VILNIUS UNIVERSITY
FACULTY OF MATHEMATICS AND INFORMATICS
MATHEMATICS STUDY PROGRAMME

Master’s thesis

Solutions to the Nonsteady Heat Problem with a
Nonlinear Nonlocal Condition

Nestacionaraus Silumos laidumo uZzdavinio su netiesine
nelokalia salyga sprendiniai

Vytautas Bacianskas

Supervisor : Doc. Dr. Kristina Kaulakyte

Vilnius
2025



Summary

In this thesis, an inverse heat conduction problem is studied, where functions E and
ug are prescribed and the goal is to find a pair (u, f), satisfying the differential equation
ur(z,t) — Au(z,t) = f(z,t), initial condition u(x,0) = ug(z), the Dirichlet boundary condition
Ulpoxjor) = 0 as well as an additional nonlinear nonlocal condition [q |u(z, t)|*dz = E(t) for
all t € [0,7]. When E € W2(0,T), we formulate the definition of a weak solution for this
problem and prove that there exists at least one such solution. In the case when FE is only from
the space L%(0,T), we formulate the definition of a very weak solution and prove that there

exists at least one such solution.

Keywords: Sobolev spaces, Weak solution, Very weak solution, Heat problem, Nonlinear

condition.

Santrauka

Siame darbe nagrinéjamas atvirkstinis Silumos laidumo uzdavinys, kuriame yra duo-
tos funkcijos E ir wug, o tikslas yra surasti pora (u, f), tenkinancia diferencialine lygti
w(z,t) — Au(x,t) = f(z,t), pradine salyga wu(z,0) = wg(z), Dirichle krastine salyga
Ulgox (o) = 0 bei papildoma netiesing nelokalia salyga Jq u(z, t)|?dz = E(t) visiems t € [0, T].
Kai £ € Wh2(0,T), yra suformuluojamas minéto uZdavinio silpno sprendinio apibréZimas bei
irodomas $io sprendinio egzistavimas. Atveju, kai E yra tik is erdves L?(0,T), yra suformu-
luojamas minéto uzdavinio labai silpno sprendinio apibrézimas bei jrodomas Sio sprendinio

egzistavimas.

Raktiniai Zodziai: Sobolevo erdvés, silpnas sprendinys, labai silpnas sprendinys, silumos

lygtis, netiesiné salyga.
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Introduction

The heat equation is an important and well-known partial differential equation that arises
in problems involving diffusion. For instance, it can be used to model the heat problem which
describes how temperature changes over time within a specified region 2. There are many
formulations of the heat problem depending on the choice of initial and boundary conditions.
However, we will be focusing only on the following formulation. Suppose we are prescribed a
source function f(z,t), an initial condition u(z,0) = ug(x) as well as a homogeneous Dirichlet
boundary condition u| pax[0.1] = 0. The goal of the classical heat problem is to determine the
temperature distribution u(z, t), that satisfies the initial and boundary conditions as well as the
differential equation u; — Au = f on the cylinder Q2 x (0,7"). The existence and uniqueness of
solutions for this problem are well-established (see, e.g., [1, 10]). However, we will be interested
in a modified problem where the source function f is also unknown and has to be found as part
of the solution. This type of problem is sometimes called the inverse heat conduction problem
and it requires an additional condition to ensure that it is well-posed. We will focus on the
following inverse problem. Suppose that 2 C R?, d = 2,3, is a bounded domain with Lipschitz
boundary 0f2. The goal is to find a pair of functions (u, f), such that

w(z,t) — Au(z,t) = f(z,t), (x,t) € Qx(0,7T),

u‘aﬁx[O,T} =0, (1)

U(ZE,O) = Uo(fE), T €,
and such that u satisfies the side condition
/Q |u(:c,t)|2d:c = E2(t) Vt € [0,T], with E(0) = ||u0||Lz(Q), (2)

where F and ug are given functions. Usually, instead of the nonlinear condition (2), inverse

problems are studied with the linear integral condition

/Q w(w,t)de = F(t) Ve [0,T], with F(0) = /Q wo(x)dz, (3)
where the function F' is given. It is important to note that these inverse problems are usually
studied with weak solutions in mind rather than classical ones. Problem (1) together with
condition (3) has been studied in different forms by several authors (see [4, 5, 9, 11, 12]). This
specific problem has been analyzed in two cases: when F' is from the Sobolev space W2(0,T)
in [11] and when F is only from the space L?(0,7) in [12]. In these cases both uniqueness
and existence were established. However, there have also been a few papers where condition
(2) was used instead, such as [2] or in a slightly different context in [3]. Our goal will be to
prove the existence of weak solutions to problem (1) with the nonlinear side condition (2) when
uy € W22(Q) N WH2(Q) in two cases just like it was done with condition (3): when E is from
the Sobolev space W12(0,T) and when F is only from the space L?(0,7). While this exact



problem was studied in [2] in the case when E € W2(0,T), the function u that was found
lacks the weak differentiability in terms of x. As such, one of the goals of this thesis will be to

improve this result.

1 Notations and important results

1.1 Function spaces and useful results

In this section we will mention some of the definitions and notation used in the further
sections. For any open set U C R™ we will denote the set of all infinitely differentiable functions
(also called smooth functions) on U as C*°(U) and the set of all compactly supported smooth
functions as C2°(U). Throughout this thesis we will use two different notations to represent
the classical and the weak derivatives. Thus, u; and % will both refer to the (weak) partial
derivative of the function u by the variable ¢. If u is a one variable function, the (weak)
derivative will be denoted as u’. Also, given a normed space X, the norm of an element u € X

will be denoted as [[u|| , and, in the case when w = (u1, uy, ..., ux) € X* for some k € N, we

1
will also define [[ul| , := (Zle ||uz||§() ?. This will be useful when talking about the norm of
the weak gradient of a function. Let L?(U) denote the space of all square integrable functions

which form a Hilbert space with the following inner product

(u, v) 2 :/Uu(:v)v(:p)d:v

and let W12(U) denote the Sobolev space which is also a Hilbert space with the following inner
product

) ey /U (u(z)o(z) + Vu(z) - Vo(z)) d,

where Vu denotes the weak gradient (ug,, Ug,, - - ., Uy, ). Additionally, W2(U) will refer to the
closure of the space C°(U) under the W2(U) norm. We will also need the space W22(U)
which is the Sobolev space of functions that are twice weakly differentiable together with the

inner product
(u, V) w22y = /U (u(z)v(x) + Vu(x) - Vo(z) + z:z:um;] (x)vxxj(x)) dx.

Suppose that Q C R?, d € N, and that the boundary 9 is a Lipschitz boundary (see [7]).
Also, suppose that 0 < T' < 0o is a fixed number and define the cylinder Q7 := Q x (0,7)). We

will require the following spaces of functions that are defined on Qr:

o L2(0,T;L3*(%)) is just different notation for the space L*(Qr). A different definition of

this space can be found in [6].

o D20, T;WH2(Q)) = {u € L20,T; LX) : uy, € L2(0,T;L*(Q)),i = 1,2,...,d} is a



Hilbert space with the inner product

T
(U, ) 20T W12(0)) = /0 /Q(u(x, t)v(z,t) + Vu(x,t) - Vo(z,t)) dz.
We will also use the subspace
L0, T; W(Q)) = {u € L*(0,T; W(Q)) : tlpguor = 0},

where u| pax(o,r] = U 18 understood in the trace sense. As the boundary of €2 is Lipschitz,

the trace is well defined. This space will be equipped with the subspace topology.

e W2(Qr) = {ue W"2(Qr) : Ulpaxjor) = 0} is a Hilbert subspace where ulyq, (o = 0 is

understood in terms of traces.

o WH2(0,T;L*(Q2) = {u € L*0,T; L*()) : uy € L*(0,T; L*(2))} is the Hilbert space with

the inner product defined as
T
(0, Vw0 e () = /O /Q (u(z, t)o(z, t) + us(x, vz, 1)) dadt.

There is a very important embedding theorem that we will use, the proof of which can be found

in [1], [6] and [10].

Theorem 1.1. Suppose that a function uw € L*(0,T;L*(Q)) has a weak derivative u; €
L*(0,T; L*(Q)). Then for almost all 0 < t; <ty < T and almost all x € Q2 the Newton-Leibniz

formula is true
t
u(x,te) —u(z, ty) = / ’ w(z, t)dt. (4)

t1
However, it is possible to redefine the function u on a set of measure 0 such that equation (4)
is true for all 0 <ty <ty <T and for almost all x € Q. Thus, u is absolutely continuous with
respect to t and we have the embedding W2(0,T; L*(R2)) C C([0,T]; L*(2)).

Moreover, we have the inclusion W2(0,T) C C[0,T]. In the case when a function u is
only from the space L?*(0,T; L*(Q2)), we cannot define its value at any point ¢. For that reason,

we will generalize this definition based on the definition of a Lebesgue point of a function.

Definition 1.2. Suppose g : R — R is a locally integrable function. The point x € R is then
called a Lebesgue point of g if

tim o [ g(y) ~ g(a)ldy = 0

r—0+t 2T r—r
The more general version of this definition can be found in [8]. Based on this definition,

if £ € L*(0,T), then we will say that F(0) = L if

1 t
lim E/ |B(r) — L]dr = 0.
0

t—0t



Similarly, if u € L*(0,T; L*(2)), then we will define u(-,0) = ¢ in terms of Lebesgue points to
mean that

o1
lim —
t—0t t

t
[t 7) = glez@ydr = 0.

Now suppose that H is an arbitrary Hilbert space. We have the following important facts

which can be found in most analysis books (see ,e.g., [8]).

Theorem 1.3 (Riesz representation theorem). For every bounded functional F from the dual
space H*, there exists an element y € H such that F(x) = (x,y) for all x € H. In fact,
this mapping between H* and H itself is an isomorphism which shows that H and H* are

isomorphic.

Theorem 1.4. If a sequence {ux}3>, C H is bounded, then there exists a weakly convergent

subsequence {ug, }7°,.

Theorem 1.5 (Pythagorean theorem). If x1,xs,...2x € H and (z;,x;) =0 if i # j, then

2

N
S
k=1

N
2
=3 il
k=1

H

Theorem 1.6 (Parseval’s Identity). Suppose that {vi}32, is a complete orthonormal system,

also called an orthonormal basis. Then for any element x € H we have that

[e.9]
[, = > @, ve) I
k=1

In order to prove inequalities, we will mainly be using the Cauchy-Schwarz inequality,

though only on Hilbert spaces like L2.

Theorem 1.7 (Cauchy-Schwarz inequality). For all z,y € H the following inequality holds

(@) | < Ml ll

Additionally, we will require the following theorem from functional analysis. The proof

can be found in [8].

Theorem 1.8. If X and Y are Banach spaces and T is a bounded linear operator between them,
then T'(U) is open for all open sets U C X.

Specifically, we will need the following corollary of this theorem.

Corollary 1.9. If X and Y are Banach spaces and T is a bijective bounded linear operator

between them, then T is an isomorphism, thus T~ is also a bounded linear operator.

Finally, these integration by parts formulas will be helpful when defining the weak and
very weak solutions to problem (1), (2). The proofs can be found in [10] and [§].



Proposition 1.10. Suppose that the functions u and v are absolutely continuous on the interval
[a,b], where —o0o < a < b < oo. Then

Proposition 1.11. Suppose that u € W 2(Q) and that v € W2(Q). Then

/Quz(:v)v(:v)dx = —/Qu(x)vxi(x)dm,

foralli=1,2,...d.

1.2 Laplace operator eigenvalues and eigenfunctions

Let v, € W12(Q) and A, € R, k € N, be the eigenfunctions and eigenvalues of the Laplace

operator

which satisfies the following integral identity for the weak solutions

i € WH2(0Q / V() - Vi(z)de = Mg / w(@)n (@) da. (5)

According to [6], the eigenvalues \; are real, positive and Ay — oo, when & — oo. Also, we
can choose the eigenvalues in such a way that they are orthogonal and form a basis of not only
W12(Q) but L2() as well. We can also assume that the eigenfunctions are normalized so that

|vk||L2(2) = 1. Notice that if we take the integral identity (5) and substitute n = vy, we get
/Q Vor(2)[2dz = A,
whereas if we substitute n = v; where k # [, then
/ Vug(x) - Vu(z)dx = )\k/gzvk(x)vl(x)dx = 0.

From this it follows that if k£ # [, then v, and v; are orthogonal in W”(Q) Thus, we have the

following identities

itk =1, e, if =1,
/Uk(x)vl(x)dx: /Vvk -V (z)de = (6)
@ 0, if k #1, 0, if k #1.



2 Weak solution

2.1 Definition of a weak solution

Assume that (u, f) is a classical solution of problem (1). In the case when E € W12(0,T),
we will derive the definition of a weak solution in the following way. Multiply equation (1),
by a test function n € L?(0,T; L*(R)), integrate by x over { and then integrate by ¢ over the
interval (0,7) to get

/()T/Qut(m,t)n(m,t)dxdt— /OT/QAu(x,t)n(m,t)dwdt = /OT/Qf(m,t)n(m,t)dxdt. (7)

For the next step, we will additionally assume that n € L*(0,T; W”(Q)) Applying
integration by parts on the second integral in (7) with respect to x and using the fact that
n(-,t) € Wh2(Q) for almost all t € (0,T)) together with Proposition 1.11, we get

T d T 0w, t)
/0 /QAU(:E,t)n(:E,t)dxdt—;/o /Qar?n(x,t)dxdt
d T ou(z,t) On(z,t)
_;/0 <_ o Oz 0x; da:) di

= _/OT/QVu(x,t) - Vn(x,t)dxdt. (8)

Substituting (8) into (7) we get the integral identity

/O ' /Q we(, ), t)dadt + /0 ' /Q Vu(z,t) - Vilz, t)dedt = /0 ' /Q Fla,Onle, Odzdt— (9)

for every n € L?*(0,T; W“(Q)) We will use the following definition of a weak solution to
problem (1) subject to an additional condition (2).

Definition 2.1. Suppose that £ € W2(0,T) and ug € W22(Q) N WL2(Q). Also, suppose that
E satisfies the compatibility condition E(0) = [Jugl/z2(). A pair of functions (u, f) such that
u € Wh(Qr) and f € L?(0,T;L*(Q)) is called a weak solution of problem (1), (2) if the
integral identity (9) is true for all test functions n € L2(0,T; W2(2)) and if the initial and

side conditions are satisfied

u(z,0) = ug(x) for a.e. x € Q, (10)
/Q|u(:n,t)|2d:x — EX(t), forallte[0,T). (11)

Our first goal will be to prove the following theorem.

Theorem 2.2. Suppose that ug € W22(Q) N WH(Q) and E € W'2(0,T) are given functions
and that E satisfies the compatibility condition E(0) = ||uo||r2()- Then there exists at least one
weak solution (u, f) to problem (1), (2).



For the rest of the next section we will assume that wug is not identically equal to 0, so
that |lug||r2() > 0. The case when ug = 0 is treated very similarly so it will only be mentioned
at the end.

2.2 Approximate solution

For every N € N we will find approximate solutions (u¥), f(™)) that are represented in

the following forms

= kz_: wi(t)vg(x)
t) = ]; qr(t)vg(x

(12)

where vy are eigenfunctions defined in Section 1.2. We will also require them to satisfy the

following system of equations for every t € [0,7] and k < N
[ @ hon@)de + [ Vu (1) Tug(@)de = [ 1O (@, on(w)da,
Q Q Q
N
0) = Brwe(z), =€, (13)
k=1

/Q‘u(N)(x,t)rdx ZBEEQ

||u0||L2 Q) k=1

where (i, k € N, are the Fourier coefficients of the function wug in terms of the orthonormal
basis {v}52; in L*(Q2). Substituting the expressions (12) into (13); and using the fact that

different eigenfunctions are orthogonal we get an ordinary differential equation

If we substitute (12); into (13)3 and use Theorem 1.5, we get

2

N N
/Q|u(N z,t)|*de = Zwk vp(x) Z || wg(t) HLz
k=1 LQ(Q) k=1 (15)
N N
= Z(wk Z 513E2
=1 ||Uo||

where the last equality follows from (13)3. Since we require equation (15) to hold for all N € N,
we get that for all ¢ € [0, 7]

wy(t) = LE@). (16)
[[uol[L2(«)
In order to satisfy equation (14) we will set
Q= w), + \awy, € L*(0,7). (17)

10



Since the function E is from the space W'2(0,T), it is also continuous. Therefore, u™) is from
the space C([0,7]; L*(Q2)) and u™)(-,0) is well-defined. With this in mind as well as the fact

that we have assumed E(0) = |Jug||12(q), we also have that

1 N

> BE(0 Z Brvr(z

w2 @) =

N
M (,0) = > wi(0)oi()
k=1
With this, the pair of functions (u™), f(V)) satisfies the system (13). Next, we will get some

estimates for u™) and f). Recall that 3, are Fourier coefficients of ug, so 3232, 57 = [|uol|72(q)
Thus

(16)
sy = [ 10t Paode ” zﬂk [ B @it < 1B, (18)

Similarly, by using identities (6) we obtain
IVe™ 22022260 / / IVu™ (2, ¢) Pddt = / /

2
—/ dt = /Zywk YAt

L2(Q)
El|z2
e & »

HU’OHL2 Q) k=1

2

() Vug(z)| dxdt

Vvk

For the time derivative uEN) we have that
(V)2 T e | 5k\E’
[Jug ||L2(0,T;L2(Q)) :/ Z(wk ) (vg||  dt = / dt / dt
o & v o & Tuolls
- Z o [P0 < 1B, (20)

(@)

Lastly, we will get an estimate for f™) in the space L?(0,T; L?(2)) using equation (17). Notice
that for any k£ € N we have

[l wpa= [ \(wé”) (t) + Akw,i%fdt <o (!(wé”)'(t)f + o)) at

_2/ 2/ NeBrE(t) [

‘UOHL? Q)
261

= m (||E,||%2(O,T) + /\zHEH%Q(QT))
< 2B
HUOH%Z(Q)

dt

|Uo||L2

L+ XN E12(0,)- (21)

11



From this inequality it follows that

2

HfNHLQOTLg )_/ / qu t)vog(z) dxdt / (N) dt
@ L2<m

N 2

2

—Z/ 0 < > A+ ADIE

= ouLz

2| 21,2
<2 ERpnom + — z BN (22)

|| O||L2(Q) k=1

Let us now show that bounds (19) and (22) are independent of N. To do this, we will
bound the series Y30, 822 using the fact that ug is from the space W22(Q) N W2(Q). First
notice that since uy € W*2(Q), the weak Laplacian of ug is from the space L*(€). Since {v;}32,

is an orthonormal basis of L?(Q), we know that there exist coefficients ~;, such that
Aug = nykvk = Z Auo,vk)LQ(Q)vk in L*(Q). (23)
k=1

However, using the fact that vy and ug are from the space VT/L?(Q) and by applying integration

by parts, we obtain

/ Aug(x / Vug(x) - Vug(x)dz © —)\k/ﬂuo(x)vk(x)dw = =\ Sk (24)

The last equality holds because the Fourier coefficients [y of ug can be written as (ug, vg) 2@
So, we see that 7, = —\gfk for all £ € N. Then, Parseval’s identity (Theorem 1.6) gives us

that

HAUOH%?(Q) = Z ”Yk|2 = Z Aiﬁi = ”AUOH%Q(Q) < HUOH%VM(Q)- (25)

k=1 k=1

From (22) and the inequality (25) we get that f is bounded in the space L?(0,T; L*(2))

|| o||%vz 0
1 Z20,7;220)) < 20 E|fv20,m) (1 * oo ol = CIE|fyr20m), (26)
l[uoll?
where C; =2+ 2 - Hooﬁvﬂ > () is a constant that depends on wuy.
L2(9)

From (25) it follows that we can bound the series 372, \x 37 because \y > C% for some
positive constant C'y > 0 and for all £ € N. This is because Ay — 0o as k — oo and A\, > 0 for
all k € N. Thus

YoM <Y N < Calluollfyzz o) (27)
k=1 k=1

12



Using (18), (19) and (20) together with (27) we can bound u in the space W2(Qy) like this

||u||12/i/1,2(QT) = HUH%Q(O,T;LQ(Q)) + HVUH%Q(O,T;LQ(Q)) + Hut”%Q(O,T;LQ(Q))

1B 1%20.r

< Elfy2i0my + Co Mol + 1 ElR 201

Huouiz(g)

< G3l| Bl om)s (28)

for some large enough constant C5 that depends on the function uy. By using these estimates,
we have that the sequence {u™}%_, is bounded in the space W'2(Qr) while the sequence
{fN)}%_, is bounded in the space L?(0,T; L*(12)).

2.3 Convergence

From the last section we know that the sequence {u(¥)1%_, is bounded in the space
W12(Qr) while the sequence {f™}%_, is bounded in the space L2(0,T; L2(Q)). Therefore,
there exists a subsequence {N;}°, such that u™) weakly converges to a function v € W2(Qr)

and f™) weakly converges to some f € L?(0,T; L?(2)). We will require the following lemma.

Lemma 2.3. Suppose a sequence gy converges weakly to g in the space Wl’Z(QT). Then gy — g,

Vgn — Vg and 2% — % n [2(0,T; L*(2)).

Proof. Take an arbitrary functional ¢ € (LQ(O,T; LQ(Q)))* We need to show that ¢(gn) —
©(g). By the Riesz representation theorem (Theorem 1.3) this functional can be written in the

following way
T
o(0) = [ [ olw,tyn(a, dudt
0o Jo

for some function n € L?(0,T; L*(Q2)). Notice that it is also a bounded linear functional when
restricted to WI’Q(QT) because by the Cauchy-Schwarz inequality
< Anllzeomszep vl L2022 )

lp(v)| = /O ! /Q o, (e, t)dedt

< ||77||L2(0,T;L2(Q))||U||W1v2(QT).

Thus, since ¢ is from the dual space of W'2(Qr) and gy converges weakly to ¢ in W2(Qr),
we get that ¢(gn) — ©(g), N — oco. This implies that gy — g in L?(0,T; L*(2)).

For the gradient, we need to show that for each i = 1,2, ..., d the sequence ?TJY converges
weakly to 2% in L2(0,T; L*(2)). Just like before, if ¢ € (L*(0,T; L*(2)))*, then there exists

an n € L*(0,T; L*(2)) such that

p(v) = /OT/Qv(a:,t)n(a:,t)dxdt

13



This time, consider a functional from W2(Qr) to R defined by

U'—)/ / 8x x,t)dxdt.

This functional is bounded because by the Cauchy-Schwarz inequality

ov

ov(x, t Il
2 T2
NlL2(0,1;L2 () o

x, t)dzdt] <

L2(0,T;L2(9))

< ”U“L?(O,T;m(m)HUHWL?(QT).

Thus, since gy — ¢ in W2(Qr), we see that

oG] = [, e [ 25t = (32).

As this is true for all i = 1,2,...,d, we have that Vgy — Vg in L*(0,T; L*(2)). The same

reasoning also shows that 2 — g‘;’ in L?(0,T; L*(2)). O

From Lemma 2.3 we get that «®™) — v, u{) — 4, and V™) — Vu in L*(0,T; L*(Q)).
Next, consider arbitrary functions dy € C*[0,T], k € N. Multiply equations (13); by dj and
then sum over all k € {1,2,..., M}, where M < N. If we also denote n(z,t) = 0, di(t)ve(z)
and replace N by N; in the result, we get the following identity

(N1) (N1) . — (N1)
/Qut (:c,t)n(x,t)dx%—/QVu (x,t) - Vn(z,t)dx /Qf (x,t)n(x, t)dx.

By integrating this equation by ¢ from 0 to 7', we get

T T T
/0/QuENl)(m,t)n(x,t)dxdt—i—/o/QVU(NI)(x,t)-Vn(x,t)d:vdt:/OAf(Nl)(x,t)n(x,t)dxdt. (29)

For the first integral in (29), notice that it can be written as an inner product in the space
L*(0,T; L*(2)). Then, by using the fact that u{"") — w, in this space, we get

// Nl) i’ t ,I’ t)dl‘dt < >L2(0TL2( ) H—OO> <Ut,7’]>L2 (0,T;L2(2)) //Ut x, t ZL’ t dxdt.

For the other integrals, we can similarly write them as inner products in the space
L*(0,T; L*(Q)) and use weak convergence to get that

T
/ /VU(N’) (z,t) - V(z, t)dedt =2 / /Vu (x,t) - Vn(z,t)dxdt,

//f(N’xt (xtdwdt“oo//fa:t (x,t)dxdt.

Thus, after passing to the limit as [ — oo in (29), we get integral identity (9) for the pair
of functions (u, f), however only for those n that are finite linear combinations of func-

tions v,. However, it is well known (see [1]) that these linear combinations are dense in
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the space L2(0,T; W2()). Also, since N; — oo when | — oo, the number M in the sum
n(z,t) = S0 di(t)vp(z) can be arbitrarily large. Therefore, by approximation we have that
our constructed solution, which is the pair (u, f), satisfies the integral identity (9) for all
n € L2(0,T; Wh2(Q)).

Side condition

Next, we need to show that the function u satisfies the side condition

/Q u(z, )2 de = E2(1)

for all t+ € [0,T]. Recalling the definition of u™) (see (12)) and eigenfunction identities (6),
notice that if N;M € N, N < M, then

[ty (w, )de = [ (Z wk<t>vk<x>) (Z wk<t>vk<x>) dz

Z BRE*(t)

k=1 HUOHL2 Q) k=1

Integrate this equality from 0 to an arbitrary ¢ € [0, 7] to get

/ / M) (g, r)dzdr = Hu()‘l ﬁk/ E2(r

|L2(Q) k=1

If we also introduce an indicator function, the left side of this equation can be written as an
inner product in L?(0,T; L*(2))

St [ B

||u0||L2(Q k=1

/ / u™) (2, 7)1 (<pydadr =

Now, we can replace M by the subsequence N; we got earlier and take the limit as [ — oco. For
any N € N, the inequality N < N; holds for large enough [. Also, u™) — v in L?(0,T; L*(12)).

Thus, after passing to the limit, we obtain

/ / Ju(x, 7)1 <y dadr = H 0HL2 Z/Bk/ E*(t

This equation is true for all N € N so we can replace N by N, and take the limit as [ — oc.
Recalling that Y32, 87 = [Juo||12(a), We get that

T t
[ [ uemute, ) tagdadr = [ B ryr
0 0

which can be rewritten as

[ e Dsydedr = [ B2 (30)
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The function u is from the space C([0,T7; L*(Q)) by Theorem 1.1, therefore [|u(-,7)||r2q) is a
continuous function. The same can be said about the function F, because it is from W12(0,T) C
C'0,T]. Hence, we can differentiate both sides of equation (30) by ¢ and obtain

(-, OllZ2) = E*(2) (31)

for all ¢ € [0, T], which is equivalent to (11), i.e. [, |u(z,t)[>dz = E*(t) for all t € [0, T).

Initial condition

Denote uéN fo 1 Brug to be the partial sums of the Fourier series for uy in L*(£2). Then it

is clear that u") — ug in L2(2) and since T is finite we have that u$") — ug in L2(0,T; L2())
as well, where we interpret both functions to be constant in time. Suppose that N, M € N and
that N < M. Then from (12) and from the fact that v; are orthonormal, we obtain

/Q (U(N)(a:,t) _ u(()N) (1:)) (U(M)@j?t) _ u(()M) (x)) A
= / (Z wy (t)v(z Z Brug(x ) (;ﬁl wi(t)vg(x) — % Bk%(@) dz

w [ <ZW(E@)—IIUOI|L2<Q>)> (Z [ (e ) - lullo) ) ds

it ol

~ L Tt quHm PO~ el

Integrating the left and right sides of this equality from 0 to an arbitrary ¢ € [0, 7] and writing

one of the integrals with an indicator function gives us

/ / — UE)N)(Z'D (u(M) (x,7) — uéM) (x)) 1cpndadr
B Z Huoum ) (B = Tuollzzar (32)

Now, we have that u™) — o in L2(0,T; L*(Q)), therefore u™) — uéNl)

L*(0,T; L*(9)). So, if we replace M by Nj in (32) and pass to the limit as [ — oo, we get that

— u — ugp in the space

/ / - u(()N) (x)) (u(x, ) — up(x)) Lz dadr

- Z ||U0|| @ /0 (E(7) = [luol|r2(0)) dT

Similarly, if we replace N by N; and pass to the limit again as [ — co, we get

/0 ! /Q (u(@, 7) — uo(2)) (u(@, 7) — uo(2)) Ly dadr = /O (B(r) — ol o) dr,
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where we have used the fact that 332, 82 = ||uol|32 ()- Rewriting the final expression we obtain

t t
[ et m) = wollfdr = [ (E() = uollio)dr. (33)

Just as before, because the integrands are continuous functions, we can differentiate this equa-
tion by t. This shows that for all ¢ € [0, 77:

[l #) = wollZa) = (E(t) — [luoll2)*. (34)

Specifically, if we set ¢ = 0 in (34), then noting the fact that we have originally assumed that
E(0) = ||uo||r2(), we finally obtain

(-5 0) = o |2y = 0 (35)

which is equivalent to (10), i.e. u(z, 0) = ug(x) for almost all x € Q.

Remark 2.4. In the case when ug = 0, we need to modify (13) slightly. Instead of coefficients
Bk, which are Fourier coefficients of ug, we can replace them by some rapidly decreasing to zero
sequence g, such that 372,77 = 1 and Y72, A7 < 0o. Also, instead of condition (13), we

will require
N
[ 1@ 0de = 30 A2E(1).
Q k=1

From there, most of the steps are the same. The only difference is that we get the side condition
directly from the initial condition. This also shows that in this case there exist infinitely many

weak solutions, provided that E is not identically 0.

3 Very weak solution

3.1 Definition of a very weak solution

Now we will derive the definition of a very weak solution of problem (1), (2) in the case
when the function F does not possess a weak derivative and is only from the space L*(0,T).
In order to do so, we have to first generalize the compatibility condition E(0) = |lu||r2(q) from
(2). This is because in general, evaluating an L? function at a point is ill-defined. The condition
E(0) = ||uo|| 2(n) will be understood to mean that the value |[u| r2(q) is a Lebesgue point of £
at t = 0 and thus tllr(% LISIE(T) = |luol r2oyldr = 0.

For the derivation of the very weak solution we will also need a generalized version of a
primitive function. For any function g € L?(0,T), define its primitive S,(¢) by S,(¢) = [g g(7)dr.
It is well known that S, is differentiable almost everywhere with both its regular and weak
derivatives equal to g almost everywhere, and it is clear that S,(0) = 0.

We will extend this notion to a larger class of functions in the same way it is done in [12].
Define W;2(0,T; L*(Q)) to be the subspace {@ € W42(0,T; L*(Q)) : (-, T) = 0}, where we
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interpret a function from W12(0,T; L*(Q2)) € C([0,T]; L*(Q)) as the continuous representative
so that ¢(-, T') is well-defined. Also, denote the dual of W*(0, T; L*(Q)) as W "2(0, T; L*(Q)).

We have the following representation of this space.

Lemma 3.1 ([12]). If h is from the space Wy *(0,T; L*(0)), then there exists a unique H €
L*(0,T; L*(Q)), such that

T
(hny = [ [ Hix (e, )dedt ¥y € Wi (0,73 L2(Q). (36)
0
Proof. The functional given in (36) is bounded, because if H € L*(0,T; L*(f2)), then

[y < H 20,0220 [0l 200,022y < NTH 220,200 10llw2 0,020

Next, consider the derivative operator D : W;2(0,T; L*(Q)) — L2(0,T; L*(Q)), defined by
Dn = n;. This operator is surjective, because if ¢ € L*(0,T; L*(2)), then after defining

bz, t) = — /tT o(z,7)dr,

we have that ¢ € W%’Q(O, T; L*(Q)) and since v is absolutely continuous with respect to ¢:

byl 1) = ( [ etwrir - [ m;m)t = o(a.1)
This operator is injective, because if 7,7, € W*(0,T; L2(Q)) and (1) = (72);, then we have
that (m; — n2)¢ = 0. Applying Theorem 1.1, specifically the Newton—Leibniz formula, shows
that 7, (x, t) —n2(z, t) is constant in time. However, by definition of the space W;?(0,T; L*(Q))
we know that 7y (z,T) = ne(x,T) = 0 for almost all z € Q. This implies that n;(z,t) = ne(z, t)
for almost all z € Q and all ¢ € [0, 7] and thus 7, = 2. Operator D is clearly bounded, hence
by Corollary 1.9 it is an isomorphism between W;>(0,T; L*(Q)) and L*(0,T; L*())

Now, suppose that h is from W "%(0, T; L*(Q)). Define a functional F on L?(0, T; L*(Q))
by the formula F(p) = (h,D7'p) = (ho D7')(p). Since D~! is bounded, F is a bounded
functional. Therefore, by the Riesz representation theorem on L?(0,T; L?(f2)), there exists a
unique H € L?*(0,T; L*(Q)) such that

F(p) = (h, D'y) = /0 ' /Q H(z, 1)z, t)dadt. (37)

For any € W;*(0,T; L*(Q)), n = D', which implies that

T
Fln) = by = | [ Hia Omi(a, t)dede. (39)
0
If h € W;"%(0,T; L)), we will define S, := —H, where H is the L2(0,T; L*(Q))
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function which represents the functional h € Wy "*(0, T; L?(Q)) according to Lemma 3.1. This
definition is an extension of the operator S, because if & is the functional, associated by the Riesz
representation theorem with a function h € L2(0,T; L*(Q)) as (h,n) = JiJq h(z, t)n(x, t)dzdt,
then after applying Proposition 1.10 on S}, and 7, we get

t=T

(o) = | <5h<x,t)n<x,t)\ - ! Sh(x,t)nt(x,t)dt> da.

By definition Sy (z,0) = 0 and n(z,T") = 0, hence we have that

oy == [ [ Sutesthmte, e,

which implies that H = —.S5), in this case.

Let us now derive the integral identity for the very weak solution. Suppose that the pair
(u, f) is a classical solution of problem (1). Multiply equation (1); by an arbitrary function
n € L2(0,T; W"(Q)) and integrate with respect to x over  and then integrate with respect
to t over the interval (0,7) to get

/OT/Qut(x,t)n(x,t)dxdt— /OT/QAu(x,t)n(x,t)dxdt = /OT/Qf(x,t)n(x,t)dxdt.

Integrating by parts with respect to x on the second integral yields

/()T/Qut(x,t)n(a:,t)dxdt—i-/OT/QVu(a:,t)~V77(x,t)da:dt = /()T/Qf(x,t)n(:c,t)da:dt, (39)

which is the same as (9). Next, similarly to how it is done in [12], we will use integration
by parts with respect to t on the first and third integrals in (39). In order to do this, we
will additionally assume that n, € L*(0,7; L*(Q)) and n(-,T) = 0. This guarantees that the
integrals exist, gets rid of one of the boundary terms and also allows us to define 7(-, 0) using

Theorem 1.1. Integrating the first integral in (39) by parts (applying Proposition 1.10) gives

[ [zt = [ [ e
-1, ( )zOT - /OT U<x,t)m<x,t)dt> da
e (—uo( (. 0) - | Tu(x,t)m(x,t)dt> dz
= — [ wola)n(0) dx—/ |l tyn(a,t)dud. (40)

us

For the third integral in (39), again using integration by parts with respect to ¢ and the facts
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that 2558 — f(z.¢), S;(-,0) = 0, (-, T) = 0, we obtain
/ /fxt (z,t)dzdt = //Tasfxt t)dtdx
- / (sf vt )| - /0 Si(z, t)dt)d
- /O /Q Sy (x, )y (x, t)dadt. (41)

Substituting (40) and (41) into (39) we get the following integral identity

/Quo(x)r](x,O)dx—i—/OT/Qu(x,t)nt(x,t)da:dt

_/oT/Qv“(fC’t)-Vn(:c,t)dxdt:/OT/QSf(a:’t)m(aj’t)dxda (42)

where 7(z, t) is any function such that n € L2(0, T; W'2(Q)), n, € L2(0,T; L2(Q)) and (-, T) =

0. Hence, we get the following definition.

Definition 3.2. Suppose that £ € L*0,T) and uy € W22(Q) N W2(Q). Also suppose
that £(0) = ||uo|r2) in terms of Lebesgue points. A pair of functions (u, f) such that
w e L20,T;W'2(Q)) and f € W, "2(0,T; L2(2)), is called a very weak solution of prob-
lem (1), (2) if the integral identity (42) is true for all test functions n € L2(0,T; W'2(Q)),
ne € L*(0,T; L*(Q)), n(-,T) = 0 and if the initial and side conditions are satisfied

u(+, 0) = ug in terms of Lebesgue points, (43)
/Q lu(x,t)Pde = E*(t), for a.e. t € [0,T]. (44)

Our second goal will be to prove the following theorem.

Theorem 3.3. Suppose that ug € W22(Q) N W2(Q) and E € L*(0,T) are given functions and
that I satisfies the compatibility condition E(0) = |Jugl|r2() in terms of Lebesgue points. Then

there exists at least one very weak solution (u, f) to problem (1), (2).

For the rest of the next section we will assume that ug is not identically equal to 0, so
that [lug||r2() > 0. The case when ug = 0 is treated very similarly so it will only be mentioned
at the end.

3.2 Approximate solution

Choose any sequence of functions E,, € W'%(0,7) which converges to E in the space
L*(0,T) such that E,(0) = |Juo||z2(q). This should be understood in the usual sense because
of the embedding W'2(0,T) C C[0,T]. Since we know that C°(0,T) is dense in L?(0,T) (see
[6]) and C>°(0,T) C W2(0,T), we can choose a sequence of smooth and compactly supported

functions. For every N € N and n € N we will find approximate solutions (u{Y), f(")) that are
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represented in the following forms

ulM (@, 1) =3 win(t)or(),
o (45)
M (@) =3 qeanlt)vi(z).

e
Il

1

We will also require them to satisfy the following system of equations for every ¢ € [0,7] and
k < N, which is almost identical to (13)

/Q (W™, (z, tyvu(x)dz + /Q Vu™M (z,1) - Vog(2)dz = /Q FN (&, £)og () dr,
O) = Z Bkvk(x), S Q, (46)
k=1

/Q‘UT(QN)(x,t)rdx = ZBEE2

||u0||L2 Q) k=1

where (i, k € N, are the Fourier coefficients of the function wug in terms of the orthonormal
basis {v}32, in L*(Q). In the same way as in Section 2.2, we get the following expressions for

Wk, and gy ,,, namely

Wi (t) = L — 2 EL(1), (47)
||U0||L2(Q
kn = (wkn) + MWy € LQ(O,T)- (48)

Since the function E, is from the space W12(0,T), it is also continuous. Therefore, u(™) is
from the space C/([0, T]; L2(2)) and u(M)(z,0) is well-defined. With this in mind as well as the

fact that we have assumed £, (0) = [|uol|2(), we have that

(N)xO Zwkn

Z BrEn(0)vg(z) = z_: Brvr(z)

||uO||L2

With this, the pair of functions (u(™), f(M) satisfies the system of equations (46). Next, we
will get suitable estimates for u{) and f(™). The bounds for u{") and Vu(") we get almost

identically to the ones in the previous section, (see (18) and (19)):

HU ||L20TL2 Q) X < |[|En H%20T (49)

||E ||L20T 2613)% (50)

HVU || 2 2
L2(0,T;L%(Q)) HU0||L2(Q ~

For the sequence {fM}_,, we will not be able to bound it in the space L(0,T; L*(Q2))

because estimate (22) involves the derivative of E. Instead, we will get an estimate for S )
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in the space L*(0,T; L*(f))). First, integrate equation (48) from 0 to ¢ to get

B

t , t —_——— t
S, (1) = /0 (wen) (T)dr + Mg /O Wion (T)dT = Wi (1) — Wion (0) + A /0 Wion (7)dr
A
un By Eo(t) — By + 260 KOk /E (51)
[woll L2 (o) ||U0||L2

We will also use the following inequality that follows from Cauchy-Schwarz inequality

T T /T 2
[ 1o < ([ 2] ([ )" = 18T
t

T 2 T T 2
— / dté/ </ |En(7)\d7> dthQHEnH%z(OT)
0 0 0 n

Thus, together with the inequality (a + b+ ¢)? < 3(a® + b* + ¢?), a,b, c € R, which is true by

Jensen’s inequality!, we have

T T 3 Ak
IS 2 :/S tht:/<kEnt_+ /E dT)If
1S5, I220m = | 1y, ()] o \Taoloy 2n )~ |UOHL2
dt)

T)dr

2 T 2 32
<3 (%/ E2(t)dt + BT + )\kﬁk/ T)dr
0

[uollZ2 @ IIUOH2
(@)

305; AiBi
T : T2||En||%z(o,T)
= luoll | o||

S C4(ﬁkHEnHL2(O,T) + 5]3)‘i|‘EnHL2(O,T) + 5k)>

I EallZ20.0) + 35:T +

for some constant Cy > 0 that depends on T and uy. Therefore, by the last inequality

2

7' v
qk n k

||Sf(N>||L2 0,T;L2(Q)) — /

dT—Z/ 0. 7)|2dr

204 BillEn HL2 0.7) + BiNL| B HL2 0.7) + 57)

k=1

o)
= C4||UOH2L2(Q)HETL”%Q(O,T) + O4HUOH%2(Q) + C4||En”%2(o,T) Z 5@\%-
k=1

Inequality (25) gives the following bound

||Sf1(1N)”%2(O,T;L2(Q)) < 04”“0”%2((2)||En||%2(0,T) + 04”“0”%2(9) + C4||En||%2(O,T)HUOHIQ/V??(Q)
< Gs(1Eallz20) +1) (52)

for a large enough constant C; > 0 that depends on the function ug. Combining equations

If g : R — R is a convex function, x1,z2,...,2x € R and A, Ag,..., A\ > 0 are coefficients such that
AM+A+...+ =1, theng (Zle Aﬂi) < Zle Aig(x;). In this particular case, we set k =3, A; = 1/3 and

g(z) = 22,
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(49), (50) and (27) we have

||u1(1N)HiQ(O,T;W172(Q)) = ||U§LN)H%2(O,T;L2(Q)) + \|VU§LN)H%2(0,T;L2(Q))
) ”EHH%Q(O,T) 2
< 1 Enllzz0m) H72||U0||W272(Q)
U0||L2(Q)
< CﬁHEnH%Q(o,T) (53)

for some large enough constant Ci > 0. By using these estimates, we have that the sequence
{uM}32_, is bounded in the space L%(0,T; W'2(€2)) while the sequence {8} is bounded
in the space L?(0,T; L*()).

3.3 Convergence

From the last section we know that the sequence {u{")1%_, is bounded in the space
L2(0, T; W 2(Q)) while the sequence {8, }%-; is bounded in the space L*(0,T’; L?(<2)) which
also means that { f™M)}%_, is bounded in the space W5 (0, T; L*(Q)) by Lemma 3.1. There-
fore, for each fixed n € N there exists a subsequence { N;}2,, such that u{™) weakly converges to
a function u, € L2(0,T; W%(Q)) and that f™) weakly converges to f, € Wy %(0,T; L2(Q)).

We will require the following lemma.

Lemma 3.4. Suppose a sequence g — g in the space L*(0,T;W'3(Q)). Then gy — g and
Vgn — Vg in L*(0,T; L*(Q)).

Proof. The proof is omitted as it is very similar to the proof of Lemma 2.3. ]

From Lemma 3.4 we get that u(™) — v, and VulM — Vu, in L?(0,T; L*(Q)). As for

n

the functions f(™)  according to Lemma 3.1 and using the extended notion of the primitive

function we have

T
<f7(lNl)’n> — —/O \/QSfTSNl)(x’t)nt(x’t)d’Idt’

(fu,m) = —/OT/Qan(Jc,t)m(x,t)dxdt.

Given that fN0 — £ in W;"*(0,T;L*)) and by using the inclusion of the space
W20, T; L3()) to its double dual, we have that for all n € W;(0,T; L*(2))

T T
- /0 /Q S oo (0, ), t)drdt — /0 /Q S (z, t)ni(x, t)dzdt. (54)

But this also implies that S s = Sy, in L*(0,T; L*(2)), since the derivative operator D,
defined in Lemma 3.1, is surjective.

Next, consider arbitrary functions d, € C*[0,7T] with dx(T) = 0, £ € N. Multiply
equations (46); by dj and then sum over all £ € {1,2,..., M}, where M < N. If we also
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denote n(z,t) = S0, di(t)vr(z) and integrate by ¢ from 0 to 7', we get the following identity

// N (x,t)n(x,t) dmdt+// Vu (x,t)-Vn(z,t)dedt = // f (z, )n(z, t)dzdt. (55)

Then, similarly to how we derived the weak formulation, we can use integration by parts on the
first and third integrals in equation (55). Recalling that u(™(z,0) = S8, Brve(z) and that
n(-, T) =0, we get the following identity

/Q<Zﬁkvk ) dex—i—// (a, tym(, t)dadt

k=1

J— (N) . = N .
/0 /QVun (x,t) - Vn(z, t)dxdt /0 /stﬁ y (@, )y (z, t)dxdt

(56)

We can write the last three integrals in (56) as inner products in the space L*(0,T’; L*(Q2)) and

use weak convergence to get that

/ / Nl)xtntxtdxdtH—oo>/ /unxtntxt)dxdt
/ /QVUJ;NZ (x,t) - Vn(x, t)dedt — 1o, / / Vuy(x,t) - Vn(x, t)dedt,
0

T
I
/0 /QSféN”(x,t)nt(x,t)dxdt%/0 /Qan(a:,t)m(a:,t)d:cdt.

As for the first integral in (56), it is an inner product in L*(Q) and it is easy to see that
SN Bruk — up, N — oo, in the same space. Thus, after substituting N, for N in equation
(13) and passing to the limit as | — oo, we get equation (42) for the pair of functions (u, f,)
for all n € N:

/Quo(m)n(m,())dx—i—/OT/Qun(x,t)nt(x,t)dxdt

) /OT /Q Ve = /oT /Q S (w, t)ne(w, t)dwdt o7

for the case when 7 is a linear combination > | d.(t)vx(z). The number M in the sum can be
arbitrarily large, because N; — oo when [ — oco. It is well known (see [1]) that the set of all

these linear combinations is dense in the space
V= {77 ‘ne L2(07T’ W1’2(Q>>’ YIRS L2<07Ta L2(Q>), n<7T) = 0}

Thus, by approximation we get that the identity (57) is true for all n € L2(0,T; W2(Q)),
ne € L*(0,T; L*(Q)) and n(-,T) = 0.

To pass to the next limit, notice that for each n € N, since u{™) — «,, in L2(0,T; L*(2)),
we have the following inequality |[un | 2o 7i12()) < lilrgglf Hugle)HLQ(O,T;WL?(Q))' Also, E, — E
in L?(0,T), so there exists a positive constant C' such that ||En||%2(0,T) < Cforalln € N.
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Therefore, we can pass to the limit as [ goes to infinity on the bound (53):
”u"”ii’(o,T;Wlﬂ(Q)) < liln_l)igf ||U51Nl)||iz(0,T;W1,z(Q)) < CGHETL“%?(O,T) < CeC. (58)
Similarly with the bound (52) involving functions f{™
1S 720,720 < lim inf 1S 1720020 < Cs(1BallZ20my +1) S C5(C+ 1), (59)

Just like before, since {u,}>, is bounded in L2(0,T;W'2(Q)) and {S;,}2° is bounded in
L*(0,T; L*(Q)), there exists a subsequence {n;}{°,, such that u,, — u and f,, — f for some
w e LX0,T;W2(Q)) and f € W (0, T; L%(€2)). Thus, after passing to the limit in (57) as
[ — oo, we get

/Quo(a:)n(x,())dﬁ—I—/()T/ﬂu(x,t)nt(x,t)da:dt
—/OT/QVu(a:,t) -Vn(z, t)dedt = /OT/QSf(:v,t)nt(:v,t)dxdt

for all n € L2(0, T; WY2(Q)), n, € L2(0,T; L*(Q)) and n( -, T) = 0 which is the integral identity
we wanted to prove, namely (42).

Side condition

Going back to the definition of u{) (see (45),), notice that if N, M € N, N < M, then since

eigenfunctions vy, are orthonormal, we have the following identity for all ¢ € [0, T]

/Q u™ (a2, ) (z, t)dx = / (Z Wi (t )> <§: wk,m(t)vk(@) dz

Z BREn(t)En(t).

o320 HL2 =

Integrate this last equality from 0 to an arbitrary ¢ € [0,T] to get

/Ot/ﬂu,(zN)(x,T)uw)(x,T)dxdT = Zﬁk/ E,.( T)dT.

[lollZ2 OHL2 =

If we also introduce indicator functions, this can be written in terms of inner products as such

Z Bk / n (T)]I{Tgt}dT. (60)

||U0||L2 () k=1

T
/ / u;N)(x, T)u%\/[)(a:, T)]}.{Tgt}dmd'r
o Jao

Now, because there is a subsequence M; such that u(M) — v, in L?(0,T; L*(Q)), if we replace
M by M; in (60) and pass to the limit as [ — oo (as N < M, for large enough [, this is valid):

/ / (@, )ty (2, 7)1 frcpydadr = Zﬁk/ n(T) B (T) L rcpydr (61)

HuOH
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for all N € N. Similarly, there is a subsequence N; such that u(™) — «, in L2(0,T; L?*(Q)), so
if we replace N by N; in (61) and pass to the limit as | — oo:

T
/0 /Qun(x,T)um(x,T)]l{Tgt}dxdT . 0|| Zﬁk/ w(T) B (T) Lz dT
= / (1) B (7)1 ey dr, (62)

because Y332, B = ||luol|72(q)- Next, we will take the limit as n,m — oo in a similar way. Tt
does not matter in which order we take the limit as the result will be the same. First, we
already have that there is a subsequence n; such that u,, — w in L*(0,T; L*(Q2)). Also, because
strong convergence implies weak convergence, we have that E,, — F in L?(0,T). Thus, if we

replace n by n; in (62) and pass to the limit as [ — oo:

T T
/ / w(, Tt (2, 7)1y ey dudr = / E(7) En (7)1 {yendr. (63)
0 Q 0

Lastly, if we replace m by n; in (63) and pass to the limit as [ — oc:

T T
/ /U($,T)U($,T)]I{T<t}d$dT:/ E(T)E(T)1{;<ndT
o Jo 0

/Ot/Q |u(z, 7)|*drdr = /Ot E%(1)dr

Differentiating this equality by ¢, we see that for almost all ¢ € [0, T] the side condition (44) is
satisfied:

Thus

/Q u(z, t)2dx = E2(1).

Initial condition

Denote uéN Zév 1 Bruk to be the partial sums of the Fourier series for uy in L*(2). Then it
is clear that u") — ug in L2(2) and since T is finite we have that u$") — ug in L2(0,T; L2())
as well, where we interpret both functions to be constant in time. Suppose that N, M € N,
n,m € N and that N < M. Then from (45) and from the fact that v are orthonormal, we

obtain
[ (90 - um @;m,t) : ug%) "
(Z ML(T)) (En(t) - Huollm@)) (fj Drvlw) (Em(t) - \|u0||L2(Q))> dx

i ol 2@

N
= o (Balt) = lluollz2(@) (B (t) = lluollr2(e)-
i1 luollZ2 g
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Integrating the last identity from 0 to an arbitrary ¢ and writing the integrals with indicator

functions gives us

/ / ) — uéN)(l"D ( WM (g, 7) — uéM)(x)) 1< dadr
_ Z /T(En<T> — |luo|| 2(0)) (Em(7) = [Juol|L20))dT- (64)
HUOHL2 () 70

Now, pick a subsequence M;, [ € N, such that uM) — ,, in L?(0,T; L*(Q)). We also know
that u{™ strongly converges to ug in L?(0,T; L*(9)), thus it also weakly converges. Using this,
we can replace M with M; in equation (64) and pass to the limit as [ — oo to get

/OT /Q(u,(IN) (x,7) — u(()N) (@) (um (2, 7) — uo(x))L{r<pydadr

N 2 T
=S I [ 7) — ol ) () — ool ) (65)
(@) 70

i luollzz o

Similarly, we can find a subsequence N, I € N, such that «™) — «,, in L?(0,T; L*(Q2)). Then
ulVo — ul™M sy, — g in L*(0,T; L*(Q)). Replace N with N, in (65) and pass to the limit as
[ — oo to get

/T/ (tun (2, 7) = uo(x)) (um (2, 7) — uo(2)) L (z<pdadr (66)
—/ = lluoll (@) (Em(t) = [Juol| L2 (@) L r<iydr- (67)

Finally, choose a subsequence n;, [ € N, such that u,, — u in L*(0,T; L*(€2)). Then since we

also have that F,, — F in L*(0,T), we can replace n with n; and pass to the limit:
T
/ / (u(z, 7) = uo(x)) (um(z, 7) — uo(x)) L (r<pydadr
= [ (B ~ loll ) (B (8) = 201 ry
Similarly replacing m by n; and passing to the limit we get
T
/ / u(x, 7) — ug(x))(u(z, 7) — uo(x))Lir<pydadr
/ — lluollz2@) (E() — lJuol| 2 () ) Lr<ydr,
which can be rewritten as
¢ 2 ! 2
/0 | ulw,7) = o) Pdadr = /0 B(r) — lluol| 2oy |2l (68)
Differentiating this equality by ¢ and taking the square root of both sides shows that

[ul-; 1) = uoll L2y = [E(t) = [[uoll 2@ (69)

27



for almost all + € [0,7]. Recall that we have assumed that E(0) = |lug||r2(q) in terms of
Lebesgue points, thus

o1
lim E/o B(r) — |||l 2oy dr = 0. (70)

t—0t+
Hence, if we integrate equation (69) from 0 to an arbitrary but positive ¢, divide both sides by
t and take the limit as ¢ — 0"

1ot 1ot
lim */0 [u(-, 7) — uol|2(ydr = hfgﬁ ;/0 |E(7) — lluol|2(oyldT = 0. (71)

t—0+t ¢ t—

This shows that the initial condition (43) is satisfied in terms of Lebesgue points.

Remark 3.5. In the case when ug = 0, we need to modify (46) slightly, just like in Remark 2.4.
Just like before, all of the steps are mostly the same and we get the side condition directly from
the initial condition. This also shows that in this case there exist infinitely many very weak

solutions, provided that E is not identically 0.

Results and conclusions

In this thesis we have defined the weak and very weak solutions for the inverse heat
problem with an unknown source function f = f(z,t), subject to a nonlinear nonlocal condition
Jq lu(z,t)|*dz = E?(t) for all t € [0,T]. We then proved that in the case, when E is from the
space W12(0,T), there exists at least one weak solution while in the case when E is only from

L*(0,T), we proved the existence of at least one very weak solution.

28



References and sources

1]
2]

A. Ambrazevicius, A. Domarkas. Matematinés fizikos lygtys 2 dalis. Aldorija, 1999.

T. Belickas, K. Kaulakyte, G. Puriuskis. “Nonstationary heat equation with nonlinear
side condition.” In: Mathematical Modeling and Analysis 30 (1 2025), pages 109-119.

T. Buckmaster, V. Vicol. “Nonuniqueness of weak solutions to the Navier-Stokes equa-
tion.” In: Annals of Mathematics 189.1 (2019), pages 101-144.

J. R. Cannon. “The solution of the heat equation subject to the specification of energy.”
In: Quarterly of Applied Mathematics 21.2 (1963), pages 155-160.

J. R. Cannon. The One-Dimensional Heat Equation. Encyclopedia of Mathematics and
its Applications. Cambridge University Press, 1984.

L. C. Evans. Partial Differential Equations. 2nd. Volume 19. American Mathematical
Society, 2010.

L. C. Evans. Measure theory and fine properties of functions. 1st. CRC Press, 2015.

G. B. Folland. Real Analysis: Modern Techniques and Their Applications. John Wiley &
Sons, 1999.

G. P. Galdi, K. Pileckas, A. L. Silvestre. “On the unsteady Poiseuille flow in a pipe.” In:
Zeitschrift fiir angewandte Mathematik und Physik 58.6 (2007), pages 994-1007.

O. A. Ladyzhenskaya. The Boundary Value Problems of Mathematical Physics. Springer,
1985.

K. Pileckas. Navjé-Stokso lygciy matematiné teorija. MII, Vilnius, 2007.

K. Pileckas, R. Ciegis. “Existence of nonstationary Poiseuille-type solutions under min-
imal regularity assumptions.” In: Zeitschrift fiir angewandte Mathematik und Physik 71,
192 (2020).

29



	Summary
	Santrauka
	Introduction
	1 Notations and important results
	1.1 Function spaces and useful results
	1.2 Laplace operator eigenvalues and eigenfunctions

	2 Weak solution
	2.1 Definition of a weak solution
	2.2 Approximate solution
	2.3 Convergence

	3 Very weak solution
	3.1 Definition of a very weak solution
	3.2 Approximate solution
	3.3 Convergence

	Results and conclusions

