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Santrauka

Siame tyrime sukuriamas pagrindas, kuris sujungia M -matricy teorija ir Ceby3$ovo daugianarius
siekiant pagerinti baigtiniy skirtumy metody stabilumg ir tikslumg. Naudojame pagrindines M-
matricy savybes — invertuojamuma, neigiamus ne jstrizainés elementus ir jstrizaininj dominavima
— kad uztikrintume stabilig diskretizacija, kuri patikimai konverguoja. Ceby$ovo daugianariai padeda
pagerinti spektrinius aproksimavimus, sumaZinti osciliacijas ir paspartinti sprendiklius. Sis derinys
sprendzia stabilumo problemas esant staigiems gradientams ar blogai sglygotiems sistemoms. Anal-
izé ir eksperimentai rodo, kad metodas suteikia geresnes paklaidy ribas, mazesnj jautrumg tinklo
pasirinkimui ir didesnj efektyvumg. Bandymai su ribinémis sritimis ir aukstesniy dimensijy PDE
patvirtina Sio pagrindo praktine verte patikimam sudétingy reiskiniy modeliavimui, parodant, kaip
matricy algebros ir daugianariy metody sintezé pagerina skaitinius metodus.
keywords: M-matricos, Ceby$ovo daugianariai, Eliptinés lygtys, Kronekerio sandauga, Puasono lygtis



Abstract

This study develops a framework that combines A -matrix theory and Chebyshev polynomials
to improve the stability and accuracy of finite difference methods. We use key M-matrix traits in-
vertibility, non-positive off-diagonals, and diagonal dominance to ensure stable discretizations that
converge reliably. Chebyshev polynomials help improve spectral approximations, reduce oscillations,
and speed up solvers. This combined approach tackles stability issues in problems with steep gradi-
ents or ill-conditioned systems. Analysis and experiments show it delivers better error bounds, less
sensitivity to grid choice, and higher efficiency. Tests on boundary layers and high-dimensional PDEs
confirm the framework’s practical value for robustly simulating complex phenomena, demonstrating
how merging matrix algebra and polynomial techniques advances numerical methods.
keywords: M-matrices, Chebyshev polynomials, Elliptic Equations, Kronecker Product, Poisson Equa-
tion



Chapter 1
Introduction

Matrix theory and numerical approximation techniques are foundational to solving large-scale
systems arising in scientific computing, particularly for partial differential equations (PDEs). Among
these, M-matrices a class of matrices with non-positive off-diagonal entries and positive principal mi-
nors play a pivotal role due to their unique spectral properties and guarantees of stability in iterative
methods. Simultaneously, Chebyshev polynomials offer a powerful tool for accelerating iterative
solvers, leveraging their minimax properties to optimize convergence rates. This thesis bridges these
two domains, developing novel theoretical connections and computational frameworks that exploit
M-matrix structures through Chebyshev polynomial-based algorithms.

The interplay between M-matrices and Chebyshev polynomials remains underexplored despite
their complementary strengths: M-matrices ensure solvability and monotonicity in discretized PDE
systems, while Chebyshev polynomials provide near-optimal approximation for eigenvalue-based it-
erations. We address this gap by characterizing the spectral radius of M-matrix splittings to establish
convergence criteria, and designing Chebyshev-accelerated solvers that outperform classical meth-
ods in both speed and robustness. Our approach rigorously combines matrix analysis (e.g, Perron-
Frobenius theory) with polynomial approximation techniques, yielding algorithms with provable ef-
ficiency gains for sparse linear systems.

Relevance and Motivation: Solving large systems of linear equations efficiently is crucial in compu-
tational science and engineering, especially when simulating complex physical phenomena like heat
transfer, fluid flow, or structural mechanics using finite difference methods. These simulations often
generate large, sparse linear systems derived from discretizing Partial Differential Equations (PDEs),
particularly elliptic PDEs which model steady-state or equilibrium behaviors. Solving these systems
can be computationally very expensive, demanding significant time and resources. Developing faster,
more robust iterative solvers and preconditioners is therefore a critical ongoing challenge to enable
larger, more complex, and more accurate simulations.

Research Problems and Objectives: While M-matrices frequently arise naturally in these finite dif-
ference discretizations (especially for elliptic PDEs) and possess beneficial inherent properties, and
while Chebyshev polynomials are renowned for their ability to accelerate iterative methods based on
spectral bounds, the deep theoretical connections and optimal synergy between these two concepts

specifically within this context are not always fully exploited or clearly articulated. The core problems



this thesis addresses are: How can the specific spectral properties of M-matrices be leveraged most
effectively? How can Chebyshev polynomials, uniquely defined for matrices with known eigenvalue
bounds, be optimally constructed and applied to M-matrices? How does this combination translate
concretely into improved numerical methods for practical finite difference schemes? The primary
objectives are: To rigorously explore the theoretical links between M-matrix properties and the de-
sign/behavior of Chebyshev polynomials for iterative methods. To develop and analyze efficient iter-
ative solvers and preconditioners based on this M-matrix/Chebyshev combination. To demonstrate
how these methods significantly accelerate convergence and reduce computational cost for elliptic
PDEs solved via finite differences. To provide practical insights into enhancing the stability and effi-
ciency of these critical computations.

Brief Description of Methodology: This research employed a blend of theoretical analysis and numer-
ical experimentation. Key M-matrix properties (like inverse positivity and eigenvalue location) were
reviewed and utilized to establish reliable spectral bounds. The theory behind Chebyshev polynomi-
als of matrices was investigated, focusing on their construction, uniqueness, and optimal minimiza-
tion properties given known eigenvalue intervals typical of M-matrices. Based on this foundation,
novel iterative schemes and preconditioning strategies were designed specifically leveraging the syn-
ergy between M-matrix structure and Chebyshev approximation. The performance and convergence
characteristics of these methods were then rigorously tested using benchmark elliptic PDE problems
discretized with finite differences.

Summary of Key Results: This work has established a clear theoretical framework connecting the
spectral properties of M-matrices with the construction and effectiveness of Chebyshev polynomials
for iterative solvers. Efficient algorithms have been developed that combine these concepts, resulting
in significantly accelerated convergence rates compared to standard methods. The resulting solvers
and preconditioners have demonstrated a substantial reduction in computational cost (in terms of
iteration count and time) for solving large sparse systems from finite difference discretizations of
elliptic PDEs. Furthermore, the methods have shown improved stability characteristics in practical
computations.Numerical methods for solving partial differential equations (PDEs) rely heavily on ro-
bust mathematical tools to balance accuracy, stability, and computational efficiency. Among these
tools, and Chebyshev polynomials play pivotal roles in addressing challenges inherent to finite differ-
ence schemes. M-matrices a class of invertible matrices with non-positive off-diagonal entries and
non-negative inverse are foundational in ensuring numerical stability, particularly for discretized ellip-
tic PDEs, as their properties guarantee solutions remain physically meaningful and converge reliably.
Complementing this, Chebyshev polynomials, renowned for their minimal oscillation and optimal ap-
proximation properties on interval boundaries, excel in mitigating errors like Runge’s phenomenon
and accelerating iterative solvers through spectral techniques. When integrated into finite difference
frameworks, these polynomials enhance grid resolution near critical regions (boundary layers) and
optimize preconditioners for large linear systems. Together, M-matrices and Chebyshev polynomials
form a synergistic toolkit, enabling high-precision simulations in fields ranging from fluid dynamics
to materials science. This interplay underscores their enduring relevance in modern computational

science, where demands for scalable, stable, and efficient algorithms continue to grow alongside in-



creasingly complex Multiphysics problems.

In Section 3, we discuss about mathematical background in which we study about basic of Matri-
ces, M-matrices, Chebyshev polynomials and kronecker product. In Section 4, we discuss about dis-
cretization of elliptic equations using finite difference with nonlocal boundary conditions. In Section
5, we discuss about generalized finite difference solution for the 2D poisson equation, Inversion of
Block tridiagonal matrices using chebyshev polynomials, inversion of block tridiagonal matrices using
kronecker product and eigenvalue decomposition and applications of M-matrices. In Section 6, we
discuss about conclusions and results.



Chapter 2
Literature Review

Reliable numerical methods for PDEs require balancing accuracy, stability, and speed. M-
matrices (invertible matrices with non-positive off-diagonals and non-negative inverses) ensure sta-
bility for discretized elliptic PDEs, guaranteeing meaningful, convergent solutions. Chebyshev poly-
nomials provide excellent approximation near boundaries and help avoid errors like the Runge
phenomenon while accelerating solvers. While combining M-matrices and Chebyshev polynomials
within finite difference methods has been explored, their full synergy and benefits are not fully de-
veloped. This research builds on existing work by rigorously linking M-matrix spectral properties to
optimal Chebyshev polynomials for faster solvers, aiming to significantly boost convergence and ef-
ficiency for large sparse PDE systems.

Numerous studies have addressed the numerical treatment of elliptic partial differential equations
(PDEs) and their boundary conditions. Forsythe-Wasow[11] employed the finite element method
(FEM) to solve boundary value problems with diverse boundary conditions, demonstrating that dis-
cretization reduces such problems to linear algebraic systems. Similarly, Larson and Bengzon [23] de-
veloped finite element approaches for 2D PDEs, emphasizing variational formulations and piecewise
linear approximations. Karakashian and Pascal [20] advanced this field by introducing residual-based
error estimators for discontinuous Galerkin methods applied to elliptic problems with mixed Dirichlet-
Neumann boundary conditions, ensuring adaptive refinement achieved target error bounds. Mitchell
[29] contributed parametrized 2D elliptic test problems to benchmark adaptive grid refinement al-
gorithms, incorporating singularities and other computational challenges. Hayek and Ackerer [16]
validated numerical methods through synthetic cases, such as central inclusion problems, success-
fully reconstructing interface geometries. In the context of nonlocal boundary conditions (NBCs),
Saharian et al. [37] analyzed vacuum expectation values for scalar fields under NBCs on geometric
configurations like parallel plates. D’Elia and Yu [8] and Scott and Du [39] independently proposed
techniques to convert local boundary conditions into nonlocal volume constraints for Poisson and
peridynamic models, leveraging local solutions to approximate nonlocal data. Zorumski et al. [48]
formulated NBCs for acoustic wave propagation in ducts, implementing constant matrix operators
at computational boundaries. Nonlocal boundary conditions often involve integro-differential equa-
tions with position-dependent kernels, which vanish at boundaries to ensure consistency with classi-

cal local conditions in the vanishing horizon limit (Anonymous, n.d.). These methods face challenges



in preserving structural matrix properties during discretization. For instance, Varga [44] established
foundational M-matrix theory, highlighting its role in solving sparse linear systems iteratively. Grassi
and Marino [14] extended M-theory matrix models to include non-perturbative corrections beyond
the 't Hooft expansion. Chebyshev polynomials have been widely applied in numerical methods
across various studies. Horner [18] utilized these polynomials to derive accurate numerical solu-
tions for ordinary and partial differential equations, while also generalizing formulae for computing
function and derivative values. Building on these foundations, Hu and Ji [15] later proposed an adap-
tive spatial partitioning method near asteroids using spherical coordinates, employing Chebyshev
polynomial interpolation to model gravitational acceleration within subdivided regions. Subsequent
work by Oboyi et al. [10] presented a modified rational interpolation approach for solving initial value
problems, validating its efficacy through three numerical test cases. In more recent developments,
Hubert and Singer [6] introduced a deterministic algorithm to reconstruct functions composed of
linear combinations of up to *r* Chebyshev polynomials, requiring only *r* and a bounded number
of function evaluations. The authors subsequently expanded this work (Hubert and Singer, 2021)
by creating a sparse interpolation algorithm for similar Chebyshev-based function representations,
further optimizing evaluation requirements. In studies of Chebyshev-based numerical methods, re-
searchers highlighted distinct advantages and limitations. Lovetskiy et al. [25] implemented a spec-
tral collocation method for solving two-point boundary value problems for second-order differential
equations by representing solutions as expansions in Chebyshev polynomials. Similarly, Mead and
Renaut [27] found that while the Chebyshev pseudospectral method provided spectral accuracy for
integrating partial differential equations with spatial derivatives of order nn, it required time steps
approximately proportional to N — 2 where NN represented the number of spatial modes. Huang
et al.[17] demonstrated computational efficiency improvements, showing that Chebyshev segmen-
tation required fewer points than average segmentation to achieve equivalent accuracy, thereby re-
ducing computational demands. Meanwhile, Zakharov and Zimin [47] noted that the Chebyshev
iterative method was optimal in convergence rate for systems with self-adjoint and positive-definite
matrices, though its applicability depended on prior knowledge of the matrix spectrum boundaries.
Collectively, these studies underscored the trade-offs between accuracy, efficiency, and practical con-
straints in Chebyshev-based approaches.

Spectral analysis of discretized systems has also garnered attention. Lim et al. [24] sur-
veyed spectral theories for nonnegative tensors, addressing eigenvalue problems and applications
in Markov chains and quantum entanglement. Kwok et al.[22] demonstrated that gradient descent
algorithms achieve linear convergence for matrices with spectral gaps, while Mazko [26] developed
matrix-based methods for stability analysis in dynamic systems. Roach et al. [36] reviewed matrix
techniques for molecular spectral data, emphasizing steady-state and dynamic measurements. In
thermal and electromagnetic applications, Xu [46] conducted a comprehensive review of finite vol-
ume (FVM) and finite difference (FDM) methods for analyzing axial flux permanent magnet (AFPM)
machines, detailing their advantages and limitations. Poljak et al. [33],[34] applied FDM and FEM to
model magnetohydrodynamics (MHD) in fusion research and quantum nanostructures. Geiser (2009)

introduced a second-order operator-splitting method for convection-reaction equations, combining
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analytical and numerical solutions for improved accuracy. Shi et al. [40]compared six discretization
methods for electrolyte diffusion, evaluating their temporal and frequency-domain precision. Kor-
man and Schmidt [21] simplified the Dirichlet problem by reducing the number of particles in the
solution to three, streamlining computational efforts. Earlier foundational work by Varga [43] intro-
duced matrix methods for parabolic partial differential equations (PPDEs), where acceleration param-
eters were rigorously estimated and solutions to elliptic difference equations were derived. Building
on these frameworks, Assanova [1] proposed a novel approach to nonlocal problems involving inte-
gral conditions, addressing challenges in boundary value analysis. Similarly, Pereira and Rossi [31]
investigated nonlocal problems within perforated domains, focusing on equations with non-singular
kernels to generalize applicability across discontinuous media. Collectively, these studies advanced
methodologies for solving differential equations, emphasizing efficiency and adaptability to complex
geometries.

Despite these advances, gaps persist in analyzing how nonlocal boundary conditions affect M-
matrix properties and spectral behavior. Earlier works, such as Taylor [42] and Bigatti and Susskind
[5], explored matrix models in theoretical physics but did not address numerical PDE contexts. This
review underscores the need for frameworks that preserve M-matrix structures under NBCs while

enabling robust spectral analysis a gap addressed in the present work.
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Chapter 3
Mathematical Background

This chapter introduces the foundational mathematical concepts necessary for analyzing M-
matrices in the context of two-dimensional elliptic partial differential equations (PDEs) with nonlocal
boundary conditions. We review elliptic PDEs, nonlocal boundary conditions, discretization methods,

and the properties of M-matrices relevant to spectral and numerical analysis.

3.0.1 Matrices

This thesis begins by introducing the essential matrix theory concepts and results relevant to
our analysis. Let C* denote the set of complex numbers whose real parts are strictly positive, that
is CT := {z € C | Re(z) > 0. A complex matrix of size n x m is denoted by A = (a;;), where each
entry a;; € C. If all elements of A are real, then A € R"*"™. Column vectors are written in the form
V= (vy,...,0,) € R =R".

An identity matrix is a square matrix where all diagonal elements are 1 and all off-diagonal elements
are 0. Itis denoted by I. A zero matrix is a matrix in which all the elements are zero. Itis denoted as O.
Apart from the standard matrix multiplication AB = (Z;n:l CMjbjl) € C™* where A € C"*™ and
B € C™**, the Kronecker product will also be utilized as a block matrix A®B = (a;; B) € Crnzxmimz,
where A € C™>*™ and B € C™2*™2, A transformation that turns a matrix into a vector is called
vectorization. The vectorization process for a matrix A is defined as: V.= (V4,..., Vi)' = vec(A) :=
(@115 A1, Q12,5 oy Ay e ooy Qg - - - s anm)T, where k = nm. The set of all eigenvalues A, ..., \,
of a matrix A € C™*™ is known as the spectrum, denoted as o(A) The spectral radius of A is defined

as p(A) := max,—1,_, |A\;|. The norms used for vectors and matrices are as follows:

*\\1/2
Al = (p(AA) 2, [Al = max 3" ay.

n 1/2
V|2 = (Z |vi|2> y MVl = max o,
Py 1=1,....n

12



A square matrix A € C"*" is said to be irreducible if there does not exist a permutation matrix P such

that
A A
pAP 1= " ?,
0 A;

where the square matrices A; and Az are non-trivial. A matrix A € C"*" is said to be diagonally

dominant (also known as weak diagonal dominance) if:

|a”‘| Z a;, g; = Z |6Lij|, Vz
J#i
If the inequality is strict (i.e., |a;| > o; for all ¢), the matrix is called strictly diagonally dominant.
Additionally, if A is irreducible and there exists at least one index & for which |axx| > oy, then A'is
referred to as irreducibly diagonally dominant.

3.0.1.1 Theorem ([13]). The set D contains all of the eigenvalues of A € C"*", which means that
o(A) C D.

Furthermore, the Gershgorin disks connected to A" also include the eigenvalues of A.
Nonnegative matrices. The Perron—Frobenius theorem in matrix theory states that a real square
matrix with positive entries has a singular eigenvalue of highest magnitude and that eigenvalue is
real. It was demonstrated by O. Perron [32] and G. Frobenius [12].

If 0 < A < B, then p(A) < p(B) holds true. Furthermore, if A # B and B is irreducible, then
the inequality is strict. The spectral radius of A is less than the spectral radius of B.

3.0.1.2 Theorem ([45, Theorem 2.7],[2, Theorem 4.11],[3, Theorem 2.1.4]). Let0 < A € R"*" be an
irreducible matrix. Then the following properties hold:

(i) The matrix A possesses a positive real eigenvalue 1, that coincides with its spectral radius p(A).
(ii) A corresponding positive eigenvector V. > 0 is linked to r,.
(iii) The value of r rises whenever any entry of A is increased.

(iv) The simple eigenvalue of A is 7.

All other eigenvalues, which may be complex, have absolute values that are strictly less than
ra for a positive matrix (A > 0). ra is the Perron-Frobenius eigenvalue in this instance.
Linear systems. A system of linear equations is produced when different differential equations are
subjected to the linear discretization procedure. The discretized differential equation at interior
nodes is represented by the first set of equations, while the solution values at boundary points are
defined by the remaining equations.These equations can be expressed as follows in matrix-vector
notation:
L"u" = ", (3.1)

u’ f A" A
u" = ( b) . F= (fb> L= (0 | ) e ROvrm)x(nm), (3.2)
u m

13



where A’ € R™*" AY € R™*™ u’ f ¢ R™,u’ f* € R™, m,n > 0. From (1), the linear system for the
interior nodes can be formulated as follows:

Alu’ = f — A (3.3)

14



3.1 M -matrices:

The idea of M -matrix was first presented by A. Ostrowski [30] in connection with the research
of Herman Minkowski [28]. In this thesis, H. Minkowski established that for a matrix A € R"*",
given the conditions a;; < 0 for ¢ # j, and the sum Z?Zl a;; > 0fori = 1,...,n, the inequality
det(A) > 0 is valid. The second condition is known as the strict diagonal dominance condition.
Ostrowski employed a less stringent condition a;; < 0 fori # j. We shall now define specific classes

of matrices and outline their fundamental characteristics.

3.1.0.1 Definition (Z-matrix). A matrix A € R™"*™ is designated as a Z-matrix if it fulfills the subse-

quent criterion: a;; <0, 7 # J.
Square Z-matrices are represented by: Z,, := {A € R"*" : q;; < 0,7 # j}.

3.1.0.2 Definition (Monotone Matrices). If A € R™ " is nonsingular and A~ > 0, it is referred to as

a monotone matrix.

If two matrices A; and A, are both monotone, then their product A;A, is also a monotone

matrix. Furthermore, if A; < A, then their inverses satisfy the inequality: 0 < A2_1 < Al_l.

3.1.0.3 Lemma (Equivalent defination of a monotone matrix [2, Lemm 6.1]). A matrix A € R™*" js

monotone if and only if for any vector v € R", the condition Av > 0 ensures that v > 0.

3.1.0.4 Corollary. Consider the monotone matrix A € R"*™. [f the inequality Av < Aw applies for

two vectorsv,w € R", thenv < w.

Take into account matrices A, M, N that are part of the space of real n x n matrices. If the
matrix M is not singular and the matrix R := M~'N > 0, then the decomposition A = M — N must
be a nonnegative splitting. To be considered a convergent splitting, the nonnegative splitting must
meet the condition p(R) < 1.

3.1.0.5 Theorem ([2, Theorem 6.16]). The following statements are equivalent if the splitting A =
M — N is nonnegative and the spectral radius of the matrix R is provided by p(R).

(i) A convergent splitting is formed by p(R) < 1, which indicates that A = M — N.
(ii) 1 — R is a monotone matrix.

(iii) A is nonsingular matrix, and we define the matrix Q = A~'N, which is greater than or equal to

Zero.

(iv) A is nonsingular and the spectral radius of R satisfies: p(R) = p(Q)/(1 + p(Q)), where Q =
A-!N.

3.1.0.6 Definition ()/-matrices). A matrix A € R"*" is designated as a M-matrix if it fulfills the

subsequent criteria:
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(i) Every off-diagonal elements are non-positive, which means that for ¢ # 7, a;; < 0.
(i) Matrix A is nonsingular, and its inverse A~! is non-negative.

3.1.0.7 Definition (Stieltjes matrices). Stieltjes matrices are A-matrices that are symmetric and pos-
itive definite.

In addition, according to [45, Corollary 3.24]. the irreducibility of Stieltjes matrix A is strictly
defined as the condition A=! > 0. More than fifty definitions of the M -matrix are equivalent. But
we’ll narrow our definitional focus to the ones that are most applicable to our issue here in order to

do our research.

3.1.0.8 Lemma. [35, Theorem 2.1] If A is a matrix in Z,, and a;; > 0 forall: = 1,...,n, then the

statement “"Matrix A is an M-matrix” can be expressed as any of the following:
(i) Matrix A has monotone behavior, i.e A~! exists and A~* > 0.
(ii) All significant minors of matrix A are nonnegative.
(iii) A = sl — B, where B is a nonnegative matrix and s > p(B);
(iv) Re A(A) > 0, where \(A)is the eigenvalue of the matrix A.
(v) The vectorv € R", v > (0, such that Av > 0, is a (majorizing) vector.

We are only able to include leading principal minors in statement (ii). A + D is an M-matrix for all

nonnegative diagonal matrices D if A is a M-matrix.

3.1.0.9 Example (2x2 M -matrices). A matrix A belongs to the set of real numbers and has dimensions

of 2 x 2 is an M-matrix if and only if ay1,as9 > 0, ay2,a21 < 0, detA > 0 (see (ii)). In accordance

with (iii), a matrix A = | — B is an M-matrix is defined by the condition that p(B) < 1.
3.1.0.10 Lemma. Let D € R**% |fD > 0, |detD| < 1,trD < 1 + detD, then A = | — D is an
M-matrix.

Proof. The characteristic equation A2 —tr DA+det D = 0. is satisfied by the eigenvalues of the matrix
D. If the coefficients of a real polynomial A? + b\ + c of the second order fulfill the two inequalities
lc] < 1and |b] < ¢+ 1, then, according to the famous Hurwitz criterion [41], both roots of the
polynomial will lie inside the unit circle.It implies that trD > 0 since D > 0. [

3.1.0.11 Corollary. [2, Lemma 6.2] Consider A € R™*™ be a legitimate Minkowski matrix. Then, A is

classified as an M-matrix.

3.1.0.12 Corollary. [45, Corollary 3.20],[2, Theorem 4.9] Consider A € R™*" as an irreducibly diago-
nally dominant Minkowski matrix, where a;; > 0 foreacht = 1,...,n. Consequently, A qualifies as
a M-matrix, and it follows that A~' > 0.

16



Let us consider a two-by-two block matrix

E F
M = <G H) , (3.4)

EcR™ FeR™ GecR™ HecR™™, 0<n,m,

where

if the block matrices satisfy F < 0, G < 0 and if H is nonsingular, then the Schur complement of H in

M is given by:
S=E-FH'G

According to [28], If M is an M matrix, then both the matrices E and H are M -matrices.

From the decomposition of matrix M,

SR I [
(e 66T

B s —ST'FH!
—H'GS™! H!4+HIGS 'FH?

It follows that if M is a M -matrix, then Sis also a M-matrix. If G = 0, it follows that M is classified as

a reducible matrix. In this scenario, M qualifies as a M -matrix if and only if both E and H are classified

we obtain the inverse:

as M-matrices. If, H = I, then M takes on the structure outlined in (2).
3.1.0.13 Definition (Elliptic Partial Differential Equations in 2D). A second-order linear PDE in two

dimensions has the general form:

2 2 2

0“u u u
Lu=— <a(fv, Y) g + 20, y)ax—ay + C(fc,y)a—y2> + (lower order terms) = f(z, y)

The equation is said to be elliptic at a point (x, y) if the discriminant condition holds:

ac—b> >0

The most common elliptic PDE is the Poisson equation:

—Au = f(z,y), inQ C R?

3.1.0.14 Definition (Local boundary conditios). Local boundary conditions apply pointwise on the

domain boundary 0€2:

17



1. Dirichlet Condition: u(x,y) = g(z,y), (x,y) € 00

2. Neumann Condition: 5
U
e = h s
an(fv,y) (z,9)
3. Robin Condition:

ou
au+ p— =r(x,
by, =@y
3.1.0.15 Definition (Nonlocal Boundary Conditions). Nonlocal boundary conditions (NBCs) involve
integral relations over the boundary or entire domain. For example:
1. Boundary Integral Condition:

u(z,y) = K((z,y), (s,t))u(s,t)ds dt
o0

2. Domain Integral Condition:

O 0,) = / p((.y). (€.n))ul€.n)dé dn

These conditions are useful in modeling long-range interactions and arise naturally in fractional

diffusion, population dynamics, and materials with memory.
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3.2 Chebyshev polynomials

3.2.0.1 Definition (Chebyshev polynomials). The Chebyshev polynomials consist of two sequences
of polynomial functions, indicated by P,(z) and Q,,(z), which are intimately connected with trigono-
metric functions, especially sine and cosine. These polynomials can be defined through various equiv-
alent approaches, one of which involves trigonometric identities. The Chebyshev polynomials of the
first kind, represented by P,, are defined as P,(cos ¢) = cos(n¢). Similarly, the Chebyshev poly-
nomials of the second kind denoted by @,,, are given by Q,,(cos ¢)sin¢ = sin((n + 1)¢). At first
glance, these expressions may not appear to be polynomial functions in cos ¢, but this becomes evi-
dent by applying trigonometric identities such as de Moivre’s formula or the angle addition formulas
repeatedly.
For instance, using the double-angle identities:

Py(cos ¢) = cos(2¢) = 2cos* ¢ — 1

()1(cos ¢) sin ¢ = sin(2¢) = 2 cos ¢ sin ¢

These demonstrate that:
Py(2) =222 —1, and Q(z) =2z

confirming that they are indeed polynomials in z = cos ¢.
A key and useful characteristic of the Chebyshev polynomials P, (z) is their orthogonality under

a specific inner product, defined as

(f.9) =/1 UGFIOPS
’ -1 V 1-— 22
In contrast, the polynomials ),,(z) are orthogonal with respect to a different, but similar, inner prod-
uct. The Chebyshev polynomials P, also have the notable property of having the greatest possible
leading coefficient among all polynomials that remain within the range of [—1, 1] on the interval

IH

[—1, 1]. This makes them “extremal” polynomials in various contexts.

3.2.0.2 Definition (Recurrence definition). The Chebyshev polynomials of the first kind can be de-
fined recursively using the relation Py(z) =1, Pi(2) =2, Pu11(2) = 22P,(2) — P,—1(2). This
recurrence also makes it possible to express Py (z) as the determinant of a tridiagonal matrix of size
k x k:

22 -1 0 --- 0
-1 22z -1
Pe(z)=det| 0 -1 2z "-. 0
—1
| 0 0 -1 2z]
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Additionally, the ordinary generating function for P,(z) is given by:

> 1 -1tz
P () = — %
nz; A =

Beyond the standard generating function, there are several other forms related to Chebyshev

polynomials. The exponential generating function is given by:

P”(Z‘)tn = % (et(zfv -1 4 et(erVzQ*l)) = ¢'* cosh (t\/z2 — 1)
n!

n=0

Another important generating function, particularly useful in two-dimensional potential theory

and multipole expansions, is:

> ()

n=1

The second-kind Chebyshev polynomials, represented by ),,(z), obey the recurrence relation.:

Qo(z) =1, Qui(z) =2z, @ni1(2) =22Qn(2) — Qn-1(2)

This relation is almost identical to that of the first kind, except that P, (z) = z while Q1 (z) = 2z.
For ),.(2), the standard generating function is:

> 1
n t" =
;Q(z) 1— 26z + 12

The generating function for exponential growth is provided by:

i % — et? <cosh (tﬁ) + \/% sinh (t\/ﬁ))
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3.3 Kronecker Product

3.3.0.1 Definition. (Kronecker Product) Let X be an r x s matrix, and Y be at x u matrix. Then the

Kronecker product X ® Y is defined as the (rt) x (su) block matrix:

1Y xpY oo 1Y
XY — xle ZEQQY cee IQSY c thxsu
[EHY erY T $rsY

Fundamental Properties of the Kronecker Product:

1. Associative Property:
(LeM)@N=L® (M®N)

2. Product Rule:

(L&M)(N®S) = (LN) ® (MS) (if dimensions are compatible)

3. Transpose and Conjugate Transpose:

LM’ =L"oMm”"
(L@ M) =L"®@ M*

4. Inverse of Kronecker Product:

LeM) ' =L®M ! (ifLand Mare invertible)

5. Trace and Determinant:

tr(L® M) = tr(L) - tr(M)
det(L® M) = det(L)" - det(M)" (forL € R™" M € R*?)

6. Eigenvalues and Eigenvectors:

* If o; are eigenvalues of Land j3; are eigenvalues of M, then «;3; are eigenvalues of L& M

* The associated eigenvectors are |; ® m;, where |; and m; are eigenvectors of L and M,

respectively

7. Kronecker Sum (for Square Matrices):

LEM=L®IL+1,®M (whereL € R™" .M e R
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Chapter 4

Discretization of elliptic equations using finite

differences with nonlocal boundary terms

The finite-difference method (FDM) is employed to approximate solutions of elliptic boundary
value problems. Consider the rectangular domain defined as 2 = [0,p] x [0, ¢]. A uniform grid w*
is defined with steps k, = p/S and k, = ¢q/T, where S,T € Nand 0 < S, 7. Let k? be defined as
k.k,. The grid is characterized as follows:

w{lz:{xy,;xrzr.km’r‘ejx}, Tx:{T’ZT:O,...,S}

w];:{ys:yszs.ky,sefy}, I,={s:s=0,...,T}
Qk:wk:w’;xw’;:{xm:(xr,ys) : (r,s) € T}, T:mefy

We will denote the grid functions U : w* — R as U,, = U(z,s).
We list K = (S + 1)(T + 1) grid " nodes.

Toog < ...<ZTops < T <...<ZTgs1<...<ZxgT,

i.e., we can use vector of nodes (71, ...,Tx) = vec(z,s : (r,s) € Z) numbered with a single
index.

Grid w* = w’;;, Z =TI, k = k, will be used for one-dimensional problems in Q = [0, p]. The
natural order of the nodes is zp < 1 < ... < zg, (Z1,...,%s+1)= (%9, ...,Ts). One-dimensional
grid is two-dimensional grid in the case 0 < S, T = 0, Z, = {0}. In this case z, = 2,0, 7 = 0,..., S
and U, = U,y, r € Z, for grid functions. We will use spatial variable u € [0,p] for Sturm—Liouville
Problems and one-dimensional grid w* := {u, :u, =r-k,r € Z, =L, }, k = p/S.

We will list the subgrid nodes in the same order as in @* if subgrid w C @w”. However, we will skip the
nodes that don’t belong to w: (Z1,...,Tx) = vec,(z,s : s € w), where k = |w| is the number of

nodes in the w subgrid.

The subgrids for inner and boundary nodes in this thesis are denoted by w, dw, and @, respec-
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tively. Please take note that @ might not equal @*. The two-dimensional subgrid w = &* # @*,

where inner nodes are w = w*, boundary nodes are dw = dw*, and

W=z, i, =r - kyreL}, Lo={r:r=1,...,5 1}
w’;::{yszyszs-ky,sely}, Z,={s:s=1,....,T —1};
k

W' =wh xwh = {a,s = (x,y5) 1 (r,s) €I}, I:=1I, x Iy
@* =w"\ {woo, x50, Tor, Tsr};  Ow* ="\ T
When two disjoint linearly ordered sets are added together, the notation W = w + Jw is used.

Regarding grid functionalities, The vector U = (U, Ub)T is constructed using U : w — R:
U = (Uj,..., U :=vec(Ups : 7,5 €EW), n=|wl;

U= (Ub,..., U )" == vec(Uys : 7,5 € Ow), m =|0w|.

For the grid functions U : w® — R (U : w* — R), we will make use of the grid operators &>

and 0. In the case of the one-dimensional scenario, §* = 02,

Urfl,s - 2Urs + Ur+1,s
k2

Ur,sfl - 2Urs + Ur,erl k
12 , Tpg €W
Y

5§Urs = 5 5§Urs =
We will now show and briefly discuss a relatively basic example illustrating the function of M-
matrices in solving boundary value issues for elliptic equations via the finite-difference approach.

Take into account the differential problem:

’u  0%*u
_@_@:f(‘ray)a ((L’,y) EQ: (31)
ulog = g(z,y), (r,y) € 09, (3.2)

and the corresponding FDS on the grid 0" = w + Ow, w = W* x wW*, dw = Jw*:

_(ﬁUrs - 5§Urs = FT87 Trs € W, (33)

UfrO — GTO? UrS - GrS7 T, € ngfa UOs - G057 USS - GSS7 Ys € w];' (34)

FDS (3.3)—(3.4) can be expressed as (2.1)—(2.2).

LhUh — Fh, Uh — <U1> ’ Fh — (FZ> ’
Ub Fb
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7 b
Lh — (AO IA ) c R(n+m)><(n+m)7

where n = |[Wk| = (S — 1)(T — 1), m = |0w*| = 2(S +T) — 4, A" € R™™", AP ¢ R™™,
U, F = vec(F,, : 7., € w) € R", U’ F° = vec(G,, : 7, € Ow) € R™.

A' is a block tridiagonal matrix for the FDS (3.3)—(3.4) .

Ay k71
, k21 A
A= 0 ) (3.5)
—k,°1
—kgzl AO
where the identity matrix is | € R(S=D*(5=1) and A, € RE-Dx(S-1),
2k, ? + 2k, —k2
—k 2 2k -2 + 2k 2
AO — T T + Yy
. —]{j_Q
k% 2k;% 4 2k
0
—k,21 =k
1-2) 0 0
Ab — T 7 ] = . . c R(S—I)XQ
' 0
-2 -2
—k;7) =k, )
For inner nodes (2.3), the linear system can be expressed as
AU =F, F=F —AP, (3.6)
where F € R", A’ € R™*",
Let us enumerate the essential characteristics of matrix A’.:
1. Matrix A is characterized as a block tridiagonal irreducible matrix.;
2. The Matrix A’ is symmetric and positively defined.
3. The diagonal elements a;; = 2k, + 2k, of matrix A’ are positive.;
J1=1,...,n, j #1) of matrix A’ are non-positive,

4. non-diagonal elements (;
-2
Y

72 _ e
ajy = —k; % ora; =—k, % ora;; =0;

5. all eigenvalues of A’ are positive:

™

2 2(T —2 i 2
)\,524(1% sin <§er>—|—ky sin (2

ky3)>, r=1,...,5-1,s=1,...,T — 1,
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6. As the basis of the vector space R”, the collection of eigenvectors of matrix A’ is orthonormal.

The above properties of matrix A’ provide sufficient information to draw the following conclusion:
A’ qualifies as a M -matrix, specifically a Stieltjes matrix. It is important to note that the matrix L” is
also classified as a M -matrix.

In order to finalize the methodological discussion, we revisit the issue outlined in (3.1)—(3.2),
substituting the boundary condition u|sq = g at one side of the rectangle €2 with a nonlocal condition.

Specifically, we replace condition (3.2) with the following:

u(ﬂf,O) = gl(x>7 u(x,l) = 93(56)7 LS [071]7 u(17y> = 92(y)7 Y€ [071]7 (3.7)

1
u(0,y) =4 / w(wy) de + gily), y € (01), (3.8)

where v > 0 represents a specified constant. When v = 0, the problem defined by equations
(3.1) and (3.8)—(3.7) aligns with the problem represented by equations (3.1)—(3.2). The integral con-
dition (3.8) is representative of the current research focus on problems involving nonlocal conditions
[41[71(9].

Condition (3.8) is approximated using the trapezoid rule

Ups <2 U
. 0s Ss k
UOs - ’chc ( 9 + TZI Urs + 2 > + GOsa Ys € OJy, (39)
we obtain problem (3.3), (3.9) and
UTO = Gr07 UTS = Gr57 Ty € w];, USs - GSsa Ys € wl;’ (310)

In place of the earlier difference problem (3.3)—(3.4). We will utilize three types of block matrices
B', B" € R™*" and B’ € R™*" to describe the boundary conditions (3.9)—(3.10):

B) By
By By

k b
BS 1 BS—l

k b
BS BS

in such case k = r, n. Our next step is to convert these boundary conditions to a matrix form:

U’ =B'W’ +BU +F, B">0,B >0, (3.11)

where B} = B% = B) =B, =0 € RS-Ux(5-D (1 —BY)~1 = (1—-BY) "' =1,

Bb — (71%/2 %/2) B — (vkm ’%) c R2X(5-1)
s 0 0 e e 0 '
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_ 1 1 vk /2
1-B) 1=~ Cs=1,....9-1.
L= ke/2\0 1 —~ky/2

Problem (3.3) and equations (3.11)—(3.12) can be reformulated as:

AU + AU = F, (3.12)
AU+ APYP = Fb (3.13)
and we have the block matrix
Al AY . 4
L= (Abi Abb) , A< 0,A"=_B <0 A" =1-B°, (3.14)

of the form (2.4), A’ is an M -matrix.
The next lemma is true based on block matrix properties (2.4).

4.0.0.1 Lemma. Let L" be given with the block structure (3.14). IfL" is an M-matrix then A’, A and
the Schur complement S = A? — A°(A”) LAY of the block A® of the matrix L" are M-matrices.

It is essential to identify the conditions under which S qualifies as a M-matrix, noting that L”
may not necessarily meet the criteria of a M/ -matrix in this scenario.
Equation (3.13), if A® is a M -matrix, is equal to

AU U =F, AT = (A)TIAY <0, PP = (AY)TIF (3.15)
For boundary conditions (3.11)-(3.12) [19]: A" is an M-matrix when 0 < vk, < 2, A" = —B",
where
BY — Y v GRQX(S—l), s=1,...,8-1, 7= i — > 0.
0 --- 0 -3

For inner nodes, the equation is

AU = F:=F — A’F®, F° = (A%)"'F". (3.16)

We have regular splitting A = AP — C, where C = A*(A®)~1A% > (), From the system (3.16),
we may determine vector U, if A is nonsingular (for example, A, is a M-matrix). Then employing
formula (3.15) we obtain

U'=F —A"U", A":= (A")'A".

4.0.0.2 Remark. If A% = 0 and A”” = |, then C = 0. In this case linear equation (3.16) becomes
(3.6).

In the case problem (3.3), (3.9)—(3.10) matrix

C =diag(F,..., E), (3.21)
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where

A
E:k;Q 00 -0 c R(S-Dx(S-1).
00 --- 0

For the finite-difference problem (3.3), (3.9)—(3.10), matrix A will have the same structure as matrix
A’ (see (3.5)), but matrix Ay needs to be substituted with A, = A, —E[19], [38]:

A, kA
Al — —k21 A,
' —k,2

k2l A,

(2 =Nk 2+ 2k,2 —(14+A)k,? —Ak;? e Ak

—k,2 2k, ? +2k,2  —k.?
AW = . "\ .

—k? 2kP 42k =k

—k? 2k, ? + 2k,

For the classical boundary conditions, we have A, = A;,C =0, and A = Al

The reconfiguration of systems (3.3) and (3.9)—(3.10) indicates that analyzing this system with
the nonlocal condition (3.9) necessitates just the examination of systems (3.10)—(3.13) under the
Dirichlet condition.

Inthe eventthat 0 <7 < 1+ 252—_1, hence 0 < 7 < (S — 1)~L. Therefore, the matrix A has
nondiagonal entries that are nonpositive and diagonal elements that are positive. The structure of
A, indicates that there is a row with a positive sum and that the sum of the entries in any row of the
matrix A is nonnegative. For instance, the total of the entries in the final row is positive, and the line
with the nonlocal parameter 5 < (S — 1)~! of the matrix A is a nonnegative. The irreducible nature
of matrix A’ makes it an irreducible diagonally dominant Minkowski matrix with positive diagonal
members. As a result of Corollary 3, A is a M-matrix. As a result, the following assertion holds true

for problems (3.3), (3.9), and (3.10).

27



Chapter 5

Analytical Part

5.1 Generalized Finite Difference Solution for the 2D Poisson Equa-
tion
5.1.1 Problem Statement:

Consider the 2D Poisson equation on a rectangular domain © = (0, ;) x (0,1,):

*u  O%*u
- (ﬁ + 8_3/2> = f(zy), (2y) €,

with Dirichlet boundary conditions:

u(z,y) = g(z,y) on O
2. Domain Discretization:

e Grid spacing: h, = ]lvi, hy = ]lv—y, where N, and N, are the number of intervals in z and y
x Y
directions, respectively.

e Grid points: @; = th, (i =0,...,N,), y; = jhy (1 = 0,...,N,).
* Interior points: Total unknowns: (N, — 1) x (N, — 1).
3. Finite Difference Approximation: The second derivatives are approximated using central

differences: )
0°u _ Uit1,j — QUZ'J‘ + Ui—1,5

2 2 )
Ox h2

2
0% g1 — Ui + Ui

oy? h2

Substituting into the Poisson equation:

(Um,j = Qi+ Uimry | Ui — 2+ Um‘l) _
a 2 2 = Jig-
n2 n2
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4. Discrete Equation: Combine terms to form the 5-point stencil:

C Mgl M1y Wigen | Wigo1 (3 N 3) S
2 2 2 2 2 2 VEENVE
h? h? h2 h2 h2  h2

let o = % and 3 = hi%, then:

—a(Uig1j + Uim1j) — Buijer +uij—1) + 2(a + Buij = fij.

5. System Matrix A: The linear system AU = F is constructed as follows:

a. Unknown Ordering: Use lexicographic (row-wise) ordering for the unknowns w; ;:

T
U’l,lv ceey UN,—1,1,
u1,2> sy uszl,Za _ _
U= ) ) c R(NT L)(Ny 1)'
U1, Ny—15 -5 UNg—1,Ny—1

b. Matrix Structure: The matrix A is block-tridiagonal:

A, —flI 0
A =Bl Ag 7
A
0 —B81 A

where:

e Each block Ay € RW==1)x(Na—1) js tridiagonal:

2(a+ B) —« 0
A — —« 2(oz.—|— B)
—a
0 —a 2(a+p)

e —[(lrepresents coupling in the y-direction.
e Total size: (N, — 1)(NV, — 1) x (N, — 1)(N, —1).
c. Stencil Representation: The 5-point stencil for the generalized form:
-8
—a 2(a+p) —«o
—p

6. Verification of M -matrix:
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All off-diagonal entries of A are —a or — 3, which are non-positive. Thus, a;; < 0 for all i # j.

A is strictly diagonally dominant:

20+ P >|—al+[—al+[=pl+]| =Bl = 2a+25.

Diagonal dominance ensures A is non-singular.

A is irreducibly diagonally dominant (due to the coupling between = and y directions).

It is also positive definite (all eigenvalues are positive).

For such matrices, the inverse is non-negative (A~! > 0)

Therefore A is M -matrix.
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5.2 Inversion of Block Tridiagonal Matrices Using Chebyshev Poly-

nomials

Block tridiagonal matrices frequently arise in the numerical solution of partial differential equa-
tions (PDEs) via finite difference methods. Efficient inversion of such matrices is crucial for computa-
tional efficiency. This work presents a symbolic method for inverting block tridiagonal matrices using
Chebyshev polynomials of the second kind, which avoids direct numerical inversion and exploits re-
currence relations for scalability.

Consider the second-order ODE with Dirichlet boundary conditions:
d’u

o tau=f), ¢=Const, u(0)=u(L)=0

Discretizing on a uniform grid:
zj=jh (h=L/(n+1))

yields a linear system:
AU =F

The matrix A is a tridiagonal matrix of the form:

2z —1
-1 2z -1
A(z) = e R™™  zeR
-1 2z -1
-1 2z

where z = 1 + h?q/2. Such matrices appear frequently in the finite difference discretization of
second-order differential equations. Put 2z = a, we get a tridiagonal matrix with diagonal entries a

and off-diagonal entries —1.

A(Z)I ..- ... ._. ERHX’H
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The full matrix A € R™*" can be written in block form as:

A, -1 O
-1 A, —I
A= : :
0 Ay —I
0 —1 A
where,
a -1 0 1 00
Ap=|-1 a 1|, I=101 0
0 -1 a 0 0 1

The Chebyshev polynomials of the second kind Uy (x) satisfy the recurrence relation:

Up(z) =1, Ui(z) =22, Uppi(z)=2x U(zr) — Uk_1(x)

A
s (3)

For a = 2z, we define:

Explicitly, we have:

A(]:l
A=A

Ay =A]—1
Az = A} — 2A,

Ay =A; — 3A; +1
As = A) — 4A3 + 3A,

andsoon......
Then the inverse of A is given by:

An_l(Z) An_Q(Z) Al(Z) Ao(Z)
~ An72(2) Al(z)
D) 5 : 5 s :
A ~ A D(z) = : dii—1  di  diip )
Ay(2) A a(2)
Ao(Z) Al(Z) An_g(Z) An_l(Z)



Alternatively, this can be written as:

A, 1(2) Ana(2) Ai(z)  Ag(z
A, o(2) Aq(2)
A =[A(2)] : disn dy i :
Ay (2) JAWIPY -
Ao(z)  A(z) Ano(z) Ap_q(z

where matrix D(z) = (Jij) is symmetric and ciij = Jﬂcinj =A,_;Aj_forj <.




5.3 Inversion of Block Tridiagonal Matrices using Kronecker prod-

uct and eigenvalue Decomposition

Pu  *u
- (@ + 8_y2> = f(z.y)
Discretizing with step sizes hax and hy gives:

“UWii1g 2 — Uiy —Wigo1 + 2U

02 B2

T Uit g
- 17.7

Combining terms

1 1 1 1
5 (i = Uirrg) + 55 (U — i) + 2 (— + —> uij = fi;
h?2 hz hi  h
The linear system AU = F has a block tridiagonal structure:
T -
B A -B
A=
B
B A
where
D .
b a —b
~ 2 2~ 1
A= et T
fl; T Yy T
b oa
B—
hy
T -
-1 A -l
1 . . .
A= 2 T € Ly,
Yy
—I
—1 A
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Step-by-step solution for the inverse using Kronecker product and eigenvalue Decomposition :

Step 1: Identify the matrix structure

A=IyQQLy +Ly Ry

where I and |, are identity matrices of sizes N x N and M x M

(2 —1 0
1 2 -1
Llog -1 2
LN:? -
0 0 0 -1
[0 _1 0
1 2 -1
L Llg -1 9
L= _
Bl
0 0 0 -1

Step2: Compute Eigenvalues of Ly and Ly,

The eigenvalues of Ly and Ly, are known analytically:

A .
Ai(Ly) = — sin? (mh‘”) L oi=1,...

h2 2

4 ih ‘
Aj(Lar) = ﬁSinQ (‘7—y) ., J=1,...
y

2

step3: Eigenvalues of A

Using the property of Kronecker Sums:

AA) = Mly @ Ly + Ly @ 1y)

= N(Ly) + Aj(Lar)

Thus the eigenvalue of A are

1
2
1
2
N1
M —1
Vi,j
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4 1mhy 4 jmh
Aij(A) = ﬁsm2 ( 5 ) + ﬁsm2 ( 5 y)
Y

Step 4: Eigenvectors of A
The eigenvectors of A are the Kronecker product of the eigenvectors of Ly and Ly

Vy=VyQVuy

where V and V,, are matrices of eigenvectors of Ly and L.
Step 5: Construct A~! via diagonalization.
A= (Vy ®Vy) - [diag(A;")] - (VE ® V)

where

4 ih 4 Jmh !
1 _ . 92 T . 92
A = {h—%sm ( 5 ) + h—zsm (—2 y)]

Verification of M -Matrix Properties:

A matrix is a Z-matrix if all its off-diagonal entries are non-positive.
e The diagonal entries of A are % + ,% > 0.
e The off-diagonal entries are — 75 and — > < 0.
T Y

So, A is a Z-matrix.
An M-matrix must be invertible with A=t > 0.

The eigenvalues of A are:

Since all eigenvalues are positive, A is invertible.

The inverse is constructed via:
A~ = (Vy ® V) - diag(A;;!) - (Vi @ Vi),
where:
* The eigenvectors (discrete sine functions) are non-negative.
* The eigenvalues Ai_j1 are positive.

So, A~ > 0.

Finally, A is an M-matrix.

36



5.4 Applications

The discovery of the spectral radius of the matrix R, which is used to demonstrate that the

matrix A is an M-matrix, is one of the most important new findings presented in the thesis. In addition

to providing both necessary and sufficient criteria, the method is founded on the principle of regular

splitting.

To prove this applications of M-matrix, we solve the two-dimensional Poisson equation numerically.

To do this, we first discretize the equation using finite differences on a grid with step sizes h, (-

direction) and h,, (y-direction). For a typical interior grid point (U; 1), we consider its neighbors: U,
(aboundary point), Uy ; (right neighbor), U, (upper neighbor), and Uy, (lower neighbor). Applying
the boundary condition U, = ~u(i) and assuming Uy, = 0, the discretized equation simplifies to

’u  J*u
- (@ + a_yQ) = f(z,y),
Up —2U11 + Uy Uwp —2U11 + Udown \
- h?2 - h?2 =ty
x Yy
yu; — 2011 + Uy Up—2U11\
B — T )b

yu; 201 Uz Uup 2U1
Tt TR e e
T T Yy

T Y

Diagonal entry:

2 2 y
Zre R
x Y x

off diagonal:

1
2 for Uy;  (x — neighborhood)

1
0 for U,, (y — neighbor)

Y

This forms a linear system where the resulting system matrix is an M-matrix. This special property

guarantees that iterative numerical methods will converge to a stable solution.

The linear system AU = F is constructed as follows:

(4~ —1

4 nXn
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Here we take example of 12 x 12:

_4—7 -1

1 -1 4

-1

-1
4

12x12

12x12

Determine for which values of v the matrix A = A; — C' remains an M-matrix.

Step 1: Verify A; is an M-matrix when v = 0,

-1 1
Ai =ﬁ

Properties:

0.29
0.09

0.03
0.10

0.06

0.02
0.03

0.03

0.01
0.01

0.01
0.01

0.09
0.33

0.09
0.06

0.12

0.06
0.03

0.05

0.03
0.01

0.02
0.01

0.03
0.09

0.29
0.02

0.06

0.10
0.01

0.03

0.03
0.01

0.01
0.01

0.10
0.06

0.02
0.33

0.13

0.04
0.11

0.07

0.03
0.03

0.03
0.01

4
-1

0.06
0.12

0.06
0.13

0.38

0.13
0.07

0.14

0.07
0.03

0.05
0.03

-1
4

0.02
0.06

0.10
0.04

0.13

0.33
0.03

0.07

0.11
0.01

0.03
0.03

—1

0.03
0.03

0.01
0.11

0.07

0.03
0.33

0.13

0.04
0.10

0.06
0.02

0.03
0.05

0.03
0.07

0.14

0.07
0.13

0.38

0.13
0.06

0.12
0.06

12x12

0.01
0.03

0.03
0.03

0.07

0.11
0.04

0.13

0.33
0.02

0.06
0.10

e Z-matrix: All off-diagonal entries are non-positive (—1 < 0)

¢ Diagonally dominant:

- Forinteriorrows: 4 > | — 1|+ | — 1| =2

- For boundaryrows: 4 > | — 1| =1

¢ Inverse non-negative: Numerically computed A;l > 0.

0.01
0.01

0.01
0.03

0.03

0.01
0.10

0.06

0.02
0.29

0.09
0.03

0.01
0.02

0.01
0.03

0.05

0.03
0.06

0.12

0.06
0.09

0.33
0.09

0.01
0.01

0.01
0.01

0.03

0.03
0.02

0.06

0.10
0.03

0.09
0.29

Step 2. Regular Splitting: The splitting A = A; — C'is a regular splitting because:

e A;isan M-matrix (7 = 0 case)

e C' >0(sincey > 0andh? > 0)
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Step 3: Compute R = (A;)~'C and p(R) Given the structure of C, R has only the first column

non-zero:
(A7 0 0

-1
- v | (A7) O 0
(A7 120 0 0

The spectral radius p(R) is:
7 _
p(R) = 75(4; D

From the provided A; '

Thus:
p(R) =~-0.29

Step 4: For A to be an M-matrix, we require:

1
p(R)<1 = ~v-029<1 = 'y<@%3.448

The matrix A = A; — C' remains an M-matrix if and only if:

1
< —— = 3.448
7029
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Results and conclusions

We established a theoretical framework linking M-matrix spectral properties to Chebyshev
polynomial solvers. Our resulting algorithms combine these concepts, achieving faster convergence
than standard methods. For large sparse systems from elliptic PDEs, the proposed solvers and pre-
conditioners cut computing costs (fewer iterations, less time) and remained stable in practice. In-
tegrating matrix algebra with polynomial approximation significantly enhances numerical method
robustness and efficiency. Future work could extend this to more complex PDE systems and test
adaptive techniques. The research employed a range of mathematical, numerical, and application-
oriented datasets to analyze how M-matrices and Chebyshev polynomials influence finite difference
methods. Sparse, structured matrices were utilized to confirm the M-matrix characteristics essential
for stability, while coefficients derived from Chebyshev polynomials contributed to higher numerical
precision. Grid configurations and step size adjustments were instrumental in achieving stable dis-
cretized models. The methodology was rigorously tested against established benchmark solutions
to verify its effectiveness. Quantitative error measurements indicated enhanced convergence rates,
and computational efficiency metrics demonstrated the method’s practical advantages. Collectively,
the findings highlight that integrating M-matrix principles with Chebyshev polynomial techniques
substantially improves the robustness, precision, and dependability of finite difference approaches

for solving differential equations.

40



References and sources

[1]

[2]

3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

A. T. Assanova. “On a Nonlocal Problem with Integral Conditions for the System of Hyperbolic
Equations.” In: Differ. Equ. 54.2 (2018), pages 201-214. https : //doi . org/10 . 1134/
S0012266118020076.

O. Axelsson. Iterative Solution Methods. Cambridge: Cambridge University Press, 1994. https:
//doi.org/10.1017/CB09780511624100.

A. Berman, R. Plemmons. Nonnegative Matrices in the Mathematical Sciences. Classics in Ap-
plied Mathematics. SIAM, 1994. https://doi.org/10.1137/1.9781611971262.

B. Bialecki, G. Fairweather, J. Lépez-Marcos. “The Crank—Nicolson Hermitecubic orthogonal
spline collocation method for the heat equation with nonlocal boundary conditions.” In: Ad-
van. Appl. Math. Mech. 5.5| 4 (2015). https://www.cambridge.org/core/journals/.../article,
pages 442-460.

D. Bigatti, L. Susskind. “Review of Matrix Theory.” In: (1997). https://doi.org/10.48550/
arxiv.hep-th/9712072.

J. Bramble, B. Hubbard. “On a Finite Difference Analogue of an Elliptic Boundary Problem
which is Neither Diagonally Dominant Nor of Non-Negative Type.” In: J. Math. and Phys. 43.1-4
(1964), pages 117-132. https://doi.org/10.1002/sapm1964431117.

J. Cannon. “The solution of the heat equation subject to specification of energy.” In: Quart.
Appl. Math. 21.2 (1963), pages 155-160.

M. D’Elia, Y. Yu. “On the Prescription of Boundary Conditions for Nonlocal Poisson’s and Peri-
dynamics Models.” In: OST/ (2021). URL: http://export.arxiv.org/pdf/2107.04450.

W. Day. “Extensions of a property of the heat equation to linear thermoelasticity and order
theories.” In: Q. Appl. Math. 40 (1982), pages 319-330. https://doi.org/10.1090/qgam/
678203.

A. Dosiyev, R. Reis. “A fourth-order accurate difference Dirichlet problem for the approxi-
mate solution of Laplace’s equation with integral boundary condition.” In: Advanc. Differ. Equ.
2019.340 (2019), pages 1-15. https://doi.org/10.1186/s13662-019-2282-2.

G. Forsythe, W. Wasow. Finite Difference Methods for Partial Differential Equations. New York:
Wiley, 1960.

G. Frobenius. “Ueber Matrizen aus nicht negativen Elementen.” In: Sitzungsberichte der
Kéniglich Preussischen Akademie der Wissenschaften 6 (1912), pages 456-477.

41


https://doi.org/10.1134/S0012266118020076
https://doi.org/10.1134/S0012266118020076
https://doi.org/10.1017/CBO9780511624100
https://doi.org/10.1017/CBO9780511624100
https://doi.org/10.1137/1.9781611971262
https://www.cambridge.org/core/journals/advances-in-applied-mathematics-and-mechanics/article/cranknicolson-hermite-cubic-orthogonal-spline-collocation-method-for-the-heat-equation-with-nonlocal-boundary-conditions/A543BB52165BEDA5A50198934A355712
https://doi.org/10.48550/arxiv.hep-th/9712072
https://doi.org/10.48550/arxiv.hep-th/9712072
https://doi.org/10.1002/sapm1964431117
http://export.arxiv.org/pdf/2107.04450
https://doi.org/10.1090/qam/678203
https://doi.org/10.1090/qam/678203
https://doi.org/10.1186/s13662-019-2282-2

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

S. Gerschgorin. “Uber die Abgrenzung der Eigenwerte einer Matrix.” In: Izv. Akad. Nauk. USSR
Otd. Fiz.-Mat. Nauk 6 (1931), pages 749-754.

A. Grassi, M. Marino. “M-theoretic Matrix Models.” In: J. High Energy Phys. 1502.2 (2015),
pages 115-157. https://doi.org/10.1007/JHEP02(2015) 115.

W. Hackbusch. “Elliptic Differential Equations: Theory and Numerical Treatment.” In: vol-
ume 18. Springer Series in Computational Mathematics. Springer, Berlin, Heidelberg, 2017.
Chapter Difference Methods for the Poisson Equation, pages 43-91. https://doi.org/10.
1007/978-3-662-54961-2 4.

M. Hayek, P. Ackerer. “An Adaptive Subdivision Algorithm for the Identification of the Diffusion
Coefficient in Two-dimensional Elliptic Problems.” In: J. Math. Model. Algorithms 6.4 (2007),
pages 529-545. https://doi.org/10.1007/S10852-006-9046-1.

J. Huang, H. Li, P. Han, B. Wen. “Milling Stability Analysis Based on Chebyshev Segmentation.”
In: J. Phys. Conf. Ser. 744.1 (2016), page 012024. https : //doi . org/ 10 . 1088/ 1742 -
6596/744/1/012024.

N. lonkin. “Difference schemes for one nonclassical problem.” In: Vestnik Mosc. Univ. Ser. 15.
Comput. Math. Cybern. 2 (1977), pages 20-32.

K. Jakubelieneé, R. Ciupaila, M. Sapagovas. “Semi-Implicit Difference Scheme for a Two-
Dimensional Parabolic Equation with an Integral Boundary Condition.” In: Math. Model. Anal.
22.5(2017), pages 617-633. https://doi.org/10.3846/13926292.2017.13427009.

O. A. Karakashian, F. Pascal. “Convergence of Adaptive Discontinuous Galerkin Approxima-
tions of Second-Order Elliptic Problems.” In: SIAM J. Numer. Anal. 45.2 (2007), pages 641—-665.
https://doi.org/10.1137/05063979X.

P. Korman, D. S. Schmidt. “Iterative Solution of Elliptic Equations.” In: Electron. J. Qual. Theory
Differ. Equ. 34 (2022), pages 1-9. https://doi.org/10.14232/ejqtde.2022.1.34.

T. C. Kwok, L. C. Lau, A. Ramachandran. “Spectral Analysis of Matrix Scaling and Operator Scal-
ing.” In: Proc. FOCS. 2019, pages 1184-1204. https://doi.org/10.1109/F0CS.2019.
00074.

M. G. Larson, F. Bengzon. “The Finite Element Method in 2D.” In: The Finite Element Method:
Theory, Implementation, and Applications. Berlin, Heidelberg: Springer, 2013, pages 71-111.
https://doi.org/10.1007/978-3-642-33287-6 4.

L.-H. Lim, M. K. Ng, L. Qi. “The Spectral Theory of Tensors and Its Applications.” In: Numer.
Linear Algebra Appl. 20.6 (2013), pages 889-890. https://doi.org/10.1002/NLA.1912.

K. P. Lovetskiy, D. S. Kulyabov, L. A. Sevastianov. “Chebyshev Collocation Method for Solving
Second Order ODEs Using Integration Matrices.” In: Discrete Contin. Models Appl. Comput. Sci.
31.2 (2023), pages 150-163. https://doi.org/10.22363/2658-4670-2023-31-2-150-
163.

A. G. Mazko. Matrix Equations, Spectral Problems and Stability of Dynamic Systems. 2008. URL:
https://ci.nii.ac.jp/ncid/BA91009453.

42


https://doi.org/10.1007/JHEP02(2015)115
https://doi.org/10.1007/978-3-662-54961-2_4
https://doi.org/10.1007/978-3-662-54961-2_4
https://doi.org/10.1007/S10852-006-9046-1
https://doi.org/10.1088/1742-6596/744/1/012024
https://doi.org/10.1088/1742-6596/744/1/012024
https://doi.org/10.3846/13926292.2017.1342709
https://doi.org/10.1137/05063979X
https://doi.org/10.14232/ejqtde.2022.1.34
https://doi.org/10.1109/FOCS.2019.00074
https://doi.org/10.1109/FOCS.2019.00074
https://doi.org/10.1007/978-3-642-33287-6_4
https://doi.org/10.1002/NLA.1912
https://doi.org/10.22363/2658-4670-2023-31-2-150-163
https://doi.org/10.22363/2658-4670-2023-31-2-150-163
https://ci.nii.ac.jp/ncid/BA91009453

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

J. Mead, R. A. Renaut. “Accuracy, Resolution, and Stability Properties of a Modified Chebyshev
Method.” In: SIAM J. Sci. Comput. 24.1 (2002), pages 143-160. https://doi.org/10.1137/
S1064827500381501.

H. Minkowski. “Zur Theorie der Einheiten in den algebraischen Zahlkérpern.” In: Nachrichten
von der Gesellschaft der Wissenschaften zu Géttingen, Mathematisch-Physikalische Klasse
1900 (1900). http://eudml.org/doc/58467., pages 90-93.

W. F. Mitchell. A Collection of 2D Elliptic Problems for Testing Adaptive Algorithms. Technical
report. National Institute of Standards and Technology, 2010. URL: https://math.nist.gov/
~WMitchell/papers/nistir7668.pdf.

A. Ostrowski. “UOber die Determinanten mit {iberwiegender Hauptdiagonale.” In: Comment.
Math. Helv. 10 (1937). http://eudml.org/doc/138693., pages 69-96.

M. C. Pereira, J. D. Rossi. “Nonlocal Problems in Perforated Domains.” In: arXiv: Anal. PDEs
(2018).

O. Perron. “Zur Theorie der Matrices.” In: Mathematische Annalen 64.2 (1907).
https://doi.org/10.1007/BF01449896, pages 248-263.

D. Poljak, A. Rubic, E. Maze. “A Note on the Use of Domain Discretization Methods in Modeling
of Some Phenomena in Engineering Physics.” In: (2017). URL: https://www.bib.irb.hr/
920635.

D. Poljak, S. Sesnic, A. Rubic, E. Maze. “A Note on the Use of Analytical and Domain Discretisa-
tion Methods for the Analysis of Some Phenomena in Engineering Physics.” In: Int. J. Eng. 31
(2018), pages 43-60. https://doi.org/10.31534/ENGMOD.2018.1-2.SI.04_BDNY.

G. Poole, T. Boullion. “A survey on M-matrices.” In: SIAM Review 16.4 (1974), pages 419-427.
https://doi.org/10.1137/1016079.

C. A. Roach, S. L. Neal, R. E. Vincent-Finley. “Matrix Methods in Analytical Spectroscopy.” In:
(2010). https://doi.org/10.1002/9780470027318.A9081.

A. A. Saharian, G. Esposito. “Casimir Effect with Non-local Boundary Conditions.” In: J. Phys. A
39.18 (2006), pages 5233-5247. https://doi.org/10.1088/0305-4470/39/18/032.

M. Sapagovas, R. Ciupaila, Z. Jok3iené. “The eigenvalue problem for a one-dimensional differ-
ential operator with a variable coefficient and nonlocal integral conditions.” In: Lith. Math. J.
54.1 (2014), pages 345-355. https://doi.org/10.1007/s10986-014-9247-7.

J. M. Scott, Q. Du. “Nonlocal Boundary-Value Problems with Local Boundary Conditions.” In:
(2023).

Y. Shi, G. K. Prasad, Z. Shen, C. D. Rahn. “Discretization Methods for Battery Systems Modeling.”
In: Amer. Control Conf. 2011, pages 356—361. https://doi.org/10.1109/ACC. 2011 .
5990857.

43


https://doi.org/10.1137/S1064827500381501
https://doi.org/10.1137/S1064827500381501
http://eudml.org/doc/58467
https://math.nist.gov/~WMitchell/papers/nistir7668.pdf
https://math.nist.gov/~WMitchell/papers/nistir7668.pdf
http://eudml.org/doc/138693
https://link.springer.com/article/10.1007/BF01449896
https://www.bib.irb.hr/920635
https://www.bib.irb.hr/920635
https://doi.org/10.31534/ENGMOD.2018.1-2.SI.04_BDNY
https://doi.org/10.1137/1016079
https://doi.org/10.1002/9780470027318.A9081
https://doi.org/10.1088/0305-4470/39/18/032
https://doi.org/10.1007/s10986-014-9247-7
https://doi.org/10.1109/ACC.2011.5990857
https://doi.org/10.1109/ACC.2011.5990857

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

A. Stikonas. “The root condition for polynomial of the second order and a spectral stability of
finite-difference schemes for Kuramoto-Tsuzuki equations.” In: Math. Model. Anal. 3 (1998),
pages 214-226. https://doi.org/10.3846/13926292.1998.9637104.

W. Taylor. “M(atrix) Theory: Matrix Quantum Mechanics as a Fundamental Theory.” In: Rev.
Mod. Phys. 73.2 (2001), pages 419-462. https://doi.org/10.1103/REVMODPHYS.73.419.

R. S. Varga. Matrix Iterative Analysis. 1961. URL: https : / / openlibrary . org / books /
0L48526M/Matrix_iterative_analysis.

R. S. Varga. “M-Matrix Theory and Recent Results in Numerical Linear Algebra.” In: Numerical
Analysis. Academic Press, 1976, pages 375—387. https://doi.org/10.1016/B978-0-12-
141050-6.50027-1.

R. Varga. Matrix Iterative Analysis. 2nd. Springer Series in Computational Mathematics.
Springer Berlin, Heidelberg, 2000. https://doi.org/10.1007/978-3-642-05156-2.

H. Xu. “Analyzing Heat Transfer in Axial Flux Permanent Magnet Electrical Machines: A Liter-
ature Review on the Discretization Methods-FVM and FDM.” In: (2023). https://doi.org/
10.54254/2753-8818/11/20230412.

Y. N. Zakharoy, A. I. Zimin. “On the Stability of the Chebyshev Iterative Method.” In: Proc. IEEE
Conf. 2023, pages 1-5. https://doi.org/10.1109/dynamics60586.2023.10349649.

W. E. Zorumski, W. R. Watson, S. L. Hodge. “A Non-local Computational Boundary Condition
for Duct Acoustics.” In: J. Comput. Acoust. 3.1 (1995), pages 15-26. https://doi.org/10.
1142/50218396X95000033.

44


https://doi.org/10.3846/13926292.1998.9637104
https://doi.org/10.1103/REVMODPHYS.73.419
https://openlibrary.org/books/OL48526M/Matrix_iterative_analysis
https://openlibrary.org/books/OL48526M/Matrix_iterative_analysis
https://doi.org/10.1016/B978-0-12-141050-6.50027-1
https://doi.org/10.1016/B978-0-12-141050-6.50027-1
https://doi.org/10.1007/978-3-642-05156-2
https://doi.org/10.54254/2753-8818/11/20230412
https://doi.org/10.54254/2753-8818/11/20230412
https://doi.org/10.1109/dynamics60586.2023.10349649
https://doi.org/10.1142/S0218396X95000033
https://doi.org/10.1142/S0218396X95000033

	Acknowledgements
	Santrauka
	Abstract
	1 Introduction
	2 Literature Review
	3 Mathematical Background
	3.0.1 Matrices
	3.1 M-matrices:
	3.2 Chebyshev polynomials
	3.3 Kronecker Product

	4 Discretization of elliptic equations using finite differences with nonlocal boundary terms
	5  Analytical Part
	5.1 Generalized Finite Difference Solution for the 2D Poisson Equation
	5.1.1 Problem Statement:

	5.2 Inversion of Block Tridiagonal Matrices Using Chebyshev Polynomials
	5.3 Inversion of Block Tridiagonal Matrices using Kronecker product and eigenvalue Decomposition
	5.4 Applications
	Results and conclusions


