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1 Introduction

The Standard Model of particle physics predicts that neutrinos are massless particles. How-
ever, it is now a well known fact that neutrinos must have nonzero masses [1], albeit very small
ones: currently established limit of the sum of neutrino masses is >, m,, < 0.12 eV (95% C.L.)
[2]. For comparison, the mass of the next lightest particle of the Standard Model, the electron,
is ~511 keV, 6 orders of magnitude higher. The question of the origin of this huge mass diffe-
rence is currently on the frontier of research of theoretical particle physics, and it is one of the
most promising paths to the physics beyond the Standard Model.

The most ubiquitous explanation is the so-called seesaw mechanism. It has several versions;
one of the simplest extends the Standard Model (SM) with an additional right-handed neutrino
field and a second Higgs doublet, allowing to generate three massive neutrino fields — one very
heavy (possibly of the order of 1014 GeV), two very light (order of 1 V) — and one massless
[3]. This model (let’s further call it the Grimus-Neufeld (GN) model) seems promising, since
it is economical (the SM is extended only slightly) and reproduces the mass hierarchy of the
neutrino fields that is compatible with observations.

In [4], among other things, it is shown that in the GN model one of the light neutrino
fields acquires mass through one-loop corrections to the neutrino propagator. It means that
the expressions of one-loop corrections (and, consequently, the parameters of the GN model)
can be connected with experimentally measurable quantities (squared mass differences of the
neutrinos). This could allow making concrete numerical predictions and testing the validity of
the GN model (if, for example, the second Higgs doublet is experimentally discovered at some
point in the future). However, first we must be sure that the theory is consistent.

One of the most obvious consistency checks of a gauge theory is its gauge invariance: None
of the physically observable predictions of the theory should depend on the value of an arbitrary
gauge parameter. In [4] the authors concisely show that the one-loop corrections they obtain
are gauge invariant. The aim of this work is to check this result using a different approach.

This master’s thesis continues and finishes the work of my last three semester’s papers. The
first one [5] was an introduction to the quantum field theory and, more specifically, the concept
of propagators. Second semester’s work [6] focused on understanding concepts of spinors and
gauge invariance, and presented our approach to deriving one-loop corrections of the neutrino
propagator in a general model, not tied to any specific particle fields. Third semester’s paper
[7] connected the Lagrangian of this general model with the Standard Model extended by one
right-handed neutrino field. And, finally, this master’s thesis aims to (i) make the particle
content of our model the same as in the GN model by introducing the second Higgs doublet,
and (ii) check, whether the one-loop corrections to the neutrino propagator calculated in our
formalism are gauge-invariant.

A brief overview of the structure of this thesis might make it more easily understandable.



In section 2 I provide a summary of the contents of the Standard Model, then introduce the
second Higgs doublet and shortly discuss the origin of a gauge parameter in the theory. Section
3 is devoted to the seesaw mechanism: Along with the explanation of the mechanism itself it
includes derivations of several relations that are needed in later calculations. In section 4 the
main part of this work begins. First, I derive a connection between the coefficients of the generic
model we are using (first introduced in my second semester’s paper [6]) and the Standard Model
extended by a right-handed neutrino field and a second Higgs doublet (the GN model). Then,
in section 5, I use this result in order to rewrite the generic expressions of one-loop corrections
to the neutrino propagator (derived in [6]) in terms of the particle fields of the GN model, and
simplify them as much as possible. Finally, section 6 presents the investigation of the gauge

dependence of one-loop corrections, and section 7 sums up the results.



2 Overview of the Standard Model with the Second Higgs
Doublet

2.1 The Standard Model

The Standard Model (SM for short) has a symmetry group of SU(3)c x SU(2), x U(1)y.
The subscript C stands for color, L means that SU(2)y, acts only on the left-handed fields, and Y’
stands for hypercharge and is intended to distinguish U(1)y from the U(1) for electromagnetism.
The SU(3)¢ part leads to quantum chromodynamics, the theory of strong interactions, whereas
the SU(2);, x U(1)y subgroup describes the electroweak interactions.

The SM consists of fields of spins 0, % and 1:

e The only spin-0 field of the SM is the Higgs field ®. It is a complex scalar field, and
it is also a doublet under the group SU(2); x U(1)y. It couples left- and right-handed
fermions together, and, via the spontaneous symmetry breaking mechanism, generates

masses of the gauge bosons and fermions. A convenient definition of the Higgs doublet is

_ "
o (7 (sz)) | 1)

Here v is the vacuum expectation value of the Higgs doublet, H is the Higgs field, and
ot and ¢z are, accordingly, the charged and neutral Goldstone bosons. The Goldstone
bosons are unphysical, since they can be ‘gauged away’ by a gauge transformation of the

SU(2)r, group, leaving only the physical Higgs field:

0
() o

This gauge is called the unitary gauge.
« The spin-3 fields (fermions) of the SM are:

— Quarks
There are 3 quark doublets under the group SU(2), x U(1)y,

Qo = (“L> , i=1,2,3, (2.3)

o
dLi

and 6 singlets:
u%z,d%27 Z — 17273. (2.4)



Quarks also come in triplets under the group SU(3)¢, and that is what the index «

in the above expressions denotes: a = 1,2, 3.

— Leptons
Similarly to the quark case, in the SU(2), x U(1)y group there are 3 lepton doublets,

LnL = (VnL> ) n==emurT, (25)
énlL

but only 3 singlets:
enR, n=e,uT. (2.6)

There are no right-handed neutrinos present in the Standard Model.

o The spin-1 particles are the gauge bosons that mediate the fundamental interactions of
the SM:

— Gluons,
A _
al, A=1,...,8, (2.7)

appear in the SU(3)¢ group and mediate the strong interactions.
— Three W bosons and B boson,

W, By, I1=1,23, (2.8)

exist under SU(2). x U(1)y group and participate in the electroweak interactions.
Through the spontaneous symmetry breaking, they combine with the Higgs field and

produce the massless photon field

Ay, (2.9)
and three massive gauge bosons,
W W, . Z,, (2.10)
with masses
_gv Ve W 2.11
mw =5 mz =g 9°+g 05 01y (2.11)

(g9 and ¢’ are the gauge coupling constants of the SU(2), group, v is the vacuum

expectation value of the Higgs field, and the weak mizing angle 6y, is defined through

cosOw = g/\/ 9>+ g"?).

More extensive overview of the Standard Model can be found in, for example, [8] and [9)].



2.2 The Second Higgs Doublet

In [3] the authors show that the addition of a second Higgs doublet to the SM extended
with a right-handed neutrino field allows to generate mass for the second neutrino at one-loop

level. Thus in our model we are also using two Higgs doublets:

+ H+
<1>1:<1 v ) %:(1 ' ) (2.12)
7§(U+H+1gpz) 7§<HR+1HI)

H™ here is a charged scalar field, and H, Hr and H; — neutral scalar fields. Eq. (2.12) is
written in the so-called Higgs basis, in which only one of the two doublets has a non-zero vacuum
expectation value. The second Higgs doublet does not produce any new gauge interaction terms
in the Lagrangian, but appears in additional Yukawa terms (discussed in section 4.1).
Switching to the mass-basis of the two Higgs doublets, we would find [10] that the fields
o, pz and HT are already in their mass eigenstates (although the masses of ¢ and ¢ vanish,
as should be expected for Goldstone bosons), but the remaining three scalar fields (H, Hr and

H/) mix together to produce three physical massive Higgs fields hy, hy and hs:

hy H
hy | =R | Hg |, (2.13)
hg H;

where R is an orthogonal transformation matrix that can be parametrized as

C13C12  —C23S12 — C12513823 —C12C23513 + S12S523
R= C13512  C12C23 — 512513523  —C23512513 — C12523 | » (2'14)

513 C13523 C13C23

with definitions ¢;; = cos 6;; and s;; = sin6,;. If we require CP conservation, the third neutral

Higgs scalar H; decouples from the other two, i.e., 13 = fb3 = 0, and R significantly simplifies:

iz —s12 0
R=1532 c2 0]. (2'15)
0 0 1

Consequently, H; is already in the mass state as well, so we are going to keep using this name
for this field instead of h3. And, since the R matrix now depends on only one mixing angle 65,

let’s rename it to a and recast hy and hs in the following form:

hy = H cosa — Hpsin (2.16)
hy = Hsina + Hp cos . (2.17)
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2.3 ’t Hooft’s Gauges

The unitary gauge (2.2) for the Higgs field is useful when we are interested only in the
physical particles’ content of the theory, but for some other purposes (for instance, calculations
of the loop corrections) leaving the Goldstone bosons ¢ and p in the theory proves to be more
convenient. However, in this case we are faced with a significant difficulty: the gauge boson
propagator becomes undefined. Generally speaking, the reason for this is the fact that gauge
theories introduce redundant degrees of freedom, which need to be removed by the procedure
called the gauge fizing (extensively explained in, for example, [11]).

A clever way to do that was suggested by t’ Hooft. He proposed using a gauge condition
0, A" = mgyx, (2.18)

for each gauge field A* and Goldstone field x. m here is the mass of the gauge boson and &
is an arbitrary gauge parameter. After imposing this gauge-fixing condition, the gauge boson

propagator can be calculated, but it becomes dependent on &:

i[_g,mr (1 —f)k“k”] 1 (219

k2 _ £m2 k2 _ m2

Luckily, ¢ drops out when calculating values of physical observables, as it should: Quantities
that can be measured experimentally should not depend on any arbitrary parameter like &.
In the case of the Standard Model, this procedure amounts to adding the following gauge-

fixing term to the Lagrangian:

S rieon)s prinen) s ay) e

(p~ is another Goldstone field that is defined as the complex conjugate of ¢*). As a consequen-
ce, the Goldstone fields ™/~ and ¢, acquire masses that depend on &:
2

mi = emb, i = emd. (221)



3 The Seesaw Mechanism

3.1 Dirac and Majorana Mass Terms

Quantum field theory allows two types of Lagrangian mass terms for a field v: Dirac,

ﬁanass - _mDQZRva (31)
and Majorana,
1
Lol = §mM¢g/ROT¢L/R- (3.2)

(C is the charge conjugation matrix. Charge conjugation and Majorana particles are thoroughly

discussed in [12].) In case of neutrinos, the SM assumes existence of only the left-handed fields

L

mass could exist. But it is not invariant

Unr, (n = e, pu, 7), thus only the Majorana mass term L
under the SU(2) x U(1)y symmetry of the SM, therefore is forbidden. As a consequence,
neutrinos are massless in the SM.

In order to generate masses of the neutrinos, it is enough to extend the Standard Model

with only one right-handed neutrino field vg. Then the Dirac mass term becomes available

R

o 1S also

and, since vg is a singlet of SU(3)¢c x SU(2)r x U(1)y, the Majorana mass term £
allowed. Actually, the Dirac mass term would suffice to explain the masses of the neutrinos
(they would be generated in the same way as the masses of the charged leptons, via the Higgs
mechanism), but the peculiar smallness of these masses still would remain a mystery. This is
were the Majorana mass term comes in handy — it is an essential part of the seesaw mechanism
that provides a sensible answer to the question, why the masses of the neutrinos are so much
smaller than the masses of other particles of the Standard Model, but still are not equal to
zero?

Let’s start the presentation of the seesaw mechanism by writing down both Dirac and
Majorana mass terms that are allowed by the SM, extended with one right-handed neutrino
field vg:

LM — Z —MpnVRVnr + %mRuz;C’TVR + h.c. (3.3)
n=e,u,r
(h.c. means the hermitian conjugate of the preceding terms). mp, are complex numbers, but
mp can be made real by redefining vr to consume the complex phase part of mg. In the
following I am going to assume that this has been done and mpg € R.

If we define the column matrix of left-handed chiral neutrino fields

Vel Vel
vurL vur
B ©
Ny = - , (3.4)
Vrr Vrr
Ve Cog"



we can write the Dirac-Majorana mass term (3.3) in a simplified form:

mass

1
LM §NLTCTMNL + h.c., (3.5)
with the symmetric mass matrix

0 0 0 mpe
0 0 0 mp
0 0 0 mp

Mpe Mpy Mpr MR

(3.6)

Since the mass matrix M is not diagonal, it is clear that the chiral fields v, and vy do
not have definite masses. We can find the fields of the massive neutrinos by using a unitary

transformation of the chiral fields

Ule Uly, Ul‘r UlR VeL
Use Uy U Usp VuL

Use Uau Us. Usgr VrrL
Ule U4;L Usr Usr Vg
where
i
np = | 7 (3.8)
V3L
V4L,

is the column matrix of chiral left-handed massive neutrino fields. The unitary matrix U must

be such that
m; 0 0 0

0 0 0
(U MU = "2 : (3.9)
0 0 mg O

0O 0 0 my

with real my, > 0. This can always be done, as is shown, for example, in [13].

With the transformation in eq. (3.7), the Dirac-Majorana mass term can be written as
1 o 1 o
D+M _ * T - _Z 7
Lo = 5 kgl Myl C'ogr + hec. = 5 kgl MyD gV, (3.10)

which looks exactly like a Majorana mass term for the massive neutrino field
Vi El/kL‘i'VkCL :VkL—FCﬂgL. (311)

9



v, satisfies the Majorana condition
Ve = VU, (3.12)

therefore a Dirac-Majorana mass term (3.3) implies that massive neutrinos are Majorana par-
ticles.
Using definitions of U and v, we can also find expressions connecting v and v,y with vy.

First of all, reversing eq. (3.7), we see that

Unp = U Npm, n=e,ur, m=1,...,4, (3.13)

Ve =Umpm, m=1,... 4 (3.14)

Here and in the rest of this work, summation over any two repeated indices is implied eve-
rywhere, unless stated otherwise. From the definition and properties of charge conjugation, it
follows that

v = Upn$, . (3.15)

Then, using the properties of the left- and right-handed projection matrices P, and Pg (also

discussed in [12]), we can write the following relations:

Nim = PLVm, (316)
N5 = Prvm, (3.17)
and finally get:
Unt, = Uy PrVm, (3.18)
VR = Um4PRl/m, (319)
and
Unr = UnmUpn Pr, (3.20)
vr=0,U ,Pr. (3.21)

10



3.2 Diagonalization of Neutrino Mass Matrix

Since the matrix U, defined in eq. (3.7), is unitary, the diagonalization condition of neutrino

mass matrix (3.9) can be rewritten in the following way:

mg 0 0 0

0 0 0
(U MU™ = (U MU = U MUT = e = 1, (3.22)
0 ms 0
0 0 0 my
and, using the fact that diagonalized mass matrix m is real,
UM*U" = m. (3.23)

Rank of the mass matrix M is 2, therefore only two of the masses m; can be nonzero. Let’s

hold that the first two masses are the vanishing ones, i.e.,

Then, again using unitarity of U and the definition of M (eq. (3.6)), we can rewrite the seesaw
condition (3.23) as

0 0 0 0
0 0 0 0
UM* = mU* = . (3.25)
mgUge mgU:;:u mgUgT mgUékR

* * *
TI’L4U4e TI’L4U4H m4U4T m4U:fR

Comparing the left-hand side of the previous equation,

Ule Ul,u Ulr UIR 0 0 0 m},e
Use Uy, Uy U 0 0 0 7
2 2u V2 2R Mmpy (3.26)
Uge Ugu U37— UgR 0 0 0 m’j:)T
U4e U4M U47— U4R m*De m*DM m*DT mpg
(remember that mpg is real), with its right-hand side, we get
UlRmBe = UlRmE# = UlRmET = UQRTI’L*DG = UQR’ITL*D/J = UQRmET = O, (327)
giving Uyjp = Usg = 0, and
Ulem’jje + UleBM + UleET = UgemEe + Ugum*D# + UQTTI’L*DT = 0, (328)

11



telling us that the three vectors (Use, Uiy, Uir,0), (Use, Uz, Uzr, 0) and (mpe, mpy, Mmpr, mg)
are orthogonal (the orthogonality between Ui; and Us; follows from the unitarity of U).
From the unitarity of U and the fact, that U;g = Usg = 0, follows the relation

Usg|? + |Usr|* = 1, (3.29)

which allows to parametrize Usr and U as

Usp = € sinf = nys and Usr = €% cosf = nye. (3.30)
Now eq. (3.25) takes the following form:
Ue Uy Uir 0O 0 0 0 mp, 0 0 0 0
U Uy, Uy 0O 0 0 0 mp, | 0 0 0 0
Use Us, Usr 135 0 0 0 mp, msUs, m3U§# msUs.  mgn;s
Use Uiy Usr mac Mpe Mp, Mp, MR maUjz, maUy, maUi mynjc
(3.31)
From the first 3 columns we get the relations
msUs, = nzsmp,, n=123, (3.32)
myUy, = naemp,,, n=1,2,3, (3.33)
and from the fourth one:
Usnmp, + N3SMp = manss, (3.34)
Usgnml, + nacmp = myn;c, (3.35)
or, using egs. (3.32) and (3.33):
N3S8—— + 13SMR = 1)35Ms3, (3.36)
mg
* m2D *
NyiCc—= + nucmp = Nycmy, (3.37)
My
where we have introduced
m2 = |mpe|?® + |mDM|2 + |mp. |2 (3.38)
Now if we assume the following mass scale hierarchy,
ms < my ~ Mg (339)

12



(a valid assumption, since the fourth neutrino would have already been detected experimentally
if its mass was smaller than the mass of the Z boson), then equations (3.36) and (3.37) can be

solved only if 3 = —1 and 77 = +1, and give as positive solutions

1
mga = §<$m3+\/m%+4m%>, (3.40)

which produce the usual seesaw relations:
msmy = mp and My — M3 = Mpg. (3.41)

Looking at these equations, the origin of the name of the seesaw mechanism becomes clear: the
larger is my, the smaller ms, and vice versa.

The seesaw mechanism provides a natural explanation of the smallnes of the neutrino masses
with respect to the masses of charged leptons. The Dirac mass mp, which can be generated
through the Higgs mechanism of the SM, is expected to be of the order of charged lepton masses,
or at least not much larger than the electroweak scale, which is of the order of 10> GeV. The
reason for this is that a Dirac mass term can arise only as a consequence of symmetry breaking,
as for the other particles in the SM. Hence, mp is proportional to the symmetry-breaking scale.
On the other hand, since a Majorana mass term is a singlet of the SM symmetries, it is not
affected by them. It is plausible that the Majorana mass mp is generated by new physics beyond
the SM and its order of magnitude corresponds to the breaking scales of the symmetries of some
high-energy theory, which may be at the grand unification scale of the order of 104-10'6 GeV.
Hence the seesaw expression (3.41) may give the mass of one of the light neutrinos mg of the
order of m%,/mpg ~ 107191072 GeV, which is consistent with experimental results [1].

Now, using unitarity of U and equations (3.32) and (3.33), we can get the following relations:

2
1= |Use|? + [Usy? + [Uss 2 + 8% = 22 4 62 = &2 (ﬂ + 1> _ @M 3 )
ms ms ms
2
1= ’U4e|2 + ‘U4#|2 + |U'47—|2 + 62 = C2—m§ —+ C2 = 62 (@ + ].> = 62—m3 i m4, (343)
my my my

which give us the solutions

s =sin’f = ——— and A =cos’l) = ———, (3.44)
ms + my mg =+ My
and allow us to express the 3rd and 4th rows of U matrix as
sm Vmsm m m
Usy = ic=—20 = je Y2200 e 00 .00 (3.45)
c Mms /My M3 mammy mp

13



CMpn /14 Mpnp Mpn Mpn
Uy, = 5— =s =s =5 .
S MMy A/ T3 1My many mp

This allows us to write the neutrino mixing matrix U in the following form:

Ul e Ul o Ul T 0 Ul e Ul o Ul T 0
U — UQe UQ,u UQT 0 ~ UQe UQ,LL UQT 0
T |dempe jempe jempr g | 7| jmpe (Mbe jmpr
mp mp mp mp mp mp
m
§Mpe g Du  gMDr 0 0 0 1

mp mp mp

(3.46)

(3.47)

where we have used the limit mg/m4 — 0, in which s — 0 and ¢ — 1. In this approximation the

upper-left 3 x 3 block that decoupled from the rest of the matrix corresponds to the so-called

PMNS (Pontecorvo-Maki-Nakagawa—Sakata) neutrino mixing matrix V', that is defined as

VeL Veo Veo Ve 151
bur | = Vm Vuz Vus Vo
VrL Vi Ve Vi V3

Comparing this definition with eq. (3.7), we can see that

Upn =V forn,m=1,2,3,

nm?
SO
.Mpn *
mp
and
Mpn .
= —iV 7.
mp

Consequently, U matrix can be expressed in terms of the elements of V' matrix:

Va Vi Va0
Vo Vo Vnoo0
cVi % cVy s

3 * 3 * 3 *
—isVy —isVyy —isVy ¢

U —

14

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)



4 The Coefficients of the Formal Lagrangian with the
Second Higgs Doublet

A formal Lagrangian £ of our model was introduced in [6]. This Lagrangian describes
interactions relevant for calculations of one-loop corrections to neutrino propagator, in a model
that contains an arbitrary number of Majorana fermions v, Dirac fermions y, complex scalar
fields S, real scalar fields R, complex vector fields W, and real vector fields V. In [6] I have
also calculated neutrino one-loop corrections, and in [7] have derived a connection between the
coefficients of the formal Lagrangian and the parameters of the Standard Model extended with
one right-handed neutrino field. Here I am going to recalculate this connection, since our model
now additionaly includes a second Higgs doublet.

First of all, let’s repeat the expression of the formal Lagrangian, introduced in [6]:

L= _Sn’(_ﬁa (yfanPR + yéanPL> Xa — S;:,)_Ca <y§;nPL + yé;nPR> wa
- Wﬁ@w“ <9§ajPR + giajPL> Xa — W,{*Yﬂ“ <9§JjPR + QQZJ'PL> Va

— BB ((n)as P+ (Wh)asPr ) s = V0t ((0)asPr + (9P)asPr)Ys. (41)

Here indices o and [ distinguish different Majorana fermions, a — different Dirac fermions; n
goes over different scalar fields (both complex and real), j — over vector fields (also complex
and real); p denotes spacetime components of vector fields; summation over all repeated in-
dices is implied. The coefficients of the formal Lagrangian that I've mentioned previosly are
yo}fa/f 5 gfﬁ, (Yn)ap and (g]R/ L)ag. They show the strengths of interactions between the fields of
the Lagrangian.

The parts of the Lagrangian of our model that are relevant for this calculation are two of

the Yukawa interaction terms:
Ly = =LY ®uemn — Lot Y ®vp + hec., (4.2)

and the gauge-kinetic term
Lo =1L, y"DyLnr. (4.3)

Let’s investigate each of them in turn.

4.1 The Yukawa Term

First of all, let’s discuss the meaning of each part of the Yukawa interaction term

Ly = =LtV ®oemn — Lar Y ®uvp + hec. (4.4)

Enm
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L, are the left-handed lepton doublets
LnL = (VnL> 5 n==enurT, (45)

emr are the right-handed parts of charged lepton fields; ®, is the ath Higgs doublet, and CTDQ
are the so-called adjoint Higgs doublets, defined as

b, =i0yd” (4.6)

(o9 is the second Pauli matrix). In our two-Higgs-doublet model,

Yé“) and YA(,CL) are matrices of Yukawa coupling coefficients: Yél) generates masses of charged
lepton fields and Yjsfl) provides the Dirac masses of neutrino fields, so they are defined as

V2 _ V2,

Enm
(YJ(Vl) is defined with the complex conjugate of mp, in order to later produce the same Dirac
mass term, —mp, VgV, as was defined in section 3.1). n, as before, goes over the three lepton

) isa 3 x 1 column

generations: n = e, i, T, so that th) is a diagonal 3 x 3 matrix, whereas Y]\(,1
matrix.

YE(Q) and Y]S?) couple with the second Higgs doublet that has no vacuum expectation value,
and therefore they do not participate in the Higgs mechanism of mass generation. We define
them simply as

Yirm = V2, Yo =V, (4.9)

where the v/2 factor has been extracted for later convenience. The dimensions of these matrices
are the same as of Y]él) and ij,l) , but Yg), differently from Y]él), is non-diagonal.

Expanding eq. (4.4), we get:

bon= (o ) i,
Yuk = — \UnL €nL ) —MpOmn . €mR
v %(v—}—H—ngZ)

H+
- (ynL énL) ﬁy(E?QLm ( . ) €mR

\%(HR + lH])
1 _
B (DnL énL) ﬁmBn <\/§(v + H_ 1902)) "
—¢



L (Hy—iH
~ (Par ) \/5.@5331(“5( RH_ I)> v+ hec.

V2 m

o — + — n _ H My _
- v MpVnL¥Y €nr — Mp€pL€npr — v Enrili€ppr —1 v EnLPZEnR

— ﬁygﬂmﬂnLH Yemn — y(EQy)lménLHRemR — iygiménLH 1€mR

m* ) * - 2 . 3
— My Unr VR — —22 U Hug + =220, 1070k + ~ 'DnbnL¥ VR
— y](\?ZLDnLHRVR + iy](\?lenLHIVR + \/Ey](\giénLH_VR + h.c. (410)

Leaving only the terms that contain neutrino fields and making use of expressions connecting
Higgs fields H and Hg with their mass eigenstates hy and hy (derived from egs. (2.16) and
(2.17)), namely

H = hycosa + hssina,

Hpr = —hysina + hy cos a, (4.11)
we get:
V2
Ly = —TmnDnLS0+€nR — \/iygimﬂnLH Yemr — My UnLVR

mh, _ ‘
Dng & (h1 cos o + hy sin a)yR +1i

Dn —

. -
UnL¥zVR + o Mp,enLP VR

- yﬁiDnL (h2 cos o — hy sin a) Vg + iy](\?zlﬂnLHluR + \/ﬁyﬁiénLH’yR + h.c.

V2

_ = .t 2 5 + * =
- = v MpVnLP €EnrR — ﬂyEannLH EmRrR — MppVnLVR

* *
m m 2
— D 2 . Dy — _ _
— Upl ( ” % cosa — y](\h)l sin a) hivgp +1 . “ U zVR + o MpnenLY VR

*

— UnlL <3/z(\?21 cosa + Mon iy a) hovg + iyﬁLDnLHIVR + ﬂygiénLH’yR + h.c. (4.12)
v

To replace left and right-handed field components with the full fields, we use eqs. (3.18)-(3.21)
and e,r/r, = Pr/ren, €nr/r = €nPr/r. Also remembering that P}%/L = Pg/1, we get the following

expression for Lyyy:

2
Lyux = _TmnDkUknPR@+en — \/EygimﬂkUknPRH”Lem — mp, iUk PRUY,

* *

m m
_ DkUknPR< UDn cCos o — yg\?r)z sin Oé) hlUl4Vl +1i 5" DkUknPRSOZUMVl
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2 *
+ £’fTLDn(EnPRQO Ul4Vl — VkUknPR (yJ(V?)’L cos o + —— ™ sin Oé) h2U14Vl
v

+ lyNndUknPRHIUMVl + \/_yNnenPRH_UMVz

2 x
— imnéngo_PLU;nd — \/iyg%mémH_PLU;nd — mDnﬁlUlZPLU]:nd
v

— Uy ( » ~cosa — yg\,gl sin oz) PLU; v, — VlUl4gOZPLU,ka

2
+ £mDnz?lU[ZgoJ’PLen U ho <y§V2L cos a4+ L% sin oz) PLUY v
v v

— iy U H PLU vk + V2O mUp HY Pe,,. (4.13)

Comparing these Lagrangian terms with the formal Lagrangian (4.1), we can find the

expressions for several of the formal Lagrangian’s coefficients:

1. —?mnDkUknPRng“en corresponds to —SlﬁaygalPRXa, where S; = p*. Therefore,

R V2

Yaal = _anan' (414)
v

2. —ﬂyg%kaUknPRH+em corresponds to —SQQnyaQPRXa, where Sy =
ytljaQ \/_yEna (4 15)

3. \?m*DnénPRgo_UMl/l corresponds to —Sf)_(ayQ;lPRwa:

L \/5 *

Yaa1 = _TmDa ad- (416)

4. ﬂyﬁiénPRH ~Uyy; corresponds to —S3X,y% Priby:

Yhay = V20U (4.17)

As for the terms that couple two neutrino fields, —anﬁa<(yn)a5PR + (y}:)agPL)wg and

-V @_bafy“<(gf)a5PR + (gf)aBPL> Vg, in [6] it was shown that coefficient matrices y,, and gf”/ L

are symmetric. Since each term of the Lagrangian is a number, not a matrix, we can implement
this symmetry condition in the according terms of our model’s Lagrangian by replacing each
term L by %(ﬁ + LT). Then, using the fact that for Majorana fermions the following relations
are valid [12]:

= UC, U’ = —Cc1y, (4.18)
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and
(U 0,)" = -V 0T,

we get:

1. When £ = —DkUkanL(mE" cos o — yj(vzzl sin a) h Uy,

(%

*

LT = —5,CULhy (mD” cos v — yj(\?) sin a) CPrCU.C
v

n

_ my 2) .
= - Uphy ( 5” cos o — ygvzl sin oz) PrU, v,

and

*

— U, Upn PR (mfn Ccos v — yﬁi sin a) hiUpny,

(L+L") =

N
N =

m*
- ﬂlUMhl ( 5” cos o — y](\%)1 sin Oé) PRUank

*

1
— —§Dk(Uanl4 + Uk4Um) (mD” CcoS (v — yj(\?q)% sin oz) Prhyy.
v

This term corresponds to —R19,,(y1)asPribs, where Ry = hy. Therefore,

N | —

(Y1)as = (UomU54 + Ua4UBn) (% cosa — yj(\?zl sin a) )
v

2. When £ = {"Da UiUkn Pryp zUnvy,

v

* *

£T == imDnDZCUM(,DZc_lPRCU]mC_IVk = imDn DZUZZLQDZPRUanh
v v

1mp,

@+£5=§

<5kUknPRSOZUz4Vl + DZUMSOZPRUank)

DN | —

1mp,

=3, i (Uanm + Uk:4Uln> Prozy.

This term corresponds to —Rgﬁa(yg)agPRqﬁ@, where Ry = ¢z. Therefore,

1mp,
(y2)a,6 = —5 D

(UomUﬁ4 n Ua4U5n) .
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3. When £ = -0, UL, Pr <y](\?7)z cos a + mq}’?n sin Oé) hQUl4Vl7

ﬁT = —I/lCUl4h2 <yNn COs & —|— v ™ sin Oé) C_lpRCUknC_ll/k

*

m
= —,Upshs (yN cosa + —2% sin a) PrUpn vy,

()

*

1
3 (E + ET) = — U Pr (y](VZL cosa + —== sin a) hoUav

N | —

v

*

v

™ sin Oé) PRUank

— 1Uahs (yNn cosa + ——

*

1
= —§Vk: (Uanm + Uk4Uln> ( 2)  cosa + —— Tp

(%

This term corresponds to —Rs1),, (y3)apPrs, where R3 = hy. Therefore,
1 *
(Y3)ap = B (UanU54 + Ua4UBn> (y](\?,)l cos o + % sin a) .

4. When £ = iy'® 9,Upn PrH U1y,

ﬁT = iyj(\i)lﬂlCUMH[CilPRCUknCilVk = iy](\?iDlUMHIPRUanky

1 1
B (E + ﬁT) = 53/](\/21 (VkUknPRHIUl4Vl + l_/lUl4HIPRUank)

1
§y§\?3ﬂkz (UanM + Uk4Uln> PRH[VZ.

This term corresponds to — Ryt (y4)as Pribs, where Ry = H;. Therefore,

1
(y4)a,8 = —591(3,)1 <UanUﬁ4 + Ua4U,Bn> .

™ sin a) Prhov.

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

The Lagrangian terms in the last 4 lines of eq. (4.13) (which are the hermitian conjugate

of the first 4 lines) would give no new information, so we do not take them into consideration.
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4.2 The Gauge-Kinetic Term

In the term
['G == ian’Y’uDuLnL, (432)

L1, as before, is the nth lepton doublet, and D, is the puth component of the covariant

derivative, which has the following form for left-handed lepton doublets:

D,=0,+ i77i (O’+W: + U*WJ) +in.eQA, +1in J (

2

0 .
NG P = _ Qsin? 9W> nzZ,, (4.33)

where .
s = =h o))

V2

o, are the Pauli matrices; () is the electric charge; #y is the weak mixing angle; e is defined by

(4.34)

g

nee = ngsin Oy ; g is the coupling constant of the SU(2), group; and 71, 71.,nz = £1 are inserted
to generalize all different conventions on signs that are prevalent in the field of elementary
particle physics (more on them in [14]).

Expanding eq. (4.32), we have:

| g, 0\ . g 0 V2w 0 0
E — _n _n a ! + NG ’ +
¢ =i(r o) [(o ay) Ve (ﬂWJ 0 ) (0 ”’eeQeAﬂ)

1
g 5 0
Z
77COSQW (0 —% — Q. sin? 9W> 12w

+1
—i (ﬂ z ) ,}/,u a“ + i”QcogGW T’ZZM 1779W:
ko Tk ingW .- Oy + inceQ A, — incosgew <% + Q. sin? 9W>nZZM

UnL
X
€nL

. . g _ _ _
= i, y" (% + 177ng2#> Uni = Unr Y ngW, ent — enry* ngW, vur

1
+ ié, " <8u +in.eQ A, —in (5 + Q. sin? 9W> nZZH> enL,

cos Oy

= iU, Upn V" (% + iﬁmnzzu) PrU v — kU PungW, e, — ey PpngW, Uy, v

1
+ lén"}/u <8M + ineeQeAu — 177 <§ —+ Qe Sin2 ew> nZZM> PLen. (435)

cos Oy
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Neglecting all terms that do not concern us, we are left with
La= —DkU;my“nﬁnzZuPLUﬁ@m - DkUknW”PLngW:en — e PpngW, U (4.36)
W

Let’s consider each of them in turn.

1. The first term will be used to determine the symmetric coefficient matrix gf/ L, SO we

are going to symmetrize it in the same way as we did for several terms of the Yukawa

Lagrangian.

Denoting £ = —DkUkn’y“nmnzZuPLUl*nm, we have

,CT = DZCU;LC 1PLCZ,uT]Z g 770 MCUknC_ll/k = DZU;;ZNT]ZLU’}/MPRUMLV]C,
2 cos Oy 2 cos Oy
(4.37)

1 1 _ q _ g
“(c /:T)z— — o U ——p, 7 PU* U* Zony—3— gy Ppl,,
2( + 2( Vg k77bc%9WnthLlM4+Vlm MMZGﬁQan R kW)

mzg . .
- —ﬁz (UanmPL - Uan,nPR)yl. (4.38)

This term corresponds to —V,14), " ((gf)agPR—l—(gf)agPL)wB, where V! = Z,,. Therefore:

nmzg

nnzg
———UanUj,, R — 22 U Us,. 4.39
4C059W Bn (gl)aﬁ an" B ( )

L _
(gl)aﬁ N 4 cos Oy
2. —l/kU;m'y“PLngW*en corresponds to —W1¢a7 gL PrXa, Where I/V1 VV+ Therefore,
a1 = 19Usa- (4.40)

3. —exy" PrngW, U,y corresponds to —WJ*_ay“ganPLg/)a and gives the same result for

gaal'

4.3 Summary of the Coefficients’ Calculation Results

Gathering together all results, we have the following fields and coefficients in our model:

1. Two complex scalar fields, S; = ¢ and S, =

ys/ﬁj = Y U;A? ygﬂj = an)gUan, (4.41)
a=1,...,4 B.n=1,2,3 7 =12 (4.42)
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2. One complex vector field W, = Wt

955 = 19Uas,

a=1,...,4

B=1,2,3

955] - 07

j=3.

3. Four real scalar fields, Ry = hy, Ry = ¢z, R3 = hy, Ry = Hp:

1

4. One real vector field V/} =7,

(g

L
J

(yj>aﬁ — 2\/§(UanUB4+Ua4UBn)FTJL7
F,f = 15,173 Ccos o — YJS,QR) sin «, F;Z’ = —iY]S,Q,
Fs = Y]\(,Q sin a + YJ\(,Qrz cos Q, FZ = —iYJ\(,Qg,
a,fB=1,...,4 n=1,2,3 g=4,...,T.
nnzg ¥ R nMzg .«
af — omU 5 iJaB — — 7 VYan
Jos 4 cos Oy pn (g]) A 4 cos Oy
a,B=1,...,4 n=123 j=28.
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(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)



5 Simplifying One-Loop Corrections

In this section the matrix M of one-loop corrections to the neutrino propagator (defined in

[6]) is calculated. Each matrix element Mg, consists of 4 terms:
Mo = MZE + MED + MZM + MEM, (5.1)

where the SD and VD terms arise from the loops involving a Dirac fermion and, accordingly, a
scalar or a vector boson, and the SM and VM terms — from the loops with a Majorana particle
and, again, a scalar or a vector boson. In the following, each of the terms Mgf and ./\/lgé‘/f is

split into a longitudinal and a transverse part:

M = My + M, (5.2)
Mia" =Mo"+ MG (5.3)

The expressions for each element of the M matrix in terms of our model have been found

in [6]. Let’s repeat them here:

1 L _(sp)
—U
(47T)2 2p92p/0 (p)

Mﬁf(p) = {p(BO,ja + Bl,ja) [(yiijyﬁaj + yfajyg;j)PR

UL+ Uy ) Pu] i aBo o (ukty iy + 0ty Pr

R« L L _ Rx (sa0)
+ (yaajyﬁaj + yaajyﬁaj)PL] }u(p/) ) (54)
a,f=1,...,4 a=1,2,3 j=1,2;
1 I . .
Ma (p) = WWU(pf){(D — 2)p(Boja + Bija) [(gfajggaj + 9kai9ha;) Pr

+ (anjgg;j + gé:jg,gaj)PL} — DBy jamia [(955]-95@ + gﬁajgg;j)PR
+ (985950 + géngﬁaj)PL} }uﬁj;;), (5.5)

a,f=1,....4 a=1,2,3 J=3;

1 1
VL _ —(s8) Rx R L Lx R _Rx Lx L
Mﬂa (p) - (47’(’)2 2p02p/0 u(p) {pGja [(gaajgﬁaj + gaajgﬁaj)PR + (gaajgﬂaj + gaajgﬁaj)PLi|

+ ml,a(BO,ja - ng,ja) [(gg;jg,gaj + giajggij)PR + (ggajgé;j + gﬁijgé{aj)PL} }

X ) (5.6)
a,B=1,...,4 a=1,2,3 ] =3;
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1 1 2m
M (p) = ui?{[(y])ﬁapﬁ WsaPL] D2 = Rel(ys)n) Ao(m? )

v OJ
+ ?(BOJV + B1jy) [(yj)ﬁv(yj)vaPR + (yj)ﬁv(y;)vaPL}
+ M1y Bogy [(%’)ﬁ'y(yj)'yaPR + (y;)ﬁv(y;)'yaPL} }ugfﬁ)), (5.7)
05757/7:17"'74 j:47777
1 L ()

= (am)2 pop0

{(D - 2)<BO,M + Bl,jv)p [(gj)ﬁv@j)vaPR - (9;)%(9;)%]311]

+ DBy jymi [(gf)ﬂv(gj)waPR + (gj)ﬂv(g;)vaPL} }UEZ?))a (5.8)

a?/ﬂﬂ,y:17"’74 j:8;

SE){pGM [(g])/B’Y(g])’YOéP - (9;)57(9;)704}%]

— 1 (Bogy = €85 1) (939720 Pr + (97)5:(9) )P | }u&jﬁf, (5.9)
a,B,y=1,...,4 J=8.

By jo and B j, are the so-called one-loop tensor integrals:

1 1
Bow = B 27m2 .7m2 = — /d4/{7 ’ 510
0,j o(p 0,j 1,a> imr2 (k2 — m%,a) [(k +p)? - m%a} ( |
p“Bl . Ep“B1(p2 m2 _ m2 ) = i/d4k K+ (5.11>
ja y 110,55 1101 g im2 (]{;2 — ma‘l) [(k +p)2 - m%,a] ’
whereas BS ja and G are defined as
g P’ —mi ¢
J— 2 2 2 = <
Bg; Ja = Bx,ja (p ’meJ, m17a>, Gja = —T (Bl,ja - Bl,ja> N <B07]CL gBO ]a>
7-]
(5.12)

More information about the properties of one-loop tensor integrals can be found in [15].

5.1 Inserting the Coefficients

Inserting the expressions of the coefficients from section 4, we get:

L
Up

8[)3) {p(BO,ja + B1,ja) [(|YN 12U, aaUgy + YE UanYE]k):UBk)P
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+ (YU YihUse + 1YL PUUss) Pu| = s aBojo| (UnaUsn

+%mwwﬁﬂ+mMﬁmﬁwM%%ﬂﬂm (5.13)

MY () = 9l
Ba \P) = (47)2 2p02p'0 (»)
2

1 9~ _(sp) s
VL(\ _ 2 * * (s01)
Mﬁa (p) - (47’(’)2 2p02p/0 u(p) %Gja |:UozaU/jaPR + UaaUﬁaPL] U(p,) s (515)

P(D = 2) (Bosa + Bja) [UaUsuPr + Uz UsaPr w3y, (5.14)

11 1 | |
SM —(sp) * * * * *
Mo (p) = In)? pop/o“@f {5 [(UanUazi + UgaUpy) ED P + (U2, U3y + Uy Us, ) FY PL]

—

m .
X Z ;W Re[kaUﬂFk(;j)]AO(mify)

Y Mo,
1 * * * T N .
" gp( 047+ Bl’jv) [(U’Y"Uﬂzl + U74Uﬁn)FTS]) (U“/kaA + U'Y4Uak)Fk(j)PR
o (UsnUss + UsaUsn) B (U Uy + UzUsy) FE Py

1 | .
+ 21 Bon | (UsaUss + UssUsn) ) (UsnUaa + UsaUat) F P

vk

H%%+m%mmeﬁmwﬁﬁﬂ}$% (5.16)

1 g’ —(s)
T™ — B8 . ) * *
Mﬁa (p) - (47’(’)2 16p0p/0 C082 ew u(p) (D - 2)(B0,]'7 + Bl,]'y)p [UﬁnUrynU,kaak)PR

®)"

— U,BnU;nU"/kU:ukPL} —+ DBommlq [UﬁnU;nU;kUakPR + UgnanUka;kPL] }U(Sa)

(5.17)
MEM(p) = L g a0 G \US U U Uai Pr — Usp U U U P
Ba \P) = (47’(’)2 16p0p/0 COS2 0W (p) p Jv|Y Y ynYykY okt R BnYynYvkY okt L
— m1(Bojy — €B5 ) [UﬂnU;nU;kUakPR + U;nUmUka;kPL} }UE;;)X (5.18)
(5.19)
5.2 Relations Used in Further Calculations
Relations that are going to be useful in the following calculations:
1. The orthogonality of U and V matrices:
UnkU . = UknUp = Opm, k,n,m=1,...,4; (5.20)
VakVork = Vi Vi, = Onms kE,nm=1,...,3; (5.21)
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2. Rewriting eq. (3.51) in a slightly different way, we can express mp,, in terms of V3:

Mpn = —impVys, n=-e,ur; (5.22)

3. From the last equation it is clear that mp, is orthogonal to the first two columns of V'
matrix:

VnmmDn = _imD(SBma n==e,WnrT, (523>

4. We can easily formulate two useful relations between Y]\(,Z) and the elements of the PMNS
matrix. First, we know that one of the neutrino mass states should stay massless even
with one-loop corrections. This means that the Yukawa coupling of the second Higgs
doublet to this state should vanish. If we pick the massless state to be the first neutrino

vy, we get the following condition:

U YD + U Y8 + Uy Y =0, (5.24)
or
V> YJan =0, n=e,uT. (5.25)

So, Y]£,2) is orthogonal to V,,1, and, since the V matrix is unitary, can be expressed as a

linear combination of the two other orthogonal vectors, V,5 and V,3:
Y2 = V2(dVig + d'Vi), (5.26)

where we can choose the phase of Y]f,iz in such a way as to cancel the imaginary part of
d: 0<deRandd €C.

5. Using (5.23) and (5.25), we can derive:

V2

VEEY =V (Y]y,z cos o — YJ\(,? sina) =V, —mj,, cosa = 0, (5.27)

v

2

Vi F? = vyl = v £mDn -0, (5.28)

2
VAES =V (YN sina + Y]\(,? cosar) =V £mDn sina = 0, (5.29)
VAET = —ivi v =0, (5.30)

therefore,

VAF! =U,F’ =0, for j=4,....7, n=e,u,rT; (5.31)
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6. From (5.26), the definition of YJ(VQ) (eq. (4.9)), and unitarity of V' it follows that

Vi g = A6 + d' s (5.32)

7. Analogously to (5.27)-(5.30), the following relations hold (again, for n = e, u, 7):

Vi FY = —V2dsina, Vi Fl = ﬁ(i@ cos a — d' sin a), (5.33)
v
2
VA ES =0, VL ES = va o (5.34)
v
V5 FS = V/2d cos a, VAES = \/5(1@ sina + d' cos a), (5.35)
v
Vi ET = —/2id, Vi ET = —/2id'. (5.36)
(5.37)

5.3 Simplification of the Relevant Matrix Elements M3,

We are going to be interested only in a part of the M matrix. First of all, we will neglect the
4th row and column, since they involve the heavy, undetected neutrino — we are investigating
only corrections to the light neutrinos, and they are contained in the upper-left 3 x 3 block of
M. What is more, M is symmetric, so we can skip the calculations of My, M3, and Majs.

One last thing worth mentioning before focusing on the calculations is the fact that the
masses of the first and the second neutrinos without loop corrections (tree-level masses), m,;
and m,o, are equal to 0 — this fact will be very useful in the rest of this section.

Now let’s calculate each of the remaining matrix elements in turn.

531 B=1,a=1

When 3 = 1,a = 1, a big part of M vanishes due to U4 elements, and we are left with

1 1
S —(S * *
MllD(p> = (4 )2 2p02p/0 Epﬁ)p(BO Jja + Bl ja) |:YE(]naU1nYEka UlkPR + YE U YEkaUlkPL ' ))
(5.38)
but since spinors ﬂg obey the Dirac equation
"(S“)zé maug )) (5.39)

and m,, in this case is the mass of the first neutrino m,; that is equal to zero, the rest of /\/llle

vanishes as well:

ML (p) = 0. (5.40)
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MY and MYE are proportional to TLEZ;)p, thus vanish for the same reason:

MY (p) =0, MYF(p) = 0. (5.41)

11
(a2 o

1 , .
3){§¢(Bo,jv + Bijy) [U%Uanr(Lj)*U«AUmF,EJ)PR
+ Un U FOURUSE Pe + gms Bogs (VU P Ul Y Pr

Intn (

+ULU;, F<j>*Uka;4F,§j)*PL] }u‘;}}

—0, (5.42)
due to eq. (5.31);
T™M 1 92 —(s1) * *
M (p) = (47)? 16p°07 cos? bry Uy § (D = 2)(Bojy + Bijy)p | Ul Usn US Ui Pr

=y ®)

— UnnlU2, U Ui Pr| + DBo gy [ UnnU2 U Ui Pr + U UsnUp U P | }u(“)
— 0, (5.43)

since the p part vanishes like before, as do the terms multiplied by DBy jim, and DBy jam,s,
and what is left are the terms containing U, Us,, U1,Uy,, Uf,,Us,, and Uy, Us,, which vanish

due to the unitarity of U;

2

1 S * * * *
MM (p) = J ﬂgpi){}me [Uan’YnUfkalkPR - Uan'ynU’YkUlkPL]

(47)% 16p°p'0 cos? Oy,

- ml,w(BOJW - fBg,j’y) [Uan;nU;kUlkPR + Uian”mkaUl*kPL] }UE;}))
=0, (5.44)

because of the same reasons as in the case of MTM.
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5.32 B=1a=2

1 1 s * * * * S
My () = (47r)2 20920 (pi)ﬁ(Bo ja + B1 Ja) [YEnaUQTLYEJk)a PR+ YE]n)aU YE('JkaUlkPL] ( 2)
1 1 —(s * 1 % 1)x* *
(4702 2p02p’0 uEp;) {p(BO%La + Bl#ﬂra) |:Y]1(71L)aVn2YE('k)a Vi Pr + YE('n)a VNQYE(}c)aVkIPL]

Bt ) [V VP e ] ot

1 L e ) o ; )
- (47)2 202p0p'0 Up) p{ma (BO»sOJra + Bl7s0+a) [‘/;12‘/@1PR + Va?‘/;ﬂPL:|

+ UQ (BO,H-i-a + Bl,H+a) [y(EQr)LavfrﬂyEka‘/klPR + y(EiaVHQy(EQIQaVk*lpL} }ugfj))’ (545)

1 g°
VT _ -(31) (s2)
Miy (p) = (4m)? 2020 2p02p'0 p( 2) (Bo,wa + Bi,wa) [UQaU Pr + UgaUlaPL:| Ui
2
B g _(s ) * * (s2)
= )2 220 ao) p(D —2) (Bowa + Biwa) [VGQVGIPR + VQQVQIPL} upys  (5.46)

1 92
VL o —(81) * (s2)
M12 (p) - (471')2 2p02p/0 pGWa [UQaUlaPR + UgaUlaPL:| ( 0!
2
o g —(S ) * (s2)
- (4 )2 2p02p/0 (15 pGW(I [‘/CLQ‘/:ZIPR + V. 2‘/:11PLi| ( 2) (547)
M (p) = (4n?p p’O ( {8p(8037 + B jy) [U U PO U, Us FY Pr

+ Ul”UW“F?g])U;kU%F’i]) PL} + gmlvaO,jv |:U1nU’Y4F7’(LJ)U’Y4U2ka(‘J)PR
LU, U PO Ut FO* P | e 52)

¥4~ 1In*n 2k~ v45 k L (')
=0 (5.48)

due to Uy, F? terms;

2

1 S1 * *
M{QM( ) g ﬂ( ){(D - 2)(3073'7 + Blvjv)p UananwkUQkPR

(47)% 16p°p'0 cos? Oy, ®)
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— U3 U2, Uy ;kPL} + DBy jyma, [UMU U

vk

UaePr + Ut UsnUsiUsi P | } (=2

1 92 _(sl
(47r)2 16p°p'0 cos? Oy o)

{(D —2)(Boin + Brjvt)p | Ui Ui P — UnUsc Py |

+ (D = 2)(Bogia + Bigia)p| Ui, Usn Pr = UnnUs, Py |

+ (D — 2)(Bojvs + Bijus)p UianSnngUQk:PR — UangnU?,kUQ*kPL}

+ (D —2)(By jua + B1,ju4),¢ U* WUin U Us, Pr — UanInUMcUQ*kPL}

+ DBy jusmys [UmU;nngngPR + Uy, UgnngUszL]
+ DBO ]V4mu4 |:U1nU4nU4kU2kPR + Uan4nU4kU2kPL:| } (52))
-0 (5.49)

since in each term there is a factor of U;, U, or Uy, U}, , with m # 1, that is equal to 0;

mn’

2

1 g
LM _ —(s1) * * * *
M12 (p) - (47T)2 16p0p/0 COSQ QW U(p; {%Gjn/ |:U1nU'ynUfka2k‘PR - Uan’ynU’Yk?U2kPL:|

= 1 (Bogy — €8S, [UinUs UsUnk P+ Us, U UniUs, Py | } e
_0 (5.50)
in the same way as M1,

533 B=1a=3

1 1

SD

) {pwo]a B [VELUWY S U Pr+ YL US YU

(p

b - Y G i

1 1

= ()2 2pip0 {?C(BO pta+ Bigra) [YéZaVJBYE}gEVMP i+ Y ViV Vi P L}

- iSTnl,CLBO,‘,DJra |: V* YNa YE(TL)G,PR + V Y]\(fla)*YE(iL):P :|

+ pe(Botva+ Buirea) [YinaVisYinn Via Pr + Yo Vas Ve Vi P |
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— isml,aBo,H+a[ V* Y(Q)YETLCLPR + anYN YE(‘?;PL} }UE;?))

1 1 _(S * *
e & {pcmZ(BO"”“ + Biiga) [VaLsValPR + VagValPL]

: 2 * *
— ismgBopta [ -V impPr + ‘/almDaPLi|

+ pCUQ (BovHJra + BLHM) [yJ(EQr)LaVn?)yEkaVMPR + nyiaVnSy(EZIzaVk*IPL}
o Bustea| ~ VP Vsl }ug;;

1 1 ()

(47r)2 W (») {pcm (Bopta + Bigta) [Va:avalPR + V3Va1PL]

— SmZmDBO7<p+a [‘/:1‘/;13PR + Val‘/:BPL}

+ pcv2 (BO,H—HL + Bl,H-HZ) |:y(E2'r)mVn3yEkaVvk1PR + yé?r)zavn3y](3212avk*1PLi|

— ismaUQBovHJra [ \% lyﬁiygnaPR +V, yﬁ()l*ygg’;PL} } ES?’))

where in the last line we have used relation (5.22);

1 § S * *
MY (p) = I__al 1),';25( 2) (Bo,wa + Bi,wa) [U3aU1aPR + UgaUlaPLi| u

(4m)? 2p°2p’°

1 g c () (
~ (4m)2 2p2p0 ) ¥

1 g°
VL 7 (s )

1 g c ()

(471')2 2p02p'0 g, PGwa [V;;)VMPR VY PL}

53)
Uipry>

D)

(5.51)

2) (Bova + Biava) [VisVar Pr+ Vs Vi Pr ] ulss),  (5.52)

(5.53)

1 I () is , . N m ,
M (p) = i >{5 | = U9 Pr+ UL, B | ¢ 37 20 RelU Uy B Ao (m3

(47)2 p°p mg

—_

ol
+ P Bogs + Buyn) [UsaUt PO (= isUs + UaU) FY P
U Uy B (U Uy + isUs) FO" P

1 o |
+ Mo Bos, [Uan%F,gJ)( — isUyy + UsaUsi) FY Py
+ UL UL EO* (U3 U2, + isUs ) FY) PL]} -
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=0, (5.54)
since each term contains a Uy, F? factor that, according to (5.31), is equal to 0;

1 g*
TM™ —(s1) * *
MIS ( ) (471')2 16p p 0 cog2 QWU {(D - 2)(307]‘7 + Bl,jW)p [Uan’YnUfkafikPR

— Uan;nU’kangL} + DB07j7m17»Y [Uan;nU;kUiikPR + UfnUfynU'ka;kPL} }UE;?))

=0, (5.55)

1 92 —(81) * * * *
~ (@m)? 16p°p0 cos? Gy, PG [UMUW”U'Y’CU?”“P i~ Ul Ui Ui P L]

— My (Bo,jy — ¢BS ) [Uan:nU;kU%PR * UT”UW”U%U;]CPL} }UE;::’))
—0, (5.56)

arguing analogously to the case = 1,a = 2.

5.34 B=2a=2

1 1

SD _
M22 (p) - (47T)2 2p02p/0

_(82)175(30 ja + B1 ]a) [YéjnaU%Ygf): U Pr + Yjéjn): U;nyfgjl-ﬂ)aU%PL] UEZ?))

=

(5.57)

since u p can be replaced with u my2, and the tree-level mass of the second neutrino, m,s,

is equal to 0. The same reasoning apphes to MY;T and MY}E:

1
52)%( ) (BO Wa T Bl Wa)UQaUQa (82) = 0 (558)

vT
M22 ( ) (47T)2 2p02p/0 (p)

2

I g
VL
M22 (p) = (4 )2 2p02p/0 pGWaUQaUQG (p ) = 0. (559)

As for MM MIM and MEM | they consist not only of the p parts, so not everything disap-
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11
M3 (p) = als {8;5(30]7+Blﬂ)[U*4U2nFnﬂ>*U4U2kF P

(4m)2 pop®

. . 1
o+ U FOUR U P Py 4 < Bo gy [Unn U FOU U F P

8

+ U U3, FO" U U FY PL}} )

11 1 .
= P Op,oagp?{—gmygBo,jygs [UgnF UnkF Py + U3, F9" U B9 Py

—~

S|

1 *
_ 1 1 U F P Ur U p B 2 B (52)
e (4 ) p p/o ( 8 ( 2n ) R _'_ ( ant'n ) L myq O,jl/4c — my3 O,jl/35 (p)
1 d?

— 72 qin2 2 2
= ()2 apop0 @) {Sm C“(77%430,}111/40 — my3Bo p1v3s )

2 2 2 2 2 (s2)
+ cos a(my4BO,h2u4c - my3B0,h2y3S ) - (ml/4BO,HIV4C - mI/3BO,HIV3S )}U(p/)a

(5.60)

2

1 S2 * *
MM (p) = g ﬂ( ){(D —2)(Bo,zy + Bi,z)p [UQnU’Y"kaUQkPR

(47)2 16p9p'0 cos? Oy, ¢
_ UQHU;;RUWU;,CPL} + DBy.gm., [UZHUWUWU%J.DR n U;HUWUWU;,CPL} }ugp))
—0, (5.61)

since in the summation over v all terms vanish either due to m,;, m,s factors in front or due
to the sums Us,Us,, U2, Uy,;

1 g*
(47)% 16p°p’0 cos? QW

ME (p) = {;;)GZ7 (U3 UsnUsUsi Pr = UsoU, Ui U P

— may(Bo,zy — €B5 4. [UQnU;‘nU;kUQkPR + Ug‘nUwakUQ"kPL} }ugp))

=0, (5.62)

analogously to MZM.
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53.5 B=2a=23

1 1 . ) - N
(@n)y? W“Epi) {}” (Boja + Bija) [YE(z"L)aU?mYE(jk)a Uy Pr + YU, Yo Usy P L]

M5 (p) =
+ ismy.aBo ja [UQnY}V{jYE(QaP — Uy YE(Q;PL} }UE;?))

1 1 1 R Dxrra v (1
(4#)2 2p02p'0 E )) {7}(30 p+a T D1 so+a) |:YE(n)aU3"Ylgk)a Ug Pr + YE(n)a U3nYE(‘k)aU2kPL:|
+ i85m0, B0+ [UQHYJSTQYE(LLPR — U3, YN Vi PL}

+ P(BO,H+a + Bl,H+a) [Yéi)aninYéi):U;kPR + Yé?:U;nYéiLngPL]

. 2 2 * 2)* 2)* S

i B[V P U2V b

1 1

_ —(s2) 9 . *
= WWU(IS {?Cma (BO,w—&—a + Bl,<p+a) [%3‘/;12PR + ‘/(13‘/;2PL]

a

+ isszowLa [V*QmBaPR — V;;ZmDaPL}

+ pC’U (BO H+a + Bl HJFC‘) [yEnaVnSyEkaVkQPR + y(E?QLZVn3yglzaVk*2PL:|

+ isv*m, Bo fr1a [V ZyNayEnaPR V"ny(\?zb yg’)wPL} }UEZ‘?))

1 1 _(s2) 9 . *
- WW%’; {pcma(f’)ovm + Bigta) |:‘/a3Va2PR + Va3Va2PL]

+ pcv (BO Hta 1+ Bi H+a) [yEnaVn?)yEkaVk?PR + ygﬁZVnsygﬁa%PL]

+is*maBo.ira | Vish sy Pr — ‘fyMﬂéLPJ}uﬁﬂ (5.63)

1 92

VT —(s ) . . (s3)

ME ()= (55 e SB(D = 2) (Boa + Bja) |UsaUs,Pr + Us,Usa Py | (3
1 g*c 7(52)

(s3)
= Gz PP - 2) (Bogva + Brwa) | VisVaa P + VasVia Pr | ully), (5.64)

1 92

M )= G 530

e [UgaUQGPR n UgaUgaPL] o)
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1 g*c

* 33)
(471)2 2p02p'0 pGWa [VasvrﬂPR + Va3Va2PL] (5.65)

/)7

—~
>~
N

~—

1 1 (5] 1is )i my, ;
M5 (p) = 2p0p,0u§p)>{2[ Usn FY P + U3, FY PL]Zmg7Re[kaU%F,E”]Ao(miy)
’y 7‘7

1
+ g#(Bojy + Bigy) |:U'>yk4U2*nFn (= isUy, + UraUsi) B Pr

o UanUst B (U3 Uy + 35U FO P |

1 . ' :
+ Mo Bog, [UQHU%F,(L])( —isULy + UssUsi) Y Py
+ U Uy PO (U3 U, + 18U )F”*PL]} e, (5.66)
MEN () = Tt (D 2)(Bug, + By B[V U UV P
23 (47T)2 16p p C082 HW $JY I 2n ™~ Y

— UaolU, UyiUs Pr| + DBo gy | UsnUUs Ui P + U3, Us U Us P | }ugp))
=0, (5.67)
since with every value of v = 1,...,4, each term of MM contains a factor of the type

U2mU;m7 n 7é m;

2

1 52 * * * *
Mz (p) = g al ){?Ga‘v [UQnU’ynUka?)kPR - U2nUfynU’ka3kPL:|

(47)2 16p%p0 cos? Oy, )
— ma(Bogy — €BS,.) [UQnU;‘ntkngPR + U;nUanngkPL} }ugfj’))
=0, (5.68)
following the same reasoning as in the previous case.

5.36 B=3,a=3

1 1 X
M§3D(p> = (4 )2 2p02p/0 Ep:;) {p(BO,ja + Bl:ja) |:( 2|YvN ‘2 + YE(“jnaU3nYEJk)a U3k)P

+ (YR U3 YU+ sV E)P) P
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- (47)2 202p0p0 (P

o 28510 Bosja | Usn VALY S P — U3 YU Y P }uE;f’))

1 1 = (s2)

ISETES
(47r)2 2p02p’0 Uip) {ml’3 (BO,4p+a + Bl,so+a) [ 2’YN |2 + YE U3”YE('ka kPR

+YL Ugnyb(?}meikPL} + 2ism1 o Bo,pta [Uanz&)YE(i)aPR — U3 Y v PL}

+ My3 (BO,H+a + Bl,H+a) [ 2|YN ? + YE UBnYEifU?)kPR + YE USnYEkaU?’k’PL}

o 285710 Bt 40| Usn YAV i P = U YA Y i P | }ugjj))

I R

U )) {m,,g (B()’SDJFQ + BL@JFQ) [SQ‘mDaF +m CQH/;?)‘ ]

+ QiscmiBowﬂ [V smp,Pr — VangaPL}

(2)

o ‘2 +c yEnaVnByEkaVk3PR tc yg?'r)mvniﬁyEka‘/kEPL

+ M50 (BO,H+a + Bl,H+a) [ 2|y
+ 2is¢mav® Bo i ta [V YN PR — Vn3y§\?()1*%(57)LZPL} }UE;?;

1 1 e

2 22 2 2
(47T)2 2,0 p p/D ( ) {my3|Va3| (BO,<p+a + B17<p+a) |:8 mD + C ma]

— 2scm2mD|%3|QBo7¢+a

+ my30? (BO,H+a + Bl,H+a) [ 2|y(2) ‘2 +c yEnaVn?)yEkza,VkSPR +c y(Er)mVn?,ygIlangPL

+ 2isemav® Bo g 1a [V 0y Py — Vo2 Py } }UE;‘?)), (5.69)

]_ 92 _(s S
MYT(p) = L aVP(D — 2) (Boja + Buja) | Usal*ul)

(47)2 2p"2p0
L9 e (D— 2) (Bowa + Buava) [ViaPul) 5.70
= G goapo e M (D = 2) (Bowa + Buwa) [Vas [u) (5.70)
MVL< )_ 1 92 —(s3) G |U |2 (s3)
33 p)= (47T)2 2p02p/0u(p)p Wal|V3a u(p’)
1 ¢ 2 (s3)
= WWU(IS m,,gG'Wa|Va3| U(p‘?) (571)

I 1
— oy 3){ [ Us, FY) Pp + Us, FY *PL} Z MRe[kaUﬂF JAo(mi )

m2
v 0.
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|
+gp(Bom+Blm)[(isan+Uj4U§n)Fn (= isUyp + UsaUsi) B Py
o+ (Usalya = isUsn) B9 (U3 U + isU) FO" P |

1 ' A
+ _ml,yBO,jfy [(UgnU,y4 — ISU,yn)Fé])( ISU,yk + U,Y4U3k)F )PR

8
+ (isU, + U\ U, ) FO* (U Uz + isUZ ) Y pL] } e, (5.72)
1 g9’ (s3 ) )
MggM(p) (47T>2 16p p p— GW ’LL( ){(D — 2)(807]'7 + Bl,j’y)p |:U3nU»ynU,ka3kPR

— UsnlU, UiUs Pr| + DBo gy | UsnUs UsUsi P + U, UsnUspUs P | }ugjj))

1 g*
(47?)2 16p°p0 cos? Oy ¢

QI

(e ){my304(D —2)(Bo,zvs + B1,2u3) [PR — PL]
+ myus>c*(D — 2)(Bo,zua + Bi.z14) [PR — PL}
+ DBO,ZV3my3C4 — DBO,Zu4mu4820 } Eps))

1 g C ﬂ(s 3)
(47?)2 16p0p'0 cos? Oy )

{(D —2) |:ml/302(BO,Zu3 + Bi.zu3) + my45* (Bo,zua + BI,ZV4)]

(5.73)

p')’

X [PR — PL] + D<mu3C2BO,ZV3 — mu4S2BO,ZV4> }Ugsf’)

1 g°
(47r)2 16p9p'0 cos? QW

{ﬁGZ'y [UgnU nUsUsk Pr — USnU;nU’kangL}

— ml,v(BO,ZW — §B§7Z’Y) [UgnU;nU;kU;;kPR + U;nUan,kangL} }uEZf))

(47)% 16p°p'0 cos? Oy,

EES) {mungy304 [PR — PL] — mu3(Bo,zuvs — §B§7ZV3)C4

+ my3G gu8’c [PR - PL} + mya(Bo,zuva — fBg,ZwL)SQCQ}UE;?))

! g°c” —(s3) ) ,
(477)2 16]7 P COS2 QWU {ml/g (GZV3C + GZI/43 ) |:PR — PL:|

— my3(Bo,z03 — §B§,ZV3)02 + Mua(Bo,zva — fBg,ZV4)SQ}UE;?))- (5.74)
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6 Investigating the Gauge Dependence of One-Loop Cor-

rections

In the expressions obtained in the last section, the gauge dependence appears in three ways:
o explicitly, through the factor &;

and B¢

e in the BS 1 ja

0.ja integrals;

« through the masses of the Goldstone bosons ¢ and ¢z (eq. (2.21)).

Therefore, the gauge dependence may be present only in ./\/lgg , /\/lg(f, Mgff , and ng terms.

In this section we are going to investigate them more closely.

6.1 By and B; Integrals

The definitions of By and Bj integrals were introduced in egs. (5.10) and (5.11). Since we
are interested in the processes with a very small total 4-momentum p (it is equal to the mass of
the incoming/outgoing neutrino), the expressions of By and B; can be simplified by expanding
them in power series of p? around the point p? = 0 and neglecting the terms O(p?).

From [15] we know that By can be written as:

1 2.2 _ (2 02 2 2
Bo(p*, m3, mi) = A—/ deln 22 *(p $0+m1) —I—m17 (6.1)
0

where A is the divergent part of the integral, and u is a mass scale parameter. After expanding

the integrand in power series and leaving only the first two terms, we get:

almg — —1
Bo(p?, mg, mi) = A —/ dzln -2 x<77;0 m3) _pz/ dp =1
0 0

2 2 2
10 ml—l—x(mo—ml)

2 2 2 2 2,2 2 2 2
_A_molnmo—mllnml_ 9 mpmi ™My mg + mj (6.2)
- 2 2 3 2 2 |-

my — My (mg — m%) miy Q(mg — m%)

Whereas B; can be expressed in terms of By (more details in [16]):
1
Bap? ) = 5 5 | Ao(md) — Ao(md) = (7 = i+ m) Bo(p?, mi, )] (63)

where )

Ap(m?) = i/d4q L o (A B 1). (6.4)

2 2 — m?2 1

Also, from the definition (5.12) of Bija and the expressions of masses of the Goldstone
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bosons ¢t and ¢z (eq. (2.21)), it follows that:
Y S ©5)

Now we are ready to investigate the gauge dependence of the calculated matrix elements

Mia.

6.2 The Gauge Dependent Parts of the M Matrix
6.21 B=1a=1

Since all parts of My, vanish, there is, of course, no gauge dependence left.

6.2.2 B=1a=2

1 1
SD —\S * *
MY (p) = (4n )2 202070 200 Epl)ﬁ)m (Bota + Bipta) [Va2Va1PR + VaQValpL] Ep ))a (6.6)
MYy = g° A0 PGwa | Vi Var Pr + ViV P | u(s) 6.7
12 (p) (4 )2 2p02p/0 (p ZZ) Wa|Va2Vall R + Va2 all L U(p,) . ( . )
623 S—10a—
SD¢ 1 mi —(81) * *
M13 (p) = (47()2 2U2p0p/0 U(p) cp(BO#P'i‘a + Bl,cp—i—a) |:Va3Va1PR + ‘/;13‘/;1PL:|
__mnDBQWm[u;v@fﬁ-yvhvgfz]}ugﬁ, (6.8)
MYEp) = 9 atisa Ty pey vy Py lul) 6.9
13 (p) - (4 )2 2p02p/0u ? Wa|Va3Vall R + Va3 alt L ( ok ( . )

6.24 B=2,a="2

The only nonzero part of My, is M5M | but the gauge dependent terms in it (the ones that
contain couplings with the Goldstone field ¢™) vanish, thus My, is gauge independent.
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6.25 B=2a=3

The £ dependence of M3 is contained in:

1 m2 . .
Mz (p) = (A7) 202070 “Epi) {C¢(30,¢+a + Bigta) [VaBVGQPR + ‘/&3%2PL]
— $MpBoypta |:‘/:z*2‘/;l3PR + WQ%EPL] }UE;S)) (6.10)
and
MUK (@) = LT gy ey b VgV Pyl (6.11)
(4 )2 2p02p/0 (p)p Wa|Va3Va2d R a3 Va2t L ( ok .

1 |Vasl
SD. a3 _ s
My g< )= ()2 20200 u( ) {myg (Bo,gp+a + Bl,so+a) [szm% + chg — QScmDmgBowa}uEp?)),
(6.12)
1 2 s3 s
M:‘s/gLE(p) = s =% ) musGWaWa3|2 3), (6.13)

(&m)2 272500

11 . .
MEYE(p) = — ﬂgpg’){lsc[—v FO Py 4 Vyy FO) PL]Z U Usa FV) Ag(m?2.)

v W
1 . * * *
+ PBor + Biiosr) [(LSUW + US U ) EO* (= isUy, + UyaUsi) ) Py

o (UsnlUss = isUsn) EO (U3 Uy + isU2 ) FV" Py |

1 _ .
+ =m0 Boge, [(U?,,ZU74 — sl ) EO) (= isUyy + UsaUsi) O Py

+ (st;“n + U*4U3n) Fff)* (U3/,c 4+ 1SU*R)F]§5)*PL] }Ugfj))

1 1 (e | $2c2m? m? 2
= ’ u(p:)),){ 1}2 Dmu3(BO,gozy3 + Bl,(pzv3> + 4_1)[2)7”1/3 (02 - 52) (BO,apzzA + Bl,gozy4)

2.2,.2 m% ) (53)
ml/3B0 <pzu3+ A2 mu4(c - ) BO,cpzl/4 u( "
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2 .2)\2
% |:(m1/3 + ml/4) B07g021/4 + mVSBl,¢zV4] }

22
{3 c my3B1,<sz3 +

1 1 my3Mmyy (s3)

_ 2
= U(p) {4m12,3ml/4Bl,<pzu3 + (my4 - ml/3)

(47)2 4v2p%'0 (M3 + myy)?
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1 202
LM¢ - g —(s3) 2 2
M3 (p) = (47)2 16p°p cos? Oy (p;’ {mu3 (GZV3C + Gzu48 ) [PR - PL}

')

— my3(Bo zv3 — §B§7ZV3)02 + Mya(Bo,zva — fBg,ZwL)SQ}UE%)

— 1 9202 —(s3) G 2 G 2 P P
 (47)2 16p°p0 cos? Oy, ) m"3< €+ Z'/48>[ e L}

my3Mmyq

_ & 3 (s3)
M3 + My (BO’ZV4 ~ &85 20— Bozva gBosz?’) }u(p’)

L my musMus sy mys3
— 2 (G, Gy ) [P —P]
(47)2 22p0p Oy + s @) ( 28 ) PR

+ Bo,zvi — £BS 7,4 — Bo.zvs + sBé,Z,,g}uggéf. (6.15)

6.3 Discussing the Gauge Dependence of M

As was shown in the previous section, there are quite a lot of ¢ dependent parts in the
M matrix. Luckily, ¢ dependence in the off-diagonal matrix elements need not concern us,
since these matrix elements directly contribute not to the neutrino mass corrections, but to
the wavefunction, and thus can be cancelled by suitable counterterms during the neutrino
wavefunction renormalization procedure.

This leaves us with only the diagonal gauge dependent terms ./\/lﬁl, MSQ, and M§3. The
first two of them vanish and thus are gauge independent. What is more, the full mass correction
of the first neutrino My, is 0, i.e., it remains massless, whereas mass corrections of the second
neutrino, Mss, are nonzero and finite, since the infinities contained in the B, ;, integrals vanish.

The last fact can be shown by replacing By j, in the only nonvanishing term of Mg, M3}, by
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its leading part, the infinity A:

1 d? )
M3y = WWUEIS){ sin’ Oé<mu430,h1u402 - mu3BO,h1y352>

2 2 2 2 2
+ cos a<mu4Bo,h2u4C - mu3Bo,h2u33 > - (mu4BO,H1u4C - muSBO,HIVSS )}U

» { sin? a(mwlczA — mV332A>

(p

+ cos® (m,,4c2A — my332A> — (m,,402A _ mV332A> }u(s?))
1 &2
=~ (4r)2 a§p§> {mu402A ( sin? a + cos? a)

(4m)2 4pPp'0

— my3s°A < sin® o + cos® a) — (m,,4c2A — mz/.?)SQA) }UE;?))

— 0. (6.16)

This result (zero mass corrections for the first neutrino, and nonzero, finite corrections for the
second one) is consistent with the GN model.

As for Mg, we are left with the following gauge dependent parts:

EW 1 |‘/a3’2

Mg = (47)? 2@2p0p'017§;§) {mug(Bo’wa + Biipta) [Szm%’ * szi} B QScmszBowa}uE;%)
1 202 s s
I g Q_L( 3)mu3GWa‘Va3|2UEp§))

(471')2 2p02p'0 (p)

1 |Va3 |2 my3mnyy

_ =(s3) 2 2| _ 9,2 (s3)
T @2 2020 s + gy @) { (Bopra+ Briota) [m”?’ * m“] 2m“BO’“"J“L}H(IJ’)

1 |‘/a3|2 mMy3Myy H(53)
(4m)2 202p°p' 0 My + My W)

(s3)
Qm%VGWau(;f’)

1 Vasl* musmua —(s3) 9 9 )
— (4m)? 202 s + g Uiy (Bogta + Brpta) [mu3 + ma] = 2m, Bopta
+ zmgv(;m}ug;?;, (6.17)
and
w (47)2 402p°p0 (M3 + myg)? Uipy § FMw3MuaBlpzv3 T My — M3
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2 2
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G

x [PR - PL] +mZ (mys + M) (BO,M — €BS 1 — Bozus + ng,Zyg) }uE;f’)), (6.18)

M§§V comes from the interactions with charged particles W' and ¢™, and therefore, as
argued in [4], is a subdominant correction and can be neglected. But M5, that comes from
the interactions with neutral particles Z and ¢z, cannot be discarded in the same way. Un-
fortunately, after inserting into (6.18) the definitions of the B integrals, it can be seen that
the & dependence does not vanish, even after neglecting the part proportional to Pr — Py, that
contributes not to the mass corrections but to the corrections of the wavefunction.

There are many possible sources of this inconsistency with the results of the [4] paper. We
think that the most probable one is the fact that the third neutrino mass is nonzero already
at the tree-level, thus it is additionaly subject to the corrections due to the counterterms of its
wavefunction renormalization. Including wavefunction renormalization into our model would
have required a significant amount of additional work from the very beginning, thus it was
decided not to do that at the time the work began. It may be that the problem lies exactly in
this decision. Nevertheless, this is just a motivated guess — determining the real source of the

inconsistency will require a great deal of further investigation.
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7 Results and Conclusions

In this master’s thesis:

« a connection between our generic model (introduced in [6]) and the Standard Model
extended by a right-handed neutrino field and a second Higgs doublet (called the Grimus-

Neufeld model in this work) has been made;

» one-loop mass corrections of the neutrino fields have been investigated. The following

things have been determined:

1. the mass corrections My, of the first neutrino are equal to zero, i.e., the first neutrino

remains massless in this model;

2. the mass corrections My are nonzero and finite.
These results are consistent with the Grimus-Neufeld model of [3].
« the gauge dependence of the mass corrections has been investigated:

1. My, is gauge independent, since it vanishes;
2. My is also gauge independent;

3. the gauge dependence of M3z does not vanish.
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Dmitrij Chomcéik

LENGVUJU NEUTRINU SKLIDIMO INTEGRALO PRIKLAUSOMYBES NUO
KALIBRAVIMO PARAMETRO NUSTATYMAS VIENOS KILPOS ARTINYJE

Santrauka

Standartiniame daleliy fizikos modelyje neutrinai yra bemasés dalelés. Taciau Siuo metu jau
yra eksperimentiskai nustatyta, kad neutrinai privalo turéti nors ir labai mazas, bet nenulines
mases [1]: dabartiné neutriny masiy sumos riba yra nustatyta ties 0.12 eV (95% patikimumas)
[2]. Palyginimui, sekancios pagal lengvuma Standartinio modelio dalelés — elektrono — masé
yra lygi ~511 keV, taigi 6 eilemis didesné. Sio didziulio masiy skirtumo priezastis yra aktualus
siuolaikinés daleliy fizikos klausimas.

Vienas is placiausiai paplitusiy paaiskinimy yra vadinamasis “supuoklés® mechanizmas
(angl. seesaw), turintis keleta versiju. Vienoje i$ ju Standartinis modelis (SM) yra praplecia-
mas dar vienu neutriny lauku ir antruoju Higso dubletu [3]. Tokiame modelyje (pavadinkime ji
Grimus-Neufeld (GN) modeliu) du neutrinai naturaliai jgauna labai mazas mases (1 eV eilés),
vienas — labai didele (galimai ~10' GeV eilés), o dar vienas neutrinas lieka bemasiu. Kadangi
sie rezultatai nepriestarauja eksperimentiniams stebéjimams, o pats GN modelis praplecia Stan-
dartinj modelj labai nezymiai, jis gali buti laikomas viena is daugiausiai zadanciy “supuoklés®
mechanizmo atmainy.

[4] Saltinyje yra parodoma, kad GN modelyje vienas i$ neutriny jgauna mase per vienos
kilpos pataisas. Tai reiskia, kad vienos kilpos pataisy israiskos (ir, atitinkamai, GN mode-
lio parametrai) gali buti susietos su eksperimentiskai iSmatuojamais dydziais (neutriny masiy
kvadraty skirtumais), kas potencialiai gali leisti ateityje patikrinti Sio modelio spéjimus jam bu-
dinguose procesuose (pavyzdziui, su antruoju Higso dubletu, jeigu jis kada nors bus aptiktas).
Taciau visy pirma mes turime jsitikinti, kad modelis néra priestaringas.

Vienas i$ akivaizdziausiy kalibravimo teorijos priestaringumo patikrinimy yra jos kalibravi-
mo invariantiskumas. Modelio prognozés bet kokiam eksperimentiskai iSmatuojamam dydziui
neturi priklausyti nuo laisvai parenkamos kalibravimo parametro vertés. [4] darbe autoriai pa-
rodo, kad jy gaunamos vienos kilpos pataisy israiskos yra invariantiskos kalibravimo atzvilgiu.
Sio darbo tikslas buvo patikrinti § rezultatg naudojant kitokj priéjima.

Sis magistro baigiamasis darbas uzbaigia tai, kas buvo pradéta ir vystoma trijuose mano
ankstesniuose kursiniuose darbuose. Pirmasis i$ ju [5] yra jzanga i kvantine lauko teorija ir,
konkrec¢iau, Feinmano sklidimo integralo savoka. Antrajame [6] buvo iSnagrinéti spinorai ir
kalibravimo invariantiskumas, bei suskaic¢iuotos neutriny vienos kilpos pataisos musy forma-
lizme, nepriristame prie jokiu konkreciy daleliy lauky. Treciasis kursinis darbas [7] susiejo $i

formalizmag su Standartiniu modeliu, prapléstu vienu papildomu neutriny lauku. Ir, galiausiai,
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Sio magistrinio darbo tikslas buvo (i) praplésti musy modelj antruoju Higso dubletu, kad jo
ir GN modelio aprasomi laukai sutapty, bei (ii) patikrinti, ar neutriny vienos kilpos pataisos,
suskaic¢iuotos musy formalizme, nepriklauso nuo kalibravimo parametro.

Sie tikslai buvo jvykdyti: 2 skyriuje antrasis Higso dubletas yra pristatomas, o 4 skyriuje
— susiejamas su musy modeliu; 6 skyriuje yra tiriama vienos kilpos pataisy priklausomybe
nuo kalibravimo parametro. Nustatyta, kad pirmojo ir antrojo neutriny masiy pataisos nuo jo
nepriklauso, kaip ir buvo tikétasi remiantis [4] darbu. Taéiau tre¢iojo neutrino masiy pataisose
kalibravimo parametras isliko. 6 skyriaus pabaigoje yra trumpai aptariamos galimos tokio

rezultato priezastys.
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