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Introduction

The periodic zeta-function in a half-plane of absolute convergence is defined by an ordinary

2miAm

Dirichlet series with coefficients e , where X is a real parameter. In the thesis, problems

related to the moments of the periodic zeta-function are considered.

Actuality

In the theory of the value distribution, various approaches are applied. One of the most
popular approaches is the investigation of moments of zeta-functions. This is motivated by
a fact that, in various problems, the individual values of zeta-functions can be replaced by
their mean values. Moreover, in some cases, the asymptotics of moments of zeta-functions
implies probabilistic limit theorems. Therefore, the majority of analytic number theorists are
concerned to the moment problem of zeta-functions. The first significant results in the field
were obtained by the famous G. H. Hardy and J. E. Littlewood (an asymptotic formula for
the mean square of the Riemann zeta-function) and A. E. Ingham (an asymptotic formula
for the fourth power moment of the Riemann zeta-function). The moment problem for the
Riemann zeta-function was developed by D. R. Heath-Brown, M. Jutila, A, Ivi¢, A. Selberg.
Later, important results were obtained by F. V. Atkinson, K. Ramachandra, K. Matsumoto,
T. Meurman, J. B. Conrey, A. Ghosh, J. Steuding. Recently, K. Soundararajan proposed new

ideas for the moment problem, and improved a series of results [44].

Moments of zeta-functions also have a nice tradition in Lithuania. J. Kubilius, A. Maknys,
A. Bulota, A. Matuliauskas considered the moments of zeta-functions of algebraic number fields.
A. Laurinc¢ikas and his students R. Garunkstis, D. éiauéiﬁnas, S. Zamarys, J. Karaliunaite, R.

Ivanauskaité investigated the moments of the Riemann zeta-function, Dirichlet L-functions,
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zeta-functions of cusp forms, Dirichlet series with periodic coefficients and other zeta-functions,

and applied the results obtained.

Aims and problems

The aim of the thesis is to obtain asymptotic formulae for some analytic objects related to the

periodic zeta-function. The problems are the following.

1. To prove the Atkinson-type formula with a new error term in the critical strip for the

periodic zeta-function with rational parameter.

2. To prove a mean square formula for the error term in the Atkinson-type formula on the

critical line for the periodic zeta-function.

3. To prove a mean square formula for the error term in the Atkinson-type formula in the

critical strip for the periodic zeta-function.

4. To obtain an asymptotic formula for the fourth power moment of the periodic zeta-

function.

Methods

For the proof of the Atkinson-type formula, modifications of the methods of Atkinson, Mat-
sumoto and Meurman are applied. For the mean square formulae, the method of Heath-Brown
and Ivic¢ is developed. For the fourth power moment, the method of approximate functional

equations is used.

Novelty

All results of the thesis are new. The Atkinson-type formula in the critical strip for the periodic
zeta-function was considered by J. Karaliunaité, however, in the thesis, this formula is given

with a corrected new error term with respect to the parameter.



History of the problem

The moment problem in analytic number theory, first of all, is related to the investigations of
value-distribution of the Riemann zeta-function ((s), s = o + it. We remind that the function

((s) is defined, for o > 1, by the Dirichlet series

o0

1
((s) = me’
m=1
and is analytically continued to the whole complex plane, except for a simple pole at the point
s = 1 with residue 1. The moment problem of ((s) consists of finding the asymptotics or

estimates for the quantities
ar [T 1
Ii(o,T) = / IC(o +it)[*dt, o > 5 k>0,
0

as T'— oo. In some problems, the information on Iy (o, T) successfully replaces the individual
values of the function ((s). This is clearly illustrated by the relation of the moment problem

to the Lindeldf hypothesis which asserts that, for every € > 0,

q (% —H’t) = O:([t]°), |t] > to.

It is not difficult to prove, see, for example [45], that the the Lindelof hypothesis is equivalent,

for every € > 0, to the estimate

1
f (§’T> = O.(T"*), keN.

On the other hand, the investigation of moments of zeta-functions is a very complicated but

interesting problem of analytic number theory. In the theory of the function ((s), there exists

a conjecture that

I (% T) ~ c(k)T(log T)** (0.1)

as T' — oo with some constants c(k), however, it is proved only for few values of k. G. H. Hardy

and J. E. Littlewood [9] obtained that ¢(1) = 1. A. E. Ingham proved [14] that ¢(2) = 5.

Moreover, (0.1) is true [28| for

VloglogT



with ¢(k) = 1 for positive a bounded by a constant. Also, various estimates for I (3,T) are
known. Very precise results in this direction were obtained by D. R. Heath-Brown. In [12], he

proved that the bound
1 k’2
I §,T > ¢ T (logT) (0.2)

with some ¢, > 0 holds for all rational k. Under the Riemann hypothesis (RH) ({(s) # 0,
for o > 1), the latter estimate was earlier obtained by K. Ramachandra [43] for all k£ > 0.

Moreover, in [12], it was proved the upper bound

1
I (§,T) < ¢, T(log T)*

for k = %, m € N, and, under RH, for 0 < k& < 2. Using RH, J. B. Conrey and A. Ghosh |2]

obtained the inequality

5 (5T) 2 @) + o) Tlog )

with explicitly given ¢é(k) for all £ > 0, and D. R. Heath-Brown in [13] gave, for 0 < k < 2, the
bound

I (%T) < ((k2 - 3(2 — k)é(k) + 0(1)> T(logT)*.

There exist conjectures that [3]

and [4]

where




Similar results for I, (% + %, T> with I — oo were obtained by A. Laurin¢ikas in 28] and

[29]. In [29], it was conjectured that

T 1 1.
/O€(§+E+Zt)

as T'— oo with some constants b(k).

2k

dt = b(k) min(iz, log T)** (1 + o(1))

Many attention is devoted to the asympotics of I; (%, T) . Let 7o denote the Euler constant,

ie.,

. 1
Y = nh_)II;O (Z o logn> =0,577215...,

m<n

and
1 27 g 9 0 .

The classical result [45] asserts that E(T) = O(T2") with every ¢ > 0. The best known

estimate

E(T) = 0 (T (log T) ¥ )
was obtained in [46]. The conjectural bound is O(T'3%¢) with every & > 0.

The function E(T) was studied by many number theorists. This can be explained not only
by itself interest of E(7T') but also its close relation to the famous Dirichlet problem on the
estimate of the quantity

A@) =3 dm) — w(log + 29 — 1),
m<zx
where
dim) =Y "1, meN,
d|lm

is the divisor function. The results can be found in [16] and [17].

Various methods for the investigation of F(7') are known. F. V. Atkinson in [1] proposed
a new approach which allows to obtain an explicit formula for E(7") with a small error term.

Let ¢; < co be two positive constants, c;T' < N < ¢ T, and

T N N2 NT
M=NIN) =+ 5=V T T o
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Define the functions
arsinh(x) = log(z + V1 4 22),

f(T,m) = 2Tarsinh ( %) +V2rmT + w2m2 — %

Then the Atkinson theorem is of the following form [1].

Theorem A. The formula

E(T) = % ngv % (arsinh ( %))_1 (% + i) B cos(f(T,m))

—QZM log —— B Tlog — — T+~ + O(log?T)
vm ®omm) & orm 4 °8

holds.

The proof of Theorem A with some small corrections is also given in the monograph [16]. We
see that the Atkinson formula expresses the error term E(7") by some rather simple elementary

functions. This allows a more precise examination of E(T).

The papers [19], [20], [38] and [40] are devoted to modified versions of Theorem A. A.

Laurincikas gave [26], [27] a version of the Atkinson formula near the critical line.

T. Meurman gave [37] a generalization of the Atkinson formula for Dirichlet L-functions.
H. Ishikawa and K. Matsumoto proved [15]| the Atkinson-type formula for the product of ((s)

and a Dirichlet polynomial.

We note that the Atkinson formula is a useful tool in the theory of the Riemann zeta-
function. This formula is used to obtain various estimates for the error term in the formula
for I(o,T), and to continue the investigations of I(o,T). For example, D. R. Heath-Brown
applied [11] Theorem A for the estimate of Ig (%, T). He proved that

Is (%T) = O(T?*(log T)'").

More mean value results for the Riemann zeta-function can be found in the excellent survey

papers [34] and [18].
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In the thesis, the Atkinson type formula is discussed for the periodic zeta-function ()(s),

A € R. The function (,(s) is defined, for 0 > 1, by the Dirichlet series

For A\ € Z, the function ()(s) reduces to the Riemann zeta-function. On the other hand, ¢)(s)
is closely related to the Lerch zeta-function

27r2>\m

L\« s) ZOera o>1,

where a, 0 < a < 1, is a fixed parameter. Namely, we have that
G(s) = ™A L(M1,8), 0 > 1. (0.3)

Since the function L(A, 1, s) with A ¢ Z is entire one [30], we also have that the function (,(s)
with A ¢ Z has analytic continuation to the whole complex plane. In view of the periodicity of

the coefficients €>™™, we may suppose without loss of generality that 0 < \ < 1.

The function ()(s) is not so important in analytic number theory than ((s), however, it
is a rather interesting analytic object depending on the parameter A, and occurs in various
problems. For example, (,(s) is used in the mean square formula of L(\, «, s) with respect to

the parameter « [30].

Theorem B. Suppose that % <o <1is firted and t > 1. Then, for any X € R,

! : 1 [(1—o+it)
L(A it) —a 7 "2d = 2I'(20 — 1)R 20 —1)——r———+
[ e i - a e = are - e (a0 - - T

—2Re (e (\(o +it) — 1) + O(t ™).
In [30], analogous formulae are also obtained for o = § and o = 1.

In virtue of (0.3), the moments of the function ()(s) coincide with those of the function
L(\, 1,s). Therefore, the theorems of Section 4.2 from [30] imply the following results. Denote
by ((s,a), 0 < a < 1, the Hurwitz zeta-function, i.e., {(s,a) = L(\, a, s) with A € Z.

Theorem C. Suppose that 0 < X\ < 1 and % <o <1. Then, as T — oo,

(2mr)2—1

. 2—20
T ((2—20,\)T

T
/ |CG(o +dt)|2dt = ((20)T +
0

13



+O(T* 7 1ogT) + O(T?).

Define the constant c(\) by

L1 1
Z— =logn + c¢(\) + O (—) , T — 00,
= m+ A n
and ¢(1) is Euler constant .
Theorem D. Suppose that 0 < A < 1. Then, as T — oo,

T
/O Cx (% +z‘t>

For the proof of Theorems C and D, an approximate functional equation for the Lerch zeta-

2
dt = Tlog T + T(c(A) +~ — 1 —log 27) + O(T= log T).

function [7] is applied.

A more interesting and complicated mean square problem for the function ()(s) is the

following. Suppose that A is a rational number, i.e., A = ‘é with integers a and ¢, 1 < a < gq.

Similarly to the case of Dirichlet L-functions, one can consider the mean square value

Z/ o (0 4 it)|2dt. (0.4)

The later problem with o = I was begun to study in [23|, and analogue of Theorem A was

ot

Let ¢; and ¢y be two positive constants, ¢; < ¢, such that ;7' < N < ¢, and

T gN gN\ gNT\?
Ny = Ni(¢, T, N) = L ((ED) 22 )
1= Ni(¢,T,N) q<2+2 (<2)+2W)>

obtained. Define

2

T
dt — qT <logq—+270 — 1) .
27

Moreover, let

mwqm

T = 2T arsinh
f(T,m,q) arsin ( 5T

) + \/27rqu—l—7r2q m? — 1

and

T
g(T,m,q) = Tlog( q ) —T—i—%.
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So, we see that f(T,m,q) = f(T,mq) and g(T,m,q) = g(T, %) in the notation of Theorem A.

Define two sums

> (a7 \/— Z

m<N

hQ
3
&
A~
o
=
@
=
=
A~
o |2
=
~__
~_
|
A~
Y
< [N
3
=~ =
~__
ol

x cos f(T,m,q)

and

> @1 =~ Z ( 7;)lcosg(Tym,CJ)-

m<N1

Then the following analogue of Theorem A is true [23].

Theorem E. Suppose that ¢ <T. Then

B, T)=q (D (@ T)+> (@.7)) + O(Vqlog? T) + O(qT ).

Note that, in the case ¢ = 1, Theorem E completely coincides with Theorem A. We also
observe that the proof of Theorem E requires a bound ¢ < T.
K. Matsumoto obtained [33] an analogue of the Atkinson formula for fixed ¢ in the range

% <o < %. Namely, he proved an explicit formula for the quantity

E,(T) = L(o,T) — ¢(20)T — (zm%lﬁﬂ%.

The role of the divisor function in this formula is played by the generalized divisor function

:Zda,ae(c.

dlm

Let N and Ny, and f(T,m) and g(T, m) be the same as in Theorem A. Define two sums

> (1) =2 (Z) s (0" o)

X <arsinh ( %))1 (% + i>_ cos(f(T,m))

and

>, (1) =2 (%”) > “17;;’(:” (log QZm)lcos(g(T, m)).

m<Ny



Then the Matsumoto theorem [33] is of the form.

Theorem F. Suppose that % <o < %.Then

EA(T) =3, (T)+3, (T)+R(T),

where R(T) = O(log T') with the O-constant depending only on o.

In [35], the formula of Theorem F was extended to the interval 3 < o < 1. For this, a very
complicated approach different from that of Atkinson was developed.

J. Karaliunaité , in [21] and in her thesis [22], also considered a version of Theorem E for
fixed o, % < o < 1. In the proof of Atkinson type formula for the error term of the quantity
(0.4), some new problems arise from the involving of the parameter ¢ which can grow together
with T'. Unfortunately, as it was detected by a careful reading, the occurrence of the parameter
¢ in the formula of [21] is not correct. Therefore, our first aim was to reprove an analogue of
Theorem E for fixed o, % <o < %, and Chapter 1 of the thesis is devoted to the latter problem.
Let

l1—0

Z/ (o + Dt — gc(20yT — S2T = DLRo = D)sin(mo) sy

Preserving the notation of Theorem E, define two sums

Zlva(q,T) _ 9o-lgl-o (%) i 5 (_1)51:51020(7”)

m<N

ram\\ T 1\ i
X (arsinh( 2q—T>> (27rqm + Zl) cos(f(T,m,q))

and

>, @T)=-2"" (%) - > %‘_@ (log (%))1 cos(g(T,m, q)).

m<N;

Now we state the main theorem of Chapter 1 obtained in [6].
Theorem 1.1. Suppose that % <o < %.Then forq<T,

Eog.T) =) @D+, (0T)+R(T),

where R(q,T) = O(q%_" log T') with the O-constant depending only on o.
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Chapter 2 of the thesis is devoted to the mean square of F(q,T"). A similar problem for the
Riemann zeta-function was introduced by D. R. Heath-Brown [10]. In [10], see also [16], he

obtained, as T" — oo, the formula

o0

/TE2 27 Z O(T log T). (0.5)
— 1]o .
) RN % s

Using Theorem E, in Chapter 2 of the thesis, we prove the following generalization of formula

(0.5).

Theorem 2.1. For T — oo and q¢ < 1T7

) 278 &
/2 Bt = e Z

), the above formula is asymptotic.

Tiq% log* T).

M\w

_T__
log!® T

If g =1, then E(q,t) = E(t). Thus, Theorem 2.1 contains formula (0.5).

For g = o

Chapter 3 of the thesis deals with the mean square of E,(q,T). There a generalization of
the formula for the mean square of F,(t) is presented. In [33], K. Matsumoto proved that, for

T 28 5
[ ron = 2o D (2 (L) i

+0 <T£_G log T> :

1 3
<0<,

In [36], the error term in the above formula has been replaced by O(T'). Moreover, in [33], it

was obtained that

T e %
/2 B}t = = 2T log T + O(T (log )2,

and, for % <o <1,

/T E2(t)dt = O(T).

Theorem 3.1. Let o, % <o < %, be fixed. Then, for T — oo and q < T1=% < with every

e>0,

T o0 2
/ Eﬁ(Qv t>dt = 2(5 _ 40-)—1(271.)20—gq§ 20'T7—20' Z 01720(m>
2



+O(q1 2 Ti " logT).

Remark 3.2. Ifq < T5=5 = with arbitrary € > 0, then the equality of Theorem 3.1 is
asymptotic.

For ¢ = 1, we have the Matsumoto result.

In the last chapter of the thesis, Chapter 4, asymptotic formulae for the fourth power
moment of the periodic zeta-function in the critical strip are obtained. These formulae depend
on the arithmetics of the parameter A\. The case of irrational and rational A are discussed.

The monograph [45], Chapter VII, contains the following limit theorem.

Theorem G. Suppose that % <o <1. Then

17 14
lim — | (o +it)|*dt =
1

T—oo T

Theorem G was generalized in [31] for the function ()(s).

Theorem H. Suppose that the parameter X is irrational, 0 < X\ < 1. Then, for % <o <1,

¢*(20)

(o) 7

Z sin® TA(my + ny — mg — no)
(minimang)® '

1 (T
lim —/ G\ (o +it)|*dt =
T=o0 T 1 mini=mang

In Section 4.1, the rate of convergence in Theorem H is estimated.

Theorem 4.1. Suppose that the parameter X is irrational, 0 < \ < 1, % <o <1and

T — oo. Then, for every e > 0,

/T (o +it)|*dt =T <C4<20> -2 ) s mA(ma + 1 — mp n2)> +O(T3779),
1

<(40') T =T (mmlmgng)"

The case of rational parameter A is more complicated, and the analogues of Theorems H
and 4.1 are valid in a more narrow region than in the case of irrational A. In [32], the following

analogue of Theorem H was given.

18



Theorem 1. Suppose that the parameter X\ is rational, 0 < A < 1. Then, for % <o<l1,

sin? TA(my + ny — my — ny)

g T . ~ (*(20)
lim Tfl |G (o +it)|*dt = C(40) —2 Z (minimaony)®

T—o00
mini=mana2

Section 4.2 of the thesis contains the improvement of Theorem I with the rate of convergence.

Theorem 4.2. Suppose that the number X\ is rational, 0 < A < 1, % <o<1landT — oc.

Then, for every e > 0,
sin® TA(my +ny — mg — no)

/1 |</\(U + 'it)|4dt =T <i(f§)) -2 Z (mlnlm2n2)a > + O(TE_U"_&),

mini=msanz

For the proof of Theorems H, I, 4.1 and 4.2 the approximate functional equation for the

function (,(s) is applied.
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Approbation

The results of the thesis were presented at the MMA (Mathematical Modelling and Analysis)
conferences (MMA 2012, June 6 - 9, 2012, Tallinn, Estonia), (MMA 2013, May 27 - 30, Tartu,
Estonia), at the 27th Journées Arithmétiques (June 27-July 1, 2011, Vilnius University, Faculty
of Mathematics and Informatics, Lithuania), at the International Number Theory Conference
(September 8-13, 2013, Siauliai University, Lithuania), at the Conferences of Lithuanian Math-
ematical Society (2008, 2011, 2012, 2013), as well as at the seminars of Number Theory in

Vilnius University.
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Chapter 1

Atkinson type formula for the periodic

zeta-function

Let 0 < A < 1 be a fixed parameter. We remind that the periodic zeta-function ¢,(s), s = o+it,
is defined, for ¢ > 1, by the Dirichlet series

and by analytic continuation elsewhere. For A = 1, the function (,(s) becomes the Riemann
zeta-function ((s), thus, it has the unique simple pole at the point s = 1 with residue 1. For

0 < A < 1, the function ()(s) is entire one.

This chapter is devoted to the Atkinson type formula for the error term in the averaged
mean square formula for the periodic zeta-function with rational parameter A in the critical

strip.

1.1. Statement of the Atkinson-type formula

Let a and g be integers, 1 < a < q. For % < o < 1, define

E,(q,T) Z/ (o +it)|*dt — q¢(20)T

24



(20 = 1)I'(20 — 1) sin(7o)

T 2—20
1 _ O_ (q ) )

where, as usual, ['(s) is the Euler gamma-function.

Let ;T < N < ¢T with some positive constants ¢; < c¢o. Define

1
T gN gN\?> ¢NT\’
M=MNigN.T)=q %*7‘((7) T ) )

denote by g,(m), a € C, m € N, the generalized divisor function, i.e.,
S
dlm

Define the functions

arsinh(x) = log(z + V1 4 22),

f(T,m,q) = 2Tarsinh (1 / WQq;z) + \/2mqmT + w2¢*m? — Z

and
qT m
T T1 —T 4+ —
(T,m,q) = Tlog (27Tm) 1
and let
1 -1
o (T\2° (=1)01_95(m) ) Tqm
__oo—1_l1l—0c
ZLU(CI’T) =2""q (;) n;\f o arsinh 5T
Tt
(5r0m +7)  contfTm.a)
and

x cos (g(T,m,q)) .

Theorem 1.1. Suppose that % <o < %.Then, forq<T,

E.(q,T) :Zl +Z T)+ R(q,T),

where R(q,T) = O(q%"’ log T') with the O-constant depending only on o.

If ¢ = 1, then we have the Atkinson formula for the Riemann zeta-function obtained in [33].
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1.2. Lemmas

Lemma 1.2. Leta%l,ﬁ,vandTeRJﬂkER,|k|21,0<a<%,a<iandeT.

Then, for every € > 0,

/b exp{iT log HTy + 2nkiy }dy

J(1+ 5)?(log )1 ‘5“ﬁ@k“%y4Th”ﬁU;é(U”‘%)Q<U°%1)ﬁ

X exp {iTV + 2mikU — Tik + %} +O0(a T + 0" Pk|™") + R(T, k)

uniformly for |ao — 1| > ¢, where

1
T 1\2
U—(5$+1>>

k
= 2arsinh | 4/ —
\%4 arsin ( QT) ,

y—a—8

Tk i |k < T,
T2kl i k| > T,

and

1 if k>0,
0 if k<.

The lemma is Lemma 2 of [1], see also Lemma 15.1 of [16]. In the above form, the lemma

is stated in |33].

For a, b, « € R, , and m, g € N, define

b -1 1 1 -t
m _ : mq T 1 T 1\2 1
I ;, — = @ h — - - -
(a,b7 ' ,a> /a x (arsm (x 2T>) (27rw2 + 4> <<27rw2 + 1 + 5
. [m . | T 2 2, 4
X exp {z (j:47rx — — 2T arsinh <x ﬁ) — (27TZB T+ 7 )) } dx.
q

Lemma 1.3. Let ¢1v/q1 < a < coy/¢T with fixed 0 < ¢; < ¢o. Then

E Tg \\ (T 3o
I (a,b; +, @,a) = 47T ! <@) (log (_q)) (— — @)
q q 2mm 2t q

26
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+O0 | 772 min | 1,

1 -1
+0 (b= (9) +0 (Z) )
q b
10 (e—CT—C T’f)

with a large constant C' > 0, where

2
1 if m < 24 ma? < (E—f — mq) < mb? and the double sign takes +,

5=
0 otherwise.

The lemma is a slight modification of Lemma 3 from [1], see also Lemma 15.2 of [16]. The

statement of the lemma follows that of Lemma 4 of [33].

The next lemmas are related to the function oy_o,(m). Let
/
Do('r) = Z 0172U(m)7
m<zx
where the sign """ means that the last term in the sum is to be halved if z € N. Define Ay _5, ()
by

C(2—20)2* %  ((20—1)
2 —20 * 2 '

Aj_25(7) = Dy(z) — ((20)7 —

Lemma 1.4. For every € > 0,

Al_gg(l’) = O((L’ﬁJrE).

The lemma is Lemma 2 from [33].
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We recall that a series is boundedly convergent if it converges almost everywhere and has

bounded partial sums.

Lemma 1.5. We have

3 [e'e]
xa® 01-20(m)
A172a(l’):\/§ﬂz -
m=1

X (cos <47T\/m_ _ %) — (32my/mz) " (16(1 — )% — 1) sin (47r\/m_ - %))

+0(z7177),
the series being boundedly convergent in any fixed finite interval of x.

The lemma is Lemma 1 of [33], and is a result of [41] and [8].

1.3. Formula for E,(q,T)

Let v and v be complex variables, Reu > 1 and Rev > 1. Then we have

m#n
Since
g it (mn) _ ) 4 if m=n (mod q),
;6 0 if m#n (modyq),
we have from (1.1) that
Y Ce(u)Goe(v) = q(¢u+v) + folu,v) + fy(v,u), (1.2)
a=1

where

o0 o0

1
folu,v) = Z Z m¥(my + qma)®”

mi1=1mo=1 1
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Using the Poisson summation formula [16] and properties of the gamma-function I'(s), we

find that, for Re(u + v) > 2 and Reu < 0,

((u+v—-DMNu+v—1)I(1—u)

fq (U’? U) = q“*”‘lf(v) + gq(u7 U)? (13)

where

2 - > cos(2mmqy)dy
l.0) = 2 > orsfm) | .
q qu+v 1 mZZI 0 yu(l + y)v

We need the analytic continuation for g,(u,v) to a certain region lying in 0 < Reu < 1,
0 < Rev < 1. Suppose that we have such an analytic continuation. Then, in view of (1.2) and

(1.3), we find that

C(u+v—1INu+v—1I'(1—u)
ZC (C(U + U) + unrvfll"(fU)

TR 13111;(“—}?;) T U)) +q(9q(u,0) + gg(v, 1)) -

In the latter equality, we take u = 0 + it and v = 20 — u = 0 — it. Then, using the estimate

[35]

T/ —0o—it) T(1—o0+it) _sin(mo), 5 9, oy
/0< (o — it) + T(o + it) )dt_ﬁT +O(T7),

we obtain that

Z/ (o + it)|2dt = g¢(20)T + (20 — )I'(20 — 1) sin(7o) (qT)*2

1—0

o+iT
—iq/ 9q(u, 20 — w)du + O(qT 7). (1.4)

—iT

Now we consider the function g,(u,20 — u). Define

o 2
h(u, z) = 2 / cos(2mry)dy
o yH(l+y)
Then, by the definition of g,(u,v),

1 [e.e]
Gq(u,20 —u) = premy E 01-25(m)h(u, mq). (1.5)
m=1
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Suppose that N € N, and let X = N + 5. Then, by the definition of D;_s,(z) and Aj_s,(z),
we have that

o

Z 01-20(m)h(u, mq) :/ h(u, qz)dD1_2, ()

m>N X

+ /OO h(u, qz)dA;_o,(x)

X

=~ AOMaX) — [ Ay e t)

d
X 81’ .

+ [T (¢t20) + 62 2000l )

X

This and (1.5) show that

1 1
9o, 20 —u) === > o1g(m)h(u,mg) — 5 A1_a0(X)h(u, ¢ X)
q MmN q
1 e Oh(u, qz)
_qZJ—l\/)V( A1_2U<x>8—$dx
1

/Xoo(g“(Zo) +¢(2 — 20)2' " *)h(u, gz )dx

q20—1

def

= 9g1(1) = gg2(u) = gg3(u) + gga(uw). (1.6)

By the definition, the function h(u,z) is analytic in the Reu < 1. Therefore, the functions

gg1(u) and g,2(u) also are analytic in the latter region.

Using Lemma 1.4 and estimate [1]

Oh(u, x)

_ Reu—2
ax - O (Q? ) ’

we obtain that

1 [ Oh(u, o0
qQJ_l/ A1_2g<x>$dx<<ql%eu—2a/ xRequﬁfQJrsdx,
X X
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and the integral is convergent for Reu < 1 — ﬁ. Since 1 — 4—+1 > o for o < 2, we have that

the function g, 3(u) is analytic in the region including the line Reu = o.

It is easily seen that

Gual) = / T(C20) + ¢(2 — 2000

q X

100 2miqay ] —i00 —2miqzy
x(/ . e L2 2§_u>dx
o yr(l+yr Sy y(1+y)

Suppose that Reu < 0. Then

1 oo s 100 e?m'qa:ydy
?TTL:(“@®+C@_Zﬂx )A y%1+w%“)dt

1 100 627Tiq:vydy 00
= 2 2 —20)x!™%
27rz'q20 (C( O') + C( O')l’ ) A yu+1(1 + y)ZU—u X
1 00 [o's] eZWiqzydy
— 2 —20)(1 —20)z™ % d
%fﬁé Oq o)1~ 20} )A W“ﬂ+w%”)x
1 100 e27rinydy
= (¢(2 2—2 Xk%(/
27m'q20 (C( 0) + C( J) ) 0 yu-i-l(l + y)2a—u
C(2—=20)(1 — 20) / /Zoo 2™y dy
27mq2cr u—i—l I +y 20 u
1 00 e27rinydy
= - 2 22 XP%(/
27Tiq20 (C( 0) + C( 0-) ) 0 yu+1(1 + y)20'7’u,

(2 —20)(1 —20)X120 /OO e2miaXy dy
2miq%° (20 —u — 1) o Y14 y)ewt

Similarly, we find that

1 0o Lo —100 6—27riqrydy
[ (e e 2o [ e

o 0o e—27rinydy
(C(QO') + <(2 — 20')X1 2 )/O yu+1(1 4 y>20'—u

1

- iR 2

c@—2@0—2¢u?40/m e~ 2maXy dy
27r2'q2"(20 Y- 1) 0 yu+1<1 + y)ZU—u—l ’

The later two equalities yield

1 * sin(2mgXy)d
) = == (C(20) (2 = 2120 [T ST
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(1.7)

C(2—-20)(1 —20)X1"2 /°° sin(2mgXy)dy
7T-q20'—2(20- —u— 1) 0 yu—i—l(l + y)QU—u—l :

The above integrals are convergent absolutely for Reu < 1. Thus, we have analytic continuation

for g,4(u) to the suitable region. Consequently, (1.4) is true for § < o < 3.

From (1.4) we find that, for £ <o < 2,

o+iT
E,(¢,T) = —iq/ 9q(u, 20 —u) + O(qT ™).
o—iT
Therefore, in view of (1.6),
Eo(q,T) = —ig* > (Gg1 — Gg2 — Gz + Gou) + O(¢T ™), (1.8)

where

[ cos(2mgmy) /"“T (1 + y)u )
G =2 9% _— — | du)d
o Z e (m)/o ( (I+y)»* Joir Yy 4
o cos(2mgmy) sin(T log 24 dy
=43 Z Ul_gg(m) ( ) ( 1+ Y ) )
y7 (1 +y)7 log =*

m<N 0

 cos(2mqXy) sin(T log 1+y)dy
7(1 4 y)7 log F*

G2—4ZA1 QO-X/

Y

oo % cos(2rqry) sin(T log =) dy
Gy :42'/ A”g(g;)% (/ ( ‘ 1) 51 1+yy) dz
0 y?(1+y)7log =*

00 0o cos(2mqy) sin(T log ) d
= 42/ Al_Qa(x)ai (/ y <($ j_y;)gafl - lgog z-zyy> d],’
0

o0 o0 20 — 1) 2 sin(T log “1¥
:42,/ A120($)/ cos(2mqy) (( ) (T'log =*)
0

X ye (z +y)7 log =+

8

(@+y) ™ (wty)tllog T (z+y)otlog? T

AL Oo 2 1
= 4¢'/ A2 (2) / cos(2mqzy) = (T cos (T log il y)
x x o Y (1+y)rtlog =" Yy

32

21T cos(T log “2) o~ !sin(T log wﬂ”) 2?7~ 1sin(T log m+y)
Y dxdy




. 14y 1
—I—sm(Tlog ” >((20—1)(1+y)—a—10g1ﬂ)>dy) dx,

Yy

2 % gin(2mgXy) sin(7 log 1%)

mq

(1= 20)¢2 — 20) X" /%(sm@my) / (2)'du )dy.

Gq,4 =

(€(20) + ¢(2 — 20) X' /

o Y1 +y)7log ¥

7q y(1+y)2=t J,_ip u—20+1

1.4. Proof of Theorem 1.1.

By (1.8), it suffices to evaluate G41 — G,4. For evaluation of G, we apply Lemma 1.2 with
a=p=0,v=1,k=¢gmand k = —gm. Then taking T < N < T gives

T\~ . oelvr—17r—L1 . ™
G =271 (T> *i Z O1_26(m)m VU 2 sin(TV + 2mgmU — wgm + Z)

; -1
gl (E)TTR _1)m o1 . Tmq
=2 (T) L Z( )0y _ge(m)m (arsmh ( 5 ))

m<N
1 1
T 1\ * m™mg T 1\2 =«
— 2Tarsinh ( /| —— 2 —+ =] - =
X <27qu + 4) cos ( arsin < = ) + 2mgm (27rqm + 4) 4>
+0 (maX <T%_“q_£+U,T_%>> . (1.9)

For GG, 9, it is sufficient to obtain an estimate. Lemma 1.2 implies that

-1
1 X
Gyo = O(A 9 (X)g7 T2 7 X7 (arsinh (\/ %))

T I -2 o-1
X <27TX(] + Z) + O(Al_gg(X)T q )

NI

Therefore, in view of Lemma 1.4,
Gy =0 (Tﬁ“q””(log Q)”) +0 (Tﬁ‘%“q"”) =0 (Tﬁ“qﬂ) . (1.10)
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Now we will deal with G, 4. First we observe that, in virtue of the residue theorem, for

0<y<1,

o+iT <1+—y>u du —cotiT o—iT 1 u d
/ y— = 27T7;R68u:20-,1(...) - / +/ + L ¢
o—ir U —20+1 o+iT —o0—iT Y u—20+1

1 20—1
= 2mi (%) +O(T 'y ™).

Moreover, for y > 1,

/J+iT 1 + y u du B O /J-l-iT

o—iT Y u—20+1 o—iT
> (sin(2rgXy) [T (1+y\" du ! o

/ <<—20_)1/ dy = / +/ ()dy
0 y(1+y) o—iT Yy u—20+1 0 1

21qXy)
:27”,/ sin(2mgXy) sin2mgXy) +O( ]sm 21qXy) ]dy)
0

y20' 0'+1

N /°° sin(27rq)2(y_)1 /UHT L+y\" du dy.
v \v(+y)* T o Yy u—20+1

We have that

du
u—20+1

) =otos)

Thus,

Lsin(2rgXy)d 2 X
2m/‘§i£%ﬁL3:mm/ Eﬂiﬁiii+0@ a7
0 Y= 0 )

Slnydy +O(T 1 71)

= 27ri(27qu)2"1/ =
0 Y

™ 1 -1

2F(20)sin(7ra)+O(T )

= (20 (gX)*

Usin(2rg X y)d @ q >
po [ @Iy (e YVvo(r! W) = o,
o+1 o o+l
0 Y 0 Y (gx)-1 Y

and, in view of the estimate
o+iT u
1+y du
=0O(logT
/a—iT ( Yy ) u—20+1 (log ),
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/°° (Sin(27quy) /"HT (1+y>“ du )d
1 y(1+y)2=t Jo i Y uw—20+1 y
B cos(2mqXy) / T 14y \" du o0
T\ 2mg Xy + )t ) Uy ) u—20+1) L
_/Oo cos(2mgXy) /"”T 1+y\"  du ]
1 2mgXy?(1+y)2o=t J,_ir Yy u—20+1 y
oo 2 X o+iT 1 u d
+a _2(7)/ < cos(2mq ?J)2 / ( +y> u )dy
1 2mqXy(1+ )% Jo_ir Yy u—20+1
/oo COS(QWQXy) /J-l—iT (1 + y)ul du d
1 2rqXy(1+y)* = J,_ir Y y?(u—20+1) 4

=O0(q 'T  logT).

All these estimates show that the second term in the formula for G, 4 is

1

@'7T(27T)2U_1 (1 — 20'>q20_2m

+O(¢° ). (1.11)

For the evaluation of the first term of G4, we apply the second mean value theorem and

Lemma 1.2. We write the integral as

Awpmy—<l@nl+ﬁzj)pqw.

(2¢X)1 # sin(T log 1+y)ylf‘j(l +y)
/ (.)dy < 2mgX / = dy
; y(1+y)log

Then

 2mgX B (1 4 B)T /5 sin(T log ) dy

log 22 y(1+y)
2mgX B (1 + B) 7 ( 1 ( 1+Z/)> h -1
= T “cos|Tlo =0(Q°T° ),
log 122 e, ) (q )

where 0 < o < 8 < (2¢X)~!. Moreover, an application of Lemma 1.2 gives the estimate

[m ()dy = O(g"T").

2¢X)~1
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From these estimates and (1.11), we obtain that

1

. 20—1 . 20-2_ -
Gq,4 = W@”) (1 20)q F(2a) sin(?TU)

+O(¢" '), (1.12)

The most complicated is the integral G,3. We apply Lemma 1.2 again and find that, for
x>T,
o 2 1 1
/ cos(2mqy) T (T cos (T log i y)) + sin (Tlog + y)
o Y (1+y)ttlog = Y y
1+y - 020—1,_o—% o-1 _o-1m3—0
x| (20—-1)(14+y)—0c—(log dy =277 w7 2¢7 a7 T2
)
-1 _1 1 -
" h mTqx T N 1)\ 4 T n 12 n 1
arsin — - - =
2T 2rqr 4 2rqr 4 2

1
T 1)\?2
X COS (arsinh ( %) + 2mwqx (M + Z) — mqx + %) + O(q"_lT%_”xU_l),

* A9 (2) mqr\\
Gy = ZQJ_IWJ_%QU_IT%_J /X 1:;2217 - (arsinh ( %))
_1 1 —1
" T n 1\ * T n 1)2 n 1
2mqr 4 2mqx 4 2
T 1\®
X CcOS <2Tarsinh ( 7;—(?) + 2mqx (M + Z) — mqT + %) dx

om0 119
X xr

In remains to evaluate and estimate the latter integrals.

Hence,

Using Lemma 1.4 and the restriction % <o < %, we obtain that

qngéU/ A1_20<I)dl’ _ O<q071T2(1%44%)+5). (114)

x x2—a

For the evaluation of the first integral in (1.13), we apply Lemma 1.5 and the argument

proposed in [33] to avoid the problem arising from the bounded convergence of the series in

Lemma 1.5. Thus, by (1.13) and (1.14),

3
T\2° B b -1
(_> lim 71=2(m) / 4 [ cos (m [m z) _ <32m, /@)
27 booo mai? ) ax qg 4 q
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x (16 (1 — ¢)* = 1) sin (4m— %— %))
T 1

" b \\ '/ T N 1\ 4 N 2 N 1)
arsinh | xy [/ — - - -
2T 2rx? 4 2nx? 4 2
. 7T 2 2 4\1 2 T
X COS <2Tarsmh <x1 / ﬁ) + (272" T + m°2™)2 — o + Z) dx

10 (qaqTﬁﬁ) _

In the notation of Lemma 1.3., this can be rewritten in the form

IS

. o—

Gy =1q o lim T

b—oo
m=1 m4

(T)g" .\ 12y (m)
— m 3 m 3 fm\
X (Rel( qX7b7_7_7§>+Im1(\/QX,b,+,_,§)+(327T$ —)
q q q
o 33 2 3)

(1.15)

+0 (q”—szﬁf%+E> .

Define

1

T ¢X gX\> ¢XT\’

Z=qg—+2) [ (L “rr)
q(27r+2> ((2>+27r

3 and o = 2, and a = /¢X for (1.15) yields

Then an application of Lemma 1.3. with a = 3

3
. g3 T 277 . 1.9 Ul_gg(m)
()t (i 2t

m<Z
-1
X (log (ﬂ) ) cos (T log (ﬂ) - T+ Z)
2mm 4
1 _ Tq o om\ !
—ip—1 01 20(771) ! Lom
+O (q ml-c ©8 2mm 2r ¢
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+O (qa—lTQ(lfig)-i-a) )

Since % <o < %, we have that

e () () -

m=1

Njw

-
as b — oo.

From the definition of Z, it follows that Z < T'. Thus, % — Z > Tq. Therefore,

.1 01-25(m) Tq o o om\ !
T 1 ——— | log | —— — — =
1 Z mi=o ( °8 (27?771)) 2r ¢

m<Z

< T q*% Z 01;0@”) < T"’2q’i

-0
m<Z

in view of the estimate

Since ¢ < T,

with some ¢; > 0. We have that

2
1 2T 1 ’X T 272 XT
(_ q2X+—q——\/_q2X> _CX L, T1 JET LTy

2 T 2

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)



Thus,

El LD D SRR S

<% Zam<Z-VZ Z-VZI<m<Z+VZ Z+VZ<m<2zZ Mm>2Z

D22 i1, |~ V7).

m4

Clearly, in view of (1.19) and Z < T,

)< Ty o1 21 =q2T° 2,

o

T~

[
/\

m<Z m<Z Z

2T 1 Z (..) < ¢2T" 1 Z T1-20(m )(\/_ Vvm)™

*—0’

%<m§Z7\/Z %<m§27\r ms
< @773 Z 01-90(m)(Z —m)~
Zem<z—Z

< q%TU_% Z O1_20(Z —m)m ™! <« q%T"_% log T,
\/nggg

AT Y (o<grt Y 2 e

Z—Z<m<Z+VZ Z—Z<m<Z+VZ

by using Lemma 1.4,

(=)
ey
=
e

Y (L)< T logT,
Z4VZ<m<2Z

and

01-95 1 _3
% % Z <<q2T 4 Z 1130 <<qéTU g

m>2 m>27 ma
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(1.23)

(1.24)

(1.25)

(1.26)

(1.27)



Finally, combining (1.16) - (1.18) and (1.20) - (1.27), we obtain that

o1 -1
a1 (2m\7 2 01_25(m) Tq
o—1 § : 1-20
Cas 2 ( 1 > mli=c (log <27rm>)

m<Z

T
x cos | T'log 4 —T+z +O(q(’_%logT).
2mm 4

Thus, from this, (1.8) - (1.10) and (1.12), Theorem 1.1 follows because Z can be replaced by

Ny with a negligible error.
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Chapter 2

Mean square of the function F(q,T)

In this chapter, we obtain a formula for

T
/ E*(q,t)dt,
2

qT
Z/ +zt|dt—qT(1og2—+2%—1)

where

and a, ¢ are as in Chapter 1, v is the Euler constant. More precisely, we prove the following

formula.

Theorem 2.1. For T'— oo and q¢ < %T,

T _2\/§T2 0
/2 E*(q,t)dt = Wor Z

For g = o(log#ﬁT), the above formula is asymptotic.

Tiq% log* T).

M\OJ

For the proof of Theorem 2.1., we apply the Atkinson-type formula for E(q,T') obtained in
[23]| with slightly changed error term.

Remark 2.2. If ¢ =1, then
T, T
0 2 2T

and Theorem 2.1. contains the result of D. R. Heath-Brown [10].
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2.1. Some lemmas

In this section, we state some estimates which will be used in the proof of Theorem 2.1. The

first of them is connected to exponential integrals.

Lemma 2.3. Let g;(t), j =1, ..., k, and f(¢) be real-valued continuous monotonic functions
on [a,b], and let f(t) have a continuous monotonic derivative on [a,b]. If |g;(t)] < M

Lk, and |f'(t)] > My " on [a,b], then

b k
a j:l

k
< 2k+3 H Mj-

J=0

Proof of the lemma is given in [16], Lemma 15.3.
The next lemmas are concerned with the divisor function d(m). Let z > 2.

Lemma 2.4. For every € > 0,

ZZ N— Vit <t

m<zx nlz

Proof of the lemma can be found in [16], 362 p., 467 p.

Lemma 2.5. We have

BB

m<zx n<lz

<< zlog .

The estimate of the lemma is given in [16], 469p.

Lemma 2.6. The estimate

d2
> (m) o log* z
m

m<zx

holds.

Proof of the lemma is given, for example, in [42].
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2.2. Proof of Theorem 2.1.

We apply the method of D. R. Heath-Brown [10] taking into account the dependence of E(q,t)
on the parameter ¢ which can increase together with 7. We recall that ¢ < %T. Denote by

R(q,T) the error term in the formula of Theorem E, thus

R(q,T) = O(y/qlog*T). (2.1)

Then we have by Theorem E that

/2TE2(q, —Q/ Z gt dt+2q/ > (@)@ (a.t)+ R(q,t)dt

T

+/ (¢, (a,1) + R(g,T))*dt. (2.2)

T

We take N =T in Theorema E. Then

57, 1.0 = 7 32 g gt ) cos( ),

m<T q

where, for brevity, we write

—1
g1(t,gm) = (arsinh( %)) ,

t 1\ 3
92 (t qm) = 2wqm + 4 )

Therefore,

SIUEE D e LEE

m<T n<T

X1 <t7 qm)gl (tv qn)g2 (tv qm)QQ(ta qn) COS(f(t, qm)) COS(f(t7 qn))

1) and(m)d(n
ZZ ( )d(n)

m<T n<T

xg1(t, gm)gi(t, qn)ga(t, qm)ga(t, qn)
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X(COS(f(t, qm) + f(tv qn)) + COS(f(Zf7 qm) - f(ta qn)))

Denote by S (q,t) a part of 32(g,t) in(2.3) with m = n. Then

= 1 2(m) [T 4
| siana = ore S S [ g am)gi am)et
<T T

T m

1 d*(m)
_l__
4q = m

2T
[ dteamgite.am.
T

We observe that, for ¢t € [T, 27,

,/ml if mg%,
g1(t,gm) < 1 1

1if m> 4,
and
1
2Ot i m< I,
92(t7qm) < ( g ) a
1if m > .
Moreover,

f'(t,gm) = 2arsinh (1 / W2—ﬂzq) :

™ if m<ZL

Thus, for t € [T, 2T],

g > VT
1 if m> .

The estimates (2.5), (2.6) and (2.8) together with Lemma 2.3 show that

d2 2T )
Y | stttamgi.am)e

mer T
T d*(m d*(m T
<L — E (2)—1— E (—)<<—log4T
q ~ m . m q
mgg E<m§T

in virtue of Lemma 2.6.

(2.3)

(2.4)

(2.5)

(2.6)

(2.8)

(2.9)

The second integral in the right-hand side of (2.4) will give the main term of the formula of

Theorem 2.1. Therefore, we have to use for its evaluation more precise expressions for g (¢, gm)

and go(t,qm). Tt is easily seen that, for ¢t € [T, 271,
2t - T
ama T O(1) if m< 1g

O(1) if m>%,

gi(t,qm) =
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and

2mgm\2 4 ) (1
it - CE) O

Therefore, for t € [T, 2T,

gi(t, qm)ga(t, qm) = e t w
O(1) if m> L
Hence, for every € > 0,
1 d*(m) /2T 9 9 1 d?(m) [* .
— gi(t,qm)gs(t,qm)dt = / t2dt
4(] = m . 1( ) 2( ) \/ﬁq% mgz; m% T
1 dQ(m) /ZT 1 dQ(m) /2T
+0 — at| +0 | - dt | =
Tq mZT vmJr q T<Zm<T m T
<iq 1g <M<
2 d2(m) 3 3 T dz(m)
272 —=T2)+ O —
3\/%q% ; m? (27) ) 7 % Vvm
MZ4q MmZ>1q
T d (m) 2 > dQ(m) 3 3
+0 | — = 2T)2 — T2
(q m;T ) 3V 2mqz mz_l m? (@1) )
T 1+4¢ T
+0 ((5) > + 0 (Elog4 T> (2.10)

in virtue of Lemma 2.6.

Now let Ss(q,t) be a part of Zf(q,t) in (2.3) with m # n. In this case, we need a lower

estimate for
f'(t,qm) £ f'(t, qn).

Using (2.7), we find that, for ¢ € [T, 27],

(

VEWmE VAl if m<En< L,

log 2| if TrL>£,n>Z7

|/, qm) £ f'(t,qn)| > |log 7| 17 o
min (y/Z|v/m £ /al, [log2[,1) if m<LIn>L

T T

\ or ng@,m>5
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Therefore, taking into account estimates (2.5) and (2.6), and applying Lemmas 2.3 - 2.5, we

obtain

/T Sy(q, t)dt <<— > Z ; I\/_ V|

4
T T
m< i n§4q

Z 2 \/_Ilog’”l

—< <T < <T

322 §|\/_ vl ™

g>

m<T n<T
m<T n<T V | lOg
Ti d(m)d(n)
+— R SR S
i ZZ om
T1+e T Te Té
< — + —log*T+ — + :logT
q +e q qZ qZ

5
T\ 1
< (—) log* T
q

This, together with (2.4), (2.9) and (2.10) show that

/ Z q,t)dt = 3\/22_7Tq2Zd(S)((QT)g—T3)+O(§)4log4T. (2.11)

m

It remains to estimate the integral

We have that

Sian =33 3 I 10y 1) (1o L) con(y(tqm) costot )

2 d(m)d(n) ! gt \ !
=~ 2 2 " (1oe55) (o2 5m)
x(cos(g(t,qm) + g(t, qn)) + cos(g(t, gm) — g(t,qn))), (2.12)
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where

and

We have that

t g qT t t2 t?
M<q|l—+F5 511 - = :
1=4 (27r * 2 2 ( * mql  2(mqT)? Am?T

Therefore, for m < Ny and t € [T, 2T}, % > 7q, hence

-1
qt

1 1. 2.13

(og 2WL) > (2.13)

Moreover, for m < Ny, n € Ny, m # n, and t € [T, 27T],

(qt)? 2 ~\' (qt)?
t t,qn)) = (t1 e Z) =1
(ltsam) + g(t.am)) = (t1og {50 —204 )+ 7 ) —10g 100
t t t t
= log q +logq—>> log q —logq— > log@‘ (2.14)
2mm 2mn 2mm 2mn n
and
2 o /
(g(t,qm) — g(t,qn))" = (tlog%+w> >>‘log%‘- (2.15)

Denote by Z;(q,t) a part of > 2(q,t) in(2.12) with m # n, and let T} > T be such that
Ni(q,t,T) > max(m,n) for ¢ > Ty. Then an application of Lemmas 2.3 and 2.5, and (2.12) -
(2.15) yields

/:T Zi(g, t)dt = g/f >N d(%m <1og 2:%)1 (log %)1

m<Ny(q,t,T),n<Nq(q,t,T)
m#n

x (cos(g(t, qm) + g(t, qn)) + cos(g(t, qm) — g(t, qn))dt

LEEL ) )

m<N1(q,2T,T),n<Nq(q,2T,T)
m#n
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x (cos(g(t, qm) + g(¢, qn)) + cos(g(t, gqm) — g(t, qn))dt

1 d(m)d(n) ‘ m T,
< - —_— log—‘ < —log™ T. 2.16
122 [l (216
m#n

Let Zs(g,t) denote a part of 3 3(q,t) in (2.12) with m = n. Then, by Lemma 2.6, we find that

2T 1 2 2T T
/ Zsy(g, t)dt < — Z d(m) / dt < —log'T.

m
T QmST T q

This, (2.12) and (2.16) give the bound

or N
/ ¢ ZQ(q, t)dt < Tqlog*T. (2.17)
T
Obviously, by (2.1),

2T
/ R*(q,t)dt < Tqlog"T.
T

Therefore, in view of (2.17),
2
T T

/ (qzz(q,t)+R(q,t))2dt<</T qzzz(q,t)dt—i—/ R*(q,t)dt < Tqlog*T. (2.18)

Applying the Cauchy-Schwarz inequality, we deduce from(2.11) and (2.18) the estimate

Zj(q, t)dt>

1
2T 2

/TQqul(q’t) <q > (at)+R(g. t)> dt < q (/T
" (/2T <‘-’ > (a0 + R(q,t)>2dt)5 < (g

NI

+ T%q% log® T')
T

xT2q2 log? T < Tiqilog® T.

Combining this with (2.2), (2.11) and (2.18) gives the formula

o

T

2T ) 2 o de 3 5 8 .
/ E (q,t)alt:3\/\/2E7Tmz:1 nig)((QT) —T2)4+O(T1qlog™ T).

Now we take in the latter formula 7277, j = 1,2, ..., [log, T] + 1 in place of T, and sum the

results over j. This shows that

T 24 3 ~— d*(m) 5 3
E?(q,t) = T> — 4+ O(T1q*1og* T). 2.19
[ Pan=5 30 ot (2.19)



If g < %, where 17 = o(1) as T" — oo, then, clearly,

T%qg log4T = T%q%T*iq% log4T < T%q
as T — oo.

SIS
<
N
I
QS
—~
~
[ NI
L)
[ NI
~—

Proof of Remark 2.2. Since the series

=, d2(m
Z<)

m=1 m

Nlw

is convergent, the first term in the right-hand side of (2.19) admits the estimate > (7'
Thus, we have an asymptotic formula.

3
2

N

q

).
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Chapter 3

Mean square of the function Fs(q,T)

In this chapter, we extend Theorem 2.1 to the strip {s € C: ; < o < 3}. We remind that
E,(q.T) Z / (0 it) Pt — ¢ (20)T

(20 = DI'(20 — 1) sin(mo)
1—-o

(¢T)*%.

The main result of the chapter is the following statement.

Theorem 3.1 Let o, % <o < %, be fived. Then, for T — oo and q < T=% =< with every

>0,

' $a5 — 01, (M)
/ Eg(cb t)dt = 2(5 - 40’)_1(27[')2 2q2 2‘7T*—20 Z +
i m=1 mi_QU

+O(q%_2“T£_U log T).

Remark 3.2. Ifq < T5=5 - with arbitrary € > 0, then the equality of Theorem 3.1 is

asymptotic.

3.1. Some estimates

In this section, we present some known estimates that will be applied in the proof of Theo-

rem 3.1.

20



Lemma 3.3. The estimates

m2—20
m<x
and
o1 -2,(m) 20—1
E 5o KT g
m — 20
m<x
are true.

Proof of Lemma 3.3. Since 1 — 20 < 0, the series over primes

> |07 _50(p) — 1]logp
» p
is convergent. Therefore, from general mean values theorems for multiplicative functions, see,

for example, [25], we obtain that

Zol 2(, <<9c

m<x

This and summing by parts give the estimate of the lemma.
The second estimate of the lemma is obtained similarly.

Lemma 3.4. For every € > 0,

Zzal 2a 01 20( )|\/— \/—| 1<<x20 I+e

m<zx nlz
m#n

Proof of Lemma 3.4. We have that

>SSy 2000200

m<z nlx
m#n

< Z 01— 20 Ul 20( )(\/— \/—)

7—0

n<m<z

o1



We observe that, for n < %, we have that m —n > %, thus, (m — n)~t < m! forn < 5

Therefore, using Lemma 3.3 and partial summation, we find

Z <<Z(712g 201n2a()(\/—+\/—)( )

TLS% m<x nS%
(o 20 01720(71) 1
< 7_0 5__ (m - n)
m<x HS% n4
« 3 o) 5o el
7—0 ng—a
m<x nS%
T1-20\) 20 _1 0172a(m) 20—1
< E 1 = E B T ' s
7—0 m2—2c
m<x m<x

and, for every ¢ > 0,

O1— 20‘ o1-25(n) 20—1+¢
§ : <<Zm<z Tm2—20 20 Zm<n<m m—n <z '

m
’I’L>7

Lemma 3.5. We have

ZZUI 20’ 01 2a
mn

m<z nlx
m#n

< 1% logx.

Proof of Lemma 3.5. In view of Lemma 3.3 and the estimate [16]

Lz +nlogz,

m<x
we find that the considered sum is estimated as

< Z Z (0;;020 01222025 ) ‘1 g—)

m<z nlz

man

<<ZZ ‘log—_

m<z n<lz

m#n

< Z O—Trnig 20 Z ‘1Og%
n<lx

m<zx

-1

2
o m
< 2% +logx E %ia)<< 27 log .

m<x
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3.2. Proof of Theorem 3.1.

For brevity, we write

> (@1)= ZLU(%T)

and

> (@T) = Zzya(q, ).

Then by Theorem 1.1, we have that

T

+ /2T (3, @)+ Rig.1) "t

T

~1
g1(t,gm) = (arsinh( %)) ,

£ 1\ d
ga(t, qm) = 2wqm + 4

For brevity, we write

and

t,gm) = 2tarsinh ram + +/2mgmt + t2¢*>m? — T
ot 4’

Then, taking N =T in Theorem 1.1, we have that

/2T EX(q,t)dt = /:T Zj(q,T)dt—F 2/T2T > (a7 (Zz(q,T) +R(q,t)> dt

Zl(qat) =27"1¢!77 (%) = Z (_1)(1:;1020(7%)

X g1(t, qm)ga(t, gm) cos(f(t, qgm)).

Hence,

qm+qn

01 2 (m)al_za(n)

ZT(Q, t) — 220_2(]2_2(7 <%> 1— Z Z

)1 o
m<T n<T

93
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xg1(t, qm)gi(t, qn)ga(t, gqm)ga(t, gn) cos(f(t, qm)) cos(f(t, qn))

1-

t 1)am+angy oo (m)o_oe(n)
__0920-3 2-20 1-20 1-20
=27 <}> Z Z mn)'=o

m<T n<T

xg1(t, gm)gi(t, qn)ga(t, gqm)ga(t, qn)

X(COS(f(t, qm) + f(tv q’fl)) + COS(f(t7 qm) - f(ta qn)))

Let Si(q,t) be the part of 3 3(q,t) in (3.2) with m = n. Then

- 2 322 201 J12
/ Si(q.t)dt =223 2 n* ' Re Z mz"za

T

2T
x / 11720 21, qm) g2 (t, qm)e?! o) dy
T

20—3 2-%0, 20—1 U%—%(m) T 1-20 2 2 d
220 3P oot N 2 [ Rt qm) g3 (¢, qm) .
T

It is not difficult to see that, for t € [T, 271,

= if m<47
q(t,gm) < 1

1 if m>4—q,

and
1 T
(mq)“ if m < o,
1 if m>£

Moreover, for t € [T, 2T],

™ if m< L
Flgm)>{ VTS
1 if m> 5

In view of estimates (3.4) - (3.6), using Lemmas 2.3 and 3.3, we find that

2203220 20-1p, 201 20 (

m<T

2T
X / t' 72 g} (t, qm)gs (t, gm)e* 1™ dt
T

54
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0'2 m
< q1—20T2—20 Z 1—20( )

m3*20’
mS%
2
220 1—20 07 _5,(m) 1-202—20 22
—|—q T Z # S q T -+ q . (37)
4%<m§T

For the second term in the right-hand side of (3.3), we use more precise estimates for the

functions g, (t,gm) and g¢»(t, gm), namely, for t € [T, 2T,

e+ 0(1) if m< L,

w™mgq
O(1) if m>

gi(t,qm) =
and

()t o ((2)F) it m< L,
g3(t.qm) = .

o(1) if m> .

q

Hence, for t € [T, 277,

23327 (mmgq) % + O (t%*Q" (qm)%) it m<Z
72 g1(t, qm) ga(t, gm) = —

O(t'=27) if m> %.

Therefore,

20—3 2-20, 20—1 0%_20(m) T 1-20 2 2 d
2 q T Z m2720 t gl (tv qm)QQ (ta qm) t
m<T T

2 2T
—3 203 3_ Z 01 _q(m) 3_
:220 27T20 22 20 50’2 12 20’dt
220
T

2 2T
+0 qg—QU Z O-I—QCI_(m)/ t%—Qadt

m2 20
4lq<m§T
20—3 _20-2 3_9245 2
27w egR 0i_g,(m) 525 5 2
+ ((2T)2 T2 )
g — 20 mg_2‘7
m<-L

2 2
+0 qg—2aT%—2a Z 07 9, (m) L0 q2—2(rT2—20' Z 01 9, (m)

- m2—20
Tq<m§T
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220—%71.20—%(]%—20 s a%_20<m> 5_94 3_92¢0 2—20
T3t e (DI ST RO 6

5_9
3 o f— m2

by application of Lemma 3.3.

Denote by Sa(q, t) the part of > 7(q, ) in (3.2) with m # n. In this case, we use the estimate,

for t € [T, 2T,

VEmE /| if m<Tn§Z;,
f'(t, qm) & f'(t, qn) > log 2| if m > fo,n > I,
T

1 if m<—n>—orm>4, n< .
q 4q

This, Lemmas 2.3, 3.3 - 3.5 and estimates (3.4), (3.5) give the estimate

| stann < qoerre Yoy Setos s g gy

T m<Tn<T
Sig

;én

2 20 11—20 01 20 (M) 01 _25(1)
r Z Z (mn)= "|10gm|

—<m<T <m<T

m;én

I-20p5-20 Z 201 20 01 20(”)
mn

m<T n<T
m#En

< QioTe —{—q2_2"T10gT—|—q£_2"T% < T,
This, (3.3), (3.7) and (3.8) show that
o, 5 -1
/ Z (q,t)dt = 920-3 <— — 20) 7T2”_3q
T . 2

OOO. o 5_ 770' —20 €
« - T (o)t - i) 4 o) (3.9)

—20

[S][9Y

m=1
Now we will estimate
2T 5
| S
T 2

By the definition of ) ,(¢,t), we have that

Sluo-u () 75 3 ool

m<N1 n<N;

o6



« (1o (%)) (100 (%)) cos(g(t, qm)) cos(g(t, an)

= 2¢°7% (%)120 S 0'12257733;1020(71)

mSNl ’N,SNl
1 1
qt qt
| — l —
(o)) (o2 (550))
x(cos(g(t, gm) + g(t, qn)) + cos(g(t, gm) — g(, qn))), (3.10)
where
(t,qm) =tlo i —t+ D
g Y q - g 27TTTL 4 I
and

t T T\? ¢Tt\>

It is not difficult to see, that

t2
N, < .
Ty
Therefore, for m < N; and t € [T, 2T/,
t
T > mq > 3.
2mm
This implies the estimate
g 1) <1 (3.11)
o) . .
& 2mm

Moreover, by the definition of ¢(t, gm), we find that
(gt qm) = g(t, qn))' > Jlog ™| (3.12)

Denote by Z,(g,t) the part of > 3(q,t) in (3.10) with m # n, and let T} > T be such that
Ni(q,t,T) > max(m,n) for t > T;. Then we deduce from Lemmas 2.3 and 3.5, and from
estimates (3.10) - (3.12) that

oT

_0.2-2 20—1 01-25(M)01-2,(n)
| znn =2 e e
T m<N1(q,t,T) <Ny (q,t,T)

a7



o (e () (o)

x(cos(g(t,gm) + g(t, qn)) + cos(g(t, gm) — g(t, qn)))dt

— 2> (27271 Z Z 01-25(M)o1_95(N)

(mn)l—QU
m<Ni(q,2T,T) n<N1(q,2T,T)
2T -1 —1
t t
o)) ()
T 2mm 2mn

x (cos(g(t, gm) + g(t, qn)) + cos(g(t,qm) — g(t, qn)))dt

-1

2-20m1—20 ‘71—2o<m)01—2o(”) m
<g T Z Z (mn)i—20 ‘log "

m<T n<T

< ¢ TlogT. (3.13)

Now let Z5(q,t) be the part of Eg(q,t) in (3.10) with m = n. Then, by Lemma 3.3., we
find that

2T 9
/ Zy(q, t)dt < ¢~ 2T % Z Ti_50(m) < T
T

This, (3.10) and (3.3) show that

2T 9
/ > (g D)dt < ¢ *TlogT. (3.14)
T

Clearly, in virtue of the estimate

R(q,t) = O(q" " log T),

o7
/ R*(q,t)dt < Tq%_% log? T.

T

This, together with (3.14), gives

/;T (Zz(q,t)+R(q,t))2dt <</

T

2T 2T

Zz(q, t)dt + / R*(q, t)dt

T

o8



< q2 Tlog?T. (3.15)

Moreover, the Cauchy-Schwarz inequality and (3.9), (3.15) imply the estimate

/TzT Zl(q,t) <Z2(q,t) + R(q,t)) di
([ t>dt>é (7 (o +R(q7t)>2dt);

< q%_%T%_” log T

This estimate together with (3.1), (3.9) and (3.15) gives

2T \ 5 . .
/ Eg(q7t)dt =2%7% <§ — 20> 772‘7—§q§—20
T

— 07 »(m) 5_9g 5_9¢ 7 9
xZ”—QU<(2T)z 20 _ T3 2)+O(q2 20 10g? T)

+O(¢7 2 Ti " logT). (3.16)

Since ¢ < T'~5 ¢, we have that the first error term in (3.16) is smaller than the second.

T

Now, taking %, 5Ty e

in place of T" and summing, we obtain the theorem.

Proof of Remark 3.2. Clearly, % — 4?" <1-— 4?" for o < %. Moreover, for o < %,

and we have that, for ¢ < g — 2 —¢,

as T — oo.

99



Chapter 4

Asymptotic formulae for the fourth power
moment of the periodic zeta-function in

the critical strip

In this chapter, we obtain asymptotic formulae with estimated error term for the fourth power
moment of the periodic zeta-function flT |Ca(o + it)[*dt in the critical strip % <o <1l We

investigate two cases when the parameter A\, 0 < A < 1, is irrational and rational.
We will prove the following two theorems.

Theorem 4.1. Suppose that the parameter X is irrational, 0 < \ < 1, % <o <1 and

T — oo. Then, for every e > 0,

T .
/ ’C/\(O. + Zt)|4dt T <€4(2O‘) _9 Z SlI]2 W)\(ml +ny — mg — TLQ)) " O(T%—U‘FE).
1

((40) (minimansy)®

mini=man2

Theorem 4.2. Suppose that the number X\ is rational, 0 < A < 1, % <o <1landT — oo.

Then, for every e > 0,

/T (G (o +it)|'dt =T <C4<2"> =Y sin® TA(ma +n1 —my — n2)> L O(TT %),
1

C(40’) T T (mlnlmzng)f’

60



4.1. Approximate functional equation

The proof of Theorems 4.1 and 4.2 is based on the approximate functional equation for the

function ¢)(s).

Denote by [u] the integer part of u, and define

p(t) = [\/; - 1] alt) = N;] SO =2/~ p —a - a1,

FOH) = —5-log 5 — £ 4+ (1= 2) + p(0) — a(0)
24/ 5 (a0) = ple) + A= 1) = S(a(e) + p(6) = A(1+(6) — p(0))
and
() = cos( — 1 — g).

cost

Lemma 4.3. Suppose that 0 < A< 1,0< o <1andt>t;> 0. Then

62m)‘m t %707“ it T 1
= — Ly —
6 = ¥ S () et Y

1<m<p(t) 0<m<q(t)
t 3 e i z—
F(5e) L) + O

Proof of Lemma 4.3. The assertion of the lemma follows from an approximate functional

equation for the Lerch zeta-function, see [7], [30] and equality (0.3).

From Lemma 4.3 we have that, for 0 <o <1,

(a(8) = S1(s) + Sals) + Ot 1), (4.1)
where
627ri>\m
S = >
1<m<p(t)



and

4.2. Asymptotics for the fourth power moment of the sum

Sl(S)

In this section, we investigate the asymptotics for the fourth power moment of the sum Si(s).

Lemma 4.4. Suppose that 0 < A < 1, % <o < 1land T — oo. Then, for every € > 0

/T Sy (0 + it)[*dt =T (C4(20) -2 ) s wA (1 —mp — n2)> +O(T277+)(4.2)
1

((40) (minimaonsy)?

mini=msang

Proof of Lemma /4./4. For the proof of this lemma, we use the method similar to that for the

Riemann zeta-function [45]. We find that

2wiAmq 2TiAng 2TiAMY 2TiANY
|51(U+it)|4 - E :6 otit E :6 o+it E :6 o—it E :6 o—it
m ny m ny
mi mo mo na

Q2N —myn2) [
) mw;z,nz (manymans)? (mlnl) 7
where in each sum we sum over [, m(t)]. Let T = 2mmax((m1+1)%, (n1 +1)%, (m2 + 1), (n2 +
1)?). Then we have
/T 1S1 (o + it)|4dt _ /T Z e2miA(mi+n1—mz—nz) (m2n2>it »
! 1

(minimans)® miny

mi,n1,m2,n2

627m')\(m1+n17m27n2) T Moo it
=X ; t
(mlnlang) T miny

1<m1,n1,m2,n2<m(T)

*

(T o T1)€27ri>\(m1+n1—m2—n2)

Z (minimaons)®

mini=msana

* |1Ogm2n2 -1
@) — 4.3
+ ( 2 Tmmmena ) (43)

mini#Fmanse
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where the star = means, that the sum is taken over my, ny, mq, no € [1,m(7T)]. Let d(k) =
>4/ L, k € N, be the divisor function, and N (k) be the number of solutions of the equation
min; = mony = k. Then, we have that N(k) = d*(k), if & < u, my, ny, ma, ny < u, and
N(k) < d?(k), if k > u, mq, n1, ma, no < u. It is well known [45] that, for o > 1,

= (k) _ ¢H(20)
B (o)

k=1

Also, it is well know that d(k) = O.(k®) with every € > 0. Therefore,

*

2

mini=mana2

T€27ri)\(m1 +n1—mao —ng)

(minimans)®

2miA(m1+ni—ma—n2)

e
=T
Z (minimang)®

mini=mana<m(T)

*

+T >

m(T)<mini=mana<m2(T)

627ri)\(m1 +ni1—ma—nga)

(mynymang)®
2miX(m1+n1—ma2—n2) dQ(k‘)

€
=T Z (m1n1m2n2)0 + o\r Z k20

mini=mana<m(T) k>m(T)

1
T, Ty T, 2

627ri)\(m1 +ni1—ma—ng)

+ O (T(3/2)—0’+E)

mini1=mans mini=mans (mlnlanQ)U
mi1+ni=mz+n2 mi1+ni1#Ema+na
1 1 — cos2mA\(my + ny — my — ny)
=T — T
m1n1§12n2 (m1n1m2n2)0 mlnlzm2n2 <m1n1m2n2)g
mi+n1Fma+na
T Z sin 2w\ (my + ny — mg — ng) L+ O(T-0+e)
mini=mang <m1n1m2n2)g
mi+niFma+na
B TC4(2J) . Z 1 —cos2mA(my + ny — mg — ng)
((40) e, (minymang)”
mi+niFma+n2
) sin 2w\ (my + ny — mg — ng) (3/2)—ote
+HT Y +O(T ) (4.4)

mini=msans (m1n1m2n2)ff

mi+niFEma+n2

By definition of T} and symmetry

*

Z S S < 2 Z* (m1 4+ 1)2 4+ (n1 + 1)2 + (my + 1)* + (ng + 1)°

m — (mlnlmgnQ)U - — (mlnlang)"
1n1=mang mini=mana

_ B S " mid(min)
B O( Z (m1n1m2n2)"> B O( Z (myng )2 )

mini=manz2 mi,ni
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1 1
=0 | T Z W Z n—%a

m1<m(T) 1 n1<m(T)

_ O(Ta(T(l/Q)(S—QJ))) _ O(T(B/Q)_U+8). (45)

Using the estimate [45]

1
=O(T**10gT), = <1
Z Z mene log (n/m) ( og 1), 2~ o<l

0<m <n<T

we find that

" |log(mang/ming)| ™t (n)
Z (minymang)® =0 Z Z 10% n/m)

miniF#mansg o<m< n<7n2

=0 |1 > Z log vl O(T* 27+, (4.6)

0<m< n<m2(T

From estimates (4.1) - (4.6) we have that

T 4 ) _ _ ;
/ ’51(0' + Zt)‘4dt - T << (20) _9 : : Sin T)\(ml -+ s ™mo n2)> n O(Ti_o__i_a).
1

((40) (many)?

mini=msanz

4.3. Estimates for the fourth power moment of the sum 5(s)

We apply the following lemma.

Lemma 4.5. Suppose that uq, ..., u, are complex numbers, Ay, ..., A, are distinct real num-

bers, and 6,, = min,m|A, — Ap|. Then

umﬂn()\n - )\m)_l < Z |Um|257;1

The lemma is called a modification of the Hilbert inequality, and was obtained by H. L.
Mongomery and R. C. Vaughan in [39], Theorem 2.
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1

Lemma 4.6. Let A be irrational, 0 <A <1, 5 <o <1and T — oo. Then for every € > 0

T
/ |So (o + it)[*dt = Ox(T*727%%).
1

Proof of Lemma 4.6. Denote

r 1
Z(T) = T dt.
/1 osé(t) (m+2)
Then
Z(T)=0 (/lT ot 4 dt + Zl(T)> = O\T)+ O(Z(T)), (4.7)
where

T 1
Zy(T) =/1 > (S

1<m<q(t)

As in the case of S1(s) we have that

T 1
Z4(T) :/1 2 ((my + ) (n1 4+ A (ma + A\ (ng + M)

mi,n1,m2,n2

(my + )+ M)\
. (<m2 TP A)) a

where every my, ni, ma, ny runs over the interval [1, ¢(¢)]. Therefore,

1
AT = 2 ((my + \) (1 + N)(ma + A)(ng + A)1—

1§m1,n1,m2,n2§‘Z(T)
x/T((m1+>\)(n1+)‘)>itdt,
T (mg + )\) (nQ + )‘)

where Ty = 27 max(m?,n?, m2,n3). Since X is irrational, we have that (m; + \)(n; + \) =

(mg 4+ A)(ng + A) if and only if miny = mang and my + ny = mgy + ny. Therefore,

* T -1,
Z,(T) :O< > ((m1+)\)(n1+)\))220>

mini=manz2

% (m1+X)(n14+XN)
‘log ((m;M)(n;M))

-1

+ (4.8)

l1-o
(m1+A) (n1+X)#(ma+) (na+X) (manimans)
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The star * means that the summing runs over my,ny, mq,ny € [1,q(T)]. It is easily seen that

Z* T o O T Z dQ(k) . O (T20+5> (4 9)
220 220 | . .
s 5 3) L’
and
DTN S [ g G
2—20 2 %
mini=manz <<m1 + )\> (711 - A)) m1,n1<q(T) (m1n1>
e - 1 e
=0T > mi > || < O(T**). (4.10)
m1<q(T) nm<q(T) 1

Moreover, when (mj; + A\)(ny + A) # (ma + A)(ny + A), then

(m1 4+ N)(ny + A) ] c(N) c(N)
‘ 2 min ((m1 N £ 0) (12t A (ma 1 /\)) )

where ¢()) is a positive constant. From this ant Lemma 4.5 we have that

" (m14+A)(n1+\)
‘log ((mlﬂxnlm)

-1

2

miniFmang
(m14+A)(n1+N)#(m2+X) (n2+A)

(minimang)t—7

- O)\ TE Z % == O)\(T2U+E), (411)
1<m<q?(T)
and
-1
" (m14+A)(n1+\)
‘log ((mlﬂxniﬂ))

2

mini=mana

(m1+X) (n1+X)#(m2+X) (n2+N)

(minimang)l=7

=0ox| > kd (k) = O(T¥*). (4.12)

k2720
k<q*(T)

Now estimates (4.8) - (4.12) imply
Z1(t) = Ox\(T%9).
Therefore, in view of (4.7),

Z(t) = O5(T*°). (4.13)
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The definition of Sy(s) and (4.13) show that

/lT Sy (o +it)|*dt = O (/IT t2_4“dZ(t))

=0 (t24"Z(t)|1T + (40 - 2) /1 ' Z(t)t14"dt>

T
— O)\ (T2—20+5 +/ t1—2a+adt) — O)\(TQ_2U+E).
1
and the lemma is proved.

Lemma 4.7 Suppose that A is rational, 0 < A < 1, % <o < land T — oo. Then, for every

e>0

T
/ |So (0 + it )| dt = O(T2-27+¢),
1

Proof of Lemma 4.7. We preserve the notation used in the proof of Lemma 4.6. We start

with the formula for Z;(T)

1
2T = 2 ((my + \) (11 4+ N)(ma + M) (ng + A)1—

1<my,n1,ma,n2<q(T)

. /Tj (EZ; :[ i;& i i;)t dt. (4.14)

We separate two cases
(m1 + )\)(nl + )\) = (TTlQ + )\)(HQ + )\)
and
(m1+ A)(n1 4+ A) # (m2 + A)(n2 + A).
Obviously, in the first case we have
T it T
/ ((ml Rl +A)) dt = / dt =T T,
T2 (m2 + )\) (nQ + )\) T2
while, in the second case, the estimate
T it T
/ ((m1 A + A)) dt = / exp {itlog ((ml A m M) } dt
7, \(m2 4+ A)(n2 + A) T (m2 + A)(n2 + A)
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(m1+/\)(n1+/\)>_1 { (m1+/\)(n1+)\)} T
=11 t1
( % (mg 4+ A)(ny + A) R R (ma+AN)(n2+ ) J |
A AN\
< ‘log ((m1 + M) + >)
(mg + )\) (TLQ + )\)
follows. From the last two estimates and (4.14) we obtain that
: T—T,
Z(T) < Z 2 20
N =ty (T AN (1 FA))
1
" (m1+A)(n14+X)
X 5 ’10g (_(m_;rk)(—n;r/\)) (4.15)
((m1 +)\)(n1+)\)(m2+)\)(n2+)\))1_"7 '

(m1+A)(n1+A)#(m2+A) (n2+X)
where the star "*" means that we sum over mq,n;, mg, ny from the interval [1,¢(T")]. T is not

difficult to see that

*

1
g 2
2—20
(m1+>‘)(nl+>\):(m2+)\)(n2+>\) ((ml + A) (nl —l— )\))

d(m)d(n)
T, 2 o
m<q? m—ﬁﬁnﬁm—l—ﬁ

%—I—a d(m) %+20’+6

T o, <7 . (4.16)
m<q?

and

*

15
Z ((m1+ A)(ng + N))>=2

(m1+A)(n1+A)=(m2+A)(n2+A)

m2d(myny)d(n
<Y Y T (ming)d(n)

(m1n1)2—20
m1,n1 <q(T) min;—vVT<n<mini+vVT

1
<7 Y omd Y % < Tat2ote (4.17)

m1<q(T) ni<g(T) 1
For estimation of the second sum in (4.15), we apply Lemma 4.5. For a certain positive constant
¢(N), we have that
1 1
(m1 4+ A)(ny + A) _c(/\)min( 7 )
(ma + A)(n2 + A) (m1+ A)(n1+A)" (ma+ A)(n2 + A)

what is an analogue of the well known inequality

log

11
‘logﬁl > min (—,—), m,n € N,
m

n -m
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with m # n. Therefore, the application of Lemma 4.5 yields, for every € > 0,

(mi4A)(na4A) | 7

’ )IOg (st ) (n2+)

2

l1—0
(m14+A)(n1+N)#(ma+X) (n2+A) (m1n1m2n2>

m
<y T Z W < T20+€.

1<m<q?(T)
From this and (4.15) - (4.17), we find that
Z1(T) <, T2+,
This estimate together with (4.7) shows that
Z(T) < T2+t (4.18)

with every e > 0. Now, from the definitions of the functions Sy(s) and Z(T), and (4.18), we
deduce that

T T 1
/ 1S(c +it)]! < / el Sy
1 1

l—o—it
0<m<q(t) <m + )\)

T T
= / £27dI(t) = I — (2 - 40) / J(T)t' = dt
1 1

T
<<t2—4at;+2cr+s|’{+/ (320 +epl—do gy
1

t%—Qa’-i—E T

T q
< t3+20+5‘?+/ t5720+5dt<<T3720+5_|_ -
1 5 20 +e

1

< Tg_20+8.

4.4. Proof of Theorem 4.1

From (4.1), we find that
G(s)| = 1Su(s) + Sa(s) + Ot 1)|!
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=

= (S1(s) + Sa(s) + O(t™1))*(S1(5) + Sa(s) + O(t ™))’

= (S%(s) + S2(s) +251(5)Sa(s) + O(|S1(s)]t7) + O(|Sa(s) [t 1)

+O(t77)) x (S2(s) + S3(s) + 251(5)Sa(s) + O[Sy (s)[¢77)
+O(|S2(s)[t™1) + O(t™2))

= |Si(s)|" + S7(5)93(s) + 257(5)S1(5) Sa(s) + S7(s)S3(s) + [ Sa(s)[*

+251(5)S5(5)Sa(s) + 251(5)S2(5)Sa(s) + 251(5)S52(5)Sa(5)

+4[S1(5)[2[Sa ()2 + O(1S1 ()Pt 1) + OIS ()| Sa(s) [t )
+O(1S1(5)[2£77) + O(1S1(3)][S2 ()47 1) + O(|Sa(s) Pt 1)
+O(|S2(s)[272) + O(1S1(3)[|S2()[t2) + O] ()|t~ 1)

HO(|S5(s)[t71) + Ot ™). (4.19)

Using the Cauchy-Schwarz inequality, Lemmas 4.4 and 4.6, we obtain the estimates

T
/ (S2(0 +it)S2(o +it) + S (o + it)S3 (o + it) + 4|S% (o + it)[*| S5 (0 + it)|?)dt
1

T T 3
=0 </ 1S1 (0 + it)|4dt/ |Sa (0 + z't)|4dt) = O\(T277%),
1 1

T —
/ (25%(0 +it)Si (o + it) + Sy(o +it) + Sy (o +it)S7 (o + it)So (o + it)
1

+2851 (0 +it)S3 (0 + it)So(o + it) + 251 (0 + it) Sz (0 + it)Sy(o + it))dt

0 (/1T 1S, (0 + it)]?|Ss (0 + it)|2dt> ’
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X ((/lT |S1(0 + it)|4dt> % + (/lT |S5(0 + z’t)\‘*dt) é)

T T i )

= O, (/ |S1(0 + it)|4dt/ |So (0 + it)\4dt> <T§ i TlfoJre)
1 1

—%+e>

T T T
/ 1Sy (0 + it)Pt7idt = O (/ 1S1 (0 + z’t)\4dt/ 1S1 (0 + z’t)|2t—%dt)
1 1 1

wslot

— Oy (T8 (T4 T7) ) = 0y (T

1
2

— O)\ (T%+a> ’

1
2

T T T
/ 1So (0 + i)}t 1dt = O (/ 1S5 (0 + z't)|4dt/ 1Sy (0 + z't)|2t—édt)
1 1 1

= 0, (T%_%‘H'E) ,

N|=

T T T
/ 1S1(0 + it)||So (o + it) 2t~ Tdt = O (/ |S1(0 + z’t)|2t5dt/ |Sa (0 + z’t)\4dt)
1 1 1

_ o, (i),

NI

T

T T
/ |Sy(0 + it) |0 + it) [t 1dt = O </ 151 (o +z’t)|4dt/ |SQ(U+@'t)|2t—édt)
1 1 .

_ 0, (T54),
T X T T 1 .

/ '51(”“”“52(0“0“‘%=0(/ Suto -+ )t [ |S2(0+it)|2t_2dt)
1 1 )

— 0, (T%*%%) .

The above estimates together with (4.19) and Lemmas 4.4 and 4.6 show that

T .
/ (o +it)|'dt =T (44(20) 2 ¥ sin” A o+ = mp — ”2)> +Oy(TH),
1

((40) (minimaonsy)®

mini=mana2
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4.5. Proof of Theorem 4.2

The proof of Theorem 4.2 is similar to that of Theorem 4.1 with one difference that, in place

of Lemma 4.6, we apply Lemma 4.7.

Applying of Lemmas 4.4 and 4.7 together with the Cauchy-Schwarz inequality gives the

estimates

T
/ (S}(o +it)S2(o +it) + SZ(o + it) S5 (o + it) + 4]S7 (o + it)|?| S5 (o + it)|?)dt
1

1
T T 1
< </ |Sl("+“)|4dt/ |S2(U+it)|4dt) <, Ti o,
! 1

T —_—
/ (253 (0 +it)S1 (0 + it)Sy(o + it) + 251 (0 + it)S7 (0 + it) Sy (o + it)
1
+2851 (0 +it)S3 (o + it)So(o + it) + 251 (0 +it)SZ (o + it) Sy (o + it))dt
T 3
< (/ 1Sy (o + it)|?| S (0 + it)|2dt>
1
T 3 T 3
X ((/ |S1(U+it)|4dt) + (/ |52(a+it)|4dt> )
1 1
T T I
<y (/ 1S1 (o +z’t)\4dt/ |Sg(0—|—it)]4dt>
1 1

X(T%+T1—a+a) <y (T%_%+E(T%+T1_U+6)) <y T%—%—i—a,

T T T 3
/ysl<a+¢t)|3t—idt<<</ ]Sl(a+z’t)|4dt/ |51(a+@'t>|2t—édt>
1 1 1

< Ti1te,

=

T T T
/ Sy(or + it) Pt dt < (/ !Sz(a+z’t)|4dt/ \sg(aﬂ't)y?t%dt)
1 1 1

B _354e
< Ts8 2 ,
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=

T

T T
/\51(a+zt)HSQ(aHt)\?t-idt<<(/ ysl(a+¢t)\2t—édt/ ]Sg(a+it)\4dt>
1 1 1

<<)\ T%—a-{-e,

1
2

T T T
/|51(a+z't)|2|52(a+z't)|t—idt<<(/ |Sl(a+z't)|4dt/ |52(a+z't)|2t—%dt)
1 1 1

<\ Ti 8%

[NIES

T T T
/|51(a+¢t)52(a+¢t)|t—%dt<<(/ |51(a+¢t)|2t—%dt/ |52(a+¢t)|2t—édt)
1 1 1

<\ Tgf%j%.
All these estimates, and Lemmas 4.4 and 4.7 lead to

/T (o + it)|4dt =T <<4(20) -2 Z sin’ TA(my +ny —my — n2)> 4 O(TE*aJrs).
1

((40) (minimang)®

mini=mana2
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Conclusions

In the thesis, it was obtained that the periodic zeta-function () (s) has the following properties:

1. For the error term E,(q,T) of the formula for

Z/ o (0 + it)]?dt

the Atkinson-type formula is true with % <o< %.

2. Asymptotic formulae for the mean squares of E(q,T) (F1(q,T) = E(q,T)) and E,(q,T)

1
2

with % <o< % are valid.

3. Asymptotic formulae for the fourth power moment of (,(s) are valid in the strip % <o<l.
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Notation

1=+—1
s=o0+1it,o,teR
Res

Ims

d(m)

f(z) < O(g(2)), z €1
f(z) <o Q(I)7 rel
¢(s)

L\ a, s)

set of all positive integers
set of all real numbers

set of all complex numbers
imaginary unity

complex variable

real part of s

imaginary part of s

Euler constant

divisor function, d(m) = > 1
dlm
generalized divisor function, o,(m) = > d*
dm

means that |f(z)| < Cyg(x), v € I
means that f(z) = Oy(g(z)), x € I

Riemann zeta-function defined, for o > 1, by
o0

¢(s) =3 e

m=1

and by analytic continuation elsewhere
Lerch zeta-function with parameters A and « defined,
for o > 1, by
e 2wiAm
L\ a,8)= > ——

(m+a)s?

and by analytic continuation elsewhere
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periodic zeta-function with parameter A defined,

for o > 1, by
e 627ri)\m
CA(‘S) = 2_1 ms 7

and by analytic continuation elsewhere
Euler gamma-function defined,
for o > 1 by
[(s) = Te‘“us_ldu,
0

and by analytic continuation elsewhere
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