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ABSTRACT
The standard exciton theory used for describing spectroscopy of molecular complexes usually assumes an infinite exciton lifetime, coming
from complete isolation of Hamiltonian blocks describing a different number of excitations. We focus on extending the model by including
environment-induced non-resonant couplings in the Hamiltonian, which couple different numbers of excitons. We analyze their impact on
the absorption spectra of two small light-harvesting complexes: Fenna–Matthews–Olson and fucoxanthin–chlorophyll protein. Quantum
mechanics calculations of the pigment properties, combined with an electrostatic description of the protein, allowed us to construct the full
Hamiltonian and calculate the exciton lifetimes and the absorption spectra. The resulting off-resonant terms in the Hamiltonian are significant
and cannot be excluded from calculations of linear (or non-linear) spectra.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0258368

I. INTRODUCTION

Photosynthesis serves as one of the key processes for sustain-
ing life on Earth. For researchers, photosynthetic pigment–protein
complexes are fundamental model systems for energy absorption,
transfer, and conversion.1,2 As the quantum efficiency of the photo-
synthetic apparatus is high, discovering the underlying mechanisms
of various dynamic processes might provide solutions to more
sustainable energy transfer and production.3–5 The collection of
sunlight energy is performed in light harvesting complexes (LHC)
of various pigment–protein complexes; these “antennas” absorb in
the visible spectral region due to chlorophyll-like pigments and
carotenoids. Multiple LHCs surround the core antenna complexes,
which are located near the reaction center,6 which is responsible for
charge separation.7–9

These light harvesting complexes have a wide variety of
amino acid sequences, which define the superstructure forma-
tion of proteins.10–12 In addition, various types of accessory lig-
ands,13 pigment types,14,15 and their spatial configurations make
each pigment–protein complex unique. Detailed studies of these
complexes became available only after determining their molecu-
lar structures by X-ray diffraction (XRD).16–19 Since then, many

studies have tried to capture both experimentally and theoreti-
cally the underlying nature of light absorption and energy transfer
mechanisms.20–25

The first light-harvesting antenna fully captured by XRD was
the Fenna–Matthews–Olson (FMO) complex from green sulfur bac-
teria.26 The FMO complex is found in a trimeric form and poses
a C3 symmetry. Each monomer contains seven or eight bacteri-
ochlorophyll (BChl) a molecules. It is one of the most studied
pigment–protein complexes: linear27–29 and transient absorption,28

photon echo,30,31 hole-burning,29,32,33 and linear34,35 and circular
dichroism34,36 spectra are available, as well as many theoretical
studies,37–40 which describe excitation coherent dynamics and relax-
ation. More specifically, Wending et al.36 described absorption and
linear and circular dichroism spectra at 77 K. The absorption spec-
trum has five partially overlapping bands at 790, 800, 804, 813,
and 824 nm. The spectra were explained using the exciton model
within the point-dipole approximation, accounting for broaden-
ing mechanisms. The exciton ultrafast dynamics was characterized
using the most advanced two dimensional electronic spectroscopy
(2DES) approach on a femtosecond–picosecond timescale using
unprecedented resolution.41–44 2DES with full polarization control
provides an accurate description of the electronic structure and
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population dynamics in the complex. The time evolution of the spec-
tral structure, covering time scales from tens of femtoseconds up to
a nanosecond, revealed the energy flow in FMO.42,44,45 2DES has
revealed quantum coherences with timescales comparable to those
of energy-transfer processes. These observations have led to a debate
regarding the states that give rise to the coherences and whether
the presence of these coherences has implications for photosynthetic
light harvesting.46 Assignments of the observed quantum coherences
to electronic, vibronic, or vibrational types have been made available
by using coherence tracing algorithms.47–49

Modeling of the experimental data based on molecular struc-
ture has been the ultimate goal of the theory. Adolphs and Renger37

devised an electrostatic method to calculate optical transition ener-
gies from crystallographic structure, which has the capacity of the
agreement with experiments. They found that the chromophore
transition energies shift due to charged amino acids and ligands.
Newer theoretical studies of FMO complexes utilize more compli-
cated methodologies, which account for protein motion using quan-
tum mechanics/molecular mechanics (QM/MM) simulations with
the effective fragment potential simulations. Kim et al.38 were able
to improve Hamiltonian calculations in agreement with previous lit-
erature values and obtained the quantitative match of absorption
spectra. A similar study has been carried out by Huai et al.39 for
mutants of FMO from Chlorobaculum tepidum and Prosthecochloris
aestuarii. Reinot et al. have determined that a single point mutation,
W183 in Chlorobaculum tepidum, changes the absorption spectra of
FMO from type 2 (where the 806 nm band is more pronounced)
to type 1 (where the 815 nm band is more pronounced). These cal-
culations raise the importance of protein amino acid sequence and
its conformation to the absorption spectra. In addition, calculations
revealed the wavelength-dependent distributions of exciton lifetimes
in the femtosecond to picosecond time frame. The lifetime distribu-
tions offer insight into the interpretation of resonant hole-burned
(HB) spectra, kinetic traces in two-dimensional (2D) electronic
spectroscopy experiments, and widely used global analyses in fitting
data from transient absorption experiments.40

However, a refinement of quantum chemical calculations is
usually necessary to yield the correct coupling pattern and cor-
rect chromophore transition energies in the sense of matching the
experimental spectra. This implies that primary quantum chemical
calculations may carry systematic errors, although it remains unclear
to what extent. Another possibility is related to still approximate
exciton modeling, where off-resonant terms in the Hamiltonian are
usually neglected. Essentially, the widely used Frenkel exciton model
usually conserves the number of excitons, which is still an approx-
imation. It is important to point out that additional off-resonant
couplings, which couple excited states with the ground state, appear
also purely due to electrostatic intermolecular interactions in the
same form as the resonant couplings.

In this paper, we extend the standard exciton model, including
the environment-induced off-resonant inter-molecular couplings,
and use the resulting Hamiltonian to calculate the variation of
absorption spectra of light-harvesting complexes. The pigments
were first modeled at the QM level, while their transition ener-
gies were adjusted due to electrostatic interactions with proteins.
The full non-resonant excitonic Hamiltonian is then used to cal-
culate the exciton transfer rates, their lifetimes, and the absorption
spectra of the complexes. We find that the excitonic non-resonant

coupling amplitudes lead to finite exciton lifetimes, shift the
absorption spectra to higher energies, and affect the spectral line
shapes.

II. QUANTUM THEORY OF COUPLED MOLECULES
The core element of the quantum description of a molecular

system is the energy operator—the Hamiltonian. The most complete
form of the operator (without spin-related interactions) for electrons
consists of all possible electrostatic interactions involving all elec-
trons and all nuclei (i.e., all charged particles). We start from the
general Hamiltonian of interacting charges in atomic units,

ĤS = K̂({rα}) +
1
2

α≠β

∑
αβ

1
∣rβ − rα∣

−∑
nα

qn

∣Rn − rα∣
+

1
2

n≠m

∑
nm

qnqm

∣Rn − Rm∣
, (1)

where {rα} denotes the full list r1, r2, . . . of electron coordinates
and Rn denotes nuclei with charges qn. K̂({rα}) is the kinetic
energy operator for all electrons; the second term in the equation
denotes the electron–electron interaction, the third term is due to
the electron–nuclei interaction, and the last term (not the operator)
is the nuclei–nuclei interaction energy. Next, electrons and nuclei
are grouped into molecules, where electron exchange between dif-
ferent molecules will be ignored. The Hamiltonian is then organized
into separate Hamiltonians of the chromophores and the remaining
intermolecular interactions,

ĤS =
N

∑
m

Ĥm +
1
2

m≠m′

∑
m,m′

Vmm′. (2)

From the general definition, we find the chromophoric
Hamiltonians

Ĥm = K̂({r(m)α }) +
1
2

α≠β

∑
αβ

1

∣r(m)β − r(m)α ∣

−∑
nα

qn

∣R(m)n − r(m)α ∣
+

1
2

n≠m

∑
nm

qnqm

∣R(m)n − R(m)m ∣
, (3)

where r(m)α and R(m)n denote electrons and nuclei belonging
solely to molecule m. Intermolecular interaction is then given
by electron–electron and electron–nuclei interactions as well as
nuclear–nuclear repulsion of different molecules:

Vmm′ =∑
αβ

1

∣r(m)β − r(m
′
)

α ∣
+∑

nk

qnqk

∣R(m)n − R(m
′
)

k ∣

−∑
nα

⎛
⎜
⎝

qn

∣R(m
′
)

n − r(m)α ∣
+

qn

∣R(m)n − r(m
′
)

α ∣

⎞
⎟
⎠

. (4)

In this expression, the sum over n or m involves only the sum over
nuclei of the particular chromophores, while the sum over elec-
trons involves only particular electrons of other molecules. Explicit
expressions of Hamiltonian terms can be found in the Appendix.
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Next, we follow the standard exciton model formulation; how-
ever, some additional coupling terms will be included. In the first
step, the basis states for the quantum description are formulated. It
is assumed that electronic stationary states of separate molecules in
their optimal geometry are available from independent calculations.
Hence, we introduce the many-electron stationary molecular states,

ĤmΨk({r
m
α }) = E(m)k Ψk({r

m
α }), (5)

where Ĥm is the electronic Hamiltonian of molecule m, {rm
α } denotes

the list of all electrons of that molecule, and Ψk({rm
α }) is the real-

space wave function of the molecule in electronic state k, whose
energy is E(m)k . The lowest energy state is the ground state. By
switching to bra-ket notation, we write it as ∣gm⟩ ≡ Ψg({rm

α }). The
next higher-energy electronic state is the excited state under con-
sideration, ∣em⟩ ≡ Ψe({rm

α }). Other electronic excited states can be
included in the same way. Considering optical excitations, these
states are assigned to specific chromophoric groups of molecules.
For chlorophylls and bacteriochlorophylls, these are related to
excitations of the central chlorin rings of the molecules.

These molecular states are used as the basis states to construct
the Hamiltonian matrix of a molecular complex, composed of such
molecules following the Heitler–London formulation, which holds
perfectly when electron exchange among molecules is not possible.
Hence, we denote the collective ground state constructed as a direct
product of the ground molecular states

∣G⟩ = ΠN
m∣gm⟩, (6)

and a block of excited states representing an excitation of a specific
chromophore in the complex to its excited state ∣em⟩,

∣Xm⟩ = ∣em⟩Πk≠m
k ∣gk⟩. (7)

The complete wave function of the complex is then given by a
superposition of such basis states,

Φ = cg ∣G⟩ +∑
m

cm∣Xm⟩. (8)

This resulting wave function must satisfy the Schrödinger equation
of the whole molecular complex, i.e.,

ĤSΦ = εΦ, (9)

with the complete Hamiltonian

ĤS =
N

∑
m

Ĥm +
1
2

m≠m′

∑
m,m′

Vmm′ , (10)

where Vmm′ is the electrostatic interaction energy operator between
molecules m, m′. This leads to the matrix eigenvalue equation

(ĤS)kl
cl = εck. (11)

The Hamiltonian matrix elements Hkl involves various types
of configurations of states. The diagonal matrix elements are the
site energies, which become shifted from the transition energies
of independent chromophores due to electrostatic interactions

with all other chromophores (k ≠ g): (ĤS)kk
= ⟨Xk∣Ĥs∣Xk⟩. Reso-

nant couplings lead to exciton hopping and delocalization (k ≠ l,
k ≠ g, l ≠ g) (ĤS)kl

= ⟨Xk∣∑
N
m Ĥm +

1
2∑

m≠m′

m,m′ Vmm′ ∣Xl⟩. Together
with the shifted ground state (also due to interactions with neigh-
boring chromophores), (ĤS)gg

= ⟨G∣∑N
m Ĥm +

1
2∑

m≠m′

m,m′ Vmm′ ∣G⟩.
These elements form the basis of the Frenkel exciton model, which
is block-diagonal, i.e., conserves the number of excitations, and is
considered in most of the applications.

These elements can be expressed more explicitly. The ground
state energy can be written as

(ĤS)gg
=

N

∑
m

E(m)g +
1
2

m≠m′

∑
m,m′

V(00)
mm′ , (12)

where V(00)
mm′ = ⟨gmgm′ ∣Vmm′ ∣gmgm′⟩ is the full electrostatic interaction

between two molecules being in their ground states; for the excited
states, we find

(ĤS)kk
= E(k)e +

m≠k

∑
m

E(m)g +
m≠k

∑
m

V(10)
km +

1
2

m′≠k,m≠k

∑
mm′

V(00)
mm′ , (13)

where V(10)
mm′ = ⟨emgm′ ∣Vmm′ ∣emgm′⟩ represents the full electrostatic

interaction between molecules m and m′, where m is in its excited
state, while m′ is in the ground state. Finally, the resonant coupling
(k ≠ l)

(ĤS)kl
= ⟨ekgl∣Vkl∣elgk⟩ ≡ Jkl (14)

is the electrostatic interaction between the transition charge den-
sities. These elements can be related to specific charge densities as
presented in the Appendix.

However, this set of coupling elements is not final. We
additionally bring forward one more set of elements, which are
non-resonant and connect the ground and excited states, i.e.,
(k ≠ g),

(ĤS)gk
=

m≠k

∑
m
⟨gkgm∣Vmk∣ekgm⟩ ≡ Lk. (15)

These elements can also be written in terms of the same charge den-
sities as above (see Appendix). They non-trivially mix excited states
of the complex with the electronic ground state.

Using the electronic ground state as a reference, we write the
following Hamiltonian matrix of the aggregate in the above-defined
basis of product states,

ĤS =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 L1 L2 . . . LN

L1 J11 J12 . . . J1N

L2 J12 J22 . . . J2N

. . . . . . . . . . . . . . .

LN JN1 JN2 . . . JNN

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (16)

All the matrix elements have been defined earlier, and the site
energies are now written with respect to the ground state energy,

Jnn = E(n)e − E(n)g +∑
m
(V(10)

nm − V(00)
nm ). (17)
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Notice that the sum corresponds to the difference in the electrostatic
interaction of the molecule n with the equilibrium environment
when the molecule changes the state from the ground state to its
excited state.

Eigenstates of this Hamiltonian are stationary states of the
aggregate. These states are shifted from the Frenkel exciton states,
where Ln = 0 is assumed. In addition, notice that the non-resonant
solvent molecules (or proteins) can be included when calculating
energy shifts and L-type couplings because these involve electrostatic
interactions with the ground state properties of the environment.
Accordingly, the sums in Eqs. (15) and (17) may be extended over
the whole “universe,” e.g., the protein environment.

III. METHODS
A. Hamiltonian construction

Bacteriochlorophyll a (BChl a) molecule structure was
extracted from chain A of the 6MEZ FMO Protein Data Bank (PDB)
structure (chromophore id: 401)17 using the PyMOL molecular visu-
alization system.50 Then hydrogens were added to the molecule
with GaussView software.51 Quantum mechanical (QM) calcula-
tions were performed using Gaussian software:52 density functional
theory (DFT) was used for ground state calculations and time depen-
dent DFT (TD-DFT) for excited state calculations. The approaches
were based on the CAM-B3LYP functional and the 6-31G(d) basis
set. The main purpose of QM modeling was to obtain the wave-
function of the pigments and to construct the atomic point charges
from the output of the calculations. BChl a was modeled with-
out a phythyl tail, as it is not of significant importance for opti-
cally active electronic states of chlorophyll-like molecules. First,
the ground state (S0) geometry optimization and frequency cal-
culations were performed to ensure that the molecular geometry
converged to a reasonable structure and that no imaginary fre-
quencies were found. The S0 optimized geometry was used as the
starting configuration for excited states S1 and S2 geometry opti-
mizations and their frequency calculations—their final structures
were used to calculate excited states electronic charge densities at
the corresponding potential energy minima. The permanent and
transition charge densities for the two lowest excited states (S1 and
S2), which are usually denoted as Qy and Qx, were parameterized
using Multiwfn software,53 which constructed atomic point charges

from electrostatic potential surfaces based on the Gaussian output
files. The pigment structures obtained from Gaussian were mapped
to the original PDB structures using rotation matrices generated
by Chimera software54 to find one-to-one correspondence between
atoms in pigments between the QM and the original PDB struc-
tures (as the labeling and coordinate systems in them differ). Then
the partial atomic charges as realized in Multiwfn were assigned
to the pigment atoms in the original PDB structure geometry.
Note that the renormalization of charges was performed to match
experimental transition dipole moments of BChl a: ∣μQM

01 ∣ = 7.49
→ 7.25 D.55

Two different FMO structures were considered: 6MEZ17 and
3EOJ,56 both from Prosthecochloris aestuarii (Fig. 1). For proteins,
the hydrogens were added, and protein atom charges representing
thermal equilibrium were generated using the PDB2PQR software
package57 using either PARSE58 or AMBER59 force fields (FFs) (both
results are presented) at pH = 8. The net protein charge becomes
non-zero (2−). To compensate for it, two additional Na+ ions were
included using Chimera54 software.

For comparison, we additionally study a small complex made of
Chl pigments—the fucoxanthin–chlorophyll protein (FCP).19,60–65

FCP is a unique LHC of marine photosynthetic diatoms—unicellular
photosynthesis carrying organisms that account for around 20 per-
cent of total primary production on Earth.66 FCP contains chloro-
phylls (Chl) a and c, the ratio of which may vary from complex to
complex: FCP discovered by Wang et al. has seven Chl a and two
Chl c.19 Typically, all Chl a in FCP forms a rather homogeneous
Gaussian-shaped peak at 672 nm, while Chl c absorbs at 636 nm
and shows a significantly smaller peak.67 Due to the late determi-
nation of the atomic structure, there are still only a few modeling
studies present to this day compared to other LHCs.68–70 However,
for the present study, this is just another small-sized complex involv-
ing Chl pigments. Hence, the same type of parameterization and
DFT/TD-DFT calculation was performed for chlorophyll a and c
molecules, which are the main pigments in FCP. The renormal-
ization for chlorophyll dipole moments was used the same as in
Ref. 68: Chl a – ∣μQM

01 ∣ = 5.26 → 5.47 D.55 According to the experi-
mental absorption spectra of Chl a and c,71 it can be estimated that
the ratio of Chl a to Chl c Qy transition dipole moments is around
1.58; therefore, the mean of Chl c transition dipole moments was
scaled accordingly. The same scaling factor was applied to other Chl

FIG. 1. FMO 6MEZ structure: (a) protein
and bacteriochlorophylls surrounded by
it and (b) bacteriochlorophylls displayed
as only their porphyrin rings with dis-
tances between their central Mg atoms
in Å.
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dipole moments as well. Analogical protein reconstruction was then
repeated for 6A2W FCP protein.

The full Hamiltonians of the systems were calculated using
locally built Quantum Correlation Functions and Propagators
(QCFP) software. Using the TrEsp methodology with a dielectric
constant of ϵ = 2, the pigment–pigment resonant interaction energy
between excitations is given by

Jmn =
1

4πϵϵ0
∑

ij

qge
niq

ge
mj

∣r⃗ni − r⃗mj ∣
, (18)

where qeg
ni are the corresponding transition charges of molecule n and

r⃗ni are their positions. Pigment excitation energy shifts due to the
protein environment are given by

ΔEnn =
1

4πϵϵ0
∑

k
∑

ij

(qee
ni − qgg

ni)q
gg
kj

∣r⃗ni − r⃗kj ∣
, (19)

where qee
ni and qgg

ni are the excited state and the ground state molecular
charges, respectively. It is important to note that in our work we did
not use the TD-DFT obtained excited state energies of the pigments
as the base excitation energies: it is well known that TD-DFT usually
does not produce these properties in a quantitative agreement with
experiments. Therefore, we used experimental BChl a,72 Chl a,73,74

and Chl c75 values in diethyl-ether for Qy and Qx excitations as the
base excitation energies with shifts calculated from Eq. (19) for each
pigment. Excited pigment coupling with the global ground state, i.e.,
the non-resonant coupling matrix elements L, is obtained as electro-
static interactions between the ground state and transition charges
of the molecules (see Appendix),

Lgn =
1

4πϵϵ0
∑

k
∑

ij

qge
niq

gg
kj

∣r⃗ni − r⃗kj ∣
. (20)

These parameters construct the system Hamiltonian, as formulated
in Sec. II. Further diagonalization of the Hamiltonian yields the
complete set of exciton states (and the updated ground state).

B. Fluctuations of the aggregate Hamiltonian
and exciton relaxation

The standard fluctuating exciton model can be straightfor-
wardly extended to describe exciton transport as well as exciton
decay in the present exciton model. The model is extended by
appending the vibrational (and phonon) degrees of freedom as
the harmonic bath linearly coupled with the chromophore tran-
sition energies. Accordingly, the fully extended Hamiltonian is
given by76,77

Ĥfull = ĤS + ĤS−Ph + ĤPh. (21)

Here

ĤPh =
1
2∑p

ωp(P2
p +Q2

p), (22)

lists all phonons as harmonic oscillators with frequencies ωp, dimen-
sionless momenta Pp, and coordinates Qp. The system–phonon

interaction is defined by the shifted oscillator model, where the oscil-
lator equilibrium in the electronic excited state is shifted from that
of the ground state. This yields

ĤS−Ph =∑
m
∑

p
ωpdpmQp∣Xm⟩⟨Xm∣. (23)

Here, summation over m includes only the excited state manifold.
Assuming that all molecules are statistically identical, while inde-
pendent (uncorrelated), we find the single molecular spectral density
function, characterizing all chromophores,

C′′(ω) = π∑
p

ω2
psp[δ(ω − ωp) − δ(ω − ωp)]. (24)

Here, sp = d2
pm/2 are the dimensionless Huang–Rhys parameters (we

assume them to be the same for all chromophores). They are directly
related to the chromophore reorganization energies λ = ∑pspωp.

This model allows for the calculation of the dephasing and exci-
tation transfer rates, which in the present formulation involves the
electronic ground state just like any other arbitrary state. While in
the site-basis, the fluctuations affect only excited states; the ground
state becomes involved via L couplings.

The problem is most conveniently represented in the eigenstate
basis of the system Hamiltonian [see, e.g., (11)]. The transformation
yields fluctuations for all transformed Hamiltonian elements,

(H(e)S−Ph)kl =∑
p
(∑

m
cmkcmldpm)ωpQp, (25)

where the sum over m involves only excited states, while eigen-
state indices k, l include all states (including the ground state).
The superscript (e) denotes the eigenstate basis, where the system
Hamiltonian is diagonal.

The essential components for the relaxation are the fluctuation
correlation functions (in the Heisenberg picture),

C(e)ij,kl(t) = TrB[(H(e)S−Ph(t))ij
(H(e)S−Ph)klρ0]

= ΛijklC(t), (26)

where TrB is the trace over environment degrees of freedom,
Λijkl = ∑ncnicnjcnkcnl is the exciton overlap tensor, and the site-
fluctuation correlation function is expressed using the above-defined
spectral density,

C(t) ≡∑
p

d2
pmω2

p Tr [Qp(t)Qpρ0]

= ∫

∞

−∞

dω
2π

e−iωt
(1 + coth (βω/2))C′′(ω). (27)

It is convenient to define its Fourier–Laplace transform,78

M(ω) = ∫
∞

0
dteiωtC(t)

=
1
2
(1 + coth (βω/2))C′′(ω)

+
i

2π∫
∞

−∞

ds
s

C′′(s + ω)(1 + coth (β(s + ω)/2)). (28)
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Here, ⨏ ∞
−∞

ds/s denotes the principle value integral, where the s = 0
value is excluded from the integration. These definitions allow writ-
ing the full Markovian Redfield relaxation tensor in the eigenstate
representation, which characterizes the density matrix “transition”
rate from ρkl to ρij,

Rijkl =∑
n
(δjlM(ωkn)Λinnk + δkiM

∗
(ωln)Λjnnl)

−M(ωki)Λiklj −M∗(ωlj)Λljik, (29)

here ωkl = εk − εl. This expression in the secular approximation
reduces to the population relaxation rate matrix between eigen-
states, Γkl = 2ΛkllkRM(ωkl), with the diagonal elements satisfying the
detailed balance condition: Γkk = −∑lΓlk, l ≠ k. The dephasing rates
between any eigenstates are78

γij =∑
n
(M(ωin)Λinni +M∗(ωjn)Λjnnj)

− 2ΛiijjRM(0). (30)

The main difference in the present expressions compared to the pre-
vious formulation78 is only technical: the stationary ground state of
the system is different from the original ground state in the site basis,
and it is involved in the relaxation and decoherence processes. The
stationary ground state contains contributions from the molecular
excitations, induced by L couplings. This has the effects on relax-
ation (the excited states decay to the ground state) and on spectra
calculations.

Finally, this description aligns with the standard formulation
for pigment–protein complexes, wherein the original site basis only
molecular transition energies do fluctuate in accord with Eq. (23).
Fluctuations of different molecules are not correlated in accord
with Eq. (26). The fluctuation spectral densities of all pigments
are the same. The spectral content of the environment fluctuations
is characterized by the Drude spectral density [in Eq. (27)] with
reorganization energy λ of 30 cm−1 and timescale γ of 100 cm−1,

C′′(ω) = 2λ
ωγ

ω2
+ γ2 . (31)

The model corresponds to the exponentially decaying classical
correlation function. Of course, all Hamiltonian elements attain
fluctuating terms after the transformation to the eigenstate basis
[Eq. (26)]; however, the form of the fluctuation spectral densi-
ties of all Hamiltonian matrix elements remains conserved as the
system–bath coupling is linear. For simplicity and for keeping the
theoretical approaches better validated, we do not include the high
frequency molecular vibrations. Our main focus of the paper is
related to evaluating the non-resonant electronic couplings, which
are part of the system Hamiltonian.

There are a lot of different methodologies for how to
approach the system–bath coupling; nonetheless, multichro-
mophoric systems pose challenges to the known methodolo-
gies as the mixing of the electronic states is present, and it
results in off-diagonal elements of exciton–phonon coupling that
are hard to determine precisely.79 Nakajima–Zwanzig80,81 and
Shibata–Takahashi–Hashitsume82 equations describing the time
evolution of quantum mechanical systems are considered to be
mathematically exact; however, they are hard to implement for

numerical calculations. Therefore, usually the benchmark calcula-
tions for multichromophore systems are considered hierarchical
equations of motion83 or stochastic path integral84 methodologies,
although they remain computationally very expensive.

The application of secular or Markovian approximations in
the Redfield approach can lead to discrepancies when vibrational
degrees of freedom resonate with electronic energy gaps,85 as in
the case of FMO, where electronic couplings and suggested reor-
ganization energies are of the similar magnitude.86 To reduce the
shortcomings of these approximations, methods such as full cumu-
lant expansion have been developed87 and applied for such systems
as LH2.79 Moreover, such methodologies as the time-dependent
Dirac–Frenkel principle88,89 have been implemented to study J and
H molecular aggregates. However, when qualitative evaluation of the
dynamics is sufficient, secular Redfield equations are usually utilized,
as is the case in the present paper.

C. Absorption spectra
The theoretical background of spectroscopy measurements has

been described in detail in Ref. 90. Here, we point to several nuances,
which become important when blocks of excited states become not
isolated.

The general linear response function of a multilevel system in
the dipole approximation is given by

S(1)(t) = iθ(t) Tr (D̂G(t)Dρ0), (32)

where D̂ is the dipole operator, DÂ = [D̂, Â] is the corresponding
dipole superoperator, ρ0 is the equilibrium density operator, θ(t)
is the Heaviside function, and G(t) is the density matrix propaga-
tor: ρ(t) = G(t)ρ(0). The electronic ground state is still energetically
separated from the other states; hence, the equilibrium density oper-
ator implies occupation of the lowest energy state, which we identify
by g: ρeq = ∣g⟩⟨g∣. The full dipole operator in the site-basis in the
present case contains transition and permanent dipoles,

D̂ =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 μ1 μ2 . . . μN
μ1 Δd1 0 . . . 0
μ2 0 Δd2 . . . 0
. . . . . . . . . . . . . . .

μN 0 0 . . . ΔdN

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (33)

where μi is the transition dipole of the ith chromophore, while
Δdi = d(e)i − d(g)i is the difference between the permanent dipoles
of the excited state and the ground state of the ith chromophore.
The permanent dipoles do not contribute to the absorption spec-
trum when the electronic ground state is isolated in the standard
formulation of the Frenkel exciton model. However, when L ≠ 0,
they will contribute to the spectrum due to intermixing with the
transition dipoles. Using the Markovian relaxation model and the
fact that the ground state is well separated in energy (it is the only
state that is populated in equilibrium) in the eigenstate basis, the
response function can be explicitly written in the operator matrix
elements,

S(1)(t) = iθ(t)∑
ikl

D̂(e)kl Gkl,ig(t)D̂
(e)
ig − c.c. (34)
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Since the site-basis dipole operator is a sparse matrix, different ele-
ments of the dipole operator in the eigenstate basis can be written
explicitly,

D̂(e)ab =∑
i
(cgacibμi + ciacibΔdi), (35)

where the summation runs only over excited states, while indices
a, b involve all states. In the secular approximation, only the
diagonal elements of the propagator are included. In the Marko-
vian approximation, only the following elements are relevant for
absorption:

Geg,eg(t) = exp (−iωeg t − γeg t). (36)

The absorption spectrum is then given by a Fourier transform of the
response function,78 which yields

κ(ω) =∑
e

∣D̂(e)ge ∣
2ωeR(γge)

(ωe − ωge + I(γge))
2
+R(γge)

2 . (37)

The transition dipole operator is transformed to the eigenstate rep-
resentation using the set of system eigenvectors, and the Redfield
relaxation matrix is calculated. The absorption spectrum, exciton
dephasing, and population relaxation matrices are calculated as well.

These steps are sufficient for the main purpose of the present
study, which is about constructing the non-resonant exciton model.
The L type couplings become induced by the surrounding proteins.

In addition, the inclusion of H2O molecules would not make a
substantial difference because the water molecules are concentrated
outside the protein and become quite separated from the pigment
molecules. Furthermore, protein equilibration using, e.g., molecular
mechanics (MM) methods would lead to fine tuning of the results;
however, it would not affect the results qualitatively. Hence, for the
present study, the crystallographic information is assumed to be
sufficiently accurate.

IV. RESULTS
A. FMO Hamiltonian

The full Hamiltonian of the FMO complex (6MEZ PDB) is pre-
sented in Fig. 2, in which intermolecular interactions of S1, S2 excited
states, their excitation frequencies, and the interaction with a ground
state (S0) are displayed. Intramolecular environment-induced S1, S2
interactions are not included, since these are mostly of vibronic
origin. The diagonal values of the Hamiltonian represent pigment
excitation energy.

The lowest first excitation energy is found for Bchl a403 and
the highest for a406. The lowest energy excitation of the S2 state is
also at a403, but the highest is a407, as a406 excitation is lower by
52 cm−1. The lowest excitation energy agrees with previous studies
of Adolphs and Renger37 and Wendling et al.;36 however, in their
work, the highest excitation energy belongs to a405, while a406 has
the second highest energy, but in our work this order is reversed.

FIG. 2. Full Hamiltonian (in cm−1) of FMO (6MEZ PDB) using TrEsp methodology from the 6MEZ PDB structure. Excited state inter-pigment interactions are marked in blue,
excitation frequencies of the pigments are on the diagonal and marked in green (shift to higher values) or purple (shift to lower values), while interactions with the ground
state are presented in the first column and marked in purple.
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The strongest resonant interactions between S1 states are
formed between BChl a 401–402 (−97 cm−1), 404–405 (−67 cm−1),
405–406 (59 cm−1), 404–407 (−48 cm−1), and 403–404 (−44 cm−1)
pairs. All of these pigment pairs have short interchromophore
distances between Mg atoms (12.8, 13.9, 11.7, 13.2, and 11.2 Å,
respectively). Moreover, these pigment pairs have non-negligible
interactions between the first excited and the second excited state:
as the charge density in the S2 state is different from the S1 state,
this impacts the overall magnitude of interaction between different
states even when the dipole moment of S2 is 2.2 times smaller than
that of the S1 state; therefore, it reduces the interaction strength. The
absolute values of interactions of S2 states vary up to 24 cm−1.

In Fig. 3, we present the differences between analyzed models
in terms of couplings with the ground state and excitation energy
(as the interchromophore interactions remain the same). It is appar-
ent that pigment-induced interaction with the ground state is small,
as it results in absolute coupling values varying from 17 cm−1 up
to 213 cm−1; however, the impact of the protein makes the num-
bers significantly larger, as the interaction with amino acids can
increase the interaction strengths up to ∼30 times. There are differ-
ences between results obtained by using different FFs: the changes
are roughly ∼10% for the strongest interactions, except for pigment
a401 state S1. The presence of Na+ ions usually reduces the interac-
tion strength, with notable exceptions being a402 S1, a403 S2, and
a406 S2. Figure 3(b) shows that pigment-induced energy shifts are
quite small—up to 100 cm−1—and do not represent realistic bac-
teriochlorophyll environmental splitting. The energy shift patterns
become quite similar for both FFs when the protein environment
is included: the highest S1 excitation energy is predicted for the
pigment a406, while the lowest is for a403. However, some small

but significant differences occur for the S1 excitation values posi-
tioned in between: a401 and a402 pigment energies are shifted to
higher than average energies, while a407 excitation energy is reduced
using AMBER FF. The presence of Na+ ions usually diminishes the
excitation energy value, except for pigments a402 S2 and a403 S1
and S2.

The Hamiltonian matrix obtained for the 3EOJ structure is pre-
sented in supplementary material, Figs. S1 and S2. The Hamiltonians
calculated with AMBER FF are quite similar between 6MEZ and
3EOJ structures: the largest differences between the strongest inter-
pigment interactions occur in the range of 1–3 cm−1. The average
absolute difference in excitation energies of the pigments between
the two structures is 41 cm−1, but the ordering of the states is exactly
the same in both complexes (excluding the additional pigment in the
3EOJ structure). The main differences in excitation energies between
the two structures occur in a401 and a403, which have energy levels
that are 60–110 cm−1 lower in the 3EOJ structure than in 6MEZ. It
is important to note that the additional eighth pigment in the 3EOJ
structure has the highest excitation energy of all pigments—as other
authors have noted, it may be an energy collector in such a FMO sys-
tem. Interactions with the ground state are also similar: the deviation
between them is 8%–17% across the two structures; nonetheless, the
weaker interaction values vary a lot more.

Regarding the off-resonant coupling to the S0 state, we find
that these coupling amplitudes and the overall coupling pattern are
quite scattered—Bchl a403 S1 and a406 have the largest magnitude
of interactions (differing by the sign); however, in some cases, the
S2 interaction with the ground state is larger than the S1 interac-
tion with it (BChl a401, a402, a407). The scale of interaction varies
mainly from 102 to 103; therefore, it is obvious that these terms are

FIG. 3. Comparison of properties (in
cm−1) of 6MEZ FMO Hamiltonians in
various models: (a) coupling to the
ground state and (b) excitation energy.

J. Chem. Phys. 162, 164109 (2025); doi: 10.1063/5.0258368 162, 164109-8

© Author(s) 2025

 07 July 2025 12:45:50

https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.7731707


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

not negligible and should be considered when describing excitation
resonances and exciton time evolution.

B. FMO energy relaxation
The full set of off-diagonal coupling elements in the Hamilto-

nian leads to exciton intra-band and inter-band energy relaxation.
Figure 4 represents transfer times between various states at 77 K. It
is apparent that the two excitation transfer blocks are formed—one
for the S1 states (states 2–8) and the other for the S2 excited states
(states 9–15). Inside the S1 excitation block, we see that the fastest
transfer times are hundreds of femtoseconds long and usually occur
between excited states that are similar in energy. 0.3 ps transfer hap-
pens from state 6 to 5, which both are composed of excitations on
pigments a404 and a405 (57% a405 + 29% a404 and 41% a404
+ 23% a405 + 29% a407). Another 0.3 ps transfer occurs from
state 5 to 4, which is composed of excitations on a407 and a404.
Moreover, it is apparent that state no. 2 in the transfer table, which
comprises 90% excitation on the lowest energy pigment a403, usu-
ally receives population transfer to this state in the range of several
dozen picoseconds; however, it is slow to transfer its population to
the states with higher excitation energies, therefore acting as a sink in
the FMO complex. A different situation can be seen for the highest
energy S1 excited state 8 (85% a406), which mostly delivers exci-
tation to the other states as the population transfers toward that
particular state very slowly.

An interesting phenomenon can be seen in the S2 excitation
block—despite the fact that most of the transfer times are slower
than transfer times between S1 states, the 100 fs relaxation chan-
nel exists between states 12↔ 13. States 12 and 13 are composed of
pigments a401 and a405. The near picosecond long transfer times
occur in the direction of excitations 15 → 14 (0.8 ps, 92% a407

→ 94% a406) and 13 → 10 (1.1 ps, 53% a401 + 34% a405 → 87%
a402), which have significant magnitudes of interaction strengths in
the Hamiltonian.

Next, we consider the inter-block relaxation. The lifetimes of
the most excitons vary in the range from hundreds of femtoseconds
up to several picoseconds, but the lowest energy S1 and S2 excitations
(states 2 and 9) have longer lifetimes as they are emitting energy
out of the complex and usually not transferring it to any nearby
BChls. The transfer times from excited states to the ground state
mostly vary from several to tens of nanoseconds—the two shortest
times are for second and eighth states, where excitons are localized
90% on a403 and 85% on a406 pigments, respectively, and they have
the strongest interactions with the ground state in the Hamiltonian,
while the slowest times can be observed for the third and fourth
states, which are mainly localized on pigments a402 (76%) and a407
(67%) and have small interaction energies with the ground state.
Relaxation from the S2 state to the S0 state is a bit slower—occurring
in the interval from 10 to 700 ns. The fastest relaxation channels in
the direction S2 → S0 are those that have strong S2–S0 couplings in
the Hamiltonian; therefore, states 10 (87% a402 + 12% a401) and
13 (53% a401 + 34% a405) have a relaxation time of ∼10 ns. Simi-
larly, according to our model, population relaxation in the S2 → S1
direction varies in the order of 104–105 ps. Finally, the energy trans-
fer from the ground state to the excited states and from the S1 block
to the S2 block requires a large activation energy; therefore, such an
up-hill transfer time is infinitely long.

C. FMO absorption
The Hamiltonian matrix allows direct calculation of the sim-

plest experimental observable—the optical absorption spectrum.
The calculated absorption spectra of the FMO complex are shown in

FIG. 4. Transfer times (in ps) between eigenstates at 77 K in FMO from the 6MEZ PDB structure. The diagonal elements represent net excitation lifetimes.
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Figs. 5 and 6 using different levels of modeling. Spectra mapped onto
each other are present in supplementary material Fig. S5. For com-
parison, we present results using the full model vs the block-diagonal
model with off-resonant couplings deleted, L = 0.

Starting with the block-diagonal model spectra, where L type
couplings are ignored, we can see that the FMO pigment-only
absorption band is quite narrow and shows three distinct peaks in
the Qy excitation region (12 855, 12 945, and 13 130 cm−1) and only
one peak in the Qx region (17 450 cm−1). Here, we can already
see that the Qx region is of significantly lower intensity than Qy,
as its transition dipole moment is smaller. When we incorporate
the protein environment, the surroundings of the BChls change
drastically—as different BChls experience the influence of different
amino acids, which is apparent in absorption spectra. Comparing
FMO pigment-only to pigment + PARSE protein spectra, the spec-
trum becomes much broader with clearly pronounced five peaks in
the Qy region. Consider the FMO 6MEZ spectrum structure: the first
peak of ∼0.2 intensity appears at 12 650 cm−1, a medium intensity at
∼12 850 cm−1, the highest intensity at ∼12 925 cm−1, followed by
another medium intensity peak at ∼13 050 cm−1 and low intensity
at ∼13 275 cm−1. Ion impact is not significant in FMO 6MEZ spectra
as the overall spectra structure looks similar, but medium intensity
peak absorption decreases around 5% in absorption value and shifts
by 15–20 cm−1 to the right, while the leftmost peak shifts around
25 cm−1 to the left in both Qx and Qy bands. However, the spectrum
shape differs with AMBER FF—the highest intensity peak follows
the leftmost low intensity peak at ∼12 900 cm−1, then comes about

2.5 times lower intensity peak in the middle at 13 000 cm−1 and
a peak of ∼0.6 intensity at 13 100 cm−1, which resembles the
experimental spectra shape quite well.36

For comparison, we also present results for the 3EOJ structure,
whose Hamiltonian is presented in the supplementary material. It is
important to note that the 3EOJ PDB structure has 8 bacteriochloro-
phylls instead of 7. Comparing the absorption spectrum of 6MEZ to
the 3EOJ structure, the overall appearance of each type of spectrum
is quite similar. However, the main difference between the pigment-
only spectra is that FMO 6MEZ has a more pronounced shoulder at
13 025 cm−1 and 0.06 higher intensity of a band at 12 855 cm−1, while
the Qx peak has a slightly bigger intensity in the 3EOJ structure at 17
475–17 550 cm−1. The main differences between 6MEZ and 3EOJ
PARSE spectra are that 3EOJ has two distinct peaks in the Qy region
13 000–13 200 cm−1, while 6MEZ has a single peak, and an addi-
tional peak at ∼13 550 cm−1. In both structures, PARSE FF leads
to five distinct peaks in the Qx spectral region—one separated at
17 000 cm−1 and the main band lying between 17 200 and 17 600
cm−1 in the 6MEZ structure. However, 3EOJ has a bit higher inten-
sity in the range between 17 400 and 17 600 cm−1. When comparing
the AMBER spectra of the 6MEZ and 3EOJ structures, the 6MEZ
structure shows higher intensity in the middle and second-highest
peaks in the Qy band, which is also narrower than in the 3EOJ case,
while low intensity peaks are closer to the high intensity ones by
∼50 cm−1. A similar tendency is present in the Qx band as well:
the lowest energy peak is closer to the main block of excitations,
and the two most prominent peaks in the range 17 200–17 600 cm−1

FIG. 5. Absorption spectra of FMO 6MEZ at 77 K calculated using the secular approximation of Redfield equation solutions: (a) block-diagonal model and (b) full model.
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FIG. 6. Absorption spectra of the FMO 3EOJ PDB structure at 77 K calculated using the secular approximation of Redfield equation solutions: (a) block-diagonal model and
(b) full model.

are closer to each other in 6MEZ than in 3EOJ. However, adding the
eighth pigment in the 3EOJ structure does not change the absorp-
tion of the main band at all but just results in an additional peak at
13 700 cm−1, and in the Qx region, a slight increase in intensity is
seen in the range from 17 200 to 17 400 cm−1.

Next, we focus on the full model with non-resonant L type cou-
plings included. In the pigment-only spectrum, the L-type terms
increase the absorption intensity of the peaks on the sides in the Qy
band, while the Qx band remains homogeneous but also becomes of
higher intensity. Comparing Figs. 5 and 6, it is clear that when the
protein environment is included, there is a shift of spectra toward
higher energies. Nevertheless, not only the spectral position changes,
but the overall appearance of the absorption spectrum change. First,
the low energy peaks shift to higher energies and merge with the
main Qy band. Second, using PARSE FF, the two peaks of higher
energy in the 3EOJ structure, or one peak in the 6MEZ structure,
significantly increase in intensity and separate from the core of the
Qy band by 125 cm−1 compared to the L = 0 case, while the second
leftmost peak slightly increases in intensity. ∼13 050 cm−1 peak
in the full model becomes a bit wider and splits into two in the
13 300–13 400 cm−1 region. In the Qx region, the highest absorption
value increases around 1.5 times, and peaks become more pro-
nounced. Similar tendencies can be seen in spectra generated with
AMBER FF; however, in the 6MEZ structure, the peak in the middle
becomes more intense, and the 13 100 cm−1 peak slightly decreases,
and they both shift by 25 cm−1 to the right if we align the positions of
FMO absorption spectrum maximum values. The rightmost peak in

the Qy band shift is even more drastic with AMBER than PARSE—by
150 cm−1. Qx band experiences similar tendencies using both FFs, as
in general the absorption in that region increases and peaks become
more pronounced. However, the presence of the eighth pigment cre-
ates an additional absorption band in the 3EOJ structure’s Qx region
at 18 620 cm−1, while its absorption in Qy is slightly reduced.

D. Fucoxanthin–chlorophyll protein complex
The FMO complex consists of BChl pigments where S1 and S2

excited states are spectrally well separated. These states are much
less separated in chlorophylls. The inter-state mixing thus becomes
much more significant, and excitation properties are more complex
in chlorophyll aggregates. FCP complex is a small chlorophyll com-
plex, where the details of the couplings are not overwhelmed by
complex inhomogeneities.

The full Hamiltonian of FCP was calculated using the same
principles as FMO as described earlier. The resulting Hamiltonian
is presented in Fig. 7. Most importantly, S1–S0 coupling terms in
FCP are non-negligible as well—their values vary from a few recip-
rocal centimeters up to almost 103 cm−1. The strongest interactions
are for the pigments a406 (−805 cm−1) and a407 (977 cm−1). S2
states are also strongly coupled with the ground state. Notice that
there are cases where S2 states interact more strongly with the S0
state than with S1 states (a402, a405, c1408, c2403). The lowest
energy excited state S1 belongs to pigment a407 (14 924 cm−1), while
the largest downward energy shift occurs in Chls c1 and c2. Simi-
lar tendencies are also observed in the S2 excited states. Resonant
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FIG. 7. Full Hamiltonian (in cm−1) of FCP using the TrEsp methodology from the 6A2W PDB structure.

couplings between excited states reflect the previous study,68 while
the absolute coupling values between S1 and S2 states vary from 10
to 29 cm−1.

Figure 8 shows the transfer times between FCP eigenstates. In
this model, the lowest energy excitation is primarily localized on
Chl a407 (90%), which acts as the main sink of populations. The

fastest transfer occurs for states 3–5. These states are delocalized
(especially state 4, which has 12%–37% 401, 402, 404, and 406). It
is apparent that states 6 and 7 are relatively slower at transferring
their excitation energy to other states—they are mainly localized on
pigments a409 and a405, which have weak interactions with other
pigments and are quite distant spatially from them. Quite a fast

FIG. 8. Transfer times (in ps) between
excited states at 77 K in FCP from the
6A2W PDB structure. The transfer times
larger than 107 ps were marked as∞.
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FIG. 9. Absorption spectra of FCP at 77 K using (a) block-diagonal model and (b) full model Hamiltonian.

transfer is also possible between Chl c and Chl a: there are 6 and 4 ps
transfers between states 9→ 3 and 10→ 8 (mainly pigments c1408
→ a401 and c2403→ a406, respectively). However, the most inter-
esting result is the transfer between states 10 and 11—excitations
of these states are localized almost solely on c2403 S1 and a407 S2.
The excitation frequencies of these states are almost identical; there-
fore, there is a population transfer channel in both directions. It is
interesting to note that Chl c2 S1 excitation has 4% character of S2
a407 excitation, which is not the case in FMO. Overall, the relax-
ation S2 → S1 between most of the pigments happens between 10
and 1000 ns. Moreover, our model shows that the upward transfer
S1 → S2 between other Chls is also possible in FCP, but occurs as a
very slow process (usually >107 ps).

Finally, the calculated absorption spectra of FCP are presented
in Fig. 9. When protein is excluded, all Chl a Qy excitations appear
like a single peak around 15 150 cm−1, followed by weaker peaks
(around 0.1 a.u.) of Chl c1 and c2Qy excitations ∼15 960 cm−1 and
Chl a Qx excitations at 16 240 cm−1. Chls c Qx excitations are very
weak, present at ∼17 270 cm−1, and their absorption intensity is only
around 0.01 a.u. Adding the protein environment induces reshap-
ing of the main Qy Chl a peak, which is no longer a single peak in
that region—a shoulder peak at 250 cm−1 (PARSE FF) before the
main peak appears, and the Chl a Qx and Chl c Qy excitations spread
out between 15 400 and 16 400 cm−1 and form multiple peaks due
to the different environment they are experiencing. The main dif-
ference between the PARSE and AMBER FF is that the leftmost
peak is shifted to the left by 50 cm−1, and the 15 400–16 400 cm−1

absorption range has slightly different peak positions and absorp-
tion values. When Na+ ions are added to neutralize the system, the
Chl a Qy excitation region becomes more homogeneous, similar to
its experimental structure, while the Qx excitation of Chl a and the
first excitation of Chl c stay as two more pronounced peaks. Chl c
Qx excitations are almost negligible, with very low intensity, as the
second excited state dipole moment of Chl c is significantly smaller
than the first one. The main changes in the spectra that are caused by
adding the non-resonant L-terms are (1) the spectra shift to higher
frequencies, (2) the spectra become narrower in the Chl a Qy zone,
the shoulder peak position and intensity varies, and the higher fre-
quency Qy excitation forms a bump near the main band or separates
completely, and (3) the intensities of the higher energy Chl a Qx and
Chl c Qy, Qx excitations increase.

V. DISCUSSION

The commonly accepted exciton model is constructed as an
isolated block of excited states. Such a model includes exciton delo-
calization and exciton relaxation inside the block and demonstrates
a unique absorption spectrum depending on the inter-chromophore
coupling pattern. Multi-exciton properties determine the non-linear
exciton spectra. However, the exciton number is always conserved,
i.e., the exciton lifetime is infinite.

In the present study, we denote such a model as the resonant
exciton model. Such a model (being convenient) is approximate.
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The above-mentioned blocks are not isolated, and the full Hamil-
tonian matrix in general does not split into isolated blocks. We have
calculated all inter-block matrix elements from structural data. The
calculations involve the same chromophore parameters as used in
the resonant model. As the inter-chromophore coupling pattern and
chromophore energy shifts are well supported by previous studies,
the non-resonant coupling amplitudes use the same input para-
meters and are accurate. The calculated values turn out to be much
larger than inter-chromophore resonant couplings. While they are
between states that are separated by optical energy gaps, they must
certainly contribute to exciton dynamics and optical spectra by
affecting the overall energy landscape.

The environment-induced non-resonant couplings result from
cumulative electrostatic effects of the surrounding molecules (in
their corresponding ground states) interacting with the transition
charge density of the pigment molecules. As such, the non-resonant
couplings depend very much on the charge distribution in the
environment: if the environment is homogeneous (e.g., in an ideal
solvent of small molecules), then the cumulative interactions could
average to zero due to homogeneity. However, that is not the case for
pigment–protein aggregates, where the proteins pose very heteroge-
neous environmental conditions with strong local electric fields, so
the cumulative couplings turn out to be appreciable.

The term non-adiabatic is typically used to describe the cou-
pling between different electronic states induced by nuclear vibra-
tional motion. These types of couplings are necessary to understand
more complex transitions between excited states and, most impor-
tantly, to describe the processes near conical intersections. How-
ever, these are the only degrees of freedom, which couple adiabatic
electronic surfaces in isolated molecules. In our work, we con-
sider environment-induced couplings between electronic states. The
approach is completely valid for separate molecules in solution as
well, and it could be considered as another type of non-adiabaticity
when the ground state of a molecule becomes coupled to its
excited state due to electrostatic interaction with the environment,
e.g., the protein in our case. To discriminate from the vibration-
induced non-adiabatic effects, we denote the environment-induced
non-adiabaticity by the term non-resonant coupling.

Because of non-resonant couplings, the exciton number
becomes not conserved—the excitons have a finite lifetime, which
is of the order of nanoseconds. Much larger is the contribution
to spectral properties. First, the exciton energies shift to higher
energy levels. These shifts of excitons are not uniform; hence, the
absorption shape becomes affected. As a result, the exciton models,
which have been fitted to various experiments, must be revisited to
update the parameters. Second, the permanent dipole moments of
the chromophores in their ground or excited states become involved
in transition amplitudes for excitons. Therefore, even if excitation
amplitudes of some chromophoric states may be small, the large
permanent dipoles may contribute to the opening of excitation in
optical spectra. This may be a small contribution for FMO; however,
complexes with charge transfer (CT) states may be considerably
affected, as this introduces an additional mechanism that enables the
excitation of CT states directly.

The FMO complex is one of the simplest pigment–protein
complexes: BChls have very weak expression of molecular vibra-
tions, and there are no additional types of pigments. β-sheets in
FMO comprise most of its protein structure, while α-helices and

random coils are primarily in the contact region between subunits.91

All BChls are hidden in a “pocket” of proteins—the protein does
not intervene between different BChls, affecting each BChl only
from one side. Moreover, it is not highly charged; therefore, the
compensation with charges does not affect the spectra. Therefore,
it is almost an ideal structure for modeling novel parameters in
pigment–protein complexes, and the electrostatic model yields very
good correspondence to the experiment.

Analyzing the excitonic landscape and its full coupling pattern
is highly relevant as light-harvesting mechanisms in photosynthetic
organisms still have not been fully resolved. Most often, non-
adiabatic and non-resonant coupling amplitudes connecting excited
molecular states and the ground state are ignored as the exciton
lifetime is of the order of nanoseconds (as is recovered in our cal-
culations); however, this may be very significant for understanding
photoprotection mechanisms, where exciton lifetime may be tuned
to much shorter times in high light conditions. It is also important
to point out that the non-adiabaticity is not the only intermolecular
vibronic coupling mechanism. Essentially, the environment-related
electrostatic interactions induce non-resonant couplings, which are
purely electrostatic in origin. This plays a role for pigments in
solution, for concentrational quenching, and quantum technologies,
where long non-equilibrium state lifetimes are desirable.

While calculations, based on crystallographic protein structure,
give satisfactory results for FMO, more accurate calculations would
require molecular dynamics simulations, which could yield Hamil-
tonian fluctuations, corrections of spectral densities, and other
factors that are needed to achieve desirable accuracy. Deviation
from the experiment is more severe for FCP: the full absorption
spectrum shape only roughly matches the experimental absorp-
tion spectrum, where a single Chl a related Gaussian-shaped peak
at 672 nm dominates the experimental absorption, while addi-
tional small peaks around 636 nm signify either Chl c or molecular
vibrations.67

FCP structure is highly complex in terms of ligands—in addi-
tion to nine Chl molecules, each monomer has seven fucoxanthins,
one diadinoxanthin–diatoxanthin, one phosphatidyl-glycerol, and
one digalactosyl–diacylglycerol, and chlorophylls are separated by
three α-helices. It might be necessary to include additional ligands
for more complex LHC cases and/or to model the surrounding envi-
ronment using QM/MM methodology, as ligand charge distribution
might contribute significantly to the excitonic picture, find probable
conformations of the protein, and assess environmental contribu-
tions as precisely as possible. The excitonic model in Ref. 68 is
the first attempt to characterize FCP. In the present study, we find
that there are differences in all of the parameters that were mod-
eled: Hamiltonian, relaxation times, and absorption spectra, mostly
because of different methodologies: the prior publication used point
dipole approximation and planar structures of chlorophylls, while
in this paper we used more accurate TrESP methodology and crys-
tallographic structures of chlorophylls; hence, the differences in the
excited state interactions of the Hamiltonians appear. Most of the
strongest interacting pairs remain the same (a402–a406, a401–a407,
a401–c1408, and a406–c2403); however, a406–c2403 and a402–c2403
interactions are overestimated by 25 and 36 cm−1 compared to
our model, respectively. Moreover, the calculations by the Valkunas
group were performed in vacuo, and the protein environment was
not taken into account in any form; therefore, the excitation energies
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are not comparable: the homogeneous environment of the vacuum
allows the Ref. 68 model to form a uniform Gaussian absorption
peak in the Chl a Qy region, while environmental factors in the
present model induce a shoulder peak near the main Qy excita-
tion. In both models, the fast transfer between S1 excited states is
obtained, while we get slower transfer between Chl c and a than in
the Ref. 68 model.

Our modeling does not include molecular vibrations, which are
quite significant in Chl a pigments. While BChl pigments are more
weakly coupled to vibrations, they still lead to vibrational sidebands
in absorption spectra. Addressing high frequency vibrations in spec-
tra calculations is extremely complicated and requires using more
sophisticated theories. A range of exact approaches, e.g., hierarchical
equations of motion,83 time-dependent Dirac–Frenkel variational
principle,89 or stochastic path integrals,84 can consider such prob-
lems; or more targeted approaches like Multi-Configuration Time-
Dependent Hartree (MCTDH),49 n-particle vibronic models92 can
include the high frequency molecular vibrations more efficiently.
However, these approaches are computationally very expensive.
Overall, high quality vibrations treatment could improve corre-
spondence with the experiment; the main focus of this study is
different.

By excluding the high frequency vibrations, we are also unable
to address the short lifetimes of S2 or Qx states in BChl and Chl
pigments. The short lifetimes are inherent in these molecules due
to intramolecular non-adiabatic mixing with high frequency vibra-
tions. The correct treatment of this effect requires more detailed
quantum analysis of non-adiabaticity in the pigment molecules.
They are not included in our model; hence, S2 state lifetimes are
not realistic. However, these contributions should not significantly
affect the main features of absorption spectra, especially at the main
absorption intensities, which are concentrated at S1 or Qy transi-
tions. Hence, our estimation of S2 or Qx exciton lifetimes should
be considered as the upper limit, while the estimation of S1 or Qy
lifetimes quite well agrees with the experiment. Demonstration of
S1 and S2 mixing with vibrations along with environment-induced
mixing effects should be significant for excitation dynamics and
relaxation pathway analysis, which must be addressed in future
studies of pigment–protein complexes.

Vibrational and fluctuation properties of the environment are
addressed in the FCP study by Maity et al.,70 which highlights the
fact that the combination of QM/MM methodology with the P. tri-
cornutum FCP complex leads to similar or even lower excitation
energies of Chl c than Chl a, which highlights that energy transfer in
different FCP complexes might be different. In our study, excitation
energies were not taken as purely quantities of ab initio calculations,
but as a shift from a value in solvent absorption resulting from the
protein environmental charges. In our model, both Chl c experi-
ence significant shifts to lower energies; however, they are still ∼300
cm−1 higher than Chl a S1 absorption energy. The coupling strength
between pigments quantitatively agrees, as the strongest couplings
are between the same pigment pairs. However, there are significant
differences between c408–a401 and c403–a406 pairs, as our model
tends to find these couplings 2–3 times stronger, even though strong
Chl a couplings agree quite well numerically between two models.
Kleinekathöfer et al. included the high-frequency vibrational part
of the spectrum and, therefore, obtained good agreement with the
experiment; however, non-resonant couplings were ignored.

VI. CONCLUSIONS
Intramolecular mechanisms of non-adiabaticity are related

to molecular vibrations.93 We thus show that intermolecular
vibrationless contributions induce additional non-adiabatic-like
non-resonant coupling effects, which may be dominating in
pigment–protein complexes in determining the excited state life-
time. We have applied our model to two small light-harvesting
complexes: FMO, made of BChls, and FCP, made of Chls. The calcu-
lated Hamiltonians for these light-harvesting complexes prove that
the strongest non-resonant interactions are at least one order of
magnitude larger than the interchromophore resonant interactions,
going up to 103 cm−1; therefore, they cannot be excluded from typ-
ical exciton models of light harvesting complexes. The reason for
such large values is due to the cumulative effect of all surround-
ing components: protein, solvent, other pigments, etc. This leads
to the estimation of each exciton lifetime, which is of the order
of ns—the reasonable value expected from experiments—therefore,
demonstrating that the electrostatic non-resonant amplitudes may
be the dominant contributions determining excitation lifetime in
LHCs. The full S0, S1, S2 model additionally suggests strong cooper-
ation (coherent mixing and incoherent excitation transfer) of S1 and
S2 excitations, especially in the FCP complex. The non-resonant cou-
pling inclusion also impacts the absorption spectra: it shifts to higher
frequencies and changes in band intensity and peak positions. Con-
sequently, the refined exciton models, which exclude non-resonant
mixing, may need to be refined. Moreover, the existing relaxation
channel between the excited and ground states in this level of the-
ory might lay the foundation to evaluate exciton decay times in
more complex LHCs, playing a role in excitation conversion and
quenching.

SUPPLEMENTARY MATERIAL

See the supplementary material for FMO (3EOJ PDB struc-
ture) Hamiltonian and transfer times, FCP (6A2W PDB structure)
and FMO (3EOJ PDB structure) couplings to the ground state, and
excitation energy comparison between different models. In addition,
more images of the same absorption spectra presented in an arti-
cle, but block diagonal and full model forms plotted in the same
graph for each case of FMO and FCP complexes, are present in the
supplementary material.
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APPENDIX: GENERIC HAMILTONIAN
OF A MOLECULAR COMPLEX

Next, we present expressions for specific coupling elements.
First of all, the coupling-induced energy shift is defined by

V(00)
mm′ = ⟨gmgm′ ∣Vmm′ ∣gmgm′⟩. (A1)

In the real space, this is the integral

V(00)
mm′ = ∫ dr(m)1 dr(m

′
)

1 dr(m)2 . . .Vmm′ ∣Ψ
(m)
g ({r(m)α })∣

2

× ∣Ψ(m
′
)

g ({r(m
′
)

α })∣
2
, (A2)

where Vmm′ is defined in Eq. (4). It is a sum over Coulomb inter-
action kernels where each term depends on a single electron coor-
dinates in one molecule. Keeping in mind that electron re-labeling
does not change the wavefunction, the relevant quantity that enters
the coupling integral is the total charge density of the mth molecule
in its ground state

σ(00)
m (r) = −eK ∫ dr(m)2 dr(m)3 . . . ∣Ψ(m)g (r, r2r3 . . . rK)∣

2

+
N

∑
n

eqnδ(r − R(m)n ), (A3)

and excited state

σ(11)
m (r) = −eK ∫ dr(m)2 dr(m)3 . . . ∣Ψ(m)e (r, r2r3 . . . rK)∣

2

+
N

∑
n

eqnδ(r − R(m)n ), (A4)

with e being the electron elementary charge, leading to the coupling-
induced energy shift,

V(00)
mm′ =∬V

drdr′
σ(00)

m (r)σ(00)
m′ (r

′
)

∣r − r′∣
. (A5)

Similarly, we can write all other matrix elements, such as

V(10)
mm′ =∬V

drdr′
σ(11)

m (r)σ(00)
m′ (r

′
)

∣r − r′∣
, (A6)

and the resonant coupling

Jmm′ =∬
V

drdr′
σ(10)

m (r)σ(01)
m′ (r

′
)

∣r − r′∣
, (A7)

where we use the transition charge density, which is the electronic-
only property,

σ(10)
m (r) = −eK ∫ dr(m)2 dr(m)3 . . .Ψ(m)e (r, r2r3 . . . rK)

×Ψ(m)g (r, r2r3 . . . rK). (A8)

The difference of these couplings is important for the exciton
Hamiltonian, as it can be written via the difference in charge density,

V(10)
mm′ − V(00)

mm′ =∬V
drdr′

(σ(11)
m (r) − σ(00)

m (r))σ(00)
m′ (r

′
)

∣r − r′∣
. (A9)

Notice that due to the orthogonality of different wave functions, we
have

∫ drσ(10)
m (r) = 0. (A10)

Finally, the non-resonant coupling connecting the ground state and
the excited state of molecule k is due to

Lk =∑
m
∬ drdr′

σ(10)
k (r)σ(00)

m (r′)
∣r − r′∣

. (A11)

If the molecules have several excited states (1 and 2), the envi-
ronment induces electrostatic coupling between these excited states
(which are uncoupled in a vacuum). One has a similar expression
involving the transition charge density between these excited states

L(21)
k =∑

m
∬ drdr′

σ(21)
k (r)σ(00)

m (r′)
∣r − r′∣

, (A12)

with

σ(21)
m (r) = −eK ∫ dr(m)2 dr(m)3 . . .Ψ(m)e2 (r, r2r3 . . . rK)

×Ψ(m)e1 (r, r2r3 . . . rK). (A13)
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