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Abstract. In this paper, we consider the product Πn :=
∏n

k=1 ξk of n independent identically
distributed gamma random variables ξ1, ξ2, . . . , ξn. We derive an asymptotic formula for the
survival probability P(Πn > x) as x→ ∞ with the first two remaining terms.
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1 Introduction

Let ξ be a random variable defined on a probability space (Ω,F ,P). A random variable
(r.v.) ξ : Ω → R is said to have a gamma distribution Γ(α, β) if its distribution is given
by the following density function:

fξ(x) =
xα−1e−βxβα

Γ(α)
, x > 0,

where α > 0 and β > 0 are two parameters, and Γ denotes the standard gamma function,
i.e.,

Γ(α) =

∞∫
0

xα−1e−x dx.

Thus, the distribution function (d.f.) Fξ(x) = P(ξ 6 x) of the r.v. ξ with gamma
distribution has the form

Fξ(x) =
βα

Γ(α)

x∫
0

yα−1e−βy dy, x > 0.

A glance at the literature shows that the theory of the product of independent r.v.s
is much less studied than the theory of the sum of independent r.v.s; we mention books
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On the distribution-tail of the product of gamma random variables 1181

[3,14,34]. Most of the literature on product theory is devoted to normal random variables
(see, e.g., [2, 7, 15, 20, 23, 32, 33]), but one can also find articles on gamma random
variables.

Nadarajah and Kotz [27,28] obtained exact d.f.s by multiplying two gamma and beta,
and gamma and Weibull distributions, respectively. Malik [24] expressed the density func-
tion in terms of two generalized gamma distributions. Springer and Thompson [35], using
the Melin transformation, obtained the exact density function of n gamma distributions

fΠn(x) =
1

nΓ(α)
Gn,0

0,n (x | α− 1, α− 1, . . . , α− 1)

=
1

2πinΓ(α)

c+i∞∫
c−i∞

x−s Γn(s+ α− 1) ds,

where fΠn
is the density function of the product of the gamma distributions, c is any

positive constant, andG is the MeijerG-function defined by the following equation in the
general case:

Gm,n
p,q

(
z
∣∣ a1, a2, . . . , ap
b1, b2, . . . , bq

)
=

1

2πi

∫
L

z−s
∏m
j=1 Γ(bj + s)

∏n
j=1 Γ(1− aj − s)∏p

j=n+1 Γ(aj + s)
∏q
j=m+1 Γ(1− bj − s)

ds,

where the infinite contour of integration L separates the poles of Γ(1 − aj − s), j ∈
{1, . . . , p}, from the poles of Γ(bj + s), j ∈ {1, . . . , q}; see, for instance, [4, 31] and
reference therein.

In this paper, the asymptotic behaviour of the tail function of the product of gamma
distributions will be investigated using the saddle-point method and the theorem devel-
oped by Arendarzcyk and Dȩbicki [1]. For the saddle-point method, we will use an
auxiliary lemma of Wong [37], which will help us evaluate the special form of the integral.

2 Asymptotic behaviour of the product distribution tail

The asymptotic behaviour of the tail of the product of gamma r.v.s can be derived
from exact formulas or using the saddle-point method described in detail by Butler [6],
Fedoryuk [12], and Jensen [17], for instance. Using the latter method described in [17],
Arendarczyk and Dȩbicki obtained the following result on the Weibull-type tail distribu-
tions; see [1, Lemma 2.1].

Theorem 1. Let ξ1 and ξ2 be two independent, nonnegative r.v.s such that

F ξ1(x) ∼
x→∞

C1x
γ1 exp

{
−β1x

α1
}
, F ξ2(x) ∼

x→∞
C2x

γ2 exp
{
−β2x

α2
}
,

where Ci > 0, γi ∈ R, βi > 0, αi > 0, i = 1, 2. Then

F ξ1ξ2(x) ∼
x→∞

Cxγ exp
{
−βxα

}
,
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where

α =
α1α2

α1 + α2
,

β = β
α2/(α1+α2)
1 β

α1/(α1+α2)
2

((
α1

α2

)α2/(α1+α2)

+

(
α2

α1

)α1/(α1+α2))
,

γ =
α1α2 + 2α1γ2 + 2α2γ1

2(α1 + α2)
,

C =
√

2π
C1C2√
α1 + α2

(α1β1)(α2−2γ1+2γ2)/(2(α1+α2))

× (α2β2)(α1−2γ2+2γ1)/(2(α1+α2)).

In particular, this theorem implies that if ξ1, ξ2, ξ3 are independent and distributed
according to the gamma law Γ(α, β), then

F ξ1ξ2(x) ∼
x→∞

√
π
β2(α−1)+1/2

Γ2(α)
xα−3/4 exp

{
−2βx1/2

}
, (1)

F ξ1ξ2ξ3(x) ∼
x→∞

2π√
3

β3(α−1)+1

Γ3(α)
xα−2/3 exp

{
−3βx1/3

}
.

We observe that the product of gamma-distributed r.v.s, which are light-tailed, pro-
duces heavy-tailed or even subexponential distributions widely described in books [11,
13, 19, 21, 25, 29] and in reference therein. Recall that a distribution F on R is said to be
heavy-tailed, denoted F ∈ H , if its Laplace–Stieltjes transform satisfies the following
property:

∞∫
−∞

eδx dF (x) =∞ for any δ > 0.

Otherwise, F is said to be light-tailed, denoted F ∈H c. A distribution F on R+ is said
to be subexponential, F ∈ S , if

F ∗ F (x) ∼
x→∞

2F (x),

where F ∗ F denotes the convolution of d.f. F with itself. In general, it is not easy to
verify this subexponentiality condition. When F is absolutely continuous with density f ,
Pitman [30] provided a complete characterization of subexponential distributions on R+

in terms of their hazard rate function q(x) = f(x)/F (x). According to [30, Thm. 2],
a sufficient condition for subexponentiality is the integrability of function exq(x)f(x) on
R+ = [0,∞). In addition, according to [30, Cor. 1], the class of d.f.s S is closed under
strong tail-equivalence. This means the following:

F ∈ S , G(x) ∼
x→∞

cF (x), c > 0 =⇒ G ∈ S .

Consequently, the asymptotic relation (1) implies that d.f. Fξ1ξ2 ∈ S because
∞∫

0

exq(x)f(x) dx <∞
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with

f(x) = d∗
((

3

4
− α

)
xα−7/4 + βxα−5/4

)
e−2β

√
x, x > d∗,

xq(x) =

(
3

4
− α

)
+ β
√
x, x > d∗,

and suitable positive constants d∗, d∗ depending on parameters α, β. We get obviously
that Fξ1ξ2 ∈ H for independent r.v.s distributed according to the gamma law Γ(α, β)
because S ⊂ H ; see, for instance, [10, Lemma 2.4]. Among other things, it follows
from this that d.f. Fξ1ξ2...ξn with independent gamma-distributed r.v.s {ξ1, ξ2, . . . , ξn}
belongs to the class H for any n > 2 due to the obvious estimates

Eeλξ1ξ2···ξn+1 > Eeλξ1ξ2···ξn+1I{ξn+1>1} > Eeλξ1ξ2···ξnP(ξn+1 > 1),

provided that n > 1 and λ > 0.
We refer to [8, 18, 22, 26, 36] and references therein for various extensions related to

the phenomenon showing how multiplying random variables change the heaviness of their
tails.

Hashorva and Weng [16] derived the following general relation (see also [5, 9] for
details) by using Theorem 1:

FΠn
(x) ∼

x→∞

(2π)(n−1)/2

√
n

βn(α−1)+(n−1)/2

Γn(α)
xα−(n+1)/(2n) exp

{
−nβx1/n

}
valid for each natural n, where Πn is the product of n independent r.v.s distributed
according to Γ(α, β).

In our paper, we derive the more precise formula for the tail of the product of gamma
r.v.s. The following statement is the main result of the paper.

Theorem 2. Let ξ1, ξ2, . . . be i.i.d. r.v.s such that, for each k, ξk ∼ Γ(α, β), and let
Πn :=

∏n
k=1 ξk. Then

FΠn
(x) =

(2π)(n−1)/2

√
n

βn(α−1)+(n−1)/2

Γn(α)
xα−(n+1)/(2n) exp

{
−nβx1/n

}
×
(
1 + β−1x−1/n(α− 1− Sn) +On

(
x−3/(2n)

))
, (2)

where S1 = 0,

Sn =

n∑
k=2

k(k − 1)− 11

24k(k − 1)
, n > 2,

and the constant in the symbol On depends on α, β, and n.

It is well known that the exponential, Erlang, and χ2 are separate cases of the gamma
distribution. The exponential distribution is obtained by choosing α = 1, the Erlang dis-
tribution is obtained by choosing α ∈ N, and chi-square distribution χ2

κ ∼ Γ(κ/2, 1/2),
where κ is the number of degrees of freedom. We formulate two corollaries, obtaining
the product of tail functions for exponential and chi-square distributions.
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Corollary 1. Let η1, η2, . . . be i.i.d. r.v.s such that, for each k, ηk∼d exp(λ), and let
Πn :=

∏n
k=1 ηk. Then

FΠn
(x) =

(2πλ)(n−1)/2

√
n

x(n−1)/(2n) exp
{
−nλx1/n

}
×
(
1− λ−1x−1/nSn +On

(
x−3/(2n)

))
,

where Sn, n > 1, are defined in Theorem 2, and the constant in the symbol On depends
on λ and n.

Corollary 2. Let η1, η2, . . . be i.i.d. r.v.s such that, for each k, ηk ∼ χ2
κ , and let Πn :=∏n

k=1 ηk. Then

FΠn(x) =
(2π)(n−1)/2

√
n

xκ/2−(n+1)/2

2n(κ/2−1)+(n−1)/2 Γn(κ
2 )

exp

{
−1

2
nx1/n

}
×
(

1 + x−1/n 1

2

(
κ
2
− 1− Sn

)
+On

(
x−3/(2n)

))
,

where Sn, n > 1, are defined above, and the constant in the symbol On depends on κ
and n but not depends on x.

3 Proof of the main theorem

The tail function F ξ = 1 − Fξ of the r.v. ξ distributed according to the law Γ(α, β)
satisfies the following inequalities for all positive x.

(i) If 0 < α 6 1, then

F ξ(x) >
xα−1e−βxβα−1

Γ(α)

(
1 +

α− 1

βx

)
, (3)

F ξ(x) 6
xα−1e−βxβα−1

Γ(α)

(
1 +

α− 1

βx
+

(α− 1)(α− 2)

β2x2

)
. (4)

(ii) If 1 < α 6 2, then

F ξ(x) >
xα−1e−βxβα−1

Γ(α)

(
1 +

α− 1

βx
+

(α− 1)(α− 2)

β2x2

)
, (5)

F ξ(x) 6
xα−1e−βxβα−1

Γ(α)

(
1 +

α− 1

βx

)
. (6)

(iii) If α > 2, then

F ξ(x) >
xα−1e−βxβα−1

Γ(α)

(
1 +

α− 1

βx

)
, (7)

F ξ(x) 6
xα−1e−βxβα−1

Γ(α)

(
1 + (α− 1)β−1x−1 + C3

[α]∑
k=2

x−k

)
, (8)
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where [α] denotes the integer part of parameterα, and the positive quantityC3 = C3(α, β)
depends only on α and β.

Inequalities (3)–(7) follow from representation

F ξ(x) =
xα−1e−βxβα−1

Γ(α)
+
xα−2e−βxβα−2(α− 1)

Γ(α)

+
βα−2(α− 1)(α− 2)

Γ(α)

∞∫
x

yα−3e−βy dy

valid for all x > 0. While inequality (8) follows from the more detailed expression

F ξ(x) =
xα−1e−βxβα−1

Γ(α)
+

e−βx

Γ(α)

[α]∑
k=1

βα−k−1xα−k−1(α− 1)(α− 2) · · · (α− k)

+
βα−[α]−1(α− 1)(α− 2) · · · (α− [α]− 1)

Γ(α)

∞∫
x

yα−[α]−2e−βy dy

6
xα−1e−βxβα−1

Γ(α)
+

e−βx

Γ(α)

[α]∑
k=1

βα−k−1xα−k−1(α− 1)(α− 2) · · · (α− k).

From the obtained inequalities (3)–(8) we derive that the following asymptotic equal-
ity holds for all cases of the parameter α:

F ξ(x) =
xα−1e−βxβα−1

Γ(α)

(
1 + (α− 1)β−1x−1 +O

(
x−2

))
, (9)

where the constant in the symbol O depends on α and β.
In order to prove the main theorem, we provide the reader with an auxiliary lemma,

which we will use multiple times in our proof. The lemma below can be obtained by
applying the saddle-point method to a real integral of a special form. The proof of the
lemma can be found in [37, Chap. II, Thm. 1].

Lemma 1. Let h and g be two real functions defined on an interval [a, b) (b can be finite
or infinite) such that:

(i) as z ↘ a for all N > 1,

h(z) = h(a) +

N∑
k=0

ak(z − a)k+µ + o
(
(z − a)N+µ

)
,

g(z) =

N∑
k=0

bk(z − a)k+ν−1 + o
(
(z − a)N+ν−1

)
,

h′(z) =

N∑
k=0

(k + µ)ak(z − a)k+µ−1 + o
(
(z − a)N+µ−1

)
,

where a0 6= 0, b0 6= 0, µ > 0, and ν > 0;
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(ii) h(z) > h(a), where z ∈ (a, b), and for all δ > 0,

inf
z∈[a+δ,b)

(
h(z)− h(a)

)
> 0;

(iii) h′ and g are continuous in a neighborhood of point a.

If the integral
∫ b
a
g(z)e−xh(z) dz converges absolutely for all sufficiently large x, then

b∫
a

g(z)e−xh(z) dz = e−xh(a)

(
N∑
k=0

Γ

(
k + ν

µ

)
dkx
−(k+ν)/µ +O

(
x−(N+ν+1)/µ

))

for all N ∈ N, where coefficients dk are expressible in terms of ak and bk.

In [37], Wong provided the explicit forms of the first three coefficients:

d0 =
b0

µa
ν/µ
0

, d1 =

(
b1
µ
− (ν + 1)a1b0

µ2a0

)
1

a
(ν+1)/µ
0

,

d2 =

(
b2
µ
− (ν + 2)a1b1

µ2a0
+
(
(ν + µ+ 2)a2

1 − 2µa0a2

) (ν + 2)b0
2µ3a2

0

)
1

a
(ν+2)/µ
0

.

3.1 The case n = 2

To prove Theorem 2, we use induction on n. The asymptotic equality (9) implies the
assertion of Theorem 2 in the case of n = 1. Additionally, we note that constant in the
Landau’s symbol O(), which we use below in this subsection many times, depends on α
and β.

Suppose that n = 2 and x is sufficiently large. We have

F ξ1ξ2(x) =
βα

Γ(α)

∞∫
0

F ξ1

(
x

y

)
yα−1e−βy dy

=
βα

Γ(α)

( 2x1/2∫
0

+

∞∫
2x1/2

)
F ξ1

(
x

y

)
yα−1e−βy dy

=: I1 + I2. (10)

Applying the variable change y = u
√
x and the upper bound in (9), we get that

I2 =
β2α−1xα−1

Γ2(α)

3x1/2∫
2x1/2

e−β(y+x/y)

(
1 +

α− 1

β

y

x
+O

(
y

x

)2)
dy

+
βα

Γ(α)

∞∫
3x1/2

yα−1e−βy dy

https://www.journals.vu.lt/nonlinear-analysis
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=
β2α−1xα−1/2

Γ2(α)

3∫
2

e−β
√
x(u+1/u)

(
1 +

α− 1

β

u√
x

+O

(
u2

x

))
du

+
βα

Γ(α)

∞∫
3x1/2

yα−1e−βy dy

= O

(
xα−1/2 exp

{
−5

2
β
√
x

})
. (11)

For the integral I1, applying the same variable change y = u
√
x, we obtain

I1 =
β2α−1xα−1

Γ2(α)

2x1/2∫
0

e−β(y+x/y)

(
1 +

α− 1

β

y

x
+O

(
y

x

)2)
dy

=
β2α−1xα−1/2

Γ2(α)

2∫
0

e−β
√
x(1/u+u)

(
1 +

α− 1

β

u√
x

+O

(
u2

x

))
du

=
β2α−1xα−1/2

Γ2(α)

( 2∫
0

e−β
√
x(1/u+u) du+

α− 1

β
√
x

2∫
0

u e−β
√
x(1/u+u) du

)

+O
(
e−2β

√
xxα−3/2

)
=:

β2α−1xα−1/2

Γ2(α)

(
I11 +

α− 1

β
√
x
I12

)
+O

(
e−2β

√
xxα−3/2

)
. (12)

After changing of variables v = 1/u, u ∈ (0, 1], in integrals I11 and I12, we derive

I11 =

∞∫
1

1

v2
e−β
√
x(1/v+v) dv +

2∫
1

e−β
√
x(1/u+u) du

=: I111 + I112 (13)

and

I12 =

∞∫
1

1

v 3
e−β
√
x(1/v+v) dv +

2∫
1

u e−β
√
x(1/u+u) du

=: I121 + I122. (14)

We have v + 1/v|v=1 = 2, and

v +
1

v
= 2 +

N∑
k=0

(−1)k+2(v − 1)k+2 + o
(
(v − 1)N+2

)
, v → 1, (15)
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(
v +

1

v

)′
=

N∑
k=0

(−1)k(k + 2)(v − 1)k+1 + o
(
(v − 1)N+1

)
, v → 1, (16)

1

v2
=

N∑
k=0

(−1)k(k + 1)(v − 1)k + o
(
(v − 1)N

)
, v → 1,

for each N > 1 according to the Taylor’s formula. Hence, using Lemma 1 for integral
I111 with suitable parameters

a = 1, µ = 2, ν = 1,

a0 = b0 = 1, a1 = −1, a2 = 1, b1 = −2, b2 = 3,

d0 =
1

2
, d1 = −1

2
, d2 =

3

16
,

we get that

I111 = e−2β
√
x

(√
π

2
(β
√
x)−1/2 − (β

√
x)−1

2
+

3
√
π

32
(β
√
x)−3/2 +O

(
1

x

))
. (17)

The asymptotic relations (15), (16) imply that conditions of Lemma 1 hold for integral
I112 with parameters

a = 1, µ = 2, ν = 1,

a0 = b0 = 1, a1 = −1, a2 = 1, b1 = 0, b2 = 0,

d0 =
1

2
, d1 =

1

2
, d2 =

3

16
.

Therefore, for large x,

I112 = e−2β
√
x

(√
π

2
(β
√
x)−1/2 +

(β
√
x)−1

2
+

3
√
π

32
(β
√
x)−3/2 +O

(
1

x

))
.

This, together with (13) and (17), implies that

I11 = e−2β
√
x

(√
π(β
√
x)−1/2 +

3
√
π

16
(β
√
x)−3/2 +O

(
1

x

))
(18)

for large x.
The asymptotic relations (15), (16) and relation

1

v3
=

N∑
k=0

(−1)k(k + 1)

(
k

2
+ 1

)
(v − 1)k + o

(
(v − 1)N

)
, v → 1,

imply that Lemma 1 is applicable to I121 with parameters

a = 1, µ = 2, ν = 1,

a0 = b0 = 1, a1 = −1, b1 = −3, d0 =
1

2
, d1 = −1.
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Therefore, for sufficiently large x,

I121 = e−2β
√
x

(√
π

2
(β
√
x)−1/2 − (β

√
x)−1 +O

(
x−3/4

))
. (19)

In a similar way, we derive that

I122 = e−2β
√
x

(√
π

2
(β
√
x)−1/2 + (β

√
x)−1 +O

(
x−3/4

))
.

This estimate, representation (14), and estimate (19) imply that

I12 = e−2β
√
x
(√
π(β
√
x)−1/2 +O

(
x−3/4

))
for large x. Estimates (12), (18) and the above asymptotic equality imply that

I1 =
√
π
β2α−3/2xα−3/4

Γ2(α)
e−2β

√
x

×
(

1 + β−1x−1/2

(
α− 1 +

3

16

)
+O

(
x−3/4

))
+O

(
e−2β

√
xxα−3/2

)
=
√
π
β2α−3/2xα−3/4

Γ2(α)
e−2β

√
x

×
(

1 + β−1x−1/2

(
α− 1 +

3

16

)
+O

(
x−3/4

))
(20)

for large x. Finally, substituting derived estimates (11) and (20) into (10), we obtain

F ξ1ξ2(x) =
√
π
β2α−3/2xα−3/4

Γ2(α)
e−2β

√
x

×
(

1 + β−1x−1/2

(
α− 1 +

3

16

)
+O

(
x−3/4

))
,

which implies that the theorem statement holds in the case where n = 2.

3.2 The key step of induction

Suppose now that the asymptotic formula (2) is true when n = m, m > 2, i.e.,

FΠm(x) =
(2π)(m−1)/2

√
m

βm(α−1)+(m−1)/2

Γm(α)
xα−(m+1)/(2m) exp

{
−mβx1/m

}
×
(
1 + β−1x−1/m(α− 1− Sm) +Om

(
x−3/(2m)

))
, (21)
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where and everywhere in this section, the constant in the symbol Om() depends on α, β,
and m. Since

m+1∏
k=1

ξk = ξm+1

m∏
k=1

ξk,

then we obtain

FΠm+1(x) =

∞∫
0

FΠm

(
x

y

)
fξ(y) dy =

βα

Γ(α)

∞∫
0

FΠm

(
x

y

)
yα−1e−βy dy

=
βα

Γ(α)

( (m+1)x1/(m+1)∫
0

+

∞∫
(m+1)x1/(m+1)

)
FΠm

(
x

y

)
yα−1e−βy dy

=: J1 + J2. (22)

Using the variable change y = ux1/(m+1), similarly as in (11), we get that

J2 = Kx

(m+2)x1/(m+1)∫
(m+1)x1/(m+1)

y(1−m)/(2m) exp

{
−β
(
y +m

(
x

y

)1/m)}

×
(

1 + β−1

(
x

y

)−1/m

(α−1−Sm) +Om

(
x

y

)−3/(2m))
dy

+
βα

Γ(α)

∞∫
(m+2)x1/(m+1)

yα−1e−βy dy

= Lx

m+2∫
m+1

u(1−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
×
(
1+β−1u1/mx−1/(m+1)(α−1−Sm) +Om

(
u3/(2m)x−3/(2(m+1))

))
du

+
βα

Γ(α)

∞∫
(m+2)x1/(m+1)

yα−1e−βy dy

= Om
(
xα−(m+1)/(2m) exp

{
−βx1/(m+1)

(
m+ 1 +m(m+ 1)−1/m

)})
,

where

Kx =
(2π)(m−1)/2

√
m

βα(m+1)−(m+1)/2

Γm+1(α)
xα−(m+1)/(2m),

Lx = x1/(2m)Kx,
(23)
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and x is sufficiently large. Using the induction hypothesis (21) and the same variable
change y = ux1/(m+1), for large x, we find that

J1 = Lx

( m+1∫
0

u(1−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
du

+ β−1x−1/(m+1)(α− 1− Sm)

×
m+1∫
0

u(3−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
du

+Om

(
x−3/(2(m+1))

m+1∫
0

u(4−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
du

))

=: Lx
(
J11 + β−1x−1/(m+1)(α− 1− Sm)J12 +Om

(
x−3/(2(m+1))J13

))
, (24)

where Lx is defined in (23).
Similarly, as demonstrated in (13) and (14), we obtain the following divisions:

J11 =

∞∫
1

v−(3m+1)/(2m) exp

{
−βx1/(m+1)

(
1

v
+mv1/m

)}
dv

+

m+1∫
1

u(1−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
du

=: J111 + J112, (25)

J12 =

∞∫
1

v−(3m+3)/(2m) exp

{
−βx1/(m+1)

(
1

v
+mv1/m

)}
dv

+

m+1∫
1

u(3−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
du

=: J121 + J122. (26)

While for the last integral in (24), we get that

J13 =

∞∫
1

v−(3m+4)/(2m) exp

{
−βx1/(m+1)

(
1

v
+mv1/m

)}
dv

+

m+1∫
1

u(4−m)/(2m) exp
{
−βx1/(m+1)

(
u+mu−1/m

)}
du

=: J131 + J132.
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Below we find the suitable asymptotic formulas for all the marked integrals.
•We begin with J111, J112, and J11. We have 1/v +mv1/m|v=1 = m+ 1, and

1

v
+mv1/m = m+ 1 +

N∑
k=0

(∏k+1
l=1 (1− lm)

(k + 2)!mk+1
+ (−1)k

)
(v − 1)k+2

+ o
(
(v − 1)N+2

)
, v → 1, (27)(

1

v
+mv1/m

)′
=

N∑
k=0

(∏k+1
l=1 (1− lm)

(k + 2)!mk+1
+ (−1)k

)
(k + 2)(v − 1)k+1

+ o
(
(v − 1)N+1

)
, v → 1, (28)

v−(3m+1)/(2m) = 1 +

N∑
k=1

(−1)k
∏k
l=1((2l + 1)m+ 1)

k!(2m)k
(v − 1)k

+ o
(
(v − 1)N

)
, v → 1,

for any N > 1 according to the Taylor’s formula. Hence, using Lemma 1 for integral
J111 with suitable parameters

a = 1, µ = 2, ν = 1,

a0 =
m+ 1

2m
, a1 = − (4m− 1)(m+ 1)

6m2
, a2 =

18m3 + 11m2 − 6m+ 1

24m3
,

b0 = 1, b1 = −3m+ 1

2m
, b2 =

(3m+ 1)(5m+ 1)

8m2
,

d0 =

√
m

2(m+ 1)
, d1 = − m+ 5

6(m+ 1)
, d2 = −2−5/2(m2 +m− 11)

3m1/2(m+ 1)3/2
,

we get that

J111 = exp
{
−β(m+ 1)x1/(m+1)

}(√ πm

2(m+ 1)

(
βx1/(m+1)

)−1/2

− m+ 5

6(m+ 1)

(
βx1/(m+1)

)−1 −
√
π(m2 +m− 11)

3(27/2m1/2(m+ 1)3/2)

(
βx1/(m+1)

)−3/2

+Om
(
x−2/(m+1)

))
(29)

if x is sufficiently large.
Similarly, we have u+mu−1/m|u=1 = m+ 1, and for any N > 1,

u+mu−1/m = m+ 1 +

N∑
k=0

(−1)k
∏k+1
l=1 (1 + lm)

(k + 2)!mk+1
(u− 1)k+2

+ o
(
(u− 1)N+2

)
, u→ 1,
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(
u+mu−1/m

)′
=

N∑
k=0

(−1)k
∏k+1
l=1 (1 + lm)

(k + 1)!mk+1
(k + 2)(u− 1)k+1

+ o
(
(u− 1)N+1

)
, u→ 1,

u(1−m)/(2m) = 1 +

N∑
k=1

(−1)k
∏k
l=1((2l − 1)m− 1)

k!(2m)k
(u− 1)k

+ o
(
(u− 1)N

)
, u→ 1,

according to the Taylor’s formula again. The derived equalities imply that conditions of
Lemma 1 hold for integral J112 with parameters

a = 1, µ = 2, ν = 1,

a0 =
m+ 1

2m
, a1 = − (m+ 1)(2m+ 1)

6m2
, a2 =

6m3 + 11m2 + 6m+ 1

24m3
,

b0 = 1, b1 =
1−m

2m
, b2 =

(3m− 1)(m− 1)

8m2
,

d0 =
√
m/2(m+ 1), d1 =

m+ 5

6(m+ 1)
, d2 = −2−5/2(m2 +m− 11)

3m1/2(m+ 1)3/2
.

Therefore, for large x,

J112 = exp
{
−β(m+ 1)x1/(m+1)

}(√ πm

2(m+ 1)

(
βx1/(m+1)

)−1/2

+
m+ 5

6(m+ 1)

(
βx1/(m+1)

)−1 −
√
π(m2 +m− 11)

3(27/2m1/2(m+ 1)3/2)

(
βx1/(m+1)

)−3/2

+Om
(
x−2/(m+1)

))
.

This, together with (25) and (29), implies that

J11 = exp
{
−β(m+ 1)x1/(m+1)

}(√ 2πm

(m+ 1)

(
βx1/(m+1)

)−1/2

−
√
π(m2 +m− 11)

3(25/2m1/2(m+ 1)3/2)

(
βx1/(m+1)

)−3/2
+Om

(
x−2/(m+1)

))
(30)

for large x.
• Now let us consider the integrals J121, J122, and J12. We can once more use

asymptotic relations (27), (28) and the asymptotic equality

v−(3m+3)/(2m) = 1 +

N∑
k=1

(−1)k
∏k
l=1((2l + 1)m+ 3)

k!(2m)k
(v − 1)k

+ o
(
(v − 1)N

)
, v → 1,
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for any N > 1 due to the Taylor’s formula. Therefore, for integral J121, the assertion of
Lemma 1 holds with parameters

a = 1, µ = 2, ν = 1, a0 =
m+ 1

2m
, a1 = − (4m− 1)(m+ 1)

6m2
,

b0 = 1, b1 = −3m+ 3

2m
, d0 =

√
m

2(m+ 1)
, d1 = − m+ 11

6(m+ 1)
.

Thus, when x is large,

J121 = exp
{
−β(m+ 1)x1/(m+1)

}(√ πm

2(m+ 1)

(
βx1/(m+1)

)−1/2

− m+ 11

6(m+ 1)

(
βx1/(m+1)

)−1
+Om

(
x−3/(2(m+1))

))
. (31)

In a similar way, we derive that

J122 = exp
{
−β(m+ 1)x1/(m+1)

}(√ πm

2(m+ 1)

(
βx1/(m+1)

)−1/2

+
m+ 11

6(m+ 1)

(
βx1/(m+1)

)−1

+Om
(
x−3/(2(m+1))

))
.

This, together with (26) and (31), implies that

J12 = exp
{
−β(m+ 1)x1/(m+1)

}(√ 2πm

(m+ 1)

(
βx1/(m+1)

)−1/2

+Om
(
x−3/(2(m+1))

))
. (32)

• Finally, with regard to the integralsJ131, J132, andJ13, we can equivalently employ
Lemma 1 to find that for large x,

J131 = exp
{
−β(m+ 1)x1/(m+1)

}(√ πm

2(m+ 1)

(
βx1/(m+1)

)−1/2

− m+ 14

6(m+ 1)

(
βx1/(m+1)

)−1
+Om

(
x−3/(2(m+1))

))
,

J132 = exp
{
−β(m+ 1)x1/(m+1)

}(√ πm

2(m+ 1)

(
βx1/(m+1)

)−1/2

+
m+ 14

6(m+ 1)

(
βx1/(m+1)

)−1
+Om

(
x−3/(2(m+1))

))
,

J13 = exp
{
−β(m+ 1)x1/(m+1)

}(√ 2πm

(m+ 1)

(
βx1/(m+1)

)−1/2

+Om
(
x−3/(2(m+1))

))
. (33)
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By substituting the derived asymptotic equalities (26), (30), (32), and (33) into (24)
and (22) we get that

FΠm+1
(x) =

(2π)m/2√
m+ 1

β(m+1)(α−1)+m/2

Γm+1(α)
xα−(m+2)/(2(m+1))

× exp
{
−(m+ 1)βx1/(m+1)

}
×
(
1 + β−1x−1/(m+1)(α− 1− Sm+1) +Om

(
x−3/(2(m+1))

))
with the constant in the symbol Om() not depending on x but depending on α, β, and m.

The last estimate implies the desired formula in the case n = m + 1. According to
the induction principle, the validity of (2) follows for each n ∈ N. Theorem 2 is proved.

4 Numerical illustrations

In this section, we present two examples involving the products of gamma-distributed
random variables. For both cases, we compare the theoretical results with the tail proba-
bilities estimated through the Monte Carlo method.

Example 1. Consider the product Π3 = ξ1ξ2ξ3 of three independent random variables ξ1,
ξ2, and ξ3 distributed according to the gamma law with parameters α = 3/2 and β = 2.

According to Theorem 2, there exist positive constants Ĉ1 and Ĉ2 such that, for
x > C2,

FΠ3
(x) 6

27/2πx5/6

√
3Γ3( 3

2 )
exp
{
−6x1/3

}(
1 +

x−1/3

2

(
1

2
− S3

)
+ Ĉ1x

−1/2

)
=

27/2πx5/6

√
3Γ3( 3

2 )
exp
{
−6x1/3

}(
1 +

13

36
x−1/3 + Ĉ1x

−1/2

)
,

FΠ3(x) >
27/2πx5/6

√
3Γ3( 3

2 )
exp
{
−6x1/3

}(
1 +

13

36
x−1/3 − Ĉ1x

−1/2

)
.

Figure 1 below shows that we can expect that Ĉ1 = 0.9 and Ĉ2 = 3.5 in the case under
consideration.

Example 2. Consider the product Π̃4 = η1η2η3η4 of four independent random variables
η1, η2, η3, and η4 distributed according to the exponential law with parameter λ = 3.

Due to Corollary 1, there exist positive constants C̃1 and C̃2 such that, for x > C̃2,

F Π̃4
(x) 6

(6π)3/2

2
x3/8 exp

{
−12x1/4

}(
1 +

7

96
x−1/4 + C̃1x

−3/8

)
,

F Π̃4
(x) >

(6π)3/2

2
x3/8 exp

{
−12x1/4

}(
1 +

7

96
x−1/4 − C̃1x

−3/8

)
.
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Figure 1. Simulated data compared to asymptotic bounds of tail probability for Π3 from Example 1.

0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

2 4 6
x

Asymptotic bounds with remaining term
Asymptotic bounds without remaining term
Simulated tail probability

Figure 2. Simulated data compared to asymptotic bounds of tail probability for Π̃4 from example 2.

In addition, according to the same corollary, there exists the positive constant C̃3 such
that, for x > C̃2,

F Π̃4
(x) 6

(6π)3/2

2
x3/8 exp

{
−12x1/4

}(
1 + C̃3x

−1/4
)
,

F Π̃4
(x) >

(6π)3/2

2
x3/8 exp

{
−12x1/4

}(
1− C̃3x

−1/4
)
.

Fig. 2 displays the simulated values of Π̃4 along with the upper and lower bounds. Specif-
ically, Fig. 2 demonstrates that in this example, it is possible to set C̃1 = 0.5, C̃3 = 0.9,
and C̃2 = 2. This figure shows that by taking more residual terms the tail function of the
product Π̃4 can be approximated more accurately.
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