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Abstract: For j = 1,...,7, let Q; be a positive definite n; x n; matrix, and {(s;; Q;) de-
note the corresponding Epstein zeta-function. In this paper, assuming that n; > 4 is even
and gTng € Zx € Z"\ {0}, a joint limit theorem of Bohr—Jessen type for the functions
C(s1;Q1),.--,(sr; Qr), by using generalizing shifts { (o7 +ip1(t); Q1), ..., C(0r +igr(t); Qr),
is proved. Here, the functions ¢;(t),..., ¢.(f) are increasing to +oo, with monotonic
derivatives (p]’»(t) satisfying the asymptotic growth conditions: ¢;(t) < tgo;-(t), and
(p;-(t) = o(go;- 4+1(t)) as t — co. An explicit form of the limit measure is given. This theo-
rem extends and generalizes the previous result on the joint value-distribution of Epstein
zeta-functions.

Keywords: Epstein zeta-function; Haar measure; probability measures; weak convergence

1. Introduction

Let P, 2N, N, Z, Q, R, C denote the sets of all prime, positive even integer, positive
integer, integer, rational, real and complex numbers, respectively, and s = o + it € C.
Moreover, let Q be a positive definite n x n, n € N, matrix and Q[x] = xTQx, x € 2" =
Z_x- S X % The Epstein zeta-function {(s; Q) is defined, for o > %, by the series

——
n

(s:Q= )

xeZ"\{0}

(Qlx]),

and has the analytic continuation to the whole complex plane, except for the point s = 7

which is a simple pole with residue 77"/2(T'(4)/detQ) !, where I'(s) is the Euler gamma-
function. The function {(s; Q) was introduced by P. Epstein [1] with the aim of generalizing
the Riemann zeta-function

-1
T’L:]‘[(l—1> , o>,

()= Y

m=1

and its functional equation
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Clearly, forn = 1and Q = (1), we have {(s; Q) = 2{(2s). Epstein’s attempt was successful,
and he obtained the functional equation for {(s; Q):

TTE(5Q) = Ve T (5 —s)(5 -5,

which, as in (1), is valid for all s € C, and Q! denotes the inverse matrix of Q. This
and (1) show that {(s) has the symmetric functional equation, while in the functional
equation for {(s; Q), a new function {(s; Q') appears, but symmetry with respect to s is
preserved. Although the functions {(s) and {(s; Q) have functional equations of the same
Riemann type, their properties are quite different. For example, the function {(s) # 0
in the half-plane of absolute convergence o > 1, while there exist matrices Q such that
(s; Q) has infinitely many zeros in the half plane ¢ > 5. Zero distribution of {(s; Q) is
also a significant problem, comparable to that of {(s), and has been studied by numerous
authors. We mention some results here. It is known that, for certain matrices, the Riemann
hypothesis for {(s; Q) does not hold; there exist zeros of {(s; Q) off the critical line o = % [2].
Moreover, it was shown in [3] that, differently from the case of {(s), the zeros of {(s; Q) are
generally not symmetric with respect to the line o = 7. Estimates for the number of zeros in
the strips have been studied by E. Bobmbieri and J. Mueller [4], Y Lee [5], and others. Also,
it is known [6] that imaginary parts of the zeros of Epstein zeta-functions are uniformly
distributed modulo 1. Recently, an interesting formula for the sum of values of {(s; Q) over
the nontrivial zeros of {(s) was proved in [7]. Thus, Epstein provided mathematicians with
a novel object of algebraic and analytic nature, which has stimulated extensive research in
number theory and related fields.

The function {(s; Q) is an automorphic form with respect to an unimodular group;
it appears in the problems of algebraic number theory. It also has a range of practical
applications, including crystallography [8], quantum field theory [9,10] and temperature
and energy problems [11-14]. In general, the Epstein zeta-function is an attractive analytical
object and is widely studied.

Unfortunately, we do not know any monograph devoted to classical results on the
function {(s; Q). Some desired results can be found in the works on automorphic forms;
see, for example, [15,16].

In [17], we began to characterize the asymptotic behaviour of the function {(s; Q) by
using the Bohr-Jessen method [18,19], and techniques developed in [20]. Note that H. Bohr
and B. Jessen considered only the existence of density on certain sets (rectangles) for the
Riemann zeta-function, without giving an explicit form. Denote by B(X) the Borel o-field
of the space X, and by measA the Lebesgue measure of a measurable set A C R. Then, the
asymptotic behaviour of (s; Q) can be described by the asymptotics of

%meas{t €[0,T]:f(c+it;Q) e A}, AeB(C),

as T — oo. For this, it is convenient to use the weak convergence of probability measures.

Really, the function {(s; Q) is a class of Dirichlet series depending on the matrix Q.
This class is rather general in obtaining results that are full of sense. In order for the function
{(s; Q) to be close to number-theoretical objects, it is sufficient to limit ourself by matrices
Q for which Q[x] € Z forall x € Z" \ {0}. In this case, the function {(s; Q), for ¢ > %, can
be expressed in the following form [21]:

0(s;Q) = L(s;EQ) +L(s; Fo),

where {(s; Eg) and {(s; F) are corresponding zeta-functions of a certain Eisenstein series
and modular forms of weight £, respectively. Moreover, it is convenient to additionally
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require that n € 2N and n > 4. Then, {(s; Q) is a combination of products of Dirichlet
L-functions and an absolutely convergent Dirichlet series [15,16]. More precisely, let g € N
be such that (2Q) ! is an integral matrix, k and ! positive divisors of g, x; and yx; Dirichlet
characters modulo g/k and q/1, respectively, and

L(s,xk) = ), Xk(m)r L(s, 1) = >1,

the corresponding Dirichlet L-functions. Then, for ¢ > 21,

K L Ay n
:k;;kSZSLSXk (s—§+1,¢l)+ @)

where a;; € C are certain numbers, the characters x;, 1 < k < K, are pairwise nonequiva-

lent,and x;,1 <1< L,are pairwise nonequivalent too, and the Dirichlet series is absolutely

convergent in the half-plane ¢ > 5=. In view of equality (2), the investigations of the

function {(s; Q), under the above hypotheses, reduce to those of Dirichlet L-functions.
For the definition of the limit measure in a limit theorem for {(s; Q), the set

Q:H’Ypf

peP

where v, = {s € C: |s| = 1}, for all p € P, plays a crucial role. The set () consists of all
functions from P’ into the unit circle. With the product topology and pointwise multiplica-
tion, the torus Q) is a compact topological group; therefore, on (Q), B(Q2)), the probability
Haar measure m1y; exists, and we arrive at the probability space (Q, B(Q), myg). Let w(p)
be the projection of w € () to the coordinate space y,, p € P. Extend the function w(p),
p € P, to the set N by using the formula

=[] «*(p), meN,

p*{Im

where p* || m means that p* | m, but p**! { m. For an arbitrary Dirichlet L-function L(s, x),
define

L(s,w, x) ZX )

The latter series, for almost all w € (), converges in the half-pane ¢ > %, and is a complex-
valued random element on (Q), B(Q), m1p). Moreover, for almost all w € (), the equality

L(s,w,x) = H(1_x(p;csu(p)>—ll o %,

pelP

is valid. For o > ”T_l, set

(o,w;Q) = Ziwua,w,xkﬂ(a—ﬁ+l,w,lpl)
S ot 2
o(m)w(m
i mgl m?

Then, { (0, w; Q) is a complex-valued random element on (Q), B(Q)), m1y), and let

P(T;Q(A) :mlH{we():g(U,w;Q) EA}, AGB(C),
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be its distribution. The main result of [17] is the following theorem on the weak convergence for
1
Prso(A) = fmeas{t €[0,T]:¢(c+it;Q) € A}, Ae B(C).

Theorem 1. Suppose that o > "L is fixed. Then, Pr s, converges weakly to the measure Py,
as T — oo,

In [22], a joint version of Theorem 1 has been obtained. Forj =1,...,r, let Qj be a positive
definite quadratic n; x n; matrix, and {(s;; Q;) be the corresponding Epstein zeta-function.
DenOte s = (Sll’ . -/ST)/ Q = (Ql/ .. ~/Q1’) and Q(SJQ) = (C(Sll Ql)/' . -/g(sr} Qr)) On the

probability space (Q), B(Q2), m1p), define the C"-valued (C" = C x - - - x C) random element

r

Q(Q/ C‘);Q) = (g(gllw} Ql)/' . -/5(0?/ w; Qr))/

n;i—1
where 0; > ~>—,and

with corresponding ay; € C, K; € N, L; € N, and Dirichlet characters x; and ;,
ji=1,...,r
For A € B(C"), define

By(A) =P g0(A) = mlH{w cQ:{(cwQ) e A}

and
Pr(A) =Prpo(A) = %meas{t 0.7 :4c+irQ) € A},

Then, in [22], the following limit theorem has been given.

—1 . . . 5
Theorem 2. Suppose that o; > H]T is fixed, where j = 1,...,r. Then, Pr converges weakly to
the measure P; as T — o.

In [23], a generalization of Theorem 1 has been given, i. e., the weak convergence for
1 .
Tmeas{t € [T, 2T : ¢(c +ip(t);Q) € A}, A€ B(C),

with a certain differentiable function ¢(t) has been obtained as T — oo. The aim of this
paper is to prove a joint version of the above-mentioned theorem from [23]. We note that
using generalized shifts {(c + i¢(t); Q) allows for the more complete characterization of
the asymptotic behaviour of the function {(s; Q).

Let To > 0 be a fixed sufficiently large number. We say that a collection of real-valued
functions (¢1(t), ..., ¢r(t)) defined for t > T belongs to the class U, (Tp) if the following
conditions are satisfied:

1° forevery j = 1,...,7, ¢;(t) is an increasing to +co function;

2° forevery j =1,...,7, ¢;(t) has a monotonic derivative (p;.(t) such that

9;(t) < tgj(t);
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3°foreveryj=2,...,rand k < j, ¢ (t) = o(q)}(t)) as t — oo.

For example, we can take (p]-(t) = %1/ with fixed a > 0. We recall thata < b, b > 0,
means that there exists a constant ¢ = ¢(6) > 0 such that |a| < cb.

For the statement of a joint limit theorem with shifts {(c +i¢;(t); Q), we need a new
probability space. Let () be the same group as above. Define

Q' =0y x - xQ,

where Qj = Qforallj = 1,...,r. Then, by the classical Tikhonov theorem, ()" is a
compact topological group. Therefore, on (Q", B(Q)")), the probability Haar measure mpy
can be defined. Note that the measure my is the product of the Haar measures mjy on
(Q),B(Q)),j=1,...,r. Thus, we have the probability space (Q0", B(QY"), my). Denote by
wj the elements of Q); and by w = (wy, ..., wy) the elements of ()". Now, on the probability
space (Q), B(Q)"), my), the C"-valued random element

C(g/ w; Q) = (g(alr w1, Ql)/ ceey g(U'r/ Wy, QV))r

. . n;—1
is defined, where o} > ~>—, and

agjw;j(k)w;(1) n:
Z(oj, wj; Qj) Z Z WL(% wj, Xkj) L (Uj - 3] +1,wj, 4’1]')
& fQ( Jwj(m)
+ ]T, ] = 1, .o, T
m=1

Let P; be the distribution of the random element ¢ (o, w;Q),ie,

PL(A) =P 0(A) = mu{w € O {(c,w;Q) € A}, A€ B(C).

Define
Pr(A) =Prg0(A) = %meas{t € [T,2T]: {(c +ip(t);Q) € A}, A e B(C),
where ¢(t) = (¢1(t),..., ¢,(t)), and

Cloe+ig(t); Q) = (C(or +igi(t); Q1),- -, C(or +igr(t); Qr))

with
S Akl ,
g( i+ 14)] k—zl iz kUi +ig;(t) 19 +ig;i(t) L(O’] + lq)j(t>’ka)

-L(O’j + lgﬂj(f) — 5] + 1/4’1]‘)

i fQ,’(m)
=1 mO']'-‘ri(p]‘(t) '

Theorem 3. Suppose that (¢1(t),...,¢,(t)) € U;(To), and o; > n’T_l is fixed, where j =
1,...,r. Then, Pr converges weakly to the measure Pé- as T — oo.

Thus, Theorem 3 provides a joint extension of Theorem 2. We emphasize the im-
portance of condition 3° in the definition of the class U, (Tp). It is important to mention
that probabilistic limit theorems accurately reflect the chaotic behaviour of the functions
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C(s1;Q1),...,C(sr; Qr), and can be applied to further investigations related to approxima-
tion problems.

The proof of Theorem 3 is divided into parts. First, the weak convergence on () is
established. Next, some absolutely convergent Dirichlet series are considered, and finally,
the assertion of Theorem 3 is proved.

2. Case of ()
For A € B(Q)"), define

Rr(A) = Rrore(A)
= %meas{t € [T,2T]: ((p_iq’l(t) ‘p e ]P),..., (p_i"’f(t) ‘p e ]P’)) € A}.

Lemma 1. Suppose that (¢1(t),..., ¢,(t)) € U;(Tp). Then, Rt converges weakly to the Haar
measure my as T — oo.

Proof. We have to prove that the Fourier transform fr(ky,..., k) = fror¢(ky, ..., k;) of

Rt (where kj = (k]-p : k]-p €Z,pe ]P’), j =1,..,r) converges to the Fourier transform

flkr, - k) =

1 if (kll"'/kr) = (Qr--~19)r
0 if (kl/"'/k)’) 7& (Q,~--,Q),

of the Haar measure mpy as T — oco. Here, 0 denotes the collection of zeros.
By the definition of Rt, we have

fr(ky, o k)

r _ 2T ; .
/(H H*w;'c]p(P)>dRT = ;/(H H*plkqu’f(t)>dt
Qr

j=1pelP T \j=1peP
L ¥ .
= = /exp{—i Z @;(t) Z*kjp logp}dt, 3)
T j=1 peP

"1

where the star “*” shows that only a finite number of integers k;, are distinct from zero.

Obviously,
fr(Q,...,0) =1 (4)

Thus, it remains to consider the case (ky,...,k,) # (0,...,0). Set

7

AW = 010 X Ky logp = Y- xia(0),

j=1 peP j=1

where

K]‘ = z *k]p log p-
peP

It is well known that the set of logarithms of prime numbers is linearly independent over
Q. Therefore, there exist j € {1,...,r} such that x; # 0. Let jo = max(j : x; # 0). Then,
by the definition of the class U, (Ty), we have, for j < jj,

Al(t) = Z K9 (t) = Kjy @}, () (1 +0(1)), t— oo
i<jo

Hence, by the identity
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we find
1 1
A0 renm oW e
Therefore,
2T 2T
/COS(A(t))dt = /A/L(t)cos(A(t))d(A(t))
T T
2T
_ 1 1 1 o(1)
- Z/ 7 S ADA®) + - T/ 7 S (AW)A(A)
I R U Z‘To(l)(l—&-a(l))d(. o)
- JW (sin( ())HZA’“) sin
2T 2T
1 1 .
= ,TO/ PO (t)d(sm(A(t)))+/0(1)c0s(A(t))dt. (5)
o T T

The function qo}o (t), by 2° of the class U,(Tp), is monotonic and non-negative. Therefore,
by the second mean value theorem,

¢
™(T) !d(sm(A(f))) if ¢ (t) is increasing,
2

 (t o . . .
(P]o( ) 90}0(12T) éfd(sm(A(t))) if (p}o(t) is decreasing,
T < ¢ < 2T. Since ¢ (T) > (pfOT(T) and @; (T) — o0 as T — oo, we have that
2T
| o alsin(A(®) = o(T), T oo
1 @y (1)

This and (5) show that

Similarly, it follows that

Thus, in view of (3), in the case (k;,...,k,) = (0,...,0),
lim fr(ky,..., k) =0,
T—oo

and this together with (4) proves the lemma. O

3. Case of Absolute Convergence

Lemma 1 and the properties of weak convergence make it possible to obtain a limit
lemma for ¢, (¢; Q) involving certain absolutely convergent Dirichlet series. Let > Obe a
fixed number, and

on(m) = exp{—(%)e}, m,N € N.
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Define

LN((Tj—m+1,lPlj)IZW, I=1,...,L, j=1,...,r

]
2 m=1 ;% 7+l

Since vy (m) with respect to m decreases exponentially, the latter series are absolutely

—1
convergent for all finite oj. Moreover, as 1; > 4, we have that oj > n’T > % > 1. Hence,

the series for L(cj, x;), k=1,...,Kj, j =1,...,r, are absolutely convergent. Therefore,
A i &, fo;(m)
]’Q] Z Z ka]lcr L ]/Xk])LN< E + 1/1/Jlj> + e P (6)

wherej =1,...,7, is a combination of absolutely convergent Dirichlet series. Let

QN(Q—;Q) = (gN(Ul; Ql)/ s /gN<0—T; QT’))/

and

In(@w;Q) = (Gn(o1,wi;Q1), -, On(or, wr Qr)),
where CN((Tj, wj; Qj) is obtained from g(aj, wj; Qj) by putting Ly (0‘]‘ — % + 1,1/Jlj) in the

place of L(O']' — % +1, 1,[11]-), wherej=1,...,r. Then, @N(a]-,w]-; Q]-), wherej=1,...,r,is
also a combination of absolutely convergent Dirichlet series. Let the function uy ;0 : " —
C” be given by

n' .
MN((U) = MN,Q;Q(CU) = gN(g/w/ Q)/ 0—] > ]7/ ] = 1/'- T

In virtue of the absolute convergence of the series in (¢, w; Q), the function uy(w) is con-
tinuous, and hence (B(Q)"), B(C"))-measurable. Then, the measure Wy = Wy 5.0 = m Hugll,
where

mpuyt(A) = my (u;le), A€ B(CT),

can be defined. For A € B(C"), define
1 )
PrN(A) =Prngp(A) = zmeas{t € [T,2T) : ¢ (0 +ig(t); Q) € A},

Lemma 2. Suppose that (¢1(t),..., ¢(t)) € U(Tp). Then, Pr N converges weakly to Wy
as T — oo,

Proof. From the definitions of Rt, Pr and uy, we have

Pry(A) = %meas{t € [T,27T]: uN((p_i‘Pl(t) ip€E ]P’),..., (p_i"”(t) tpE IP’)) € A}
= %meas{t € [T,27T]: ((p*i"’l(t) 'pE ]P’),..., (p*i‘P’(t) tpE ]P’)) € uK]lA}
= Ryt (u&1A>

for all A € B(C"). Therefore, Pr n = RTugjl. Now, Lemma 1 and the preservation of weak
convergence under continuous mappings, see, for example, Theorem 5.1 of [24], show that
Pr N converges weakly to the probability measure m Hugll asT —co. O

The measure Wy is an important ingredient of the proof of Theorem 3. We see that Wy
is independent on the functions ¢1(t),..., ¢,(t). Therefore, we can use some statements
from [22] to prove the following lemma.
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Lemma 3. The probability measure Wy converges weakly to P; as N — 0.

Proof. By Lemma 8 from [22], the sequence of probability measures {Wy : N € N} is tight,
i.e., for every € > 0, there exists a compact set K = K(e ) € C" such that

Wy(K)>1—¢

for all N € N. Hence, by the Prokhorov theorem, see, for example, Theorem 6.1 of [24],
the above sequence is relatively compact. This means that every subsequence of {Wy } has
a subsequence weakly convergent to a certain probability measure on (C”, B(C")). Thus,
there exists a sequence {Wy,} C {Wy} such that Wy, converges weakly to the measure
P, o;Q as I — oo. In the proof of Theorem 2 from [22], it is obtained that P, Q coincides with
Pg. Since the sequence {Wn} is relatively compact, from this we have that Wy converges
weakly to Py as N — co.  [J

4. Estimate in the Mean

To derive Theorem 3 from Lemma 2, we have to show the nearest {, (¢ +ig(t); Q) to
{(c+ig(t); Q). Let, fors; = (sj1,..,sjr),j = 1,2,

v 1/2
dr(s1,87) = (Z lsj1 — 5j2|) :
=

Lemma 4. Suppose that (¢1(t), ..., ¢:(t)) € Uy(Tp) and o; > njz—_l,] =1,...,r. Then,

lim hmsup d, 0+zq)( ) Q),@N(g+i£(t);g))dt =

N—=eoo T .0 B

Proof. Clearly,

( (¢ +i9(t); Q), (e +ig(H); Q) )t

"]\N

L oor
< Z/ (0 +igj(t); Q) — gn(oy +ig;(t); Qp)[dt.
=i

Therefore, it suffices to show that

2T
lim limsup = [ (0 +ig(1); Q) ~ Zn( +ip(t); Q)[dt = 0

N—=eoo T 0

for Q and ¢ satisfying the hypotheses of Theorem 1, and ¢(t) satisfying 1° and 2° of the
class U,(Tp). However, the latter equality was proved in [23] and Lemma 2. We only
mention that, in view of (6), it is suficient to prove that

lim Tim sup % 1L +ig(t),2) ~ Lu(o +ig(t),p)ldt =0 %

N—=oo 7 .6
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for o > 1. For this, the representation

0-+ioco d
[ Ltz S

6—ioco

Ln(s, x) =

withIy(z) = 5T ( g) N7, is applied. Thus, the latter representation, the mean square estimate

2T
L@ +ip(t) +it, )Pt <oq T(L+]7)
T

for all real 7, and the classical estimate
I'(o+it) < exp{—c|t|]}, ¢>0,
lead to equality (7). O

5. Proof of Theorem 3

Theorem 3 follows from Lemmas 2—4 and the following statement on convergence in

distribution ( D, ); see, for example, Theorem 4.2 from [24].

Lemma 5. Suppose that the space (X, p) is separable, and the X-valued random elements X, and
Yy, n,k € N, are defined on the same probability space with measure P. Let

D D
Xk — X and X — X,
n—00 k—o0

and, for every € > 0,
hm limsup P{p(Xyx, Yn) > €} = 0.

k=00 p—eo

Then, Yy, —) X.

n—o0
Proof of Theorem 3. Let {1 be a random variable defined on a certain probability space
with the measure P and uniformly distributed in the interval [T, 2T]. Define the C"-valued
random element

XrN = X1t NeQ = Cy(@+ie(lr); Q)

and

X1 = X100 = {(c+ip(CT); Q),

and denote by Yy = Yy 4, the C"-valued random element having the distribution Wy.
Then, in view of Lemma 2, we have

D
XN —— XN, )
T—o0
while Lemma 3 implies that
D
Yy — P, 9
N N—oo ¢ ( )
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References

Moreover, by Lemma 4, for every € > 0,

im limsup P{d, (Xt n, XT) > €}

1
N—oo 7 .0

— lim limsup %meas{t € [T,2T] : d, (g(g—i- ig(t);Q),QN(g—i- if(t);g)) > e}

N—oo 7 .0

N

2T
1
Jm lir;ljoljp T T/dr (§(£+ i9(t);Q), Ly (e + ig(f);g))dt =0.
This, together with (8) and (9), shows that the random elements Xt n, X7 and Yy satisfy
the hypotheses of Lemma 5. Therefore,

D

Xt —— P,
TT—)oo 4

and this is equivalent to the assertion of the theorem. [

6. Conclusions

Forj=1,...,rlet Q]- be a positive definite nj X nj matrix, such that ETQJ-E € Z for all
x € Z"\ {0}, nj € 2N and nj = 4. In this paper, it is obtained that, for a collection of Epstein
zeta-functions {(s; Q) = (§ (51,Q1),---,C(5r5 Qr)), a limit theorem on weakly convergent
probability measures with generalized shifts {(g+ip(t); Q) is valid, where @;(t) are certain
differentiable functions. The proven theorem generalizes the main result of [22] obtained
for ;(t) = t. Note that the main theorem remains valid even if the functions ¢;(t) coincide
for some j. For example, one may consider ¢;(t) = tlog" t with different «; > 0. Also,
polynomials ¢;(t) = a;jt" + - - -+ ag, with a; > 0 and different #; > 0, can be used.

As shown in the proof of Lemma 1, using generalized shifts {(c; +ig;(t); Q;) makes
it possible to obtain a desired rate of convergence for Rt to mpy. We conjecture that this
phenomenon is also preserved for the measures Pr and F;.

The next paper will be devoted to a joint generalized discrete version, i.e., for weak
convergence of

1

m#{N <k<2N: (e +ip(k);Q) € A}, A € B(T),

as N — oo. Here, #A denotes the number of elements of the set A.
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