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A B S T R A C T

An innovative phase field model has been considered to describe the impurity redistribution in a rapid solidi-
fication process. This model has been implemented for the description of a complex process in GeSn/Si structure, 
consisting of the laser heating of solid phase, melting and solidification process. It allowed us to calculate the Sn 
concentration profile after repeated laser pulses. A significant increase of the Sn concentration near the surface is 
observed due to the segregation effect accumulated over many laser pulses. The obtained results are in a 
qualitative agreement with the experimental data for Ge0.04Sn0.96 layer irradiated with nanosecond laser pulses. 
The differences between these results and those obtained earlier by the molecular beam epitaxy method are 
discussed.

1. Introduction

GeSn alloys have been recently applied in photodetectors [1–3], la-
sers [4,5], and other devices as high-mobility transistors [6], thermo- 
electrics [7]. This alloy becomes a direct bandgap semiconductor 
when Sn content exceeds 6–8 % [8,9]. Technologically it is a difficult 
task to obtain high Sn content due to the segregation [10], therefore 
non-equilibrium laser processing methods have been recently applied 
for Sn content enhancement [11–13]. Effective solution of the segrega-
tion problem would allow direct- bandgap GeSn application in silicon- 
based photonics, which can be used in data communication and infor-
mation processing in the 1–3 μm spectral range [14]. Therefore, the 
redistribution of impurities during a rapid thermal treatment of GeSn 
material, including its melting and recrystallization, would have a great 
practical importance in various technological processes. It is therefore 
also very important to develop appropriate mathematical models for the 
simulation of such processes. It is often convenient to have a model, 
which allows to describe two phases (solid and liquid) without an 
explicit treating of the phase boundaries. Here we refer to the known 
phase field approach. Historically, it has been first developed as an 

efficient method for description of the crystallization and growth of 
dendrites from pure melt [15–18]. Later on, it has been also applied to 
the kinetics of phase interface and impurity redistribution between solid 
and liquid phases of a binary system [19–22].

The phase field approach has been extended to the problems of hy-
drodynamics, as well. In particular, a coupled Navier-Stokes Cahn- 
Hillard phase field has been developed in [23]. It has been employed, e. 
g., for investigating fluid–structure interaction problems within a fully 
Eulerian framework, using a fully-monolithic, implicit finite element 
method in [24]. In [25], a thermodynamically consistent phase field 
model has been introduced to investigate the hydrodynamics of inex-
tensible multicomponent vesicles in various fluid flows. A residual- 
based variational multiscale method for the solution of the Navier- 
Stokes equations, as well as the standard Galerkin finite element 
method have been used there.

This study introduces an innovative phase field model to simulate 
impurity redistribution during rapid solidification processes, including 
heat sources and impurity dynamics while maintaining the original 
formulations of [18] for phase and temperature fields. As a basic 
simplification and approximation, we neglect the influence of the 
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impurity redistribution on the phase and the temperature fields. How-
ever, the effect of these fields on the migration of impurities is taken into 
account. Within this approximation, our model describes consistently 
the redistribution of impurities, taking into account the gradients of both 
these fields. It distinguishes our approach from the one proposed earlier 
in [19–22], where a different pre-assumption has been made, trying 
mutually link the phase field and the impurity concentration, however, 
neglecting the effect of temperature gradient on the migration of im-
purities (see Section 2.1 for details).

Our model incorporates a novel method for initialization of the sol-
id–liquid interface and introduces new boundary conditions, dis-
tinguishing it from previous models. Applied to a GeSn/Si structure 

subjected to laser processing, the model demonstrates qualitative 
agreement with experimental Sn concentration profiles, indicating its 
potential for further quantitative refinement.

Looking for an easy implementation of our model, we have used a 
simple explicit difference scheme in our calculations. Since we deal with 
a one-dimensional problem, there is no problem with reaching a satis-
factory accuracy of the numerical solution. The stability and accuracy 
tests in our paper (Section 2.3) show that this difference scheme pro-
vides a reliable solution of the equations considered. Only some small 
influence of the spatial step size can be mentioned, which is not harmful 
for an approximate comparison with the experimental data. Certainly, 
more accurate solution of our model could be found by more complex 

Fig. 1. A schematic illustration of the concept of our paper. The bottom picture shows GeSn irradiation setup working in a scanning mode [27].
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and sophisticated finite element methods [24,25], potentially including 
also the machine learning algorithms [26]. At the current stage of 
development, our model itself still requires refinements for obtaining 
accurate quantitative results. It justifies the choice of a possibly simpler 
method of its solution.

The concept of our paper is illustrated in Fig. 1, where the connec-
tions between the phase field, the temperature field and the impurity 
concentration field in our model are shown schematically, resulting in 
the calculated impurity distribution after the laser processing. It is 
compared with the experimentally measured concentration profile [27]. 
The basic equations are also included here, which are further described 
in Section 2.

2. The phase field model

In the section 2.1 we describe the phase field model equations and 
further apply them for a GeSn/Si hetero-structure in the section 2.2.

2.1. The phase field model theory

In the phase field model, one considers the free energy functional 
[18].

In the phase field model, one considers the free energy functional 
[18]

F =

∫

ddx
{

∊2(n)
2

(∇ψ)2
+ f(ψ)+ λ

2
u2

}

(1) 

where ψ ∈ [ − 1,1] is a continuously varying phase field depending on 
the coordinate x in a d-dimensional space. It varies from − 1 in the purely 
liquid phase to + 1 in the purely solid phase, describing a continuous 
transformation between the two phases over a spatial region of the 
width ~∊. The parameter ∊ depends on the unit vector n, which is ori-
ented along the field gradient ∇ψ , thus allowing to describe the 
anisotropy effects. The function f(ψ) is the double-well potential 

f(ψ) = −
1
2

ψ2 +
1
4

ψ4 (2) 

and 

u =
T − Tm

L/cp
(3) 

is the reduced temperature, where T is temperature, Tm is the melting 
temperature, L is the heat of fusion, and cp is specific heat at a constant 
pressure. The parameter λ describes the coupling strength between the 
fields ψ(x) and u(x). One introduces the quantity U = u − h(ψ)

2 , which is 
considered as an independent variable in the equations of motion. Here 
h(ψ) is a function varying from h( − 1) = − 1 to h(1) = 1. We have chosen 
h(ψ) = 1

2 ψ
(
3 − ψ2), which has vanishing derivatives at ψ = ±1 and thus 

ensures that the functional (1) (where u = U + h(ψ)/2) has minimums 
at ψ = ±1 for a homogeneous ψ(x). The equations of motion for ψ and U 
read [18]

∂ψ
∂t

= −
1

τ(n)
δF
δψ (4) 

∂U
∂t

=
Dheat

λ
∇2 δF

δU
(5) 

where τ(n) is the relaxation time of the solid–liquid interface and Dheat is 
the heat diffusivity. These equations ensure that F is the Liapunov 
functional, i.e., ∂F

∂t ≤ 0 holds, which means that F tends to its minimum. 
The corresponding equation for u reads [18]

∂u
∂t

= Dheat∇
2u+

∂
∂t

h(ψ)
2

(6) 

It describes the variation of temperature field in the absence of 
external heat sources.

For our problem, we have added the source g(x, t) due to the heating 
by laser, i.e., 

∂u
∂t

= Dheat∇
2u+

∂
∂t

h(ψ)
2

+ g(x, t) (7) 

and have solved the equations for ψ and u together with the continuity 
equation for impurity concentration c(x, t), 

∂c
∂t

= − ∇j(c,∇c,ψ ,∇ψ ,T,∇T) (8) 

where j is the concentration flux. For a small concentration, it includes 
the diffusion term − D∇c(the Fick’s law), as well as drift terms ∝c∇ψ 
and ∝c∇T. We have used the Einstein’s relation D = μkBT between the 
diffusion coefficient D and the drift coefficient (mobility) μ, where kB is 
the Boltzmann constant. The drift term with ∇ψ can be represented as 
− cμ∇E(ψ), where E(ψ) is the potential energy of an impurity atom in the 
host material, which is varied from EL in the liquid phase to ES in the 
solid phase. An appropriate interpolation formula is 
E(ψ) = p(ψ)ES +(1 − p(ψ) )EL +ΔVq(ψ) with the function p(ψ) =
1
2 (h(ψ)+1 ), smoothly varying from p( − 1) = 0 to p(1) = 1 and having 

the property dp
dψ = 0 at ψ =±1. The other function is q(ψ) =

(
1 − ψ2)2. It 

has the properties q( ± 1) = 0, q(0) = 1 and dq
dψ = 0 at ψ = 0,±1. Hence, 

the term ΔVq(ψ) mimics the potential barrier of the height ΔV. This is 
the potential barrier created by the solid–liquid interface [19]. The 
choice of the functions p(ψ) and q(ψ) is not unique. We have chosen the 
simplest polynomial functions with the mentioned properties.

The drift term with ∇T is known to be − cμQ*∇T/T [28,29] for small 
c, where Q* is the heat of transport. The diffusion and drift of impurity 
atoms can be considered as a stochastic process of jumping from one 
position to another discrete position. Any such a jump is possible only if 
the destination position is not occupied by another impurity atom. This 
effect has to be taken into account if the concentration c is not small. The 
Fick’s law for the diffusion flux remains correct in this case, whereas the 
drift term is modified by the factor 1 − c.

Noting that D and Q* are dependent on ψ and T in general, these 
relations lead to the following expression for the flux j: 

j = − D(T,ψ)
(

∇c+
[(

dp
dψ Δε + dq

dψ v
)

∇ψ + a(T,ψ)∇u
]

c(1 − c)
b + u

)

(9) 

where Δε = ES − EL
kBL/cp

, v = ΔV
kBL/cp 

, a = Q*

kBT and b = Tm
L/cp 

are dimensionless 
parameters.

Our equations represent a certain approximation, since we take into 
account the effect of the phase field and the temperature field on the flux 
of impurities, but do not consider the feedback. We also do not consider 
any interaction between the impurities except the exclusion effect, ac-
cording to which two impurity atoms cannot occupy the same position.

Our approach is distinct from that one introduced in [19] and later 
used also in [20–22]. The basic idea in [19] is to obtain all equations of 
motion from the functional (1), where f(ψ)→f(ψ , c,T). The considered in 
that approach equation for the flux of c is partly consistent with (9), as it 
contains the diffusion term ∝∇c and the drift term ∝c(1 − c)∇ψ, but not 
the drift term with ∇T or ∇u contained in (9). Formally, one obtains the 
drift term of this kind from the equations of [19], i.e., from 
j = − M2c(1 − c)∇ ∂f

∂c with f given by Eq. (36) in [19]. It appears to be 
proportional to clnc∇T at c→0, corresponding to a drift with divergent 
effective mobility in this limit. Hence, our phenomenological approach, 
where we have postulated a physically meaningful ∝c(1 − c)∇T form of 
this term, is preferable for the description of the effect of ∇T on the drift 
of impurities.

The equations, derived here, are suited for treating the two-phase 
system, but can also be used for a single phase, where ∇ψ ≡ 0. More-
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over, we have adopted them in Section 2.2 for the description of a 
complex process with only a solid phase at the beginning and melting 
process afterwards.

2.2. Model implementation for the GeSn structure

We have applied our equations to the modeling of Sn redistribution 
in GeSn material in a two-layer structure, consisting of a GeSn layer on Si 
substrate experimentally studied in [27]. Thus, we consider a one- 
dimensional problem. In this case, the equations of motion (4) and (7) 
reduce to 

∂ψ
∂t

=
1
τ

{

∊2∂2ψ
∂x2 +ψ − ψ3 −

3
4

λu
(
1 − ψ2)

}

(10) 

∂u
∂t

= Dheat
∂2u
∂x2 +

3
4
(
1 − ψ2) ∂ψ

∂t
+ g(x, t) (11) 

These are solved together with Eq. (8) for c(x) in one dimension, 
where x is the distance from the surface of the structure. We consider the 
scenario, where only the GeSn layer with x ∈ [0, l] can be melted, where 
l = 385nm. Thus, the phase field ψ(x) refers only to this interval. The 
source in (11) has the form g(x, t) = g0e− αx for 0 < t < tpulse and x ∈ [0, l], 
corresponding to the pulse of duration tpulse = 6ns and wavelength 1064 
nm (the first harmonic of Nd:YAG laser), for which Si is practically 
transparent. The absorption takes place in the GeSn layer only with the 
absorption coefficient α. We consider repeated laser pulses with the 
repetition frequency 10 Hz. The heat accumulation from previous pulses 
is neglected, since the time interval between successive pulses is much 
longer than tpulse.

The Sn concentration c(x) within the GeSn layer x ∈ [0, l] is consid-
ered. We use the interpolation formula 

D(T,ψ) = p(ψ)Ds(T)+ (1 − p(ψ) )DL(T) (12) 

for the diffusion coefficient D(T,ψ), where DL(T) and Ds(T) are the 
diffusion coefficients in the liquid and the solid phase, respectively. 
Since Ds(T) is by many orders of magnitude smaller than DL(T), we have 
set Ds(T) = 0. Moreover, we have assumed that DL(T) = DL is a constant. 
As one more simplification, we have neglected the effect of temperature 
gradient in (9), formally setting a(T,ψ) = 0. It is justified for Ds(T) = 0, 
since the redistribution of Sn atoms takes place only in the liquid phase 
with a relatively small temperature gradient in this case.

The numerical solution of Eqs. (10) and (11) has been performed in a 
standard way on a grid of x and t values, representing derivatives by 
finite differences. We use the spatial grid xi = iΔx, where i ≥ 0 is an 
integer number. The phase field ψ is defined within i ∈ [0,N] with xN =

l, whereas u is defined within i ∈ [0,M], where M is chosen large enough 
to simulate the case xM→∞. Practically, xM has to be chosen much larger 
than the heat diffusion length during the laser pulse and the solidifica-

tion process after it. The second derivatives are expressed as 
(

∂2ψ
∂x2

)

x=xi

=

ψ(xi+1)− 2ψ(xi)+ψ(xi− 1)

(Δx)2 for i ∈ [1,N − 1], and 
(

∂2u
∂x2

)

x=xi

=
u(xi+1)− 2u(xi)+u(xi− 1)

(Δx)2 for 

i ∈ [1,N − 1] ∪ [N+1,M − 1]. The updates in time are performed by the 
Euler method, i.e., ψ(xi, t+Δt) = ψ(xi, t) + ∂ψ(xi ,t)

∂t Δt, and similarly for 
u(xi, t+Δt). In this explicit central difference scheme, one needs also to 
know the values of ψ at x = 0 and x = xN, the values of u at x = 0, xN, xM 
(the boundary conditions), as well as the initial conditions. The 
boundary conditions for u(x) were used, assuming the absence of any 
heat exchange with external media (∇u = 0 at x = 0 and u = u0 = const 
at x→∞), as well as the continuity of the heat flux − κ∇T (where κ is the 
heat conductivity) at the GeSn/Si interface x = xN. In the actual dif-
ference scheme, it means u(0) = u(x1), u(xN) =

(κSi/κGeSn)u(xN+1)+u(xN− 1)
1+(κSi/κGeSn)

and 
u(xM) = u0. The initial condition u(xi, t) = u0 at t = 0 was used, corre-
sponding to T(x) = T0 = 300K.

In Eq. (8), the flux j
(

xi +
Δx
2

)
is calculated in the middle points be-

tween xi and xi+1 for i ∈ [0,N − 1]. For this purpose, the approximation 

c
(

xi +
Δx
2

)
= 1

2 (c(xi)+c(xi+1) ) is used. Similarly, the quantities D, dp
dψ, dq

dψ 

and u in the flux expression (9) are calculated by averaging over their 
values at x = xi and x = xi+1. The gradients are approximated as 
∇c = (c(xi+1) − c(xi) )/Δx and ∇ψ = (ψ(xi+1) − ψ(xi) )/Δx. The diver-

gence of flux is calculated as ∇j(xi) = 1
Δx

(
j
(

xi +
Δx
2

)
− j

(
xi −

Δx
2

))
, 

setting j
(
− Δx

2

)
= j

(
xN +Δx

2

)
= 0 as the boundary conditions, implying 

zero flux out of the region x ∈ [0, l]. Inserting this into (8) and applying 
the Euler method for updating c(x) in time, we obtain a conservative 
difference scheme, which conserves the total amount of impurity, or the 
quantity Δx

∑N
i=0c(xi). We have set c(x) = c0(x) as the initial condition, 

where c0(x) = 0.04 for 0 ≤ x ≤ 320nm and c0(x) = 0 for x > 320nm.
A problem with the phase field ψ(x) in Eqs. (10)-(11) is that there is 

no phase boundary at the beginning of the process, where ψ(x) ≡ 1, and 
it emerges spontaneously near the surface when the melting tempera-
ture is reached. The processes of melting and solidification has been 
simulated within the phase field approach, e.g., in [20], however, 
providing no details about the initialization of the solid–liquid interface. 
Routinely, one considers the situations, where this interface already 
exists. For the solid–liquid interface, located in the bulk of the domain 
x ∈ [0, l], physically meaningful boundary conditions are 

ψ(0) = − 1,ψ(l) = 1 (13) 

provided that the width of the interface is much smaller than the dis-
tances between this interface and the boundaries x = 0 and x = l. As one 
can judge from the Φ(x) = 1

2 (1+ψ(x) ) plots in [20], the boundary 
conditions (13) are always used in that paper, even if the phase 
boundary is just at the surface x = 0.

We propose an original method, allowing that ψ(x) is quite different 
from − 1 at x = 0 or quite different from 1 at x = l. We will further 
introduce boundary conditions of a new type, allowing to describe such 
cases. Our new approach is useful for a description of situations, where 
the phase boundary is close to a border of the domain x ∈ [0, l], including 
also the final steps of the solidification process.

One of our basic assumptions is that the shape of the solid–liquid 
interface at the beginning of the melting process is similar to its equi-
librium shape. The latter one is consistent with the equation ∂ψ/∂t = 0 at 
u = 0, or 

∊2∂2ψ
∂x2 +ψ − ψ3 = 0 (14) 

The solution of (14), which satisfies the conditions ψ( − ∞) = − 1 and 
ψ(∞) = 1, is 

ψ(x) = tanh
(

x − x0
̅̅̅
2

√
∊

)

(15) 

with an arbitrary parameter x0. Our assumption is self consistent within 
the simulations we performed, as we observed that the shape of the 
interface is always very similar to (15), even for the moving interface at 
u ∕= 0. Obviously, there is no need to assume ψ(0) = − 1 as the boundary 
condition, since there exists the equilibrium shape with any value of 

ψ(0) within ] − 1,1[ corresponding to x0 = − ∊̅ ̅
2

√ ln
(

1+ψ(0)
1− ψ(0)

)

in (15). It is 

also physically meaningful to set a larger than − 1 value of ψ(0) at the 
very beginning of the melting process, to describe the situation, where 
the near-to-surface layer is not yet completely melted.

We propose an approximation, where the phase field is introduced 

discontinuously by setting ψ(x) = Btanh
(

x− x0̅̅
2

√
∊

)

at the time moment t =

t1, when the melting temperature is reached (u becomes positive) at a 
small distance from the surface, i.e., at x = x0 = A

̅̅̅
2

√
∊, where A is a 
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positive constant. We have set A = 0.5 as a standard, in which case the 
plot of ψ(x) is moderately cut by the surface boundary at the beginning. 
The distance x0 is small as compared to l due to the smallness of ∊≪l. 

The constant B is set B = 1/tanh
(

l− x0̅̅
2

√
∊

)

≈ 1 to ensure that ψ(l) = 1 holds. 

Practically, B is almost precisely 1 in our simulations, since l − x0≫
̅̅̅
2

√
∊. 

Consequently, the initial ψ(x) shape is almost the equilibrium one (15), 
in accordance with our basic assumption.

The boundary conditions for ψ(x) are chosen consistently: for the 
interface centered at the coordinate x0, where x0 is generally defined by 
ψ(x0) = 0, we set 
{

ψ(l) = 1,ψ(0) = − ψ(2x0)ifx0 < l/2,
ψ(0) = − 1,ψ(l) = − ψ(2x0 − l)ifx0 > l/2. (16) 

The initial ψ(x) function at t = t1 satisfies these conditions, and we 
require them at t ≥ t1. The values of x0 and ψ(2x0) (if x0 < l/2) or 
ψ(2x0 − l) (if x0 > l/2) at t > t1 are determined by a linear interpolation 
of ψ(x). The advantage of (16) in comparison with (13) is that the shape 
of ψ(x) is practically not distorted when x0 comes close to 0 or l, i.e., it is 
always quite similar to the equilibrium shape. The ψ(x) plot is only cut 
off from that side, which is close to the boundary. Both variants (13) and 
(16) are equivalent when the distances from the boundaries, i.e., x0 and 
l − x0, are much larger than the characteristic half-width of the inter-
face, which is about 

̅̅̅
2

√
∊.

The ψ(x) profile moves into the depth during the melting process, 
and then it moves back during the solidification process after the laser 
pulse. We have assumed that the solidification process is finished at t =
t2 when x0 reaches the point x0 = A

̅̅̅
2

√
∊. Thus, the final ψ(x) profile is 

similar to the initial one. We have aware that the resulting final c(x)
segregation profile is insignificantly influenced by the choice of A value 
within 0.1 ≤ A ≤ 0.5.

A modeling problem is that the GeSn layer can be completely melted 
during some time interval. Formally, it corresponds to ψ(x) ≡ − 1. One 
can try to model a transition to this state and afterwards the inverse 
transition. However, we have found a simpler formal solution of this 
problem. Namely, we formally solve (10)-(11) within the whole time 
domain t ∈ [t1, t2], and only “switch off” the phase field in (9) by setting 
∇ψ = 0 at the melting condition x0 > l − A

̅̅̅
2

√
∊. Eqs. (10)-(11) with our 

boundary conditions do not describe the complete melting and, 
formally, a small amount of GeSn material remains solid in the vicinity 
of the boundary x = l. (According to our numerical procedures, x0 ap-
proaches, but not reaches l.) However, it is not harmful for the heat 
balance in (7) and also for the impurity redistribution under the appli-
cation of our “switching off” procedure.

The proposed here original treatment concerning the initialization of 
the solid–liquid interface and the usage of the boundary conditions (16)
is essential for reproducing the monotonously decaying shape of the c(x)
profile near the surface, observed in our experiments. If the boundary 
conditions (13) are used instead of (16), then the motion of ψ(x) profile 
tends to stop at some distance (with x0 about 

̅̅̅
2

√
∊) from the surface in 

the solidification process. It results into the c(x) profile with maximum 
at x > 0, if the process is terminated at x0 =

̅̅̅
2

√
∊ due to the fact that no 

essentially smaller values of x0 can be reached. Hence, (16) allows to 
describe the solid–liquid interface closer to the surface (e.g., at x0 =

0.1
̅̅̅
2

√
∊, corresponding to A = 0.1) as compared to (13).

The actual calculation algorithm has been implemented in the 
FORTRAN code. This code with description (as a commented text inside 
the code file) is attached as the Supplement.

2.3. Stability and accuracy tests

We have performed a numerical stability analysis of our finite dif-
ference scheme using test calculations at various spatial grid step sizes 
Δx and time steps Δt. These calculations have been performed at certain 
optimal parameters of the model further discussed in detail in Section 3. 

The dimensionless grid step size Δ̃x = Δx/Ldiff and the dimensionless 
time step Δ̃t = Δt/tpulse were considered, where Ldiff = 465nm is 
(approximately) the heat diffusion length in pure Ge during the laser 
pulse. Based on test calculations for Δ̃x = 0.01, 0.005, 0.0025 and 
0.00125 at various Δ̃t, we have found that our difference scheme obeys 
the known stability criterion [30] for explicit difference schemes applied 
to drift–diffusion equations, according to which the solution is numer-
ically stable at the condition 0 < Δ̃t/(Δ̃x)2

< C, where C is some con-
stant. We have evaluated C ≈ 0.625 in our case. Hence, the stability 
border for Δ̃x = 0.0025 is located at Δ̃t ≈ 3.906 • 10− 6. We have used 
the values Δ̃t = 2.5 • 10− 6 and Δ̃x = 0.0025 as a standard in most of our 
simulations. To test the influence of Δ̃t, some calculations were per-
formed at Δ̃t = 1.25 • 10− 6 for Δ̃x = 0.0025. The ψ(x) and c(x) profiles 
near the solid–liquid interface in the middle of the solidification process 
(at τ̃ = t/tpulse = 13) after the first laser pulse are compared in Fig. 2. 
The results for Δ̃t = 2.5 • 10− 6 are shown by solid lines, whereas those 
for Δ̃t = 1.25 • 10− 6 – by circles. In fact, the corresponding curves lie on 
top of each other. We have checked this also for later times moments, i. 
e., at the end of the solidification process after the first pulse and after 
the tenth pulse, as shown in Fig. 3. As before, the corresponding curves 
lie on top of each other. It provides a strong evidence that the method is 
numerically stable at Δ̃t = 2.5 • 10− 6 and Δ̃x = 0.0025, and the error of 
integration over time is negligibly small in this case. The reason for small 
integration error, obviously, is the very small Δ̃t value chosen due to the 
stability constraint. A faster integration with a significantly larger time 
step would be, eventually, possible by using an implicit difference 
scheme, e.g., the Crank-Nicolson scheme [31].

We have also tested the influence of the spatial step size Δ̃x. For this 
purpose, test calculations were performed at Δ̃x = 0.00125 and Δ̃t =

0.625 • 10− 6, the latter value being chosen 4 times smaller than that for 
Δ̃x = 0.0025 due to the stability constraint. The results are shown by 
dashed lines in Figs. 2 and 3. Comparing with the corresponding (solid) 
curves at Δ̃x = 0.0025 and Δ̃t = 2.5 • 10− 6 , we can see some systematic 
shifts. These shifts are quite insignificant in Fig. 2, resulting in a small 
time delay in the motion of ψ(x) and c(x) profiles. There is a very small 
difference seen in Fig. 3, except only the vicinity of the surface, where 
the refined calculation with Δ̃x = 0.00125 gives a slightly larger Sn 

Fig. 2. The c(x) (non-monotonous curves, left axis) and ψ(x) (monotonous 
curves, right axis) profiles in the region of the solid–liquid interface at the time 
moment t/tpulse = 13 during the solidification process after the first laser pulse. 
The results for different step sizes, i.e., Δ̃x = 0.0025, Δ̃t = 2.5 • 10− 6 (solid 
curves), Δ̃x = 0.0025, Δ̃t = 1.25 • 10− 6 (circles) and Δ̃x = 0.00125, Δ̃t =
0.625 • 10− 6 (dashed curves) are shown.
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concentration at the surface and within a 1nm layer near the surface. 
This difference is not relevant for an approximate comparison with 
experimental data discussed further on.

3. Simulation of the GeSn/Si structure

We have performed the simulation of the Sn redistribution in the 
GeSn/Si structure, using the method described in Sec. 2. Considering 
dimensionless quantities, we have normalized the time to tpulse = 6ns 
and all distances to the heat diffusion length Ldiff =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Dheattpulse

√
≈

465nm in pure Ge, where Dheat ≈ 0.36cm2/s [32]. The relaxation time of 
the local interface arrangement of atoms is expected to be on the pico-
second rather than nanosecond range, therefore we have set ̃τ = 0.01 for 
the dimensionless relaxation time, corresponding to the limit ̃τ≪1. The 
precise value of ̃τ is not important in this case. The width of the interface, 
which is ≈ 2

̅̅̅
2

√
∊ in our model (see Sec. 2.2), could be of the order of few 

nanometers, assuming that the interface consists of several atomic 
layers. Thus, the dimensionless parameter ∊̃ = ∊/Ldiff can be even 
smaller than 0.01. However, it is technically difficult to perform calcu-
lations with a very narrow interface, therefore we have set ∊̃ = 0.02, 
corresponding to ≈ 26nm width of the interface. The results are slightly 
influenced by the value of ∊̃. The third parameter λ in (10) has to be set 
λ≫1 to ensure that the temperature at the interface is reasonably close to 
Tm. The precise value is not important in this limit, and we have used 
λ = 10.

Some of the thermal parameters have been assumed to be approxi-
mately the same for GeSn and pure Ge. Indeed, the considered here 
average or effective parameters correspond to the mean Sn concentra-
tion 〈c〉 ≈ 0.04, which is quite small. However, we take into account that 
the heat conductivity and diffusivity can be essentially affected by the 
scattering of phonons on impurities even for a small impurity concen-
tration. Thus, we have used the melting temperature 
TGeSn

m ≈ TGe
m ≈ 1211K, the heat of fusion LGeSn ≈ LGe ≈ 508.6J/g, as well 

as specific heat values cGeSn
p ≈ cGe

p ≈ 0.35J g− 1K− 1 and cSi
p ≈ 0.9J g− 1K− 1 

for GeSn and Si at high temperatures [32]. It corresponds to the 
dimensionless parameter b = 0.828 in (9) and the initial u value u0 =

− 0.6215. The heat diffusivity of Si varies significantly with tempera-

ture [33]. We have assumed DSi
heat ≈ 0.3cm2/s, or D̃

Si
heat = 0.8 in the 

dimensionless form as an average value for the temperature interval 
from 300 K to about 1200 K reached in Si.

The heat conductivity of pure Ge decreases from ≈ 60Wm− 1K− 1 at 
room temperature to a value about 17.3Wm− 1K− 1 at T = 1200K [34]. It 
is about 14.3Wm− 1K− 1 for GeSn with c ≈ 0.033 (the mean value within 
x ∈ [0, l], where l = 385nm) at room temperature, obtained as the 
average value of two measurement methods discussed in [7]. We have 
used a simple theoretical model to evaluate the heat diffusivity DGeSn

heat of 
GeSn near Tm ≈ 1211K from these data. Note that Ge and GeSn are 
semiconductors, and we observe a decrease of heat conductivity with 
increasing temperature. Hence, we assume that the heat is conducted 
mainly by the lattice. The heat conductivity is considered as being 
proportional to the phonon lifetime τph. Applying a similar model as in 
[35], we have 

1
τph

=
1

τph− ph
+

1
τph− imp

(17) 

where τph− ph and τph− imp are the lifetimes corresponding to the pho-
non–phonon and phonon-impurity scattering mechanisms, respectively. 
The first one basically depends on the impurity concentration c, whereas 
the second one depends on the lattice temperature. We find from the 
data of [7] that 1/τph− imp exceeds 1/τph− ph by the factor of ≈ 3.2 at room 
temperature. On the other hand, 1/τph− ph increases by the factor of ≈ 3.5 
when the temperature rises to 1200 K according to the data of [34]. 
Thus, 1/τph− imp ≈ 0.9/τph− ph holds at high temperatures near Tm. Hence, 
the heat conductivity κ of GeSn is evaluated to be roughly 1.9 times 
smaller than that of pure Ge near Tm. The same is true for the heat 
diffusivity Dheat =

κ
ϱcp 

, where ϱ is the density.

Thus, using the data DGe
heat ≈ 0.093cm2/s of pure Ge near Tm [34], we 

obtain DGeSn
heat ≈ 0.049cm2/s or D̃

GeSn
heat ≈ 0.136 for GeSn with c ≈ 0.033 at 

T ≈ Tm. These values refer to the solid phase. For comparison, the heat 
diffusivity of liquid Ge near Tm is about 0.18cm2/s according to the data 

in [36,37]. We note that just D̃
GeSn
heat of solid phase at T ≈ Tm is a relevant 

parameter, as it governs the heat flux from the melted GeSn region 
through the solid GeSn region into the bulk and, consequently, the ve-
locity of motion of the solid–liquid interface during the solidification 

process. Therefore, we have used D̃
GeSn
heat = 0.136 as one of the effective 

parameters in our simulations. One more parameter, used in the calcu-
lation of the heat flux, is the ratio κSi/κGeSn, which appears in the 
boundary condition at the GeSn/Si interface. It has been evaluated as 

κSi/κGeSn = 1.125
(

D̃
Si
heat/D̃

GeSn
heat

)

, using the cp and ϱ data of Si and GeSn.

Considering the parameters of the heat source, we have set αLdiff =

0.395 for the dimensionless absorption coefficient in accordance with 
α = 8.5 • 103 cm− 1 for strained GeSn [38]. The dimensionless intensity 
of the source was chosen g0tpulse = 4.2, slightly exceeding the threshold 
value at which the GeSn layer is completely melted.

We need the value of the Sn diffusion coefficient DL in the liquid 
phase of GeSn contained in the flux equation (9). It is about 2 •

10− 5cm2/s near Tm according to the data of [36], corresponding to the 
dimensionless diffusion coefficient D̃L = 0.000056 used in our 
calculations.

A relevant parameter in (9) is Δε. It is related to the equilibrium 
segregation coefficient 

ks = exp
(

−
ES − EL

kBTm

)

= exp
(
−

Δε
b

)
(18) 

The value of ks for Sn in Ge is about 0.017 [39], therefore we have set 
Δε = 3.14 according to (18). The parameter v in (9) affects the energy 
landscape ΔE(ψ) = E(ψ) − EL and the interfacial barrier of the potential 
energy when an Sn atom moves from solid to liquid phase. We have 
considered it as an adjustable parameter, evaluated by comparing the 
simulation results with the experimental concentration profile after 98 
laser pulses, in accordance with the laser processing described in [27]. 

Fig. 3. The c(x) profiles near the surface at the end of the solidification process 
after the first (1) and after the tenth (2) laser pulse. The results for different step 
sizes, i.e., Δ̃x = 0.0025, Δ̃t = 2.5 • 10− 6 (solid curves), Δ̃x = 0.0025, Δ̃t =
1.25 • 10− 6 (circles) and Δ̃x = 0.00125, Δ̃t = 0.625 • 10− 6 (dashed curves) 
are shown.
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The initial Sn distribution in our simulations, as well as the thickness and 
parameters of the GeSn layer correspond approximately to this experi-
ment. The comparison for v/Δε = 0, 0.5,1, 1.5 and the corresponding 
energy landscapes are shown in Fig. 4. The calculated concentration 
distribution is not quite well consistent with the experimental profile at 
v = 0, i.e., in absence of any potential barrier. The choice v = Δε (thick 
solid curves) with some potential barrier (about 0.2 eV) appears to be 
nearly optimal.

The dynamics of the observed Sn segregation process in the GeSn/Si 
structure at v = Δε is illustrated in Fig. 5, where the initial Sn distri-
bution, as well as the intermediate concentration profiles after 1, 10 and 
30 laser pulses are also shown.

The calculation results show a certain accumulation of Sn concen-
tration near the surface when the melting and solidification process is 
repeated. The final c(x) profile (thick solid curve) is in a qualitative 
agreement with the experimental profile obtained by the energy 
dispersive spectroscopy (thick dashed curve) [27]. X-ray photoelectron 
spectroscopy verified 28 % Sn concentration on the very surface [11]. 
For a better quantitative agreement, a refining of the theoretical model 
could be helpful. The observed effect of increasing c(x) near the surface 
results from the segregation of Sn atoms by the moving solid–liquid 
interface. It is illustrated in Fig. 6 for the first pulse. A similar picture 
repeats from pulse to pulse, however, with some accumulation and 
saturation effect. In each pulse, a fraction of Sn atoms is moved as a 
package toward the surface, in such a way that the c(x) distribution at 
the end of the solidification process after each pulse is a smooth function 
with maximum at x = 0.

4. Discussion

The calculated Sn concentration profile after 98 laser pulses (Fig. 5, 
Sec. 3) is in a qualitative agreement with the experimental data at a 
reasonable choice of the parameters in the model. In particular, a sig-
nificant increase of the Sn concentration near the surface is observed due 
to the segregation effect accumulated over many laser pulses. However, 
the quantitative agreement is not perfect, and there is a room for im-
provements. In particular, the resulting concentration profile could be 
modified by the interaction between Sn atoms, which is not yet included 
in the model. It could be also affected by nonhomogeneous variations in 
the thermal and optical properties of the GeSn material, as a feedback 
from the redistribution of Sn atoms.

Our model has been applied to the GeSn material, however, it can be 
useful for predicting the concentration (segregation) profiles in any two- 
component system. There is practically no restrictions to the initial 
concentration profile, except that the concentration should be not too 
large. Namely, the results are expected to be better for smaller impurity 

concentration, as we have neglected the interaction between impurities 
and the feedback from their redistribution. There is also a restriction 
that the thickness of the layer, containing the solid–liquid interface, 
should be significantly larger than the width of this interface to justify 
the usage of the boundary conditions (16).

The developed here model allowed us to describe the increase of Sn 
content in GeSn solid solution up to 28 % observed in our laser exper-
iments [11]. An essential question is about the peculiarities of the 
physical mechanism allowing to reach so high Sn concentration, which 
is not achievable by other known methods, according to our knowledge. 
In particular, 15 to 18 percents have been reached in GeSn epitaxial 
layers grown by molecular beam epitaxy method [40]. However, the 
obtained GeSn layers become non-homogeneous with metallic Sn in-
clusions in this case. It results in defects, like dislocations, and enhanced 
surface roughness [40]. As a result, the quality of the obtained GeSn 
layer appears to be unsatisfactory for applications in electronic devices. 
To the contrary, the layers obtained by the laser irradiation still have a 
high quality without metallic inclusions even at 28 % of Sn 
concentration.

A fundamental question is why the Sn inclusions are formed by the 
molecular beam method, but not by the laser method. We explain it 

Fig. 4. The calculated c(x) distributions after 98 laser pulses (left) and the corresponding energy landscapes (right) at v/Δε = 0 (dotted curves), v/Δε = 0.5 (thin 
dashed curves), v/Δε = 1 (solid curves) and v/Δε = 1.5 (dot-dashed curves). The experimental Sn concentration profile is shown by the thick dashed line.

Fig. 5. The calculated (thick solid curve) and experimental (thick dashed 
curve) Sn concentration profiles in Ge1-xSnx/Si structure after 98 laser pulses. 
The calculated intermediate profiles after one pulse (thin solid curve) and 10 
pulses (dashed curve) and 30 pulses (dot-dashed curve) are also shown. The 
initial Sn profile is represented by the rectangle. It corresponds to the experi-
mental data in [27].

J. Kaupužs et al.                                                                                                                                                                                                                                Optics and Laser Technology 189 (2025) 113046 

7 



basically by the fact that the solidification and recrystallization process 
after a laser pulse takes place on a much shorter time scale than the 
formation of GeSn material from the deposited Ge and Sn atoms in the 
molecular beam epitaxy process. As one can judge from Fig. 6, the sol-
id–liquid phase boundary moves with a speed about 3 nm/ns in the 
solidification process after a laser pulse. For comparison, the speed of 
the epitaxial growth in the molecular beam deposition process is 0.1 
nm/s, as reported in [40]. Thus, the process appears to be 3 • 1010 times 
faster after a laser pulse. One should recall that a homogeneous GeSn 
solid solution with a high Sn content is metastable, since the equilibrium 
solubility of Sn in Ge is <1 % [27]. As a consequence, Sn tends to form 
metallic inclusions (a separate phase) at higher Sn concentrations in 
equilibrium. However, their formation requires some equilibration time, 
which can be very long at room temperature. It reveals a possibility to 
form GeSn solid solution with a high Sn content (which is metastable, 
but practically stable at room temperature), if the process is fast enough 
and the formed metastable solid solution is quenched due to a rapid 
cooling at the end of the process. This, as we believe, is just what hap-
pens in our laser processing.

The question why a similar result is not obtained by the molecular 
beam epitaxy is not quite trivial, because the sputtering is carried out at 
a relatively low temperature, i.e., at 160 ◦C or 140 ◦C [40]. For com-
parison, the melting temperature of GeSn is reached in the laser pro-
cessing. It is totally expected that the equilibration process, resulting 
into the formation of Sn inclusions, proceeds slower at a lower tem-
perature. Hence, there are two competing factors, i.e., the time scale and 
the temperature, which have to be taken into account. The combination 
of both these factors are in favor of the formation of GeSn solid solution 
without the metallic Sn inclusions in the laser processing, and the for-
mation of such inclusions in the molecular beam epitaxy process. This 
can be concluded from the experimental results [27,40]. From the 
modeling point of view, this is still a future challenge to develop such a 
model, which would be able to describe both cases. The actual model 
does not include any mechanisms of phase separation, potentially 
resulting into formation of separate Sn inclusions. This would be a 3D 
problem, since these inclusions are 3D objects. The actual 1D model is 
valid for the melting and solidification process if such 3D objects do not 
emerge, as in our laser experiments.

5. Conclusions

In this paper, a phase field model has been used to describe the 

impurity redistribution in a rapid solidification process. In fact, we have 
extended (in Sec. 2.1) the known phase field model of solidification in 
pure melt [15–18], including the heat source and impurities into the 
consideration, as well as modeling the emergence of the solid–liquid 
interface by an original method, applying new boundary conditions 
(Section 2.2). This extension is distinct from the one proposed earlier in 
[19–22]. In particular, the equations, derived here, are suited not only 
for treating the two-phase system, but can also be used for a single 
phase, where the impurity redistribution is driven by the temperature 
gradient. These equations have been implemented for the description of 
a complex process in GeSn/Si structure, consisting of the laser heating of 
solid phase, melting and solidification process (Sec. 2.2). We have used a 
simple explicit difference scheme for solving these equations, providing 
a strong numerical evidence of its stability at small enough time steps 
(Sec. 2.3). Calculations for the GeSn/Si structure have been performed 
(Sec. 3), showing a qualitative agreement with the experimental data.
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