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Introduction

The periodic zeta-function in a half-plane of absolute convergence is de�ned by an ordinary

Dirichlet series with coe�cients e2πiλm, where λ is a real parameter. In the thesis, problems

related to the moments of the periodic zeta-function are considered.

Actuality

In the theory of the value distribution, various approaches are applied. One of the most

popular approaches is the investigation of moments of zeta-functions. This is motivated by

a fact that, in various problems, the individual values of zeta-functions can be replaced by

their mean values. Moreover, in some cases, the asymptotics of moments of zeta-functions

implies probabilistic limit theorems. Therefore, the majority of analytic number theorists are

concerned to the moment problem of zeta-functions. The �rst signi�cant results in the �eld

were obtained by the famous G. H. Hardy and J. E. Littlewood (an asymptotic formula for

the mean square of the Riemann zeta-function) and A. E. Ingham (an asymptotic formula

for the fourth power moment of the Riemann zeta-function). The moment problem for the

Riemann zeta-function was developed by D. R. Heath-Brown, M. Jutila, A, Ivi£, A. Selberg.

Later, important results were obtained by F. V. Atkinson, K. Ramachandra, K. Matsumoto,

T. Meurman, J. B. Conrey, A. Ghosh, J. Steuding. Recently, K. Soundararajan proposed new

ideas for the moment problem, and improved a series of results [44].

Moments of zeta-functions also have a nice tradition in Lithuania. J. Kubilius, A. Maknys,

A. Bulota, A. Matuliauskas considered the moments of zeta-functions of algebraic number �elds.

A. Laurin£ikas and his students R. Garunk²tis, D. �iau£i	unas, S. Zamarys, J. Karali	unait
e, R.

Ivanauskait
e investigated the moments of the Riemann zeta-function, Dirichlet L-functions,
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zeta-functions of cusp forms, Dirichlet series with periodic coe�cients and other zeta-functions,

and applied the results obtained.

Aims and problems

The aim of the thesis is to obtain asymptotic formulae for some analytic objects related to the

periodic zeta-function. The problems are the following.

1. To prove the Atkinson-type formula with a new error term in the critical strip for the

periodic zeta-function with rational parameter.

2. To prove a mean square formula for the error term in the Atkinson-type formula on the

critical line for the periodic zeta-function.

3. To prove a mean square formula for the error term in the Atkinson-type formula in the

critical strip for the periodic zeta-function.

4. To obtain an asymptotic formula for the fourth power moment of the periodic zeta-

function.

Methods

For the proof of the Atkinson-type formula, modi�cations of the methods of Atkinson, Mat-

sumoto and Meurman are applied. For the mean square formulae, the method of Heath-Brown

and Ivi£ is developed. For the fourth power moment, the method of approximate functional

equations is used.

Novelty

All results of the thesis are new. The Atkinson-type formula in the critical strip for the periodic

zeta-function was considered by J. Karali	unait
e, however, in the thesis, this formula is given

with a corrected new error term with respect to the parameter.
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History of the problem

The moment problem in analytic number theory, �rst of all, is related to the investigations of

value-distribution of the Riemann zeta-function ζ(s), s = σ + it. We remind that the function

ζ(s) is de�ned, for σ > 1, by the Dirichlet series

ζ(s) =
∞∑
m=1

1

ms
,

and is analytically continued to the whole complex plane, except for a simple pole at the point

s = 1 with residue 1. The moment problem of ζ(s) consists of �nding the asymptotics or

estimates for the quantities

Ik(σ, T )
def

=

∫ T

0

|ζ(σ + it)|2kdt, σ ≥ 1

2
, k ≥ 0,

as T →∞. In some problems, the information on Ik(σ, T ) successfully replaces the individual

values of the function ζ(s). This is clearly illustrated by the relation of the moment problem

to the Lindelöf hypothesis which asserts that, for every ε > 0,

ζ

(
1

2
+ it

)
= Oε(|t|ε), |t| ≥ t0.

It is not di�cult to prove, see, for example [45], that the the Lindelöf hypothesis is equivalent,

for every ε > 0, to the estimate

Ik

(
1

2
, T

)
= Oε(T

1+ε), k ∈ N.

On the other hand, the investigation of moments of zeta-functions is a very complicated but

interesting problem of analytic number theory. In the theory of the function ζ(s), there exists

a conjecture that

Ik

(
1

2
, T

)
∼ c(k)T (log T )k

2

(0.1)

as T →∞ with some constants c(k), however, it is proved only for few values of k. G. H. Hardy

and J. E. Littlewood [9] obtained that c(1) = 1. A. E. Ingham proved [14] that c(2) = 1
2π2 .

Moreover, (0.1) is true [28] for

k =
a√

log log T

9



with c(k) = 1 for positive a bounded by a constant. Also, various estimates for Ik(12 , T ) are

known. Very precise results in this direction were obtained by D. R. Heath-Brown. In [12], he

proved that the bound

Ik

(
1

2
, T

)
≥ ckT (log T )k

2

(0.2)

with some ck > 0 holds for all rational k. Under the Riemann hypothesis (RH) (ζ(s) 6= 0 ,

for σ > 1
2

)
, the latter estimate was earlier obtained by K. Ramachandra [43] for all k > 0.

Moreover, in [12], it was proved the upper bound

Ik

(
1

2
, T

)
≤ ckT (log T )k

2

for k = 1
m
, m ∈ N, and, under RH, for 0 < k < 2. Using RH, J. B. Conrey and A. Ghosh [2]

obtained the inequality

Ik

(
1

2
, T

)
≥ (ĉ(k) + o(1))T (log T )k

2

with explicitly given ĉ(k) for all k > 0, and D. R. Heath-Brown in [13] gave, for 0 < k < 2, the

bound

Ik

(
1

2
, T

)
≤
(

2

(k2 + 1)(2− k)
ĉ(k) + o(1)

)
T (log T )k

2

.

There exist conjectures that [3]

c(3) =
42

9!

∏
p

(
1− 1

p

)4(
1 +

4

p
+

1

p2

)
and [4]

c(4) =
24024

14!

∏
p

(
1− 1

p

)9(
1 +

9

p
+

9

p2
+

1

p3

)
,

and, in general, [24]

c(k) =
1

Γ(1 + k2)

∏
p

(
1− 1

p

)k2 ∞∑
j=0

d2k(p
j)

pj

k−1∏
j=0

j!

(j + k)!
,

where

dk(p
j) =

k(k + 1)...(k + j − 1)

j!
.
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Similar results for Ik
(

1
2

+ 1
lT
, T
)
with lT →∞ were obtained by A. Laurin£ikas in [28] and

[29]. In [29], it was conjectured that∫ T

0

∣∣∣∣ζ (1

2
+

1

lT
+ it

)∣∣∣∣2k dt = b(k) min(lT , log T )k
2

(1 + o(1))

as T →∞ with some constants b(k).

Many attention is devoted to the asympotics of I1
(
1
2
, T
)
. Let γ0 denote the Euler constant,

i.e.,

γ0 = lim
n→∞

(∑
m≤n

1

m
− log n

)
= 0, 577215...,

and

E(T ) = I1

(
1

2
, T

)
− T log

T

2π
− (2γ0 − 1)T.

The classical result [45] asserts that E(T ) = O(T
1
2
+ε) with every ε > 0. The best known

estimate

E(T ) = O
(
T

131
416 (log T )

32587
8320

)
was obtained in [46]. The conjectural bound is O(T

1
4
+ε) with every ε > 0.

The function E(T ) was studied by many number theorists. This can be explained not only

by itself interest of E(T ) but also its close relation to the famous Dirichlet problem on the

estimate of the quantity

∆(x) =
∑
m≤x

d(m)− x(log x+ 2γ0 − 1),

where

d(m) =
∑
d|m

1, m ∈ N,

is the divisor function. The results can be found in [16] and [17].

Various methods for the investigation of E(T ) are known. F. V. Atkinson in [1] proposed

a new approach which allows to obtain an explicit formula for E(T ) with a small error term.

Let c1 < c2 be two positive constants, c1T < N < c2T , and

N1 = N1(T,N) =
T

2π
+
N

2
−
√
N2

4
+
NT

2π
.

11



De�ne the functions

arsinh(x) = log(x+
√

1 + x2),

f(T,m) = 2Tarsinh

(√
πm

2T

)
+
√

2πmT + π2m2 − π

4
.

Then the Atkinson theorem is of the following form [1].

Theorem A. The formula

E(T ) =
1√
2

∑
m≤N

(−1)md(m)√
m

(
arsinh

(√
πm

2π

))−1(
T

2πm
+

1

4

)− 1
4

cos(f(T,m))

−2
∑
m≤N1

d(m)√
m

(
log

T

2πm

)−1
cos

(
T log

T

2πm
− T +

π

4

)
+O(log2 T )

holds.

The proof of Theorem A with some small corrections is also given in the monograph [16]. We

see that the Atkinson formula expresses the error term E(T ) by some rather simple elementary

functions. This allows a more precise examination of E(T ).

The papers [19], [20], [38] and [40] are devoted to modi�ed versions of Theorem A. A.

Laurin£ikas gave [26], [27] a version of the Atkinson formula near the critical line.

T. Meurman gave [37] a generalization of the Atkinson formula for Dirichlet L-functions.

H. Ishikawa and K. Matsumoto proved [15] the Atkinson-type formula for the product of ζ(s)

and a Dirichlet polynomial.

We note that the Atkinson formula is a useful tool in the theory of the Riemann zeta-

function. This formula is used to obtain various estimates for the error term in the formula

for I1(σ, T ), and to continue the investigations of Ik(σ, T ). For example, D. R. Heath-Brown

applied [11] Theorem A for the estimate of I6
(
1
2
, T
)
. He proved that

I6

(
1

2
, T

)
= O(T 2(log T )17).

More mean value results for the Riemann zeta-function can be found in the excellent survey

papers [34] and [18].
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In the thesis, the Atkinson type formula is discussed for the periodic zeta-function ζλ(s),

λ ∈ R. The function ζλ(s) is de�ned, for σ > 1, by the Dirichlet series

ζλ(s) =
∞∑
m=1

e2πiλm

ms
.

For λ ∈ Z, the function ζλ(s) reduces to the Riemann zeta-function. On the other hand, ζλ(s)

is closely related to the Lerch zeta-function

L(λ, α, s) =
∞∑
m=0

e2πiλm

(m+ α)s
, σ > 1,

where α, 0 < α ≤ 1, is a �xed parameter. Namely, we have that

ζλ(s) = e2πiλL(λ, 1, s), σ > 1. (0.3)

Since the function L(λ, 1, s) with λ /∈ Z is entire one [30], we also have that the function ζλ(s)

with λ /∈ Z has analytic continuation to the whole complex plane. In view of the periodicity of

the coe�cients e2πiλm, we may suppose without loss of generality that 0 < λ ≤ 1.

The function ζλ(s) is not so important in analytic number theory than ζ(s), however, it

is a rather interesting analytic object depending on the parameter λ, and occurs in various

problems. For example, ζλ(s) is used in the mean square formula of L(λ, α, s) with respect to

the parameter α [30].

Theorem B. Suppose that 1
2
< σ < 1 is �xed and t > 1. Then, for any λ ∈ R,∫ 1

0

|L(λ, α, σ + it)− α−σ−it|2dα =
1

2σ − 1
+ 2Γ(2σ − 1)Re

(
ζλ(2σ − 1)

Γ(1− σ + it)

Γ(σ + it)

)

−2Re
(
e−2πiλζλ(σ + it)− 1

)
+O(t−1).

In [30], analogous formulae are also obtained for σ = 1
2
and σ = 1.

In virtue of (0.3), the moments of the function ζλ(s) coincide with those of the function

L(λ, 1, s). Therefore, the theorems of Section 4.2 from [30] imply the following results. Denote

by ζ(s, α), 0 < α ≤ 1, the Hurwitz zeta-function, i.e., ζ(s, α) = L(λ, α, s) with λ ∈ Z.

Theorem C. Suppose that 0 < λ < 1 and 1
2
< σ < 1. Then, as T →∞,∫ T

0

|ζλ(σ + it)|2dt = ζ(2σ)T +
(2π)2σ−1

2− 2σ
ζ(2− 2σ, λ)T 2−2σ

13



+O(T 1−σ log T ) +O(T
σ
2 ).

De�ne the constant c(λ) by

n∑
m=0

1

m+ λ
= log n+ c(λ) +O

(
1

n

)
, n→∞,

and c(1) is Euler constant γ0.

Theorem D. Suppose that 0 < λ < 1. Then, as T →∞,∫ T

0

∣∣∣∣ζλ(1

2
+ it

)∣∣∣∣2 dt = T log T + T (c(λ) + γ − 1− log 2π) +O(T
1
2 log T ).

For the proof of Theorems C and D, an approximate functional equation for the Lerch zeta-

function [7] is applied.

A more interesting and complicated mean square problem for the function ζλ(s) is the

following. Suppose that λ is a rational number, i.e., λ = a
q
with integers a and q, 1 ≤ a ≤ q.

Similarly to the case of Dirichlet L-functions, one can consider the mean square value
q∑

a=1

∫ T

0

|ζa
q
(σ + it)|2dt. (0.4)

The later problem with σ = 1
2
was begun to study in [23], and analogue of Theorem A was

obtained. De�ne

E(q, T ) =

q∑
a=1

∫ T

0

∣∣∣∣ζaq (1

2
+ it

)∣∣∣∣2 dt− qT (log
qT

2π
+ 2γ0 − 1

)
.

Let c1 and c2 be two positive constants, c1 < c2, such that c1T < N < c2T , and

N1 = N1(q, T,N) = q

(
T

2π
+
qN

2
−
((

qN

2

)
+
qNT

2π

) 1
2

)
.

Moreover, let

f(T,m, q) = 2Tarsinh

(√
πqm

2T

)
+
√

2πqmT + π2q2m2 − π

4

and

g(T,m, q) = T log

(
qT

2πm

)
− T +

π

4
.
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So, we see that f(T,m, q) = f(T,mq) and g(T,m, q) = g(T, m
q

) in the notation of Theorem A.

De�ne two sums∑
1
(q, T ) =

1√
2q

∑
m≤N

(−1)qmd(m)√
m

(
arsinh

(√
πqm

2T

))−1(
T

2πqm
+

1

4

)− 1
4

× cos f(T,m, q)

and ∑
2
(q, T ) = − 2

√
q

∑
m≤N1

d(m)√
m

(
log

qT

2πm

)−1
cos g(T,m, q).

Then the following analogue of Theorem A is true [23].

Theorem E. Suppose that q ≤ T . Then

E(q, T ) = q
(∑

1
(q, T ) +

∑
2
(q, T )

)
+O(

√
q log2 T ) +O(qT−1).

Note that, in the case q = 1, Theorem E completely coincides with Theorem A. We also

observe that the proof of Theorem E requires a bound q ≤ T .

K. Matsumoto obtained [33] an analogue of the Atkinson formula for �xed σ in the range
1
2
< σ < 3

4
. Namely, he proved an explicit formula for the quantity

Eσ(T ) = I1(σ, T )− ζ(2σ)T − (2π)2σ−1
ζ(2− 2σ)

2− 2σ
T 2−2σ.

The role of the divisor function in this formula is played by the generalized divisor function

σa(m) =
∑
d|m

da, a ∈ C.

Let N and N1, and f(T,m) and g(T,m) be the same as in Theorem A. De�ne two sums∑
1,σ

(T ) = 2σ−1
(π
T

)σ− 1
2
∑
m≤N

(−1)mσ1−2σ(m)

m1−σ

×
(

arsinh

(√
πm

2T

))−1(
T

2πm
+

1

4

)− 1
4

cos(f(T,m))

and ∑
2,σ

(T ) = −2

(
2π

T

)σ− 1
2 ∑
m≤N1

σ1−2σ(m)

m1−σ

(
log

T

2πm

)−1
cos(g(T,m)).
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Then the Matsumoto theorem [33] is of the form.

Theorem F. Suppose that 1
2
< σ < 3

4
.Then

Eσ(T ) =
∑

1,σ
(T ) +

∑
2,σ

(T ) +R(T ),

where R(T ) = O(log T ) with the O-constant depending only on σ.

In [35], the formula of Theorem F was extended to the interval 1
2
< σ < 1. For this, a very

complicated approach di�erent from that of Atkinson was developed.

J. Karali	unait
e , in [21] and in her thesis [22], also considered a version of Theorem E for

�xed σ, 1
2
< σ < 1. In the proof of Atkinson type formula for the error term of the quantity

(0.4), some new problems arise from the involving of the parameter q which can grow together

with T . Unfortunately, as it was detected by a careful reading, the occurrence of the parameter

q in the formula of [21] is not correct. Therefore, our �rst aim was to reprove an analogue of

Theorem E for �xed σ, 1
2
< σ < 3

4
, and Chapter 1 of the thesis is devoted to the latter problem.

Let

Eσ(q, T ) =

q∑
a=1

∫ T

0

|ζa
q
(σ + it)|2dt− qζ(2σ)T − ζ(2σ − 1)Γ(2σ − 1) sin(πσ)

1− σ
(qT )2−2σ.

Preserving the notation of Theorem E, de�ne two sums

∑
1,σ

(q, T ) = 2σ−1q1−σ
(
T

π

) 1
2
−σ ∑

m≤N

(−1)qmσ1−2σ(m)

m1−σ

×
(

arsinh

(√
πqm

2T

))−1(
T

2πqm
+

1

4

)− 1
4

cos(f(T,m, q))

and ∑
2,σ

(q, T ) = −2q1−σ
(
T

2π

) 1
2
−σ ∑

m≤N1

σ1−2σ(m)

m1−σ

(
log

(
qT

2πm

))−1
cos(g(T,m, q)).

Now we state the main theorem of Chapter 1 obtained in [6].

Theorem 1.1. Suppose that 1
2
< σ < 3

4
.Then for q ≤ T ,

Eσ(q, T ) =
∑

1,σ
(q, T ) +

∑
2,σ

(q, T ) +R(q, T ),

where R(q, T ) = O(q
7
4
−σ log T ) with the O-constant depending only on σ.
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Chapter 2 of the thesis is devoted to the mean square of E(q, T ). A similar problem for the

Riemann zeta-function was introduced by D. R. Heath-Brown [10]. In [10], see also [16], he

obtained, as T →∞, the formula∫ T

2

E2(t)dt =
2T

3
2

3
√

2π

∞∑
m=1

d2(m)

m
3
2

+O(T
5
4 log4 T ). (0.5)

Using Theorem E, in Chapter 2 of the thesis, we prove the following generalization of formula

(0.5).

Theorem 2.1. For T →∞ and q ≤ 1
8
T ,∫ T

2

E2(q, t)dt =
2
√
qT

3
2

3
√

2π

∞∑
m=1

d2(m)

m
3
2

+O(T
5
4 q

3
4 log4 T ).

For q = o( T
log16 T

), the above formula is asymptotic.

If q = 1, then E(q, t) = E(t). Thus, Theorem 2.1 contains formula (0.5).

Chapter 3 of the thesis deals with the mean square of Eσ(q, T ). There a generalization of

the formula for the mean square of Eσ(t) is presented. In [33], K. Matsumoto proved that, for
1
2
< σ < 3

4
, ∫ T

2

E2
σ(t)dt =

2

5− 4σ
(2π)2σ−

3
2
ζ2(3

2
)

ζ(3)
ζ

(
5

2
− σ

)
ζ

(
1

2
+ 2σ

)
T

5
2
−2σ

+O
(
T

7
4
−σ log T

)
.

In [36], the error term in the above formula has been replaced by O(T ). Moreover, in [33], it

was obtained that ∫ T

2

E2
3
4
(t)dt =

ζ2(3
2
)ζ(2)

ζ(3)
T log T +O(T (log T )

1
2 ),

and, for 3
4
< σ < 1, ∫ T

2

E2
σ(t)dt = O(T ).

Theorem 3.1. Let σ, 1
2
< σ < 3

4
, be �xed. Then, for T →∞ and q ≤ T 1− 4σ

3
−ε with every

ε>0, ∫ T

2

E2
σ(q, t)dt = 2(5− 4σ)−1(2π)2σ−

3
2 q

3
2
−2σT

5
2
−2σ

∞∑
m=1

σ2
1−2σ(m)

m
5
2
−2σ

17



+O(q
11
4
−2σT

7
4
−σ log T ).

Remark 3.2. If q ≤ T
3
5
− 4σ

5
−ε with arbitrary ε > 0, then the equality of Theorem 3.1 is

asymptotic.

For q = 1, we have the Matsumoto result.

In the last chapter of the thesis, Chapter 4, asymptotic formulae for the fourth power

moment of the periodic zeta-function in the critical strip are obtained. These formulae depend

on the arithmetics of the parameter λ. The case of irrational and rational λ are discussed.

The monograph [45], Chapter VII, contains the following limit theorem.

Theorem G. Suppose that 1
2
< σ < 1. Then

lim
T→∞

1

T

∫ T

1

|ζ(σ + it)|4dt =
ζ4(2σ)

ζ(4σ)
.

Theorem G was generalized in [31] for the function ζλ(s).

Theorem H. Suppose that the parameter λ is irrational, 0 < λ < 1. Then, for 1
2
< σ < 1,

lim
T→∞

1

T

∫ T

1

|ζλ(σ + it)|4dt =
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ
.

In Section 4.1, the rate of convergence in Theorem H is estimated.

Theorem 4.1. Suppose that the parameter λ is irrational, 0 < λ < 1, 1
2
< σ < 1 and

T →∞. Then, for every ε > 0,∫ T

1

|ζλ(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+O(T

3
2
−σ+ε).

The case of rational parameter λ is more complicated, and the analogues of Theorems H

and 4.1 are valid in a more narrow region than in the case of irrational λ. In [32], the following

analogue of Theorem H was given.
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Theorem I. Suppose that the parameter λ is rational, 0 < λ < 1. Then, for 3
4
< σ < 1,

lim
T→∞

1

T

∫ T

1

|ζλ(σ + it)|4dt =
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ
.

Section 4.2 of the thesis contains the improvement of Theorem I with the rate of convergence.

Theorem 4.2. Suppose that the number λ is rational, 0 < λ < 1, 3
4
< σ < 1 and T →∞.

Then, for every ε > 0,∫ T

1

|ζλ(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+O(T

7
4
−σ+ε).

For the proof of Theorems H, I, 4.1 and 4.2 the approximate functional equation for the

function ζλ(s) is applied.
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Approbation

The results of the thesis were presented at the MMA (Mathematical Modelling and Analysis)

conferences (MMA 2012, June 6 - 9, 2012, Tallinn, Estonia), (MMA 2013, May 27 - 30, Tartu,

Estonia), at the 27th Journées Arithmétiques (June 27-July 1, 2011, Vilnius University, Faculty

of Mathematics and Informatics, Lithuania), at the International Number Theory Conference

(September 8-13, 2013, �iauliai University, Lithuania), at the Conferences of Lithuanian Math-

ematical Society (2008, 2011, 2012, 2013), as well as at the seminars of Number Theory in

Vilnius University.
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Chapter 1

Atkinson type formula for the periodic

zeta-function

Let 0 < λ ≤ 1 be a �xed parameter. We remind that the periodic zeta-function ζλ(s), s = σ+it,

is de�ned, for σ > 1, by the Dirichlet series

ζλ(s) =
∞∑
m=1

e2πiλm

ms
,

and by analytic continuation elsewhere. For λ = 1, the function ζλ(s) becomes the Riemann

zeta-function ζ(s), thus, it has the unique simple pole at the point s = 1 with residue 1. For

0 < λ < 1, the function ζλ(s) is entire one.

This chapter is devoted to the Atkinson type formula for the error term in the averaged

mean square formula for the periodic zeta-function with rational parameter λ in the critical

strip.

1.1. Statement of the Atkinson-type formula

Let a and q be integers, 1 ≤ a ≤ q. For 1
2
< σ < 1, de�ne

Eσ(q, T ) =

q∑
a=1

∫ T

0

|ζa
q
(σ + it)|2dt− qζ(2σ)T
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−ζ(2σ − 1)Γ(2σ − 1) sin(πσ)

1− σ
(qT )2−2σ,

where, as usual, Γ(s) is the Euler gamma-function.

Let c1T < N < c2T with some positive constants c1 < c2. De�ne

N1 = N1(q,N, T ) = q

 T

2π
+
qN

2
−

((
qN

2

)2

+
qNT

2π

) 1
2

 ,

denote by σα(m), α ∈ C, m ∈ N, the generalized divisor function, i.e.,

σα(m) =
∑
d|m

dα.

De�ne the functions

arsinh(x) = log(x+
√

1 + x2),

f(T,m, q) = 2Tarsinh

(√
πqm

2T

)
+
√

2πqmT + π2q2m2 − π

4

and

g(T,m, q) = T log

(
qT

2πm

)
− T +

π

4
,

and let∑
1,σ

(q, T ) = 2σ−1q1−σ
(
T

π

) 1
2
−σ ∑

m≤N

(−1)qmσ1−2σ(m)

m1−σ

(
arsinh

(√
πqm

2T

))−1

×
(

T

2πqm
+

1

4

)− 1
4

cos (f(T,m, q))

and ∑
2,σ

(q, T ) = −2q1−σ
(
T

2π

) 1
2
−σ ∑

m≤N1

σ1−2σ(m)

m1−σ

(
log

(
qT

2πm

))−1

× cos (g(T,m, q)) .

Theorem 1.1. Suppose that 1
2
< σ < 3

4
.Then, for q ≤ T ,

Eσ(q, T ) =
∑

1,σ
(q, T ) +

∑
2,σ

(q, T ) +R(q, T ),

where R(q, T ) = O(q
7
4
−σ log T ) with the O-constant depending only on σ.

If q = 1, then we have the Atkinson formula for the Riemann zeta-function obtained in [33].
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1.2. Lemmas

Lemma 1.2. Let α 6= 1, β, γ and T ∈ R+, k ∈ R, |k| ≥ 1, 0 < a < 1
2
, a < T

8π|k| and b ≥ T .

Then, for every ε > 0,∫ b

a

exp{iT log 1+y
y

+ 2πkiy}dy
yα(1 + y)β(log 1+y

y
)γ

= δ(k)(2k
√
π)−1T

1
2V −γU−

1
2

(
U − 1

2

)−α(
U +

1

2

)−β

× exp

{
iTV + 2πikU − πik +

πi

4

}
+O(a1−αT−1) +O(bγ−α−β|k|−1) +R(T, k)

uniformly for |α− 1| > ε, where

U =

(
T

2πk
+

1

4

) 1
2

,

V = 2arsinh

(√
πk

2T

)
,

R(T, k) =

 T
γ−α−β

2
− 1

4 |k|− γ−α−β2
− 5

4 if |k| � T,

T−
1
2
−α|k|α−1 if |k| � T,

and

δ(k) =

 1 if k > 0,

0 if k < 0.

The lemma is Lemma 2 of [1], see also Lemma 15.1 of [16]. In the above form, the lemma

is stated in [33].

For a, b, α ∈ R+, and m, q ∈ N, de�ne

I

(
a, b;±, m

q
, α

)
=

∫ b

a

x−α
(

arsinh

(
x

√
πq

2T

))−1(
T

2πx2
+

1

4

) 1
4

((
T

2πx2
+

1

4

) 1
2

+
1

2

)−1

× exp

{
i

(
±4πx

√
m

q
− 2Tarsinh

(
x

√
π

2T

)
−
(
2πx2T + π2x4

))}
dx.

Lemma 1.3. Let c1
√
qT < a < c2

√
qT with �xed 0 < c1 < c2. Then

I

(
a, b;±, m

q
, α

)
= 4πδT−1

(
m

q

)α−1
2
(

log

(
Tq

2πm

))−1(
T

2π
− m

q

) 3
2
−α
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× exp

{
i

(
T − T log

(
Tq

2πm

)
− 2πm

q
+
π

4

)}

+O

(
δ

(
m

q

)α−1
2
(
T

2π
− m

q

)1−α

T−
3
2

)

+O

T−α2 min

1,

∣∣∣∣∣a−
(
a2 − 2T

π

) 1
2

± 2

√
m

q

∣∣∣∣∣
−1


+O

(
b−α

(
n

q

) 1
2

+O

(
T

b

)−1)

+O

(
e
−CT−C

√
mT
q

)
with a large constant C > 0, where

δ =

 1 if m ≤ Tq
2π
, ma2 ≤

(
Tq2

2π
−mq

)2
≤ mb2 and the double sign takes +,

0 otherwise.

The lemma is a slight modi�cation of Lemma 3 from [1], see also Lemma 15.2 of [16]. The

statement of the lemma follows that of Lemma 4 of [33].

The next lemmas are related to the function σ1−2σ(m). Let

Dσ(x) =
∑′

m≤x

σ1−2σ(m),

where the sign "′" means that the last term in the sum is to be halved if x ∈ N. De�ne ∆1−2σ(x)

by

∆1−2σ(x) = Dσ(x)− ζ(2σ)x− ζ(2− 2σ)x2−2σ

2− 2σ
+
ζ(2σ − 1)

2
.

Lemma 1.4. For every ε > 0,

∆1−2σ(x) = O(x
1

4σ+1
+ε).

The lemma is Lemma 2 from [33].

27



We recall that a series is boundedly convergent if it converges almost everywhere and has

bounded partial sums.

Lemma 1.5. We have

∆1−2σ(x) =
x

3
4
−σ
√

2π

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

×
(

cos
(

4π
√
mx− π

4

)
− (32π

√
mx)−1(16(1− σ)2 − 1) sin

(
4π
√
mx− π

4

))

+O(x−
1
4
−σ),

the series being boundedly convergent in any �xed �nite interval of x.

The lemma is Lemma 1 of [33], and is a result of [41] and [8].

1.3. Formula for Eσ(q, T )

Let u and v be complex variables, Reu > 1 and Rev > 1. Then we have

q∑
a=1

ζa
q
(u)ζ−a

q
(v) =

q∑
a=1

∞∑
m=1

e2πi
a
q
m

mu

∞∑
n=1

e−2πi
a
q
n

nv

= qζ(u+ v) +

q∑
a=1

∞∑
m=1

∞∑
n=1

m 6=n

e2πi
a
q
(m−n)

munv
. (1.1)

Since

q∑
a=1

e2πi
a
q
(m−n) =

 q if m ≡ n (mod q),

0 if m 6≡ n (mod q),

we have from (1.1) that
q∑

a=1

ζa
q
(u)ζ−a

q
(v) = q(ζ(u+ v) + fq(u, v) + fq(v, u)), (1.2)

where

fq(u, v) =
∞∑

m1=1

∞∑
m2=1

1

mu
1(m1 + qm2)v

.
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Using the Poisson summation formula [16] and properties of the gamma-function Γ(s), we

�nd that, for Re(u+ v) > 2 and Reu < 0,

fq(u, v) =
ζ(u+ v − 1)Γ(u+ v − 1)Γ(1− u)

qu+v−1Γ(v)
+ gq(u, v), (1.3)

where

gq(u, v) =
2

qu+v−1

∞∑
m=1

σ1−u−v(m)

∫ ∞
0

cos(2πmqy)dy

yu(1 + y)v
.

We need the analytic continuation for gq(u, v) to a certain region lying in 0 < Reu < 1,

0 < Rev < 1. Suppose that we have such an analytic continuation. Then, in view of (1.2) and

(1.3), we �nd that

q∑
a=1

ζa
q
(u)ζ−a

q
(v) = q

(
ζ(u+ v) +

ζ(u+ v − 1)Γ(u+ v − 1)Γ(1− u)

qu+v−1Γ(v)

+
ζ(u+ v − 1)Γ(u+ v − 1)Γ(1− v)

qu+v−1Γ(u)

)
+ q (gq(u, v) + gq(v, u)) .

In the latter equality, we take u = σ + it and v = 2σ − u = σ − it. Then, using the estimate

[35] ∫ T

0

(
Γ(1− σ − it)

Γ(σ − it)
+

Γ(1− σ + it)

Γ(σ + it)

)
dt =

sin(πσ)

1− σ
T 2−2σ +O(T−2σ),

we obtain that

q∑
a=1

∫ T

0

|ζa
q
(σ + it)|2dt = qζ(2σ)T +

ζ(2σ − 1)Γ(2σ − 1) sin(πσ)

1− σ
(qT )2−2σ

−iq
∫ σ+iT

σ−iT
gq(u, 2σ − u)du+O(qT−2σ). (1.4)

Now we consider the function gq(u, 2σ − u). De�ne

h(u, x) = 2

∫ ∞
0

cos(2πxy)dy

yu(1 + y)2σ−u
.

Then, by the de�nition of gq(u, v),

gq(u, 2σ − u) =
1

q2σ−1

∞∑
m=1

σ1−2σ(m)h(u,mq). (1.5)
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Suppose that N ∈ N, and let X = N + 1
2
. Then, by the de�nition of D1−2σ(x) and ∆1−2σ(x),

we have that ∑
m>N

σ1−2σ(m)h(u,mq) =

∫ ∞
X

h(u, qx)dD1−2σ(x)

=

∫ ∞
X

(ζ(2σ) + ζ(2− 2σ)x1−2σ)h(u, qx)dx

+

∫ ∞
X

h(u, qx)d∆1−2σ(x)

= −∆(X)h(u, qX)−
∫ ∞
X

∆1−2σ(x)
∂h(u, qx)

∂x
dx

+

∫ ∞
X

(ζ(2σ) + ζ(2− 2σ)x1−2σ)h(u, qx)dx.

This and (1.5) show that

gq(u, 2σ − u) =
1

q2σ−1

∑
m≤N

σ1−2σ(m)h(u,mq)− 1

q2σ−1
∆1−2σ(X)h(u, qX)

− 1

q2σ−1

∫ ∞
X

∆1−2σ(x)
∂h(u, qx)

∂x
dx

+
1

q2σ−1

∫ ∞
X

(ζ(2σ) + ζ(2− 2σ)x1−2σ)h(u, qx)dx

def

= gq,1(u)− gq,2(u)− gq,3(u) + gq,4(u). (1.6)

By the de�nition, the function h(u, x) is analytic in the Reu < 1. Therefore, the functions

gq,1(u) and gq,2(u) also are analytic in the latter region.

Using Lemma 1.4 and estimate [1]

∂h(u, x)

∂x
= O(xReu−2),

we obtain that

1

q2σ−1

∫ ∞
X

∆1−2σ(x)
∂h(u, qx)

∂x
dx� qReu−2σ

∫ ∞
X

xReu+
1

4σ+1
−2+εdx,
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and the integral is convergent for Reu < 1− 1
4σ+1

. Since 1− 1
4σ+1

> σ for σ < 3
4
, we have that

the function gq,3(u) is analytic in the region including the line Reu = σ.

It is easily seen that

gq,4(u) =
1

q2σ−1

∫ ∞
X

(ζ(2σ) + ζ(2− 2σ)x1−2σ)

×
(∫ i∞

0

e2πiqxydy

yu(1 + y)2σ−u
+

∫ −i∞
0

e−2πiqxydy

yu(1 + y)2σ−u

)
dx.

Suppose that Reu < 0. Then

1

q2σ−1

∫ ∞
X

(
(ζ(2σ) + ζ(2− 2σ)x1−2σ)

∫ i∞

0

e2πiqxydy

yu(1 + y)2σ−u

)
dx

=
1

2πiq2σ
(ζ(2σ) + ζ(2− 2σ)x1−2σ)

∫ i∞

0

e2πiqxydy

yu+1(1 + y)2σ−u

∣∣∣∞
X

− 1

2πq2σ

∫ ∞
X

((
ζ(2− 2σ)(1− 2σ)x−2σ

) ∫ ∞
0

e2πiqxydy

yu+1(1 + y)2σ−u

)
dx

= − 1

2πiq2σ
(
ζ(2σ) + ζ(2− 2σ)X1−2σ) ∫ i∞

0

e2πiqXydy

yu+1(1 + y)2σ−u

−ζ(2− 2σ)(1− 2σ)

2πiq2σ

∫ ∞
X

dx

∫ i∞

0

e2πiqydy

yu+1(x+ y)2σ−u

= − 1

2πiq2σ
(
ζ(2σ) + ζ(2− 2σ)X1−2σ) ∫ ∞

0

e2πiqXydy

yu+1(1 + y)2σ−u

−ζ(2− 2σ)(1− 2σ)X1−2σ

2πiq2σ(2σ − u− 1)

∫ ∞
0

e2πiqXydy

yu+1(1 + y)2σ−u−1
.

Similarly, we �nd that

1

q2σ−1

∫ ∞
X

(
(ζ(2σ) + ζ(2− 2σ)x1−2σ)

∫ −i∞
0

e−2πiqxydy

yu+1(1 + y)2σ−u

)
dx

=
1

2πiq2σ−2
(ζ(2σ) + ζ(2− 2σ)X1−2σ)

∫ ∞
0

e−2πiqXydy

yu+1(1 + y)2σ−u

+
ζ(2− 2σ)(1− 2σ)X1−2σ

2πiq2σ(2σ − u− 1)

∫ ∞
0

e−2πiqXydy

yu+1(1 + y)2σ−u−1
.

The later two equalities yield

gq,4(u) = − 1

πq2σ
(ζ(2σ) + ζ(2− 2σ)X1−2σ)

∫ ∞
0

sin(2πqXy)dy

yu+1(1 + y)2σ−u
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−ζ(2− 2σ)(1− 2σ)X1−2σ

πq2σ−2(2σ − u− 1)

∫ ∞
0

sin(2πqXy)dy

yu+1(1 + y)2σ−u−1
. (1.7)

The above integrals are convergent absolutely for Reu < 1. Thus, we have analytic continuation

for gq,4(u) to the suitable region. Consequently, (1.4) is true for 1
2
< σ < 3

4
.

From (1.4) we �nd that, for 1
2
< σ < 3

4
,

Eσ(q, T ) = −iq
∫ σ+iT

σ−iT
gq(u, 2σ − u) +O(qT−2σ).

Therefore, in view of (1.6),

Eσ(q, T ) = −iq2−2σ(Gq,1 −Gq,2 −Gq,3 +Gq,4) +O(qT−2σ), (1.8)

where

Gq,1 = 2
∑
m≤N

σ1−2σ(m)

∫ ∞
0

(
cos(2πqmy)

(1 + y)2σ

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

)
dy

= 4i
∑
m≤N

σ1−2σ(m)

∫ ∞
0

cos(2πqmy) sin(T log 1+y
y

)dy

yσ(1 + y)σ log 1+y
y

,

Gq,2 = 4i∆1−2σ(X)

∫ ∞
0

cos(2πqXy) sin(T log 1+y
y

)dy

yσ(1 + y)σ log 1+y
y

,

Gq,3 = 4i

∫ ∞
X

∆1−2σ(x)
∂

∂x

(∫ ∞
0

cos(2πqxy) sin(T log 1+y
y

)dy

yσ(1 + y)σ log 1+y
y

)
dx

= 4i

∫ ∞
X

∆1−2σ(x)
∂

∂x

(∫ ∞
0

cos(2πqy) sin(T log x+y
y

)dy

yσ(x+ y)σx1−2σ log x+y
y

)
dx

= 4i

∫ ∞
X

∆1−2σ(x)

∫ ∞
0

cos(2πqy)

yσ

(
(2σ − 1)x2σ−2 sin(T log x+y

y
)

(x+ y)σ log x+y
y

+
x2σ−1T cos(T log x+y

y
)

(x+ y)σ+1
−
σx2σ−1 sin(T log x+y

y
)

(x+ y)σ+1 log x+y
y

−
x2σ−1 sin(T log x+y

y
)

(x+ y)σ+1 log2 x+y
y

)
dxdy

= 4i

∫ ∞
X

∆1−2σ(x)

x

(∫ ∞
0

cos(2πqxy)

yσ(1 + y)σ+1 log 1+y
y

(
T cos

(
T log

1 + y

y

)
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+ sin

(
T log

1 + y

y

)(
(2σ − 1)(1 + y)− σ − 1

log 1+y
y

))
dy

)
dx,

Gq,4 = − 2i

πq
(ζ(2σ) + ζ(2− 2σ)X1−2σ)

∫ ∞
0

sin(2πqXy) sin(T log 1+y
y

)

yσ+1(1 + y)σ log 1+y
y

+
(1− 2σ)ζ(2− 2σ)X1−2σ

πq

∫ ∞
0

(
sin(2πqXy)

y(1 + y)2σ−1

∫ σ+iT

σ−iT

(1+y
y

)udu

u− 2σ + 1

)
dy.

1.4. Proof of Theorem 1.1.

By (1.8), it su�ces to evaluate Gq,1 − Gq,4. For evaluation of Gq,1, we apply Lemma 1.2 with

α = β = σ, γ = 1, k = qm and k = −qm. Then taking T � N � T gives

Gq,1 = 2σ−1qσ−1
(π
T

)σ− 1
2
i
∑
m≤N

σ1−2σ(m)mσ−1V −1U−
1
2 sin(TV + 2πqmU − πqm+

π

4
)

+O(max(T
1
4
−σq−

7
4
+σ, T−

1
2 ))

= 2σ−1qσ−1
(π
T

)σ− 1
2
i
∑
m≤N

(−1)qmσ1−2σ(m)mσ−1
(

arsinh

(√
πmq

2π

))−1

×
(

T

2πmq
+

1

4

)− 1
4

cos

(
2Tarsinh

(√
πmq

2π

)
+ 2πqm

(
T

2πqm
+

1

4

) 1
2

− π

4

)

+O
(

max
(
T

1
4
−σq−

7
4
+σ, T−

1
2

))
. (1.9)

For Gq,2, it is su�cient to obtain an estimate. Lemma 1.2 implies that

Gq,2 = O(∆1−2σ(X)qσ−1T
1
2
−σXσ−1

(
arsinh

(√
πqX

2T

))−1

×
(

T

2πXq
+

1

4

)− 1
4

+O(∆1−2σ(X)T−
3
2 qσ−1).

Therefore, in view of Lemma 1.4,

Gq,2 = O
(
T

1−4σ
2(4σ+1)

+εqσ−1(log q)−1
)

+O
(
T

1
1−4σ

− 3
2
+εqσ−1

)
= O

(
T

1−4σ
2(4σ+1)

+εqσ−1
)
. (1.10)
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Now we will deal with Gq,4. First we observe that, in virtue of the residue theorem, for

0 < y ≤ 1,

∫ σ+iT

σ−iT

(
1+y
y

)u
du

u− 2σ + 1
= 2πiResu=2σ−1(...)−

(∫ −∞+iT

σ+iT

+

∫ σ−iT

−∞−iT

)(
1 + y

y

)u
du

u− 2σ + 1

= 2πi

(
1 + y

y

)2σ−1

+O(T−1y−σ).

Moreover, for y ≥ 1,∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1
= O

(∫ σ+iT

σ−iT

∣∣∣∣ du

u− 2σ + 1

∣∣∣∣) = O(log T ).

Thus, ∫ ∞
0

(
sin(2πqXy)

y(1 + y)2σ−1

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1

)
dy =

(∫ 1

0

+

∫ ∞
1

)
(...)dy

= 2πi

∫ 1

0

sin(2πqXy)

y2σ
dy +O

(
T−1

∫ 1

0

| sin(2πqXy)|dy
yσ+1

)

+

∫ ∞
1

(
sin(2πqXy)

y(1 + y)2σ−1

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1

)
dy.

We have that

2πi

∫ 1

0

sin(2πqXy)dy

y2σ
= 2πi

∫ ∞
0

sin(2πqXy)

y2σ
dy +O(T−1q−1)

= 2πi(2πqX)2σ−1
∫ ∞
0

sin ydy

y2σ
+O(T−1q−1)

= (2π)2σ(qX)2σ−1i
π

2Γ(2σ) sin(πσ)
+O(T−1q−1),

T−1
∫ 1

0

sin(2πqXy)dy

yσ+1
= O

(
T−1qX

∫ (qX)−1

0

dy

yσ

)
+O

(
T−1

∫ ∞
(qX)−1

dy

yσ+1

)
= O(qσT σ−1),

and, in view of the estimate∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1
= O(log T ),
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∫ ∞
1

(
sin(2πqXy)

y(1 + y)2σ−1

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1

)
dy

=

(
− cos(2πqXy)

2πqXy(1 + y)2σ−1

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1

) ∣∣∣∞
1

−
∫ ∞
1

(
cos(2πqXy)

2πqXy2(1 + y)2σ−1

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1

)
dy

+(1− 2σ)

∫ ∞
1

(
cos(2πqXy)

2πqXy(1 + y)2σ

∫ σ+iT

σ−iT

(
1 + y

y

)u
du

u− 2σ + 1

)
dy

−
∫ ∞
1

(
cos(2πqXy)

2πqXy(1 + y)2σ−1

∫ σ+iT

σ−iT

(
1 + y

y

)u−1
du

y2(u− 2σ + 1)

)
dy

= O(q−1T−1 log T ).

All these estimates show that the second term in the formula for Gq,4 is

iπ(2π)2σ−1(1− 2σ)q2σ−2
1

Γ(2σ) sin(πσ)
+O(qσ−1T 1−σ). (1.11)

For the evaluation of the �rst term of Gq,4, we apply the second mean value theorem and

Lemma 1.2. We write the integral as∫ ∞
0

(...)dy =

(∫ (2qX)−1

0

+

∫ ∞
(2qX)−1

)
(...)dy.

Then ∫ (2qX)−1

0

(...)dy ≤ 2πqX

∫ β

0

sin(T log 1+y
y

)y1−σ(1 + y)1−σ

y(1 + y) log 1+y
y

dy

=
2πqXβ1−σ(1 + β)1−σ

log 1+β
β

∫ β

α

sin(T log 1+y
y

)dy

y(1 + y)

=
2πqXβ1−σ(1 + β)1−σ

log 1+β
β

(
T−1 cos

(
T log

1 + y

y

)) ∣∣∣β
α

= O(qσT σ−1),

where 0 ≤ α ≤ β ≤ (2qX)−1. Moreover, an application of Lemma 1.2 gives the estimate∫ ∞
(2qX)−1

(...)dy = O(qσT σ−1).
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From these estimates and (1.11), we obtain that

Gq,4 = iπ(2π)2σ−1(1− 2σ)q2σ−2
1

Γ(2σ) sin(πσ)
+O(qσ−1T σ−1). (1.12)

The most complicated is the integral Gq,3. We apply Lemma 1.2 again and �nd that, for

x� T , ∫ ∞
0

cos(2πqxy)

yσ(1 + y)σ+1 log 1+y
y

(
T cos

(
T log

1 + y

y

))
+ sin

(
T log

1 + y

y

)

×

(
(2σ − 1) (1 + y)− σ −

(
log

1 + y

y

)−1)
dy = i22σ−1πσ−

1
2 qσ−1xσ−1T

3
2
−σ

×
(

arsinh

(√
πqx

2T

))−1(
T

2πqx
+

1

4

)− 1
4

((
T

2πqx
+

1

4

) 1
2

+
1

2

)−1

× cos

(
arsinh

(√
πqx

2T

)
+ 2πqx

(
T

2πqx
+

1

4

) 1
2

− πqx+
π

4

)
+O(qσ−1T

1
2
−σxσ−1).

Hence,

Gq,3 = i2σ−1πσ−
1
2 qσ−1T

3
2
−σ
∫ ∞
X

∆1−2σ(x)

x2−σ

(
arsinh

(√
πqx

2T

))−1

×
(

T

2πqx
+

1

4

)− 1
4

((
T

2πqx
+

1

4

) 1
2

+
1

2

)−1

× cos

(
2Tarsinh

(√
πqx

2T

)
+ 2πqx

(
T

2πqx
+

1

4

)− 1
2

− πqx+
π

4

)
dx

+O

(
qσ−1T

1
2
−σ
∫ ∞
X

∆1−2σ(x)

x
dx

)
. (1.13)

In remains to evaluate and estimate the latter integrals.

Using Lemma 1.4 and the restriction 1
2
< σ < 3

4
, we obtain that

qσ−1T
1
2
−σ
∫ ∞
X

∆1−2σ(x)dx

x2−σ
= O(qσ−1T

1−4σ
2(1+4σ)

+ε). (1.14)

For the evaluation of the �rst integral in (1.13), we apply Lemma 1.5 and the argument

proposed in [33] to avoid the problem arising from the bounded convergence of the series in

Lemma 1.5. Thus, by (1.13) and (1.14),

Gq,3 = iqσ−
3
4

(
T

2π

) 3
2
−σ

lim
b→∞

σ1−2σ(m)

m
5
4
−σ

∫ b

√
qX

x−
3
2

(
cos

(
4πx

√
m

q
− π

4

)
−
(

32πx

√
m

q

)−1
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×
(
16 (1− σ)2 − 1

)
sin

(
4πx−

√
m

q
− π

4

))

×
(

arsinh

(
x

√
π

2T

))−1(
T

2πx2
+

1

4

)− 1
4

((
T

2πx2
+

1

4

)2

+
1

2

)−1

× cos

(
2Tarsinh

(
x

√
π

2T

)
+ (2πx2T + π2x4)

1
2 − πx2 +

π

4

)
dx

+O
(
qσ−1T

1−4σ
2(1+4σ)

+ε
)
.

In the notation of Lemma 1.3., this can be rewritten in the form

Gq,3 = iqσ−
3
4

(
T

2π

) 3
2
−σ

lim
b→∞

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

×

(
ReI

(√
qX, b;−, m

q
,
3

2

)
+ ImI

(√
qX, b; +,

m

q
,
3

2

)
+

(
32πx

√
m

q

)−1

×
(
16(1− σ)2 − 1

)(
Im

(√
qX, b; +,

m

q
,
5

2

)
+ReI

(√
qX, b; +,

m

q
,
5

2

)))

+O
(
qσ−1T

1−4σ
2(1+4σ)

+ε
)
. (1.15)

De�ne

Z = q

(
T

2π
+
qX

2

)
−

((
qX

2

)2

+
qXT

2π

) 1
2

.

Then an application of Lemma 1.3. with α = 3
2
and α = 5

2
, and a =

√
qX for (1.15) yields

Gq,3 = iqσ−
3
4

(
T

2π

) 3
2
−σ

lim
b→∞

(
4πq−

1
4T−1

∑
m≤Z

σ1−2σ(m)

m1−σ

×

(
log

(
Tq

2πm

)−1)
cos

(
T log

(
Tq

2πm

)
− T +

π

4

)

+O

(
q−

1
4T−1

∑
m≤Z

σ1−2σ(m)

m1−σ

(
log

(
Tq

2πm

))−1(
T

2π
− m

q

)−1)

+O

(
q−

1
4T−

3
2

∑
m≤Z

σ1−2σ(m)

m1−σ

(
T

2π
− m

q

)− 1
2

)
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+O

b− 3
2

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

((
m

q

) 1
2

+O

(
T

b

))−1
+O

(
e−CT

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

e
−C

√
mT
q

)

+O

T− 3
4

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

min

1,

∣∣∣∣∣(q,X)
1
2 −

(
qX +

2T

π

) 1
2

+ 2

√
m

q

∣∣∣∣∣
−1


+O
(
qσ−1T

1−4σ
2(1+4σ)

+ε
)
. (1.16)

Since 1
2
< σ < 3

4
, we have that

b−
3
2

∞∑
m=1

σ1−2σ(m)

m
5
4

((
m

q

) 1
2

+

(
T

b

))−1
→ 0 (1.17)

as b→∞.

From the de�nition of Z, it follows that Z � T . Thus, Tq
2π
− Z � Tq. Therefore,

T−1q−
1
4

∑
m≤Z

σ1−2σ(m)

m1−σ

(
log

(
Tq

2πm

))−1(
T

2π
− m

q

)−1

� T−2q−
1
4

∑
m≤Z

σ1−2σ(m)

m1−σ � T σ−2q−
1
4 (1.18)

in view of the estimate ∑
m≤x

σ1−2σ(x)� x, x > 0. (1.19)

Similary, we �nd that

T−
3
2 q−

1
4

∑
m≤Z

σ1−2σ(m)

m1−σ

(
T

2π
− m

q

)− 1
2

� T σ−2q−
1
4 . (1.20)

Since q � T ,

eCT
∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

e
−C

√
Tm
q = O(e−c1T ) (1.21)

with some c1 > 0. We have that(
1

2

√
q2X +

2Tq

π
− 1

2

√
q2X

)2

=
q2X

2
+
Tq

2π
− q
√
q2T 2

4
+
qXT

2π
= Z.
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Thus,

T−
3
4

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

min

1,

∣∣∣∣∣(q,X)
1
2 −

(
qX +

2T

π

) 1
2

+ 2

√
m

q

∣∣∣∣∣
−1


� q
1
2T−

3
4

∞∑
m=1

σ1−2σ(m)

m
5
4
−σ

min(1, |
√
m−

√
Z|−1)

= q
1
2T−

3
4

∑
m≤Z

2

+
∑

Z
2
<m≤Z−

√
Z

+
∑

Z−
√
Z<m≤Z+

√
Z

+
∑

Z+
√
Z<m≤2Z

+
∑
m>2Z


×σ1−2σ(m)

m
5
4
−σ

min(1, |
√
m−

√
Z|−1). (1.22)

Clearly, in view of (1.19) and Z � T ,

q
1
2T−

3
4

∑
m≤Z

2

(...)� q
1
2T−

5
4

∑
m≤Z

2

σ1−2σ(m)

m
5
4
−σ

= q
1
2T σ−

3
2 , (1.23)

q
1
2T−

3
4

∑
Z
2
<m≤Z−

√
Z

(...)� q
1
2T−

5
4

∑
Z
2
<m≤Z−

√
Z

σ1−2σ(m)

m
5
4
−σ

(
√
Z −
√
m)−1

� q
1
2T σ−

3
2

∑
Z
2
<m≤Z−

√
Z

σ1−2σ(m)(Z −m)−1

� q
1
2T σ−

3
2

∑
√
Z≤m≤Z

2

σ1−2σ(Z −m)m−1 � q
1
2T σ−

3
2 log T, (1.24)

q
1
2T−

3
4

∑
Z−
√
Z<m≤Z+

√
Z

(...)� q
1
2T−

3
4

∑
Z−
√
Z<m≤Z+

√
Z

σ1−2σ(m)

m
5
4
−σ

� q
1
2T σ−

3
2 (1.25)

by using Lemma 1.4,

q
1
2T−

3
4

∑
Z+
√
Z<m≤2Z

(...)� q
1
2T σ−

3
2 log T, (1.26)

and

q
1
2T−

3
4

∑
m>2Z

(...)� q
1
2T−

3
4

∑
m>2Z

σ1−2σ

m
7
4
−σ
� q

1
2T σ−

3
2 . (1.27)
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Finally, combining (1.16) - (1.18) and (1.20) - (1.27), we obtain that

Gq,3 = 2iqσ−1
(

2π

T

)σ− 1
2 ∑
m≤Z

σ1−2σ(m)

m1−σ

(
log

(
Tq

2πm

))−1

× cos

(
T log

(
Tq

2πm

)
− T +

π

4

)
+O(qσ−

1
4 log T ).

Thus, from this, (1.8) - (1.10) and (1.12), Theorem 1.1 follows because Z can be replaced by

N1 with a negligible error.
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Chapter 2

Mean square of the function E(q, T )

In this chapter, we obtain a formula for∫ T

2

E2(q, t)dt,

where

E(q, T ) =

q∑
a=1

∫ T

0

|ζa
q
(
1

2
+ it)|2dt− qT (log

qT

2π
+ 2γ0 − 1),

and a, q are as in Chapter 1, γ0 is the Euler constant. More precisely, we prove the following

formula.

Theorem 2.1. For T →∞ and q ≤ 1
8
T ,∫ T

2

E2(q, t)dt =
2
√
qT

3
2

3
√

2π

∞∑
m=1

d2(m)

m
3
2

+O(T
5
4 q

3
4 log4 T ).

For q = o( T
log16 T

), the above formula is asymptotic.

For the proof of Theorem 2.1., we apply the Atkinson-type formula for E(q, T ) obtained in

[23] with slightly changed error term.

Remark 2.2. If q = 1, then

E(q, T ) =

∫ T

0

|ζ(
1

2
+ it)|2dt− T log

T

2π
− (2γ0 − 1)T,

and Theorem 2.1. contains the result of D. R. Heath-Brown [10].
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2.1. Some lemmas

In this section, we state some estimates which will be used in the proof of Theorem 2.1. The

�rst of them is connected to exponential integrals.

Lemma 2.3. Let gj(t), j = 1, ..., k, and f(t) be real-valued continuous monotonic functions

on [a, b], and let f(t) have a continuous monotonic derivative on [a, b]. If |gj(t)| ≤ Mj, j =

1, ..., k, and |f ′(t)| ≥M−1
0 on [a, b], then∣∣∣∣∣

∫ b

a

k∏
j=1

gj(t)e
2πif(t)dt

∣∣∣∣∣ ≤ 2k+3

k∏
j=0

Mj.

Proof of the lemma is given in [16], Lemma 15.3.

The next lemmas are concerned with the divisor function d(m). Let x ≥ 2.

Lemma 2.4. For every ε > 0,∑
m≤x

∑
n≤x

d(m)d(n)

(mn)
3
4

|
√
m−

√
n|−1 � xε.

Proof of the lemma can be found in [16], 362 p., 467 p.

Lemma 2.5. We have∑
m≤x

∑
n≤x

d(m)d(n)√
mn

∣∣∣log
m

n

∣∣∣−1 � x log4 x.

The estimate of the lemma is given in [16], 469p.

Lemma 2.6. The estimate ∑
m≤x

d2(m)

m
� log4 x

holds.

Proof of the lemma is given, for example, in [42].
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2.2. Proof of Theorem 2.1.

We apply the method of D. R. Heath-Brown [10] taking into account the dependence of E(q, t)

on the parameter q which can increase together with T . We recall that q ≤ 1
8
T . Denote by

R(q, T ) the error term in the formula of Theorem E, thus

R(q, T ) = O(
√
q log2 T ). (2.1)

Then we have by Theorem E that∫ 2T

T

E2(q, t)dt = q2
∫ 2T

T

∑2

1
(q, t)dt+ 2q

∫ 2T

T

∑
1
(q, t)(q

∑
2
(q, t) +R(q, t))dt

+

∫ 2T

T

(q
∑

2
(q, t) +R(q, T ))2dt. (2.2)

We take N = T in Theorema E. Then∑
1
(q, t) =

1√
2

∑
m≤T

(−1)qmd(m)
√
qm

g1(t, qm)g2(t, qm) cos(f(t, qm)),

where, for brevity, we write

g1(t, qm) =

(
arsinh

(√
πqm

2t

))−1
,

g2(t, qm) =

(
t

2πqm
+

1

4

)− 1
4

.

Therefore,∑2

1
(q, t) =

1

2q

∑
m≤T

∑
n≤T

(−1)qm+qnd(m)d(n)√
mn

×g1(t, qm)g1(t, qn)g2(t, qm)g2(t, qn) cos(f(t, qm)) cos(f(t, qn))

=
1

4q

∑
m≤T

∑
n≤T

(−1)qm+qnd(m)d(n)√
mn

×g1(t, qm)g1(t, qn)g2(t, qm)g2(t, qn)
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×(cos(f(t, qm) + f(t, qn)) + cos(f(t, qm)− f(t, qn))). (2.3)

Denote by S1(q, t) a part of
∑2

1(q, t) in(2.3) with m = n. Then∫ 2T

T

S1(q, t)dt =
1

4q
Re
∑
m≤T

d2(m)

m

∫ 2T

T

g21(t, qm)g22(t, qm)e2if(t,qm)dt

+
1

4q

∑
m≤T

d2(m)

m

∫ 2T

T

g21(t, qm)g22(t, qm)dt. (2.4)

We observe that, for t ∈ [T, 2T ],

g1(t, qm)�


√

T
mq

if m ≤ T
4q
,

1 if m > T
4q
,

(2.5)

and

g2(t, qm)�


(
mq
T

) 1
4 if m ≤ T

4q
,

1 if m > T
4q
.

(2.6)

Moreover,

f ′(t, qm) = 2arsinh

(√
πmq

2t

)
. (2.7)

Thus, for t ∈ [T, 2T ],

|f ′(t, qm)| �


√

mq
T

if m ≤ T
4q
,

1 if m > T
4q
.

(2.8)

The estimates (2.5), (2.6) and (2.8) together with Lemma 2.3 show that∑
m≤T

d2(m)

m

∫ 2T

T

g21(t, qm)g22(t, qm)e2if(t,qm)dt

� T

q

∑
m≤ T

4q

d2(m)

m2
+

∑
T
4q
<m≤T

d2(m)

m
� T

q
log4 T (2.9)

in virtue of Lemma 2.6.

The second integral in the right-hand side of (2.4) will give the main term of the formula of

Theorem 2.1. Therefore, we have to use for its evaluation more precise expressions for g1(t, qm)

and g2(t, qm). It is easily seen that, for t ∈ [T, 2T ],

g21(t, qm) =

 2t
πmq

+O(1) if m ≤ T
4q
,

O(1) if m > T
4q
,
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and

g22(t, qm) =


(
2πqm
t

) 1
2 +O

(
qm
t

) 3
2 if m ≤ T

4q
,

O(1) if m > T
4q
.

Therefore, for t ∈ [T, 2T ],

g21(t, qm)g22(t, qm) =

 2
3
2

√
t

πmq
+O

(√
qm
t

)
if m ≤ T

4q
,

O(1) if m > T
4q
.

Hence, for every ε > 0,

1

4q

∑
m≤T

d2(m)

m

∫ 2T

T

g21(t, qm)g22(t, qm)dt =
1

√
2πq

3
2

∑
m≤ T

4q

d2(m)

m
3
2

∫ 2T

T

t
1
2dt

+O

√ 1

Tq

∑
m≤ T

4q

d2(m)√
m

∫ 2T

T

dt

+O

1

q

∑
T
4q
<m≤T

d2(m)

m

∫ 2T

T

dt

 =

2

3
√

2πq
3
2

∑
m≤ T

4q

d2(m)

m
3
2

((2T )
3
2 − T

3
2 ) +O


√
T

q

∑
m≤ T

4q

d2(m)√
m


+O

(
T

q

∑
m≤T

d2(m)

m

)
=

2

3
√

2πq
3
2

∞∑
m=1

d2(m)

m
3
2

((2T )
3
2 − T

3
2 )

+O

((
T

q

)1+ε
)

+O

(
T

q
log4 T

)
(2.10)

in virtue of Lemma 2.6.

Now let S2(q, t) be a part of
∑2

1(q, t) in (2.3) with m 6= n. In this case, we need a lower

estimate for

f ′(t, qm)± f ′(t, qn).

Using (2.7), we �nd that, for t ∈ [T, 2T ],

|f ′(t, qm)± f ′(t, qn)| �



√
q
T
|
√
m±

√
n| if m ≤ T

4q
, n ≤ T

4q
,

| log m
n
| if m > T

4q
, n > T

4q
,

min
(√

q
T
|
√
m±

√
n|, | log m

n
|, 1
)

if m ≤ T
4q
, n > T

4q

or n ≤ T
4q
,m > T

4q
.
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Therefore, taking into account estimates (2.5) and (2.6), and applying Lemmas 2.3 - 2.5, we

obtain ∫ 2T

T

S2(q, t)dt � T

q2

∑
m≤ T

4q

∑
n≤ T

4q

d(m)d(n)

(mn)
3
4

|
√
m−

√
n|−1

+
1

q

∑
T
4q
<m≤T

∑
T
4q
<n≤T

d(m)d(n)√
mn| log m

n
|

+
1

q
3
4

∑
m≤T

∑
n≤T

d(m)d(n)

(mn)
3
4

|
√
m−

√
n|−1

+
T

1
4

q
5
4

∑
m≤T

∑
n≤T

d(m)d(n)√
mn| log m

n
|

+
T

1
4

q
5
4

∑
m≤T

∑
n≤T

d(m)d(n)√
mn

� T 1+ε

q2+ε
+
T

q
log4 T +

T ε

q
3
4

+
T

5
4

q
5
4

log4 T

�
(
T

q

) 5
4

log4 T.

This, together with (2.4), (2.9) and (2.10) show that∫ 2T

T

∑2

1
(q, t)dt =

2

3
√

2πq
3
2

∞∑
m=1

d2(m)

m
3
2

((2T )
3
2 − T

3
2 ) +O

(
T

q

) 5
4

log4 T. (2.11)

It remains to estimate the integral

∫ 2T

T

∑2

2
(q, t)dt.

We have that∑2

2
(q, t) =

4

q

∑
m≤N1

∑
n≤N1

d(m)d(n)√
mn

(
log

qt

2πm

)−1(
log

qt

2πn

)−1
cos(g(t, qm)) cos(g(t, qn))

=
2

q

∑
m≤N1

∑
n≤N1

d(m)d(n)√
mn

(
log

qt

2πm

)−1(
log

qt

2πn

)−1

×(cos(g(t, qm) + g(t, qn)) + cos(g(t, qm)− g(t, qn))), (2.12)
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where

g(t, qm) = t log
qt

2πm
− t+

2πm

q
+
π

4
,

and

N1 = N1(q, t, T ) = q

 t

2π
+
qT

2
−

((
qT

2

)2

+
qT t

2π

) 1
2

 .

We have that

N1 ≤ q

(
t

2π
+
qT

2
− qT

2

(
1 +

t

πqT
− t2

2(πqT )2

))
=

t2

4π2T
.

Therefore, for m ≤ N1 and t ∈ [T, 2T ], qt
2πm
≥ πq, hence(

log
qt

2πm

)−1
� 1. (2.13)

Moreover, for m ≤ N1, n ∈ N1, m 6= n, and t ∈ [T, 2T ],

(g(t, qm) + g(t, qn))′ =

(
t log

(qt)2

4π4mn
− 2t+

2π

q
(m+ n) +

π

2

)′
= log

(qt)2

4π2mn

= log
qt

2πm
+ log

qt

2πn
�
∣∣∣∣log

qt

2πm
− log

qt

2πn

∣∣∣∣� ∣∣∣log
m

n

∣∣∣ (2.14)

and

(g(t, qm)− g(t, qn))′ =

(
t log

m

n
+

2π(m− n)

q

)′
�
∣∣∣log

m

n

∣∣∣ . (2.15)

Denote by Z1(q, t) a part of
∑2

2(q, t) in(2.12) with m 6= n, and let T1 ≥ T be such that

N1(q, t, T ) ≥ max(m,n) for t ≥ T1. Then an application of Lemmas 2.3 and 2.5, and (2.12) -

(2.15) yields∫ 2T

T

Z1(q, t)dt =
2

q

∫ 2T

T

∑∑
m≤N1(q,t,T ),n≤N1(q,t,T )

m6=n

d(m)d(n)√
mn

(
log

qt

2πm

)−1(
log

qt

2πn

)−1

×(cos(g(t, qm) + g(t, qn)) + cos(g(t, qm)− g(t, qn))dt

=
2

q

∑∑
m≤N1(q,2T,T ),n≤N1(q,2T,T )

m 6=n

d(m)d(n)√
mn

∫ T

T1

(
log

qt

2πm

)−1(
log

qt

2πn

)−1
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×(cos(g(t, qm) + g(t, qn)) + cos(g(t, qm)− g(t, qn))dt

� 1

q

∑∑
m≤T,n≤T
m 6=n

d(m)d(n)√
mn

∣∣∣log
m

n

∣∣∣� T

q
log4 T. (2.16)

Let Z2(q, t) denote a part of
∑2

2(q, t) in (2.12) with m = n. Then, by Lemma 2.6, we �nd that∫ 2T

T

Z2(q, t)dt�
1

q

∑
m≤T

d2(m)

m

∫ 2T

T

dt� T

q
log4 T.

This, (2.12) and (2.16) give the bound∫ 2T

T

q2
∑2

2
(q, t)dt� Tq log4 T. (2.17)

Obviously, by (2.1), ∫ 2T

T

R2(q, t)dt� Tq log4 T.

Therefore, in view of (2.17),∫ 2T

T

(q
∑

2
(q, t) +R(q, t))2dt�

∫ 2T

T

q2
∑2

2
(q, t)dt+

∫ 2T

T

R2(q, t)dt� Tq log4 T. (2.18)

Applying the Cauchy-Schwarz inequality, we deduce from(2.11) and (2.18) the estimate∫ 2T

T

q
∑

1
(q, t)

(
q
∑

2
(q, t) +R(q, t)

)
dt� q

(∫ 2T

T

∑2

1
(q, t)dt

) 1
2

×
(∫ 2T

T

(
q
∑

2
(q, t) +R(q, t)

)2
dt

) 1
2

� (T
3
4 q

1
4 + T

5
8 q

3
8 log2 T )

×T
1
2 q

1
2 log2 T � T

5
4 q

3
4 log2 T.

Combining this with (2.2), (2.11) and (2.18) gives the formula∫ 2T

T

E2(q, t)dt =
2
√
q

3
√

2π

∞∑
m=1

d2(m)

m
3
2

((2T )
3
2 − T

3
2 ) +O(T

5
4 q

3
4 log4 T ).

Now we take in the latter formula T2−j, j = 1, 2, ..., [log2 T ] + 1 in place of T , and sum the

results over j. This shows that∫ T

2

E2(q, t) =
2
√
q

3
√

2π
T

3
2

∞∑
m=1

d2(m)

m
3
2

+O(T
5
4 q

3
4 log4 T ). (2.19)
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If q ≤ TψT
log16 T

, where ψT = o(1) as T →∞, then, clearly,

T
5
4 q

3
4 log4 T = T

3
2 q

1
2T−

1
4 q

1
4 log4 T ≤ T

3
2 q

1
2ψ

1
4
T = o(T

3
2 q

1
2 )

as T →∞.

Proof of Remark 2.2. Since the series

∞∑
m=1

d2(m)

m
3
2

is convergent, the �rst term in the right-hand side of (2.19) admits the estimate � (T
3
2 q

1
2 ).

Thus, we have an asymptotic formula.
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Chapter 3

Mean square of the function Eσ(q, T )

In this chapter, we extend Theorem 2.1 to the strip {s ∈ C : 1
2
< σ < 3

4
}. We remind that

Eσ(q, T ) =

q∑
a=1

∫ T

0

|ζa
q
(σ + it)|2dt− qζ(2σ)T

−ζ(2σ − 1)Γ(2σ − 1) sin(πσ)

1− σ
(qT )2−2σ.

The main result of the chapter is the following statement.

Theorem 3.1 Let σ, 1
2
< σ < 3

4
, be �xed. Then, for T → ∞ and q ≤ T 1− 4σ

3
−ε with every

ε > 0, ∫ T

2

E2
σ(q, t)dt = 2(5− 4σ)−1(2π)2σ−

3
2 q

3
2
−2σT

5
2
−2σ

∞∑
m=1

σ2
1−2σ(m)

m
5
2
−2σ

+O(q
11
4
−2σT

7
4
−σ log T ).

Remark 3.2. If q ≤ T
3
5
− 4σ

5
−ε with arbitrary ε > 0, then the equality of Theorem 3.1 is

asymptotic.

3.1. Some estimates

In this section, we present some known estimates that will be applied in the proof of Theo-

rem 3.1.
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Lemma 3.3. The estimates ∑
m≤x

σ2
1−2σ(m)

m2−2σ � x2σ−1

and ∑
m≤x

σ1−2σ(m)

m2−2σ � x2σ−1

are true.

Proof of Lemma 3.3. Since 1− 2σ < 0, the series over primes∑
p

|σ2
1−2σ(p)− 1| log p

p

is convergent. Therefore, from general mean values theorems for multiplicative functions, see,

for example, [25], we obtain that ∑
m≤x

σ2
1−2σ(m)� x.

This and summing by parts give the estimate of the lemma.

The second estimate of the lemma is obtained similarly.

Lemma 3.4. For every ε > 0,∑
m≤x

∑
n≤x

m6=n

σ1−2σ(m)σ1−2σ(n)

(mn)
5
4
−σ

|
√
m−

√
n|−1 � x2σ−1+ε.

Proof of Lemma 3.4. We have that∑
m≤x

∑
n≤x

m6=n

σ1−2σ(m)σ1−2σ(n)

(mn)
5
4
−σ

|
√
m−

√
n|−1

�
∑

n<m≤x

σ1−2σ(m)σ1−2σ(n)

(mn)
5
4
−σ

(
√
m−

√
n)−1

�
∑
n≤m

2

+
∑
n>m

2

.
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We observe that, for n ≤ m
2
, we have that m − n ≥ m

2
, thus, (m − n)−1 � m−1 for n ≤ m

2
.

Therefore, using Lemma 3.3 and partial summation, we �nd∑
n≤m

2

�
∑
m≤x

σ1−2σ(m)

m
5
4
−σ

∑
n≤m

2

σ1−2σ(n)

n
5
4
−σ

(√
m+

√
n
)

(m− n)−1

�
∑
m≤x

σ1−2σ(m)

m
3
4
−σ

∑
n≤m

2

σ1−2σ(n)

n
5
4
−σ

(m− n)−1

�
∑
m≤x

σ1−2σ(m)

m
7
4
−σ

∑
n≤m

2

σ1−2σ(n)

n
5
4
−σ

�
∑
m≤x

σ1−2σ(m)

m
7
4
−σ

mσ− 1
4 =

∑
m≤x

σ1−2σ(m)

m2−2σ � x2σ−1,

and, for every ε > 0,∑
n>m

2

�
∑

m≤x
σ1−2σ(m)
m2−2σ

∑
m
2
<n<m

σ1−2σ(n)
m−n � x2σ−1+ε.

Lemma 3.5. We have∑
m≤x

∑
n≤x

m 6=n

σ1−2σ(m)σ1−2σ(n)

(mn)1−σ

∣∣∣log
m

n

∣∣∣−1 � x2σ log x.

Proof of Lemma 3.5. In view of Lemma 3.3 and the estimate [16]∑
m≤x

∣∣∣log
m

n

∣∣∣−1 � x+ n log x,

we �nd that the considered sum is estimated as

�
∑
m≤x

∑
n≤x

m 6=n

(
σ2
1−2σ(m)

m2−2σ +
σ2
1−2σ(n)

n2−2σ

) ∣∣∣log
m

n

∣∣∣−1

�
∑
m≤x

∑
n≤x

m 6=n

σ2
1−2σ(m)

m2−2σ

∣∣∣log
m

n

∣∣∣−1

�
∑
m≤x

σ2
1−2σ(m)

m2−2σ

∑
n≤x

∣∣∣log
m

n

∣∣∣−1
� x2σ + log x

∑
m≤x

σ2
1−2σ(m)

m1−2σ � x2σ log x.
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3.2. Proof of Theorem 3.1.

For brevity, we write ∑
1
(q, T ) =

∑
1,σ

(q, T )

and ∑
2
(q, T ) =

∑
2,σ

(q, T ).

Then by Theorem 1.1, we have that∫ 2T

T

E2
σ(q, t)dt =

∫ 2T

T

∑2

1
(q, T )dt+ 2

∫ 2T

T

∑
1
(q, T )

(∑
2
(q, T ) +R(q, t)

)
dt

+

∫ 2T

T

(∑
2
(q, T ) +R(q, t)

)2
dt. (3.1)

For brevity, we write

g1(t, qm) =

(
arsinh

(√
πqm

2t

))−1
,

g2(t, qm) =

(
t

2πqm
+

1

4

)− 1
4

and

f(t, qm) = 2tarsinh

(√
πqm

2t

)
+
√

2πqmt+ t2q2m2 − π

4
.

Then, taking N = T in Theorem 1.1, we have that

∑
1
(q, t) = 2σ−1q1−σ

(
t

π

) 1
2
−σ ∑

m≤T

(−1)qmσ1−2σ(m)

m1−σ

×g1(t, qm)g2(t, qm) cos(f(t, qm)).

Hence, ∑2

1
(q, t) = 22σ−2q2−2σ

(
t

π

)1−2σ ∑
m≤T

∑
n≤T

(−1)qm+qnσ1−2σ(m)σ1−2σ(n)

(mn)1−σ
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×g1(t, qm)g1(t, qn)g2(t, qm)g2(t, qn) cos(f(t, qm)) cos(f(t, qn))

= 22σ−3q2−2σ
(
t

π

)1−2σ ∑
m≤T

∑
n≤T

(−1)qm+qnσ1−2σ(m)σ1−2σ(n)

(mn)1−σ

×g1(t, qm)g1(t, qn)g2(t, qm)g2(t, qn)

×(cos(f(t, qm) + f(t, qn)) + cos(f(t, qm)− f(t, qn))). (3.2)

Let S1(q, t) be the part of
∑2

1(q, t) in (3.2) with m = n. Then∫ 2T

T

S1(q, t)dt = 22σ−3q2−2σπ2σ−1Re
∑
m≤T

σ2
1−2σ(m)

m2−2σ

×
∫ 2T

T

t1−2σg21(t, qm)g22(t, qm)e2if(t,qm)dt

+22σ−3q2−2σπ2σ−1
∑
m≤T

σ2
1−2σ(m)

m2−2σ

∫ 2T

T

t1−2σg21(t, qm)g22(t, qm)dt. (3.3)

It is not di�cult to see that, for t ∈ [T, 2T ],

g1(t, qm)�


√

T
mq

if m ≤ T
4q
,

1 if m > T
4q
,

(3.4)

and

g2(t, qm)�


(
mq
T

) 1
4 if m ≤ T

4q
,

1 if m > T
4q
.

(3.5)

Moreover, for t ∈ [T, 2T ],

|f ′(t, qm)| �


√

mq
T

if m ≤ T
4q
,

1 if m > T
4q
.

(3.6)

In view of estimates (3.4) - (3.6), using Lemmas 2.3 and 3.3, we �nd that

22σ−3q2−2σπ2σ−1Re
∑
m≤T

σ2
1−2σ(m)

m2−2σ

×
∫ 2T

T

t1−2σg21(t, qm)g22(t, qm)e2if(t,qm)dt
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� q1−2σT 2−2σ
∑
m≤ T

4q

σ2
1−2σ(m)

m3−2σ

+q2−2σT 1−2σ
∑

T
4q
<m≤T

σ2
1−2σ(m)

m2−2σ ≤ q1−2σT 2−2σ + q2−2σ. (3.7)

For the second term in the right-hand side of (3.3), we use more precise estimates for the

functions g1(t, qm) and g2(t, qm), namely, for t ∈ [T, 2T ],

g21(t, qm) =

 2t
πmq

+O(1) if m ≤ T
4q
,

O(1) if m > T
4q
,

and

g22(t, qm) =


(
2πqm
t

) 1
2 +O

((
qm
t

) 3
2

)
if m ≤ T

4q
,

O(1) if m > T
4q
.

Hence, for t ∈ [T, 2T ],

t1−2σg1(t, qm)g2(t, qm) =

 2
2
3 t

3
2
−2σ (πmq)−

1
2 +O

(
t
1
2
−2σ (qm)

1
2

)
if m ≤ T

4q
,

O(t1−2σ) if m > T
4q
.

Therefore,

22σ−3q2−2σπ2σ−1
∑
m≤T

σ2
1−2σ(m)

m2−2σ

∫ 2T

T

t1−2σg21(t, qm)g22(t, qm)dt

= 22σ− 3
2π2σ− 3

2 q
3
2
−2σ

∑
m≤ T

4q

σ2
1−2σ(m)

m
5
2
−2σ

∫ 2T

T

t
3
2
−2σdt

+O

q 5
2
−2σ

∑
m≤ T

4q

σ2
1−2σ(m)

m
3
2
−2σ

∫ 2T

T

t
1
2
−2σdt


+O

q2−2σ ∑
T
4q
<m≤T

σ2
1−2σ(m)

m2−2σ

∫ 2T

T

t1−2σdt


=

22σ− 3
2π2σ− 3

2 q
3
2
−2σ

5
2
− 2σ

+
∑
m≤ T

4q

σ2
1−2σ(m)

m
5
2
−2σ

((2T )
5
2
−2σ − T

5
2
−2σ)

+O

q 5
2
−2σT

3
2
−2σ

∑
m≤ T

4q

σ2
1−2σ(m)

m
3
2
−2σ

+O

q2−2σT 2−2σ
∑

T
4q
<m≤T

σ2
1−2σ(m)

m2−2σ


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=
22σ− 3

2π2σ− 3
2 q

3
2
−2σ

5
2
− 2σ

+
∞∑
m=1

σ2
1−2σ(m)

m
5
2
−2σ

((2T )
5
2
−2σ − T

5
2
−2σ) +O(q2−2σT ) (3.8)

by application of Lemma 3.3.

Denote by S2(q, t) the part of
∑2

1(q, t) in (3.2) withm 6= n. In this case, we use the estimate,

for t ∈ [T, 2T ],

f ′(t, qm)± f ′(t, qn)�


√

q
T
|
√
m±

√
n| if m ≤ T

4q
, n ≤ T

4q
,∣∣log m

n

∣∣ if m > T
4q
, n > T

4q
,

1 if m ≤ T
4q
, n > T

4q
or m > T

4q
, n ≤ T

4q
.

This, Lemmas 2.3, 3.3 - 3.5 and estimates (3.4), (3.5) give the estimate∫ 2T

T

S2(q, t)dt � q1−2σT 2−2σ
∑
m≤ T

4q

∑
n≤ T

4q

m 6=n

σ1−2σ(m)σ1−2σ(m)

(mn)
5
4
−σ

|
√
m−

√
n|−1

+q2−2σT 1−2σ
∑

T
4q
<m≤T

∑
T
4q
<m≤T

m 6=n

σ1−2σ(m)σ1−2σ(n)

(mn)1−σ
∣∣log m

n

∣∣
+q

7
4
−2σT

5
4
−2σ

∑
m≤T

∑
n≤T

m6=n

σ1−2σ(m)σ1−2σ(n)

(mn)1−σ

� q2−4σT 1+ε + q2−2σT log T + q
7
4
−2σT

1
4 � q2−2σT 1+ε.

This, (3.3), (3.7) and (3.8) show that∫ 2T

T

∑2

1
(q, t)dt = 22σ− 3

2

(
5

2
− 2σ

)−1
π2σ− 3

2 q
3
2
−2σ

×
∞∑
m=1

σ2
1−2σ(m)

m
5
2
−2σ

((2T )
5
2
−2σ − T

5
2
−2σ) +O(q2−2σT 1+ε). (3.9)

Now we will estimate ∫ 2T

T

∑2

2
(q, t)dt.

By the de�nition of
∑

2(q, t), we have that∑2

2
(q, t) = 4q2−2σ

(
t

2π

)1−2σ ∑
m≤N1

∑
n≤N1

σ1−2σ(m)σ1−2σ(n)

(mn)1−σ
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×
(

log

(
qt

2πm

))−1(
log

(
qt

2πn

))−1
cos(g(t, qm)) cos(g(t, qn))

= 2q2−2σ
(
t

2π

)1−2σ ∑
m≤N1

∑
n≤N1

σ1−2σ(m)σ1−2σ(n)

(mn)1−σ

×
(

log

(
qt

2πm

))−1(
log

(
qt

2πn

))−1

×(cos(g(t, qm) + g(t, qn)) + cos(g(t, qm)− g(t, qn))), (3.10)

where

g(t, qm) = t log

(
qt

2πm

)
− t+

π

4
,

and

N1 = N1(q, t, T ) = q

 t

2π
+
qT

2
−

((
qT

2

)2

+
qT t

2π

) 1
2

 .

It is not di�cult to see, that

N1 ≤
t2

4π2T
.

Therefore, for m ≤ N1 and t ∈ [T, 2T ],

qt

2πm
≥ πq > 3.

This implies the estimate (
log

qt

2πm

)−1
� 1. (3.11)

Moreover, by the de�nition of g(t, qm), we �nd that

(g(t, qm)± g(t, qn))′ �
∣∣∣log

m

n

∣∣∣ . (3.12)

Denote by Z1(q, t) the part of
∑2

1(q, t) in (3.10) with m 6= n, and let T1 ≥ T be such that

N1(q, t, T ) ≥ max(m,n) for t ≥ T1. Then we deduce from Lemmas 2.3 and 3.5, and from

estimates (3.10) - (3.12) that∫ 2T

T

Z1(q, t)dt = 2q2−2σ(2π)2σ−1
∑

m≤N1(q,t,T )

∑
n≤N1(q,t,T )

σ1−2σ(m)σ1−2σ(n)

(mn)1−2σ
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×t1−2σ
(

log

(
qt

2πm

))−1(
log

(
qt

2πn

))−1

×(cos(g(t, qm) + g(t, qn)) + cos(g(t, qm)− g(t, qn)))dt

= 2q2−2σ(2π)2σ−1
∑

m≤N1(q,2T,T )

∑
n≤N1(q,2T,T )

σ1−2σ(m)σ1−2σ(n)

(mn)1−2σ

×
∫ 2T

T1

t1−2σ
(

log

(
qt

2πm

))−1(
log

(
qt

2πn

))−1

×(cos(g(t, qm) + g(t, qn)) + cos(g(t, qm)− g(t, qn)))dt

� q2−2σT 1−2σ
∑
m≤T

∑
n≤T

σ1−2σ(m)σ1−2σ(n)

(mn)1−2σ

∣∣∣log
m

n

∣∣∣−1
� q2−2σT log T. (3.13)

Now let Z2(q, t) be the part of
∑2

2(q, t) in (3.10) with m = n. Then, by Lemma 3.3., we

�nd that ∫ 2T

T

Z2(q, t)dt� q2−2σT 1−2σ
∑
m≤T

σ2
1−2σ(m)

m2−2σ � q2−2σT.

This, (3.10) and (3.3) show that∫ 2T

T

∑2

2
(q, t)dt� q2−2σT log T. (3.14)

Clearly, in virtue of the estimate

R(q, t) = O(q
7
4
−σ log T ),

∫ 2T

T

R2(q, t)dt� Tq
7
2
−2σ log2 T.

This, together with (3.14), gives∫ 2T

T

(∑
2
(q, t) +R(q, t)

)2
dt �

∫ 2T

T

∑2

2
(q, t)dt+

∫ 2T

T

R2(q, t)dt
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� q
7
2
−2σT log2 T. (3.15)

Moreover, the Cauchy-Schwarz inequality and (3.9), (3.15) imply the estimate∫ 2T

T

∑
1
(q, t)

(∑
2
(q, t) +R(q, t)

)
dt

�
(∫ 2T

T

∑2

1
(q, t)dt

) 1
2
(∫ 2T

T

(∑
2
(q, t) +R(q, t)

)2
dt

) 1
2

� q
11
4
−2σT

7
4
−σ log T.

This estimate together with (3.1), (3.9) and (3.15) gives∫ 2T

T

E2
σ(q, t)dt = 22σ− 3

2

(
5

2
− 2σ

)−1
π2σ− 3

2 q
3
2
−2σ

×
∞∑
m=1

σ2
1−2σ(m)

m
5
2
−2σ

(
(2T )

5
2
−2σ − T

5
2
−2σ
)

+O(q
7
2
−2σT log2 T )

+O(q
11
4
−2σT

7
4
−σ log T ). (3.16)

Since q � T 1− 4σ
3
−ε, we have that the �rst error term in (3.16) is smaller than the second.

Now, taking T
2
, T
22
, ... in place of T and summing, we obtain the theorem.

Proof of Remark 3.2. Clearly, 3
5
− 4σ

5
< 1− 4σ

3
for σ < 3

4
. Moreover, for σ < 3

4
,

∞∑
m=1

σ2
1−2σ(m)

m
5
2
−2σ

<∞

and we have that, for q ≤ 3
5
− 4σ

5
− ε,

q
11
4
−2σT

7
4
−σ = o(q

3
2
−2σT

5
2
−2σ)

as T →∞.
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Chapter 4

Asymptotic formulae for the fourth power

moment of the periodic zeta-function in

the critical strip

In this chapter, we obtain asymptotic formulae with estimated error term for the fourth power

moment of the periodic zeta-function
∫ T
1
|ζλ(σ + it)|4dt in the critical strip 1

2
< σ < 1. We

investigate two cases when the parameter λ, 0 < λ < 1, is irrational and rational.

We will prove the following two theorems.

Theorem 4.1. Suppose that the parameter λ is irrational, 0 < λ < 1, 1
2
< σ < 1 and

T →∞. Then, for every ε > 0,∫ T

1

|ζλ(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+O(T

3
2
−σ+ε).

Theorem 4.2. Suppose that the number λ is rational, 0 < λ < 1, 3
4
< σ < 1 and T →∞.

Then, for every ε > 0,∫ T

1

|ζλ(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+O(T

7
4
−σ+ε).
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4.1. Approximate functional equation

The proof of Theorems 4.1 and 4.2 is based on the approximate functional equation for the

function ζλ(s).

Denote by [u] the integer part of u, and de�ne

p(t) =

[√
t

2π
− 1

]
, q(t) =

[√
t

2π

]
, g(λ, t) = 2

√
t

2π
− p(t)− q(t)− λ− 1,

f(λ, t) = − t

2π
log

t

2πe
− 7

8
+

1

2
(1− λ2) + p(t)− q(t)

+2

√
t

2π
(q(t)− p(t) + λ− 1)− 1

2
(q(t) + p(t))− λ(1 + q(t)− p(t))

and

ψ(t) =
cos π( t

2

2
− t− 1

8
)

cos πt
.

Lemma 4.3. Suppose that 0 < λ < 1, 0 ≤ σ ≤ 1 and t ≥ t0 > 0. Then

ζλ(s) =
∑

1≤m≤p(t)

e2πiλm

ms
+

(
t

2π

) 1
2
−σ−it

eit+
πi
4

∑
0≤m≤q(t)

1

(m+ λ)1−s

+

(
t

2π

)−σ
2

eπif(λ,t)+2πiλψ(g(λ, t)) +O(t
σ
2
−1).

Proof of Lemma 4.3. The assertion of the lemma follows from an approximate functional

equation for the Lerch zeta-function, see [7], [30] and equality (0.3).

From Lemma 4.3 we have that, for 0 ≤ σ ≤ 1,

ζλ(s) = S1(s) + S2(s) +O(t−
1
4 ), (4.1)

where

S1(s) =
∑

1≤m≤p(t)

e2πiλm

ms
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and

S2(s) =

(
t

2π

) 1
2
−σ−it

eit+
πi
4

∑
0≤m≤q(t)

1

(m+ λ)1−s
.

4.2. Asymptotics for the fourth power moment of the sum

S1(s)

In this section, we investigate the asymptotics for the fourth power moment of the sum S1(s).

Lemma 4.4. Suppose that 0 < λ < 1, 1
2
< σ < 1 and T →∞. Then, for every ε > 0∫ T

1

|S1(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+O(T

3
2
−σ+ε).(4.2)

Proof of Lemma 4.4. For the proof of this lemma, we use the method similar to that for the

Riemann zeta-function [45]. We �nd that

|S1(σ + it)|4 =
∑
m1

e2πiλm1

mσ+it
1

∑
m2

e2πiλn1

nσ+it1

∑
m2

e2πiλm2

mσ−it
2

∑
n2

e2πiλn2

nσ−it2

=
∑

m1,n1,m2,n2

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

(
m2n2

m1n1

)it
,

where in each sum we sum over [1,m(t)]. Let T1 = 2πmax((m1 + 1)2, (n1 + 1)2, (m2 + 1)2, (n2 +

1)2). Then we have∫ T

1

|S1(σ + it)|4dt =

∫ T

1

∑
m1,n1,m2,n2

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

(
m2n2

m1n1

)it
dt

=
∑

1≤m1,n1,m2,n2≤m(T )

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

∫ T

T1

(
m2n2

m1n1

)it
dt

=
∗∑

m1n1=m2n2

(T − T1)e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

+O

(
∗∑

m1n1 6=m2n2

| log m2n2

m1n1
|−1

(m1n1m2n2)σ

)
, (4.3)
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where the star ∗ means, that the sum is taken over m1, n1, m2, n2 ∈ [1,m(T )]. Let d(k) =∑
d/k 1, k ∈ N , be the divisor function, and N(k) be the number of solutions of the equation

m1n1 = m2n2 = k. Then, we have that N(k) = d2(k), if k ≤ u, m1, n1, m2, n2 ≤ u, and

N(k) ≤ d2(k), if k ≥ u, m1, n1, m2, n2 ≤ u. It is well known [45] that, for σ > 1
2
,

∞∑
k=1

d2(k)

k2σ
=
ζ4(2σ)

ζ(4σ)
.

Also, it is well know that d(k) = Oε(k
ε) with every ε > 0. Therefore,

∗∑
m1n1=m2n2

Te2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

= T
∑

m1n1=m2n2≤m(T )

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

+T
∗∑

m(T )<m1n1=m2n2≤m2(T )

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

= T
∑

m1n1=m2n2≤m(T )

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ
+O

T ∑
k≥m(T )

d2(k)

k2σ


= T

∑
m1n1=m2n2

m1+n1=m2+n2

1

(m1n1m2n2)σ
+ T

∑
m1n1=m2n2

m1+n1 6=m2+n2

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ
+O(T (3/2)−σ+ε)

= T
∑

m1n1=m2n2

1

(m1n1m2n2)σ
− T

∑
m1n1=m2n2

m1+n1 6=m2+n2

1− cos 2πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

+iT
∑

m1n1=m2n2
m1+n1 6=m2+n2

sin 2πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ
+O(T (3/2)−σ+ε)

= T
ζ4(2σ)

ζ(4σ)
− T

∑
m1n1=m2n2

m1+n1 6=m2+n2

1− cos 2πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

+iT
∑

m1n1=m2n2
m1+n1 6=m2+n2

sin 2πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ
+O(T (3/2)−σ+ε) (4.4)

By de�nition of T1 and symmetry

∗∑
m1n1=m2n2

T1
(m1n1m2n2)σ

≤ 2π
∗∑

m1n1=m2n2

(m1 + 1)2 + (n1 + 1)2 + (m2 + 1)2 + (n2 + 1)2

(m1n1m2n2)σ

= O

(
∗∑

m1n1=m2n2

m2
1

(m1n1m2n2)σ

)
= O

(
∗∑

m1,n1

m2
1d(m1n1)

(m1n1)2σ

)
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= O

T ε ∑
m1≤m(T )

1

m2σ−2
1

∑
n1≤m(T )

1

n2σ
1


= O(T ε(T (1/2)(3−2σ))) = O(T (3/2)−σ+ε). (4.5)

Using the estimate [45]∑
0<m

∑
<n≤T

1

mσnσ log(n/m)
= O(T 2−2σ log T ),

1

2
≤ σ < 1,

we �nd that

∗∑
m1n1 6=m2n2

| log(m2n2/m1n1)|−1

(m1n1m2n2)σ
= O

∑
0<m<

∑
n≤m2(T )

d(m)d(n)

(mn)σ log(n/m)


= O

T ε ∑
0<m<

∑
n≤m2(T )

1

(mn)σ log(n/m)

 = O(T 2−2σ+ε). (4.6)

From estimates (4.1) - (4.6) we have that∫ T

1

|S1(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1)2σ

)
+O(T

3
2
−σ+ε).

4.3. Estimates for the fourth power moment of the sum S2(s)

We apply the following lemma.

Lemma 4.5. Suppose that u1, ..., ur are complex numbers, λ1, ..., λr are distinct real num-

bers, and δm = minn6=m|λn − λm|. Then

r∑
m,n=1

umun(λn − λm)−1 �
r∑

m=1

|um|2δ−1m .

The lemma is called a modi�cation of the Hilbert inequality, and was obtained by H. L.

Mongomery and R. C. Vaughan in [39], Theorem 2.
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Lemma 4.6. Let λ be irrational, 0 < λ < 1, 1
2
< σ < 1 and T →∞. Then for every ε > 0∫ T

1

|S2(σ + it)|4dt = Oλ(T
2−2σ+ε).

Proof of Lemma 4.6. Denote

Z(T ) =

∫ T

1

∣∣∣∣∣∣
∑

0≤m≤q(t)

1

(m+ λ)1−σ−it

∣∣∣∣∣∣
4

dt.

Then

Z(T ) = O

(∫ T

1

∣∣∣∣ 1

λ1−σ−it

∣∣∣∣4 dt+ Z1(T )

)
= Oλ(T ) +O(Z1(T )), (4.7)

where

Z1(T ) =

∫ T

1

∣∣∣∣∣∣
∑

1≤m≤q(t)

1

(m+ λ)1−σ−it

∣∣∣∣∣∣
4

dt.

As in the case of S1(s) we have that

Z1(T ) =

∫ T

1

∑
m1,n1,m2,n2

1

((m1 + λ)(n1 + λ)(m2 + λ)(n2 + λ))1−σ

×
(

(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)it
dt,

where every m1, n1, m2, n2 runs over the interval [1, q(t)]. Therefore,

Z1(T ) =
∑

1≤m1,n1,m2,n2≤q(T )

1

((m1 + λ)(n1 + λ)(m2 + λ)(n2 + λ))1−σ

×
∫ T

T2

(
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)it
dt,

where T2 = 2πmax(m2
1, n

2
1,m

2
2, n

2
2). Since λ is irrational, we have that (m1 + λ)(n1 + λ) =

(m2 + λ)(n2 + λ) if and only if m1n1 = m2n2 and m1 + n1 = m2 + n2. Therefore,

Z1(T ) = O

(
∗∑

m1n1=m2n2

T − T2
((m1 + λ)(n1 + λ))2−2σ

)

+
∗∑

(m1+λ)(n1+λ)6=(m2+λ)(n2+λ)

∣∣∣log
(

(m1+λ)(n1+λ)
(m2+λ)(n2+λ)

)∣∣∣−1
(m1n1m2n2)1−σ

. (4.8)
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The star ∗ means that the summing runs over m1, n1,m2, n2 ∈ [1, q(T )]. It is easily seen that

∗∑
m1n1=m2n2

T

((m1 + λ)(n1 + λ))2−2σ
= O

T ∑
k≤q2(T )

d2(k)

k2−2σ

 = O
(
T 2σ+ε

)
. (4.9)

and

∗∑
m1n1=m2n2

T2
((m1 + λ)(n1 + λ))2−2σ

= O

 ∑
m1,n1≤q(T )

m2
1d(m1n1)

(m1n1)2−2σ


= O

T ε
 ∑
m1≤q(T )

m2σ
1

∑
n1≤q(T )

1

n2−2σ
1

 = O(T 2σ+ε). (4.10)

Moreover, when (m1 + λ)(n1 + λ) 6= (m2 + λ)(n2 + λ), then∣∣∣∣log
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

∣∣∣∣ ≥ min

(
c(λ)

(m1 + λ)(n1 + λ)
,

c(λ)

(m2 + λ)(n2 + λ)

)
,

where c(λ) is a positive constant. From this ant Lemma 4.5 we have that

∗∑
m1n1 6=m2n2

(m1+λ)(n1+λ)6=(m2+λ)(n2+λ)

∣∣∣log
(

(m1+λ)(n1+λ)
(m2+λ)(n2+λ)

)∣∣∣−1
(m1n1m2n2)1−σ

= Oλ

T ε ∑
1≤m≤q2(T )

m

m2−2σ

 = Oλ(T
2σ+ε), (4.11)

and

∗∑
m1n1=m2n2

(m1+λ)(n1+λ)6=(m2+λ)(n2+λ)

∣∣∣log
(

(m1+λ)(n1+λ)
(m2+λ)(n2+λ)

)∣∣∣−1
(m1n1m2n2)1−σ

= Oλ

 ∑
k≤q2(T )

kd2(k)

k2−2σ

 = O(T 2σ+ε). (4.12)

Now estimates (4.8) - (4.12) imply

Z1(t) = Oλ(T
2σ+ε).

Therefore, in view of (4.7),

Z(t) = Oλ(T
2σ+ε). (4.13)
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The de�nition of S2(s) and (4.13) show that∫ T

1

|S2(σ + it)|4dt = O

(∫ T

1

t2−4σdZ(t)

)

= O

(
t2−4σZ(t)|T1 + (4σ − 2)

∫ T

1

Z(t)t1−4σdt

)

= Oλ

(
T 2−2σ+ε +

∫ T

1

t1−2σ+εdt

)
= Oλ(T

2−2σ+ε).

and the lemma is proved.

Lemma 4.7 Suppose that λ is rational, 0 < λ < 1, 3
4
< σ < 1 and T →∞. Then, for every

ε > 0 ∫ T

1

|S2(σ + it)|4dt = O(T
5
2
−2σ+ε).

Proof of Lemma 4.7. We preserve the notation used in the proof of Lemma 4.6. We start

with the formula for Z1(T )

Z1(T ) =
∑

1≤m1,n1,m2,n2≤q(T )

1

((m1 + λ)(n1 + λ)(m2 + λ)(n2 + λ))1−σ

×
∫ T

T2

(
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)it
dt. (4.14)

We separate two cases

(m1 + λ)(n1 + λ) = (m2 + λ)(n2 + λ)

and

(m1 + λ)(n1 + λ) 6= (m2 + λ)(n2 + λ).

Obviously, in the �rst case we have∫ T

T2

(
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)it
dt =

∫ T

T2

dt = T − T2,

while, in the second case, the estimate∫ T

T2

(
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)it
dt =

∫ T

T2

exp

{
it log

(
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)}
dt
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=

(
log

(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)−1
exp

{
it log

(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

}T
1

�
∣∣∣∣log

(
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)∣∣∣∣−1
follows. From the last two estimates and (4.14) we obtain that

Z1(T )�
∗∑

(m1+λ)(n1+λ)=(m2+λ)(n2+λ)

T − T2
((m1 + λ)(n1 + λ))2−2σ

+
∗∑

(m1+λ)(n1+λ)6=(m2+λ)(n2+λ)

∣∣∣log
(

(m1+λ)(n1+λ)
(m2+λ)(n2+λ)

)∣∣∣−1
((m1 + λ)(n1 + λ)(m2 + λ)(n2 + λ))1−σ

, (4.15)

where the star "*" means that we sum over m1, n1,m2, n2 from the interval [1, q(T )]. I is not

di�cult to see that

T
∗∑

(m1+λ)(n1+λ)=(m2+λ)(n2+λ)

1

((m1 + λ)(n1 + λ))2−2σ

� T
∑
m≤q2

∑
m−
√
T≤n≤m+

√
T

d(m)d(n)

m2−2σ

� T
3
2
+ε
∑
m≤q2

d(m)

m2−2σ � T
1
2
+2σ+ε. (4.16)

and
∗∑

(m1+λ)(n1+λ)=(m2+λ)(n2+λ)

T2
((m1 + λ)(n1 + λ))2−2σ

�
∑
m1,n1

∑
<q(T )

∑
m1n1−

√
T≤n≤m1n1+

√
T

m2
1d(m1n1)d(n)

(m1n1)2−2σ

� T
1
2
+ε

 ∑
m1≤q(T )

m2σ
1

∑
n1≤q(T )

1

n2−2σ
1

� T
1
2
+2σ+ε. (4.17)

For estimation of the second sum in (4.15), we apply Lemma 4.5. For a certain positive constant

c(λ), we have that∣∣∣∣log
(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

∣∣∣∣ ≥ c(λ) min

(
1

(m1 + λ)(n1 + λ)
,

1

(m2 + λ)(n2 + λ)

)
what is an analogue of the well known inequality∣∣∣log

n

m

∣∣∣ > min

(
1

n
,

1

m

)
, m, n ∈ N,
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with m 6= n. Therefore, the application of Lemma 4.5 yields, for every ε > 0,

∗∑
(m1+λ)(n1+λ) 6=(m2+λ)(n2+λ)

∣∣∣log (m1+λ)(n1+λ)
(m2+λ)(n2+λ)

∣∣∣−1
(m1n1m2n2)1−σ

�λ T
ε

∑
1≤m≤q2(T )

m

m2−2σ �λ T
2σ+ε.

From this and (4.15) - (4.17), we �nd that

Z1(T )�λ T
1
2
+2σ+ε.

This estimate together with (4.7) shows that

Z(T )�λ T
1
2
+2σ+ε (4.18)

with every ε > 0. Now, from the de�nitions of the functions S2(s) and Z(T ), and (4.18), we

deduce that

∫ T

1

|S2(σ + it)|4 �
∫ T

1

t2−4σ

∣∣∣∣∣∣
∑

0≤m≤q(t)

1

(m+ λ)1−σ−it

∣∣∣∣∣∣
4

dt

=

∫ T

1

t2−4σdJ(t) = t2−4σJ(t)|T1 − (2− 4σ)

∫ T

1

J(T )t1−4σdt

� t2−4σt
1
2
+2σ+ε|T1 +

∫ T

1

t
1
2
+2σ+εt1−4σdt

� t
5
2
+2σ+ε|T1 +

∫ T

1

t
3
2
−2σ+εdt� T

5
2
−2σ+ε +

t
5
2
−2σ+ε

5
2
− 2σ + ε

T
1

� T
5
2
−2σ+ε.

4.4. Proof of Theorem 4.1

From (4.1), we �nd that

|ζλ(s)|4 = |S1(s) + S2(s) +O(t−
1
4 )|4
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= (S1(s) + S2(s) +O(t−
1
4 ))2(S1(s) + S2(s) +O(t−

1
4 ))2

= (S2
1(s) + S2

2(s) + 2S1(s)S2(s) +O(|S1(s)|t−
1
4 ) +O(|S2(s)|t−

1
4 )

+O(t−
1
2 ))× (S2

1(s) + S2
2(s) + 2S1(s)S2(s) +O(|S1(s)|t−

1
4 )

+O(|S2(s)|t−
1
4 ) +O(t−

1
2 ))

= |S1(s)|4 + S2
1(s)S2

2(s) + 2S2
1(s)S1(s)S2(s) + S2

1(s)S2
2(s) + |S2(s)|4

+2S1(s)S
2
2(s)S2(s) + 2S1(s)S2

1(s)S2(s) + 2S1(s)S2
2(s)S2(s)

+4|S1(s)|2|S2(s)|2 +O(|S1(s)|3t−
1
4 ) +O(|S1(s)|2|S2(s)|t−

1
4 )

+O(|S1(s)|2t−
1
2 ) +O(|S1(s)||S2(s)|2t−

1
4 ) +O(|S2(s)|3t−

1
4 )

+O(|S2(s)|2t−
1
2 ) +O(|S1(s)||S2(s)|t−

1
2 ) +O|S1(s)|t−

3
4 )

+O(|S2(s)|t−
3
4 ) +O(t−1). (4.19)

Using the Cauchy-Schwarz inequality, Lemmas 4.4 and 4.6, we obtain the estimates∫ T

1

(S2
1(σ + it)S2

2(σ + it) + S2
1(σ + it)S2

2(σ + it) + 4|S2
1(σ + it)|2|S2

2(σ + it)|2)dt

= O

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S2(σ + it)|4dt
) 1

2

= Oλ(T
3
2
−σ+ε),

∫ T

1

(2S2
1(σ + it)S1(σ + it) + S2(σ + it) + S1(σ + it)S2

1(σ + it)S2(σ + it)

+2S1(σ + it)S2
2(σ + it)S2(σ + it) + 2S1(σ + it)S2

2(σ + it)S2(σ + it))dt

= O

(∫ T

1

|S1(σ + it)|2|S2(σ + it)|2dt
) 1

2
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×

((∫ T

1

|S1(σ + it)|4dt
) 1

2

+

(∫ T

1

|S2(σ + it)|4dt
) 1

2

)

= Oλ

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S2(σ + it)|4dt
) 1

4 (
T

1
2 + T 1−σ+ε

)

= Oλ

(
T

3
4
−σ

2
+ε
(
T

1
2 + T 1−σ+ε

))
= Oλ

(
T

5
4
−σ

2
+ε
)
,

∫ T

1

|S1(σ + it)|3t−
1
4dt = O

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S1(σ + it)|2t−
1
2dt

) 1
2

= Oλ

(
T

3
4
+ε
)
,

∫ T

1

|S2(σ + it)|3t−
1
4dt = O

(∫ T

1

|S2(σ + it)|4dt
∫ T

1

|S2(σ + it)|2t−
1
2dt

) 1
2

= Oλ

(
T

3
2
− 3

2
σ+ε
)
,

∫ T

1

|S1(σ + it)||S2(σ + it)|2t−
1
4dt = O

(∫ T

1

|S1(σ + it)|2t−
1
2dt

∫ T

1

|S2(σ + it)|4dt
) 1

2

= Oλ

(
T

5
4
−σ+ε

)
,

∫ T

1

|S1(σ + it)|2|S2(σ + it)|t−
1
4dt = O

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S2(σ + it)|2t−
1
2dt

) 1
2

= Oλ

(
T 1−σ

2
+ε
)
,

∫ T

1

|S1(σ + it)||S2(σ + it)|t−
1
2dt = O

(∫ T

1

|S1(σ + it)|2dt
∫ T

1

|S2(σ + it)|2t−
1
2dt

) 1
2

= Oλ

(
T

3
4
−σ

2
+ε
)
.

The above estimates together with (4.19) and Lemmas 4.4 and 4.6 show that∫ T

1

|ζλ(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+Oλ(T

3
2
−σ+ε).
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4.5. Proof of Theorem 4.2

The proof of Theorem 4.2 is similar to that of Theorem 4.1 with one di�erence that, in place

of Lemma 4.6, we apply Lemma 4.7.

Applying of Lemmas 4.4 and 4.7 together with the Cauchy-Schwarz inequality gives the

estimates∫ T

1

(S2
1(σ + it)S2

2(σ + it) + S2
1(σ + it)S2

2(σ + it) + 4|S2
1(σ + it)|2|S2

2(σ + it)|2)dt

�
(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S2(σ + it)|4dt
) 1

2

�λ T
7
4
−σ+ε,

∫ T

1

(2S2
1(σ + it)S1(σ + it)S2(σ + it) + 2S1(σ + it)S2

1(σ + it)S2(σ + it)

+2S1(σ + it)S2
2(σ + it)S2(σ + it) + 2S1(σ + it)S2

2(σ + it)S2(σ + it))dt

�
(∫ T

1

|S1(σ + it)|2|S2(σ + it)|2dt
) 1

2

×

((∫ T

1

|S1(σ + it)|4dt
) 1

2

+

(∫ T

1

|S2(σ + it)|4dt
) 1

2

)

�λ

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S2(σ + it)|4dt
) 1

4

×(T
1
2 + T 1−σ+ε)�λ (T

7
8
−σ

2
+ε(T

1
2 + T 1−σ+ε))�λ T

11
8
−σ

2
+ε,

∫ T

1

|S1(σ + it)|3t−
1
4dt�

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S1(σ + it)|2t−
1
2dt

) 1
2

� T
3
4
+ε,

∫ T

1

|S2(σ + it)|3t−
1
4dt�

(∫ T

1

|S2(σ + it)|4dt
∫ T

1

|S2(σ + it)|2t−
1
2dt

) 1
2

�λ T
15
8
− 3

2
σ+ε,
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∫ T

1

|S1(σ + it)‖S2(σ + it)|2t−
1
4dt�

(∫ T

1

|S1(σ + it)|2t−
1
2dt

∫ T

1

|S2(σ + it)|4dt
) 1

2

�λ T
3
2
−σ+ε,

∫ T

1

|S1(σ + it)|2|S2(σ + it)|t−
1
4dt�

(∫ T

1

|S1(σ + it)|4dt
∫ T

1

|S2(σ + it)|2t−
1
2dt

) 1
2

�λ T
5
4
−σ

2
+ε,

∫ T

1

|S1(σ + it)S2(σ + it)|t−
1
2dt�

(∫ T

1

|S1(σ + it)|2t−
1
2dt

∫ T

1

|S2(σ + it)|2t−
1
2dt

) 1
2

�λ T
7
8
−σ

2
+ε.

All these estimates, and Lemmas 4.4 and 4.7 lead to∫ T

1

|ζλ(σ + it)|4dt = T

(
ζ4(2σ)

ζ(4σ)
− 2

∑
m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1m2n2)σ

)
+O(T

7
4
−σ+ε).
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Conclusions

In the thesis, it was obtained that the periodic zeta-function ζλ(s) has the following properties:

1. For the error term Eσ(q, T ) of the formula for

q∑
a=1

∫ T

0

|ζa
q
(σ + it)|2dt

the Atkinson-type formula is true with 1
2
< σ < 3

4
.

2. Asymptotic formulae for the mean squares of E(q, T ) (E 1
2
(q, T ) = E(q, T )) and Eσ(q, T )

with 1
2
< σ < 3

4
are valid.

3. Asymptotic formulae for the fourth power moment of ζλ(s) are valid in the strip 1
2
< σ < 1.
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Notation

N set of all positive integers

R set of all real numbers

C set of all complex numbers

i =
√
−1 imaginary unity

s = σ + it, σ, t ∈ R complex variable

Res real part of s

Ims imaginary part of s

γ0 Euler constant

d(m) divisor function, d(m) =
∑
d|m

1

σα generalized divisor function, σα(m) =
∑
d|m

dα

f(x)�θ O(g(x)), x ∈ I means that |f(x)| ≤ Cθg(x), x ∈ I

f(x)�θ g(x), x ∈ I means that f(x) = Oθ(g(x)), x ∈ I

ζ(s) Riemann zeta-function de�ned, for σ > 1, by

ζ(s) =
∞∑
m=1

1
ms
,

and by analytic continuation elsewhere

L(λ, α, s) Lerch zeta-function with parameters λ and α de�ned,

for σ > 1, by

L(λ, α, s) =
∞∑
m=0

e2πiλm

(m+α)s
,

and by analytic continuation elsewhere
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ζλ(s) periodic zeta-function with parameter λ de�ned,

for σ > 1, by

ζλ(s) =
∞∑
m=1

e2πiλm

ms
,

and by analytic continuation elsewhere

Γ(s) Euler gamma-function de�ned,

for σ > 1 by

Γ(s) =
∞∫
0

e−uus−1du,

and by analytic continuation elsewhere
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