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INTRODUCTION

Aim of the thesis

Theoretical studies in electromagnetics for generation of nondiffracting
and nondispersive light pulses, which are crucial for various applications,
are on the rise nowadays. Current technologies allow for the creation
of short-duration, high-power pulses. To achieve better beam shaping
control of non-diffracting and non-dispersive pulses, highly focused vec-
tor pulses are investigated. For this investigation different simulation
methods were used for analyzing vector pulsed light beams with differ-
ent polarization structures (linear, azimuthal, and radial) and comparing
them to scalar models. The effects of superluminal, subluminal, and neg-
ative group velocities on vector focus wave modes in both vacuum and
dielectric materials were analyzed. Additionally, the properties of opti-
cal vorticity and radial/azimuthal polarization are explored, with their
impact on the Bessel-X pulse duration considered. The study focuses
on highly nonparaxial vector Bessel-X pulses [1], presenting analytical
expressions and uncovering novel properties arising from inhomogeneous
polarization. The investigation then moves on to another type of optical
bullets – vector focus wave modes [2], which are generalizations of the
X-waves and Bessel-X pulses inside a dielectric dispersive medium. For
this purpose, one of the glass materials was selected and the dispersion
relation of the spatiotemporal spectra was analyzed [3]. The general
expression of the spatiotemporal spectra describes the cone angles of
forward propagating Bessel beams that result in the pulsed signal prop-
agating in the Bessel zone with controllable velocity V , which can be
superluminal [4,5], subluminal [6], or even negative (i.e. propagate back-
ward) [7]. These conditions may require high cone angles of superposed
Bessel beams, so a valid vector description is required. In this work, the
vector description is introduced for optical bullets, and the electromag-
netic structure of the resulting pulsed fields in a glass is studied, relating
the duration to the transverse size of the beam, central frequency, and
propagation velocity of the optical bullet, to investigate the generation
and behavior of vector optical bullets within a dielectric medium. For
experimental application of nondiffracting and nondispersive light pulses
a proper mathematical description of highly focused vector pulses is re-
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quired. Using mathematical model presented in this work, it is possible
to investigate the properties of the beam in dielectric media with group
velocities that can be superluminal, subluminal, or even negative. The
results allow us to understand the relations between transverse size of
the beam, the intensities of each component (paying special attention to
the z component of the electric field) depending on the central frequency,
polarizations, different group velocity V and integration constant γ val-
ues.

Tasks of this work

The main task of this work, is to investigate vector optical bullets (non-
diffracting and nondispersing pulsed beams) in vacuum and in dielectric
materials and their behaviour with different topologies defined in this
work:

• Investigate Bessel-X beam spatial structure, its vectorial proper-
ties for different cone angles and topological charges.

• Investigate Bessel-X beam temporal duration, its vectorial prop-
erties for different cone angles and topological charges.

• Investigate vector focus wave modes with superluminal, sublumi-
nal and negative group velocities and their properties.

• Investigate subcycle vector focus wave modes in vacuum and dis-
persive medium.

Novelty and relevance

• In this work we present analytical model of pulsed, invari-
ant to propagation, fields with both optical vorticity and ra-
dial/azimuthal polarization.

• The temporal FWHM durations have been investigated for vector
Bessel-X pulses, for linear, azimuthal and radial polarizations.

• It was shown that in BK7 glass it is possible to simulate both X
and O shaped beams using focus wave modes within the optical
range.
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• We have simulated superluminal, subluminal and negative group
velocity focus wave modes in BK7 glass.

• We have simulated subcycle pulses in free space and in BK7 glass
using focus wave modes.

Statements to be defended

• The vectorial structure of linearly, radially, and azimuthally po-
larized Bessel-X pulses significantly influences their duration, par-
ticularly in the non-paraxial regime when the cone angle is more
than 45 degrees. The dependence of pulse duration on the angle
shows non-trivial variation and is different for linear, radial, and
azimuthal polarizations.

• For a fixed Bessel-X cone angle θ, the Bessel-X pulse duration
depends non linearly on temporal spectral width when it reaches
durations below tens of femtosecond, deviating from the usual lin-
ear trend observed in beams without angular dispersion. This
behavior holds for the analyzed linear, radial, and azimuthal po-
larization Bessel-X pulses, as well as for their different topological
charges.

• The chromatic dispersion of BK7 glass enables the calculation of
angular dispersion curves necessary for generating superluminal,
subluminal, and even negative group velocity Bessel-X beams.

• When group velocity V/c = 0.63685 and propagation constant
γ = −0.628 µm−1, the angular dispersion curve of BK7, represent-
ing angle vs frequency, exhibits both positive and negative slopes.
The negative slope generates an O-shaped intensity distribution
of Bessel-X beams, while the positive slope leads to an X-shaped
spatiotemporal Bessel-X intensity distribution.

• Subcycle Bessel-X pulses can be generated in free space and BK7
glass. The shortest subcycle Bessel-X pulse in vacuum corresponds
to 0.56 of its central frequency cycle, while in BK7 glass, it is 0.67
of its central frequency cycle.
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1. LITERATURE OVERVIEW

Engineering of structured light is on the rise nowadays due to the wide
range of possible applications and benefits not only within optics, but
also within physics in general [8]. This interest is caused by a large de-
gree of controllable phenomena such as optical traction [9, 10], optical
spinning [11], self-healing [12], imaging [13] and nondiffractive nondis-
persive propagation [14].

The diffraction of light beams is one of the obstacles for applications,
such as laser communication, information transfer, and long-distance
laser interactions. As the beam propagates, its spatial components ex-
perience dephasing due to diffraction, resulting in spatial profile distor-
tion: the size of the beam increases and the intensity drops [15–17]. The
nondiffracting beam is a beam that circumvents diffraction spreading
through constructive interference in a zone called the Bessel zone, in
the case of the most well-known example – the Bessel beam [18, 19].
However, other beams are also known- the elliptical Mathieu [20], the
parabolic Weber [21], or the Airy beam [22], see Figure 1.1. These ex-
amples ideally propagate infinitely large distances and possess infinite
energy, however, giving them a Gaussian envelope results in finite energy
optical beams resisting diffractive spreading over finite distances [23].

Figure 1.1: Typical examples of nondiffracting beams: transverse field
distributions of selected (a) Bessel, (b) Mathieu, (c) Weber, (d) Airy
beams. Adapted from [24].

Moving to pulsed beams [25], yet another obstacle appears for long-
distance laser applications. Due to the dispersion of the material, the
phase velocities of different temporal components with different wave-
lengths are not the same [15]. For this reason, they propagate differ-
ently [26], so the pulse experiences dispersive broadening and other
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shape distortions [27]. This was found to be overcome using the non-
monochromatic superposition of nondiffracting beams with a predefined
spatiotemporal dispersion within the pulse [3, 28]. Joint dispersion and
diffraction resistance of such pulsed fields has allowed to call them optical
bullets. Among such examples of pulsed nondiffracting and nondispers-
ing beams are pulsed Bessel beams [29], focus wave modes(FWM) [30],
and X-waves [7, 31, 32] and spatio temporal light sheets [33, 34], which
can be extended to the elliptical and parabolical X-waves [35] and to the
nonlinear optics [36,37].

Yet another degree of freedom, which becomes more noticeable
within the field of structured light, is the polarization of the electro-
magnetic field. This advance is constantly increasing since the real-
ization that inhomogeneous polarization allows for a sharper focus of
light [38, 39], which can be conveniently understood using a multipo-
lar description of light [40, 41], also valid for pulsed fields [42]. As the
numerical aperture increases, the scalar description of the optical field
becomes invalid [43–46]. Even for linearly polarized light, a noticeable
longitudinal component appears and even detectable cross-polarization
is observed [47]. The longitudinal component is especially noticeable
in radially polarized light [48], which is created using polarization con-
trollable optical elements [49, 50]. Anisotropic crystals have another
interesting characteristic - birefringence. Birefringent materials have
different refractive indices for different polarization directions. For even
more control over birefringence, we could use liquid crystals which can
be controlled with external fields. By controlling polarization and am-
plitude spatially, it is possible to enhance optical encryption, and fine-
tune vectorial holography [51]. Birefringence adds to the complexity of
the problem, especially since anisotropic medium leads to polarization
mixing between TE and TM polarizations [52] due to Imbert-Fedorov
shift [53,54].

The concept of an inhomogeneously polarized nondiffracting beam
was successfully introduced by Bouchal [55], although some insight into
the topic was already present in the book by Stratton [56] and the
method of construction of such polarized structures is discussed in great
detail by Morse [57]. The extension of the concept of nondiffracting X-
waves from the scalar domain to the vector domain was introduced [58]
and extended to vortical properties with an arbitrary frequency spec-
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trum [59]. Vector light sheets of nondiffracting light were also recently
studied [60, 61]. Moreover, vector parabolical, elliptical optical bullets
were considered [62,63]. These advances are especially interesting, given
the applications of pulsed beams polarized radially and azimuthally for
material processing [64,65], together with the applications of nondiffract-
ing beams [66,67].

In this work highly nonparaxial vector Bessel-X pulses [1] are investi-
gated, introducing analytical expressions and revealing novel properties
introduced by inhomogeneous polarization. We also move on to the in-
vestigation of another type of optical bullets - vector focus wave modes,
which are generalizations of the X-waves and Bessel-X pulses inside a
dielectric dispersive medium. For this purpose, we select one of the glass
materials and analyze the dispersion relation of the spatiotemporal spec-
tra [3]. The general expression of the spatiotemporal spectra describes
the cone angles of forward propagating Bessel beams that result in the
pulsed signal propagating in the Bessel zone with controllable velocity
V , which can be superluminal [4,5], subluminal [6], or even negative (i.e.
propagate backward) [7]. These conditions may require high cone angles
of superposed Bessel beams, so a valid vector description is required. We
introduce to the optical bullets this vector description and study elec-
tromagnetic structure of resulting pulsed fields in a dielectric material,
relating the duration to the transverse size of the beam, central fre-
quency and propagation velocity of the optical bullet, for the purpose of
investigating the generation and behavior of vector optical bullets within
dielectric medium. For experimental application of nondiffracting and
nondispersive light pulses we need a proper mathematical description of
highly focused vector pulses. By using our mathematical model we are
able to investigate the properties of the beam in a dielectric media, with
group velocities that can be superluminal, subluminal, or even negative.
The results allow us to understand the relations between transverse size
of the beam, the intensities of each component (paying special atten-
tion to the z component of the electric field) depending on the central
frequency, polarizations, different group velocity V and integration con-
stant γ values.

Illustration on one of the generation methods for Bessel beams is
depicted in Figure 1.2, where we use an optical element called axicon,
which has a conical surface. Due to the superposition of the incident
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Figure 1.2: Ray diagram of arbitrary Bessel beam generation in the
presence of axicon and spiral phase plate. Adapted from [68].

beam in the Bessel zone marked as zrange, we get a Bessel beam. Fur-
thermore, with the addition of another diffractive optical element we
can produce higher order Bessel beams. For example, the incident beam
can be passed through a parallel aligned spiral phase plate (SPP) and
axicon to produce higher order Bessel beams. The spiral phase plate
represents the topological charge m.

1.1. Nondiffracting beams

The scalar wave equation in vacuum in the Cartesian (Descartes) coor-
dinate system [69] is written as follows:(

∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 − 1
c2

∂2

∂t2

)
E(r, t) = 0, (1.1)

where r = {x, y, z} is the radius vector, t is time, c is the speed of light
in vacuum. The simplest solution to this differential equation is a plane
monochromatic wave of frequency ω:

E(r, t) = E0 exp [i (k · r − ωt)] , (1.2)

which is propagating in the direction of the wave vector |k| = ω/c, E0

is the wave amplitude. Different boundary conditions lead to different
solutions of the wave equation written in the Cartesian system, which
can be expressed as the superposition of plane waves with specific wave
vector k and frequency ω. This wave does not change in space and time,
hence it can be called a non-diffracting wave. The energy of such a beam
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is infinite, therefore these solutions are not physical, and would only be
possible in a limited space.

Spherical non-diffracting wave solutions can be obtained similarly
by writing the scalar wave equation in the spherical coordinate system
r = {r, θ, ϕ}

[
1
r2

∂

∂r

(
r2 ∂

∂r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+ 1

r2 sin2 θ

∂2

∂ϕ2 − 1
c2

∂2

∂t2

]
×E(r, θ, ϕ, t) = 0.

(1.3)
Unlike the plane wave – the spherical wave’s amplitude decreases

with distance from the source, but the energy in each layer of thickness
dr remains constant, thus this wave would also require infinite energy
and describes not a physical situation. Far enough from the source, a
spherical wave can be approximated as a plane wave.

Writing the wave equation in cylindrical coordinates

(
∂2

∂r2 + 1
r

∂

∂r
+ 1

r2
∂2

∂ϕ2 + ∂2

∂z2 − 1
c2

∂2

∂t2

)
E(r, ϕ, z, t) = 0, (1.4)

we get another solution of the wave equation – a cylindrical wave

E(r, ϕ, z, t) = E0H(1,2)
m (krr) exp [i (kzz − ωt)] , (1.5)

where H
(1,2)
m (krr) are the first and second kind m-th order Hankel func-

tions. For large r values, the plane wave front has the asymptotic form
exp(±ikrr), while near the axis it is described as ∼ 1/rm, where (m > 0)
and ≈ ln(r), when (m = 0). Cylindrical Hankel functions can be ex-
pressed through Bessel or Neumann functions H

(1,2)
m = Jm ± iNm, which

are also known as cylindrical cosine and sine functions. The Neumann
function takes infinite values at the axis and is used to describe infinite
power light absorbing or emitting cylindrical filaments. The Bessel func-
tion is used to describe situations where there is no emission absorption
at the axis. When kz = 0, such a wave source is an infinite filament or
cylinder, and its wave front replicates the source’s symmetry or one of its
coordinate surfaces. When kz ̸= 0, the wave front or cone corresponds
to the radiation of an infinitely long cylindrical source. The standing
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wave in the transverse plane is described by the Bessel function Jm(krr).
When such a wave has the z axis propagating term exp(ikzz), we obtain
the classical non-diffracting Bessel beam [18,70]. The cylindrical nature
of the Bessel beam emphasizes its ability to bypass obstacles—this is
possible when the obstacle’s transverse dimensions are smaller than the
dimensions of the cylindrical source [71,72].

Besides the mentioned coordinate systems, it is possible to create
non-diffracting beams in cylindrical coordinates—by adding the z coor-
dinate to two dimensional coordinates, or in spherical -by rotating the
two-dimensional solutions about one of the axes. For data transfer it
is more convenient to use cylindrical coordinates, where the informa-
tion is traveling along the z axis. Optical solutions like the elliptic or
parabolic cylinder coordinate systems also exist as non-diffracting solu-
tions [20,73].

1.1.1. Vortices in Non-diffracting beams

A. Ashkin observed during his experiment that an unfocused light beam
attracts particles with a high refractive index towards the axis of the
beam and pushes them in the direction of the beam’s propagation. When
the beam propagates from below, the axial pushing force can compensate
for the gravitational force, and this resulting phenomenon is called opti-
cal levitation [74]. By using two intersecting beams or a single strongly
focused beam [75], it is possible to capture small dielectric particles in
three coordinates. This technique enabled the lifting or transferring
of objects with visible light radiation, and thus it was named optical
tweezers. This tool is associated with numerous applications in science,
atomic physics, quantum optics, and microbiology. It has been observed
that higher-order laser modes – optical vortices – capture specific ob-
jects better: reflective [76], absorbing [77], and those with low refractive
indices [78,79].

Optical vortices are helical dislocations of the light field, where the
wavefront shape is a helical (helicoidal) surface. The main characteristic
of such fields is points of undefined phase, first described by Nye and
Berry [80]. At these points of the optical field, the wave amplitude is
close to zero, resulting in dark spots in the wave intensity distribution.
A vortex can be mathematically imagined as a zero of the complex
amplitude of the optical field E. The phase eimφ and amplitude rm of
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the field around the complex zero depend on the order m of the zero,
which is also referred to as the topological charge of the light vortex.

According to the phase eimφ, vortices in the vicinity of the vortex
center changing in a right-handed or left-handed manner are divided into
positive and negative ones. The number m indicates how many times
the phase changes its value over 2π [81].

The optical vortex of linear polarization has angular momentum.
The angular momentum M of the transverse electromagnetic wave is

M = ϵr × (E × B) , (1.6)

where E is the electric field strength, B is the magnetic field induction
vector. The total angular momentum is calculated by the formula:

J = ϵ

∫
r × (E × B) dr. (1.7)

From the linear polarization of the Bessel beam’s electromagnetic
field, we can easily find the radial and azimuthal polarization compo-
nents of the Bessel beam’s angular momentum. As the analysis shows,
the angular momentum vector of these polarizations has only the az-
imuthal component, which, when integrated over the entire space, due
to azimuthal symmetry, we obtain that the total angular momentum is
zero. For linearly polarized and circularly polarized [82] Bessel beams
with non-zero angular momentum, all three components of the angular
momentum vector are non-zero, and by averaging over the entire space,
the impact is only on the z-component

Mz ∝
[
mJ2

m − 1
2σr

d

dr
J2

m

]
, (1.8)

where σ = ±1 for circular left-handed or right-handed polarization
and σ = 0 for linear polarization. After averaging the angular momen-
tum over the entire space, we find that the angular momentum and
energy ratio for the Bessel beam is

J

cP
= m + σ

ω
, (1.9)

thus, the angular momentum of the Bessel beam is proportional to the
integer or topological charge m. FWM waves are also characterized by
angular momentum, which is proportional to the topological charge m
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of the Bessel beam they consist of [83].
Light beams carrying optical vortices (vortex beams) are distin-

guished by their properties. Adding even a vanishingly small coherence
background to a vortex beam of higher than unit topological charge,
a vortex hole of charge |m| forms at the single topological charge vor-
tex [84]. The result of the superposition of light vortices differs from
classical interference results. In the case of the common Laguerre-
Gaussian (LG) vortex superposition, vortices arise in the complicated
beam whose count changes during propagation depending on the beam’s
dimensions and amplitude [85]. The combined LG vortex beam exhibits
a more complex topological structure than would be expected from the
elementary arithmetic of individual beam charges [86, 87]. Complex
topological structures can exist in light fields - vortex trajectories with
annihilation points form nodes, manifesting other high-topology struc-
tures [88–91]. Femtosecond pulse vortex propagation is conditioned by
filamentation in air [92]. In birefringent crystals, even under weak polar-
ization anisotropy, interesting topological structures are formed [93,94].
The vortex Mathieu beams also exhibit properties analogous to the
Bessel beam vortex [95].

Complex topologically structured vortex fields are important in inter-
ferometry [96], micromanipulation, such as optical particle tweezers [97],
microengine propulsion forces [98], microflow generators, asymmetric
particle manipulators [99], Bose-Einstein condensate manipulators [100]
due to their non-diffracting nature, can transport objects over long dis-
tances compared to LG vortices [101,102].

The field of nonlinear optics of light vortices is also developing fairly
rapidly, as light vortices propagating in a nonlinear medium lead to
the emergence of new phenomena. During second harmonic genera-
tion, it was shown that the topological charge of the light vortex dou-
bles [103,104]. Also during three-wave mixing, the phenomenon of topo-
logical charge addition and subtraction occurs [105]. Three-wave mixing,
in cases of beam carrying, leads to the appearance of various light vor-
tex interaction effects [106–108]. Intense light beams carrying vortices
split into a set of solitons due to self-interaction [107], vortex collapse
occurs [109]. Beam diffraction and beam carrying effects lead to the
spontaneous appearance of multiple optical vortex pairs [110]. The in-
terference pattern of vortex waves and the superposition of vortex wave-
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fronts create magnetic structures [111]. The superposition of Bessel
vortices during harmonic generation has been explored [112,113]. It has
been shown that in the second harmonic beam, an additional vortex of
topological charge emerges and strengthens in the vortex field during
the generation of the second harmonic [114]. Quantum noise parameter
amplification in the vortex field has also been explored [115]. The ap-
pearance of the Bessel vortex due to quantum noise amplified in the para-
metric generation of the Gaussian beam has been demonstrated [116].
Spatial solitons have also been demonstrated [117]. Transverse patterns
in nonlinear optical resonators have been investigated [118].

1.2. Scalar Bessel-X waves

The scalar Bessel-X wave is a pulsed scalar non-diffracting electromag-
netic field which is composed of monochromatic Bessel beams of different
frequencies ω with individual amplitudes defined by the spectral func-
tion S(ω) and by the temporal-spatial dispersion law kρ = k(ω) sin θ(ω),
where kρ is the transverse wavevector component. In general, spatial
dispersion is defined by phase matching of longitudinal components of
the wave vector, so that each spatial component propagates at the phase
velocity matched with other components. In one specific case, the cone
angle and individual Bessel angle phase velocity on the propagation axis
has a clear dependence kz = k cos θ [3]. Thus, with this knowledge, it
is possible to construct wavepackets that mitigate or even cancel the
material dispersion and consequently eliminate the pulse shape change.
In this case, the resulting scalar electromagnetic field is given by

E(ρ, φ, z, t) =
∫ ∞

0
S(ω)Jm (kρρ) eimφei(kzz−ωt)dω, (1.10)

where Jm is the Bessel function of m-th order, m is the topological
charge, kz = k cos θ, where θ(ω) is a single frequency cone angle, and
r = (ρ, φ, z) is the spatial and t is time coordinates, respectively. In
the specific case of Bessel-X waves [29,119], the spectral amplitude S(ω)
(see Figure 1.3) is given by

S(ω) = α√
2π

√
ω

ω0
exp

[
−α2 (ω − ω0)2

2

]
, (1.11)

where ω0 is the carrier frequency, α is inversely proportional to the
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Figure 1.3: The spectral distribution of Equation (1.11) (blue) S(ω)
compared to a Gaussian spectral distribution (red dashed).

spectral bandwidth of the signal. In our case, analysis of the beam
propagation is done in a vacuum, the angular dispersion is adjusted so
that the cone angle θ is constant and the group velocity is c/ cos θ.

In this case equation (1.10), can be approximated as [29,119]

E(r, t) =
√

Z(d) exp
[
−ρ2 sin2 θ + d2

2c2α2 + i (mφ + ω0d)
]

× Jm

[
Z(d)ρω0 sin θ

c

]
,

(1.12)

where Z(d) = 1 + id/(ω0α2) and d = (z/c) cos θ − t, c is the speed of
light and θ is the cone angle of the Bessel-X wave.

By using the scalar wave equation (1.12) we can demonstrate the
scalar Bessel beams with different topological charges, see Figure 1.4.

1.3. Vector Bessel-X waves

Vectorial solutions of the Maxwells equations can be constructed from
solutions of scalar wave equations using the technique described in Ref-
erence [56,57]:

M(r, t) = ∇ × aE(r, t), N(r, t) = 1
k

∇ × M(r, t), (1.13)

where M(r, t), N(r, t) are transverse electric (TE) and transverse mag-
netic (TM) vector field modes, ∇ is a nabla operator and a is a predefined
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[e] [f ]

Figure 1.4: Intensity distributions of scalar Bessel beam, when m = 0
(a, b), m = 1 (c, d), m = 2 (e, f).

vector [57]. Applying this operation to Equation (1.10) leads to

M(r, t) =
∫ ∞

0
S(ω)M0(r; ω)e−iωtdω,

N(r, t) =
∫ ∞

0
S(ω)N0(r; ω)e−iωtdω, (1.14)

where M0 and N0 are vectorial Bessel functions, their expressions can
be found in the literature [55] or obtained directly from Equation (1.13).

Some properties of vectorial solutions M(r, t), N(r, t) can be de-
duced from situations similar to those previously discussed in the litera-
ture [120]. Electric and magnetic field components that are solutions to
Maxwell’s equations are expressable in terms of 2 independent functions
g1(r) (x polarized) and g2(r) (y polarized) of the paraxial wave equation.
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In this case, the individual electric field components are

Ex = g1(r) + 1
4k2

[
∂2g1(r)

∂x2 + ∂2g1(r)
∂y2

]
+ 1

2k2
∂2g2(r)
∂x∂y

,

Ey = g2(r) − 1
4k2

[
∂2g2(r)

∂x2 + ∂2g2(r)
∂y2

]
+ 1

2k2
∂2g1(r)
∂x∂y

,

Ez = i
k

[
∂g1(r)

∂x
+ ∂g2(r)

∂y

]
.

(1.15)

In order to apply these formulae to our case we assume g1(r) = 0 for TE
mode, and g2(r) = 0 for TM mode. In conclusion defined in [55], we ex-
pect an appearance of the z component with an amplitude proportional
to k sin θ and an appearance of the cross-component with an amplitude
proportional to k2 sin2 θ.

1.3.1. Linearly polarized Bessel-X waves

Figure 1.5: Linear transverse electric (TE) and transverse magnetic
(TM) polarizations transverse intensity distributions for a Bessel-X
beam. The white arrows represent the polarization direction.

To construct a linearly polarized Bessel-X wave (Figure 1.5), we
select a = ex, where ex is a unitary vector oriented along the x-axis.
We now substitute equation (1.12) into equation (1.13) and obtain the
following expressions for the linearly polarized transverse electric and
transverse magnetic Bessel-X waves. The transverse electric Bessel-X
wave is given by
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Mx = 0,

My =
√

Z(d)e− ρ2 sin2 θ+d2

2α2c2

[
Jm(A) cos θ

(
−z cos θ

c4α2 + iω0
c

+ i
2ω0α2cZ(d)

)
+J ′

m(A)z
]
eimφ+iω0d,

Mz = −
√

Z(d)e− ρ2 sin2 θ+d2

2α2c2

[
Jm(A)

(
−ρ sin2 θ

α2c2 sin φ + im
ρ

cos φ

)
+J ′

m(A)ρ
]
eimφ+iω0d,

(1.16)
where A = Z(d)ρω0 sin θ/c. We note that the Mx component is absent
and the vortical term eimφ is present in the My and Mz components
so the transverse electric Bessel-X beam is a linearly polarized vortical
structure. The absence of the Mx component can be explained by the
difference in the derivation of Equation (1.15) and Equation (1.13). Lin-
ear polarization affects the z component by splitting its intensity profile
into two parts: near the axis, the dependency is modulated by cos φ,
while further away from the axis, it is modulated by sin φ.

The transverse magnetic Bessel-X wave has a more complex expres-
sion, which is given by

Nx = eimφ

k

[
(f ′′

1zzf2 + 2f ′
1zf ′

2 + f1f ′′
2 + f ′

1ρf2 − m2

ρ2 f1f2) cos2 φ

−(f ′′
1zzf2 + 2f ′

1zf ′
2 + f1f ′′

2 + f ′′
1ρρf2) sin φ cos φ

]
,

Ny = eimφ

k

[ im
ρ2 (f1f2 + ρf ′

1ρf2)

+ (2f ′′
1zzf2 + 4f ′

1zf ′
2 + 2f1f ′′

2 + f ′′
1ρρf2 + f ′

1ρf2 − m2

ρ2 f1f2) sin φ cos φ

]
,

Nz = eimφ

k

[(
f ′′

1zρf2 + f ′
1ρf2

)
cos φ − im

ρ

(
f ′

1zf2 + f1f ′
2
)

sin φ

]
.

(1.17)

Here, for the sake of convenience, we have introduced two shorthand
notations:

f1(ρ, z) = e− ρ2 sin2 θ+d2

2α2c2 Jm

[
Z(d)ρω0 sin θ

c

]
,

f2(z) =
√

Z(d)eiω0d.

(1.18)
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As expected from Equation (1.15) the cross-polarized component
Ny appears. Although the expression is now more complex, the vortical
nature is represented by the term eimφ the leading component is Ny as
the field is linearly polarized in the y direction. The z component Nz

rotates by 90 degrees compared to the previous case.

1.3.2. Radially and azimuthally polarized Bessel-X waves

Radially and azimuthally polarized Bessel-X waves (see Figure 1.6) are
constructed from the scalar solution; see Equation (1.12), by replacing
the vector a = ex in Equation (1.13) with vector ez. The results of
this operation for the transverse electric(azimuthally polarized) Bessel-
X beam are given by

Mρ = im
ρ

√
Z(d)e− ρ2 sin2 θ+d2

2α2c2 Jm

[
Z(d)ρω0 sin θ

c

]
eimφ+iω0d,

Mφ =
√

Z(d)e− ρ2 sin2 θ+d2

2α2c2 (Jm

[
Z(d)ρω0 sin θ

c

]
ρ sin2 θ

α2c2 −{
Jm−1

[
Z(d)ρω0 sin θ

c

]
− Jm+1

[
Z(d)ρω0 sin θ

c

]}
Z(d)ω0 sin θ

2c

)
eimφ+iω0d,

Mz = 0.

(1.19)
First, we note the absence of the longitudinally polarized component
Mz = 0. Next, we note that the radial component Mρ = 0 if the
topological charge m = 0, thus the field is purely azimuthal. However,
the radial component does appear if the topological charge m ̸= 0. Both
components have the optical vortex term eimφ, so they can be referred
to as azimuthally or radially polarized vortices located at the core of a
Bessel-X wave.

The transverse magnetic(radially polarized) Bessel-X wave is ex-
pressed by

Nρ = eimφ

k

(
f ′′

1ρzf2 + f ′
1ρf ′

2

)
,

Nφ = imeimφ

kρ

(
f ′

1zf2 + f1f ′
2
)

,

Nz = −f2eimφ

kρ

(
ρf ′′

1ρρ + f ′
1ρ − m2

ρ
f1

)
.

(1.20)

In this case, when m = 0 the azimuthal component Nφ = 0, so the
radial and longitudinal components are present, similarly to the cases
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Figure 1.6: Azimuthal (TE) and radial (TM) polarizations transverse
intensity distributions for a Bessel-X beam. The white arrows represent
the polarization direction.

of radially polarized light which are already known. However, when the
topological charge m ̸= 0, all 3 field components are present and their
phase portraits display distinct vortical structures.

1.4. Angular dispersion curves

Figure 1.7: Refractive index curve for BK7 glass, as obtained from
Sellmeiers equation for BK7 glass [121].

A non-diffracting wave packet is obtained when individual waves
of different frequencies of a Bessel beam are combined in such a way
that their longitudinal wave vectors form a linear dependency on the
frequency. In this way, a non-diffracting wave packet is characterized
by the angular dispersion dependence of its constituent components θ =
f(ω), which in a linear dispersive medium is written as follows:
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k(ω) cos θ = ω

V
+ γ (1.21)

Here k(ω) = ωn(ω)/c and θ is the cone angle of the monochromatic
frequency ω of the Bessel beam’s wave vector. The n(ω) is the refractive
index of the medium, obtained using refractive index data provided in
the literature [121]. The V is the group velocity of the focus wave
mode, and γ is the propagation constant, which can be attributed to the
integration constant [30], which represents the phase period of a resulting
plane wave traveling at zero propagation angle (θ0 = 0). The constant V

physically represents the propagation speed of the non-diffracting pulse
beam. It should be noted that the angular dispersion curve θ = f(ω)
always changes the intensity profile of the pulse beam in the spatial
region, and is a crucial factor in creating localized pulse beams during
the experiment. The frequency ω is normalized to the frequency ω0,
corresponding to the zero of group velocity dispersion (GVD) in BK7
glass (λ0 = 1.356 µm).

1.5. Focus wave modes

For the investigation of the optical bullets (focus wave modes), we have
selected one of the most common materials used for laser applications -
the BK7 glass. The dielectric constants of BK7 glass are well known, the
Sellmeier equations are easily accessible, and well researched. The fea-
sibility of using BK7 glass for experiments is high due to its widespread
use, availability, excellent optical properties, and cost effectiveness. An-
gular dispersion curves of BK7 glass allow us to represent the O- and
X-shaped focus wave modes within the optical wavelength range, with
available Light Conversion, PHAROS laser (wavelength of 1030 nm) and
harmonics available at 515 nm, 343 nm, 258 nm, and 206 nm. We should
take into account the maximum angle at the interface between the air
and the glass, which limits the maximum feasible angle to 0.73 radians.
At higher angles, we see the required incident angles become complex,
which shows that evanescent waves would be required.

Nondiffracting and nondispersive wave packets usually are intro-
duced within the frame of the cylindrical coordinate system and are
perceived as a coherent superposition of monochromatic solutions of the
respective cylindrical coordinate system. For such a coherent super-
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position to have nondiffracting and nondispersive properties, the wave
vectors and frequencies within the wave packet have to correlate with
each other. This requirement results in a wide range of different wave
packets that are resistant to diffraction and dispersion. In this work, our
aim is to investigate the so-called optical bullets, which are characterized
by the following relation [3]:

kz(ω) = ω

c
n(ω) cos θ = ω

V
+ γ, (1.22)

where kz is the z component of the wave vector k = (kρ, 0, kz), kρ is
the transverse component of the wave vector, ω is the wave frequency,
c is the speed of light, n is the refractive index of the material, θ is the
angle between the z axis and the k vector, V is the group velocity of
the focus wave mode, and γ is the propagation constant [3]. Sometimes,
it can be attributed to the integration constant [30], which represents
the phase period of a resulting plane wave traveling at zero propagation
angle (θ0 = 0). This dependency (1.22) introduces the spatial-temporal
relationship between the wave vector and the wave frequency. It can be
visually perceived as the angular dispersion law for different frequencies:

θ(ω) = arccos
[

c

V n(ω) + γc

ωn(ω)

]
. (1.23)

Substituting the relation between the vector k and the frequency of the
wave into the general expression of the superposition of monochromatic
waves results in the following integral expression:

E(ρ, φ, z, t) = eiγz
∫ ∞

0
S(ω)Jm (kρρ) eimφe−iωτ dω (1.24)

where τ = t − z/V and m is the topological charge of the focus wave
mode, (ρ, φ, z) are cylindrical coordinates.

The scalar focus wave modes are well known and have been studied.
Our aim here is to construct their vector counterparts. Vectorial solu-
tions of the Maxwell equations are constructed from solutions of scalar
wave equations using the method given in Reference [56, 57], presented
in Equation (1.13). Applying this operation to Equation (1.24) leads to
the following expressions for transverse electric (TE) optical bullets:

M(r, t) = eiγz
∫ ∞

0
S(ω)M0(r; ω)e−iωτ dω, (1.25)
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and transverse magnetic (TM) optical bullets:

N(r, t) = eiγz
∫ ∞

0
S(ω)N0(r; ω)e−iωτ dω. (1.26)

Vector functions M0(r, ω) and N0(r, ω) are basis vector functions
of cylindrical coordinate systems obtained from Equation (1.13). Their
exact expressions and physical interpretations depend on the choice of
the vector a. We note here that, for anisotropic material, one has to
determine basis vector functions separately. Given the birefringence,
it has been reported on the deformations of Bessel beams traveling in
anisotropic materials [122], so the question of whether the basis functions
will still be described using cylindrical functions is open.

When a = ez, the expressions resulting for M0(r, ω) and N0(r, ω)
are

M0(r, ω) =
[
im

ρ
Jm (kρρ) êρ − J ′

m (kρρ) êφ

]
eikzz+imφ, (1.27)

where J ′
m is the first derivative of the Bessel function of the m-th order.

This expression describes an azimuthally polarized Bessel vortex beam.

N0(r, ω) =
[
ikz

k
J ′

m (kρρ) êρ − mkz

kρ
Jm (kρρ) êφ +

k2
ρ

k
Jm (kρρ) êz

]
×eikzz+imφ

(1.28)
This expression describes a radially polarized Bessel vortex beam [55].

In the context of inhomogeneously polarized vector beams, the in-
dex m in Equations (1.27) and (1.28) can be assigned to the so-called
polarization order p, see Reference [123].

When a = ex, the resulting expressions for M0(r, ω) and N0(r, ω)
are

M0(r, ω) =
{

ikzJm (kρρ) êy −
[
sin φJ ′

m (kρρ) + im cos φ
Jm (kρρ)

ρ

]
êz

}
×eikzz+imφ

(1.29)
where ey is the unit vector of the Cartesian coordinate system. This ex-
pression describes a linearly polarized (in the y-direction) Bessel vortex
beam.
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N0(r, ω) = 1
k

({
− J ′

m (kρρ)
ρ

(cos φ + im sin φ)

+ Jm (kρρ)
[ im

ρ2 (sin φ − im cos φ) + k2
z cos φ

]}
êρ

+
[
J ′′

m (kρρ) sin φ + J ′
m (kρρ)

ρ
im cos φ

− Jm (kρρ)
( im

ρ2 cos φ + k2
z sin φ

)]
êφ

+
[
J ′

m (kρρ) ikz cos φ + Jm (kρρ)
ρ

kzm sin φ

]
êz

)
eikzz+imφ,

(1.30)

where J ′′
m is the second order derivative of the Bessel function of

the m-th order. This expression describes a linearly polarized (in the
x direction) Bessel vortex beam; see Reference [55] for a slightly differ-
ent definition. We note here that these basis functions describe vector
beams which are optical vortices with predominantly linearly polarized
components.

Substitution of these four different basis functions into Equations
(1.25, 1.26) gives integral expressions for vector optical bullets inside
a dielectric material. The selection of the vector a = ez gives us az-
imuthally and radially polarized optical bullets, and the selection of the
vector a = ex gives us linearly polarized (in the y and x directions)
optical bullets. In general, these expressions cannot be analytically in-
tegrated, but integration can be performed under some strict conditions.
For example, in the vacuum, when γ = 0 µm−1 and the spectral envelope
S(ω) has a particular expression

S(ω) = exp
[
−∆t2 (ω − ωc)2 /4

]
, (1.31)

then the integrals from Equations (1.25, 1.26) can be analytically evalu-
ated to azimuthally and radially polarized pulsed Bessel-X vortices [1].
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SIMULATIONS

This chapter describes the simulation methods and results, with discus-
sions and conclusions of this work. The results have been published in
[A1], [A2] and [A3] articles.
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2. AZIMUTHALLY AND RADIALLY POLARIZED PULSED
BESSEL-X VORTICES

2.1. Linearly polarized Bessel-X pulses

In this section, we systematically investigate and present a comparison of
linearly polarized Bessel-X wave vortices with their radially/azimuthally
polarized counterparts. We start by showcasing two cases (TM and

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.1: Intensity distributions of a linearly polarized Bessel-X
pulses(a, e) and its individual components(Ex, (b, f), Ey, (c, g), Ez,
(d, h)) in the transverse plane. The transverse electric mode is depicted
in (a-d), and the transverse magnetic mode is depicted in (e-h). The
white arrows depict the orientation of the electric field. The cone angle
θ = 45◦, frequency ω0 = 1.885 fs−1 (λ0 = 1µm), α = 1.06 × 10−14 s.
Topological charge m = 0.

TE modes) of linearly polarized Bessel-X waves with topological charge
m = 0, see Figure 2.1. First, the choice of the vector used to construct
vector solutions has caused the transverse electric mode to be polarized
in the y direction, while the transverse magnetic solution is polarized in
the x direction. As a consequence, the TE mode has no x component
and the TM mode has a small y component. As the numerics reveals, the
maximal intensities of the individual component do depend on the cone
angle θ. As the angle θ increases, the z-component appears and at some
values of the angle θ its intensity becomes equal to the intensity of the
main component. For the transverse magnetic mode, we also observe
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Figure 2.2: Intensity distributions of a linearly polarized Bessel-X
pulses(a, e) and its individual components(Ex, (b, f), Ey, (c, g), Ez, (d,
h)) in the longitudinal plane. The transverse electric mode is depicted
in (a-d), and the transverse magnetic mode is depicted in (e-h). The
white arrows depict the orientation of the electric field. The cone angle
θ = 45◦, frequency ω0 = 1.885 fs−1 (λ0 = 1 µm), α = 1.06 × 10−14 s.
Topological charge m = 0.

a non-zero cross-component which becomes more intense as the cone
angle increases. Although it always remains the smallest and weakest
field component, it can become noticeable; see Figure 2.1 (g). Both
modes have similar-looking z components that are rotated by 90 degrees
when compared to one another. In both cases, the dominant component
has a Bessel-like structure with the main lobe surrounded by a number
of rings with decreasing amplitudes.

Next, we plot intensity distributions in the longitudinal plane see
Figure 2.2. As the cone angle θ is relatively large, we observe the differ-
ences between the TE and TM modes. As the numerics reveal, for angles
θ ≈ 20◦ small differences are observed between TE and TM modes due
to the non-zero z component in the TE mode. In this case, we have
selected θ = 45◦, so the intensity of the z component is noticeable, and
because of this we observe noticeable differences in the transverse pro-
files. As expected, the x component is absent in the TE mode, as is
the y component in the TM mode due to the choice of the cross-section.
The z component of the TM mode is 0 in this cross-section. We note
that in both cases the distinct X-letter shape is clearly pronounced in
the intensity distributions, see Figure 2.2 (a) and (e). This shape is
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Figure 2.3: Intensity distributions of a linearly polarized transverse
magnetic (TM) Bessel-X pulses(a, e) and its individual components(Ex,
(b, f), Ey, (c, g), Ez, (d, h)) in the transverse(a-d) and longitudinal(e-
h) planes. The white arrows depict the orientation of the electric field.
The cone angle θ = 45◦, frequency ω0 = 1.885 fs−1 (λ0 = 1 µm),
α = 1.06 × 10−14 s. Topological charge m = 1.

preserved during diffraction(propagation) of the pulse in the free space.
Thus, the vectorization of the Bessel-X pulses for the case of linear

polarization has resulted in the appearance of either a y- or x-polarized
main component, a z-polarized component, and a cross-polarized com-
ponent for the TM mode. As a next step, we look into the linearly
polarized Bessel-X wave with an optical vortex of topological charge
m = 1. In this case, we investigate only the transverse magnetic mode
as it has a richer topology than the TE mode.

For the selected cone angle of θ = 45◦, all three field components are
observed in the transverse plane. Their maximal intensities obey the
considerations of Equation (1.15). The dominating component is the x
component followed by the z component; the y component is observable,
but has the smallest intensity of all three field components. Moreover,
the beam has a topological structure in the center of the beam: an
optical vortex in the x component and the appearance of opposite charge
vortices in the z component. The y component has a rich four-lobe
structure caused by the superposition of 2 vortices causing the splitting
of the resulting field into a ring-like repeating structure with 4 single
charged vortices on each ring [124].

The intensity distribution of a linearly polarized Bessel-X pulse vor-

38



tex in the longitudinal plane is depicted in Figure 2.3(e-h). We observe a
rather complex topological structure with the polarization state chang-
ing across the cross-section. This behavior is caused by the interaction
of the x and z polarized components. As expected the x component is
still the largest one, however, at the core of the vortex the z compo-
nent dominates. The y component is present, but it has practically no
influence on the total resulting field.

2.2. Radially and azimuthally polarized Bessel-X pulses

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.4: Intensity distributions of a azimuthally(a-d) and radially(e-
h) polarized Bessel-X pulses(a, e) and their individual components(Ex,
(b, f), Ey, (c, g), Ez, (d, h)) in the transverse plane. The white arrows
depict the orientation of the electric field. The cone angle θ = 45◦,
frequency ω0 = 1.885 fs−1 (λ0 = 1 µm), α = 1.06×10−14 s. Topological
charge m = 0.

Now we move on to the presentation of the numerical simulation of
radially and azimuthally polarized Bessel-X pulse vortices. For the start,
we choose m = 0 and consider fundamental radially and azimuthally po-
larized modes. As we are interested in the effects caused by nonparaxi-
ality, the choice of the cone angle remains the same.

The intensity distributions of azimuthally polarized Bessel-X pulse
and its individual components in the transverse plane are depicted in
Figures 2.4(a-d). Here, we note the inhomogeneous polarization struc-
ture characteristic of the azimuthally polarized state of light: the orien-
tation of the electric field depends on the azimuthal value, and the elec-
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tric field experiences clockwise and counterclockwise rotation depending
on the radius in the transverse plane. As a result, the field consists
of 2 dominating components with equal intensities and are rotated by
90 degrees in respect to one another. As expected, no z component is
present, though we could expect it to appear by looking at Equation
(1.15). This happens because the magnitude of derivatives in Equation
(1.15) are opposite, so they cancel out, and as a result, no z-component
is present.

The case of the radially polarized Bessel-X pulse is presented in Fig-
ure 2.4(e-h). We observe a clearly distinguishable polarization structure
characteristic of the radially polarized state of light. Two dominating
linearly polarized field components are present, and they are also rotated
by 90 degrees in respect to one another. Due to the non-paraxiality, the
dominating linearly polarized components of the TM mode slightly differ
from the dominating components of the TE mode. The main difference
is the appearance of the z polarized field components, see Figure 2.4(h).
Most importantly, the total intensity of the z component is larger than
the maximal intensity of the linearly polarized components. This out-
come is in line with previous studies and is a manifestation of the fact
that the radially polarized field can be focused to a sharper spot than
the linearly polarized pulsed beam [38,125].

The non-diffracting properties of the Bessel-X pulses define their in-
tensity distributions in the longitudinal plane. Next, we look at how
the polarization properties interact with non-diffracting properties by
plotting the intensity distributions of TE and TM modes in the longi-
tudinal plane, see Figure 2.5. First, because the azimuthally polarized
(TE mode) is purely transverse, we did not observe the orientation of
the electric field in the xz plane. Due to the choice of the cross-sectional
plane, we observe a single-field component. It has a distinct X-letter
shape, modified by the presence of a polarization singularity on the axis
of propagation. The radially polarized (TM mode) Bessel-X pulse has
a complex observable polarization pattern caused by the interplay of
the x and y components. In the center of the beam where the x com-
ponent has a polarization singularity, the total field is predominantly z
polarized. At points where the z component is small, we observe a field
oriented along the x direction. As a result, the polarization state in the
longitudinal plane rotates around the points located between the zeros
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Figure 2.5: Intensity distributions of a azimuthally(a-d) and radially(e-
h) polarized Bessel-X pulses(a, e) and their individual components(Ex,
(b, f), Ey, (c, g), Ez, (d, h)) in the longitudinal plane. The white arrows
depict the orientation of the electric field. The cone angle θ = 45◦,
frequency ω0 = 1.885 fs−1 (λ0 = 1 µm), α = 1.06×10−14 s. Topological
charge m = 0.

of the x and z components. The polarization state in the lobes of the X
letter is oriented along the lobes; see Figure 2.5(e).

We come forward to include in simulations of radial and azimuthal
Bessel-X pulses yet another parameter - the topological charge m. The
interplay of vorticity and inhomogeneous polarization is known to re-
sult in vector vortices and polarization singularities with rather com-
plex structures. In this numerical experimentation, we keep the cone
angle θ the same and start by presenting intensity distributions of the
azimuthally polarized Bessel-X vortex, see Figure 2.6(a-d). As the po-
larization map reveals, see Figure 2.6(a), the beam consists of two parts-
on the right-hand side the azimuthal polarization rotates in opposite di-
rection to the polarization on the left-hand side. This is a distinct mani-
festation of the inhomogeneously polarized vortex state. The separating
line rotates when time dependence is introduced. Yet another interest-
ing property of the beam is the central part of the beam, where the
polarization is circularly polarized and the beam is focused tighter than
its linearly polarized counterpart. Similar behavior is already known
in the so-called complex source vortices [44]. The individual linearly
polarized constituencies are symmetric and rotated by 90 degrees with
respect to one another. Both components appear as substitutes for single
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Figure 2.6: Intensity distributions of an azimuthally polarized trans-
verse electric(TE) Bessel-X pulses(a, e) and their individual compo-
nents (Ex, (b, f), Ey, (c, g), Ez, (d, h)) in the transverse(a-d) and
longitudinal(e-h) planes. The cone angle θ = 45◦, frequency ω0 =
1.885 fs−1 (λ0 = 1 µm), α = 1.06 × 10−14 s. Topological charge m = 1.

charged vortices of opposite signs; see Figure 2.6(b, c). The propagation
dynamics are given in Figure 2.6(e, h). Because of the absence of the
z component, the electric field is polarized in the transverse direction.
Most notably the cross-sections of the x and y components are different
with the y component having a distinct X letter shape which is hardly
distinguishable in the x component.

The radially polarized Bessel-X vortex has all three field components
present and the vorticity of the radially polarized mode is also observed
see Figure 2.7. However, in this case, the separating line coincides with
the x-axis. For this reason, in the upper part of the picture, the orien-
tation of the electric field is a reflection of the lower part of the picture.
Moreover, the presence of the z component makes the focal spot not so
small as it was in the previous case. The on-axis polarization is a mix
of circular and longitudinal. In the center, the field has circular polar-
ization rotating in the opposite direction to the previous cases, but as
we move to the local maxima of the z component it becomes longitudi-
nally polarized. These points form a ring-shaped structure around the
focal spot; see Figure 2.7(a). The situation in the longitudinal plane
is somewhat similar to the case discussed previously of the azimuthally
polarized Bessel-X vortex. First, because of the presence of all three
components, we observe a collection of regions where polarization ro-
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Figure 2.7: Intensity distributions of an radially polarized trans-
verse magnetic(TM) Bessel-X pulses(a, e) and their individual
components(Ex, (b, f), Ey, (c, g), Ez, (d, h)) in the transverse(a-
d) and longitudinal(e-h) planes. The cone angle θ = 45◦, frequency
ω0 = 1.885 fs−1 (λ0 = 1 µm), α = 1.06 × 10−14 s. Topological charge
m = 1.

tates in the xz plane. These regions are located mainly on the x-axis.
The polarization on the lobes of the X letter is oriented along the X
letter. The X letter is easily distinguishable in the x and z components
but is hardly pronounced in the y component.

Here, we note that we have used a scalar Bessel-X wave with topolog-
ical charge m = 1 and an optical vortex with a screw-like phase front at
its core for the derivation of inhomogeneously polarized vector vortices.
However, the end result is circularly polarized on the axis. This might
be referred to as the conversion of the orbital angular momentum to
spin angular momentum of light and was reported in Ref. [44]. For this
reason, we are interested in situations with topological charges greater
than one (m > 1). Due to this reasoning, we numerically simulate inten-
sity distributions of azimuthally polarized Bessel-X vortex of topological
charge m = 2, see Figure 2.8. Once again, in the transverse plane, we
observe four regions where the rotation of the electric field experiences
changes. These regions are built by diagonal lines (y = x, y = −x). As
the z-component is absent, the field is dominated by two equally strong
linearly polarized components. However, in this case, a single charged
vortex is present in the center of each individual component with two
opposite-sign vortices located a bit farther from the center of the com-
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Figure 2.8: Intensity distributions of an azimuthally polarized
transverse electric(TE) Bessel-X pulses(a, e) and their individual
components(Ex, (b, f), Ey, (c, g), Ez, (d, h)) in the transverse(a-
d) and longitudinal(e-h) planes. The cone angle θ = 45◦, frequency
ω0 = 1.885 fs−1 (λ0 = 1 µm), α = 1.06 × 10−14 s. Topological charge
m = 2.

ponent. Intensity distributions are rotated by 90 degrees, with respect
to one another.

The situation in the longitudinal plane is similar to the previous case,
however, there is no intensity on the axis of propagation due to the pres-
ence of the singularity. Most notably, the X letter is more recognizable
in the y component than in the x component due to the choice of the
cross-section plane.

2.3. Vector Bessel-X pulse components

To summarise we now investigate the behavior of individual electric field
components for different values of the cone angle θ, see Figure 2.9. As ex-
pected for relatively small angles of the Bessel-X pulse cone, the linearly
polarized component dominates the fields in all cases. However, this
situation changes as the angles greater than 20 degrees are approached.
For the linearly polarized TE mode, the z components start to appear
and depending on the topological charge become equal to the transverse
component at approximately 50-60 degrees. The situation is repeated
for the linearly polarized TM mode, though we additionally observe an
appearance of the cross-component x. For the radially polarized Bessel-
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(a) (b) (c)

Figure 2.9: Normalized intensities of individual components of vector
Bessel-X pulses for various cone angles θ for linearly polarized TE mode
(a), linear TM mode (b), and radially polarized mode (c). Topological
charges are m = 0(solid line), m = 1(dashed line), m = 2(dotted line).
The Ex component is in red, Ey is in blue and Ez is in green. In (c),
the Ex and Ey components overlap.

X pulse the dominating role of the longitudinal component is manifested
at small values of the cone angle θ, see Figure 2.9(c). In this case, the
increasing topological charge m decreases the importance of the lon-
gitudinal component. The cause for that is the fact that in the case
of radial polarization the field structure for m = 0 contains no optical
vortices and the z component is sharply focused. When the topological
charge increases, the z component contains topological structures, so its
maximal value is smaller.

2.4. Temporal parameters

Lastly, we ask ourselves whether the vectorial structure of the Bessel-X
waves influences its temporal parameters. In the case of a scalar Bessel-
X wave, see Equation (1.12) parameter α is directly proportional to the
duration of the pulse and the temporal shape resembles a Gaussian one.
However, as we introduce vector properties, two additional electric field
components appear, see Equation (1.16, 1.17, 1.19, 1.20). An inspection
of these components reveals not only changes in the temporal profile, but
also angle-dependent relative amplitudes. For this reason, we expect the
durations τ of the vector Bessel-X waves to depend on the cone angle;
see Figure 2.10 (a, c). We select a particular value of the parameter
α and three different topological charges m. For the linearly polarized
Bessel-X wave, we see a distinct effect caused by the non-paraxiality.
For small angles θ, the FWHM durations τ of all pulses are more or
less similar. As the angle increases, durations of vortices are becoming
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Figure 2.10: Dependencies of FWHM durations of vector Bessel-X
pulses (a, c) on cone angles θ and (b, d) on the parameter α for the cases
of (a, b) linear polarizations(blue curves-TE, and red curves-TM) and (c,
d) azimuthal and radial polarizations(blue curves-radial, and red curves-
azimuthal). Topological charges are m = 0(solid line), m = 1(dashed
line), m = 2(dotted line). The frequency is ω0 = 1.885 fs−1 (λ0 = 1 µm)
and parameter α = 1.06 × 10−14 s (a, c) and θ = 45◦ (b, d).

larger and we note different durations for TE and TM modes. This
effect is expected because the presence of the optical vortex results in
larger dimensions in all 3 dimensions of the optical Bessel-X bullet. As
the angle further increases, we observe a drop in durations caused by
the temporal reshaping of the wave packet - the temporal dependency of
the resulting pulse is not Gaussian anymore, which makes an estimation
of the FWHM duration τ complicated. Moving on to the radially and
azimuthally polarized Bessel-X pulses, we observe a similar behavior.
Small cone angles θ do not influence the durations of vector Bessel-X
pulses with different topological charges, see Figure 2.10(c). We first
observe the separation of the FWHM durations τ according to the topo-
logical charge, followed by the separation of the durations for the TE
and TM modes. In particular, the duration of the vortical Bessel-X pulse
(m = 1) is comparable to the radial or azimuthal polarization Bessel-X
pulse. Radially and azimuthally polarized Bessel-X pulses with topo-
logical charges larger than (m = 2) have durations that increase with
increasing topological charge. This conclusion is also valid for linearly
polarized Bessel-X vortices.
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Next, we fix the cone angle θ to the value of θ = 45◦ and investigate
how the inverse spectral width α influences the resulting FWHM pulse
durations τ . The dependencies of the normalized FWHM duration τ/α

dependencies are presented in Figure 2.10 (b, d). As expected, for longer
pulses, we do not observe differences between polarizations and topolog-
ical charges, and the observed duration τ/α remains constant. However,
when the pulse durations approach values of tens of femtoseconds, we
start to notice differences between topological charges and polarizations.
This might be caused by inaccuracies in the approximation in Equation
(1.12), furthermore, this might require an additional further investiga-
tion using Equation (1.10).

2.5. Summary of the results

We have devised analytical expressions for vector Bessel-X pulses with
inhomogeneously polarized vortices for three selected cases: (a) linear
polarization, (b) azimuthal polarization, and (c) radial polarization. We
have numerically investigated the expressions obtained in a wide range
of cone angles θ and parameters α. Whereas the topological structure
of the main component of the linearly polarized Bessel-X pulse does
contain a topological singularity. The main components of the radially
and azimuthally polarized Bessel-X vortices (m = 1) demonstrate a
transformation of the topological singularity from the phase singularity
to the polarization singularity. The polarization structure of radially and
azimuthally polarized Bessel-X pulses is rather complicated for higher
topological charges; the behavior of the electric field in the focal plane
resembles so-called radially and azimuthally polarized vortices [44].

The vectorial structure of linearly and radially/azimuthally polar-
ized Bessel-X pulses changes the FWHM durations. This effect becomes
more pronounced as the situation becomes non-paraxial with increas-
ing cone angle θ. The dynamics of this dependency is nontrivial and
different for linear and radial-azimuthal polarizations. In the case of
radial/azimuthal polarization, the case with topological charge m = 1
stands out because the durations are similar to those of the case with
pure radial/azimuthal polarization.

For the given cone angle θ the FWHM duration depends linearly
on the parameter α. However, as femtosecond durations are reached
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this behavior is reverted and the analytical model predicts differences
between polarizations and topological charges, which might need further
studies.
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3. VECTOR OPTICAL BULLETS IN DIELECTRIC MEDIA:
POLARIZATION STRUCTURES AND GROUP VELOCITY

EFFECTS

3.1. Vector optical bullets in dielectric material

In this section, we systematically investigate and present a comparison
of linearly polarized optical bullets with their radially/azimuthally po-
larized counterparts in the dielectric material. These results have been
published in my article [2]. We selected a BK7 glass for this investiga-
tion, but note that these steps can be easily applied to any other material
whose dispersion can be described using a Sellmeier formula [126]. The
angular dispersion of the focus wave modes is described by Equation
(1.23). The properties of such dispersion curves have already been ex-
tensively studied in the literature, see Reference [3], so we shall briefly
recall them without diving into the problematics.

(a) (b) (c)

Figure 3.1: (a) Angular dispersion of the optical bullet inside the
BK7 glass, when γ = 1.25 µm−1, and V/c: 0.7 (1), 0.75 (2), 0.85 (3),
1 (4), 1.4 (5). (b) Angular dispersion of the optical bullet within the
BK7 glass, when γ = −0.628 µm−1, and V/c: 0.629 (1), 0.63685 (2),
0.645 (3), 0.65495 (4), 0.685 (5), (c) Angular dispersion of the optical
bullet within the BK7 glass, when V/c = −1.2, and γ: 6π µm−1 (1),
7π µm−1 (2), 8π µm−1 (3), 9π µm−1 (4), 10π µm−1 (5). The frequency
is normalized to the value of ω0 = 1.389fs−1

An example of angular dispersion curves for BK7 glass is shown in
Figure 3.1 for a few selections of group velocities V/c and parameters
γ. The central frequency of the beam ωc is normalized to the frequency
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ω0, corresponding to the zero group-velocity dispersion (GVD) in BK7
glass. In the first case, we select a positive value of γ = 1.25 µm−1 and
change the group velocity values V/c. As a result, we observe the an-
gular dispersion that increases monotonically with frequency. The main
feature of these dependencies is that the range of frequencies where the
optical bullet exists changes with velocity; see Figure 3.1 (a). In the sec-
ond case, we select one particular negative value of γ = −0.628 µm−1 to
plot the angular dispersions for 5 different values of the group velocity,
see Figure 3.1 (b). This case is especially interesting as a demonstration
of the rich and complex dependencies of the angular dispersion. More-
over, for some values, we observe monotonically decreasing angles for
single-wave components, which after reaching the inflection point start
to increase. At a particular value of the group velocity V/c, the inflec-
tion point touches the frequency axis. A further change in the group
velocity results in the dispersion curve splitting into two parts; see Fig-
ure 3.1 (b). In the last example, we selected a negative group velocity
V/c = −1.2 to show the possibility of creating a backward propagating
optical bullet inside the dielectric material; see Figure 3.1 (c) and plot
dispersion curves for a selection of parameters γ.

Before proceeding to the analysis of numerical simulations, we note
that the situation depicted in Figure 3.1 (b) is the most interesting and
most studied in the literature, as for the scalar optical bullets, the rich
dynamics of spatiotemporal profiles is observed. Usually, the optical
bullets have a spatial profile that resembles the capital Latin letter X;
for this reason, the optical bullets are very often called mistakenly X-
waves or Bessel-X pulses, although the latter solutions are obtained as a
particular case of the focus wave modes with parameter γ = 0 µm−1 and
very specific and distinct expressions of the spectral envelope Sω. Yet
another example of the transformations in the spatiotemporal profile of
the nondiffracting and nondispersive focus wave mode is the change to
the capital Latin letter O, caused by specific angular dispersion due to
which the peripheral intensities merge together; see References [3, 31,
127].

Motivated by this particular case having great attention in the liter-
ature we select one particular angular dispersion curve from the Figure
3.1 (b), when γ = −0.628 µm−1 and V/c = 0.63685, as this is the case
with most changes in the spatiotemporal profile of the vector optical bul-
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let. For this study, we introduce the rectangular shape of the spectral
envelope S(ω) = Π(ωc − ω/dω), where

Π
(

ω

dω

)
=


0, if |ω| > dω

2 ,

1
2 , if |ω| = dω

2 ,

1, if |ω| < dω
2 ,

(3.1)

where the dω is the spectral width of the rectangular spectral envelope,
ωc is the central frequency of the wave packet. For the rectangular
spectral envelope, the spectral width dω can be related to the temporal
duration dt using the expression dω = 5.56/dt [128].

In further numerical simulations, we numerically integrate Equations
(1.25, 1.26) using the aforementioned expression for the spectral enve-
lope. For our convenience, we select one particular value of the pulse
duration dt = 100 fs and two particular values of the central frequency,
one giving us an example of the so-called X spatiotemporal profile, and
another giving us an example of the so-called O spatiotemporal profile.

3.2. X- shaped optical bullets

We start our simulations by choosing a = ex, which gives us two linearly
polarized optical bullets. The case of the transverse electric optical
bullet(the main component is the y component). We present the results
in Figure 3.2. The longitudinal intensity profile of the vector optical
bullet is depicted in Figure 3.2 (a). We note a distinct cross profile,
which is the cause of the most used name for the optical bullets, and
a clear resemblance to the capital X letter is observed. In Figure 3.2
(b) we depict the total intensity profile of the transverse electric optical
bullet in the τ = 0 plane. The streamlines depict the orientation of the
electric field. In Figure 3.2 (c-e), we demonstrate individual electric field
components of the vector optical bullet. The component x is absent due
to the transversality of the electric field with respect to a = ex. The
main dominant component is the y component, and the main effect
of vectorization of the scalar optical bullet is the appearance of the z

component, see Figure 3.2 (e).
In the next numerical simulation, we turn our attention to the trans-

verse magnetic focus wave mode, see Figure 3.3. The intensity distribu-
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(a) (b)

(c) (d) (e)

Figure 3.2: Intensity distributions of transverse electric (TE) linearly
polarized optical bullets and its individual components(Ex, (c), Ey, (d),
Ez, (e)) in the transverse plane. The white arrows represent the orienta-
tion of the electric field. The frequency ωc = 4 fs−1. Topological charge
m = 0, pulse duration dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.

tion of the transverse magnetic optical bullet in the longitudinal plane
is presented in Figure 3.3 (a). Due to the selection of the central carrier
frequency ωc, in both cases we end up with relatively moderate angles
of the angular dispersion curve. For this reason, the electric intensity
distribution in Figure 3.3 (a) is similar to the one in Figure 3.2 (a).
The main difference is revealed in Figure 3.3 (b), where the transverse
intensity distribution is depicted together with the streamlines with the
electric field. A closer look at the individual electric field components,
see Figure 3.3 (c-e), shows that the dominating electric field component
is the x component, the z component is present as in the previous case,
but it is rotated by 90 degrees. The most notable change is the presence
of the cross-polarized (y component), which is diminishingly small due
to the rather modest angles of the angular dispersion curve.

We start our investigation of inhomogeneously polarized optical bul-
lets (a = ez) by analyzing the case of azimuthally polarized optical
pulse. For this purpose we use Equation (1.27) and obtain individual
electric field components by integration of Equation (1.25). As in the
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(c) (d) (e)

Figure 3.3: Intensity distributions of transverse magnetic (TM) lin-
early polarized optical bullets and its individual components(Ex, (c),
Ey, (d), Ez, (e)). The white arrows represent the orientation of the
electric field. Frequency ωc = 4 fs−1. Topological charge m = 0, pulse
duration dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.

previous case, we chose the same parameters to obtain an azimuthally
polarized optical pulse with the X letter in the longitudinal plane, see
Figure 3.4.

First, we note a hollow center of the optical pulse (see Figure 3.4
(a)), which is caused by the presence of a polarization singularity on the
optical axis of the optical bullet. In this polarization, the singularity is
visualized in Figure 3.4 (b), and is common for azimuthally polarized
beams. The presence of this structure results in the x and y components
being rotated 90 degrees with respect to each other, see Figure 3.4 (c,
d). The intensity structure of the azimuthally polarized optical bullet
contains a number of concentric rings with clockwise and counterclock-
wise pace of the electric field rotation; see Figure 3.4 (b). Changes in
the orientation of the azimuthally polarized light are caused by different
phases on concentric rings when moving away from the center of the
beam. As expected, the longitudinal component is absent in this case,
see Figure 3.4 (e).

The next case, which we study, is the radially polarized optical bullet.
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Figure 3.4: Intensity distributions of azimuthally polarized optical
bullets and its individual components(Ex, (c), Ey, (d), Ez, (e)) in the
transverse plane. The white arrows represent the orientation of the
electric field. Frequency ωc = 4 fs−1. Topological charge m = 0, pulse
duration dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.

We obtain individual electric field components using Equation (1.28)
which we use to integrate Equation (1.26). For consistency, the set of
parameters is the same in this integral as in previous cases.

The numerical results are given in Figure 3.5. The longitudinal in-
tensity distribution of the radially polarized optical bullet largely resem-
bles the previous case - we observe the presence of the onaxis intensity
minima, though the intensity never reaches zero here, see Figure 3.5
(a). The intensity distribution in the transverse plane together with
the depiction of the polarization state is given in Figure 3.5 (b). We
observe here the presence of the polarization singularity: the electric
field lines are not defined in the very center of the beam and are ori-
ented either away or towards the center of the beam. Oscillations in
the orientations are caused by phase changes in the concentric intensity
structure of the radially polarized optical bullet. This behavior is well
known and expected and is caused by the intensity distributions of the
x and y components, see Figure 3.5 (c, d). The x component of the
radially polarized optical pulse is rotated 90 degrees compared to the x
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(a) (b)

(c) (d) (e)

Figure 3.5: Intensity distributions of radially polarized optical bullets
and its individual components(Ex, (c), Ey, (d), Ez, (e)) in the transverse
plane. The white arrows represent the orientation of the electric field.
Frequency ωc = 4 fs−1. Topological charge m = 0, pulse duration
dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.

component of the azimuthally polarized pulse; see Figure 3.4 (c). The
y component also rotates 90 degrees; see Figure 3.5 (d). Most notably,
we observe the appearance of the longitudinally polarized z component;
see Figure 3.5 (e). The presence of the nonzero z component causes the
region of the on-axis polarization singularity to become somewhat less
pronounced. As the maximum value of the z component reaches 10 %
of the maximum intensity on the axis.

3.3. O- shaped optical bullets

Our next aim is to investigate the set of parameters for which the longi-
tudinal shape of the optical bullet is expected to change from the capital
Latin letter X to the capital Latin letter O. For ease of comparison, the
dispersion curve, which we investigate, is the same as previously, see
Figure 3.1 (b, curve (2)), but the central frequency has now decreased.
This change will lead to larger spatial angles in the optical bullet, and
thus we expect vectorial properties to become more pronounced.

We start the verification of this claim by repeating numerical simula-

55



(a) (b)

(c) (d) (e)

Figure 3.6: Intensity distributions of transverse electric (TE) linearly
polarized optical bullets and its individual components(Ex, (c), Ey, (d),
Ez, (e)) in the transverse plane. The white arrows represent the ori-
entation of the electric field. The frequency ωc = 1.6 fs−1. Topo-
logical charge m = 0, pulse duration dt = 100 fs, V/c = 0.63685,
γ = −0.628 µm−1.

tions of the linearly polarized optical bullet using Equations (1.25, 1.26).
The linearly polarized transverse electric optical bullet is presented in
Figure 3.6. We immediately notice the changes in the longitudinal in-
tensity distribution; see Figure 3.6 (a). Long-range peripheral arms
similar to the X shape are no longer present, compared to Figure 3.2
(a). Although the spatial extent of the central part is smaller now and
we observe a large number of needle-like structures when we move away
from the center, we can deduce a rhombus-like area with approximately
same levels of intensity; see Figure 3.6 (a). This becomes especially ob-
vious when we turn our attention to the intensity levels of approximately
20 % of the normalized value. Although this rhombus shape has sharp
corners, it can be seen as a distorted O-shape. Thus, we can conclude
that the spatiotemporal shape of the vector optical bullet experiences
the same changes as reported for scalar optical pulses [3, 31].

The transverse intensity distribution of the linearly polarized optical
bullet is given for this case in Figure 3.6 (b). The electric field lines in
this plane are expectedly oriented along the y direction. However, the
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intensity distribution of the total electric field has some signs of nonuni-
formity, with the tendency to have higher intensities in the direction of
the electric field. In the expected manner for the transverse electric opti-
cal bullet, no x component is present, see Figure 3.6 (c). The dominant
electric field component is the y component; see Figure 3.6 (d). When
we plot the longitudinal electric field component, see Figure 3.6 (e), we
recognize the cause of the nonuniformity in the total electric field. The
maximum value of the z component reaches 10 % of the intensity of the
y component. This increase in the relative strength of the longitudinal
component is mainly caused by changes in the central frequency of the
optical pulse, compared to Figure 3.2 (e).

(a) (b)

(c) (d) (e)

Figure 3.7: Intensity distributions of transverse magnetic (TM) lin-
early polarized optical bullets and its individual components(Ex, (c),
Ey, (d), Ez, (e)) in the transverse plane. The white arrows represent
the orientation of the electric field. The frequency ωc = 1.6 fs−1. Topo-
logical charge m = 0, pulse duration dt = 100 fs, V/c = 0.63685,
γ = −0.628 µm−1.

In the next set of simulations we move on to investigate the trans-
verse magnetic linearly polarized optical bullet; see Figure 3.7. The
longitudinal intensity distribution is given in Figure 3.7 (a). As in the
case of the transverse electric optical bullet, in this case, we observe a
disappearance of the pronounced X shape in the intensity profile, com-
pared to Figure 3.3 (a). This behavior is expected because of the change
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in the central frequency of the optical pulse. The transverse intensity
distribution is depicted in Figure 3.7 (b) together with the streamlines
depicting the orientation of the electric field. We note the appearance of
some inhomogeneity in the flow of the electric field, compared to Figure
3.6 (b). There are some particular points in the regions of vanishingly
low intensity when the electric field is not oriented along the x-axis any-
more. This behavior is expected when one notices the presence of the
component y in the Equation (1.30).

The intensity distributions of the individual electric field components
are given in Figure 3.7 (c-e). As expected, the x component of the
electric field is the strongest; see Figure 3.7 (c). Most notably, we observe
the appearance of a vanishingly small y component; see Figure 3.7 (d).
Its maximum value reaches the single percent digits compared to the
dominant x component. The longitudinal component reaches 10 % of
the value of the x component. This behavior is comparable to the case
of the transverse electric optical bullet; see Figure 3.6 (e).

(a) (b)

(c) (d) (e)

Figure 3.8: Intensity distributions of azimuthally polarized optical
bullets and its individual components(Ex, (c), Ey, (d), Ez, (e)) in the
transverse plane. The white arrows represent the orientation of the
electric field. Frequency ωc = 1.6 fs−1. Topological charge m = 0,
pulse duration dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.

We investigate radially and azimuthally polarized optical bullets of
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the O type using the same set of parameters as we did in the case
of linearly polarized FWM. An example of the azimuthally polarized
optical bullet for this particular case is given in Figure 3.8. The longi-
tudinal intensity distribution is shown in Figure 3.8 (a). As expected,
no z-component is present in the beam; see Equation (1.27), for this
reason the optical pulse has a void-like intensity structure with no axial
intensity. In particular, the general shape of the transverse intensity dis-
tribution is a distinct rhombus-like shape, resembling the capital Latin
letter O, compared to Figure 3.4 (a). The transverse intensity distribu-
tion now represents a large number of concentric rings with oscillating
direction of clockwise and counterclockwise electric field rotation; see
Figure 3.8 (b). As the change in the central frequency has resulted in
the increase of spatial angles of the individual Bessel beams, creating
an optical bullet, the focus wave mode became more spatially confined,
see Figure 3.8 (c, d). The individual electric field components are spa-
tially oriented in the same way as in the previous case; see Figure 3.4
(c, d), but a finer structure with larger number of rings has appeared.
As expected, no z components are present; see Figure 3.8 (e).

(a) (b)

(c) (d) (e)

Figure 3.9: Intensity distributions of radially polarized optical bullets
and its individual components(Ex, (c), Ey, (d), Ez, (e)) in the transverse
plane. The white arrows represent the orientation of the electric field.
Frequency ωc = 1.6 fs−1. Topological charge m = 0, pulse duration
dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.
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The situation depicting the radially polarized optical bullet is given
in Figure 3.9. The longitudinal intensity distribution, given in Figure 3.9
(a), resembles the intensity distribution of azimuthally polarized FWM;
see Figure 3.8 (a), with a noticeable difference. The axial intensity
is no longer zero and is on a level comparable to the general pattern
of the beam. This can be especially noticed in the transverse intensity
distribution of the electric field shown in Figure 3.9 (b). The central part
of the beam is not hollow anymore, though we observe a polarization
singularity with star-like flow of the electric field streamlines. Due to
the phase jumps in the adjacent concentric rings, the orientation of the
electric field is changing from inwards to outwards; see Figure 3.9 (b).
The individual components of the electric field are shown in Figure 3.9
(c-e). As expected, the two strongest field components are the x and y

components; see Figure 3.9 (c, d) and compared to the previous case, in
Figure 3.5 (c, d). The longitudinal component became stronger, when
compared to the previous case, please note the change in the colorbar
values; see Figs. 3.5 (e) and 3.9 (e).

(a) (b)

(c) (d) (e)

Figure 3.10: Intensity distributions of higher polarization order optical
bullets and its individual components(Ex, (c), Ey, (d), Ez, (e)) in the
transverse plane. The white arrows represent the orientation of the
electric field. The frequency ωc = 1.6 fs−1. Topological charge m = 1,
pulse duration dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.
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(a) (b)

(c) (d) (e)

Figure 3.11: Intensity distributions of higher polarization order optical
bullets and its individual components(Ex, (c), Ey, (d), Ez, (e)) in the
transverse plane. The white arrows represent the orientation of the
electric field. The frequency ωc = 1.6 fs−1. Topological charge m = 2,
pulse duration dt = 100 fs, V/c = 0.63685, γ = −0.628 µm−1.

We have also investigated cases of higher polarization order, with
topological charge of m = 1 (translating to polarization order p = 2
[123]) in Figure 3.10 and m = 2 (translating to the polarization order
p = 3 [123]) in Figure 3.11. We can see that in the case of Figure 3.10
there is a minimum intensity in the center of the beam, except for the z

component, which has a considerable intensity in the center of the beam.
The x and y components are exactly the same in intensity distributions.
In Figure 3.11 we notice a total intensity zero in the center of the beam
(m = 2). The distributions of the components x and y are exactly the
same. There is an intensity minimum at the center of the z component,
unlike in the previous case.

Lastly, we proceed with the investigation of very specific optical bul-
lets with the spatial dispersion dependence depicted in Figure 3.1 (c).
We recall here that these dependencies were obtained from Equation
(1.22), when requiring that the longitudinal components of the wave
vector kz remain positive, i.e. describe the forward propagating conical
beams, whereas the group velocity V of the optical bullet is negative,
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thus the result of the superposition of the forward propagating waves is
a backward propagating optical pulse. For this study, we chose a partic-
ular set of parameters, see Figure 3.1 (c, curve (1)). We note that this
specific condition requires rather large spatial angles of the individual
components (up to π/2) and additionally restricts the temporal frequen-
cies ω for which backward propagation of the pulse is possible. Thus, the
description of the optical bullets using Equations (1.27) and (1.28) al-
lows us to investigate optical bullets with high polarization orders p [123]
or polarization singularities.

(a) (b)

(c) (d) (e)

Figure 3.12: Intensity distributions of transverse electric (TE) linearly
polarized optical bullets and its individual components(Ex, (c), Ey, (d),
Ez, (e)). The white arrows represent the orientation of the electric
field. Frequency ωc = 4 fs−1. Topological charge m = 0, dt = 100 fs,
V/c = −1.2, γ = 6π µm−1.

Once again, we use Equation (1.29) to evaluate the linearly polar-
ized transverse electric optical bullets, see Equation (1.25). The results
of the numerical simulations are given in Figure 3.12. The longitudinal
intensity distribution of the transverse electric optical bullet is given in
Figure 3.12 (a). Note that because of the relatively high spatial angles,
we had to decrease the transverse scale in all subsequent figures. The
general shape of the optical bullet is of the O type. The area of ap-
proximately the same intensity level has a distinct rhombus-like shape.
However, the most pronounced effect is observed in the transverse inten-

62



sity distribution; see Figure 3.12 (b). The concentric ring-like structure
that was observed in previous cases, see Figure 3.2 (b) and Figure 3.6
(b) is not present anymore. This change can be understood by look-
ing at the intensity patterns of individual electric field components; see
Figure 3.12 (c-e). No x component is present, but the longitudinal com-
ponent of the field is the strongest due to the high spatial angles of the
individual plane waves; see Figure 3.1 (c).

(a) (b)

(c) (d) (e)

Figure 3.13: Intensity distributions of transverse magnetic (TM) lin-
early polarized optical bullets and its individual components(Ex, (c), Ey,
(d), Ez, (e)). The white arrows represent the orientation of the electric
field. Frequency ωc = 4 fs−1. Topological charge m = 0, dt = 100 fs,
V/c = −1.2, γ = 6π µm−1.

The linearly polarized transverse magnetic optical bullet for this par-
ticular case is evaluated and presented in Figure 3.13. The most notice-
able difference for the backward propagating TM mode compared to
the TE mode can be seen in Figure 3.13 (a). The transverse beam
size is considerably larger in this case, but the longitudinal dimension
is the same. The changes are even more pronounced in the transverse
pattern of the optical bullet at its center; see Figure 3.13 (b). The
streamlines representing the electric field are not oriented along the x-
axis anymore, compared to the previous cases, see Figs. 3.3 (b) and
3.7 (b). The intensity distribution is not symmetrical anymore with
respect to the beam center but is elongated along the x-axis. This be-
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havior is a direct manifestation of high spatial frequencies comprising the
backward-propagating FWHM. In a similar fashion, linearly polarized
light is elongated along the direction of polarization in high numerical
aperture systems. Moreover, from the flow of the electric field lines, we
conclude that the notable cross-polarized component is present, see Fig-
ure 3.13 (b). The individual components of the electric field are given in
Figure 3.13 (c-e). The x-polarized component is no longer symmetric,
though the concentric rings system is observable in the beam profile.
For this particular case, we observe the strongest cross-polarized y com-
ponent from all the considered cases; see Figure 3.13 (d). Its maximum
value is even comparable to that longitudinally polarized in Figure 3.13
(e). The general shapes of these individual components are in line with
expectations. We see that the longitudinal component is elongated along
the direction of polarization and that the cross-polarized component has
two perpendicular splits in its concentric ring pattern.

(a) (b)

(c) (d) (e)

Figure 3.14: Intensity distributions of azimuthally polarized optical
bullets and its individual components (Ex, (c), Ey, (d), Ez, (e)). The
white arrows represent the orientation of the electric field. Frequency
ωc = 4 fs−1. Topological charge m = 0, dt = 100 fs, V/c = −1.2,
γ = 6π µm−1.

We consider the inhomogeneously polarized backwards propagating
optical bullets with the case of azimuthal polarization; see Figure 3.14.
The longitudinal intensity distribution is given in Figure 3.14 (a). Com-
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pared to previously investigated cases, the most distinct effect caused
by spatiotemporal dispersion is the change of the transverse sizes and
observation of the general shape of O-type; see Figure 3.14 (a). In the
transverse plane, we see a large number of concentric rings with clock-
wise and counterclockwise directions of the electric field flow; see Figure
3.14 (b).

The longitudinal field component for azimuthal polarization is zero,
and the x and y components are of the same strength, and intensity
distributions with one notable difference being a 90 degree rotation with
respect to each other; see Figure 3.14 (c-e).

(a) (b)

(c) (d) (e)

Figure 3.15: Intensity distributions of radially polarized optical bullets
and its individual components (Ex, (c), Ey, (d), Ez, (e)). The white
arrows represent the orientation of the electric field. Frequency ωc =
4 fs−1. Topological charge m = 0, dt = 100 fs, V/c = −1.2, γ =
6π µm−1.

The radially polarized backward-propagating optical bullet is de-
picted in Figure 3.15. Here, we observe a distinct difference from the
azimuthally polarized optical bullet and compare Figure 3.14 (a) and
Figure 3.15 (a). Whereas the central part of the azimuthally polarized
optical bullet is hollow because of the presence of azimuthal phase sin-
gularity, the central part of the radially polarized optical bullet is the
brightest one. The transverse intensity distribution depicts the same
trend - the central part still contains the star-like radial polarization sin-
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gularity, but the intensity is still highest at its very core; see Figure 3.15
(b). The solution to this riddle is presented in Figure 3.15 (c-e), where
the individual electric field components of the optical pulse are given.
The components x and y are comparable to each other and rotated by
90 degrees in respect to one another; see Figure 3.15 (c, d). However,
opposite to the previous cases, the strongest electric field component
is the longitudinal one; see Figure 3.15 (e). This behavior is expected
due to the choice of the central frequency in the optical pulse, causing
the appearance of high spatial angles θ. Under these conditions, the
radial polarization becomes strongly focused, which in return causes the
appearance of very tight small spots with longitudinal polarization [38].

We summarize the investigation of these three particular cases by
investigating the effects that the choice of group velocities V and the
propagation constant γ has on the spatiotemporal parameters of the op-
tical bullets, such as effective beam width in transverse and longitudinal
directions. In the case of uniform beam shapes, such as a Gaussian
beam or similar modes, the question of the beam width definition is
pretty straightforward. The full width at half maximum of the inten-
sity is the most commonly used within the field. However, in our case,
the complex vectorial nature together with a rich ring-like structure ob-
served in the variously polarized pulses suggests to look at alternative
definitions for the beam width. One of the alternatives that is very effi-
cient at accounting for peripheral parts of the complex optical beams is
the so-called second-moment definition.

wint =
(∫∞

−∞ ρ2I(ρ)dρ∫∞
−∞ I(ρ)dρ

)1/2

(3.2)

where ρ is the radial coordinate in the plane under consideration and
I(ρ) is the total intensity of the electric field.

3.4. Beam widths

As we have concluded from three cases investigated in the previous part,
the spatiotemporal dependence between frequencies, individual cone an-
gles (see Figure 3.1) strongly affects intensity distributions both of indi-
vidual electric field components and total electric field for vector optical
bullets. Therefore, it is natural to ask ourselves whether these effects
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can be qualified using standard metrics, such as beam length. In this
numerical experiment, we keep the same duration (dt = 100fs) for all
cases and change the central frequency ωc of the pulse. We consider
linearly polarized TE and TM optical bullets along with radially and
azimuthally polarized ones. The transverse beam width is evaluated
together with the longitudinal extent of the optical pulse using two dif-
ferent definitions: FWHM and second moment.

(a) (b)

Figure 3.16: Dependencies of FWHM (a) and second-moment (b)
pulsed beam widths in BK7 glass for different values of frequency ωc

for linear, azimuthal and radial polarizations. The red color represents
V/c = 0.63685 γ = −0.628 µm−1, and the blue color V/c = −1.2
γ = 6π µm−1. Topological charge m = 0, dt = 100 fs.

The beam widths of the optical pulses using the FWHM definition
are given in Figure 3.16 (a). First, we note that for particular parameters
V/c = 0.63685 and γ = −0.628 µm−1 the FWHM beam width behaves
very distinctly: the beam width first decreases, up to central frequen-
cies of ωc/ω0 ≈ 1, then increases to the maximum value of 100 µm at
frequency ωc/ω0 ≈ 2.4. A further increase in the carrier frequency ωc

results in a monotonically decreasing beam size. This behavior can be
understood by looking at Figure 3.1 (b, curve (2)). The spike in FWHM
dependency occurs at the same frequency when the spatial angles are
rather small. When the spatial angles increase, we obtain optical pulses
with small transverse sizes. Most notably, the linearly polarized modes
have, for this case, indistinguishable beam width; see Figure 3.16 (a,
red curves). The same applies to the radially and azimuthally polarized
beams, though they are larger than the linearly polarized optical bullets.
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For this particular case, the spatial angles θ are rather modest, so the
difference between the azimuthal and radial polarizations is vanishingly
small, as is the case between the linearly polarized TM and TE optical
bullets.

We also investigate the beam sizes of the backward propagating focus
wave modes, where V/c = −1.2 and γ = 6π µm−1, see Figure 3.16 (a,
blue curves). In our previous investigation, we observed the most notable
differences between polarizations in this case. As a result, we observe
that the FWHM beam-width dependencies are separate for all different
cases of vector FWMs. Most notably, the radial polarization becomes
comparable in the beam sizes to the linearly polarized TE FWM, as
the frequency increases. This is an expected outcome because it is well
known that radial polarization could even result in a tighter focal spot
than linear polarization [38]. Radial polarization has beam sizes smaller
than those of the linearly polarized TM mode; see Figure 3.16 (a). The
largest beam sizes are observed for the azimuthally polarized FWM.

The next metric is the definition of the second moment of the beam
width. This metric usually has the characteristic of artificially increasing
importance of peripheral parts of the beam. It represents the radial dis-
tance weighted intensity; therefore, if the intensity drops moving away
from the center of the beam slower than the square of the radial distance,
it might result in larger beam sizes than those obtained using the FWHM
definition. The result of the numerical estimate of this beam width for
the same set of parameters is given in Figure 3.16 (b). We immediately
notice differences in the general trend of the beam-width dependencies
of the carrier frequency. Whereas the FWHM beam width was monoton-
ically decreasing for four cases out of eight, the second-moment beam
width depends on the carrier frequency non-monotonically. For small
carrier frequencies, it starts to increase to some particular value and
then drops. In this case, the linear polarization has the largest beam
width. These subtle differences that occur at smaller carrier frequencies
ωc are observable for the four cases considered here. Moving to the case
of backward propagating FWM, see Figure 3.16 (b, blue curves), we note
yet another tendency: the beam widths defined using the second order
moment of the beam behave differently than those defined using the
FWHM definition; compare to Figure 3.16 (a). This means that even
though the beam is above the 50 percent level is larger, the total inten-
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sity in the beam drops a lot faster than the radial coordinate for smaller
carrier frequencies. The fact that the second-moment beamwidth in-
creases with increasing central frequency indicates that significant side
lobes become present in the vector FWMs.

The longitudinal beam size has also been investigated. The result did
not show any change in that size across all investigated frequencies, and
for the sake of brevity, figures covering this claim are not provided. In
the case of V/c = 0.63685 and γ = −0.628 µm−1, the longitudinal beam
size remains constant at 26.01 µm using the FWHM definition for all
polarizations investigated. For the case of V/c = −1.2 and γ = 6π µm−1,
the longitudinal beam size remains constant at 49.05 µm for all the
investigated scenarios. Using the definition of second-moment beam size,
we have determined the following constant longitudinal beam lengths:
44.35 µm for V/c = 0.63685 and γ = −0.628 µm−1, and 47.24 µm for
V/c = −1.2 and γ = 6π µm−1.

3.5. Individual components

(a) (b)

Figure 3.17: Normalized intensities of individual components of FWM
pulses (Ex - blue, Ey - red, Ez - green). Topological charge m = 0,
pulse duration dt = 100 fs. For the cases: (a) V/c = 0.63685,
γ = −0.628 µm−1, (b) V/c = −1.2, γ = 6π µm−1. The solid line
represents the linear polarization of TE, the dashed line represents the
linear polarization of TM, the dotted line represents the azimuthal po-
larization, and the dashed-dotted line represents the radial polarization.

Another key point of interest in this investigation is the relative
strengths of the intensity of individual electric field components for dif-
ferent frequencies. In Figure 3.17 (a), we give the dependencies for
V/c = 0.63685 and γ = −0.628 µm−1. The solid lines represent the
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linear TE polarization and the dashed line represents the linear TM po-
larization. For linear polarization, with lower frequency values, we can
see that the z component has an intensity of up to 10%. With increasing
frequency, the z component of the electric field decreases and, around
the value of ωc/ω0 ≈ 1, the z component approaches 0. For the TE po-
larization, the y component is nonexistent; for the TM polarization, the
x component is nonexistent. The azimuthal polarization has constant x-
and y-components of equal proportions at all frequencies tested, with-
out a z component of the electric field. Radial polarization has the z

component for low frequencies, which decreases rapidly with increasing
frequency, see Figure 3.17 (a).

In the case where the vector FWM propagates backwards, that is,
V/c = −1.2 and γ = 6π µm−1, the dependencies of the normalized
intensities of the individual components are more pronounced, see Fig-
ure 3.17 (b). The linear TE optical bullet and radially polarized FWM
have strong z-components of the electric fields that increase with in-
creasing frequency. On the other hand, the linear TM polarization has
a strong x component of the electric field, but with increasing frequency,
the maximal intensities of the y and z electric field components start to
dominate, see Figure 3.17 (b). From the frequencies of ωc/ω0 ≈ 1.8,
the intensity of the z component of the electric field slowly decreases,
resulting in the increase of the y component. The azimuthally polarized
FWM shows steady and equally strong x and y components at all tested
frequencies, as expected. The radially polarized FWM has the strongest
z electric field component, which increases rapidly with increasing fre-
quency, see Figure 3.17 (b).

3.6. Summary of the results

We have introduced the vector formalism to the concept of nondiffract-
ing and nondispersing optical bullets within a dielectric material. Vector
optical bullets for different polarizations were introduced: linear polar-
ization, azimuthal polarization, and radial polarization. Two different
propagation velocities V were chosen to showcase the wide variety of
spatiotemporal dispersions of vector optical bullets, one positive and
one negative (i.e. backward propagating). The first value of the group
velocity V was chosen because it enforces a particularly interesting dis-
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persion, with cone angles that extend from small paraxial (i.e. scalar
description is valid) to larger values, which require now a proper vector
treatment of the electric field.

For this particular velocity, we selected two different values of central
frequencies, showcasing two possible situations: one giving the so-called
X spatiotemporal profile and another giving the so-called O spatiotem-
poral profile. We can conclude that the spatiotemporal shape of the
vector optical bullet experiences the same changes as reported for scalar
optical pulses with differences arising from nonzero longitudinal and
cross-polarization components. In the expected manner, high cone an-
gles result in a vector description of the vector FWM, also demonstrating
distinct differences between polarizations.

For the second case, when the forward propagating superposition of
Bessel beams creates within the Bessel zone a backward propagating
pulse of negative velocity V , we observed the most notable differences
in the properties of vector optical bullets within the dielectric material.
Due to the highly nonparaxial nature of such exotic waves, the longitu-
dinal component is quite noticeable in the TE and TM polarized optical
bullets, most notable is the appearance of relatively large cross-polarized
component in the linearly polarized TM mode. As expected no differ-
ences did appear in the azimuthally polarized optical bullet, but the
radially polarized wave was most affected - the longitudinal electric field
component dominates the intensity pattern.

Lastly, we have studied how polarization and spatio-temporal dis-
persion influence the beam size of the optical bullets in the focal plane.
For this we have used two distinct metrics - the full width half maximum
and the second-order moment of the beam. As expected, the FWHM
beam size gradually increases, where the central frequency and the group
velocity allow the angular dispersion curve to touch the frequency axis.
This has been shown using two different methods to calculate the beam
size: the full width at half maximum and the method of the second mo-
ment. For the optical bullets with negative group velocity the FWHM
beam sizes monotonically increase as we move along the dispersion curve
to higher cone angles of the spatial components. The second metric is
well known for its sensitivity to the side lobe energy, so this parameter
has revealed a complex dynamics within the optical bullets showcasing
a competition between the main spike of the signal and the side lobes.

71



We also investigated the normalized maximal intensities of each com-
ponent for the linear, radial, and azimuthal polarizations of the TE and
TM for the negative and positive group velocity values. The behav-
iors are found to be very different for these aforementioned cases. The
most notable difference was caused by rather high spatial angles in the
backwards propagating optical bullets, as we investigate various carrier
frequencies.
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4. LOCALIZED VECTOR OPTICAL NONDIFFRACTING
SUBCYCLE PULSES

4.1. Vector optical bullets

Nondiffracting and nondispersive pulsed beams are typically introduced
within a cylindrical symmetry, where they are understood as a coherent
superposition of monochromatic solutions of the cylindrical coordinate
framework. These results have been published in my article [129]. To
achieve nondiffracting and nondispersive characteristics, the wave vec-
tors k and frequencies ω within the pulsed beam must be related. This
condition leads to a variety of pulsed beams that resist both diffrac-
tion and dispersion. The scalar focus wave modes are well known, and
here we construct their vector counterparts. Vectorial solutions of the
Maxwell equations are constructed from solutions of scalar wave equa-
tions using the method given in References [56, 57], and defined previ-
ously in Equations (1.22 - 1.30). For the integration of Equations (1.26)
and (1.27) we use the Matlab 2023a procedure ‘quadgk’, with both rel-
ative and absolute tolerances set to 10−8.

4.2. Vector subcycle pulses

Subcycle duration pulses are common nowadays [130]; however, the main
question of this study is whether the subcycle duration can be combined
with the nondiffracting and nondispersing properties of the focus wave
modes described by Equation (1.22).

In this study, we introduce the rectangular spectral envelope S(ω) =
Π(ωc − ω/∆ω), where

Π
(

ω

∆ω

)
=


0, if |ω| > ∆ω

2 ,

1
2 , if |ω| = ∆ω

2 ,

1, if |ω| < ∆ω
2 ,

(4.1)

and where ∆ω is the spectral width of the rectangular spectral envelope,
and ωc is the central frequency of the wave packet. For the rectangular
spectral envelope, the spectral width dω can be related to the temporal
duration dt using the expression dω = 5.56/dt [128].
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To quantify the resulting pulses as the subcycle we introduce the
following parameter:

∆ω

ωc
= Tc

∆t
,

lim
∆ω→∞

∆ω

ωc
→ 2,

lim
∆ω→∞

∆t

Tc
→ 1

2 , (4.2)

where Tc is the cycle duration of the central frequency ωc. Obviously,
the limit of the shortest pulse is half the cycle of the central frequency,
leading to the spectral width being twice the frequency. We now combine
the spatiotemporal dispersion of the optical bullets with this definition
and investigate the dependency of the parameter ∆ω/ωc on the group
velocity V/c and the parameter γ. The results are depicted in Figure
4.1 (a) for vacuum conditions.

[a] [b] [c]

Figure 4.1: (a) Dependency of the parameter ∆ω/ωc for focus wave
modes on the parameters γ and V/c in vacuum; (b) dependency of the
parameter ∆ω/ωc for focus wave modes on the parameters γ and V/c
in BK7 glass. (c) Angular dispersion curves of focus wave modes in
vacuum for parameters: (1) blue curve V/c = 3.45, γ = 0 µm−1; (2)
red curve V/c = −5.65, γ = 4.35 µm−1; (3) orange curve V/c = 1, γ =
−2.45 µm−1.

In general, it was observed that values of ∆ω/ωc are very close to
2. Most strikingly, it is possible to create subcycle optical bullets that
propagate backward. On the other hand, for positive group velocities,
the spatiotemporal dispersion restricts the shortest possible duration of
the nondiffracting pulsed beam; see Figure 4.1 (a).

Here we note that the duration of the subcycle optical bullet in a dis-
persive medium is larger than in vacuum; see Figure 4.1 (b). The cause
of this is the presence of absorption lines which restrict the resulting
bandwidth, showing Equation (1.22) is valid in those regions.
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In further numerical simulations three distinct examples of spa-
tiotemporal dispersion have been selected; see Figure 4.1 (c) and nu-
merically integrate Equations (1.26) and (1.27) using the expression
mentioned above for the spectral envelope.

We start our investigation by selecting point (1) from Figure 4.1 (a).
Here, the group velocity of the focus wave mode is V/c = 3.45 and the
parameter γ = 0 µm−1, which is a particular case that is referred to as X-
waves in the literature. We investigated the following four polarization
cases: linear TE (transverse electric), linear TM (transverse magnetic),
radial, and azimuthal polarizations; see Equations (1.26) and (1.27).

Ex Ex Ex Ex

Ey Ey Ey Ey

Ez Ez Ez Ez

Figure 4.2: Intensity distributions of subcycle pulses in vacuum and
their individual components Ex (second row), Ey (third row), Ez (fourth
row) in the transverse plane for linear TE (first column), TM (second
column), azimuthal (third column), and radial (fourth column) polar-
izations when V/c = 3.45, γ = 0 µm−1. The white arrows in first row
represent the orientation of the electric field. The insets represent the
phase distributions of the individual components.
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First we plotted the intensity distributions of these subcycle pulsed
beams in the transverse plane; see Figure 4.2, first row. The linearly
polarized TE mode is elongated along the polarization direction, as ex-
pected from the literature, and this occurs due to the strong longitu-
dinal component; see Figure 4.2, last row. In addition, we present the
individual components of the pulsed beam together with their phases,
which resemble the behavior of the tightly focused, linearly polarized,
monochromatic beam [43]. However, the linearly polarized TM mode
does not follow this trend, as it occupies a larger area in the direction
perpendicular to the polarization, though the central spike is elongated
along the direction of the polarization. A careful look at the individual
components reveals the cause of that. The x component is no longer
symmetric and has two additional spikes further away from the central
part; see Figure 4.2, second column. Moreover, besides the appearance
of the z component, we observe a cross-polarized non-zero y component.
Individual spikes in the x components have the same phases; see the
corresponding inset in Figure 4.2, while the remaining two individual
components have spikes with alternating phases. The FWHM sizes are
∆xT E = 0.0332 µm, ∆yT E = 0.0533 µm, and ∆xT M = 0.0392 µm,
∆yT M = 0.0211 µm in the transverse plane.

An azimuthally polarized subcycle X-wave behaves in an expected
manner—it has only two transverse components, see Figure 4.2, third
column. However, the radially polarized X-wave demonstrates a rather
interesting feature in the subcycle mode—its z component is the
strongest due to rather tight focusing conditions; see Figure 4.2, last
column. The FWHM sizes are ∆xazi = 0.0533 µm, ∆yazi = 0.0533 µm
and ∆xrad = 0.0392 µm, ∆yrad = 0.0271 µm in the transverse plane.

After analyzing the spatial structure of the vector X-waves for this
particular case in the transverse plane, we examined their behavior in
the longitudinal plane, where the temporal duration influenced the lon-
gitudinal shape of the vector pulsed beams; see Figure 4.3. This figure
shows the total and individual intensity distributions in a specific lon-
gitudinal plane. First, we noted the distinct difference in the shape of
the linearly polarized TE and TM optical bullets; see Figure 4.3. The
cross-shaped peripheral part is more pronounced for the TE mode; com-
pare the first and second columns. For the TM polarization, the profile
is less pronounced, but the overall shape looks smoother. The most
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Figure 4.3: Intensity distributions of subcycle pulses in vacuum
and their individual components (Ex (second row), Ey (third row),
Ez (fourth row)) in the longitudinal plane for linear TE (first column),
TM (second column), azimuthal (third column), and radial (fourth col-
umn) polarizations when V/c = 3.45, γ = 0 µm−1. The insets represent
the phase distribution for each individual component.

important thing is the appearance of axial secondary maxima before
and after the central part, giving the intensity profile the resemblance
of a rotated Cyrillic letter ‘ ’. Due to the choice of the longitudinal
plane, the TE mode has a single non-zero component. The phase of the
component reveals that the structure of the wave front had a conical
nature. The phase gradient is related to the direction of the energy
flow. This can be seen from the phase distribution in the figures, which
contains moving parts inward and outward, as previously observed in
the literature [58,131]. The situation is similar in the case of linear TM
polarization, though it has two electric field components in this partic-
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ular longitudinal plane, the x and z components. The intensity profile
of the x component is identical to that of a rotated Cyrillic letter ‘ ’.
However, the z component still resembles a general X-shape with an
axial void due to the zero line. The phase distributions are typical for
that type of conical beam, and the energy flow for each component is as
expected. The FWHM sizes are ∆zT E = 0.1899 fs and ∆zT M = 0.1899
fs in longitudinal directions.

Moving on to the cases of azimuthal and radial polarizations, the
third and fourth columns in Figure 4.3, we draw attention to the very
pronounced peripheral part of the beam for the azimuthal polarization.
Only a single component is present for this pulsed beam in this particular
plane. The phase distribution shows the conical energy flow with a
phase jump on the z axis due to the polarization singularity on the
axis [38, 39]. The radially polarized mode has a dominant z component
and a weaker x component with the characteristic shape of the letter
X. The FWHM sizes are ∆zazi = 0.2261 fs, and ∆zrad = 0.1899 fs in
longitudinal directions.

Now we consider point (2) in Figure 4.1 (a). Here, the group ve-
locity of the focus wave mode is V/c = −5.65, and the parameter
γ = 4.35 µm−1. This case is notable because the superposition of
forward-propagating waves results in a negative group velocity, caus-
ing the optical bullet to propagate backwards. Here, we investigate the
same four polarization cases: linear TE (transverse electric), linear TM
(transverse magnetic), radial, and azimuthal polarizations; see Equa-
tions (1.26) and (1.27).

We plotted intensity distributions of these subcycle pulsed beams in
the transverse plane; see Figure 4.4, first row. The linearly polarized TE
mode is elongated along the polarization direction, as expected from the
literature, and this occurs due to the strong dominant longitudinal com-
ponent; see Figure 4.4, last row. We present individual components of
the pulsed beam together with their phases, which resemble the behav-
ior of the tightly focused ,linearly polarized, monochromatic beam [43].
However, the linearly polarized TM mode once again does not follow this
trend, as it occupies a larger area in the direction perpendicular to the
polarization, although the central spike is elongated along the direction
of the polarization. A careful look at the individual components reveals
the cause of that. The x component is not symmetrical anymore and
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Figure 4.4: Intensity distributions of subcycle pulses in vacuum and
their individual components Ex (second row), Ey (third row), Ez (fourth
row) in the transverse plane for linear TE (first column), TM (second
column), azimuthal (third column), and radial (fourth column) polar-
izations when V/c = −5.65, γ = 4.35 µm−1. The white arrows in first
row represent the orientation of the electric field. The insets represent
the phase distribution.

has two additional spikes further away from the central part; see Figure
4.4, second column. Moreover, besides the appearance of the z com-
ponent, we observe a non-zero cross-polarized y component. Individual
spikes in the x components have the same phases, while the remaining
two individual components have spikes with alternating phases; see the
corresponding inset in Figure 4.4. The z component is weakest in this
case compared to all the polarizations we consider here. The FWHM
sizes are ∆xT E = 0.2312 µm, ∆yT E = 0.3518 µm, and ∆xT M = 0.2714
µm, ∆yT M = 0.1307 µm in transverse directions.
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Figure 4.5: Intensity distributions of subcycle pulses in vacuum
and their individual components (Ex (second row), Ey (third row),
Ez (fourth row)) in the longitudinal plane for linear TE (first column),
TM (second column), azimuthal (third column), and radial (fourth col-
umn) polarizations when V/c = −5.65, γ = 4.35 µm−1. The insets
represent the phase distribution.

An azimuthally polarized subcycle optical bullet behaves as
expected—it has only two transverse components; see Figure 4.4, third
column. However, the radially polarized backward propagating bul-
let demonstrates a rather interesting feature in the subcycle mode—
its z component is the strongest due to tight focusing conditions; see
Figure 4.4, last column. The FWHM sizes are ∆xazi = 0.3518 µm,
∆yazi = 0.3518 µm and ∆xrad = 0.1709 µm, ∆yrad = 0.1709 µm in
transverse directions.

We now proceed to discussing the spatial structure of the vector
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subcycle optical bullets that propagate backward. For the sake of com-
parison, we investigated the same particular case of the longitudinal
plane; see Figure 4.5.

We plotted the total intensity distributions as well as the individ-
ual ones in a specific longitudinal plane. Firstly, we observed a distinct
difference in the shapes of linearly polarized TE and TM optical bul-
lets, as shown in Figure 4.5. The cross-shaped peripheral part is very
pronounced for the TE mode, as seen in the first and second columns.
For the TM polarization, the profile is less pronounced, and the overall
shape appears to be more concentrated. In particular, axial secondary
maxima appear before and after the central part, giving the general
shape a resemblance to a rotated Cyrillic letter ‘ ’, whereas the TE
mode still resembles the well-known X-shape. Due to the choice of the
longitudinal plane, the TE mode has a single non-zero component. The
phase of this component reveals a conical wave-front structure. The
phase gradient indicates the direction of energy flow, which, as seen in
the phase distribution, includes parts moving inward and outward, as
previously noted in the literature [58, 131]. Similarly, linear TM polar-
ization exhibits two electric field components in this longitudinal plane,
a dominant x component and a very weak z component. The intensity
profile of the x component resembles a rotated Cyrillic letter ‘ ’, while
the z component maintains a general X-shape with an axial void due
to the singularity. The phase distributions are typical for this type of
conical beam, and the energy flow for each component is as expected.
The FWHM sizes are ∆zT E = 1.6583 fs and ∆zT M = 1.4171 fs in longi-
tudinal directions.

Azimuthal and radial polarizations are shown in the third and fourth
columns of Figure 4.5. The azimuthal polarization exhibits a very pro-
nounced peripheral part of the beam. This pulsed beam has only one
component in this plane. The phase distribution shows conical energy
flow with a phase jump on the z axis due to the polarization singu-
larity [38, 39]. The radially polarized mode has a dominant z compo-
nent and an almost unnoticeable x component. The FWHM sizes are
∆zazi = 1.6583 fs, and ∆zrad = 1.5377 fs in longitudinal directions.

Lastly, we consider point (3) in Figure 4.1 (a), where the group
velocity of the focus wave mode is V/c = 1, and the parameter γ =
−2.45 µm−1. We compare the same polarizations as follows: linear
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Figure 4.6: Intensity distributions of subcycle pulses in vacuum and
their individual components Ex (second row), Ey (third row), Ez (fourth
row) in the transverse plane for linear TE (first column), TM (second
column), azimuthal (third column), and radial (fourth column) polar-
izations when V/c = 1, γ = −2.45 µm−1. The white arrows in first row
represent the orientation of the electric field. The insets represent the
phase distribution.

TE (transverse electric), linear TM (transverse magnetic), radial, and
azimuthal; see Equations (1.26) and (1.27).

In the transverse plane, we illustrate the intensity distributions of
these subcycle pulsed beams (refer to Figure 4.6, first row). The linearly
polarized TE mode does not stretch along the polarization direction
in this case, a behavior well documented in the literature and usually
attributed to the dominant longitudinal component (see Figure 4.6, last
row). This occurs due to the rather weak z component, which is caused
by a rather modest spatiotemporal dispersion; see Figure 4.1 (b). The
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linearly polarized TM mode does not diverge from this pattern and looks
identical to the TE mode. Furthermore, in addition to the emergence
of the z-component, a non-zero cross-polarized y-component is absent in
this case. The spikes in the x components share the same phases (see
the inset in Figure 4.6), while the other two components exhibit spikes
with alternating phases. Among all the polarizations considered, the z

component is the weakest. The FWHM sizes are ∆xT E = 0.1307 µm,
∆yT E = 0.1307 µm, and ∆xT M = 0.2714 µm, ∆yT M = 0.1307 µm in
transverse directions.

Ex Ex Ex Ex
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Figure 4.7: Intensity distributions of subcycle pulses in vacuum
and their individual components (Ex (second row), Ey (third row),
Ez (fourth row)) in the longitudinal plane for linear TE (first column),
TM (second column), azimuthal (third column), and radial (fourth col-
umn) polarizations when V/c = 1, γ = −2.45 µm−1. The insets repre-
sent the phase distribution.

An azimuthally polarized subcycle optical bullet behaves as ex-
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pected, having only two transverse components (see Figure 4.6, third
column). However, the radially polarized optical bullet exhibits a change
in the subcycle mode when compared to the previous two cases; its z
component is no longer dominant due to the focusing conditions (see
Figure 4.6, last column). The FWHM sizes are ∆xazi = 0.2714 µm,
∆yazi = 0.2714 µm and ∆xrad = 0.2714 µm, ∆yrad = 0.2714 µm in
transverse directions.

We now examine the spatial structure of the vector subcycle opti-
cal bullets that propagate forward. For comparison, we focus on the
longitudinal plane, as illustrated in Figure 4.7.

We plotted the total and individual intensity distributions in this
specific plane. In particular, there was no distinct difference between
the shapes of linearly polarized TE and TM optical bullets. As shown
in Figure 4.7, both the TE and the TM modes exhibit a pronounced
cross-shaped peripheral part. The resulting profile resembles a rotated
Cyrillic letter ‘ ’, with axial intensity lines before and after the central
part. In this plane, the TE mode has a single non-zero component, and
its phase reveals a conical wave-front structure with energy flow direc-
tions indicated by the phase gradient. This includes both inward and
outward movements. The TM polarization, with dominant x and weak
z components, shows an intensity profile similar to a rotated Cyrillic
letter ‘ ’ for the x component and an X-shape with an axial singular-
ity for the z component. The phase distributions are typical for conical
beams, with the expected energy flow patterns for each component. The
FWHM sizes are ∆zT E = 0.1910 fs and ∆zT M = 0.1910 fs in longitudi-
nal directions.

For azimuthal and radial polarizations, depicted in the third and
fourth columns of Figure 4.7, the azimuthal polarization shows a pro-
nounced peripheral part with a single component in this plane. Its phase
distribution indicates a conical energy flow with a phase jump on the z

axis due to the polarization singularity. The radially polarized mode has
an observable z component and a dominant x component. The FWHM
sizes are ∆zazi = 0.1709 fs and ∆zrad = 0.1709 fs in longitudinal direc-
tions.
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4.3. Summary of the results

We introduced vector formalism to the concept of nondiffracting and
nondispersive optical bullets, exploring the following different polariza-
tions: linear, azimuthal, and radial. To showcase the variety of spa-
tiotemporal dispersions, we selected three propagation velocities, two
positive and one negative (backward propagating). The first two group
velocities V were chosen for their intriguing dispersion, one being the
dispersion of the X-waves and the second of the FWM with cone an-
gles ranging from small paraxial (valid for scalar descriptions) to larger
values that require a vector treatment of the electric field.

For these velocities, we examined such frequencies, resulting in the
following two scenarios: one with X-wave spatiotemporal dispersion and
profile and another with focus wave mode dispersion. We found that
the spatiotemporal shape of the vector-subcycle optical bullet (FWM)
mirrors the scalar optical X-pulses, with differences due to the pres-
ence of small non-zero longitudinal and cross-polarization components.
Polarization-dependent features for these situations are negligible, thus
enabling nearly scalar subcycle nondiffracting fields. Nevertheless, for
the case of the X-wave, high cone angles can necessitate a vector descrip-
tion of the vector FWM, highlighting the distinct differences between
polarizations.

In the second case, a forward-propagating superposition of Bessel
beams within the Bessel zone creates a backward-propagating pulse with
negative velocity V . This scenario revealed significant differences in the
properties of the optical vector bullets within the dielectric material.
The highly nonparaxial nature of these waves creates the longitudinal
component prominent in TE and TM polarized bullets. Notably, the
linearly polarized TM mode exhibits a large cross-polarized component.
The azimuthally polarized bullet shows no differences, but the radially
polarized wave is greatly affected, with the longitudinal electric field
component dominating the intensity pattern.

A quick look into the research field gives the following hints re-
garding practical realizability: a high-energy subcycle pulse synthesizer
based on a mid-infrared optical parametric amplifier was reported [132],
subcycle-isolated attosecond pulses were generated by pumping ionizing
gating [133], phase-stable subcycle mid-infrared pulses were generated
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from filamentation in nitrogen [134], etc. A harder task for experimen-
tally realizing nondiffracting and nondispersing optical bullets is orga-
nizing a proper spatiotemporal dispersion. A solution to this problem
might be the usage of metasurfaces [135].

These results could help improve ultrafast optics, imaging, and ma-
terial processing by giving us a better understanding of the behavior
and characteristics of such subcycle pulses.
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CONCLUSIONS

During this work several conclusions were drawn:

1. The vectorial structure of linearly, radially and azimuthally polar-
ized Bessel-X pulses changes the durations of the Bessel-X pulse.
This becomes more pronounced as the situation becomes non-
paraxial with increasing cone angle θ. This relationship is not
trivial and different for linear, radial and azimuthal polarizations.

2. For the given angle θ the Bessel-X beam duration depends lin-
early on the temporal spectral width. However, as femtosecond
durations are reached this behavior is no longer linear and the an-
alytical model predicts differences between different polarizations
as well as for different topological charges.

3. Inside a BK7 glass we can generate superluminal, subluminal and
negative group velocity beams, by following the angular dispersion
curve for different frequencies.

4. When group velocity V/c = 0.63685 and propagation constant
γ = −0.628 µm−1, the angular dispersion curve of BK7, represent-
ing angle vs frequency, exhibits both positive and negative slopes.
The negative slope generates an O-shaped intensity distribution
of Bessel-X beams, while the positive slope leads to an X-shaped
spatiotemporal Bessel-X intensity distribution. At the infliction
point, the beams transverse dimensions become considerably in-
creased, due to the small angles required.

5. Subcycle Bessel-X pulses can be generated in free space and BK7
glass. The shortest subcycle Bessel-X pulse in vacuum corresponds
to 0.56 of its central frequency cycle, while in BK7 glass, it is 0.67
of its central frequency cycle. The limit appears due to the angles
required to generate subcycle pulses.
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SANTRAUKA LIETUVIŲ KALBA

Įvadas

Teoriniai impulsinių nedifraguojančių pluoštų tyrimai pastaruoju metu
sparčiai vystosi. Dabartinės technologijos leidžia generuoti itin trum-
pus, didelės galios impulsus. Siekiant geriau valdyti dispersijai ir dif-
rakcijai atsparių impulsinių pluoštų formavimą, tiriami aštriai fokusuoti
vektoriniai impulsai. Šiam tyrimui buvo naudojamas tiek analitinis, tiek
skaitinis modeliavimo metodas, skirtingoms poliarizacijoms (tiesinė, azi-
mutinė ir radialinė) ir topologiniams krūviams tirti. Taip pat analizuo-
jami tiek greitesnių, tiek lėtesnių už šviesos greitį, bei neigiamų grupinių
greičių poveikiai vektorinėms fokusuotoms židinio modoms tiek laisvoje
erdvėje, tiek dielektrinėse medžiagose.

Taip pat buvo nagrinėjamos vektorinės radialinės bei azimutinės po-
liarizacijų savybės bei jų įtaka Bessel-X impulso trukmei. Tyrimas ori-
entuojamas į stipriai neparaksialinius vektorinius Bessel-X impulsus [1],
pateikiant analitines išraiškas ir ištiriant naujas savybes, atsirandančias
dėl poliarizacijų nehomogeniškumo. Toliau tyrimas pereina prie kito ti-
po optinių kulkų – vektorinių fokusuotų židinio modų [2], kurios yra
X-bangų ir Bessel-X impulsų sprendiniai dielektrinėje dispersinėje ter-
pėje. Šiuo tikslu buvo pasirinkta viena dielektrinė medžiaga ir anali-
zuota erdvės-laiko spektrų dispersijos priklausomybė [3]. Bendru atveju
erdvės-laiko spektrų išraiška aprašo kūgio kampu sklindančius Bessel
pluoštus, kurie Bessel zonoje sklinda fiksuotu grupiniu greičiu V , kuris
gali būti tiek greitesnis už šviesos greitį [4, 5], tiek lėtesnis už šviesos
greitį [6] ar net neigiamas (t. y. sklindantis atgal) [7]. Prie didelių Be-
ssel pluošto kūgio kampų būtinas tinkamas vektorinis aprašymas. Šiame
darbe vektorinis aprašymas pritaikomas optinėms kulkoms ir analizuoja-
ma tokių pluoštų struktūra medžiagoje, siejant pluošto trukmę su pluoš-
to skersiniu dydžiu, centriniu dažniu ir optinės kulkos sklidimo greičiu,
siekiant ištirti vektorinių optinių kulkų generavimą ir elgesį dielektrinėje
terpėje. Eksperimentiniam difrakcijai ir dispersijai atsparių pluoštų tai-
kymui būtinas tinkamas stipriai fokusuotų vektorinių impulsų matema-
tinis aprašymas. Šiame darbe pateikti rezultatai leidžia suprasti ryšius
tarp pluošto skersinio dydžio, kiekvieno atskiro komponento intensyvu-
mo (x, y, z) (ypatingą dėmesį skiriant elektrinio lauko z komponentui),
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priklausomai nuo centrinio dažnio, poliarizacijų, skirtingų grupinio grei-
čio V ir integravimo konstantos γ, siejančios grupinį greitį su faziniu
greičiu, reikšmių.

Darbo tikslas ir uždaviniai

Pagrindinis šio darbo uždavinys yra ištirti vektorines optines kulkas (dif-
rakcijai ir dispersijai atsparius impulsinius pluoštus) vakuume ir dielekt-
rinėje medžiagoje bei jų savybes su skirtingomis šiame darbe apibrėžto-
mis topologijomis:

• Ištirti Bessel-X pluošto erdvinę struktūrą, jo vektorines savybes,
esant skirtingiems kūgio kampams ir topologiniams krūviams.

• Ištirti Bessel-X pluošto laikinę trukmę, jo vektorines savybes esant
skirtingiems kūgio kampams ir topologiniams krūviams.

• Ištirti vektorines fokusuotas židinio modas tiek greitesnių, tiek lė-
tesnių už šviesos greitį, bei neigiamų grupinių greičių atvejus bei
jų savybes.

• Ištirti subciklines vektorines fokusuotas židinio modas vakuume ir
BK7 stikle.

Darbo naujumas ir aktualumas

• Šiame darbe pateikiamas analitinis impulsinių, nedifraguojančių
pluoštų modelis su optiniu sūkuringumu ir radialine bei azimutine
poliarizacijomis.

• Buvo ištirtos vektorinių Bessel-X impulsų laikinių FWHM trukmių
priklausomybės tiesinei, azimutinei ir radialinei poliarizacijoms.

• Parodyta, kad BK7 stikle optinėje bangos ilgių srityje galima
sumodeliuoti tiek X, tiek O formos pluoštus naudojant fokusuo-
tas židinio modas.

• BK7 stikle buvo sumodeliuotos tiek greitesnių, tiek lėtesnių už
šviesos greitį, bei neigiamų grupinių greičių fokusuotos židinio mo-
dos.
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Ginamieji teiginiai

• Tiesinės, radialinės ir azimutinės poliarizacijos Bessel-X impulsų
vektorinė struktūra keičia jų trukmę, ypač neparaksialiniame reži-
me, kur Bessel-X kūgio kampas yra didesnis už 45 laipsnius. Im-
pulso trukmės priklausomybė nuo kūgio kampo nėra triviali ir ski-
riasi tiesinei, radialinei ir azimutinei poliarizacijoms.

• Esant fiksuotam Bessel-X kūgio kampui θ, Bessel-X impulso truk-
mė netiesiškai priklauso nuo laikinio spektrinio pločio, kol trukmės
yra mažesnės už dešimtis femtosekundžių. Šis reiškinys nukrypsta
nuo įprastos tiesinės priklausomybės pluoštams be kampinės dis-
persijos. Šis reiškinys buvo stebimas tiek tiesinėms, tiek azimuti-
nei ir radialinei poliarizacijoms, tiek ir skirtingiems topologiniams
krūviams.

• Chromatinė dispersija BK7 stikle leidžia paskaičiuoti kampinės
dispersijos kreives, su kuriomis galima generuoti tiek greitesnių,
tiek lėtesnių už šviesos greitį, bei neigiamų grupinių greičių Bessel-
X pluoštus.

• BK7 stikle grupiniam greičiui V/c = 0,63685 ir parametrui
γ = −0,628 µm−1 kampinės dispersijos kreivės θ(ω), turi tiek nei-
giamą, tiek teigiamą nuolydžius. Neigiamas nuolydis generuoja O
formos intensyvumo pasiskirstymus Bessel-X pluoštui, o teigiamas
nuolydis formuoja X formos intensyvumo pasiskirstymus Bessel-X
pluoštui.

• Subcikliniai Bessel-X impulsai gali būti generuojami tiek laisvoje
erdvėje, tiek BK7 stikle. Trumpiausias subciklinis Bessel-X impul-
sas vakuume yra 0,56 jo centrinio dažnio ciklo, o BK7 stikle – 0,67
jo centrinio dažnio ciklo.
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Autoriaus indėlis

Autorius atliko visus modeliavimus, apdorojo ir išanalizavo gautus duo-
menis. Autorius taip pat prisidėjo prie visų rankraščių parengimo ir
diskusijų.

[A1] Autorius parašė kodą visiems reikalingiems Bessel-X modeliavi-
mams atlikti, išanalizavo ir aprašė rezultatus bei parengė iliustra-
cijas.

[A2] Autorius parašė kodą visiems reikalingiems optinių kulkų modelia-
vimams atlikti, išanalizavo ir aprašė rezultatus bei parengė iliust-
racijas.

[A3] Autorius parašė kodą visiems reikalingiems subciklinių impulsų
modeliavimams atlikti, išanalizavo ir aprašė rezultatus bei parengė
iliustracijas.

[A4] Autorius parašė kodą visiems reikalingiems modeliavimams atlikti,
išanalizavo ir aprašė rezultatus bei parengė dalį iliustracijų. Eks-
perimentinė dalis atlikta su kolegų pagalba.
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Literatūros apžvalga

Struktūrizuotų pluoštų inžinerija sparčiai vystosi dėl labai plačių pri-
taikymo galimybių ne tik optikoje, bet ir fizikoje bendrai. Viena iš
kliūčių pluošto valdyme yra difrakcija. Sklindant pluoštui, jo skersiniai
matmenys plinta ir intensyvumas silpnėja. Nedifraguojantys pluoštai
šios problemos išvengia ribotoje erdvėje, per konstruktyvią interferenci-
ją. Tokių pluoštų pavyzdžiai – Bessel, Weber, Mathieu ir Airy (žr. 1.1
pav.). Idealiu atveju šie pluoštai reikalauja begalinės energijos, tačiau
mes nagrinėjame erdvėje ribotus šių pluoštų artinius. Kita problema
impulsinių pluoštų panaudojime – dispersija. Skirtingi pluoštų dažniai
medžiagoje sklinda skirtingu greičiu, todėl stebimas pluošto išplitimas.
Dispersijos galima išvengti naudojant skirtingų dažnių nedifraguojančių
pluoštų superpoziciją. Vienas iš tokių metodų yra vadinamas fokusuo-
tų židinio modų metodu, kuriame skirtingų dažnių pluoštai suvedami
skirtingais kampais, taip išvengiant dispersijos. Kita svarbi struktūri-
zuotų pluoštų savybė yra poliarizacija. Aštriai fokusuojant pluoštus,
skaliarinis tokių pluoštų aprašymas tampa nepakankamai tikslus, todėl
naudojame vektorinį pluošto elektrinio lauko aprašymą. Tai leidžia ap-
rašyti nehomogenines poliarizacijas ir jų sąveiką su medžiaga, kas yra
svarbu daugelyje eksperimentų.

Šiame darbe yra nagrinėjami neparaksialiniai vektoriniai Bessel-X
impulsai, įvedant analitinį jų aprašymą ir nagrinėjame kartu su nehomo-
geninėmis poliarizacijomis. Bessel-X impulsų metodo analitinė išraiška
gaunama tik kai impulsas sklinda laisvoje erdvėje, todėl eksperimentiškai
naudojamas retai. Norint aprašyti nedifraguojančius impulsus medžia-
goje, naudojamas skaitmeninis integravimas. Šis metodas yra žinomas
kaip X-bangų metodas, kuris aprašo impulsus ir dispersinėje medžia-
goje, įvertinant medžiagos lūžio rodiklį n(ω). Tolesniame darbo etape
naudojame optines kulkas – tai fokusuotų židinio modų metodas. Šiuo
metodu galime nagrinėti pluoštų sklidimą ne tik laisvoje erdvėje, bet ir
dispersinėje medžiagoje. Šiuo metodu galime apsirašyti atsparumą dis-
persijai suvesdami skirtingus dažnius atitinkamais kampais θ(ω). Tokiu
būdu gauname dispersijai atsparius impulsus, kurie sklinda erdvėje no-
rimu grupiniu ir faziniu greičiais, o tokie pluoštai vadinami optinėmis
kulkomis. Fokusuotų židinio modų metodu galime gauti tiek greitesnius
už šviesos greitį, tiek neigiamo grupinio greičio pluoštus. Neigiamas gru-
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pinio greičio pluošto gaubtinė juda neigiama išilginės koordinatės kryp-
timi, nors jį sudarančios plokščios bangos sklinda į priekį. Vienas iš
Bessel pluoštų gavimo metodų pavaizduotas 1.2 pav. Čia naudojamas
aksikonas, kuris sukuria 2 persiklojančius pluoštus, kur dėl superpozici-
jos susidaro Bessel pluoštas ribotoje erdvėje. Taip pat pridėję spiralinę
fazinę plokštelę, kur m parodo kiek kartų fazinė plokštelė pakeičia fazę
per 2π azimuto kampu, gauname aukštesnių eilių Bessel pluoštus. Ne-
difraguojantys pluoštai turi unikalių savybių, tokių kaip pluošto rekonst-
rukcija už kliūties. Tokiu atveju, net jei dalis pluošto intensyvumo yra
užblokuojama, jo struktūra atstato save už kliūties, įskaitant ir poliari-
zacijos bei intensyvumo skirstinius. Ši savybė yra itin svarbi taikymams
optinėje mikroskopijoje, lazerinėse technologijose ir duomenų perdavimo
sistemose, kur būtinas didelis atsparumas aplinkos trikdžiams.

Nedifraguojančių pluoštų sūkuriai

Nedifraguojančių pluoštų sūkuriai yra sraigtinės dislokacijos, o bangos
fronto paviršius yra sraigtinis. Sūkurio centre yra neapibrėžtos fazės
taškas. Neapibrėžtos fazės taškuose lauko amplitudė yra artima nu-
liui. Topologinio krūvio ženklas, teigiamas ar neigiamas, nusako į kurią
pusę, dešininę ar kairinę, toks sūkurys suksis. Nedifraguojantys pluoš-
tai, turintys optinius sūkurius, išsiskiria iš kitų pluoštų savo savybėmis.
Pridėjus prie sūkurinio pluošto net nykstamai mažą koherentinį foną,
didesnio nei vienetinio topologinio krūvio sūkurys skyla į |m| vienetinio
topologinio krūvio sūkurius. Šviesos sūkurių superpozicijos rezultatas
skiriasi nuo klasikinės superpozicijos rezultatų. Bendraašių Lagero Gau-
so sūkurių superpozicijos atveju, sudėtiniame pluošte atsiranda sūkuriai,
kurių skaičius kinta sklidimo metu ir priklauso nuo santykinių pluoštų
matmenų bei amplitudžių. Sudėtingi topologiniai dariniai gali susifor-
muoti šviesos pluoštuose – sūkurių trajektorijos nuo jų susidarymo iki
anihiliacijos sudaro sudėtingas mazgų, raiščių ir kitų aukštos topologijos
struktūrų konfigūracijas. Femtosekundinės trukmės sūkuriai, sklisdami
ore, skatina filamentų formavimąsi. Dvejopo lūžio kristale optiniai sū-
kuriai lemia poliarizacijos singuliarumo atsiradimą, be to, pastebėtas
judesio kiekio perdavimas tarp akustinio ir optinio sūkurio. Fokusuotos
židinio modos (optinės kulkos), kurios yra nagrinėjamos šiame darbe,
turi judesio kiekio momentą, kuris yra proporcingas jas sudarančių ne-
difraguojančių pluoštų topologiniam krūviui m. Sudėtingos topologinės
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sandaros sūkuriniai laukai yra svarbūs interferometrijoje, mikromanipu-
liavime, kaip valdomi optinių dalelių pincetai, mikrovariklių varomoji jė-
ga, mikrosrovių generatoriai, asimetrinių dalelių manipuliatoriai. Bessel
pluoštų sūkuriai dėl savo nedifraguojančios prigimties gali transportuoti
objektus didesniais atstumais, lyginant su Lagero Gauso sūkuriais.

Bessel-X pluoštų poliarizacijos

Tiesinės poliarizacijos Bessel-X pluoštų aprašymui, vektorizavimo lyg-
tyje (1.13) pasirenkame ortą a = ex. Gauname Dekarto koordinačių
sistemoje sprendinius TE (1.16) ir TM (1.17). TE šiuo atveju yra tiesi-
nės poliarizacijos ir neturi vieno iš ortogonalaus skersinio komponento.
TM atveju abu skersiniai komponentai egzistuoja. Atvejo su a = ey nė-
ra tikslo nagrinėti, kadangi atitiks a = ex atvejį, tik pasuktą 90 laipsnių
kampu. Pasirinkę a = ez, gauname TE (1.19) ir TM (1.20) išraiškas,
jas apsirašome cilindrinėje koordinačių sistemoje. Šiuo atveju TE polia-
rizacija atitinka azimutinę poliarizaciją, o TM atitinka radialinę polia-
rizaciją. Daugelyje taikymų pastebėta, kad efektyvu naudoti cilindrinės
simetrijos pluoštus – azimutinę ir radialinę. Azimutinės poliarizacijos
elektrinis laukas nukreiptas išilgai eφ orto, o radialinės išilgai eρ orto
cilindrinėje koordinačių sistemoje. Šios poliarizacijos atvaizduotos 1.6
pav. Matome, kad azimutinės poliarizacijos atveju išilginio komponento
nėra. Kai m = 0, turime Mρ = 0, vadinasi tokiu atveju pluoštas yra
idealiai azimutinis. Radialinės poliarizacijos atveju, kai m = 0, kom-
ponentas Nφ = 0. Tačiau, kai m ̸= 0, visi 3 komponentai egzistuoja.
Eksperimentiškai azimutinės ir radialinės poliarizacijos vektoriniai ne-
difraguojantys pluoštai gali būti gaunami iš tiesinės poliarizacijos Bessel
pluošto, panaudojant erdvines fazines plokšteles.

Rezultatų apžvalga

Azimutinės ir radialinės poliarizacijos impulsiniai Bessel-X sūkuriai

Šiame skyriuje tiriame tiesinės, azimutinės ir radialinės poliarizacijos
Bessel-X impulsinius pluoštus. Pluošto spektrą apsirašę per Gauso pa-
siskirstymo artinį (1.11) ir analitiškai išreiškę skaliarinę elektrinio lauko
sklidimo lygtį (1.12), ją vektorizuojame (1.13). Pasirinkdami vektoriza-
vimo orto kryptį a, gauname tiesines arba azimutinę/radialinę poliari-
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zacijas. Gaunamos išraiškos pateiktos (1.16-1.18) tiesinės poliarizacijos
atvejams ir (1.18-1.20) radialinės ir azimutinės poliarizacijos atvejais.
Atlikę modeliavimus gauname 2.9 pav., kuriame matome atskirų kompo-
nentų intensyvumų pasiskirstymus, skirtingiems kūgio kampams θ. Tiek
tiesinės TE modos atveju, tiek radialinės poliarizacijos atvejais, visiems
skaičiuotiems topologiniams krūviams m matome, kad didinant kampą,
visas intensyvumas pereina iš skersinių į išilginį komponentą. Azimuti-
nė poliarizacija išilginio komponento neturi ir jis neatsiranda didinant
kampą. Tiesinės poliarizacijos TM modos atveju, didinant kampą θ,
išilginė komponentė didėja iki kol pasiekiamas apie 50 laipsnių kampas,
tačiau ir toliau didinant θ kampą, išilginis komponentas silpnėja, o in-
tensyvumas pradeda maišytis tarp skersinių komponentų, todėl stebime
ortogonalaus skersinio komponento atsiradimą. Šiuo atveju ortogonalu-
sis skersinis komponentas nepralenkia pagrindinio skersinio komponento
savo intensyvumu. Šis procesas yra sustiprintas, kai topologinis krūvis
m = 2. Apibendrinus komponentų pasiskirstymus matome, kad kuo
aštriau fokusuojamas pluoštas, tuo didesnė vektorinio lauko aprašymo
svarba. Tiriant impulso trukmės priklausomybę nuo kampo θ, matome,
kad didinant kampą, didėja impulso trukmė 2.10 (a, c) pav. Keisdami
pradinio impulso trukmės parametrą α, matome tiesinę priklausomybę
iki kol yra pasiekiamos dešimčių femtosekundžių trukmės. Trumpes-
niems impulsams matome atsiskyrimą priklausomai nuo poliarizacijos ir
topologinių krūvių 2.10 (b, d) pav.

Vektorinės optinės kulkos dielektrinėje medžiagoje

Tolimesniame tyrime buvo įvesta bangos vektoriaus k priklausomybė
nuo medžiagos lūžio rodiklio n(ω) (1.22). Čia apsibrėžiame, kad pluoš-
tas sklinda be dispersijos, vadinasi, jų kz bangos vektoriai turi būti ly-
gūs. Pasirenkame norimą grupinį greitį V ir integravimo konstantą γ,
kuri sieja pluošto fazinį greitį su grupiniu greičiu. Iš šios išraiškos gau-
name kampinės dispersijos kreivės apibrėžimą (1.23) ir atvaizduojame
šias kreives 3.1 pav. Šios kreivės mums parodo, kokiu kampu θ turi
būti suleidžiamas ω dažnio Bessel pluoštas, kad pasirinktoje medžia-
goje gautume impulsą, kuriam nepasireiškia dispersija. Šiame skyriuje
bangos lygtis sprendžiama skaitiškai integruojant (1.26-1.30) išraiškas.
Pasirinktas spektras – stačiakampis (3.1). Pasirinkę kreivę 3.1 pav. (b)
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(2), matome lūžio tašką, kurios pirmojoje dalyje yra anomalioji kampinė
dispersija, o antroje dalyje – normalioji kampinė dispersija. Atvaizda-
vę šiuos pluoštus matome, kad jų formos skiriasi. Anomaliojoje srityje
pasireiškia O formos pluoštas 3.6-3.11 pav., o normaliojoje – X formos
pluoštas 3.2-3.5 pav., nepriklausomai nuo pasirinkto topologinio krūvio
m ir poliarizacijų. Taip pat buvo pasirinktas ir neigiamas grupinis greitis
3.12–3.15 pav. Tokiu atveju pluoštas juda neigiama išilginės koordinatės
kryptimi. Idealiu atveju neigiamo grupinio greičio pluoštai yra begalinės
energijos ir sklinda iki pat šaltinio, tačiau ribotos energijos realiu atveju
sklistų nuo Bessel zonos pabaigos iki Bessel zonos pradžios, t.y. būtų
apribotas Bessel zonoje. Buvo pastebėta, kad artėjant prie jau minėto
dispersinės kreivės lūžio taško, pluošto skersiniai matmenys stipriai iš-
siplečia. Šie rezultatai apibendrinti 3.16 pav. Taip yra todėl, kad ties
lūžio tašku Bessel pluoštai suvedami mažais kampais, o kaip jau matė-
me praeitame skyriuje, mažesnių kampų θ pluoštų skersiniai matmenys
yra didesni. Taip pat atvaizduoti atskirų komponentų intensyvumai
priklausomai nuo pasirinktos kampinės dispersijos kreivės ir centrinio
dažnio padėties 3.17 pav. Matome taip pat prieš tai jau stebėtą tenden-
ciją, kad aštriau fokusuojant kampus θ, stebime išilginio komponento
stiprėjimą skersinių komponentų atžvilgiu.

Vektoriniai optiniai nedifraguojantys subcikliniai impulsai

Šiame subciklinių pluoštų tyrime ieškome optimalių parametrų V/c ir γ,
siekdami gauti trumpiausius Bessel pluošto impulsus laisvoje erdvėje (4.1
pav. (a)) ir medžiagoje (4.1 pav. (b)). Apsibrėžiame, kad trumpiausias
impulsas yra centrinio dažnio ωc pusė periodo Tc (4.2). Ribojimas dėl
trumpiausio impulso, kurį galime sugeneruoti nuo V/c ir γ parametrų
medžiagoje, atsiranda dėl reikiamo θ kampo (4.1 pav. (c)). Spektras
S(ω) šiuo atveju yra naudojamas stačiakampis, aprašomas per "boxcar"
funkciją (4.1). TE ir TM laukų (1.26-1.30) integravimui naudojame Mat-
lab funkciją "quadgk". Trumpiausi impulsai, kuriuos galime sugeneruoti
vakuume, yra ∆t = 0.55Tc, o BK7 stikle ∆t = 0.67Tc. Optimalūs para-
metrai rasti tiek teigiamų grupinių greičių srityje, tiek neigiamų grupinių
greičių srityje. Šiuos pluoštus atvaizdavome visoms šiame darbe tiria-
moms poliarizacijoms: tiesinei, azimutinei ir radialinei. Atvaizdavome
Bessel pluoštus su teigiamu grupiniu greičiu (4.2-4.3 pav.), kai grupi-
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nis greitis lygus šviesos greičiui V = c (4.4-4.5 pav.), ir su neigiamu
grupiniu greičiu (4.6-4.7 pav.). Fokusuotų židinio modų impulso mat-
menys skersine kryptimi priklauso nuo impulso spektro centrinio dažnio
padėties kampinės dispersijos kreivėje. Didžiausių skersinių matmenų
nedifraguojantys pluoštai gaunami anomalios grupinių greičių dispersi-
jos srityje, kai pluošto sklidimo kampai θ yra maži.
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Išvados

Atliekant darbą buvo padarytos šios išvados:

1. Tiesinės, radialinės ir azimutinės poliarizacijos Bessel-X impulsų
vektorinė struktūra keičia jų trukmę. Šis poveikis tampa labiau
pastebimas, kai kūgio kampas θ didėja, ir situacija tampa nepa-
raksialinė. Impulso trukmės priklausomybė nuo kūgio kampo nėra
triviali ir skiriasi tiesinei, radialinei ir azimutinei poliarizacijoms.

2. Pasirinktam kūgio kampui θ, Bessel-X impulso trukmė tiesiškai
priklauso nuo laikinio spektrinio pločio. Tačiau, kai pasiekiamos
dešimčių femtosekundžių trukmės, šis ryšys nebegalioja, o analiti-
nis modelis aprašo atsiradusius skirtumus skirtingoms poliarizaci-
joms ir skirtingiems topologiniams krūviams.

3. BK7 stikle galima generuoti tiek greitesnes, tiek lėtesnes už šviesos
greitį, bei neigiamas grupinių greičių fokusuotas židinio modas,
naudojant paskaičiuotas kampinės dispersijos kreives.

4. BK7 stikle grupiniam greičiui V/c = 0.63685 ir parametrui
γ = −0,628 µm−1, gauname normaliąją ir anomaliąją kampinės
dispersijos sritis. Anomalioji sritis turi neigiamą kreivės nuolydį,
o normalioji teigiamą kreivės nuolydį. Anomaliojoje srityje galime
generuoti O formos, o normaliojoje X formos impulsinius Bessel
pluoštus optiniame bangos ilgių diapazone. Ties kampinės dis-
persijos kreivės lūžio tašku pluošto matmenys sparčiai išplinta dėl
mažų kampų reikalingų Bessel-X pluoštui sudaryti.

5. Subcikliniai Bessel-X impulsai gali būti generuojami tiek laisvoje
erdvėje, tiek BK7 stikle. Trumpiausias subciklinis Bessel-X impul-
sas vakuume yra 0,56 jo centrinio dažnio ciklo, o BK7 stikle – 0,67
jo centrinio dažnio ciklo. Trumpiausio impulso limitas atsiranda
dėl kampų reikalingų tokiam pluoštui sudaryti.

98



BIBLIOGRAPHY

[1] K. Laurinavičius, S. Orlov, A. Gajauskaitė, Azimuthally and radi-
ally polarized pulsed bessel-x vortices, Optik 270, 169998 (2022).

[2] K. Laurinavičius, S. Orlov, A. Gajauskaitė, Vector optical bullets
in dielectric media: Polarization structures and group-velocity ef-
fects, Applied Sciences 14(10), 3984 (2024).

[3] S. Orlov, A. Stabinis, Angular dispersion of diffraction-free optical
pulses in dispersive medium, Optics communications 240(1-3), 1–
8 (2004).

[4] M. Zamboni-Rached, E. Recami, H. E. Hernández-Figueroa, New
localized superluminal solutions to the wave equations with finite
total energies and arbitrary frequencies, The European Physical
Journal D-Atomic, Molecular, Optical and Plasma Physics 21(2),
217–228 (2002).

[5] H. Valtna, K. Reivelt, P. Saari, Methods for generating wideband
localized waves of superluminal group velocity, Optics communi-
cations 278(1), 1–7 (2007).

[6] H. E. Kondakci, A. F. Abouraddy, Optical space-time wave packets
having arbitrary group velocities in free space, Nature communi-
cations 10(1), 929 (2019).

[7] C. J. Zapata-Rodŕıguez, M. A. Porras, X-wave bullets with neg-
ative group velocity in vacuum, Optics letters 31(23), 3532–3534
(2006).

[8] H. Rubinsztein-Dunlop, A. Forbes, M. V. Berry, M. R. Dennis,
D. L. Andrews, M. Mansuripur, C. Denz, C. Alpmann, P. Banzer,
T. Bauer, et al., Roadmap on structured light, Journal of Optics
19(1), 013001 (2016).

[9] V. Shvedov, A. R. Davoyan, C. Hnatovsky, N. Engheta, W. Kro-
likowski, A long-range polarization-controlled optical tractor
beam, Nature photonics 8(11), 846–850 (2014).

99



[10] F. Mitri, R. Li, L. Guo, C. Ding, Optical tractor bessel polar-
ized beams, Journal of Quantitative Spectroscopy and Radiative
Transfer 187, 97–115 (2017).

[11] M. E. Friese, T. A. Nieminen, N. R. Heckenberg, H. Rubinsztein-
Dunlop, Optical alignment and spinning of laser-trapped micro-
scopic particles, Nature 394(6691), 348–350 (1998).

[12] G. Milione, A. Dudley, T. A. Nguyen, O. Chakraborty, E. Karimi,
A. Forbes, R. R. Alfano, Measuring the self-healing of the spatially
inhomogeneous states of polarization of vector bessel beams, Jour-
nal of Optics 17(3), 035617 (2015).

[13] T. Vettenburg, H. I. Dalgarno, J. Nylk, C. Coll-Lladó, D. E.
Ferrier, T. Čižmár, F. J. Gunn-Moore, K. Dholakia, Light-sheet
microscopy using an airy beam, Nature methods 11(5), 541–544
(2014).

[14] Y.-X. Ren, H. He, H. Tang, K. K. Wong, Non-diffracting light
wave: Fundamentals and biomedical applications, Frontiers in
Physics 9, 698343 (2021).

[15] S. A. Akhmanov, S. Y. Nikitin, Physical optics (Oxford University
Press, 1997).

[16] M. N. Vesperinas, Scattering and diffraction in physical optics
(World Scientific Publishing Company, 2006).

[17] C. A. Bennett, Principles of physical optics (John Wiley & Sons,
2022).

[18] J. Durnin, Exact solutions for nondiffracting beams. i. the scalar
theory, JOSA A 4(4), 651–654 (1987).

[19] F. Gori, G. Guattari, C. Padovani, Bessel-gauss beams, Optics
communications 64(6), 491–495 (1987).

[20] J. C. Gutiérrez-Vega, M. Iturbe-Castillo, S. Chávez-Cerda, Al-
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