently large integer m. Calculations show that this
bound is far from optimal. However, the question of whether this bound can be replaced by
the bound {H,,} > 1/m? is completely open (see, e.g., Question 258097 at MathOverflow).
One should also mention recent progress on the question of Erdés and Graham [12], who
were interested in the question of how close the difference Hy — H;;, can be to 1. In [13], it
was shown that for any & > 0, there are infinitely many pairs of positive integers ¢ > m
such that |H; — H,, — 1| < 1/m?(log m)>/4~¢.

Since Hy,41 — Hyn = %ﬂ — 0 as m — oo, the sequence of the fractional parts
{Hn}, m = 1,2,3,..., is everywhere dense in [0,1]. However, as H,, — logm tends to
a finite limit oy = 0.577215..., which is called Euler’s constant, and the sequence logm,
m=1,2,3,...,is not uniformly distributed modulo 1, the sequence of the fractional parts
{Hm}, m = 1,2,3,..., is not uniformly distributed in [0,1]. For a sequence a,, € [0,1),
m =1,2,3,..., which is uniformly distributed in [0, 1], one has the following:

1 1
= Zam—>§ as 1 — oo.
=
We do not have this property for a,, = {Hy}, so it seems a natural problem to
investigate the limit points of the sequence of arithmetic means _1{Hn},n=1,23,.

In this paper, we determine the upper and lower limits of thls sequence and show that all
its possible limit points consist of the closed interval between them.

Theorem 1. We have

1
lim su H,}=—— =0.581976...
n—)oop n mzl{ m} 1
and
1
hygg}f; mg&{HM} =1—log(e—1) = 0.458675....

Theorem 1 follows from the following more general result:

Theorem 2. For each ¢ > 0, we have

LY (B} ~ 00, {Ha)) as 0o, )
m=1

where

P(o,t)=e" (fo e —I—/ o xdx) ()

e—1
foreach t € 0,1).

Indeed, since the sequence of the fractional parts { Hm}, m=1,2,3,...,is everywhere
dense in the closed interval [0, 1], by (1) and (2), the set of limit points of the sequence of
arithmetic means, % Yo _1{Hn}?, n=1,23,...,1s actually the set of all values attained by
the function ®(c, t) for t € [0,1]. Since ®(0, t) is continuous in t € [0, 1], the latter set is
obviously the following closed interval:
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min ®(o,t), max ®(o,t)|.
[te[O,l] (08) te[0,1] (o))
In particular, for o = 1, the function ®(c, t) defined in (2) equals
1 ox 1t
xe*dx t 1 e
o1, 1) = ot (Jo X / ) — et —— 4 (f—1)ef 1) =t —1 .
(Lt)=e (e—l +Oxex e e—1+( e' + +e—1

In the closed interval ¢t € [0,1], the maximum of ®(1,¢) is attained at t = 0 and at
t = 1and equals 1/(e —1) = 0.581976.... The minimum of ®(1,t) is attained at the
point f; =1 —log(e — 1) = 0.458675. .. and is equal to the same value t; = 1 —log(e — 1).
Consequently, all limit points of the sequence % Yo _1{Hmn}, n=123,..., form the closed
interval [1 —log(e —1),1/(e — 1)], which implies Theorem 1.

Observe that, for any fixed ¢ > 0, the derivative of the function e'®’(c,t) int € (0,1)
equals o7~ le!, such that e!®’' (o, t) is increasing in [0, 1] from a negative value at t = 0 to
a positive value at t = 1. (The inequality ®'(c,0) < 0 is immediate, while the inequality
d’'(0,1) > 0 follows from f01 x7e*dx < e —1.) By continuity, this implies that there is a
unique #, in (0,1) satisfying ®'(c, t;) = 0 such that ' (o, t) < 0 fort < ty and ®(c,t) > 0
for t > t,. Therefore, the function ®(c, t) is decreasing in [0, t,| and increasing in [t,, 1].
Consequently, the maximum of ®(c, t) in [0,1] is attained at t = 0 or at t = 1. Since
®(0,0) = ®(0,1), the maximum of the function ®(c,t) in the interval t € [0,1] equals

1. 0,x
®(0,0) = ®(0,1) = Jo :_61 dx, while its minimum is ®(c, ). Hence,
1
1 & Jo x7e*dx
lim sup — Hy)o ==0— __—
n%oopnm;l{ m} e—1

However, unlike in the case where ¢ = 1, the smallest limit point ®(c, t,) cannot
be determined by an explicit expression as before. For example, for ¢ = 2, we have
the following:

elft

O2,t) =12 -2t 42—

Here, ©(2,0) = ®(2,1) = (e — 2)/(e — 1), and hence, we obtain

e_i — 0.418023. ...

n
lim sup 1 ) {Hn)}? =
n—oo N m=1 €—

The minimum of the function ®(2,t) in [0, 1] is attained at point f, = 0.538241...
satisfying the following:
et

D'(2,t)) =2t —2 =0,
(2,t2) 2= 2+

where ®(2, ;) = t3 = 0.289704. ... Therefore,

n
lim inf Y {Hu}* =15 =0.289704....

n—oo mn
m=1

In fact, we will prove a result more precise than that stated in Theorem 2, which not
only gives the asymptotical Formula (1) but also an estimate for the error term:

Theorem 3. For each n > 2, with the notation of Theorem 2, we have

‘% iﬂ{HM}U B CP((T,{HH})‘ < c(lo%n)l/3

for some constant ¢ > 0 independent of n.
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In the next section, we prove several auxiliary results. The proof of Theorem 3 is
given in Section 3. Finally, in Section 4, we will show that {H, }” in (1) can be replaced
by a more general function f({H,, }) with an appropriate change in the definition of ® in
(2); see (29). Some examples of f giving explicit upper and lower limits for the sequence
% Yo 1 f({Hm}), n=1,23,..., will be presented there as well.

2. Auxiliary Results

Throughout this paper, we will use the following notation. For any real numbers
A and B satisfying 1 < A < B, by S(A, B), we will denote the set of m € N such that
A < Hy, < B. The cardinality of this set will be denoted by #S(A, B). By v, we will denote
Euler’s constant:
v = lim (H, —logn) = 0.577215....

n—o0

We begin with the following lemma.

Lemma 1. Let y > 1 be a real number and let m € N be the largest integer for which Hy, < y.

Then,

1
—2<m—ey_7<—§. (3)

Proof. By the definition of m, it is clear that
Hpy <y < Hpya-

A well-known approximation formula from [14] asserts that for each n € N, we have

1 1 1
L <H, -1 ) my <
M1 T8 (7+3) = 7< 340

Hence,
1 1 1
> _ — - - —
y—7v > Hy 'y>log(m+2> +24(m+1)2 >log(m+2),
which implies the upper bound in (3) by taking the exponents of both sides.

Similarly, from

3 1

we deduce the lower bound in (3). Here, the last inequality follows from

—Ll 1 1 2m+4 m+42
24(m+1)2 <1 - <1 == = ,
¢ T Rmr S w3 T 2mi3  mi32

which is trueduetoe® < 1+2xfor0<x <1. O

An exact evaluation of m defined in Lemma 1 in terms of the integral part [/~ 7| isa
problem studied by Hardy in 1924; see [15,16].
Now, we will estimate the number of indices m for which K+ u < H,,;, < K+ v:

Lemma 2. Let u, v be real numbers satisfying 0 < u < v < 1and K € N. Then,

3

3
—Z < #S(K4u,K+10) — (e’ —e")eK™7 < >

- @

Proof. Let U and V be the largest positive integers for which Hyy < K+ wu and Hy < K+ v.
Then,
#S(K+u,K+v) =V - U.
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By Lemma 1, we have

1

2 <V -l < —5

and 1
—2 < U—eftur < —5

It follows that the difference
VU — K077 4 KT — #§(K 4 u, K+ 0) — (¥ — e")eX ™7
is in the interval (—3/2,3/2), which implies (4). O
Now, we are ready to state our main auxiliary lemma:

Lemma 3. Let o > 0 be a real number. Then, for each sufficiently large K € N and each real t
satisfying 18e X <t <1, the set S(K, K + t) is nonempty and

t oo x
x7e*dx
(Z ){Hm}"—#S(K,K+t)-f0€t_1 < 3(#S(K, K+ 1), ®)
meS(K,K+t
Proof. Take an integer L satisfying
K
6<L< % 6)

Note that S(K, K + t) is the union of L disjoint sets S(K + jt/L, K+ (j +1)t/L), where
j=0,1,...,L — 1. By Lemma 2, we have

#S(K +jt/L, K+ (j+1)t/L) = (ef’F — 1)K/ L7 L §(K,j, L, 1), ?)
with (K, j,L,t) € (—=3/2,3/2). From

-K
L qy\KHit/l—y o b k—y 5 BLeTT kg oy 8
(e 1)e > 7e = — e 377 > >
we see that the set S(K + jt/L,K+ (j+ 1)t/L) is nonempty for each L € N satisfying the
upper bound in (6) and for each sufficiently large K. In particular, this implies that the set
S(K, K + t) is nonempty.

Foreachm € S(K+jt/L,K+ (j+1)t/L), we have

(1)< = (2

Thus, the sum

L-1
Y, {Hu}"=) )3 {Hn}” (8)
meS(K,K+t) j=0 meS(K+jt/LK+(j+1)t/L)
is greater than
L-1 jt o
Byi= Y #S(K+jt/L,K+ (j+1)t/L) (Z)
j=0

and smaller than or equal to

(j+1)t)f7

L—-1
By = Y #S(K+jt/LK+(j+1)t/1) (L

j=0
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Note that, by Lemma 2, we also have
#S(K, K +1) = (¢! —1)eX" 7" 4 6(K, 1), 9)
with (K, t) € (=3/2,3/2). Combining (7) with (9), we deduce
, , , (et/L — 1)elt/L
#S(K + jt/L, K+ (j+ 1)t/L) — 6(K,j,L,t) = (#S(K,K ) — 5(K,t)) e —er

et —1
This implies

(et/L o 1)ejt/L

#S(K+jt/L, K+ (j+1)t/L) = I

#S(K,K+t)+u(K,j, L, t), (10)
where
(et/L _ 1)e]'t/L
et —1 )
Here, (K, j, L, t) and §(K, t) are both at most 3/2 in absolute value. By 0 < t < 1 and

L > 6 (see the lower bound in (6)), we have 0 < ¢!/l — 1 < 1.1¢/L. Hence, asj<L-1and
1.1te'/ (¢! — 1) < 1.75, we deduce

w(K,j,Lt) =6(K,j,L,t)—6(K,t)

(et/L —1)eft/L 1.1tet 175 175

0 i i
STd-1 SLE-10° L -6

<

ST

Thus,
lu(K,j, L, t)| <2

Now, by (9), (10) and ¢!/t —1 > /L, we deduce

B, > Lz; (#S(K,KH)W;—# _2) (ijy
=

i (#s (K,K+1) i 1)_<L> - —2)

— #S(K, K + 1) (et/L ) i (]t) L _L(L—1)

#S(K,K+1t) t 12l /j
it b e LA L) ot/ 12
= et —1 (L) L

P‘ \

and, similarly,

wg(gm _ 1)((j+Ll)t)‘Tejt/L +L(L-1)

j=0

By <

of —

—#S(K,K—H)(

_ ,—t/L
_#S(K,K+t)(1e>

1— et/L) L-1

1)
o —1 ((] L ) ) OV 4 L(L - 1)

0

-.
Il

-

it\NC .
et_l (]f) oL L L(L—1)

1

]

(jft)vejt“ + L2

anll

et —1 '

#S(K,K+1t) t &
<7
]:

1
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Therefore, by (8) and the definitions of By, By, we see that the quantity

Comes(kk+){Hm}
#S(K,K+1t)
is greater than
(S [ 1
(et —1)L = L #S(K,K+t)
and smaller than
t AN L?
—_— = —_—. 12
(ef—l)L;<L) T BsE K (12)
j=1
Furthermore, since the function x7¢* is increasing in x for x € [0, t], we have
t gtve e _ [t s gtve i _ R dte e b
Zg(z) e/ </Ox‘76xdx<zg(f) el :Z;(z) el +ftge'
j=0 =1 j=0
Thus, (11) is greater than
fot x7e¥dx titoet L?
et—1  L(ef—1) #S(K,K+1t)
and (12) is smaller than
fot x7e¥dx titoet N L2
et —1 L(et —1) #S(K,K+t)’
Therefore,
Lmes(kk+n {Hn} Jo xedx < Hoe! I L? <16 L2
#S(K,K+1) et —1 L(et—1) #S(K,K+1) L  #S(K,K+1t)

Now, selecting, for instance, L = [(#S(K, K+t)- %)1/3J , and multiplying both sides
of the last inequality by #S(K, K + t), we derive the desired inequality (5). By (9), it is clear
that this choice of L satisfies (6) for a sufficiently large K. [

In particular, from Lemma 3, we will derive the following;:

Lemma 4. Let o > 0 be a real number. Then, there is Ky € N such that for each integer M > Ko,
we have
fol x7e dx
e—1

2/3

Y {Hu}" —#S(Ko, M) < 3MY3(#S(Ko, M))

mES(KU,M)

(13)

Proof. Fix o > 0. Assume that K is the integer as claimed in Lemma 3. Applying Lemma 3
tot=1andtoK € {Ky, Ko +1,...,M — 1}, we deduce

fol x"e*dx

2/3
e—1 ’

Y {Hun}" —#S(K,K+1)-
meS(K,K+1)

< 3(#S(K,K +1))

Adding those inequalities for K = Ko, Ko +1,..., M — 1, we obtain

M-1
<3 ) (#S(K,K+1))
K=Ky

fol xeXdx
e—1

Y. {Hu}" —#5(Ko, M) 23,
meS(Ko,M)

(14)
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By Holder’s inequality, for any £ € N and any non-negative real number x;, we have

4 4
G < 1PV
j=1 j=1

Thus, because of
M-1
Y #S(K,K+1) = #S(Ko, M),
K=Kp
the right-hand side of inequality (14) does not exceed 3(M — Ko)'/3 (#S (Ko, M ))2/3

completes the proof of (13). O

. This

3. Proof of Theorem 3

Proof. Letn > 2 be an integer. Set M = |H, | and t = {H, }. Here, 0 < t < 1 because for
n > 2, the number H,, is not an integer. Assume that the inequality (5) of Lemma 3 holds
for K > Ky, where Ky depends on ¢ and t. There is nothing to prove if M < Ky, since then
H, = M+t < Ky + 1 and 7 is bounded by an absolute constant; so, assume that M > Kp.
Observe that

n=1+4#S5(1,Kg) +#S(Ko, M) + #S(M, M + t).

Applying Lemma 1 to y = M + ¢, we find that
n=eMH=7 _y, (15)
where 1/2 < 79 < 2. Similarly, applying the same lemma to y = M, we deduce
14+ #5(1,Kp) + #S(Ko, M) = eM=7 — 1,
where 1/2 < 171 < 2, and hence,
#S(Ko, M) = eM=7 — 15 (16)
for some positive constant 77,. Also, by Lemma 2, we obtain
#S(M, M+ 1) = (¢! —1)eM™7 4 153, (17)

where |73| < 3/2.
By (15), we have eM~7 = (n + 179)e~!. Inserting this into (16) and (17), we derive

#S(Ko, M) = ne ' + 14 (18)
and
#S(M,M+t) =n(1—e ") +1s, (19)

respectively. Here, 74, 15 are bounded constants.
Consider the sum

LU= D = Y (M D ()T L (7 )

meS(1,Kp) meS(Ko,M) meS(M,M+t)

Here, the first sum, }_,,c5(1,x,){Hm }°, is a non-negative constant that depends on Ko and
say, 0y = 6y (Ko, ), namely,

Y {Hu}" =6, (21)

meS(1,Ko)
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By Lemma 4, the second sum is

fol x7e dx
e—1

2/3

Y {Hu}" = #5(Ko, M) + 0, M3 (#S (Ko, M), (22)

mES(Ko,M)

where |61| < 3. Note that for sufficiently large n, we have M < 2logn by (15). So, inserting
into (22) the value of #S(Ky, M) from (18), we obtain
1 T X
xe*dx
Y, {Hu}" = ne *t. foil + 6,123 (logn)'/3, (23)
mes (Ko, M) €

where 6, depends on n and ¢ but is bounded.
To evaluate the third sum, we will consider two cases: firstly, 18¢ M <t < 1, and,
secondly, 0 < t < 18¢~M. In the first case, 18¢~M < t < 1, applying Lemma 3, we deduce

[ x7e¥dx 2/3

Z {Hm}az#s(M’M+t).OetT+93(#S(M,M+t)) ’ (24)

meS(M,M+t)

where |053] < 3. Now, inserting into (24) the value of #S(Kp, M) from (19), we obtain
15 fot x7e*dx

t
Z {Hm}o = ne‘t . / xo'exdx + til + 941,[2/3’
meS(M,M+t) 0 et —

and hence,

t
Y {Hu}"=ne'- / x7e*dx 4 05n%/3, (25)
meS(M,M+t) 0

where 6, and 65 depend on 7 and ¢ but are bounded. From (20), (21), (23) and (25), we
deduce ’
n TeXd t
Y {Hu}" =ne! (foexelx + / x"e"dx) + 0gn?/3 (logn)'/3, (26)
m=1 B /0

with 6 bounded. Dividing (26) by 1, we obtain
1/3

[ Z o —ete ] <<(532) @

for some ¢ > 0 independent of #n, which is the required estimate.
We now turn to the case when 0 < t < 18¢~M. Then, by (17), #S(M, M + t) is bounded
from above by an absolute constant. So, instead of (25), we have

Y. {Huw}" =67,

meS(M,M+t)

where 67 is bounded. Combining this with (20), (21), and (23), we obtain

1
L x7e*dx
Y " {Hu}" =ne " 7foe —+ 0sn?/3(logn)'/3,
m=1 B

with 63 bounded. Now, to derive Formula (26) from this, we need only show that the
integral ne~t fot x7e*dx is small for small f. We will show that, under our assumption on ¢,
this integral is bounded. Indeed, as 0 < t < 18e~M, using (15), we obtain

t o+1
0<mne! / x7etdx < 2ne’t; [ <2nt< 36ne M = 36(eMT=7 —y5)e ™ < 36e! 7 < 36.
Jo
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Hence, (26) holds with an appropriate 6 (depending on n and o but bounded).
As stated above, we see that (26) implies (27), which completes the proof of the theorem. [

4. Concluding Remarks

In the proof of Theorem 3 and Lemma 3, we mainly used the fact that the function
x7 is continuous, non-negative and non-decreasing in [0, 1], implying that the function
x7e* is as well. By exactly the same argument, one can show that, for every continuous,
non-negative and non-decreasing function f in [0, 1], we have

. g F({H}) ~ ®p({H,}) as n— oo, (28)
where .
Df(t) = et(W —l—/o f(x)e"dx) (29)

for each t € [0,1). (The specific form of f, namely f(x) = x7, has been used only in the
estimate of the error term as in Theorem 3, which we will not do for a general f.)
Thus, Theorem 2 can be generalized as follows:

Theorem 4. Let f(x) be an absolutely continuous function on [0,1]. Then,

SM—\

3 FLH) ~ @({H})

as n — oo, where @ (t) is defined in (29).

Indeed, since f is absolutely continuous, it is a function of bounded variation. (The
definition and basic properties of functions of bounded variation can be found in the
following monographs [17,18]). Next, every function of bounded variation is the difference
between two monotonically non-decreasing functions. Adding an appropriate positive
constant to both of them, we conclude that f is expressible in the form

f=hH-r

where the functions f; and f; are both continuous, positive, and non-decreasing in [0, 1]. In
view of (29), we clearly have

CIDf(t) = qul,fz(t) = <I>fl(t) — <I>f2(t).

Thus, applying the asymptotic Formula (28) to f; and f, and then subtracting one formula
from another, we derive Theorem 4.
Selecting in (29), for instance, f(x) = e*, we find that

1t t
e +e

The maximum of this function for t € [0,1] is attained at t = 0 and t = 1 and equals
(e +1)/2, while its minimum is attained at t = 1/2 and equals ¢'/2. Hence, by Theorem 4,
it follows that
+1
I tHn} — £7° — 1.859140. ..
imsup — E e >

n—oo M=
and

n
lim inf * Y etfnt =el/2 = 1648721
n—oo 1 1
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Likewise, selecting in (29), for instance, f(x) = e~ *, we obtain

This time, unlike in all previous examples, not the maximum but the minimum of the
function @ (t) is attained at t = 0 and ¢ = 1, and it equals 1/(e — 1). Its maximum is

attained att = (e —2)/(e — 1) and equals e, Therefore, by Theorem 4,

1
e—1

1 n
liminf — Z e~ tHn} —

n—eo 1 =

= 0.581976. ..

and
e—2

1 n
limsup — Y e {Hn} = ¢=&51 = 0.658346. ...

n—o0 n m=1
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