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FWHM Full width at half maximum

FWM Four-wave mixing

FS Fused silica

GVD Group velocity dispersion

MF Multiple filaments

MIR Middle infrared

MPA Multiphoton absorption

NIR Near infrared

NOPA Noncollinear optical parametric amplifier

SC Supercontinuum

SPM Self-phase modulation

UV Ultraviolet

WLC White light continuum

3



Introduction

In 1995 Braun and co-workers reported the observation of self-channeling of
femtosecond laser pulses over 20 m in air [1]. The observation was startling
in virtue also of the amazing simplicity of the experimental setup: the input
laser beam was simply collimated and allowed to propagate in free space.
As the energy was increased, the beam was seen to shrink until it reached
a minimum diameter of the order of 100 µm which was then maintained
over many meters of propagation. Moreover, an array of beautiful colours,
or conical emission, was observed that clearly indicated a rather dramatic
modification of the pulse shape. This first observation of femtosecond fil-
ament triggered a series of studies, which discovered an exciting physics
beyond the interaction of ultrashort laser pulses with transparent dielectric
media [2–5]. Currently, there are many research groups world-wide involved
in the investigation of the properties and applications of femtosecond fila-
mentation phenomena.

Curiously, it is not easy to provide a clear-cut definition of an optical fila-
ment and one usually refers to the associated phenomena in order to define
it. For example, in many experiments in gases, the filament is defined as a
high-intensity peak propagating over many Rayleigh ranges without appar-
ent diffraction spreading. Its length may be defined as the distance
over which nitrogen fluorescence (excited by multiphoton absorp-
tion from the high intensity peak) appears. In solids and liquids a
much more obvious manifestation of filament formation is the generation
of colored conical emission (i.e. a strong spectral broadening with differ-
ent wavelengths emitted at different angles) and supercontinuum radiation.
These features either are a manifestation of a narrow high intensity peak
propagating over many Rayleigh lengths. A modern definition of the fila-
ment could be formulated as in Couairon et al., [3]:

a filament is a dynamic optical pulse structure with an intense core that
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is able to propagate over extended distances much larger than the typical
diffraction length while keeping a narrow beam size without the help of any
external guiding mechanism

Note the highlighted “dynamic”. It is generally acknowledged that the fila-
ment is not the result of the propagation of a stationary soliton-like struc-
ture. The filament will therefore appear as a dynamic competition between
self-focusing and some saturating or defocusing mechanism. This may even-
tually involve successive focusing and defocusing cycles that give the overall
impression of a stationary-like propagation, but it is actually far more com-
plex. Figure 1 gives a schematic representation of the evolution of the laser
beam diameter as it first self-focuses, reaches a nonlinear focus and forms a
filament. This initial stage is a result of the nonlinear Kerr effect: at high
intensities the medium in which the laser beam is propagating, responds
nonlinearly and a self-induced phase shift is imparted on the beam. The
value of the phase shift depends on the local intensity and will thus be
higher at the center of the beam and lower at the edges. This therefore acts
like a lens which enforces the beam to self-focus. The self-focusing stage is
theoretically a runaway effect in the sense that as the beam self-focuses, the
intensity increases and so does the self-focusing effect. However, the beam
cannot and will not contract to a singularity, but self-focusing is arrested
by some higher order effect (e.g. nonlinear losses or self-created plasma
defocusing). The filament that emerges from the nonlinear focus may then
be characterized by one or more refocusing stages (two are shown in the
figure for simplicity). During propagation the filament will continuously
lose energy due to multiphoton and plasma absorption until it dies out and
a linear diffraction regime is resumed.

From an experimental point of view, filamentation may manifest itself in
many different ways. The interesting point is that these features appear to
be common to all transparent media, input pulse wavelengths and durations
(within the ultrashort pulse regime).

The nonlinear focus. Spatial self-action leads to focusing distance even for
a collimated beam. In order for this to occur the beam should have a power
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Figure 1: Schematic representation of how the transverse dimension of the laser
beam varies in the linear regime (dashed line) compared to the nonlinear regime
when the input power is above the critical power for self-focusing.

that is larger than a critical power defined as [6]

Pcr = 3.77
λ2

8πn0n2
, (1)

where λ is laser wavelength, n0 and n2 are linear and nonlinear refractive
indexes of the medium, respectively. A collimated beam with power Pin >

Pcr will focus (due to the nonlinearity) at a distance given by [6]

zc =
0.367zR√

[(Pin/Pcr)1/2 − 0.852]2 − 0.0219
, (2)

where zR is the beam Rayleigh range.

White-light or supercontinuum (SC) emission. Filamentation is associated
with generation of an extremely broadband, spatially and temporally coher-
ent light emission with a low angular divergence. The SC radiation emerges
from a complex interplay between self-focusing, self-phase modulation, four-
wave mixing, multiphoton absorption and plasma generation. The width
of the SC spectrum strongly depends on the linear and nonlinear optical
properties of the medium and the pump wavelength [7] and may span over
more than several octaves with mid-infrared pumping [8, 9]. SC emission is
widely exploited in ultrafast spectroscopy and serves as a primary seeding
source for broadly tunable optical parametric amplifiers.

Conical emission (CE). Broadband emission is observed also at angles with
respect to the propagation axis. The emission angles are set by the disper-
sive properties of the medium and represent the Kerr-driven spatiotemporal
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instability gain profile: the CE angles increase (or decrease) with the fre-
quency shift with respect to the pump frequency, depending on the sign of
the group velocity dispersion [10]. The shape of the CE pattern is a dis-
tinctive feature related to the spontaneous formation of the X-waves and
O-waves in media with normal and anomalous group velocity dispersion,
respectively.

Figure 2: (a) and (b) are θ(λ), angular spectra support for the X- and O- type
waves respectively, evaluated for propagation in water. (c) and (d) are the
spatio-temporal intensity distribution corresponding to a wave with spectral
support of (a) and (b) respectively. Image from [11].

Pulse splitting and temporal compression. During filament formation in the
normally dispersive medium (normal group velocity dispersion regime), the
pulse splits and the sub-pulses may be further temporally compressed [12].
The energy balance between the two sub-pulses may favor one or the other
or a possible strong unbalance may arise due to propagation effects such as
absorption of the trailing pulse due to the self-generated plasma from the
leading pulse. This can lead to the isolation and survival of a single, tem-
porally compressed, intense pulse [13]. In the media with anomalous group
velocity dispersion, the entire input wave packet undergoes simultaneous
compression in space and time, producing quasi-stable three-dimensional
nonspreading pulses – light bullets [14]. Filamentation may therefore be
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considered as a potential novel laser pulse compression technique and single
cycle durations may be achieved.

Intensity clamping. The peak intensity of the input pulse may increase
by some orders of magnitude during the filamentation process. The final
peak intensity actually reached will depend on the material characteristics.
In gaseous media, for which peak intensities of the order of hundreds of
TW/cm2 have been reported, the main limiting mechanism is related to
self-generated plasma defocusing [15]. In solid or liquid media the role of
plasma defocusing is usually somewhat reduced, maximum intensities up
to tens of TW/cm2 are estimated [16] and the main limiting mechanisms
are related to multiphoton absorption, group velocity dispersion and beam
break-up into multiple filaments. In any case it has been shown that in both
gaseous and condensed media the filament reaches a maximum “clamped”
intensity level.

Spatial robustness. The intensity peak associated to the central core of the
filament is highly localized in space. Typical filament diameters are of the
order of 100 µm in air and 10–40 µm in condensed media. However, this
tightly localized peak is surrounded by a large background that acts as an
energy reservoir continuously refueling the central hot core [17, 18]. This
feature is at the basis of the filament robustness to spatial perturbations
so that filaments may, for example, survive propagation through scattering
media, such as fog and clouds [19–21]. This property is directly related to
the conical (Bessel-like) nature of the filament. For example, Bessel beams
are well known to exhibit the same kind of robustness and the ability to
reconstruct their original profile after passing through an obstacle.

Light filaments as nonlinear X waves. X-waves, so-called due their evident
“X” shape in both the near and the far-field (Fig. 2), are a specific example
of conical waves that are stationary in the normal group velocity dispersion
regime [22]. A very convenient description of the X waves could be given
in the transverse-space and temporal Fourier domain, i.e. as a function
of frequency ω and transverse wave-vector, k⊥ =

√
k2(ω)− k2

z(ω) where
stationarity is imposed by taking the longitudinal wave-vector kz to be
linear function of frequency,

kz = k0 +
ω − ω0

v
(3)
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Figure 3: Numerical simulation of a filament that is formed in water but passes
into vacuum at z = 1.25 cm. The filament continues to propagate even in
the absence of nonlinearity with a diameter that is only slightly larger (outer
profile) than that of the filament in the fully nonlinear regime, i.e. in water
for the whole propagation distance (inner profile). The dashed lines show the
expected diffraction evolution for a linear Gaussian-shaped beam.

where ω0 is a reference frequency, e.g. the input pulse carrier frequency,
k0 = k(ω0) and v is the group velocity along the propagation z-axis of the
conical pulse. Experiments proving spatial robustness of the filament are
interpreted by assuming that the filament is actually a conical wave so that
the central intense peak results from an interference effect, continuously re-
filled by a large yet low-intensity surrounding energy reservoir [17, 18]. The
same results were later reproduced also for filaments propagating in air [23].
Finally, numerical simulations by Kolesik et al. and experiments by Faccio
et al., clearly proved that filamentation in condensed media may be inter-
preted as a dynamical interaction between X-waves that form spontaneously
within the filament [24, 25].

Sub-diffractive propagation. The distinctive feature of conical waves is the
energy flux that occurs along a conical surface and that leads to station-
ary propagation, i.e. they are characterized by a central intense peak that
propagates without diffraction and without dispersion. As noted above,
sub-diffractive and sub-dispersive propagation are probably the most no-
table features of laser pulse filaments: these are both directly related to the
stationary properties of polychromatic conical wave-packets. A remarkable
demonstration of this can be given by numerically simulating the propaga-
tion of a filament in free space. If the filament pulse enters vacuum, the
beam continues to propagate nearly exactly as it would have done in the
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presence of the nonlinear medium, i.e. it continues to propagate without
diffraction over nearly the same distance. This behavior has been numeri-
cally verified both in condensed media and in air [26, 27] and an example is
shown for the case of a filament passing from water to vacuum in Figure 3.
Clearly the filament must be characterized by some kind of stationary or
nearly stationary state and the conclusion is rather simple. The only wave-
packets that are stationary in both the linear and nonlinear regime, both
with and without dispersion, are conical waves. The sub-diffractive prop-
agation of the filament is indeed therefore a very strong indication of the
spontaneous formation of X-waves.

These features are natural consequences of the fact that the filament is com-
posed of conical waves and they render femtosecond filaments extremely at-
tractive for numerous practical applications in many fields of photonics, non-
linear optics and material processing, such as atmospheric analysis, remote
sensing of pollutants and lightning control [28, 29], structural modifications
of transparent solids [30], laser micromachining [31], supercontinuum gen-
eration and pulse compression to a few or even single optical-cycle limit [32]
and investigations of novel fundamental aspects of light and matter inter-
actions, such as optical event horizons [33, 34], to mention a few. However,
despite growing understanding and expanding field of applications, there
still remain many open questions of fundamental and practical importance
related to femtosecond filamentation in transparent dielectric media. Some
of these open important issues regarding complete physical understanding
of the evolution cycle of femtosecond filaments in normally dispersive media,
physical nature of spatiotemporal light bullets generated by filamentation
in the anomalous group velocity regime, detailed statistical aspects of su-
percontinuum generation, and spatiotemporal characterization of multiple
filaments, are addressed in present dissertational work.

The objective of the thesis

The dissertation aims at comprehensive study of transient spatiotemporal
phenomena (space-time transformations, pulse splitting and compression,
filament propagation dynamics, supercontinuum generation and multiple
filamentation) that take place during self-focusing of intense femtosecond
laser pulses in various self-action regimes in transparent dielectric media
with instantaneous Kerr nonlinearity.
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The main tasks of the thesis

• Four-dimensional characterization of the evolution cycle of ultraviolet
femtosecond filaments in water, in the regime of normal group velocity
dispersion.

• Complete characterization of spatiotemporal light bullets generated by
filamentation of mid-infrared laser pulses in sapphire, in the regime of
anomalous group velocity dispersion.

• Spectral, statistical and correlation analysis of ultrafast supercontin-
uum generated in transparent dielectric media with near-infrared laser
pulses under various operating conditions.

• Spatiotemporal characterization of multiple filament arrays, generated
by self-focusing of highly elliptical laser beams in fused silica.

Practical and scientific novelty

• Evolution of ultraviolet filaments in water is captured in four dimen-
sions (x,y,z,t) for the first time and discloses missing essential links
between the relevant physical processes: focusing/defocusing cycles of
the beam, pulse splitting and replenishment, supercontinuum gener-
ation, conical emission and nonlinear absorption peaks, providing a
complete physical picture of filament propagation and energy deposi-
tion dynamics in a transparent medium with normal group velocity
dispersion.

• By combined high dynamic range measurements of spatiotemporal in-
tensity profiles, angularly resolved spectra, energy density flux and
free space propagation, the physical nature of spatiotemporal light
bullets which emerge from self-focusing of mid-infrared laser pulses in
bulk dielectric medium with anomalous group velocity dispersion is
disclosed. It is demonstrated that these light bullets are nonsolitonic,
polychromatic Bessel-like wave packets, which bear the basic proper-
ties of the nonlinear O waves, as opposed to widely-spread solitonic
interpretation of their nature.

• It is demonstrated experimentally and by the numerical simulations
that fluctuations of the spectral intensity of the blue-shifted supercon-
tinuum components, which occur in the transient stage of the super-
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continuum generation obey the extreme-value (heavy-tailed) statistics
and are related to optical rogue waves. It is shown that these insta-
bilities take place in space and time simultaneously, thus leading to a
discovery of a new class of optical rogue waves – rogue X waves.

• A comparative study of the supercontinuum generation with ultra-
short pulsed Gaussian and Bessel beams shows that ultrastable (with
RMS fluctuation less than 1%), broadband and smooth supercontin-
uum spectra are generated, however, in the case of the Bessel beam,
10 times larger input energy is required. A peculiar development of
stability and instability regions of the supercontinuum spectral inten-
sity is discovered, which is associated with four-wave mixing-induced
spectral broadening and distinct correlations of intensity fluctuations
at certain wavelengths.

• Detailed experimental investigation of the supercontinuum generation
in sapphire with femtosecond near infrared pulses is carried out under
variable focusing conditions, which reveals that loose focusing results
in strongly enhanced red-shifted spectral broadening, as due to ex-
tended nonlinear propagation of the leading sub-pulse, which preserves
a steep ascending front, as verified by the numerical simulations.

• Generation of reproducible periodic one- and two-dimensional filament
arrays is demonstrated by self-focusing of highly elliptical laser beams
in fused silica. It is shown that the filaments are distributed along
the long axis of an ellipse and their spacing could be easily varied
by changing the input energy. Measurements of the spatiotemporal
intensity distributions disclose a complex spatiotemporal dynamics of
the individual filaments such as formation of extremely short (<5 fs)
pulses at the leading edge and curved propagation paths, despite ap-
parently regular intensity pattern observed in space.

Statements to defend

• In the regime of normal group velocity dispersion, recurrent self-focusing
and defocusing cycles of a filament are unambiguously linked with tem-
poral pulse splitting and replenishment, respectively.

• Self-focusing of ultrashort pulsed laser beams in media with anoma-
lous group velocity dispersion leads to formation of weakly localized
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spatiotemporal light bullets, which are polychromatic Bessel beams
and bear the basic features of the nonlinear O waves.

• Intensity fluctuations of the blue-shifted spectral components in the
supercontinuum spectra obey extreme value statistics, which are due
to formation of rogue X waves.

• Gaussian and Bessel ultrashort pulsed beams undergo very similar self-
focusing dynamics, leading to generation of ultrastable, broadband
and spectrally smooth supercontinuum.

• By choosing loose focusing conditions, it is possible to achieve a marked
enhancement of the red-shifted spectral broadening of the supercon-
tinuum generated in a dielectric media with near infrared laser pulses.

• Self-focusing of highly elliptical beams leads to generation of regular
and reproducible one- and two dimensional filament arrays.
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The structure of the thesis

The thesis is organized as follows:

• In Chapter 1 theoretical models and numerical simulations used to
back-up experimental research are described. An example with fem-
tosecond chirped pulse propagation is provided which shows that phe-
nomenological model (Marburger’s law) could be extended and used
for beam focusing as well as pulse splitting analysis. In addition
three-dimensional mapping technique which was extensively employed
through the thesis research is described.

• Chapter 2 analyzes single femtosecond filament dynamics under two
vastly different conditions - normal and anomalous GVD regime. Full
life-cycle of the UV femtosecond filament and spatiotemporal light
bullets in the MIR were analyzed.

• Chapter 3 is devoted for femtosecond supercontinuum – spectral inten-
sity stability and extreme event statistics, infrared extension is ana-
lyzed and explained through spatiotemporal evolution of the filament.

• In Chapter 4 generation of periodic multifilamentary beams is ana-
lyzed. Period between the filaments and temporal multifilamentary
beam structure are explained through four-wave mixing and X-wave
models.
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1 Ultrashort laser pulses in
dielectric media: theoretical
model, numerical simulations and
experimental techniques

As it is obviously demonstrated in this thesis, ultra-short pulse experiments
can barely exist without the support from modeling and simulation in order
to understand and interpret measured data, especially as nonlinear optics
continues to explore ever more extreme regimes. Simulation in ultrafast
nonlinear optics has reached a degree of maturity, several simulation ap-
proaches are becoming as standard tools that help researchers working in a
field understand (and use) numerical simulations without being experts of
it. Recent paper by Couairon et al. [35] provides a didactic and instruction
motivated text which includes detailed derivation from Maxwell’s to pulse
envelope propagation equations and comprehensive discussion on influence
of various assumptions and simplifications as well as practical issues.

1.1 Unidirectional pulse propagation equation

All numerical simulations presented in this thesis except the one described
in Sec. 2.1 were done according to the model described below.

The propagation dynamics of the ultrashort-pulsed elliptical light beams
in the nonlinear medium with cubic nonlinearity was studied using one-
directional propagation equation for the linearly polarized wave with the
complex envelope A(t, x, y, z), which is described in detail in [36]:
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∂A

∂z
+
ˆ ˆ ˆ −∞

+∞
T (t′, x′, y′)

A(t− t′, x− x′, y − y′, z)dx′dy′dt′ =
iω0n2

c
|A|2A− β(K)

2 |A|
2K−2A− σ

2 (1− iω0τc)ρA, (1.1.1)

where z is the propagation variable, t is the temporal coordinate corre-
sponding to the frame of reference moving with the group velocity of the
pulse vg = ∂ω

∂k

∣∣∣
ω0

, ω0 is the carrier frequency, k(ω) = ωn(ω)/c is the wave
number, k0 = k(ω0), n and n2 are the linear and nonlinear refractive in-
dexe, respectively, c is the speed of light in vacuum, K is the order of the
multiphoton absorption, β(K) is the multiphoton absorption coefficient, ρ is
the free electron density, σ is the cross-section for electron-neutral inverse
bremsstrahlung and τc is the electronic collision time in the conduction
band. The evolution of the wave envelope due to diffraction and material
dispersion was accounted via "medium response" function:

T (t, x, y) =
ˆ ˆ ˆ −∞

+∞
D(Ω, kx, ky)

exp
[
− i(Ωt− kxx− kyy)

]
dΩdkxdky, (1.1.2)

where Ω = ω − ω0 is the frequency detuning from the carrier frequency,
and kx and ky are the transverse components of the wavevector. Treat-
ing transverse components of the wavevector separately allows to study
non-cylindrical beams and was successfully used in simulations of elliptical
beams. Eq.1.1.1 was solved using the split step method, accounting for
full material dispersion and diffraction in the non-paraxial case through a
parameter

D(Ω, kx, ky) =
√
k(ω0 + Ω)2 − k2

x − k2
y − k0 −

Ω
vg
, (1.1.3)

which describes the spectral phase shift. We assumed that the dynamics of
the free electron density is contributed by the multiphoton and avalanche
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ionization only, neglecting electron diffusion and recombination terms owing
to a sufficiently long lifetime of the electron plasma (e.g. 170 fs in fused
silica[37]), which exceeds the input-pulse duration in all experimetal setups
in this thesis. The evolution equation for the electron density is then given
by

∂ρ

∂t
= β(K)

K~ω0
|A|2K + σ

Eg
ρ|A|2, (1.1.4)

where Eg denotes the medium bandgap. The cross-section for inverse
bremsstrahlung reads as

σ = e2τc
cn0ε0m(1 + ω2

0τ
2
c ) , (1.1.5)

where m = 0.635me is the reduced electron-hole mass. Specific medium
parameters used and input pulse definitions are provided for each simulation
in respective sections.

Alternatively, the extended nonlinear Schroedinger equation could be writ-
ten in spectral domain:

∂S(Ω, k⊥)
∂z

+ iD(Ω, k⊥)S(Ω, k⊥) = SN(Ω, k⊥), (1.1.6)

where z is the longitudinal coordinate, Ω = ω−ω0 is the frequency detuning
from the carrier frequency ω0, and k⊥ is the transverse wave number. The
function D(Ω, k⊥) describes linear propagation and accounts for diffraction
in the non-paraxial case, full dispersion, and additionally compared to 1.1.3
linear absorption:

D(Ω, k⊥) =
√
k(ω0 + Ω)2 − k2

⊥ − k0 −
Ω
νg
− iα(Ω), (1.1.7)

where νg = ∂ω
∂k |ω0 is the group velocity of the pulse, k(ω) = ωn(ω)/c is the

wave number, with k0 = k(ω0) and α(Ω) is the absorption coefficient, whose
values in the visible and infrared were combined using data from [38] and
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[39]. The complex amplitude of the pulse A(t, r, z) and S(Ω, k⊥) are related
via Fourier and Hankel transforms:

A(t, r, z) =
ˆ +∞

−∞

ˆ +∞

0
S(Ω, k⊥)eiΩtJ0(k⊥r)k⊥ dk⊥

dΩ
2π , (1.1.8)

where t is the temporal coordinate corresponding to the frame of reference
moving with the group velocity of the pulse and r is the radial coordinate.
SN(Ω, k⊥) is the spectral representation of the nonlinear terms:

SN(Ω, k⊥) =
ˆ +∞

−∞

ˆ +∞

0
N(t, r)e−iΩtJ0(k⊥r)r drdt (1.1.9)

where

N(t, r) = iω0n2

c
|A|2A− n2

c

∂

∂t
(|A|2A)− β(K)

2 |A|
2K−2

−σ2 (1− iω0τc)ρA. (1.1.10)

The terms on the right hand side describe the instantaneous Kerr effect,
self-steepening, multiple photon absorption, and the effect of free electron
plasma. K is the order of the multiphoton absorption, calculated according
to band-gap of the medium Eg and a single photon energy ~ω0. β(K) is the
multiphoton absorption coefficient, is the free electron density, σ is the cross
section for electron-neutral inverse bremsstrahlung, and τc is the electronic
collision time in the conduction band.

In 2.1 a little bit different approach to numerical simulations was used.
While 1.1.1 is written for pulse envelope is temporal and spatial domains,
1.1.6 is written in purely frequency domain (temporal frequency and spa-
tial frequency), an approach in between is possible. The model used for
numerical simulations consists of a 3D unidirectional propagation equa-
tion with cylindrical symmetry for the nonlinear envelope E(t, r, z) coupled
with an evolution equation for the electron density ρ(t, r, z) generated by
the high-intensity pulse. The variables t, r, and z denote the pulse local
time, the radial coordinate, and the propagation distance, respectively. Dis-
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persive medium is characterized by a frequency-dependent refractive index
n(ω) and a dispersion relation k(ω) ≡ n(ω)ω/c. We use conventional no-
tations for the refractive index n0 ≡ n(ω0), wave number k0 ≡ k(ω0), and
inverse group velocity k′0 ≡ (∂k/∂ω)ω0 at the central laser frequency ω0.
We define the dispersion function K(ω) ≡ k(ω) − k0 − k′0(ω − ω0) and the
nonlinear dispersion function Q(ω) = ω2/k(ω)c2. One of the most con-
venient ways to implement dispersion functions in the pulse propagation
equation is in the frequency domain. We consider the frequency compo-
nents E(ω, r, z) ≡ F [E(t, r, z)] for the electric-field envelope, where F de-
notes Fourier transform from the temporal to the spectral domain. The
propagation equation takes the canonical form [35]:

∂E
∂z

= iK(ω)E + i

2k(ω)∇⊥E + iQ(ω) P2ε0
− J
n(ω)2ε0c

, (1.1.11)

where the nonlinear polarization P(ω, r, z) ≡ F [P (t, r, z)], with P ≡ 2ε0n0n2IE,
describes the response of a Kerr medium with nonlinear index coefficient
n2 for a pulse of intensity I ≡ (1/2)ε0cn0|E|2. The current J (ω, r, z) ≡
F [J(t, r, z)], where J ≡ JMPA + JPL comprises two contributions due to
multiphoton absorption (MPA) and plasma-induced effects (PL). The cur-
rent describing MPA reads JMPA = ε0cn0βKI

K−1E , with coefficient βK
and number of photons K. Plasma-induced effects, i.e., plasma absorption
and plasma defocusing are included in a single expression for the current
JPL = ε0cσ(ω)F [ρE] with complex-valued coefficient σ(ω), the real part of
which, σr, corresponds to the cross section for inverse Bremsstrahlung in
the Drude model:

σ(ω) ≡ ω2
0τc
cρc

1
1− iωτc

, (1.1.12)

where τc denotes the collision time in medium and ρc, the critical plasma
density beyond which the medium is no longer transparent. The quantity
ω2

0/cρc is a constant (q2
e/cε0m ∼ 0.1cm2/s) which does not depend on the

laser central frequency. The evolution of the electron plasma density is
modeled by a rate equation modeling multiphoton and avalanche ionization,
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as well as recombination with rate ηr:

∂ρ

∂t
=
(

βK
K~ω0

IK + σr(ω0)ρI
Ui

)(
1− ρ

ρnt

)
− ηrρ2, (1.1.13)

1.2 Simplified model and results of numerical
simulations

Material related to this section was published in [A5]

Extensive numerical simulations are not always necessary since understand-
ing concepts of the most important effect sometimes can be simplified to
certain models. As it is shown in section 4.1 and the following pages simple
models let us grasp essential information about the filamentation.

Marburger’s formula [6]:

zc = 0.367zR√
[(Pin/Pcr)1/2 − 0.852]2 − 0.0219

(1.2.1)

where zR = k0ω
2
0/2 denotes the Rayleigh (typical diffraction) length is

known to reproduce well the power threshold for catastrophic behavior and
position of the collapse when a non-chirped powerful pulse propagates in a
pure Kerr medium. The filamentation threshold for non-chirped pulses is
known to exceed Pcr and lead to pulse-splitting [26, 40]. By monitoring the
position of the nonlinear focus and the chirped pulse-splitting dynamics,
we extended Marburger’s formulation coupled with the so-called moving
focus picture [41–44] to fit our numerical results for the splitting velocity.
This extends the moving-focus model to media where intense laser pulses
also undergo nonlinear losses and dispersion. Numerical experiments on
nonlinear propagation in water were performed by solving the nonlinear
Schroedinger equation, which accounts for diffraction, dispersion (second
order), self-focusing and multiphoton absorption and compared to theoret-
ical model in 1.1 does not account for non-paraxial and generated plasma
effects:

∂E
∂z

= i

2k0
∆⊥E − i

k
′′

0
2
∂E
∂t2

+ i
ω0

c
n2IE −

βK
2 I

K−1E , (1.2.2)
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where I denotes the pulse intensity. Equation (1.2.2) includes a limited
number of physical effects, namely diffraction, second order group velocity
dispersion, optical Kerr effects and multiphoton absorption. A split step
scheme was used, treating dispersion in the Fourier domain for the first
half-step, and other effects in the temporal domain for the second half-
step. The simulation of Eq. (1.2.2) aims at interpreting the pulse splitting
phenomenon, a standard effect in the physics of femtosecond filamentation
[45, 46], in the framework of the moving focus model. Strictly speaking, the
moving focus model does not accurately reproduce filamentation physics in
dispersive media [47] but we will show that relaxing its underlying assump-
tions allows for the derivation of scaling laws that predict rather accurately
the pulse-splitting velocities obtained by simulations of the propagation of
chirped intense pulses described by Eq. (1.2.2).

Figure 1.2.1: Prediction of the moving focus model for the nonlinear beam foci
associated with given power for each time slice within the pulse. The time slice
with peak power P0 collapses at the shortest distance from the laser. Time slices
with smaller power collapse farther on the propagation axis while the central
time slices undergo nonlinear absorption. The simultaneous collapse of two time
slices P1− and P1+ on the ascending and descending edges of the pulse lead to
pulse splitting.

1.2.1 Moving focus model for ultrashort pulses

The moving focus model consists of a slice by slice pulse selffocusing in
the sense that the pulse is viewed as a collection of independent thin time
slices undergoing self-focusing [44, 48]. This assumption is valid when the
physical effects coupling the various time slices together can be neglected.
Each time slice contains a given power. In an ideal Kerr medium, all central
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slices with power above critical would collapse at distances that become
larger as the corresponding power is closer to Pcr. The slices with power
below Pcr diffract. In a real medium, several physical effects can arrest
collapse, e.g., nonlinear losses reduce power of collapsing time slices once
intensity exceeds a certain threshold. In this process, an intensity maximum
(nonlinear focus) is reached and the propagation continues. The nonlinear
foci corresponding to the different temporal slices of the pulse with power
above critical do not appear simultaneously in the laboratory frame, and
can be viewed as a moving focus. Figure 1.2.1 shows the locations of
the nonlinear foci corresponding to the peak power P0 of the pulse, and
those corresponding to a smaller power P1− in the leading or in the trailing
part of the pulse. In a pure Kerr medium, these beam collapse positions are
predicted by the Marburger formula (Eq. 1.2.1). In the presence of nonlinear
losses, the slices with larger power collapse faster and lose at least part of
their power, thereby leading to the occurrence of pulse splitting beyond
the nonlinear focus. It manifests itself in the form of two intensity peaks
departing from each other, each corresponding to the nonlinear focus of a
given time slice [49]. In a dispersive medium, the assumption of independent
time slices no longer holds, however, we still expect the moving focus model
to accurately predict the positions of nonlinear foci and pulse splitting over
distances shorter than the typical dispersive length. When the distance
to the nonlinear focus and the dispersive length have the same order of
magnitude, we will show that the moving focus picture and Marburger’s
formulation for beam collapse can be extended so as to fit the splitting
velocities obtained from simulation results.

1.2.2 Pulse splitting

The collimated input pulse had Gaussian intensity distribution in both
space and time, with pulse duration of 50 fs at full width at half maxi-
mum (FWHM), beam width ω0 = 100µm, wavelength 800 nm. Medium
parameters corresponded to water: refractive index n0 = 1.328, nonlin-
ear refractive index coefficient n2 = 1.6 × 10−16 cm2/W, dispersion coeffi-
cient k(2)

0 = 241 fs2/cm, cross-section for fifth-order multi-photon absorption
β5 = 8× 10−50 cm7/W4 [45, 46]. The effects of input peak power and initial
pulse chirp were investigated. The input power varied from 1.5Pcr to 50Pcr
and the pulse chirp parameter from −10 to 10. Simulations were performed
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Figure 1.2.2: Pulse intensity profile as a function of propagation distance. The
input pulse power is P0 = 10Pcr, and the input chirp is C = −1. The colorbar
shows intensity in W/cm2. The white dashed curve represents the best fit,
by using the modified Marburger law, of the peak positions of each sub-pulse
resulting from pulse splitting beyond the nonlinear focus. A second nonlinear
focus followed by another pulse splitting phenomenon can be observed about
1cm beyond the main collapse.

by setting the time window to T = 400 fs with NT = 28 sampling points,
and the propagation distance was divided into Nz = 1000 steps. These
parameters closely correspond to those determined in [35] to achieve the
minimal relative error. To optimally use the computing time at a given res-
olution, the propagation length was adjusted from 1 to 3 cm so as to exceed
2.5 times the position of nonlinear focus roughly estimated with the original
Marburger law. Fig. 1.2.2 shows the evolution of the intensity profile of
the pulse along the propagation distance for an input pulse power of 10Pcr
and chirp C = −1. Around z = 0.8 cm, the intensity starts to increase,
and beyond the nonlinear focus at z ∼ 0.9 cm a splitting event is observed
with the formation of two sub-pulses in the leading and trailing edges of the
input pulse. Fig. 1.2.2 shows peak intensities of the leading and trailing
pulses. The velocity of a given peak is given by vp = (v−1

g +dt/dz)−1, where
vg denotes the moving frame or pulse group velocity and dt/dz, the inverse
of the peak velocity in the local frame. The latter quantity is obtained from
the slope of the curve in Fig. 1.2.2 representing the temporal position of
the peak intensity in the pulse frame as a function of propagation distance.
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1.2.3 Modified Marburger’s law

We expect that Marburger’s law (Eq. 1.2.1), originally derived for the con-
tinuous wave regime from a fit of numerical simulation results, requires
modifications to match the collapse position of chirped pulses. We will
therefore fit our numerical results for the nonlinear foci by assuming a slice
by slice self-focusing following a modified Marburger’s law:

zc(t) = ∆zc + bMzR√
[(Pin(t)/Pcr)1/2 − aM ]2 − (1− aM)2

(1.2.3)

Pin(t) = P0 exp(−2t2/r2t2p) (1.2.4)

where aM , bM , ∆zc, and r are free parameters to be determined by fitting
numerical results. The original Marburger law (Eq. 1.2.1) for slice-by-slice
self-focusing is recovered for aM = 0.852, bM = 0.367 and ∆zc = 0, r = 1.
The parameter ∆zc represents a shift along the z-axis of the nonlinear focus
related to the most intense time slice, whereas the parameter r accounts
for pulse lengthening or pulse shortening induced by dispersion and input
chirp before the nonlinear focus. We searched for parameters of the modified
Marburger’s law (Eq. 1.2.3, 1.2.4) realizing the best fit for each simulation
performed with a given input chirp and input power P0. First, we allowed
all parameters aM , bM , ∆zc, and r to vary as a function of P0 in the fitting
procedure. However, best fits were obtained for nearly constant values of
parameters aM = 0.7823 and bM = 0.405, close to original Marburger’s
coefficients. We therefore decreased the number of free parameters from
four to two by keeping constant aM and bM and by allowing only ∆zc, and
r to vary as functions of P0 and chirp C. The dashed curve in Fig. 1.2.2
shows an example of best fit to numerical results. For a given input power
P0, pulse splitting does only appear within a range of input chirps since
dispersion induced pulse lengthening leads to a decrease of the pulse power
below critical for strong chirp and low pulse power. Fits were therefore
calculated for parameters that led to a clear splitting event. Furthermore,
for the highest powers (50Pcr), pulse reshaping into a flat-top pulse occurs
before the nonlinear focus due to multiphoton absorption. In that case, a
proper fit could not be obtained due to the assumption of a Gaussian pulse
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shape in the model [see Eq. 1.2.4]. This restricts the validity of out fits to
chirp coefficients between −5 and 5 and pulse powers up to 40Pcr.

Figure 1.2.3: Modified Marburger’s law coefficient dependence on power for dif-
ferent pulse chirps.

Figure 1.2.3 summarizes curve fitting results. The parameter r takes into
account pulse lengthening during the propagation toward the nonlinear fo-
cus and therefore naturally depends on both input chirp and power, which
affects pulse reshaping through pulse dispersion and beam self-focusing. At
a given input power, both r and ∆zc are quasi linearly dependent on the
chirp parameter. However, a larger region of chirp parameter and pulse
power needs to be investigated to confirm this linear dependence. Our data
cover chirp coefficients between −5 and 5. Larger absolute values for the
chirp coefficient led to more complicated dynamics during pulse propaga-
tion, for which pulse splitting was either absent or too short-lived to allow
for an accurate fit. Powers between 1.5 and 40Pcr and chirp coefficients
between −5 and 5 led to clear pulse splitting events, and excellent agree-
ment between numerical results and the modified Marburger’s law for the
splitting velocities. Positive chirp values lead to pulse lengthening and thus
tend to shift the nonlinear focus toward larger distances with respect to
the nonlinear focus of non-chirped pulses position of the collapse (∆zc > 0
and increases with increasing C). In contrast, negative chirps lead to pulse
compression and an increase of the peak power during the self-focusing
stage, resulting in a shift of the nonlinear focus toward the laser (∆zc < 0).
All numerical results shown in Fig. 1.2.3 can be approximated with phe-
nomenological scaling laws that depend on the chirp parameter C and ratio
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p ≡ P/Pcr:

r = 1.58 + 0.0188(p− 1) + 3.94− 0.348C√
p− 1 (1.2.5)

∆zc = −0.0259 + 4.14× 10−5(p− 1)5 + 5.49
p3 + 0.536C

(p− 1)1.63 (1.2.6)

We found in particular an excellent R-square of 0.9998 by fitting numerical
results of Fig. 1.2.3a with Eq. 1.2.5 whereas the error in fitting numerical
results in Fig. 1.2.3b with Eq. 1.2.6 does not exceed 10%.

1.2.4 Conclusion

We expect that two-parameter modification of Marburger’s law (Eq. 1.2.3-
1.2.6) accompanied by the moving focus picture is generic enough to ap-
ply to other media and laser wavelengths. Scaling laws (Eq. 1.2.5) and
(Eq. 1.2.6) have to be confirmed or adapted for different media and laser
wavelength; in particular the exact value of the fitting parameters is ex-
pected to depend on medium dependent parameter such as the cross-section
for nonlinear absorption and the GVD coefficient. This dependence has to
be determined by fitting additional numerical results extending the results
of this project/research. The method allows us to predict in a large pa-
rameter range the position in local time and the velocity of split-pulses
formed by the filamentation dynamics in an ideal medium representing wa-
ter. Extension of this moving focus picture to realistic condensed media that
include high-order dispersion, plasma generation and Raman-Kerr effects,
is an open question which may be answered to by relaxing the assumption
of a frozen Gaussian profile for the pulse power in the moving focus picture,
as proposed in e.g., Ref. [3, 49].

1.3 Three-dimensional imaging of complex
wave-packets

In five experiments described in this thesis three-dimensional mapping tech-
nique [50, 51] was used to investigate spatio-temporal properties of the
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wave-packets in interest. 3D mapping enables precise reconstruction the
spatiotemporal intensity profiles of the light pulses within the entire wave-
packet. In all the cases experiment is based on the commonly used design
characterized by a short gate pulse shifted in time with respect to the pulse
under investigation. The resulting slice of the pulse, generated as cross-
correlation signal, is recorded by a CCD camera for spatial information.

Figure 1.3.1: Three reconstruction schemes of a slice obtained from an object
wave packet. In (a) the slice is reconstructed as a real image (confocal configu-
ration); in (b) the slice is reconstructed after the object propagated a distance
z; in (c) the slice corresponding to the one imaged in (b) is used to reconstruct
the virtual image of the one imaged in (a). Image from [50].

Three dimensional mapping relies on investigated wave packet and probe
pulse interaction in nonlinear medium (Fig. 1.3.1). Typically wave packet
directly after nonlinear propagation is the most interesting therefore imag-
ing of investigated wave packed (WP) with 4f optical system to nonlinear
medium or holographic imaging was employed. The later setup allows avoid-
ing 4f optical system which could introduce additional dispersion. However
it requires placing nonlinear gating crystal as close to origin of the wave
packet in interest as possible. In practice this leads to non-collinear inter-
action between WP and the probe pulse which raise additional constrains
to gating crystal if proper spatial and temporal resolution is required.

Intensity distribution is measured in the reference system of a wave packet
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Figure 1.3.2: Iso-intensity surface of an ideal elliptical Gaussian pulsed beam
and three perpendicular planes, used to slice the three-dimensional intensity
profile.

(x, y, t − z/c). Lets assume linearly polarized wave packet and the probe
pulse with slowly varying amplitudes Ē0 and ĒR respectively:

Ē0 = E0(x, y, z, t)ei[ω1t−k1zz−k1xx] + c.c., (1.3.1)
ĒR = ER(x, y, z, t)ei[ω2t−k2zz+k2xx] + c.c., (1.3.2)

ω1, ω2 - central frequency, both pulses are propagating in the positive z
direction and colliding at the angle in the x − y plane. In case nonlinear
gating is realized as sum-frequency generation nonlinear polarization reads
as:

PSF ∝ 2E0ERe
i[ω3t−kzω3z] + c.c. (1.3.3)

where the phase and energy matching conditions k3z = k1z + k2z, k1x = k2x

and ω3 = ω1 + ω2 have been used. The sum frequency field propagates in
along positive z-axis. Lets assume: (i) depletion from the Ē0 and ĒR is
small; (ii) diffraction and dispersion in the nonlinear crystal is negligible;
(iii) the wave packet, probe pulse and generated signal pulses have equal
group velocities u. These assumptions hold on as long as the nonlinear
crystal thickness is small compared to characteristic lengths of the system:
non-linear length, dispersion and diffraction lengths, pulse walk-off length.
If we introduce probe pulse time delay τi in the traveling reference frame
τ = t − z/u, equation for sum-frequency pulse slowly varying amplitude
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ESF takes form:

dESF
dz = 2iσE0(x, y, τ, z)ER(x, y, τ − τi, z), (1.3.4)

where σ is non-linear coupling term. This equation could be integrated:

ESF (x, y, τ, z0) = 2iσE0(x, y, τ, z0)ER(x, y, τ − τi, z0)∆z, (1.3.5)

where ∆z is nonlinear mixing crystal thickness, z0 - its position. For a given
time delay τi, sum-frequency signal:

I(x, y, τi, z0) ' (σ∆z)2
ˆ +∞

−∞
|E0(x, y, τ, z0)|2|ER(x, y, τ−τi, z0)|2dτ, (1.3.6)

In case probe pulse is spatially homogeneous in the transverse x− y plane
and temporally much shorter than the investigated wave packet, previous
expression could be simplified to:

I(x, y, τi, z0) ∝ (σ∆z)2|ER|2I0(x, y, τi, z0), (1.3.7)

where I0 = |E0|2.

By changing the time delay between the tested WP and probe pulse, a
collection of the cross-correlation images can be acquired which is used to
reconstruct the spatiotemporal intensity profile of the test WP. The re-
constructed spatiotemporal intensity profile of the WP can be studied in
detail, providing the two-dimensional spatiotemporal slices in the x-t and
y-t planes, as well as the time-integrated images in the x-y plane, that is
an intensity distribution of the WP in the direction perpendicular to the
propagation direction, as schematically illustrated in Fig. 1.3.2. Comple-
mentary, the low intensity input test pulse propagating without the onset
of self-action effects in the sample could be used to obtain the absolute cali-
bration of spatial and temporal coordinates in the three-dimensional images
and their corresponding cross-sections.
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2 Filamentation dynamics in normal
and anomalous GVD regime

Material related to this chapter was published in [A8,A9]

Femtosecond light filaments have distinct spatiotemporal intensity localiza-
tion which is very favourable for applications requiring energy deposition
in transparent (semi-transparent) solids. Ideally one would require propa-
gation invariant electromagnetic wave-packets – light bullets, that are long
sought in many areas of modern optics and attract a great deal of interest
in fundamental and applied research [52]. Generation of three-dimensional
light bullets, which propagate in the medium without natural dispersive
broadening and diffractive spreading, is a non-trivial task from the analyt-
ical and numerical points of view, and even more complicated to achieve in
real experimental settings [53–55].

Apart from the goal to achieve invariant propagation, understanding the
propagation dynamics is also relevant topic in femtosecond filament re-
search. While there are numerous works on femtosecond filaments at 800
nm (popular femtosecond laser central wavelength of Ti:sapphire system),
there were very few at wavelengths other than this. In the UV, mate-
rial dispersion is much higher, multiphoton absorption starts earlier and
supercontinuum expansion is limited to the red side shift because of the ab-
sorption edge in the UV. In the MIR range, GVD is negative which totally
changes the dynamics of the filamentation. In this Chapter measurements
that fully characterize the whole life cycle of femtosecond pulses undergoing
filamentation in water at 400 nm and detailed experimental investigation,
which uncovers the nature of light bullets generated from self-focusing in
a bulk dielectric medium with Kerr nonlinearity in the anomalous group
velocity dispersion regime are presented.
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2.1 Evolution cycle of femtosecond filaments in the
UV

Laser energy deposition in liquids is the first stage of numerous applications,
from bond breaking in chemical engineering and multiphoton induced chem-
istry to biomedical sciences [56, 57]. In particular, safe noninvasive eye or
brain laser surgery, lithotripsy, and laser-based cancer radiotherapy require
high energies to be deposited in a narrow focal region by avoiding collateral
damage [58–62]. Many investigations of laser energy deposition have been
conducted with long (nanosecond) laser pulses or ultrashort (femtosecond)
laser pulses with a low energy per pulse but tightly focused so as to reach
high intensities in the focal region [63–66]. Laser energy deposition may
be accompanied by several desired or unwanted physical phenomena such
as propagation effects, ionization, single-shot or cumulative heating, gen-
eration of shock waves, and cavitation bubbles. Laser parameters, such as
the central wavelength, pulse duration and energy, repetition rate, and fo-
cusing geometry, may allow for certain control of these phenomena, which
is highly desirable for applications. Accurate control, however, requires a
deep understanding of propagation dynamics to avoid undesirable effects,
especially when the target is located in the bulk of living tissues or aqueous
media. With low numerical apertures, ultrashort laser pulses propagating
in transparent media are now recognized to undergo strong pulse reshaping
due to nonlinear effects[67, 68]. A striking manifestation of this reshaping is
supercontinuum generation, as reported with visible [69] and near-infrared
(IR) femtosecond pulse propagation in water [70]. The first detailed ob-
servations of femtosecond filaments in water were performed with a laser
pulse at wavelengths of 527 and 800 nm [71, 72] and further investigated
in [73] and [10]. Light-matter interaction during filamentation in water at
800 nm was accessed by time-resolved shadowgraphy [45, 46]. In the visible
and near-IR spectral range, laser energy deposition is initiated by multi-
photon ionization and the subsequent propagation in the form of a filament
involves nonlinear absorption, pulse splitting, supercontinuum generation,
conical emission, and beam breakup, among other self-action effects revealed
by numerical simulations [24, 74] and experiments [25]. Ultraviolet (UV)
light-matter interaction in transparent solids has indicated unexpected fil-
amentation effects [75] including efficient deposition of laser energy to the
medium. In the regime of two-photon absorption, this process is sustained
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by the quenching of pulse reshaping effects and the formation of a Bessel-
like diffraction-free beam [76]. Although many promising applications are
foreseen [56, 57, 59–62] , the propagation of intense light pulses in living
tissues and in water as a prototypical liquid, as far as medical and industrial
applications are concerned, has not been investigated in the UV range, close
to the minimum of water absorption.

In this Section, the first detailed experimental and numerical investigation
of femtosecond UV laser pulses propagating in water is reported. Mea-
surements, based on a time-resolved imaging technique [three-dimensional
(3D) mapping], see Sec. 1.3, not only allow us to characterize the pulse
in three dimensions, whatever the complexity of the pulse structure, but
also provide us the possibility of following the pulse during its nonlinear
propagation, thus giving access to its full 4D (spatiotemporal) evolution.
This shows the intimate links between complex propagation effects: pulse
splitting into subpulses, conical emission, supercontinuum generation, and
transmittance and laser energy deposition for different focusing geometries
and submicrojoule pulse energies, backed up by theoretical interpretation
guided by numerical simulations.

2.1.1 Experimental setup

The experimental setup is shown in Fig. 2.1.1. An amplified Ti:sapphire
laser system (Spitfire PRO; Newport-Spectra Physics), which provides few-
milijoule 800 nm with a duration of 130 fs was used. The laser output was
divided into two parts by means of a beam splitter. The first part of the
split beam was used for filament generation. A suitably attenuated laser
pulse (by means of a half-wave plate λ/2 and a polarizer P) was frequency
doubled via second-harmonic generation in a 1-mm-thick β-barium borate
crystal (BBO1), which produced an input UV 400-nm, 100-fs pulse with an
FWHM beam diameter of 1 mm. Thereafter the input beam was focused
on the front window of a water-filled cuvette of tunable length. The front
window of the cuvette and the focusing lens L1 were fixed together on the
translation stage, thus allowing us to change the length of the cuvette, at
the same time, preserving a fixed focal position, while the output window
remained unmovable. The energy of the input pulse was varied from 70 nJ
to 1µJ, which corresponded to an input power range from 0.6 to 9Pcr for
which no beam breakup into several hot spots or multiple filamentation was
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Figure 2.1.1: Experimental setup. BS, beam splitter; P, polarizer; L1, focusing
lens (focal length: 50, 200, or 300 mm). BBO1 and BBO2 are β-barium borate
crystals used for second harmonic generation producing an input pulse at 400
nm and for difference frequency generation between the filament and the 30-
fs reference pulse from the noncollinear optical parametric amplifier (NOPA),
respectively. The length of the water-filled cell is variable between 4 and 40
mm. DM, dichroic mirror; Em, energy meter; Sm, spectrometer; F, filter.

observed. The spatiotemporal profile of the pulse at the cuvette output was
recorded by means of the 3D mapping technique, see Sec. 1.3. Gate pulse -
30-fs duration, 720 nm central wavelength pulse, generated in a noncollinear
optical parametric amplifier (NOPA; Topas-White; Light Conversion Ltd.),
which was pumped by the rest of the laser energy. The filament was su-
perimposed with the reference beam by the use of a dichroic mirror, which
was mounted on a flipping stage. Specifically, the 3D images of the filament
were retrieved by sampling the filament with a short reference pulse by
means of difference-frequency generation in a 20-μm-thick β-barium borate
crystal (BBO2) cut for type I phase matching. Filter F (RG850) was used
to transmit only the difference-frequency signal with a center wavelength
of 900 nm, and lens L2 was positioned so as to form a back-image of the
difference frequency signal on the CCD camera (JAI A-1). Time delay of
the gate (reference) pulse was changed in 10-fs step. Changing the length
of the cuvette from 4.5 to 40 mm, i.e., the length of nonlinear propagation
z, allowed us to follow the evolution of the pulse along the propagation
direction and reconstruct its intensity distribution I(x, y, t, z) in four di-
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mensions. The formation of filaments and pulse-splitting events for three
focusing geometries (focal lengths of L1: 50, 200, and 300 mm) was char-
acterized, which corresponded to numerical apertures of 0.017, 0.0043, and
0.0028, respectively. In the same setup, by flipping the dichroic mirror,
transmission, supercontinuum emission, and conical emission were recorded
as functions of the length of the cuvette using a calibrated photodiode with
a wavelength sensitivity correcting filter, which served as an energy meter,
fiber spectrometer (Sm; QE65000; Ocean Optics), and digital photocamera,
respectively. The combined measurements uncover the whole life cycle of
ultrashort pulses undergoing filamentation in water at 400 nm.

2.1.2 Dynamical spatial replenishment of the UV filaments

Figure 2.1.2: Measured intensity distributions for a 400-nm, 100-fs laser pulse
undergoing filamentation and pulse-splitting events in water. Ein = 100 nJ, L1
= 300 mm. Plots show surfaces at intensity levels 20% of the peak intensity for
propagation distances of (a) 19 mm, (b) 21 mm, (c) 23 mm, (d) 24 mm, (e) 26
mm, (f) 28 mm, (g) 30 mm, and (h) 32 mm in water. Box size: 80 μm × 80 μm
× 300 fs. Propagation direction: from top to bottom.

The first panel in Fig. 2.1.2 shows the 4D reconstruction of the intensity
distribution of a 100-nJ pulse propagating in water under loose focusing
conditions (L1: 300 mm). The initially ovoid intensity distribution un-
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dergoes pulse splitting after propagation over 23–24 mm in water. During
the splitting event, a ring is formed in the center of the pulse. The split
pulses move away from the center, while the ring rebuilds the axial pulse at
t = 0 [Figs. 2.1.2(e)–(g)]. Thereafter the whole spatiotemporal formation
increases in dimension as a result of diffraction.

Figure 2.1.3: Measured intensity distributions for a 400-nm, 100-fs, 400-nJ laser
pulse undergoing filamentation and pulse-splitting events in water. Focusing
geometry L1: 300 mm. Plots show surfaces at intensity levels 20% of the peak
intensity for propagation distances of (a) 9 mm, (b) 11 mm, (c) 14 mm, (d) 15
mm, (e) 17 mm, (f) 21 mm, (g) 31 mm, and (h) 33 mm. Box size: 100 μm ×
100 μm × 300. Propagation direction: from top to bottom. fs.

Successive multiple splitting events separated by refocusing stages were ob-
served by increasing the input pulse energy. For instance, a 400-nJ pulse
under the same focusing conditions undergoes pulse splitting at z ∼ 8 mm,
z ∼ 11 mm and z ∼ 16 mm. The splitting events are best monitored by
the presence of a ring-like structure in the central part of the pulse. The
split pulses are clearly visible when the leading and trailing pulses sep-
arate before the light contained in the ring refocuses on the axis. Fig-
ures 2.1.3(a), 2.1.3(c), 2.1.3(e), and 2.1.3(h) clearly show the ring struc-
ture, while split pulses are clearly visible in Figs. 2.1.3(e), 2.1.3(g), and
2.1.3(h). Refocusing processes are also clearly monitored in Figs. 2.1.3(b),
2.1.3(d), and 2.1.3(f) between splitting events. Three successive pulse-
splitting events were also observed for a pulse with an input energy of 450
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Figure 2.1.4: Measured intensity distributions for a 400-nm, 100-fs laser pulse
undergoing filamentation and pulse-splitting events in water. Ein = 450 nJ; L1,
200 mm; and propagation distances of (a) 8 mm, (b) 9 mm, (c) 10 mm, (d) 12
mm, (e) 13 mm, (f) 16 mm, (g) 17 mm, and (h) 18 mm. Box size: 60 μm × 60
μm × 300 fs. Propagation direction: from top to bottom.

nJ by using a tighter focusing geometry (L1: 200 mm), as shown in Figs.
2.1.4(a), 2.1.4(d), and 2.1.4(g). This temporal dynamics is associated
with changes in supercontinuum emission and in conical emission. Split-
ting events are associated with signatures in the axial spectra, presented in
Figs. 2.1.5(A)-(C). After the first splitting event is detected for a length of
8 mm, a strongly red-shifted supercontinuum is generated [Fig. 2.1.5(A)],
in contrast with all previous measurements of supercontinuum generation
induced by a pulse in the IR or the visible region [3, 69, 70]. After the
second splitting event (length of 11 mm), the supercontinuum spectrum be-
comes modulated and the modulation is particularly pronounced on the red
side [Fig. 2.1.5(B)]. The periodic modulation occurs as a result of interfer-
ence between the primary and the secondary split pulses. After the third
splitting event (length of 17 mm), the modulation in the supercontinuum
spectrum has beatings contributed by the occurrence of a tertiary split pulse
[Fig. 2.1.5(C)]. Figure 2.1.5(D) shows the transitions in the measured su-
percontinuum for a 450-nJ pulse undergoing filamentation in water. Discon-
tinuities are marked by red-shifted spectral broadening and the appearance
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of modulations and beatings, which coincide with splitting events. Very
similar, almost-identical spectral features were recorded for pulse energies
exceeding the threshold for multiple splitting and for all focusing geome-
tries. They were observed in the far field as well. Figures 2.1.5(a)–(c) show
conical emission for a 450-nJ initial pulse loosely focused in water (L1: 200
mm). Figure 2.1.5(a) shows a smooth conical emission pattern after the
first splitting event. Previous works reported a self cleaning effect during
filamentation in air [77, 78]. Observation of a similar phenomenon in wa-
ter not only indicates its universality, independently of the medium, but
also reveals a nice signature of the elusive temporal dynamics within the
filament: conical emission becomes regularly modulated after two splitting
events [Fig. 2.1.5(b)] and exhibits irregularly spaced rings after three split-
ting events [Fig. 2.1.5(c)]. The best visibility of these features was obtained
for the smallest numerical aperture of 1/300 and an input energy of 400 nJ.

The 4D mapping of the pulse intensity I(x, y, z, t) enabled us to reconstruct
the fluence profile F (r, θ, z) ≡

´
I(r cos θ, r sin θ, z, t)dt. From this quantity,

the beam diameter D(z) ≡ 〈2Rθ(z)〉, defined as the θ-averaged FWHM of
the fluence distribution, whereRθ(z) is defined as F (Rθ(z), θ, z) = 0.5Fmax(z),
with Fmax(z) ≡ maxr,θ[F (r, θ, z)], was calculated. Figure 2.1.6 shows the
evolution of the beam diameter, output spectrum, and transmitted energy
as functions of the propagation distance in water (cuvette length) in the
case of loose focusing. These diagnostics exhibit a striking coincidence be-
tween beam pinching [transition between focusing and defocusing cycles; see
Fig. 2.1.6(a)], the appearance of significant spectral broadening or spectral
modulations [Fig. 2.1.6(b)] following the splitting events monitored by the
3D mapping technique, and the sudden decrease in the transmittance [lower
(blue)] curve marked by the dips in the absorption rate [upper (red) curve] in
Fig. 2.1.6(c). These diagnostics all constitute signatures of pulse-splitting
events.

2.1.3 Numerical simulations

In this Subsection only the summary of numerical simulations is provided,
detailed results can be found in [79]. The model used for numerical simula-
tions consists of a 3D unidirectional propagation equation with cylindrical
symmetry for the nonlinear envelope E(t, r, z) coupled with an evolution
equation for the electron density ρ(t, r, z) generated by the high-intensity
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Figure 2.1.5: Supercontinuum spectra (A–C) as a function of propagation dis-
tance (D) and conical emission patterns (a–c) for a 450-nJ initial pulse focused
in water (L1: 200 mm), showing modulations that appear after splitting events.
Propagation distances in water are (A) z = 9 mm, (B) z = 13 mm, (C) z = 17
mm, (a) 12 mm, (b) 14 mm, and (c) 16 mm.

pulse, additionally see Sec. 1.1. The dispersion relation of water is Eq. (3)
from Ref. [80]. It must be noted that recent measurements of the Kerr index
coefficient in water provided values different from those in Ref. [81], namely,
n2 = 2.7×10−16 cm2/W at 532 nm in Ref. [82] and n2 = 1.7×10−16 cm2/W
at 407 nm in Ref. [83]. The best comparison of numerical results with the
experiments was obtained for n2 = 4.1× 10−16 cm2/W [81].

We, finally, justify the use of multiphoton ionization rates rather than the
Keldysh formulation, which is considered to be more accurate. The com-
plete Keldysh formulation, represented as the thick black curve, has two
distinct asymptotes: the multiphoton limit at low intensity and the tun-
nel limit at high intensity. The multiphoton limit takes a simple form,
W (I) = σ3I

3, which remains indistinguishable from Keldysh’s ionization
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Figure 2.1.6: Typical signatures of pulse splitting for filaments generated in wa-
ter for loose focusing conditions (L1: 300 mm), a pulse of 400 nm and 100 fs, and
Ein = 400 nJ. (a) Beam diameter, (b) supercontinuum, and (c) transmittance
as functions of the propagation distance. Arrows indicate a pinching of the
beam diameter, significant spectral broadening or the appearance of modula-
tions in the spectrum, and an increase in nonlinear losses (see text for details)
that coincide with each pulse-splitting event (z = 8, 11, and 16 mm).

rates for intensities up to 7×1013 W/cm2. This intensity level is not reached
in any of our simulations, therefore, the use of multiphoton ionization rates
in our model is fully equivalent to the use of Keldysh’s ionization rates.

Under loose focusing conditions (L1: 300 mm) an increasing number of
pulse-splitting events is obtained for increasing input energies. The num-
ber of pulse-splitting events is in good agreement with the measurements.
A striking feature of the splitting dynamics is the quasisymmetric pattern
obtained for each splitting event. As in the measurements, splitting events
always lead to two split pulses. The leading intensity peak is a superluminal
split pulse (it propagates toward negative times) and the trailing peak is
a subluminal split pulse (it propagates toward positive times). This qua-
sisymmetry suggests that the main effect responsible for the splitting event
is MPA. If plasma defocusing played a stronger role in this dynamics, it
would lead to an asymmetry in the splitting process: the leading split pulse
would first appear and propagate superluminally. The trailing pulse would
appear later, only once the leading pulse decays due to MPA, eventually
followed by a refocusing process of a central pulse undergoing the same dy-
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namics. This would result in successive splitting events leading to a single
pulse rather than two coexisting split pulses at a given distance. The main
role of MPA is further confirmed by the fact that spectra were essentially
red-shifted after splitting events, whereas plasma defocusing would be re-
sponsible for the generation of new frequencies on the blue side of the laser
spectrum.

The maximum intensity of the pulses does not exceed 6 × 1012 W/cm2,
justifying that multiphoton ionization rates coincide with the complete
Keldysh formulation. The maximum electron density always remains be-
low 1019 cm−3 and exceeds 1018 cm−3 only in very localized regions. Al-
though the lowest local refractive index change due to this plasma density
is approximately −5× 10−4, a value nearly opposite to the refractive index
change induced by the Kerr effect at the highest intensity, the defocusing
effect of the plasma is delayed with respect to the peak intensity and there-
fore can only affect the trailing part of the pulse. In contrast, MPA is an
instantaneous effect acting on the intense part of the pulse and leads to
quasisymmetric splitting events when it is the key player.

In order to find the difference in the pulse dynamics induced by plasma
defocusing versus by MPA, simulations for the same parameters were per-
formed but with the value of the nonlinear index coefficient corresponding
to the latest measurement [83] and the pulse energies increased to obtain
roughly the same number of splitting events as in the measurements. The
first important difference is that the energy range necessary to reproduce
these splitting events is significantly higher than that of the measurements.
The second difference concerns the asymmetry in the splitting events. Ex-
cept for the lowest energy of 1 μJ, higher energy pulses do not exhibit two
split pulses at a given propagation distance, but a single leading or trail-
ing pulse with a possible pedestal. Such extreme situations were not found
in our measurements. In these asymmetric cases, plasma defocusing is in-
terpreted as playing a more important role in the splitting events, as also
suggested by the longer plasma channels. In summary, the number of pulse-
splitting events, the shape of the split pulses, and their quasisymmetry are
best reproduced by our numerical simulations performed with the nonlinear
index coefficient n2 = 4.1 × 10−16 cm2/W [81]. The good matching of the
positions of simulated and measured symmetric splitting events indicates
that the plasma does not play an important role in the splitting dynam-
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ics, in keeping with the fact that plasma-induced self-phase modulation
would have led to a blue-shifted supercontinuum, whereas measurements
have shown a marked red shift.

From the observations and guided by the simulation results, we interpret
the respective roles of MPA and plasma defocusing in the pulse-splitting
dynamics. In addition to the good agreement for the propagation distances
between splitting events, a striking feature of the splitting dynamics is the
systematic presence of two split pulses, both in measurements and in simu-
lations. At IR wavelengths, plasma defocusing quickly quenches the trailing
pulse and its visibility ceases at longer propagation distances [84]. For UV
wavelengths, our results suggest that the main effect responsible for a split-
ting event is MPA, which acts as a distributed stopper along the propagation
axis, both reducing the intense peak in the central part of the beam and
generating a ring-like diffraction pattern, as observed in our measurements.
The prevailing role of MPA is compatible with the spatial replenishment
of the pulse central part [85], since the effect of a stopper is followed by a
beam reconstruction similar to that occurring in the Arago spot experiment
[17, 18]. Transmittance measurements in Fig. 2.1.6 also confirm the cru-
cial role of MPA. The plasma generated by the leading split pulse induces
defocusing and could also lead to ring formation. However, the systematic
observation of coexisting split pulses with nearly the same peak intensity
indicates that plasma defocusing does not induce any delay in the forma-
tion of the trailing split pulse and therefore plays only a secondary role in
the pulse-splitting mechanism. It was also established that the combined
effects of plasma defocusing and pulse self-steepening induce a significant
spectral broadening toward shorter wavelengths [12]. Our measurements
show the opposite, i.e., spectral broadening toward the longer wavelengths
in the visible region,interpreted as resulting from a steep pulse leading edge,
in keeping with a dominant role of MPA [86]. The main role of MPA is
further confirmed by the the fact that spectra were essentially red-shifted
after splitting events, whereas plasma defocusing, in conjunction with self-
steepening, would be responsible for the generation of new frequencies on
the blue side of the laser spectrum.
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2.1.4 Measurements for tighter focusing conditions

Splitting events were also observed for tighter focusing conditions (L1: 50
mm), although with clearly different and more complex reshaping features
(Fig. 2.1.7). For the same pulse energy, after a splitting event, bright rings
with a nice revolution symmetry are more visible at loose focusing. With
the shortest focal length (50 mm), the generic spectral broadening, spectral
modulations, and submodulations are retrieved by increasing the pulse en-
ergy [see Figs. 2.1.7(a)– (c)]. The temporal and spectral pulse dynamics
is therefore not quenched for tighter focusing conditions, leading to simi-
lar signatures of laser energy deposition and pulse splitting (see intensity
distributions in Fig. 2.1.7) as in the case of loose focusing conditions.

Figure 2.1.7: Comparison of supercontinuum spectra (first row) and 3D map-
ping of the pulse intensity distribution (second row) after propagation in water
over 12 mm of a 400-nm pulse focused with L1 = 50 mm. Pulse energy: (a) 300
nJ; (b) 400 nJ; (c) 900 nJ. Lighter (blue) and darker (red) isosurfaces correspond
to isointensities equal to 30% and 50% of the maximum intensity, respectively.
Propagation direction: from top to bottom. Scales indicated by arrow lengths:
40 μm × 40 μm × 200 fs.
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2.1.5 Conclusions

In conclusion, the complete dynamics of ultrashort laser pulses undergoing
filamentation in water at 400 nm was carefully characterized. The tran-
sitions in the complex filamentation dynamics were monitored involving
space-time couplings with recurrent pulse splitting when the focusing ge-
ometry is changed from loose to tighter focusing. Filaments were observed
at focusing geometries from NA ∼ 3 × 10−3 to NA ∼ 2 × 10−2. Intensity
maps in space and time at different pulse energies were recorded, for a range
of propagation distances where relevant nonlinear events occur. Transmis-
sion, conical emission, and spectral broadening data were simultaneously
recorded and the observed space-time transformations of the pulse were
connected to specific signatures in transmission curves and spectra. From
a solely practical point of view, the supercontinuum spectra and conical
emission patterns allow us to easily identify pulse-splitting events without
employing a complex experimental apparatus and could be readily used for
online monitoring of filamentation dynamics. Pulse splitting was observed
in all cases. Low numerical apertures lead to deposition of laser energy
in localized nonlinear foci over an elongated focal region, associated with
the occurrence of one or several pulse-splitting events depending on the
pulse energy. The first event follows a significant nonlinear absorption and
is associated with the generation of a smooth, red-shifted supercontinuum
and smooth conical emission pattern. Subsequent splitting events consume
less energy and induce modulations in supercontinuum spectra and con-
ical emission. Tighter focusing geometries lead to shorter focal regions.
Measurements compare favorably with predictions of the dynamic spatial
replenishment model [85] and simulation results, indicating a transition in
the nature of pulse splitting featuring a prevailing role of MPA when the
laser wavelength is changed from the IR to the UV region. These results
disclose the missing links between a wealth of nonlinear phenomena, which
govern the complex space-time dynamics of intense laser pulses propagating
in water (and, more generally, in transparent dielectric media) and provide a
substantial advance in our understanding of femtosecond laser energy depo-
sition in liquid media. This knowledge is of critical importance for a range
of practical applications relying on laser-induced cavitation and its control
and constitutes a cornerstone in the general development of non-intrusive
methods for femtosecond laser surgery, in particular.
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2.2 Light bullets by the filamentation in the
anomalous GVD regime

The pursuit for three-dimensional light bullets considers two essentially dif-
ferent physical concepts. The first is based on the generation of spatiotem-
poral solitons, which could be regarded as ideal light bullets with rapidly
(exponentially) decaying tails, constituting a high degree of energy local-
ization. Formation of the spatiotemporal soliton relies on simultaneous
balancing of diffraction and dispersion by nonlinear effects, such as self-
focusing and self-phase modulation [87]. In the first approximation, these
conditions could be met in media with Kerr nonlinearity in the anomalous
group velocity dispersion (GVD) range [87]. However, the proposed light
bullet is a three dimensional extension of the universal Townes profile, there-
fore possessing similar properties: it forms only at the nonlinear focus [88],
and is modulationally unstable [89]. Therefore, for achieving a spatiotem-
poral invariant propagation, linear and nonlinear optical properties of the
medium must be suitably tailored, see e.g. [90–94], thus raising difficult
technological challenges. So far, to the best of our knowledge, experimental
demonstration of truly three dimensional light bullets was reported only in a
two-dimensional array of coupled waveguides featuring quasi-instantaneous
cubic nonlinearity and a periodic, transversally modulated refractive index
[95].

The second concept for achieving light bullets is based on the precise tai-
loring of the input wave packet so as to match the material properties,
without the need for optical nonlinearities, i.e. defeating the natural diffrac-
tive spreading and dispersive broadening in the linear propagation regime.
Linear light bullets are non-solitary, weakly localized wave packets, whose
stationary propagation is achieved due to Bessel-like profile of the beam,
whose spectral components are distributed over certain propagation cones,
so as to continuously refill the axial part, which contains an ultrashort pulse.
Moreover, this approach is equally effective in media with normal, as well as
anomalous GVD. To this end, non-solitary, weakly localized spatiotempo-
ral linear light bullets have been experimentally demonstrated in the form
of the X-waves [96], Airy bullets [97, 98] and ultrashort-pulsed Bessel-like
beams [99]. However, practical realizations of the linear light bullets require
precise control of propagation angles and phases of the spectral components,
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and therefore intricate experimental techniques.

A much more straightforward route for achieving nonsolitary, weakly lo-
calized light bullets is based on self-reshaping of the entire wave-packet
(ultrashort pulsed laser beam) by means of nonlinear effects, producing the
nonlinear analogs of the X-waves [22, 100] and Airy bullets [101]. In partic-
ular, spontaneous formation of the nonlinear X-waves was demonstrated
by means of femtosecond filamentation in transparent dielectric media,
where the input Gaussian-shaped wave packet self-adjusts its spatiotem-
poral shape via nonlinear effects into a specific spatiotemporal X shape,
which maintains its stationarity even in the presence of the nonlinear losses
[24, 25, 84]. However, pulse splitting which occurs during filamentation of
intense femtosecond pulses in the normal GVD regime [3], prevents forma-
tion of a single X wave.

Conversely, studies of filamentation in the conditions of anomalous GVD
predicted the generation of isolated spatially and temporally compressed
pulses [102–107]. Recent investigations have uncovered a filamentation
regime, in which quasi-stable three-dimensional non-spreading pulses are
generated [108]. However, there remain relevant unanswered questions re-
garding the interpretation of these light bullets. In this Section it is ex-
plicitly demonstrated that the light bullets generated by self-focusing of
femtosecond-pulsed beams in bulk dielectric media with instantaneous Kerr
nonlinearity and anomalous group velocity dispersion are polychromatic
Bessel-like wavepackets, which bear the basic properties of the nonlinear
O-waves [109], as verified by simultaneous measurements of spatiotemporal
profiles, frequency-resolved angular spectra, near field intensity distribu-
tions, linear and nonlinear propagation features and energy density flux.

2.2.1 Experimental setup

The experiment was performed using 90 fs Gaussian pulses with center
wavelength of 1.8 µm from a commercial, Ti:sapphire laser system-pumped
optical parametric amplifier (Topas C, Light Conversion Ltd.). Its output
beam (an idler wave, in present case) was suitably attenuated, spatially
filtered and focused by an f = +100 mm lens into 45-µm (FWHM) spot
size which was located on the front face of the nonlinear medium (sapphire
sample). The input pulse energy of 3.1 µJ (corresponding to 3.4Pcr, where
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Pcr = 10 MW is the critical power for self-focusing in sapphire) was set
so as to induce a light filament, which formed after 4 mm of propagation,
as verified by the supercontinuum emission in the visible spectral range.
The spatiotemporal intensity distribution at the output of sapphire sample
was measured by three-dimensional imaging technique, see Sec. 1.3s. More
specifically, the output beam was imaged (with 5× magnification) onto a
20-µm-thick beta-barium borate crystal and gated by means of broadband
sum-frequency generation with a short, 25-fs pulse with central wavelength
of 720 nm from a noncollinear optical parametric amplifier (Topas-White,
Light Conversion Ltd.), which was pumped by the second harmonic of
Ti:sapphire laser system. The cross-correlation signal with center wave-
length of 515 nm was then imaged (with 1.8× magnification) onto the CCD
camera (Grasshopper 2, Point Grey) with a pixel size of 4.4 µm and 14-bit
dynamic range. By changing the time delay of the gating pulse in a 8-fs
step, a sequence of cross-correlation images was acquired, which afterward
were merged together to reproduce the entire spatiotemporal intensity dis-
tribution of the light bullet. For simplified experiment setup see Fig. 2.2.1

Figure 2.2.1: Experimental setup.

2.2.2 Light bullets as polychromatic Bessel-like beams

Evolution of the spatiotemporal intensity distribution over propagation dis-
tance z was captured by placing sapphire samples of different lengths in such
a way, that the output face of the sample was always kept at the same fixed
position, while moving the focusing lens accordingly, to ensure the location
of the input focal plane at the front face of the sample. Figure 2.2.2 presents
the spatiotemporal intensity profiles of the wave-packet as measured at var-
ious propagation distances in sapphire, showing how the input Gaussian
wave-packet transforms into a spatially and temporally compressed three-
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dimensional light bullet. Over the first few mm of propagation, the input
Gaussian beam shrinks due to self-focusing and the input Gaussian pulse
experiences self-compression due to the interplay between self-phase mod-
ulation and anomalous GVD. After the nonlinear focus (z = 4.2 mm), the
wave-packet transforms into a spatially and temporally compressed three-
dimensional light bullet, which has FWHM diameter of 15 µm and pulse
duration of 40 fs, as evaluated from the deconvolution of the on-axis cross-
correlation function. High dynamic range measurements reveal that the
light bullet consists of a sharply localized high-intensity core, which carries
the self-compressed pulse and a low-intensity, ring shaped spatiotemporal
periphery, and propagates without an apparent change of its spatiotem-
poral shape. Propagation dynamics of the light bullet are summarized in
Fig. 2.2.3, where full circles show the beam width and pulse duration versus
propagation distance, demonstrating that high intensity core maintains its
localization over more than 10 mm of propagation, that exceeds 25 Rayleigh
ranges, as calculated for the Gaussian beam of equivalent dimensions.

In a further experiment, where the light bullet after 6 mm of propagation
in sapphire was thereafter let to propagate in free space (air), interesting
and very important propagation features were recorded. Gradual increase of
both, spatial and, more importantly, temporal dimensions of the central core
was observed, as the propagation distance in free space increases, as shown
by open circles in Fig. 2.2.3. These data are compared with the calculated
linear evolution of a strongly localized Gaussian wavepacket with identical
spatial and temporal dimensions (shown by the dashed curves), which rep-
resent the expected spreading of a soliton-like object in free space. The dis-
tinctive differences in free space propagation between the present light bullet
and a soliton-like object are immediately clear: the diffraction spreading of
the bullet is almost 5 times less than that of a Gaussian-shaped beam, and
its temporal width increases by a factor of 1.3, just after 3 mm of propaga-
tion, in the absence of dispersion, while for a soliton-like object it is expected
to remain constant. These results demonstrate that the light bullets, as they
exit the nonlinear medium, exhibit sub-diffractive and dispersive propaga-
tion in free space, that is incompatible with the behavior of highly localized
spatiotemporal soliton-like objects. The linear and nonlinear propagation
features of the light bullets arise from dramatic spatiotemporal reshaping of
the input Gaussian wave-packet and resulting strong space-time coupling,
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Figure 2.2.2: Spatiotemporal intensity distributions of self-focusing Gaussian
wave-packet, which transforms into a light bullet, as measured at various prop-
agation lengths z in sapphire: (a) z = 0 mm, (b) z = 3.1 mm, (c) z = 4.2 mm,
(d) z = 6.0 mm, (e) z = 8.2 mm, (f) z = 9.0 mm, (g) z = 12.3 mm, (h) z = 15.2
mm.

which is a distinctive property of conically-shaped wave packets [26].

In the support of this claim, the relevant characteristics of the light bullet
in more detail were studied. Figure 2.2.4 illustrates the spatial profiles
of the input Gaussian beam and the light bullet, as recorded at differ-
ent propagation distances in sapphire, and obtained by time integration
of spatiotemporal profiles presented in Fig. 2.2.2. The spatial profiles are
presented in logarithmic intensity scale and reveal an intense central core,
which contains approximately 25% of the total energy and is surrounded by
a low-intensity concentric ring-shaped periphery, thus resembling a distinct
Bessel-like intensity distribution, which emerges from the interplay of self-
focusing, nonlinear absorption and diffraction [17]. A Bessel-like intensity
distribution of the light bullet explains the spatial features of the central
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Figure 2.2.3: Evolution of (a) beam FWHM diameter and (b) pulsewidth versus
propagation distance. Full circles show formation and propagation dynamics of
the light bullet in sapphire, as summarized from Fig. 2.2.2. Open circles
show propagation of the light bullet in free space (air), which starts at z = 6
mm. Dashed curves indicate the expected free-space propagation features of a
strongly localized Gaussian wave packet.

core observed in the experiment: its robustness during the nonlinear prop-
agation in sapphire, as well as sub-diffractive propagation in free space,
which are achieved via energy refilling from the beam periphery [17, 18].

Figure 2.2.5 highlights the characteristic spatiotemporal properties of the
input wave packet and the light bullet. Figs. 2.2.5(a)-(c) compare the near-
field (r,t) spatiotemporal intensity profiles in logarithmic intensity scale, so
as to better visualize the entire spatiotemporal structure of the light bul-
let. Figures 2.2.5(d)-(f) present the corresponding angularly resolved (θ, λ)
spectra, as measured by scanning the far-field (at 25 cm distance from the
exit face of sapphire sample) with a 200-µm fiber tip of a fiber spectrometer
(AvaSpec-NIR256-2.5, Avantes). The angularly resolved spectra suggest the
occurrence of an elliptical, or O-shaped, pattern of conical emission, that
is expected from Kerr-driven spatiotemporal instability gain profile in the
case of anomalous GVD [10, 110].

The near and far field intensity profiles are combined together to obtain
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Figure 2.2.4: Spatial profiles of (a) the input beam at z = 0 mm and the light
bullet at (c) z = 4.2 mm, (d) z = 6.0 mm, (e) z = 9.0 mm.

the full spatio-temporal phase profile of the light bullets by means of an
iterative Gerchberg-Saxton retrieval algorithm, see [111] for details. The
gradient of the retrieved phase profile is used to explicitly visualize the
transverse energy density flux in the full spatial and temporal coordinates,
as shown normalized in Figs. 2.2.5(g), (h) and (i), along with overlayed
contour plot of the retrieved intensity profiles. Here the color coding is the
same as in [112], where blue and red colors indicate downward and upward
fluxes with respect to the vertical axis, respectively.

The transverse energy density flux of the light bullet [Fig. 2.2.5(h), (i)] in-
dicates a radially symmetric pulse front tilt resulting from strong space-time
coupling, and the spatiotemporal distribution of the currents is almost iden-
tical to that of a stationary, polychromatic Bessel beam with subluminally
propagating envelope peak [112], as schematically depicted in Fig. 2.2.6.
The established subluminal propagation of the envelope peak is very much
in line with the results of numerical simulations in fused silica [14, 108],
where the position of the peak is shown to continuously shift toward posi-
tive times with propagation. The radially symmetric pulse-front tilt, which
owes to angular dispersion [113], explains the observed features of temporal
behavior of the light bullet in the nonlinear and linear (free space) prop-
agation regimes, as illustrated Fig. 2.2.3(b). The propagation angles of
the spectral components comprising the light bullet compensate for ma-
terial dispersion in dispersive medium, whereas such angular distribution
causes the dispersive spreading of the pulse, as the bullet exits the disper-
sive medium and propagates in free space. In addition, presence of the
pulse-front tilt may readily explain the reported pulsewidth dependence on
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Figure 2.2.5: Spatiotemporal intensity profiles (shown in logarithmic intensity
scale) of (a) the input wave packet, and the light bullet at (b) z = 6.0 mm, (c) z
= 9.0 mm. (d), (e) and (f) show the corresponding angularly resolved spectra.
(g), (h) and (i) show the corresponding retrieved transverse energy fluxes, see
text for details.

the aperture size in the autocorrelation measurements [107]. It must be
underlined that a soliton or soliton-like wavepacket would be expected to
exhibit a flat phase and hence no transverse energy density flow in the spa-
tiotemporal domain. Conversely, the conical flux unveiled here is inherent to
polychromatic Bessel-like pulses and hence serves as unambiguous demon-
stration of the nature of the light bullets generated by self-focusing in a bulk
dielectric media with anomalous GVD. More precisely, the entirety of es-
tablished properties of the bullet: quasistationary O-shaped spatiotemporal
intensity profile and characteristic angularly-resolved spectrum, Bessel-like
spatial intensity distribution and transverse energy flux along with nonlin-
ear and linear (free-space) propagation features closely resemble those of
the nonlinear O-waves featuring weak losses and subluminally propagating
envelope peak [109].
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Figure 2.2.6: Schematic representation of transverse energy flux in ultrashort-
pulsed (polychromatic) Bessel beam with subluminally propagating envelope
peak. θ and γ are arbitrary cone and pulse-font tilt angles, respectively.

2.2.3 Conclusion

In conclusion, the nature of three-dimensional light bullets generated from
self-focusing of intense femtosecond pulses in bulk dielectric media with
anomalous GVD was uncovered. Self-focusing dynamics of 100 fs pulses
at center wavelength of 1.8 µm in sapphire was experimentally captured in
detail in full four-dimensional (x,y,z,t) space by means of three-dimensional
imaging technique. It was demonstrated that the emerging three-dimensional
light bullets consist of a sharply localized high-intensity core, which carries
the self-compressed pulse and a weak, delocalized low-intensity periphery,
comprising a Bessel-like beam. Also it was demonstrated that the seem-
ingly weak periphery as viewed in linear intensity scale, is nonetheless an
important integral part of the overall wave packet, as it continuously bal-
ances energy losses in the central core and prevents it from spreading during
its linear and nonlinear propagation. It was disclosed that spatiotemporal
reshaping of the input Gaussian wave packet results in development of a
very distinct spatiotemporal flow of the energy that is not compatible with
a spatiotemporal soliton, but rather finds a natural explanation in terms
of a polychromatic Bessel beam, which could be qualified as a nonlinear
O-wave which has weak losses and subluminally propagating envelope peak
[109]. As a consequence of this, the light bullets exhibit a rather remark-
able behavior as they exit the sample and propagate in free space (air), i.e.
in the absence of any nonlinear or dispersive effects: the bullets disperse
temporally, yet continue to propagate with strongly suppressed diffraction.
It is expected that these important features are characteristic to an entire
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family of spatiotemporal light bullets, which are generated by femtosecond
filamentation in bulk dielectric media with anomalous GVD and should be
carefully accounted for building the basis for diverse future applications that
may require a simple setup for creating intense, temporally compressed and
sub-diffractive wave packets [32].
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3 Supercontinuum generation

Material related to this chapter was published in [A3, A4, A6, A7]

Ever since the first observation in 1970 [114], supercontinuum (SC) gener-
ation in bulk dielectric media has been explored and has proved to be an
indispensable tool in ultrafast spectroscopy, laser physics, and nonlinear op-
tics [115, 116]. An extremely broad spectrum and high spatial and temporal
coherence and thus compressibility and focusability are the basic defining
properties of ultrafast SC. These features along with excellent shot-to-shot
reproducibility, which is achieved under proper pumping conditions, make
femtosecond SC an attractive source for seeding the ultrashort pulse op-
tical parametric amplifiers [117, 118] and small to-medium scale OPCPA
systems [119]. With the advent of femtosecond lasers, extensive numerical
and experimental studies of SC generation were carried out in liquid- and
solid-state dielectric media [7, 69, 120–128]. These studies revealed wide
bandgap solids, such as fused silica, fluorides, sapphire, and other laser
host materials, as the most attractive media for SC generation. A typical
setup for SC generation in a bulk medium is amazingly simple; it consists of
an optional attenuator for input-pulse energy control, a short focal distance
lens, and a thin (typically of few millimeters thickness) nonlinear medium.
When choosing proper focusing of the input Gaussian beam, which estab-
lishes an operating condition below the optical damage threshold [129, 130],
that simple setup produces broadband and coherent radiation with smooth
spectral intensity and high shot-to-shot reproducibility. Despite the experi-
mental simplicity, the physics behind SC generation remains one of the most
disputed topics in modern ultrafast nonlinear optics. The threshold for SC
generation nearly coincides with that for self-focusing and filamentation [3];
in most operating conditions, the occurrence of the SC justifies the occur-
rence of a light filament, and vice versa. The broadband radiation emerges
from a complex interplay among a number of relevant physical effects: self-
phase modulation [120], four-wave mixing [69], pulse splitting [131, 132],
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pulse-front steepening and generation of optical shocks [12], multiphoton
absorption, and free electron plasma generation [7, 70].

In the regime of normal group velocity dispersion, these effects lead to
dramatic reshaping of the intense input pulse, which undergoes temporal
compression, pulse-front steepening and eventually splits into two, leading
and trailing subpulses, which are responsible for red- and blueshifted spec-
tral broadening, respectively [12]. For instance, in sapphire, which is one of
the most popular nonlinear medium for SC generation, under typical oper-
ating conditions (with ∼ 100 fs, 800 nm input pulses provided by commer-
cial Ti:sapphire laser systems and tight focusing into short, few millimeter-
long samples of the nonlinear media), the SC spectrum exhibits a marked
asymmetry with respect to carrier wavelength, with dominating blueshifted
spectral components, see, e.g., [117, 128, 133, 134]. It is well known that in
general, the maximum attainable blueshift scales approximately as Eg/~ω0,
where Eg is the medium bandgap, ~ω0 is the pump photon energy and ω0

is the carrier frequency of the pump [70] . The bandgap dependence is ex-
plained in terms of the intensity clamping of the intense trailing sub-pulse
imposed by the multiphoton absorption and electron plasma defocusing
[7, 16], and chromatic dispersion of the material [74, 125]. While strong
blueshifted spectral broadening is associated with the development of an
intense trailing subpulse, a much weaker leading subpulse is responsible for
the occurrence of the redshifted spectral components.

Filamentation phenomena find a broad spectrum of applications, ranging
from atmospheric analysis [29] to laser micromachining [31], and therefore
the stability issues of the filaments are of primary importance. However
SC does not always exhibit good shot-to-shot reproducibility and in some
cases the statistics of SC intensity obey to extreme-value statistics. Rogue
or extreme events (frequently termed rogue waves) are rare high-amplitude
events, observed in various physical systems, where nonlinear wave interac-
tions take place, see [135] for a review. The occurrence probability of rogue
events is described by so-called extreme-value or heavy-tailed (L-shaped)
statistical distribution, which suggests that events with very high ampli-
tude (as compared to the mean value) occur much more frequently than
could be expected from normal-value (Gaussian) statistics. A considerable
progress in understanding the rogue waves in hydrodynamics and optics
has been achieved thanks to close analogy between the underlying physical
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mechanisms that initiate rogue wave formation [136, 137]. Optical rogue
waves [138] are extensively studied in one-dimensional optical systems, i.e.
photonic crystal fibers, where nonlinear light propagation gives rise to com-
plex temporal behavior and spectral superbroadening. Here optical rogue
waves manifest themselves as high amplitude red-shifted soliton pulses [138]
and blue-shifted dispersive waves [139] that emerge from noise-seeded mod-
ulation instability, with soliton collisions identified as the main mechanism
responsible for rogue wave formation [140]. The rogue-wave-like behavior
in optical fibers was observed with different pulsewidths, ranging from con-
tinuous wave to picosecond and femtosecond pulses [141–143], and under a
variety of operating conditions [144–146].

Rogue or freak waves are well known in hydrodynamics, referring to sta-
tistically rare giant waves that occur on the surface oceans and seas, see
for instance [147] for a review. From a general point of view, rogue waves,
or more generally, rogue (extreme) events represent an extreme sensitivity
of the nonlinear system to the initial conditions. Indeed, recently rogue-
wave-like behavior was shown to be inherent to diverse nonlinear physical
environments: propagation of acoustic waves in superfluid helium [148],
variation of local atomic density in Bose-Einstein condensates [149], ion-
acoustic and Alfvén wave propagation in plasmas [150], and propagation of
acoustic-gravity waves in the atmosphere [151].

Optical rogue waves, recently discovered by Solli et al. [138] constitute a
fascinating topic in modern nonlinear optics [152, 153].. At present, most
of the knowledge on optical rogue waves is brought by the studies of the su-
percontinuum generation in optical fibers, under a variety of operating con-
ditions and propagation regimes, ranging from CW to femtosecond pulses
[139–142, 144, 154, 155] and had been shown to share a great similarity
with their hydrodynamical counterparts [137]. In fibers, rogue waves repre-
sent rare soliton pulses, whose statistics are characterized by extreme-value
(non-Gaussian or, more specifically, L-shaped) distributions. It is gener-
ally accepted that optical rogue waves emerge as a result of the nonlinear
wave interactions and soliton collisions, although the precise underlying
physical mechanisms leading to their formation are still under debate [156].
More recently, rogue wave-like behavior was observed in bulk media, in the
femtosecond filamentation regime in gasses (air) [157] and liquids (water)
[158] and predicted to occur in even more complex regimes of propagation,

62



Chapter 3. Supercontinuum generation

such as multiple filamentation [25] and in various nonlinear optical systems,
where dimensionality and nonlinear wave dynamics is more complex as com-
pared to optical fibers: nonlinear optical cavities [159], nonlinear optical
lattices[160], nonlinear waveguides [161] In contrast to optical fibers, where
nonlinear dynamics takes place only in one (temporal) dimension, in the
filamentation regime, the nonlinear wave interaction occurs in full three-
dimensional space. Optical rogue waves in bulk media are therefore not
linked to soliton dynamics and formation of particular soliton pulses with
extreme characteristics; here, due to space-time coupling, they emerge from
modulational instability-mediated pulse splitting and energy redistribution
in space and time, taking a form of the X waves [158], which are weakly
localized nondiffractive and nondispersive wave packets spontaneously oc-
curring in media with normal group velocity dispersion [22, 128].

3.1 Extreme-value statistics in ultrafast white-light
continuum generation

In this section we experimentally study the statistics of the white-light
continuum generated by focusing of 130-fs, 800 nm pulses in a sapphire
plate and show that the statistical distributions of the spectral intensity of
the blue-shifted continuum components exhibit large shot-to-shot intensity
variations that obey the extreme value statistics. This rogue-wave-like be-
haviour is detected only within a narrow input-pulse energy interval. By
the use of numerical simulations, we show that the observed rogue-wave-like
behaviour is associated with pulse splitting and build-up of intense trail-
ing pulse. The extreme events are thereafter suppressed by the intensity
clamping.

3.1.1 Experimental setup

The white-light continuum was generated by tightly focusing 130 fs, 800 nm
central wavelength pulses from an amplified Ti:sapphire laser system (Spit-
fire PRO, Newport-Spectra Physics) into 3-mm thick synthetic sapphire
crystal, a wide-bandgap material, which is widely used for WLC generation
in the visible and near infrared [128] and possesses excellent characteris-
tics for SC generation with near-infrared pumping: high cubic nonlinearity
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(n2 = 3.1 × 10−20 m2/W [162]) and high optical damage threshold (up to
11 J/cm for 100 fs pulses [163]), and it shows no optical degradation effects
under irradiation by intense ultrashort laser pulses at a kilohertz repetition
rate. We used a typical scheme for WLC generation : a collimated laser
beam with 1.6 mm FWHM diameter was focused by an f = +50 mm lens
onto the input face of 3-mm-thick sapphire plate. The input-pulse energy
was varied in 0.1÷1µJ range by a halfwave plate and thin-film polarizer. A
small fraction of the laser pulse energy was directed to a pyroelectric detec-
tor (Pulsar-2, Ophir Optronics) for energy monitoring. The WLC radiation
was then re-collimated by an f = +30 mm lens and after passing several
neutrally scattering layers of thin teflon-film, was recorded by a fiber spec-
trometer with thermo-electrically cooled 16-bit detector (QE65000, Ocean
Optics), which has a spectral detection range from 200 to 950 nm. The
laser repetition rate was set to 10 Hz in order to synchronize the laser pulse
with the energy meter and spectrometer that were synchronously operated
in a single-shot regime.
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Figure 3.1.1: (a) 2000 individual WLC spectra (gray curves) generated at Ein =
0.44µJ. The average spectrum is shown by the black curve. (b) Expanded view
of the blue edge of WLC. Statistical distributions of (c) the input-pulse energy
fluctuations, (d) and (e) the spectral intensity of the WLC at 500 nm and 650
nm, respectively.
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3.1.2 Main results and discussion

Under described experimental settings, the spectral broadening was de-
tected at the input-pulse energy Ein = 0.3µJ, that corresponds to ∼ 1.3
critical power of self-focusing, Pcr, which is 1.8 MW for sapphire. With in-
creasing the input-pulse energy, an asymmetric, strongly blue-shifted spec-
tral broadening was observed. Fig. 3.1.1(a) illustrates a series of consecu-
tive 2000 WLC spectra, recorded at Ein = 0.44µJ. In this condition, shot-
to-shot variations of the spectral intensity in the plateau (550-700 nm) and
in the cut-off (490-550 nm) regions revealed markedly different magnitudes
of excursions from the average values, in particular, the spectral intensity
of the blue edge varied considerably from shot to shot. These variations
are highlighted by plotting the expanded blue-shifted portion of the indi-
vidual WLC spectra in Fig. 3.1.1(b). In order to quantify the observed
differences, in Figs. 3.1.1 (d) and (e) we plot the statistical distributions
of the WLC spectral intensity at 500 nm and 650 nm, respectively. The
spectral intensity distribution at 650 nm has a symmetric, nearly Gaussian
shape, that yielded a standard deviation of ∼ 8%. In contrast, the spec-
tral intensity at 500 nm exhibited a distinct long-tailed (L-shaped) statis-
tical distribution, characteristic to an extreme-value process. Fig. 3.1.1(c)
presents a corresponding histogram of the input-pulse energy fluctuations,
which had perfectly Gaussian distribution. A standard deviation of 0.8%
attested fairly stable laser operation.

Figure 3.1.2: Statistical distributions of (a) the input-pulse energy, selected in
±0.1% energy range from the average value, (b) the resulting spectral intensity
at 500 nm.

It is important to note that the L-shaped statistical distribution of the
WLC spectral intensity at 500 nm is not a sole result of the laser pulse
energy shot-to-shot fluctuations, but rather originates from shot-to-shot
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input-pulse intensity modulation due to presence of the noise (intensity
and phase noise), which is rather difficult to characterize experimentally. To
verify this, in Fig. 3.1.2 we plot the statistical distribution of the spectral
intensity at 500 nm, which corresponds only to a single input-energy bin
(±0.1% from an average value) and despite fewer laser shots (approx. 200)
included in the statistics, retains a similar L-shaped statistical distribution
as in Fig. 3.1.1(d).

Figure 3.1.3: (a) and (b) the same as in Fig. 1, recorded at Ein = 0.94µJ.
Statistical distributions of the spectral intensity at (c) 425 nm, (d) 500 nm and
(e) 650 nm.

Increasing the input-pulse energy above 0.6µJ, no further spectral broad-
ening was observed, the blue edge of the WLC spectrum was limited to the
cut-off wavelength of 410 nm, as a result of the combined effect of inten-
sity clamping [7] and chromatic dispersion of the medium [74], which pro-
vides suitable intensity-dependent phase matching for the four-wave mixing
process [25], and which serves as the main mechanism for spectral super-
broadening. However, further increase of the input-pulse energy dramat-
ically modified the statistics of the spectral intensity at all wavelengths.
This is illustrated in Fig. 3.1.3 by plotting a series of 2000 WLC spec-
tra and resulting statistics of the WLC spectral intensity at 425, 500 and
650 nm, as recorded at Ein = 0.94µJ. Specifically, the statistical distri-
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butions of the WLC spectral intensity acquire a nearly symmetric shapes
across the entire wavelength range, see Figs. 3.1.3(c)-(e), thus indicating
absence of the extreme events. Moreover, shot-to-shot fluctuations of the
spectral intensity in the WLC plateau region were markedly suppressed, for
example, the standard deviation of the spectral intensity at 650 nm was
measured as low as approx. 3%. Note that throughout the measurements,
the input-pulse energy fluctuations were essentially the same as illustrated
in Fig. 3.1.1(c). The experimental results presented in Figs. 3.1.1- 3.1.3
were reproduced by the numerical simulations (not shown), using the nu-
merical model by solving the extended nonlinear Schroedinger equation,
which accounts for diffraction, dispersion, the instantaneous Kerr effect,
self-steepening, 5-photon absorption, and the effect of free electron plasma
with introduction of intensity and phase noise, as described in detail in
Sec. 1.1 and [158].

From more detailed statistical investigations carried out by varying the
input-pulse energy from 0.2 to 1µJ, we found that distinct L-shaped sta-
tistical distributions were characteristic just to spectral components in the
blue edge of the WLC spectrum. Moreover, the L-shaped statistics were ob-
served only within a narrow input-energy interval between 0.40 and 0.46µJ,
when the blue edge of the WLC was confined in the wavelength interval of
480 ÷ 590 nm. In order to quantitatively explain this finding, further we
examined the spectral broadening dynamics versus the input-pulse energy.
We measured the average (over 2000 laser shots) wavelength of the WLC
blue edge, which was detected at a fixed intensity level of 10−3.5Imax, where
Imax is the peak spectral intensity around 800 nm. The corresponding
numerical simulations were performed without the inclusion of the noise,
yielding fairly average values of the wavelength and peak intensity. The
experimental and numerical data are compared in Fig. 3.1.4(a).

The experimentally measured non-Gaussian statistical distributions of the
WLC spectral intensity at the blue edge were quantified by using a three-
parameter Weibull fit function [140]:

f(x) = C
(x− x0

l

)k−1
exp

(
−
(x− x0

l

)k)
(3.1.1)

where k, l and x0 are shape, scale and location parameters, respectively, and
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Figure 3.1.4: (a) Dynamics of the spectral broadening expressed as the wave-
length of the blue edge. Dashed curve depicts the peak intensity inside the
sapphire sample. (b) Shape parameter of the Weibull fit function vs input-pulse
energy. Shaded area marks the energy (intensity) range where extreme-value
statistics is detected. (c)-(e) Numerically simulated on-axis intensity profiles.
Dashed curve shows the input-pulse. See text for details.

C is the normalization constant. The shape parameter k, which character-
izes the skewness of the statistical distribution is plotted in Fig. 3.1.4(b).
Note that for nearly-symmetric distributions that were recorded at the low-
est (Ein < 0.3µJ) and at the highest (Ein > 0.6µJ) input-pulse energies,
the fit function given by Eq. 3.1.1 yielded high k-values, but also a large
error, therefore these data points were not included in the plot.

Summarizing the results illustrated in Fig. 3.1.4(a) and (b), we conclude
that the dynamics of the spectral broadening undergoes three distinct stages,
that are linked to the temporal dynamics of the pulse and resulting peak
intensity inside the nonlinear medium, as shown by a dashed curve in
Fig. 3.1.4(a), and where the blue-shifted spectral components of the WLC
exhibit different statistical distributions. The initial WLC generation stage
(Ein = 0.28 ÷ 0.40µJ) is mainly associated with self-phase modulation-
induced almost symmetric spectral broadening, where no extreme value
statistics were detected. In the time domain, the pulse profile becomes
gradually reshaped [Fig. 3.1.4(c)], however no pulse splitting occurs yet.
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The second stage (Ein = 0.40 ÷ 0.46µJ) is related to an abrupt increase
of the peak intensity, which clearly indicates the pulse splitting event. The
spectral broadening is governed by highly asymmetric pulse splitting, pulse
front steepening and generation of the shock-front at the trailing edge of
the pulse, as shown in Fig. 3.1.4(d), which is consistent with WLC gener-
ation scenario [12]. On the other hand, the spectral broadening might be
described in terms of four-wave mixing and occurrence of two split X waves
in full three-dimensional space [25], whose mutual interaction provides suit-
able phase matching condition for generation of the blue-shifted spectral
components. In this stage, the build-up of the intense trailing pulse (which
may be called transient stage of WLC generation) strongly depends on the
input-pulse intensity. In fact, this suggests that any small intensity varia-
tion (intensity noise) in the input beam has a large impact on the resulting
peak intensity of the trailing pulse, thus giving rise to the observed rogue-
wave-like statistical distribution. In the final stage of the WLC generation
(Ein > 0.46µJ), the spectral broadening markedly slows down and finally
stops at Ein = 0.55µJ as the intensity of the trailing pulse is clamped at
∼ 41 TW/cm2 due to multiphoton (5-photon, in our case) absorption. The
corresponding intensity profile is shown in Fig. 3.1.4(e). Here the dynam-
ical picture settles and no extreme events occur. This in fact suggests that
the intensity clamping acts as the mechanism, which suppresses occurrence
of the extreme events. The extreme events therefore occur only within a
narrow input-pulse energy (intensity) range, which is defined by the pulse
splitting and intensity clamping.

3.1.3 Conclusion

In conclusion, it was demonstrated that the rogue-wave-like statistics of the
spectral intensity of the WLC generated in a wide-bandgap solid (sapphire)
are observed only in the transient stage of the WLC generation, and are
associated with pulse splitting and build-up of intense trailing pulse, that
strongly depend on the input-pulse intensity. The intensity clamping was
found to be a mechanism which suppresses the occurrence of the extreme
events. These findings also explain why the extreme events in WLC genera-
tion in bulk medium are observed only in a narrow input-energy (intensity)
interval.
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3.2 Spatio-temporal rogue events: rogue X-waves

In this Section we report on a class of optical rogue events that occur in
three-dimensional geometries as opposed to the widely studied one- or two-
dimensional systems. In three-dimensional space, strong space-time cou-
pling may lead to rogue events that bear some specific features, namely a
trailing peak with a lower-than-average intensity albeit with a wider spec-
trum. We show that these extreme events are associated to X-wave for-
mation in the normal group-velocity-dispersion regime, as opposed to the
temporal solitons observed in the anomalous regime in optical fibers.

3.2.1 Experimental setup

In the experiment we used an amplified Ti:sapphire laser system (Spitfire-
PRO, Newport-Spectra Physics) that delivers 130-fs pulses at λ0 = 800
nm. The laser beam was attenuated and loosely focused by f = 500 mm
lens down to 60 µm FWHM diameter at the input face of the 43-mm-long
water-filled cuvette. The input energy of 0.61 µJ (that equates to 1.23Pcr,
Pcr = 3.77λ2

0/(8πn0n2) = 3.8 MW, where n0 = 1.328 and n2 = 1.9 × 10−16

cm2/W [83] are linear and nonlinear refractive indexes of water at 800 nm)
was chosen so as to excite a single filament, whose occurrence was verified
by the white-light spectrum at the exit of the nonlinear medium, and to
uncover early spatiotemporal dynamics, not altered by propagation and
other nonlinear effects. The spectrum of the filament was collected using a
short focal distance (f = 30 mm) lens, and after passing several neutrally
scattering layers of thin teflon-film was directed to a fiber spectrometer with
a 16-bit detector (Ocean Optics), which has spectral detection range from
200 nm to 950 nm. The statistical distribution of the input-pulse energy
was almost perfectly Gaussian, with the standard deviation of ≤ 1%.

3.2.2 Main results

The occurrence of extreme events in the filamentation regime is readily
observable in the extreme-value statistics of the spectral intensity, which
exhibits characteristic L-shaped distribution. Fig. 3.2.1(a) illustrates the
statistics of experimentally recorded 5000 single-shot spectra measured at
1.23Pcr. Multiple gray curves show the individual single-shot spectra, whose
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average spectral intensity profile is overplotted by a black curve. The widest
and the narrowest spectra are highlighted by the red and blue curves, re-
spectively, while the dashed curve indicates the input-pulse spectrum.

Figure 3.2.1: (a) Experimentally measured 5000 single-shot spectra of the fil-
ament (gray curves) recorded at 1.23Pcr. The average spectrum is shown by
the black curve, the widest and the narrowest extremes are highlighted by the
red and blue curves, respectively, while the input spectrum is plotted by the
dashed curve. Frequency distributions of the spectral intensity at: (b) 635 nm,
(c) 710 nm. Insets show a magnified portion of the long tails. (d) statistics of
the spectral intensity across the entire spectral detection range.

A more detailed statistical analysis of these spectra is presented in Fig. 3.2.1
(b) and (c) by plotting the frequency distribution of the spectral intensity
at particular wavelengths of 635 nm and 710 nm, respectively. At 635 nm,
the spectral intensity exhibits a clear right-tailed distribution. The spectral
intensity of the most prominent extreme events is more than 10 times larger
than the average, as seen from the inset, which highlights the extended tail.
Interestingly, at 710 nm, the L-shaped distribution is left-tailed, i.e. showing
that in the same dataset there is a number of events exposing small-intensity
extremes. A closer look at Fig. 3.2.1(a) reveals that these marginal spectra
have different shapes: those with the highest spectral intensity at 650 nm ex-
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hibit a dip around 710 nm, and vice versa. Hence, the observed statistics at
different wavelengths is determined by the change of the spectral shape due
to correlation between frequency components that occur in the self-phase
modulation-induced spectral broadening [164]. Fig. 3.2.1(d) combines the
statistics of the spectral intensity across the entire spectral detection range,
where (logarithmic) color coding renders the normalized frequency of the
spectral intensity at a particular wavelength. Notice that distinct extreme
events occur mostly on the blue-shifted side of the spectrum.

3.2.3 Numerical simulations

We quantitatively reproduced the experimental results and characterized
the spatiotemporal structure of the extreme events by the use of numerical
simulations. We solved the extended nonlinear Schroedinger equation (see
Sec. 1.1 for details) with multiphoton absorption order K = 5, assuming
Eg = 6.5 eV and a single photon energy ~ω0 = 1.5 eV, the multiphoton
absorption coefficient, taken as β(5) = 1.1×10−51 cm7/W4, cross section for
electron-neutral inverse bremsstrahlung σ = 4.7 × 10−22 m2 and electronic
collision time in the conduction bandτc = 3 fs [165]. The values of β(5)

and σ were evaluated using the formalism described in [63], the plasma
dynamics was accounted for in the same manner as in Sec. 1.1, including
multiphoton and avalanche ionization and neglecting electron diffusion and
recombination owing to sufficiently longer lifetime of the electron plasma
as compared to the pulse width [45]. Full dispersion for distilled water was
accounted for according to [166]. The calculations were performed for input
Gaussian pulsed beam with 60 µm diameter, tp = 130 fs FWHM pulsewidth,
central wavelength λ0 = 800 nm and the input-beam intensity of I0 = 130
GW/cm2. In order to simulate the output statistics, we have modified the
input-beam by introducing 2% intensity noise, 0.1% phase noise and 1%
energy noise. The noise has Gaussian distribution and was implemented
using Box-Muller transform of uniformly distributed random numbers.

3.2.4 Discussion

The statistical results obtained by the numerical simulations are shown in
Fig. 3.2.2. Fig. 3.2.2(a) illustrates 500 individual axial spectra, panels (b)
and (c) show the statistical distributions of the spectral intensity at 635
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Figure 3.2.2: (a) Numerically simulated 500 single-shot spectra (gray curves).
Curve designations are the same as in Fig. 3.2.1(a). Frequency distributions of
the spectral intensity at: (b) 635 nm, (c) 730 nm. (d) statistics of the spectral
intensity across the entire wavelength range.

and 730 nm, respectively, and which are summarized for the entire spectral
range in panel (d). Note here, that in the presentation of the numerical
results, we have added an artificial noise at the level, which corresponds to
experimental detection range of the fiber spectrometer. The numerical data
fairly recovers all the essential statistical features captured experimentally,
as shown in Fig. 3.2.1.

The relevant question is how the extreme events in the spectral intensity
manifest themselves in the space-time domain? We recall that in the fiber
environment, rogue waves are associated with the red-shifted soliton pulses
of extreme amplitude, which emerge in the region of anomalous group-
velocity dispersion. However, the temporal dynamics in femtosecond fila-
mentation is different: the spectral broadening during self-focusing of the
ultrashort light pulses in a medium with normal group-velocity dispersion
is linked to pulse splitting and shock-front dynamics, where the leading
shock-front is associated with the red-shifted axial radiation, and the trail-
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ing shock-front with the blue-shifted axial radiation [12]. A more general
view of this concept was proposed in the framework of two split nonlinear
X-waves, one traveling at subluminal and another at superluminal velocities
with respect to the group velocity of the input Gaussian pulse, and whose
localization is ensured by the off-axis, conical part of the beam (conical
emission) [24, 25, 86].

Figure 3.2.3: (a)-(c) spatiotemporal and (d)-(f) on-axis intensity profiles corre-
sponding to the spectra highlighted in Fig. 3.2.2(a). See text for details.

Figures 3.2.3(a)-(c) show the numerically simulated spatiotemporal inten-
sity distributions, that correspond to the narrowest, the average and the
widest spectra, respectively, as highlighted in Fig. 3.2.2(a), indicating for-
mation of the split X-waves. Panels (d)-(f) show the corresponding on-axis
temporal intensity profiles, which highlight pulse splitting events and for-
mation of optical shocks, that are recognized by weak and rapidly decaying
oscillations at the pulse fronts. Notably, major differences between the three
different cases are observed only in the trailing X-wave, whose spatiotem-
poral extent and on-axis intensity exhibit great variability if compared with
the leading peak.

This finding was verified also experimentally, by measuring the cross-correlation
function of the on-axis part of the filament as transmitted through a 40-
µm pinhole, imaged and sampled with short, 30-fs pulse in 20-µm-thick
beta-barium borate crystal via sum-frequency generation [Fig. 3.2.4 (a)].
Figures 3.2.4 (b) and (c) compare the numerical and experimental inten-
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sity distributions, measured at the time delay of −60 and +70 fs [marked
by dashed lines in Fig. 3.2.4 (a)], corresponding to the leading and trailing
peaks. The results presented in Fig. 3.2.4 (b) and (c) imply that variation
range of the leading pulse intensity is quite compact, its statistical distri-
bution aside from a very slight skewness, is similar to the input-intensity
variation. In contrast, the intensity of the trailing pulse varies consider-
ably, with clearly expressed left-tailed extreme-value statistics. Given the
good agreement between the numerical and experimental data, it is quite
surprising that the statistics of the leading and trailing pulses are markedly
different, so only the trailing pulse (or more generally, the overall trailing
wave-packet) exhibits a rogue-wave-like behavior. We interpret this differ-
ence as the result of the X-wave formation under the experimental condition
addressed: higher order dispersion and phase-matching in water, and more
specifically, water absorption, that increases rapidly towards the infrared
[39]. However, the observed peculiarities in dynamics of the red- and blue-
shifted components require further, extensive study.

Figure 3.2.4: (a) Experimentally measured cross-correlation function of the on-
axis radiation. (b) and (c) show the numerically simulated (white bars) and
experimentally measured (black bars) intensity distributions of the leading and
trailing peaks, respectively.
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3.2.5 Conclusions

In conclusion, under investigated experimental conditions, the extreme events
in the femtosecond filamentation regime are identified as large space-time
coupled intensity fluctuations and formation of an X-wave at the trailing
edge of the input pulse. The results are significantly different with respect
to one-dimensional fiber settings in which extreme events are associated to
higher-than-average intensities. The three-dimensional extreme event needs
to be visualized in full three-dimensional rather than in a reduced one-
dimensional space: indeed, in Fig. 3.2.3(c) we immediately notice that the
extreme event is associated to the clear formation of an X-wave with largely
extended conical tail, i.e. of a truly space-time coupled, three-dimensional
wave-packet. Due to the ubiquity of space-time coupled effects in three-
dimensional systems we may expect to observe similar rogue X-wave for-
mation and wave localization events also in other settings involving e.g,
acoustic [167] and even seismic waves [168].

3.3 Statistical properties of ultrafast
supercontinuum

In recent years, Bessel beams carrying femtosecond pulses [femtosecond
Bessel beams (FBBs)] have attracted a great deal of interest and consti-
tute a rapidly growing research topic in the field of ultrafast light–matter
interactions. The unique nondiffractive property of Bessel beams ensures
high energy localization within the intense central spot over long distances,
which makes Bessel beams very attractive for use in diverse fields of mod-
ern optics [169] and ultrafast technology [170]. Due to their conical na-
ture FBBs are generally considered resistant to self-action effects, since
self-focusing and self-phase modulation start manifesting themselves at an
input power largely exceeding the critical power for selffocusing of a con-
ventional Gaussian beam. In that regard, filamentation of FBBs poses a
number of differences as compared to a standard case of Gaussian beam
filamentation [66, 171–173]. The most relevant differences are related to
slight progressive reshaping of its original near-field intensity profile (ring
compression and loss of contrast), generation of extra rings, and occurrence
of axial radiation in the far field [174–176]. These differences result in a
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different scenario of the spectral broadening and SC generation with FBBs,
which so far has been studied in water [175] and in barium fluoride [177].

On the other hand, there is great flexibility in producing a Bessel beam with
desired properties: cone angle, central spot size, energy content, particular
intensity variation along the propagation axis, and length of the Bessel zone,
suggesting numerous, yet unexplored, possibilities for SC generation with
FBBs. Moreover, to date, the statistical properties of the SC generated
with Gaussian beams and FBBs, which are of great importance for many
practical applications, have as yet been poorly investigated. Therefore, this
Section aims at a comparative study of ultrafast SC generation in sapphire
crystal using femtosecond Gaussian and Bessel beams. We show that, at
the particular interaction geometry used in our experiment, the SC gener-
ated with an FBB has a smooth and featureless spectrum, whose extent
and stability compares to that generated with low-numeric-aperture (NA)
focused Gaussian beam. Our findings also indicate that the fluctuations
of the SC spectral intensity are related to spectral correlations across the
entire wavelength range covered by SC radiation.

3.3.1 Experimental setup

The experiments were carried out using a 1 kHz repetition rate Ti:sapphire
laser system (Spitfire-PRO, Newport-Spectra Physics), which delivered 130
fs pulses with a central wavelength of 800 nm. Two focusing geometries used
in the experiment are schematically sketched in Fig. 1. In the first case,
shown in Fig. 1(a), a collimated Gaussian beam with d = 650µm FWHM
diameter was suitably attenuated and focused by an f = 50 mmlens onto
3-mm thick synthetic sapphire crystal so as to access a standard, low-NA
condition for SC generation [130]. The estimated FWHM diameter of the
focal spot was 30µm, which corresponded to NA ≈ 0.01. The input energy
was varied in the 0.2÷2.0µJ range, which allowed us to capture dynamics of
the spectral broadening in detail. The output SC radiation was collimated
and focused by twof = 30 mm lenses arranged in 4f imaging geometry en-
suring that almost all SC radiation was coupled onto the 200µm diameter
fiber tip of the fiber spectrometer (QE65000, Ocean Optics) with a 16-bit
dynamic range thermoelectrically cooled converter and a 200÷ 950 nm de-
tection range. The spectrometer was calibrated, and the recorded spectral
intensity of the SC radiation was corrected for the sensitivity using the
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actual curve of the spectral response. The acquisition rate of the spectrom-
eter was synchronized with the repetition rate of the laser, thus enabling
us to capture the SC spectra in a single-shot regime. At each given input
pulse energy, a series of 2000 consecutive SC spectra was measured in order
to accumulate the necessary statistics of the spectral intensity throughout
the entire detection range. In the second case, shown in Fig. 3.3.1(a), the
Gaussian beam was focused by BK7 glass axicon with base angle γ = 2◦18′

so as to produce an FBB with a length of the Bessel zone of 26 mm and
FWHM diameter of the central spot of 27µm, which nearly matched the
FWHM diameter of the focal spot of the Gaussian beam used in the first
experiment. As a nonlinear medium, we used the same 3 mm-long sap-
phire sample, which was placed at the point where the Bessel beam had the
highest intensity, i.e., at d = 14 mm from the axicon tip, as schematically
illustrated in Fig. 3.3.1(b). In this case, the SC radiation emerged on the
Bessel beam axis, which was then easily separated from the pump cone in
the far field and collected in the same manner as described above. In the
case of FBB, the SC generation was observed at more than 10 times higher
input energy, which in the present case was varied in the range of 1÷16µJ.

Figure 3.3.1: Experimental configurations showing the focusing conditions for
(a) a Gaussian beam and (b) an FBB, where the inset shows the calculated
intensity of the central peak versus distance z from the axicon tip. The real
dimensions are not to scale.
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Figure 3.3.2: Cutoff wavelength of the SC generated by Gaussian beam and FBB
versus the input pulse energy.

3.3.2 Comparative study of supercontinuum generated by
femtosecond Bessel and Gaussian beams

Figure 3.3.2 compares the measured cutoff wavelength (defined at 10−4

intensity level at the blue side of the spectrum) of the SC spectra as a func-
tion of the input energy for Gaussian and Bessel input beams. Despite the
marked difference in the absolute input energy values, the spectral broad-
ening in both cases appears to be very similar: as the input pulse energy
exceeds some threshold value (0.4µJ for a Gaussian beam and 5.5µJ for an
FBB), there is observed very rapid, almost explosive blue broadening, which
takes place within a very narrow input energy interval. Thereafter, with fur-
ther increase of the input pulse energy, the blue broadening markedly slows
down, and the cutoff wavelength slowly proceeds to 400 nm in the case of
the Gaussian input beam and to 450 nm in the case of the FBB. More than
tenfold difference in the input pulse energy could be explained in part by
the differences of energy distribution in the Gaussian beam and FBB inten-
sity profiles and in part by the differences of their nonlinear propagation. A
computation of the peak intensity at the focal spot of the Gaussian beam
and at the central spot of the FBB at 14 mm from the axicon tip yields
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already a sevenfold difference in the peak intensity for the same input pulse
energy, whereas the specific issues of nonlinear propagation of the FBB are
addressed in [171, 172, 174, 177] and later in this text.

In order to analyze the spectral dynamics of the SC generation in more de-
tail, in Fig. 3.3.2 we highlight five relevant stages of the spectral broaden-
ing, which are labeled by letters A, B, C, D, and E. The averaged (over 2000
laser shots) SC spectra representing these cases are shown in Fig. 3.3.3.

The dynamics of spectral broadening and development of the spectral shapes
generated by low-NA focused Gaussian beam are shown in Fig. 3.3.3(a) and
could be interpreted in the framework of the standard SC generation sce-
nario [12]. In the initial stage (A), the spectrum of the input pulse broadens
almost symmetrically due to pulse shortening and selfphase modulation. In
the intermediate stage (B) the input pulse undergoes strong temporal re-
shaping, pulse front steepening, and eventually splits into two subpulses.
Out of these, the most intense is the trailing subpulse, which gives rise
to strong blueshifted spectral broadening. Thereafter, its peak intensity
becomes rapidly clamped due to multiphoton absorption [16], and the spec-
tral broadening saturates (C), yielding a typical strongly asymmetric SC
spectrum [7], which has a characteristic blue bump near the cutoff that ap-
pears due to an X-wave phase-matching condition [178]. In the saturation
regime (D), the spectral intensity becomes more smooth along with a slight
increase of the red part in the SC spectrum. Finally, the pulse-splitting
scenario is further confirmed by the SC spectrum recorded in the postsatu-
ration regime (E). Here the SC spectrum develops fine periodic modulation,
which occurs on both sides of the central wavelength, which is a signature
of the secondary pulse-splitting event.

An apparent similarity of the spectral broadening recorded with FBB, as
shown in Fig. 3.3.3(b), suggests that the axial pulse undergoes almost
identical temporal dynamics. However, it must be noted that the measured
smooth SC spectra are in sharp contrast with those reported in the previous
studies [175, 177], which demonstrate distinct modulation of the spectral
intensity and weaker spectral broadening. These marked differences could
be attributed to the differences in the Bessel beam geometry used. In afore-
mentioned experiments, the SC was generated in long samples exploiting
extended depth of focus of the FBBs, which, however, had a considerable
intensity variation of the central spot along the nonlinear medium, as il-
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Figure 3.3.3: SC spectra generated by (a) a Gaussian input beam and (b) an
FBB. Labeled spectra correspond to the cases highlighted in Fig. 3.3.2. The
input spectrum is shown by a dashed curve. All the spectra are normalized to
the peak intensity at the carrier wavelength (800 nm).

lustrated in the inset of Fig. 3.3.1(b). This in turn imposed a varying,
intensity-dependent transverse phase-matching condition [179] for genera-
tion of the axial component via noncollinear four-wave mixing [175]. Much
higher input pulse energy used in [177] led to multiple refocusing, which had
a similar effect on the SC spectral modulation. Conversely, in the current
case, the intensity change of the central spot throughout the short length
(3 mm) of the nonlinear medium is negligible, so the phase-matching con-
dition under which the axial pulse is generated was kept fairly constant.
Once the intense axial pulse is produced, it starts its own nonlinear prop-
agation, as justified by the dynamics of the spectral broadening, as shown
in Fig. 3.3.3(b). There are, however, some differences in the SC spectra
as generated by the Gaussian beam and the FBB. In the latter case, apart
from somewhat weaker spectral broadening, the FBB-induced SC spectrum
exhibits a very intense peak at the carrier wavelength (at least by 1 order
of magnitude larger than in the case of the SC generated by a Gaussian
beam), which is due to continuous refilling of the central spot by conical
components of the Bessel beam [180].

In what follows, we analyze the statistics of the SC spectral intensity through-
out the entire spectrum. The statistical issues are of primary importance
for most applications of the ultrafast SC, which usually require high shot-
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to-shot reproducibility of the SC spectra. However, to the best of our
knowledge, only a very few works have been devoted to investigations of the
statistical properties of the SC generated by Gaussian beams [128, 133, 181],
whereas no such study has been performed addressing the statistics of the
SC excited by FBBs.

The statistical results are summarized in Fig. 3.3.4, where curves depicting
the fluctuations of the spectral intensity are labeled according to the spectra
shown in Fig. 3.3.3. Here we restrict ourselves just to cases A–D, since case
E represents a much more complex temporal structure of the SC pulse and
is, therefore, of limited practical interest. The fluctuations of the spectral
intensity are expressed through the root-mean-square (RMS) error at a
given wavelength across the whole SC spectrum, being computed from a
series of consecutive 2000 single-shot SC spectra recorded at a given input
energy. Specifically, the RMS error was computed by subtracting the dark-
current-induced noise, which was always lower than actual signal counts
throughout the entire SC spectrum. The RMS error of the input pulse
energy during the measurement was 0.4%, thus attesting, indeed, to stable
laser operation.

First we refer to the statistics of the SC generated by the Gaussian beam,
which are shown in Fig. 3.3.4(a). As expected, the fluctuations of the spec-
tral intensity have a strong dependence on the input pulse energy; however,
the character of the RMS fluctuations and its successive dynamics reveals
an interesting picture. At the initial stage of the spectral broadening (curve
A), the blue edge of the SC spectrum is very unstable with large shot-to-shot
fluctuations whose RMS error is close to 30%. At the same time, spectral
intensity at the closest vicinity of the central wavelength (800 nm) is fairly
stable. With slight increase of the input pulse energy, which results in fur-
ther spectral broadening, the unstable part of the spectrum shifts toward
shorter wavelengths, where the instability approaches 100% (curve B). The
elevated instability at the blue edge of the spectrum is attributed to the oc-
currence of extreme (rogue) events that are characterized by non-Gaussian,
highly skewed (so called L-shaped) statistical distribution of the spectral
intensity; see [133] for more details. With further increase of the input
pulse energy, approaching the saturation regime of the spectral broaden-
ing (curve C), the instability at the blue edge becomes suppressed along
with emergence of a remarkable feature: very stable intervals seen as a
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Figure 3.3.4: RMS error of the SC spectral intensity fluctuations at different
stages of the spectral broadening: (a) in the case of the Gaussian input beam
and (b) in the case of FBB. The curves are labeled according to Fig. 3.3.3.

broad minimum around the pump wavelength (750 ÷ 820 nm) and sharp
prominent minima at wavelengths of 470 and 570 nm. Note that a simi-
lar feature located at 750 nm already emerges in curve B. Finally, in the
regime of saturation of the spectral broadening (curve D), the spectral in-
tensity becomes remarkably stable with RMS error ≤ 1% across most of the
wavelength range and few percent at the very edges, with small and irreg-
ular RMS oscillations. Very similar results, with almost identical features
of the RMS fluctuations, were recorded also in the case of FBB input, as
shown in Fig. 3.3.4(b). The only difference in the latter case is apparently
suppressed fluctuations of the spectral intensity around 800 nm, as due to
refilling effect [180].

In order to get some more insight into the observed statistical features and
occurrence of distinct stability zones in particular, we investigated the corre-
lations of the spectral intensity fluctuations within the entire SC spectrum.
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For that purpose, we computed the cross-correlation coefficient between the
spectral intensities S at wavelengths λ1 and λ2 [164, 182]:

C(λ1, λ2) = V (S1 + S2)− V (S1)− V (S2)
2
√
V (S1)V (S2)

(3.3.1)

where V is the variance of the spectral intensity. By varying the two wave-
lengths, the complete cross-correlation maps of the spectral intensity fluctu-
ations were computed, as illustrated in Fig. 3.3.5. These complex patterns
emerge from the basic mechanisms of the spectral broadening, i.e., self-phase
modulation and successive four-wave mixing processes [164], and increase
in complexity with increasing input energy.

Figure 3.3.5: Cross-correlation maps of the spectral intensity fluctuations within
SC spectra generated by (a) a Gaussian beam and (b) an FBB. Labels in capital
letters correspond to SC spectra and their intensity fluctuation curves shown in
Figs. 3.3.2 and 3.3.3.

In the case of the Gaussian input beam [Fig. 3.3.5(a)], the cross-correlation
map reveals the occurrence of clear correlating (C = 1) and anticorrelating
(C = −1) zones (case A), where the anticorrelation cross centered on the
carrier wavelength manifests the depletion of the pump, while the occur-
rence of correlated regions on both sides of the input wavelength signifies
the generation of conjugated wavelengths via four-wave mixing. In con-
trast, in the case of FBB [Fig. 3.3.5(b)], no correlation (C = 0) around the
pump wavelength is observed, possibly owing to the conical nature of the
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Bessel beam, which tends to continuously refill the central peak at the car-
rier wavelength [180], thus masking its correlation with generated spectral
components. At slightly higher input energy (case B), alternating corre-
lation and anticorrelation zones extend further due to four-wave mixing,
while the character of the correlation pattern remains basically the same.
Here, however, a fine structure of the anticorrelation cross around the car-
rier wavelength becomes clearly visible. Note that, at this instance, the
pulse is expected to be already split, and the split subpulses with slightly
shifted carrier frequencies serve as new pumps for the four-wave-mixing pro-
cess [25]. Interestingly, even at this stage of the spectral broadening, careful
inspection of the correlation maps referring to both focusing cases reveals
that narrow noncorrelated dips in between the correlating and anticorre-
lating zones exactly coincide with markedly reduced fluctuations of the SC
spectral intensity, as could be easily verified by comparing Figs. 3.3.5 and
3.3.4. At higher input energy, where the spectral broadening is close to
saturation (case C), the correlation pattern develops a more complex struc-
ture, which consists of alternating correlation and anticorrelation zones,
separated by narrow noncorrelating regions in the visible range and more
extended ones around the carrier wavelength. The observed complexity in
the correlation patterns could possibly be attributed to cascaded four-wave
mixing between the spectral components of the SC, which, according to the
energy conservation ωpump + ωpump = ωsignal + ωidler, might take place in a
variety of pathways. For example, an anticorrelating zone in 470÷ 560 nm
range could be interpreted as a new pump, which produces mutually cor-
related signal and idler waves with wavelengths in the range of 450 ÷ 460
and 580 ÷ 750 nm, respectively, etc. Note how the noncorrelating regions
perfectly coincide with suppressed fluctuations of the spectral intensity, as
seen from curves C in Figs. 3.3.4(a) and 3.3.4(b). Finally, in the saturation
regime of the spectral broadening (case D), the cross-correlation patterns
become deteriorated and highly structured, being generally dominated by
small-scale weakly or noncorrelating regions. That loss of correlation coin-
cides with marked suppression of the intensity fluctuations across the entire
SC spectrum, as seen from curves D in Figs. 3.3.4(a) and 3.3.4(b).

Firstly it must be pointed out that different spectrum realizations come
from small noise in the pump beam. The response of our physical system
could be considered non-chaotic – if exactly the same initial conditions
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would be provided we’d have the same output. Fluctuations in the output
spectra could be easily modeled by the pump beam intensity fluctuation
although there might be other noise sources in the system (air turbulence,
medium density fluctuations etc.). Furthermore we can state that a little
change in the initial conditions is approximately equal to a little change
in the propagation distance and this holds on while the changes are small
and no additional effects appear due to changed propagation. Therefore
spectra and their corresponding correlation maps show how the spectra
would change with a minute increase (decrease) in the propagation distance.
Since the intensity some spectral components are rising and some are falling
we could guess that there is energy transfer between them through FWM
process.

Spectral intensity correlations were already analyzed in [164, 182, 183] how-
ever apart for attributing appearance of correlating and anti-correlating
zones to four wave mixing, more detailed insight was not provided. Four
wave mixing appears as conversion of two pump photons to signal and idler.
Therefore we should look for correlations between −(I(λpump1) + I(λpump2)
and −(I(λsignal) + I(λidler). Taking into account energy conservation law
ωpump1 +ωpump2 = ωsignal +ωidler, we have 3 degrees of freedom (e.g. λpump1,
λpump2 andλsignal). Our spectrometer range prevents us from identifying
processed where idler wavelength lies in NIR region, however we were still
able to analyze and attribute supercontinuum generation to FWM from the
available spectra. One of the major findings is that there are no FWM if the
pump wavelengths do not belong to the same correlating (anti-correlating)
island on the map. Therefore 3-dimensional correlations maps can be visu-
alized in 2 dimensions by introducing additional constrain λpump1 = λpump2.

In the initial stage of spectral broadening (Fig. 3.3.6(a) – A case for Gaus-
sian pump), there are two pump pulses centered at 790 nm and 800 nm
which generate signal (650÷ 790 nm) and idler (800÷ 950 nm). The signal
should extend up to 450 nm which correspond to over 3µm idler which is
out of detection wavelength of the spectrometer and therefore is not visible
in the map.

Fig. 3.3.6 (b) demonstrates cascaded processes: 570 ÷ 680 nm pump gen-
erates 470÷ 560 nm signal and 620÷ 860 nm idler. Signal from this process
470÷560 nm acts as a pump to generate 450÷460 nm signal and 480÷750 nm
idler. Further on 450 ÷ 460 nm pump generates 430 ÷ 440 nm signal and
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Figure 3.3.6: FWM correlation coefficient for Gaussian beam pumped supercon-
tinuum (a) A case and (b) C case. White zones show phase matching constrains
due to spectrometer detection interval.

470 ÷ 500 nm idler. The last cascade is not indicated in the figure due to
small size.

3.3.3 Conclusions

We performed a comparative experimental study of femtosecond SC gen-
eration using Gaussian and Bessel beams carrying 130 fs pulses. In much
contrast to previous results of SC generation with FBBs [175, 177], we
obtain a smooth and modulation-free SC spectrum, whose characteristics
are quite similar to SC characteristics generated by conventional Gaussian
beams. More specifically, we demonstrate that dynamics of the spectral
broadening in thin sapphire crystal (3 mm thickness) induced by a near-
infrared (800 nm) low NA-focused Gaussian beam and axicon-generated
FBB is rather similar, despite the 10 times larger input energy of the FBB,
finally yielding smooth and featureless SC spectra with excellent shot-to-
shot reproducibility. The observed similarity in spectral broadening dynam-
ics suggests that the axial component of an FBB, as induced by noncollinear
four-wave mixing, undergoes identical temporal dynamics as the input pulse
in the case of a low-NA focused Gaussian beam.

An extensive statistical analysis of the SC spectral intensity fluctuations
uncovers previously not observed statistical features of the spectral inten-
sity across the entire wavelength range, as recorded at different stages of
the spectral broadening by varying the input pulse energy. We disclose
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a peculiar development of stability and instability regions within the SC
spectra, which could be qualitatively associated with dynamics of the four-
wave-mixing-induced spectral broadening. Specifically, we show that the
disappearance of the correlations of intensity fluctuations at certain wave-
lengths is associated with the occurrence of distinct stability regions within
the SC spectrum in the transient stages of the spectral broadening. In that
regard, saturation of the spectral broadening is characterized by almost
complete loss of spectral correlations, resulting in generation of spectrally
flat SC with RMS fluctuations of the spectral intensity of less than 1%
across the major part of the SC spectrum. The disclosed relationship be-
tween fluctuations of the SC spectral intensity and its spectral correlations
offers an interesting topic for future studies of SC generation, which is still
one of the most controversial topics in modern nonlinear optics.

3.4 Infrared extension of NIR pumped
supercontinuum

There is a growing demand in producing femtosecond SC with large in-
frared extent, which is desirable for diverse spectroscopic applications and
for development of few-optical-cycle near- and mid-infrared all-solid-state
laser sources, which are exclusively based on optical parametric amplifi-
cation, in particular [184, 185]. Experiments show that the infrared part
of SC spectrum could be extended by means of pulse and beam shaping,
as demonstrated in air [186–190], and simply by the use of loose focusing
geometry in solids, see, e.g., [128, 191–193]. However, it is not explicitly
understood which physical factors limit the infrared extent of the SC, espe-
cially in solid state media.

In this Section, we experimentally and numerically investigate the SC gen-
eration in sapphire with a standard 120-fs, 800-nm pumping under variable
input beam focusing conditions. Our results show that loose focusing re-
sults in notable infrared extension of the SC spectrum. The numerical
simulations are in good agreement with pulse splitting scenario of the SC
generation and disclose that enhanced redshifted spectral broadening is re-
lated to increased nonlinear propagation of the leading sub-pulse after the
pulse splitting event.
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3.4.1 Supercontinuum generation in sapphire with variable
focusing conditions

In the experiment, as the pump source, we used a 1 kHz repetition rate am-
plified Ti:sapphire laser system (Spitfire- PRO, Newport-Spectra Physics),
which delivered 120 fs pulses with a central wavelength of 800 nm. The
experimental setup is schematically depicted in Fig. 3.4.1. The laser beam
was suitably attenuated, spatially filtered and reduced in size yielding 1.27
mm FWHM beam diameter on the focusing lens. In the experiment, we used
three focusing lenses (L) with focal lengths of f = +75 mm, f = +200 mm
and f = +400 mm, which yielded the numerical apertures of 0.0169, 0.0064
and 0.0032, respectively. The SC was generated in 15-mm-long sapphire
crystal, whose input face was always positioned at the beam waist. The
input pulse energy was varied in the overall 0.3 − 3.0µJ range, and the
input energy range in a particular focusing condition was chosen so as to
capture the dynamics of spectral broadening in detail.

Figure 3.4.1: Experimental setup. See text for details.

Instead of recording the angle-integrated SC spectra, we selected only the
axial part of the SC, which has low divergence and good focusability. Note
that conical emission, which occurs as a result of group- and phase-matched
four-wave mixing process that involves pulse splitting and X-wave gener-
ation [25] and whose angles are set by the phase-matching condition, i.e.,
by the material dispersion, carries a considerable portion of the SC energy.
A comparison of angle-integrated and axial SC spectra shows that spec-
tral intensity of angle-integrated SC is 2–3 orders of magnitude larger than
spectral intensity of the axial SC part. The axial part of the SC was col-
lected using high numerical aperture (NA = 0.22) fiber F with 400µm core
diameter (FT400EMT, Thorlabs), whose tip was located at 36 mm distance
from the output face of sapphire crystal, thus ensuring acceptance angle of
≈ 0.8 mrad. In this geometry, we efficiently coupled the axial part of the SC,
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at the same time filtering out high-divergence conical emission. The axial
SC spectrum was recorded by a home-built scanning prism spectrometer,
which used Ge photodiode as a sensor with effective detection range from
500 nm to 1.7µm. The intense SC radiation around the pump wavelength
was attenuated by means of a dielectric mirror M, which had high reflec-
tivity for 800 nm, and whose transmission function as well as sensitivity
characteristics of the detector was then accounted for in reconstructing the
actual SC spectra.

The dynamics of spectral broadening versus the input pulse energy under
three different focusing conditions is illustrated in Fig. 3.4.2. After reach-
ing a certain input pulse energy threshold, which depends on the focusing
condition, the spectral broadening starts in an explosive manner. In our
experimental settings, these thresholds are 0.4, 0.7 and 1.6µJ, as measured
with f = +75 mm, f = +200 mm and f = +400 mm focusing lenses, re-
spectively. We observe different rates and different features of the blue-
and redshifted spectral broadening. In all examined cases, the blueshifted
broadening immediately covers all the visible range, with the blue cut-off
wavelength at around 400 nm, as additionally verified using a standard fiber
spectrometer (QE-65000, Ocean Optics) with 200–900 nm detection range
(data not shown). The cut-off wavelength remains fairly constant and does
not change with increasing the input pulse energy.

In contrast, the redshifted spectral broadening takes place at a slower pace
and behaves in a different manner. Specifically, in all investigated cases,
the redshifted broadening still continues with increasing the input pulse
energy, and the red cut-off wavelength progressively shifts toward longer
wavelengths with increasing focal length of the focusing lens. With f =
+75 mm lens, the measured maximum spectral redshift is close to 1,200
nm, with f = +200 mm lens is at 1,450 nm, and with f = +400 mm lens
exceeds 1,600 nm, as illustrated in more detail in Fig. 3.4.3.

In all examined cases, above a certain input pulse energy value, we observe
an occurrence of distinct periodic spectral modulation, which is highlighted
by plotting the spectral dynamics in a reduced dynamic range, as shown in
Fig. 3.4.2(d)–(f) for better visual perception. The input energy thresholds
for occurrence of the modulation are ∼ 1.0, 1.4 and 2.3µJ, as recorded with
f = +75 mm, f = +200 mm and f = +400 mm focusing lenses, respectively.
The occurrence of the spectral modulation is also correlated with a slight
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Figure 3.4.2: Experimentally measured dynamics of spectral broadening in sap-
phire versus the input-pulse energy as focused with: (a) f = +75 mm, (b) f =
+200 mm, (c) f = +400 mm lenses. (d)-(f) show the respective occurrences of
spectral modulations in a reduced dynamic range.

increase in spectral intensity of the blueshifted spectral components, as best
seen in Fig. 3.4.2(b) and (c) and their enlarged parts in Fig. 3.4.2(e) and
(f).

3.4.2 Numerical simulations

In order to explain the experimental observations and identify the relevant
physical processes, we performed a series of numerical simulations using the
input pulse and beam parameters as in the experiment. The numerical sim-
ulations were performed using the numerical model described in Sec. 1.1.

The evolution equation for the electron density was modified to account
for saturating nonlinear absorption (considering neutral atom density) and
plasma recombination:

∂ρ

∂t
=
 β(K)

K~ω0
|A|2K + σ

Eg
ρ|A|2

(1− ρ

ρ0

)
− ρ

τr
(3.4.1)

where Eg is the material bandgap and τr is the recombination time.

The numerical simulations were performed using 120 fs, 800 nm input pulses
with FWHM widths of the input beam of 18, 47 and 94µm that corre-
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Figure 3.4.3: Comparison of the SC spectra measured at different focusing con-
ditions. The input-pulse energies are 1.0 µJ, 1.1 µJ and 2.1 µJ, as correspond
to f = +75 mm, f = +200 mm and f = +400 mm focusing, respectively.

sponded to 1.27 mm beam focusing with f = +75 mm, f = +200 mm and
f = +400 mm lenses, respectively, as used in the experiment. A following
set of material parameters was used: the full material dispersion was taken
from Sellmeier equation provided in [194], the nonlinear refractive index
n2 = 2.7 × 10−16 cm2W−1, neutral atom density ρ0 = 2.3512 × 1022 cm−3

[195], multiphoton absorption orderK = 7 was found assuming the bandgap
of Eg = 9.9 eV [195] and photon energy of 1.55 eV, the multiphoton absorp-
tion coefficient β(K) = 4.3×10−78 cm11W−6 was calculated using the formal-
ism described in [63], electron collision time τc = 1.7 fs, characteristic elec-
tron recombination time τr = 96 fs, reduced electron-hole mass m = 0.3me

[196] and cross-section for inverse bremsstrahlung σ = 6× 10−22 m2.

The results of numerical simulations, illustrating the dynamics of spectral
broadening under different input beam focusing conditions, are presented in
Fig. 3.4.4. Despite a slight difference in the experimental and numeric input
pulse energy values, which are associated with relevant events in spectral
broadening, the numerical simulations reproduce the experimental data in
every detail. About 30–50 % higher experimental input energy values could
be attributed to slight deviation of the real beam/pulse shapes from ideal
Gaussian intensity profiles.

In order to explain the dynamics of spectral broadening and distinct spectral
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features, such as emergence of spectral modulation in particular, we first
refer to the temporal transformations of the filamenting pulse. Taking the
input pulse with energy of 1.1µJ, which is focused by f = +200 mm lens,
as an exemplary case, in Fig. 3.4.5(a), we plot the temporal dynamics of
the pulse versus propagation distance, while in Fig. 3.4.5(b) we present the
corresponding dynamics of spectral broadening. The results of numerical
simulation confirm the time-domain scenario of spectral broadening and
SC generation via pulse splitting [12], which is a generic effect in media
with normal group velocity dispersion [197] and has been experimentally
observed in various nonlinear media in the ultraviolet, visible and near-
infrared spectral range, see, e.g., [46, 51, 79, 131, 132] .

Figure 3.4.4: Numerically simulated dynamics of spectral broadening in sap-
phire versus the input-pulse energy as focused with: (a) f = +75 mm, (b) f =
+200 mm, (c) f = +400 mm lenses.

An immediate blueshifted spectral broadening is associated with emergence
of the intense trailing sub-pulse after the pulse splitting event at z =
3.5 mm. The intensity of the trailing sub-pulse becomes quickly clamped at
15 − 16 TW/cm2 due to combined action of the nonlinear absorption and
plasma formation and thereafter rapidly decreases due to dispersive spread-
ing in few tenths of millimeters of propagation. The intensity of the leading
sub-pulse is somewhat smaller [see Fig. 3.4.6(d) for more details], and its
temporal broadening is slower due to reduced group velocity dispersion at
the vicinity of the zero group velocity dispersion point at around 1.3µm.
Therefore, the less intense leading sub-pulse experiences a longer distance
of nonlinear propagation that in turn results in gradual redshifted spectral
broadening, which continues after the pulse splitting event. During further
propagation, the central temporal peak is replenished and then refocused
[3, 85], and the refocusing cycle ends-up with a secondary pulse splitting
event, which in present case occurs at z = 7 mm. The leading and trailing
sub-pulses produced by the secondary splitting event undergo very similar
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Figure 3.4.5: Numerically simulated (a) temporal and (b) spectral evolution of
1.1 µJ, 120 fs filamenting pulse in sapphire as focused with f = +200 mm lens.

dynamics of the spectral broadening and interfere with those produced after
the first splitting event, thus yielding a periodic spectral modulation across
the SC spectrum [79]. The second splitting event also produces a small burst
of axial SC in the visible range and slight enhancement of the redshifted
broadening, which is captured experimentally as well, however, the tempo-
ral structure of the SC becomes rather complex. The described scenario
holds for all investigated cases; note also that decreasing of the numerical
aperture extends the input pulse energy range between the first and second
pulse splitting events. Note also a generic change in the spectral intensity
of the blueshifted axial spectral components, which occurs with each pulse
splitting event, initially generated strong axial radiation and then ceases due
to pulse-front steepening and X-wave generation [25]. As in practical SC
generation schemes, the input pulse energy is usually chosen so as to avoid
the secondary pulse splitting; in our further analysis, we restrict ourselves
to the input pulse energy range, which produces a single splitting event and
smooth SC spectrum. More specifically, we investigated the dynamics of
the redshifted spectral broadening in more detail for the input pulse en-
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ergies of 0.4, 0.6 and 1.4µJ, as focused by f = +75 mm, f = +200 mm
and f = +400 mm lenses, respectively. Figure 3.4.6 compares the dynam-
ics of the peak intensities of the leading (at a negative time) and trailing
(at a positive time) sub-pulses versus propagation distance under different
focusing conditions.

The fast rise and fall of the trailing sub-pulse intensity takes place in just
few tenths of mm of propagation, and its peak intensity is always clamped
at the same value of 15 − 16 TW/cm2, hence resulting in identical spec-
tral blueshift, regardless on the input beam focusing condition. Variation
in the focusing condition changes just the propagation distance within the
nonlinear medium, where the pulse splitting event occurs, as seen from
Fig. 3.4.6. In contrast, the behavior of the peak intensity of the leading
sub-pulse, which is responsible for the redshifted spectral broadening, is
markedly different and strongly depends on the focusing condition. The
peak intensity of the leading sub-pulse is generally lower right after the
pulse splitting event; however, when decreasing the focal length of the fo-
cusing lens, the propagation distance over which the leading sub-pulse keeps
localized increases, as seen from Fig. 3.4.6(d), thus resulting in progressive
redshifted spectral broadening. The propagation distance of the leading
sub-pulse also slightly increases by increasing the input pulse energy, un-
til the secondary pulse splitting event occurs. The blueshifted spectral
broadening is mainly contributed by a very steep descending slope (the
trailing front) of the trailing sub-pulse, in line with the results of Gaeta
[12]. Both ascending and descending temporal slopes of the trailing sub-
pulse do not change when varying the focusing condition. Therefore, the
observed enhancement of redshifted spectral broadening could be mainly
associated with the ascending temporal slope (leading front) of the leading
sub-pulse, whose dynamics strongly depends on the focusing condition. In
loose focusing condition (f = +400 mm lens), the steepness of ascending
temporal slope of the leading sub-pulse is somewhat larger, and the leading
sub-pulse preserves its high intensity and steep ascending front at least for
an additional millimeter of propagation.

3.4.3 Conclusions

In conclusion, we have investigated the SC generation with 120 fs, 800 nm
pulses in sapphire under variable focusing conditions. We experimentally
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Figure 3.4.6: Temporal evolution of the filamenting pulse, as the input-beam is
focused by (a) f = +75 mm, (b) f = +200 mm, (c) f = +400 mm lenses. Arrows
indicate pulse splitting events. (d) summarizes the respective peak intensity
dynamics of the leading (red solid curves) and trailing (blue dashed curves)
sub-pulses.

demonstrated that changing the input beam focusing condition from tight to
loose, the infrared extent of the SC increases significantly. The numerical
simulations reproduced the experimental results in great detail, confirm-
ing the time-domain scenario of the SC generation, which is based on pulse
splitting in normally dispersive nonlinear medium. In particular, we showed
that the red- and blueshifted broadenings of the SC spectrum are related to
intensity dynamics and pulse-front evolution of the leading and trailing sub-
pulses, respectively, and we found that focusing condition affects only the
dynamics of the leading sub-pulse. Therefore, the maximum blueshift of the
SC spectrum remained fairly constant regardless of the focusing condition,
while in contrast, enhanced redshifted spectral broadening was achieved in
loose focusing condition as a result of increased nonlinear propagation of
the leading sub-pulse, which preserves a steep ascending front. We also
show that the secondary pulse splitting, which occurs as a result of spa-
tial replenishment and filament refocusing, produces periodic modulation
in the SC spectrum due to interference between the primary and secondary
split pulses with overlapping spectra. Our results are relevant for better
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understanding the temporal dynamics that lead to SC generation and for
optimization of ultrafast SC generators based on wide bandgap dielectric
media.
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4 Filamentation of highly elliptical
laser beams

Material related to this chapter was published in [A1, A2]

Physics behind the femtosecond filaments covers exciting fundamental top-
ics [3, 4] and foresees a number of relevant applications, which range from
the atmospheric research [29] to permanent refractive index modification
in bulk solid state media [30, 198, 199] for optical waveguiding and syn-
thesizing of photonic structures and excitation of the arrays of coherent
lasing sources [200, 201]. When the beam power well exceeds the critical
power for self-focusing, the beam breaks-up into multiple filaments (MFs)
[202–204]. The nature of the multiple filamentation process is described in
terms of growth of wave-front perturbations (known as transverse modu-
lation instability) and leads to random filament distribution over a given
transverse plane. Multiple filaments originating from a single input beam
exhibit high coherence properties and serve as a source of multichannel
white-light radiation[205], or may be used for phase-matched ultrafast Ra-
man frequency conversion [206], production of plasma channels [207] and
guiding of microwave radiation [208]. However, most of the applications
require precise filament localization and high MF pattern reproducibility.

Many experimental methods and tools allowing control of the MF arrays
have been developed recently, suggesting a wide choice of techniques, rang-
ing from a simple modification of the input-beam parameters (e.g. induced
astigmatism via tilted lens or deformable mirror, circular beam polariza-
tion) to a precise all-optical control [209–219] . A particularly interesting
case of the multiple filamentation refers to spontaneous break-up of intense
elliptical laser beams, which yields reproducible and periodic MF patterns,
despite the fact that the break-up process is initiated by random intensity
modulation across the beam [220–224].

The break-up of elliptical laser beams is universal, and regular MF pat-
terns had been experimentally observed in water [220], air [225], carbon
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disulfide [221], BK7 glass [222], and fused silica [223]. Regardless of the
physical state of the nonlinear medium (solid, liquid or gas) even slight in-
put beam ellipticity overcomes the random nature of the beam break-up
and results in deterministic and highly reproducible MF patterns. It was
recently demonstrated that in the case of large beam ellipticity, light fila-
ments evolve along the major axis of the beam with constant spacing thus
forming a periodic one-dimensional MF array [224]. Despite of a wide range
of potential applications based on the periodicity of the MF array, specific
factors determining the period has not been explicitly studied yet. The
major question still concerns the distance between the adjacent filaments
and the whole period of the MF array.

In this chapter we demonstrate that self-focusing of high power beams with
large ellipticity leads to formation of periodic and highly reproducible MF
arrays. The observed periodicity could be controlled by the input beam
intensity and is explained within the framework of phase-matched degener-
ate noncollinear multistep four-wave mixing and parametric amplification
of certain components occurring in the spatial spectrum of the self-focusing
laser beam.

Secondly, we study experimentally and numerically the spatiotemporal dy-
namics of the multiple filament arrays excited by self-focusing of intense
elliptical laser beams in fused silica. Our results demonstrate that although
multiple filament arrays emerge as apparently regular patterns in the space
domain, the spatiotemporal dynamics of the individual filaments is gov-
erned by the input-beam power and the input-beam ellipticity. In the case
of moderate input-beam ellipticity, the individual filaments propagate in
curved trajectories arising from skewed (spatiotemporal) coherence. The
spatiotemporal propagation dynamics is regularized by increasing the input-
beam ellipticity, and in part due to permanent modifications of fused silica
that occur under intense irradiation. In this case, strong pulse reshap-
ing and shock-front generation is observed, which yields a regular array of
very short (< 5 fs) superluminally propagating localized peaks in the lead-
ing front, followed by the sub-pulses centered on the input-pulse top, and
trailed by subluminally propagating pulses with rather complex transverse
intensity distribution.

Although a significant progress in control and regularization of the MF ar-
rays has been achieved in practice, many aspects of the spatiotemporal dy-
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namics, which takes place within the MF array in dense dispersive media,
are still poorly investigated. The knowledge of temporal, and more gen-
erally speaking, spatiotemporal behavior of the individual light filaments
comprising the MF array is vital for understanding and optimization of the
energy deposition in light and matter interactions. Therefore the aim of this
chapter is to study the spatiotemporal dynamics that emerges in the MF
regime, set by self-focusing of femtosecond elliptical laser beams in fused sil-
ica. For this purpose we applied the three dimensional mapping technique
(see Sec. 1.3) with high temporal (30 fs) and spatial (5 µm) resolution,
which enables to precisely reconstruct the spatiotemporal intensity profiles
of the light pulses within the entire MF array. Numerical simulations qual-
itatively reproduce the experimental results and helps to identify some of
the key physical mechanisms behind the space-time dynamics of multiple
filamentation process.

4.1 Generation of periodic multifilament arrays

4.1.1 Experimental results

The experiment was performed using 1 ps, 1054 nm pulses from a chirped-
pulse amplification technique based Nd:glass laser system (Twinkle, Light
Conversion Ltd.) operating at 10 Hz repetition rate. The laser output was
frequency doubled, spatially filtered to yield a clean Gaussian beam profile
and focused by a cylindrical lens (fx = ∞, fy = 750 mm) onto the input
face of the UV-grade (type KU-1) fused silica sample. The beam at the
sample input had FWHM dimensions ax = 1.3 mm, ay = 170µm and its
intensity distribution is depicted in Fig. 4.1.1(a). The output face of the
sample was imaged onto a CCD camera (COHU-6612, pixel size 9.9µm,
10-bit dynamic range, linked to a Spiricon LBA-400PC frame grabber) by
means of an achromatic lens with 3.4× magnification. Power (energy) of
the incident beam was varied by means of a half-wave plate and a thin-film
polarizer. In the experiment we used 8-mm and 45-mm long fused silica
samples so as to investigate the beam break-up at fairly different intensity
range.

With increasing the input energy, the input elliptical beam propagating in
a 45-mm-long sample first experiences one-dimensional self-focusing along
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its short axis dimension forming a narrow light stripe of ∼ 25µm FWHM
diameter. The beam filamentation starts at Ein = 75µJ, which corresponds
to the input peak intensity of I0 = 28 GW/cm2, that is 52Pcr in terms of
critical power for self-focusing [Pcr = 3.77λ2/(8πnn2)]. Multiple filaments
having individual FWHM diameter of ∼ 20µm emerge along the long-
axis of the beam as shown in Fig. 4.1.1(b). An average distance between
adjacent filaments keeps fixed to a high degree for a given input energy.
The MF pattern is reproduced with each laser shot and each individual
filament retains its position with accuracy better than 3µm that is the
detection accuracy set by the imaging system and the resolution of the
CCD camera. Further increase of the input energy leads to the increased
number of the individual filaments, which extend outwards the beam center
as well as to the reduced period (from 86µm at I0 = 28 GW/cm2 to 57µm at
I0 = 45 GW/cm2). With the input intensity I0 > 45 GW/cm2 we observed
a formation of distinct secondary MF bands parallel the main MF array as
depicted in Fig. 4.1.1(c). At even higher input intensity (I0 > 60 GW/cm2),
MF array losses its strict periodicity and shot-to-shot reproducibility as a
result of interactions between the individual filaments.
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Figure 4.1.1: Near-field intensity distribution of (a) input beam and output
beam after the nonlinear propagation in 45-mm-long fused silica sample with
(b) I0 = 32 GW/cm2 and (c) I0 = 58 GW/cm2.
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In order to investigate the very first stage of the MF array formation,
we have performed a complimentary experiment under a different focus-
ing condition and in a shorter (8-mm) fused silica sample. Here, we fo-
cused a laser beam with fx = ∞, fy = 100 mm cylindrical lens, yielding
FWHM dimensions of the ax = 1.3 mm and ay = 20µm. The smaller
dimension of the input beam, i.e. ay, almost exactly matched that of a
single filament, hence no apparent beam contraction along the short axis
over a sample length took place in this case. The results are depicted in
Fig. 4.1.2 by plotting a central cross section of the beam along its long-
axis. In this case we observe how with increasing the input energy the
initial noise present in the input beam [Fig. 4.1.2(a)] develops into a well-
defined multipeaked structure [Fig. 4.1.2(b,c)] that eventually forms a one-
dimensional MF array [Fig. 4.1.2(d)]. We note that the input intensity
range (I0 = 0.31− 0.48 TW/cm2) in the present experiment was very much
different from the previous one, therefore the measured period was suffi-
ciently smaller (in the range of 35 ÷ 45µm, depending on the input inten-
sity). Despite a different initial focusing condition, the MF pattern showed
an excellent shot-to-shot reproducibility both in position of the individual
filaments and in periodicity.

4.1.2 Numerical simulations of the multiple filamentation
dynamics

Space domain studies of the ultrashort pulse filamentation could be suc-
cessfully performed using continuous-wave models [226]. In this Section
we study multiple filamentation dynamics of monochromatic elliptical laser
beam by solving the nonlinear Schroedinger equation, which accounts for
diffraction, self-focusing and multiphoton absorption [17] and compared
to theoretical model in Sec. 1.1 does not account for dispersion (as it is
continuous-wave model), non-paraxial and generated plasma effects:

∂A

∂z
= i

2k
( ∂2

∂x2 + ∂2

∂y2

)
A+ iωn2

c
|A|2A− β(K)

2 |A|
2K−2A, (4.1.1)

where z is the propagation distance, ω is the carrier frequency, k = n0ω/c is
the wave number, n and n2 are the linear and nonlinear refractive indexes,
respectively, β(K) is the multiphoton absorption coefficient with K being
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Figure 4.1.2: Central cross section of the beam: (a) at the input and (b)–(d) at
the output of a short, 8-mm-long fused silica sample at different input intensity.

the order of the multiphoton absorption. A is the complex amplitude of the
electric field, defined at the input (z = 0) as

Ain(x, y) = A0 exp
[
− 2 ln 2

(x2

a2
x

+ y2

a2
y

)]
, (4.1.2)

where ax and ay are FWHM beam widths along x and y axes, respec-
tively. Eq. (4.1.1) was solved numerically by split-step Fourier method
with λ = 527 nm, n0 = 1.46, n2 = 2.24 × 10−20 m2/W, K = 3, β(3) =
1 × 10−23 cm3/W2, taking the input beam dimensions ax and ay as in the
experiment. We have also added 5% amplitude noise on the input beam
profile, which is very close to that evaluated experimentally, as seen from
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the input beam cross-section plotted in Fig. 4.1.2(a). From the numerical
simulations we have verified that the initial amplitude of the added noise
(in the range of 1÷ 10%) does not greatly alter the final result (MF period
in particular), at least in the applied power range, what is in good agree-
ment with the recent study concerning multiple filamentation of circular
laser beams [226]. The input intensity I0 was varied from 30 GW/cm2 to
600 GW/cm2 so as to cover the range of experimental values.

Fig. 4.1.3(a)-(c) illustrates few examples of the near field intensity distribu-
tion of the beam vs propagation distance at I0 = 32 GW/cm2. The elliptical
input beam [Fig. 4.1.3(a)] propagating in the nonlinear medium experi-
ences 1-dimensional self-focusing along its short (y) axis [Fig. 4.1.3(b)] and
eventually breaks-up into 1-dimensional array of regularly spaced light fil-
aments [Fig. 4.1.3(c)]. The numerically simulated propagation dynamics
are qualitatively consistent with recent experimental observations of the
beam propagation dynamics in water [224]. Fig. 4.1.3(d) plots the near
field intensity distribution at I0 = 58 GW/cm2, illustrating the formation
of two-dimensional MF array. The simulated MF patterns at the output
of the sample (z = 45 mm) reproduce those recorded in the experiment, as
shown in Fig. 4.1.1. More detailed comparison between the numerical and
experimental data is accomplished in terms of the MF array period, with
the results being summarized in the subsection 4.1.4.

Fig. 4.1.4 illustrates the dynamics of the far field spectra plotted in (kx, ky)
space, each of these correspond to the near field images presented in Fig. 4.1.3
(a)-(c). These plots demonstrate how the wave vector spectrum of the in-
put beam [Fig. 4.1.4(a)] notably broadens along ky direction as a result
of self-focusing [Fig. 4.1.4(b)], while the occurrence of distinct sidebands
along kx direction [Fig. 4.1.4(c)] triggers the beam break-up into multiple
filaments. The position of the sidebands determines the period of the MF
array. Closer inspection revealed that the position of the sidebands is in fair
agreement with the standard modulational instability theory, which asso-
ciates the break-up of intense laser beams into multiple filaments with the
growth of perturbations present in the input beam wavefront by means of
the four-wave parametric mixing process, as described in detail in[81].
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Figure 4.1.3: Numerical simulation of intense laser beam propagation in fused
silica. Normalized near field intensity profile (a) at the input (z = 0 mm),
(b) inside (z = 40 mm), and (c) at the output (z = 45 mm) of the sample at
I0 = 32 GW/cm2. (d) shows the output beam profile at I0 = 58 GW/cm2.
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plotted as (kx, ky) spectra, corresponding to images shown in Fig. 4.1.3(a)-(c).
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4.1.3 Multistep four-wave mixing model

Several alternative ways have been proposed to describe multiple filamen-
tation phenomena without numerical integration and which provide useful
insights into the underlying physics. In particular, a classical approach is
based on the theory of modulational instability [81], while the most recent
work considers ray racing adopted to a nonlinear optical system [227]. In
what follows, we introduce a simple analytical model, which explains mul-
tiple filamentation as a sole result of the multistep four-wave parametric
interactions, occurring in the self-focusing high power elliptical laser beam
and reproduces in detail the basic features of experimentally observed one-
and two-dimensional MF arrays.

Figure 4.1.5: Schematic illustration of the multistep four-wave mixing process in
k−space. The resulting wave vectors in each step are depicted by bold arrows.
Shaded areas indicate that the resulting vectors lie in a different plane than the
initial ones. See text for description.

The schematic step-by-step representation of the interacting wave vectors is
shown in Fig. 4.1.5. Suppose an input monochromatic elliptical Gaussian
beam with the central wave vector ~k1, while its full k−vector spectrum is
confined within an ellipse depicted by a dashed line in the (kx, ky) plane, as
shown in Fig. 4.1.5(a). In the first step, an input elliptical beam experiences
self-focusing, which leads to enrichment of its wave vector spectrum by new
components (within an ellipse depicted by a solid line) with a pair of vectors
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~k4 among them, so that the non-collinear phase matching condition for the
four-wave parametric amplification.

~k1 + ~k1 = ~k4 + ~k4 (4.1.3)

becomes satisfied, where

|~k1| =
2π
λ0

(n0 + n2I0), (4.1.4)

|~k4| =
2π
λ0

(n0 + 2n2I0), (4.1.5)

are the wave vectors, modified via local refractive index change due to
the optical Kerr effect. Assuming the monochromatic case and frequency-
degenerate interaction, the modulus of ~k1 is modified as a result of the
self-phase modulation, and which thus modifies the modulus of a weak sig-
nal ~k4 via cross-phase modulation. Here λ0 = 527 nm denotes the central
wavelength of the laser radiation. Note that vectors ~k1 and ~k4 lie in the
(ky, kz) plane with their endpoints located along ky axis. The second step
considers four-wave interaction between ~k1 and ~k4, which gives rise to oc-
currence of wave vectors ~k2 and ~k3 as illustrated in Fig. 4.1.5(b):

~k1 + ~k4 = ~k2 + ~k3. (4.1.6)

Here |~k2| = |~k3| = |~k4|. Note that the resultant vectors ~k2 and ~k3 lie in a
tilted plane [perpendicular to (ky, kz)], which is indicated by gray shading.
The endpoint locations of vectors ~k2 and ~k3 are symmetric with respect to
principal axes kx and ky, respectively. In the third step, vectors ~k2 and ~k3

interact with the central vector ~k1:

~k2 + ~k2 = ~k1 + ~k4′, (4.1.7)
~k3 + ~k3 = ~k1 + ~k4′′; (4.1.8)
|~k4′| = |~k4′′| = |~k4|,
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so as ~k4′ and ~k4′′ occur as shown in Fig. 4.1.5(c) and (d), whose endpoints
are located along kx axis. Strictly speaking, in the case of monochromatic
waves, the phase matching conditions described by Eqs. 4.1.7 and 4.1.8
could be fulfilled only by introducing a nonzero phase mismatch ∆k. In
our experimental settings the phase mismatch was found to be negligibly
small (∆k ≈ 4 cm−1), so the wave vectors ~k4′ and ~k4′′ could be generated
with still reasonable efficiency. And finally, ~k4′ and ~k4′′ are parametrically
amplified by the intense pump ~k1, in analogy with the first step:

~k1 + ~k1 = ~k4′ + ~k4′′. (4.1.9)

The phase-matched multistep four-wave processes therefore give rise to a
particular set of wave vectors ~kj (j = 1, 2, 3, 4, 4′, 4′′). Further we assume
a set of monochromatic waves with central wave vectors ~kj generated at
different steps of the four-wave mixing process as replicas of the initial
pump beam with the envelope Ain described by Eq. 4.1.2:

Aj(x, y) = CjAin(x, y) exp [i(kj,xx+ kj,yy)], (4.1.10)

where kj,x and kj,y are the respective projections of the wave vectors ~kj. Here
arbitrary coefficients Cj represent weighted contributions to the amplitudes
of each wave. The output intensity pattern is calculated as a superposition
of waves described by Eq. 4.1.10:

I(x, y) =
∣∣∣∣∑Aj(x, y)

∣∣∣∣2. (4.1.11)

Figure 4.1.6 illustrates the resulting intensity distribution calculated for dif-
ferent input beam intensities, and qualitatively reproduces the experimen-
tally observed MF patterns and the occurrence of the secondary filament
bands in particular. Values of Cj (C1 = 1.0, C2 = C3 = C4 = 0.6, C4′ =
C4” = 0.4) in our calculation were chosen so as to obtain a distinct visibility
contrast in the resulting intensity distribution pattern. We note that in the
present model Cj is a freely chosen parameter, which, however, has just a
weak effect on the period of the MF array. Therefore periodic break-up of
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the elliptical laser beam along its long axis is dictated by beating of the
wave vector components along kx axis, while the secondary MF bands orig-
inate from the beating of the wave vector components distributed along ky
axis. Here we also note that possible interactions between the neighboring
filaments as well as the input beam contraction due to self-focusing are not
accounted for. The effect of the latter is discussed in more detail in the
following subsection.
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Figure 4.1.6: Numerical simulation using an analytical model: (a) input beam,
(b) filament array formed at I0 = 90 GW/cm2 and (c) I0 = 170 GW/cm2.

4.1.4 Discussion and conclusions

For a qualitative comparison of the experimental data, numerical simula-
tions and the results obtained using an analytical model, in Fig. 4.1.7 we
plot the period of the MF array vs the input beam intensity. The data
from the numerical model and the experiment coincide fairly well in the full
range of the input intensities. It is worth mentioning that the MF period
does not depend on the input beam ellipticity, defined as ax/ay, at least
while the input beam ellipticity remains sufficiently large. In fact, these re-
sults suggest that the period of the MF array may be efficiently controlled
via the input beam intensity. For what concerns the results obtained using
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an analytical model, the general trend closely follows the results obtained
for the beam break-up in planar waveguides [228]. However, the results of
analytical model notably depart from the experimental and numerical data
in the low intensity limit (30÷ 60 GW/cm2), but fit the data well for high
(100÷600 GW/cm2) input intensities. These differences could be explained
by the fact that the analytical multistep four-wave mixing model does not
account for the beam propagation, where the input beam experiences no-
table contraction due to self-focusing prior to break-up. As a result, the
initial intensity at which the multistep four-wave parametric processes are
triggered, remains undefined. However, a quantitative agreement between
the data in the intensity range of 30÷ 60 GW/cm2 could be achieved with
scaling the input intensity in the analytical model by a factor of ∼ 3, so as
Ian

0 = 3Iexp
0 , which thus "compensates" for the intensity change due to the

beam contraction. The resulting MF period after this adjustment is plotted
by a bold dashed curve in Fig. 4.1.7. Conversely, in the high intensity limit,
the input conditions are those that no beam contraction there occurs, and
the results of the analytical model coincide very well with the numerical
and experimental data.

(

(

(

(

Figure 4.1.7: Period of the MF array vs the input beam intensity. Experimental
data points are shown by solid triangles N and H, while the results of the
numerical simulation are illustrated by �. The results of the analytical model
are plotted by curves, see text for details.

To summarize the results of above, we have demonstrated that intense
highly elliptical laser beam breaks-up into periodic one- and two dimensional
arrays of light filaments. Although the multiple filamentation is initiated by
random amplitude noise, it forms highly reproducible periodic MF patterns,
whose periodicity may be easily controlled via the input beam intensity. On
simple physical grounds the observed periodicity in the MF array could be
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understood within a simple analytical framework of phase-matched multi-
step degenerate four-wave parametric interactions. The periodic break-up
of the elliptical input beam is initiated by noncollinear nearly degenerate
four-wave parametric amplification of certain wave vectors, which fulfill the
phase-matching condition. The intensity dependence of the period in the
MF array is explained as due to modification of the phase-matching con-
dition by self- and cross-phase-modulation via nonlinear refractive index.
The results of the analytical model well explain the experimental and nu-
merical data at high input intensity and short nonlinear medium length,
where the initial beam does not undergo contraction dynamics. The model
is still feasible in explaining the results of the MF pattern formation in long
samples with lower input intensity, however, a correction on the input beam
intensity and diameter should be applied.

4.2 Spatiotemporal structure of multiple filament
arrays

4.2.1 Experimental setup

As a laser source we have used an amplified Ti:sapphire laser system (Spit-
fire PRO-XP, Newport-Spectra Physics), which produces 130-fs, 3.5-mJ
pulses with central wavelength of 800 nm at 1 kHz repetition rate. The
experimental setup consisted of four blocks: (i) the generator of the MF
array (test beam), (ii) the generator of a short probe pulse, (iii) the non-
linear gate and (iv) the data acquisition system, as schematically depicted
in Fig 4.2.1. The laser output was split into two parts by a beam splitter
BS1. The smaller portion (20%) of the laser radiation was made variable
in energy by means of a half-wave plate (λ/2) and a polarizer P and fo-
cused using the cylindrical lens CL (fx = 500 mm, fy =∞) onto the input
face of 20-mm-long fused silica sample FS. The desired beam ellipticity was
set using the beam-size reducing telescopes (not shown), while the input
energy (power) was adjusted so as to excite a distinct MF array at the
output of the sample. The larger portion (80%) of the laser radiation was
frequency doubled and used to pump the non-collinear optical parametric
amplifier (TOPAS-White, Light Conversion Ltd.), which produced 30-fs,
10-µJ probe pulse with central wavelength of 720 nm. Its output beam was
spatially filtered to obtain a smooth Gaussian profile with FWHM diameter
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of 4 mm. The generated MF array (test beam) was combined with the probe
pulse by means of a dichroic mirror BS2 and sent to 20 µm thick, type I
phase-matching BBO crystal, cut at θ = 29.2◦, which served as a nonlinear
gate NG. The small crystal thickness was chosen so as to achieve a broad-
band phase-matching for sum-frequency generation in the undepleted pump
regime and to minimize the temporal and spatial walk-off effects between
the test and probe pulses and beams. A small angle of 2◦ between the test
and probe beams was introduced to spatially separate the sum-frequency
(cross-correlation) signal from the input beams and their second harmonics.
The acquisition system consisted of a CCD camera (pixel size 4.65µm, 8-bit
dynamic range, JAI A1) and a filter F that blocked the infrared radiation.
The sum-frequency signal (with a central wavelength of 379 nm) was im-
aged onto the CCD sensor with 2× magnification by means of the imaging
lens IL. By changing the time delay between the test and probe beams in
12 fs step, a collection of the cross-correlation images was acquired, and
which was used to reconstruct the spatiotemporal intensity profile of the
test beam with 30 fs temporal and 5µm spatial resolution.

Figure 4.2.1: Experimental setup. NOPA is the non-collinear optical parametric
amplifier, FS is the fused silica sample, TD is the time delay line, λ/2 is the
half wave plate, P is the polarizer, BS1, BS2 are the beam splitters, CL is the
cylindrical lens, SPF is the spatial filter, IL is the imaging lens, F is the filter,
NG is the nonlinear gate, CCD is the charge coupled device.

4.2.2 Numerical model

The propagation dynamics of the ultrashort-pulsed elliptical light beams
was studied using one-directional propagation equation for the linearly po-
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larized wave with the complex envelope, see Sec. 1.1 for details. The calcu-
lations were performed for tp = 130 fs pulses with central wavelength λ0 =
800 nm, using the following relevant parameters of the fused silica: n0 = 1.45
and the full dispersion relation from [229], n2 = 2.8 × 10−16 cm2/W [230],
Eg = 7.8 eV, and K = 6, assuming a single photon energy ~ω0 = 1.5 eV.
The parameters of the electron plasma were evaluated using the formal-
ism described in [63], which yielded the six photon absorption coefficient
β(6) = 1.1 × 10−66 cm9/W5 m2, taking the electronic collision time in the
conduction band τc = 1.7 fs [37].

The input-pulse was defined as an elliptical Gaussian beam characterized
by FWHM beam widths ax and ay along x and y axes, respectively, and by
FWHM pulse duration tp:

A(t, x, y, z = 0) = A0 exp
−2 ln 2

t2
t2p

+ x2

a2
x

+ y2

a2
y

 . (4.2.1)

The calculations were performed by adding 5% intensity noise to the in-
put beam. We note that the numerical simulations allowed only qualitative
comparison between the numerical and experimental data: the period of
the simulated MF array and the diameter of the individual filaments were
smaller by a factor of 2 ÷ 4, as compared to the experimentally measured
values. This issue will be discussed in more detail the next section. Nev-
ertheless, the numerical simulations enabled capturing the propagation dy-
namics (versus z) and corresponding spatiotemporal evolution of the MF
array in detail, as well as calculation of the spatiotemporal spectra, whose
intensity range extends over more than 6 orders of magnitude and therefore
not possible to measure experimentally.

And finally, we have simulated the intensity cross-correlation function of
the output (test) pulses with 30-fs probe pulses via sum-frequency gener-
ation process, as it was performed in the experiment. Therefore we have
calculated the intensity cross-correlation function between the test pulse at
the output of the fused silica sample It(t, x, y, z = L), where L is the sample
length, and 30-fs Gaussian probe pulse:
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Icc(t, x, y) =
ˆ
It(t, x, y)Ip(t− τ, x, y)dτ =

1
2π

ˆ
St(Ω, x, y) exp

− Ω2τ 2
p

16 ln 2

 exp(−iΩt)dΩ, (4.2.2)

where Icc(t, x, y) is the cross-correlation intensity (intensity of the sum-
frequency signal), St(Ω, x, y), is the power spectrum of the test pulse, τp is
the probe pulse duration, and τ is the time delay.

4.2.3 Results and discussion

In the experiment, formation of the MF arrays was investigated in two
particular cases: using moderate (ay/ax = 3.5) and high (ay/ax = 6.8)
input-beam ellipticity. In the first case, the dimensions of the input beam
at the input face of the fused silica sample were set as ax = 80µm and
ay = 280µm (ay/ax = 3.5). The self-focusing dynamics of the elliptical light
beams is well known from previous studies: an intense elliptical input-beam
undergoes self-focusing in its shorter dimension (ax) and eventually breaks-
up into multiple filaments, arranged in a (quasi)periodic MF pattern along
the longer dimension of the beam [224, 231]. With present experimental
settings, a distinct MF array starts to emerge at the output of 20-mm fused
silica sample with the input-beam energy of Ein > 10µJ.

Figure 4.2.2: Central cross-section in the y-t plane of the experimentally mea-
sured spatiotemporal intensity distribution in the MF array, excited by (a) 12µJ
and (c) 14µJ energy pulses with moderate input-beam ellipticity. Panels (b)
and (d) show the corresponding time-integrated images.
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Figure 4.2.3: Numerically simulated intensity cross-correlation between the MF
array and 30-fs probe pulse at different input-beam intensity: (a) Iin =
200 GW/cm2, (c) Iin = 250 GW/cm2. Panels (b) and (d) show the correspond-
ing time-integrated images.

Figure 4.2.3 summarizes the experimental results obtained with the input-
beams of moderate ellipticity. The central cross-section in the y-t plane of
the spatiotemporal intensity profile of the MF array excited by Ein = 12µJ
pulses is illustrated in Fig. 4.2.3(a). Although the temporal reshaping of
the pulses comprising the individual filaments is barely visible, the strik-
ing feature of the MF array is that the individual filaments propagate in
curved trajectories. It is also interesting that the time integration of the
full spatiotemporal intensity profile yields a periodic MF pattern, as illus-
trated in Fig. 4.2.3(b), which is familiar to that captured directly with the
time-integrating CCD camera [231].

With slightly higher input energy (Ein = 14µJ), the number of the indi-
vidual filaments increases, the pulse break-up regime sets in, and the mea-
sured spatiotemporal intensity profile increases in complexity, as illustrated
in Fig. 4.2.3(c). In this case, short temporal peaks emerge in the leading
front (whose origin and features will be discussed later), while the remaining
spatiotemporal intensity distribution acquires a complex shape and shows a
superficial resemblance with the propagation of intense femtosecond pulses
in air, in the so called optically turbulent regime [232], which recently has
also been revealed from numerical simulations of the propagation of in-
frared and ultraviolet pulsed beams in fused silica [103]. The curvature of
the individual filament trajectories becomes apparently three-dimensional,
the time-integrated MF pattern becomes deteriorated; note how the cen-
ters of the individual filaments deviate from a straight central x = 0 line,
as shown in Fig. 4.2.3(d).
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Figure 4.2.4: Numerically simulated evolution of (top panel) spatiotemporal in-
tensity distribution in the y-t plane and (bottom panel) corresponding spa-
tiotemporal spectrum of the self-focusing elliptical beam of moderate input-
beam ellipticity at Iin = 250 GW/cm2.

The results of numerical simulation are presented in Fig. 4.2.3 and quali-
tatively reproduce the essential features observed experimentally: the cur-
vature of the individual filament trajectories, occurrence of the short tem-
poral peaks, and showing how the complexity of the spatiotemporal picture
increases with increasing the input-beam energy. Also note, how these
apparently irregular structures "merge" into quasi-regular MF patterns in
the time-integrated representation. However, we note the marked differ-
ences in the period of the MF array and the diameter of the individual
filaments, as obtained by the numerical simulations and measured experi-
mentally. For instance, by comparing the results depicted in Fig. 4.2.3(b)
and Fig. 4.2.3(b), the experimental data suggests the MF period of 85 µm
and FWHM diameter of the individual filament of 30µm, whereas these
values obtained from the numerical simulation are 30µm and 5µm, respec-
tively. Indeed, in the earlier study [165], it was found that the filament
diameter is intimately related to the nonlinear losses, which reflect the con-
tribution of the multiphoton absorption and electron plasma. However,
there remains an unresolved problem of matching of these two quantities,
as obtained from the simulation and from the experiment, because of the
uncertainties in knowledge of the relevant plasma parameters and because
of the limitations of the theoretical model itself. As a result, the differ-
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ences in the filament diameter by a factor of 2 were obtained in the case of
three and four photon absorption [165]. In the present case, we deal with
the nonlinear losses associated with 6-photon absorption, therefore it is not
surprising that the differences in relevant parameters characterizing the MF
array are even larger.

Despite the aforementioned differences, the results of numerical simulation
provide useful insights into formation dynamics of the MF array. Specif-
ically, the origin of the curved filament trajectories may be interpreted
in terms of so-called hidden (or skewed) coherence between waves arising
from nonlinear interactions [233]. These space-time trajectories rely on the
phase-matching conditions and are featured by emergence of the X-shaped
spatiotemporal spectrum, as recently demonstrated in the case of the three-
wave parametric interactions [234, 235]. In our case, the governing process
is the four-wave interaction. Indeed, the four-wave parametric interaction
mediates the beam break-up [231] and generates the fields that are self-
correlated along specific spatiotemporal trajectories as well. A closer look
at the early spatiotemporal dynamics is presented in Fig. 4.2.3, where we
plot the magnified portion of the numerically simulated spatiotemporal in-
tensity distribution and its spatiotemporal spectrum as a function of the
propagation distance z. Note, how the intensity modulation at the beam
center manifests itself along specific lines, that are skewed with respect to
y and t axes at z = 6.5 mm, and how these lines intensify and form a dis-
tinct "net-shaped" intensity modulation at z = 7 mm. At the same time,
the corresponding spatiotemporal spectra develop a clearly distinguishable
X-shaped profiles, whose arms are directed along the phase-matching lines.
The increased intensity modulation (at z = 9 mm) provides centers of at-
traction, that precede formation of light filaments. On the other hand,
the X-shaped spatiotemporal spectra are unambiguously linked to the X-
wave formation in the filamentation regime [84], and therefore sets the link
between formation of the MF array and X-wave generation.

In the second experiment, the dimensions of the input beam were set as
ax = 90µm and ay = 610µm, producing high (ay/ax = 6.8) input-beam
ellipticity. The threshold for emergence of the MF array in this case was
found at Ein = 48µJ. Figure 4.2.3(a) plots the measured spatiotemporal
intensity distribution of the MF array excited with Ein = 58µJ input pulses.
It worth mentioning that in this case the experimental and numerical MF
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(c) (d)(a) (b)

Figure 4.2.5: (a) Central cross-section in the y-t plane of the experimentally
measured spatiotemporal intensity distribution and (b) time-integrated image
of the MF array, excited by 58µJ energy pulses with high input-beam ellipticity;
(c), (d) show the corresponding cross-correlation data obtained by the numerical
simulation with Iin = 180 GW/cm2.

periods and filament diameters differ by a factor of 2. The emerging spa-
tiotemporal picture exhibits much more regularity as compared with the
picture discussed above. Specifically, the individual filaments experience
well-distinguished temporal and spatial reshaping, trajectories of the in-
dividual filaments are no longer curved, although skewed spatiotemporal
substructures are still present at the beam periphery. Three distinct arrays
of sub-pulses may be identified: very short superluminally (with respect
to the group velocity of the input pulse) propagating localized peaks in
the leading front, which are followed by longer sub-pulses centered on the
input-pulse top, and trailed by subluminally propagating sub-pulses at the
back front, which form fork-shaped spatiotemporal structures; see also the
isointensity plot in Fig. 4.2.6, which is provided for illustrative reasons and
clearly outlines the basic features. The experimental observations are qual-
itatively reproduced by the numerical simulations, illustrated in Figs. 4.2.3
(c) and (d).

By comparing Figs. 4.2.3 and 4.2.6 and taking into account the findings in
early propagation dynamics, the emerging spatiotemporal dynamics within
the MF array could be interpreted in terms of the interplay between the
X-wave formation and development of shock-fronts, which are considered
to play the key role in the single filament dynamics [25, 86]. At the leading
front, very short, equally spaced (in the direction perpendicular to the prop-
agation direction) localized peaks (the leading shock-fronts) line-up into a
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Figure 4.2.6: Spatiotemporal isointensity surface at 45% maximum intensity
level of the MF array depicted in Fig. 4.2.3(a) and (b).

distinct temporal head of the MF array. The FWHM duration of each of
the peaks was estimated from the cross-correlation data and was found to
be close to 30 fs, that corresponds to the length of the probe pulse itself.
This indicates that the actual temporal width of the leading shock-fronts
is much shorter. Indeed, their duration, as estimated from the numerical
simulation, is close to 5 fs. These extremely short shock-fronts advance the
input pulse (whose top is centered at t = 0), and that is a clear signa-
ture of their superluminal propagation. Indeed, the superluminal propaga-
tion of the leading shock-fronts was recently captured in the single filament
propagation regime in dense media with normal group velocity dispersion
by time-gated angular spectrum characterization [86], time-resolved optical
polarigraphy [236] and shadowgraphy [46]. The leading shock-fronts experi-
ence strong self-compression and comprise an apparent bow-shaped front of
the MF array: note, how the shortest and the most advanced peaks reside
in the center of the beam, where the input-beam intensity is the highest
and where the beam break-up and pulse splitting events occur first. Also
note, how the pulse splitting is absent in the very periphery of the beam,
where the input-beam intensity is the lowest.

The occurrence of distinct central sub-pulses at t = 0 (at the top of the
input-pulse), which are only marginally present in the numerical simula-
tion, might be attributed to permanent structural change of fused silica
under intense pulse irradiation. Indeed, intense long-term irradiation at 1
kHz repetition rate induces permanent guiding channels with slightly higher
refractive index due to material densification [237]. These channels trap and
guide the radiation from the closest vicinity. To our opinion, the guiding
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effect also contributes to the "straightening" of the propagation trajectories
of the individual filaments. Note also that skewed spatiotemporal structures
still persist away from the beam center, as seen in Figs. 4.2.3(a) and (c).

At the back front, an array of subluminally propagating (and therefore de-
layed with respect to the input pulse top) shock-fronts are formed as well,
however, with substantial differences as compared to the single filament dy-
namics. The complex trailing spatiotemporal structure is likely produced
by a collective interplay between extended conical tails of the neighbor-
ing filaments, central sub-pulses and trailing shock-fronts and by electron
plasma contribution. It is worth mentioning that this structure is two di-
mensional and is located only at the center of the y-t plane, as evident from
the isointensity plot in Fig. 4.2.6. Note also, how these complex trailing for-
mations blur the time-integrated MF pattern, as seen from Figs. 4.2.3(b)
and (d). Yet, exact physical mechanisms responsible for the formation of
complex trailing spatiotemporal part in the MF array are still pending to
be disclosed.

4.2.4 Conclusions

In conclusion, experimental and numerical investigation of the spatiotem-
poral behavior of the MF arrays excited by intense elliptical laser beams in
fused silica revealed a number of interesting features. Although intense el-
liptical input-beams carrying femtosecond light pulses break-up into regular
and quasi-periodic MF patterns in the space domain, the spatiotemporal
behavior of the individual filaments exhibits surprising features, which de-
pend on the input-beam ellipticity and power. In the case of moderate
input-beam ellipticity, the individual filaments propagate in curved trajec-
tories and form complex spatiotemporal structures, which resemble optically
turbulent propagation. These features originate from skewed (spatiotempo-
ral) coherence arising in phase-matched four-wave interactions within self-
focusing elliptical light beam. Conversely, the input-beams with high el-
lipticity break-up into (quasi)regular spatiotemporal patterns, featuring a
distinct bow-shaped temporal head of the MF array, composed of extremely
short peaks, which originate from the interplay between the X-wave and
shock-front formation, and share many common with the single filament
dynamics. In particular, extremely short (∼ 5 fs) and localized (FWHM
width of 20µm) shock-fronts at the leading edge propagate at superlumi-
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nal velocity with respect to the group velocity of the input pulse. Each
individual filament in the MF array is almost a replica of its neighbor, just
with different temporal position of the leading shock-front, indicating when,
earlier or later, the pulse splitting event occurs as a function of the local
input-beam intensity. The trailing spatiotemporal part of the MF array
reveals a number of specific features, that are likely promoted by collec-
tive interactions among weak and extended conical tails of the neighboring
filaments, central sub-pulses, trailing shock-fronts and by electron plasma
contribution.

And finally, our findings might be of use by providing useful hints for better
understanding and optimization of light and matter interactions, concerning
energy localization and deposition processes in dense dispersive media in
particular; the knowledge that is on demand for many practical applications.
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Main results and conclusions

1. The complete evolution cycle of ultraviolet filaments in water is cap-
tured in detail disclosing intimate relationship between the relevant
physical processes: focusing and defocusing of the beam, pulse split-
ting and replenishment, supercontinuum generation, conical emission
and occurrence of nonlinear absorption peaks. It is demonstrated that
every focusing cycle ends up with a peak of the nonlinear losses at
the nonlinear focus, followed by the pulse splitting, supercontinuum
generation and conical emission. Defocusing forms a ring structure
at the center of the pulse, which replenishes the central peak. There-
after the central peak undergoes a successive self-focusing cycle, which
leads to secondary splitting of the pulse, producing modulations in the
supercontinuum spectra and in conical emission pattern, as due to in-
terference between the primary and secondary sub-pulses.

2. By combined high dynamic range measurements of spatiotemporal in-
tensity profiles, angularly resolved spectra and energy flux, the phys-
ical nature of spatiotemporal light bullets which emerge from self-
focusing of mid-infrared laser pulses in bulk dielectric medium with
anomalous group velocity dispersion is disclosed. It is demonstrated
that the light bullet consists of a sharply localized high-intensity core
which carries the self-compressed pulse and an extended, ring-shaped
spatiotemporal periphery. Strong space-time coupling within the light
bullet results in very specific flow of the energy that finds an expla-
nation in terms of a polychromatic Bessel beam with subluminally
propagating envelope peak. As a consequence of this, the light bul-
lets exhibit temporal dispersion and strongly suppressed diffraction as
they exit the nonlinear medium and propagate in free space.

3. It is demonstrated experimentally and numerically that large shot-
to-shot fluctuations of the spectral intensity of the blue-shifted su-
percontinuum components, that occur in the transient stage of the
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supercontinuum generation obey extreme-value (heavy-tailed) statis-
tics. These large fluctuations arise from small fluctuations of the input
pulse intensity and are related to the pulse splitting and build-up of
intense trailing sub-pulse. These fluctuations are found to be cou-
pled in space and time and therefore linked to formation of a three-
dimensional rogue X wave with largely extended conical tail at the
trailing edge of the pulse. The intensity clamping was found to be a
mechanism which efficiently suppresses the occurrence of the extreme
events.

4. A comparative experimental study of the supercontinuum generation
in sapphire with femtosecond 800 nm, 130 fs pulses revealed that dy-
namics of the spectral broadening induced by low numerical aperture-
focused Gaussian beam and axicon-generated Bessel beam are very
similar, leading to generation of ultrastable (with RMS fluctuation
less than 1%), broadband and smooth supercontinuum spectra. It is
demonstrated that the occurrence of peculiar stability and instabil-
ity regions in the supercontinuum spectra is associated with cascaded
four-wave mixing-induced spectral broadening, which is responsible
for distinct correlations of the intensity fluctuations at certain wave-
lengths.

5. Detailed experimental investigation of the supercontinuum genera-
tion in sapphire with 120 fs, 800 nm laser pulses is carried out un-
der variable focusing conditions and demonstrates that loose focusing
results in strongly enhanced red-shifted spectral broadening (up to
1.6µm). The numerical simulations reproduced the experimental re-
sults in great detail, confirming the time-domain scenario of the super-
continuum generation, which is based on pulse splitting in normally
dispersive nonlinear medium. It is shown that the red- and blue-
shifted broadenings of the spectrum are related to intensity dynamics
and pulse-front evolution of the leading and trailing sub-pulses, re-
spectively. In particular, it is demonstrated that enhanced red-shifted
spectral broadening is achieved in loose focusing condition as a result
of increased nonlinear propagation of the leading sub-pulse, which pre-
serves a steep ascending front.

6. Formation of reproducible periodic one- and two-dimensional filament
arrays is demonstrated by self-focusing of highly elliptical laser beams
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in fused silica. Multiple filaments form highly reproducible periodic
patterns, emerging from four-wave mixing between wave vectors, which
fulfill the phase-matching condition. The spacing between the individ-
ual filaments is intensity dependent and is explained as due to modifi-
cation of the phase-matching condition by self-phase and cross-phase
modulation via nonlinear refractive index. Spatiotemporal character-
ization of multiple filament arrays discloses that the individual fila-
ments propagate in curved trajectories, which resemble optically tur-
bulent propagation, originating from skewed (spatiotemporal) coher-
ence, which arises from phase-matched four-wave interactions.
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