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ABSTRACT

We present two models of sparse dynamic networks that display transitivity—the tendency for nodes
sharing a common neighbour to be neighbours of one another. Our first network is a continuous time
Markov chain G = {G; = (V,E;),t > 0} whose states are graphs with the common set of nodes
V = {1,...,n}. The transitions are defined as follows. Given t, the node pairs {i,j} C V are assigned
independent exponential waiting times A;;. At time t + min; Aj; the pair {ip, jo} with A;j, = min;; A;
toggles its adjacency status. To mimic clustering patterns of sparse real networks we set intensities a;; of
exponential times A;; to be decreasing functions of the degrees of common neighbours of nodes i and j in
G¢. Our second network G’ = {G} = (E}, V),t > 0} is the affiliation network based on a latent Markov
chain H = {H; = (VU W, E;), t > 0} whose states are bipartite graphs with the bipartition VU W, where
W = {1,...,m} is an auxiliary set of attributes/affiliations. Nodes i1, iy € V are adjacent in G, whenever
i1 and i; have a common neighbour in Hy. We analyse geometric properties of both dynamic networks at
stationarity and show that networks possess high clustering. They admit tunable degree distribution and
clustering coefficients.

KEYWORDS: dynamic network; stationary network; network Markov chain; clustering coefficient.

1. INTRODUCTION

Many real networks, especially those depicting human interaction, like social networks of friend-
ships, collaboration networks, citation networks, and other show clustering, the propensity of nodes
to cluster together by forming relatively small groups with a high density of ties within a group.
Clustering is closely related to network transitivity, the tendency for two nodes sharing a common
neighbour to be neighbours of one another thus forming a closed triangle of connections. Locally,
in a vicinity of a node, this tendency can be quantified by the probability that two randomly
selected neighbours of the node are adjacent. The network average of this probability, called the
(average) local clustering coefficient, is used to quantify the network transitivity. Another popular
measure of network transitivity, the global clustering coefficient, is the (conditional) probability that
arandomly selected ordered triple of nodes (1, v, w) forms closed triangle of connections given that
u and v are neighbours of w. In many social networks, both clustering coefficients are on the order
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of tens of percent, while the edge density, the probability that two randomly selected nodes are
adjacent, is of much smaller order [1]. Often the edge density scales as n~1, where n is the number
of nodes in the network. We call networks with such edge densities sparse.

Mathematical modelling of sparse networks displaying clustering/transitivity has attracted con-
siderable attention in the literature, see e.g. [2, 3] and references therein. We briefly review several
approaches to modelling of clustered networks. In order to enhance the number of closed triangles
in an evolving locally tree-like network Holme and Kim [4] suggested inserting additional edges
that close desired fraction of open triangles (paths of length two). Newman [5] generalized the
configuration random graph model by prescribing network nodes numbers of closed triangles they
participate in. In this way, a predefined number of closed triangles can be introduced into configu-
ration random graph. Bollobés et al. [6] built a clustered network by taking a union of randomly
located small dense subgraphs of variable sizes. Guillaume and Latapy [7] noted an underlying
bipartite structure present in many social networks, where nodes (actors) sharing a common hobby
or affiliation are more likely to become friends, and where each hobby/affiliation defines a tightly
connected cluster of actors related to it. They suggested modelling a clustered network by first
linking actors to affiliations and then connecting actors that share common affiliations. We call such
networks affiliation networks. A related class of network models called random intersection graphs
represents nodes by finite sets of attributes randomly assigned to nodes; two nodes are adjacent if
their attribute sets intersect [8-11], see also [12, 13]. Another source of clustered network models
are random geometric graphs, where nodes are randomly selected points of a metric space and where
adjacency relation depends on mutual distances between nodes: the closer the nodes the higher the
probability of a link joining them [ 14-16]. We remark that network models mentioned above admit
(asymptotic) power law degree distributions.

The present paper is devoted to the modelling of sparse and clustered dynamic networks using
Markov chains. By dynamic network, we mean a collection of random graphs {G; = (V, E;), t > 0}
sharing the same set of nodes V = {1,...,n} and having random edge sets E¢, t > 0. We present
two stationary random processes {G¢,t > 0} with tunable degree distribution and tunable non-
vanishing clustering coefficients. Our study is build upon earlier work on dynamic network Markov
chains [17-19]. We mention that network Markov chain of [19] is composed of (;) independent
Markov chains defining the adjacency status of each node pair {i,j} C V individually (we refer to
Section 2 for details). The network admits tunable edge density and degree distribution, but since
the edges are inserted/deleted independently of each other it does not show clustering. Grindrod et
al [17] and Uzupyté and Wit [ 18] introduced transitivity into the network Markov chain by relating
the birth/death rate of an edge to the number of triangles it closes/opens (cf. [4]). More preciselly,
they set the birth (death) rate of an edge i ~ j to be an affine function of the number of common
neighbours of nodes i and j. Here i ~ j means that i and j are adjacent. A drawback of the models of
[17, 18] is that for large n they have a little control over the edge density and clustering strength.

In the present paper, we suggest a remedy to this drawback. Inspired by clustering patterns
observed in real networks, where the number of closed triangles incident to a node negatively
correlates with the degree of the node ([20-23]) we set the birth rate of an edge i ~ jto be a
decreasing function of the degrees of common neighbours of i and j. We show below that such
a modification leads to a stationary dynamic network model admiting tunable edge density and
clustering coeflicients.

Another dynamic clustered network considered in this paper is a stationary affiliation network
built upon an underlying bipartite graph valued Markov chain with independent edges. Now the
clustering property is caused by the bipartite structure as noted in [7]. We analyse the degree
sequence and global clustering coeflicient at stationarity using the tools developed for random
intersection graphs [8]. We note that earlier work on dynamic affiliation network models ([24-26])
addresses the case where the network size n = n(t) increases with time. Clearly, such networks do
not admit stationary distributions.

Finally, we mention the related recent work by Milewska et al. [27], where a sparse and clustered
dynamic affiliation network is constructed using 2" independent two state Markow chains: each
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subset of V.= {1,...,n} (there are 2" of them) defines a two state Markow chain (active state and
passive state) having exponential holding times with intensities depending on the size of the subset
and weights of nodes in it. Furthermore, each active subset defines active clique on the nodes of the
subset. The union of cliques that are active at time ¢ defines the instance of the dynamic network at
time t. The stationary distribution of this network is given by a random intersection graph.

The rest of the paper is organized as follows. In Section 2, we formally define the network Markov
chain and analyse geometric properties of the network analytically and by numerical simulations.
In Section 3, we define stationary affiliation network and show the degree distribution and global
clustering coeflicient. Proofs of the results of Section 3 are given in Supplementary Appendix.

2. NETWORK MARKOV CHAIN

Let G = {G¢ = (V, E;), t > 0} be a continuous time Markov chain, whose states are graphs on the
node set V and transitions are defined as follows. Given G (the state occupied at time t), the update
takes place at time t' := ¢ -+ miny; Ajj, where A;j = A;j(Gy), {i,j} € V are independent exponential
waiting times with intensities a;; = a;;(G¢) defined below. The pair {ig, jo} with A;j;, = min;; A;;
changesits adjacency status: the edge ig ~ jo is inserted if it is not present at time ¢; the edge ig ~ jo is
removed if it is present at time £. Thus, at time ¢’ the Markov chain jumps to the state Gy = (V, Ey),
where the edge sets E; and Ey differ in the single edge ip ~ jo.

Let us define the intensities a;; for {i,j} C V.Leta,f, A, u > Oandlet 4;, u;, 1 < i < n,be
positive numbers. Given graph G = (V, E) we assign clustering weights v;;(G, ) and v;;(G, ) to
each node pair {i, j} C V, where

vi(G,s) = Y (d(G) 5,  s=0. (21)

VEN,‘]'

Fors = 0we have v;i(G,0) = |Nj;|. Here N;; = N;;(G) stands for the set of common neighbours
of nodes i and j in G; d,,(G) denotes the degree of node v in G. Furthermore, each node pair {j, j} is
assigned intensity

/11}.] + /ll)i]‘(G, 0() for {l)]} ¢ E,

2.2
(,u,,u] — ,uv,-,-(G,/;’))+ for {i,j} € E. ( )

a;i(G) = {

Here x stands for max{x, 0}. A standard argument shows that the chain G has unique stationary
distribution. Chain G starting with random graph G having such a distribution is called stationary
network in what follows.

Let us now explain all elements of the model. (The novel part which is in the v;; term will be
discussed last.) For A = u = O transitions of the chain G are defined by the transitions of (g)
independent Markov chains describing adjacency dynamic of each node pair {i, j} C V separately.
(The Markov chain of the node pair {i, j} has two states i ~jand i % j, where state i ~j (i and j are
adjacent) has exponential holding time with the intensity s;xj and the state i 7 j (i and j aren’t
adjacent) has exponential holding time with the intensity 1;4;.) The stationary network of G has
independent edges and, hence, it lacks the clustering property. Assuming, in addition, that y; is the
same for each node i € V (u; = const) we obtain a dynamic network considered in [19]. Let us
mention that weights ; strongly correlate with respective node degrees d;(G;), i € V and are useful
in modelling the degree distribution of G; for large t. In particular, for A = ¢ = Oand y; = ¢
the stationary network reproduces Chung-Lu random graph model [28] if we modify the Markow
chain to allow multiple parallel edges (we refer to [19] for detailed discussion on the relation with
Chung-Lu model [28]). Finally, we remark that large values of 4; and z; (in concert) enhance the
variability over time of links incident to node i € V.

Grindrod et al. [17] introduced the term Av;;(G,0) to enhance the triadic closure effect. We
mention that [17] considers the (discrete) jump chain G* = {G} = (V,E{),k = 0,1,2,...}
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related to G defined by (2.2), where 1; = const;, u; = const, do not depend on i and where
1 = 0. More precisely, G* represents the list of distinct states visited by the chain G arranged in
the chronological order. That is, G§ = Go, G} = Gy, G5 = Gy, ..., wheret; < tp < ... are
the subsequent jump times of continuous chain G. Uzupyté and Wit [ 18] complemented the model
of [17] by adding the ‘triadic protection’ term 1vii(G, 0) aimed at reducing the deletion rate of the
edges belonging to the closed triangles. They consider the continuous chain G defined by (2.2) with
Ai = consty, [t; = consty.

It has already been mentioned that for large n dynamic networks of [17, 18] permit little control
over the edge density, which becomes very sensitive to parameters # and A. To overcome such
disadvantage we suggest choosing clustering weights v;;(G, s) that are decreasing functions of the
degrees of common neighbours of i and j. An intuition behind this choice is based on the plausible
assumption that for i, j being friends of an individual with a large number of acquaintances makes
less impact on the mutual relations between i, j than being friends with a person having just a few
contacts. Moreover, [21-23], see also [20], note that in some sparse and clustered real networks the
fraction of closed triangles incident to a node scales as a negative power of the degree of that node.
Findings of [20-23] motivated our choice of the clustering weights (2.1).

‘We are most interested in sparse networks, where the number of nodes 7 is large. In the simplest
case, where A = 1 = 0and where A; = const; and u; = const, are the same for each i (we write,
forshort, A;Aj = Ao and p;p; = o) each node pair toggles its adjacency status independently and
the expected holding time of an edge (respectively, non-edge) is 1 ! (respectively, A, . By the law
oflarge numbers the probability that i and j are adjacent in G; is asymptotically s L/(u 0 ! +iy h =
Ao/(fo + Ao) ast — 00. Hence a snapshot G; of the stationary network has the distribution of
the binomial random graph with the edge density Ao/ (o + Ao). Furthermore, a sparse network is
obtained if one chooses o = nand 19 = ¢, where ¢ > 0 denotes a number independent of  (think
of a sequence of network Markov chains with the number of nodes n — ©0). More generally, for
A =u = 0,ujuj = nand ) [_; A; < cnuniformly in n one can obtain a sparse stationary
network having independent edges and the degree sequence strongly correlated with the sequence
of weights {4;}, [19].

The simulation study of Section 2.1 below shows that network Markov chain (2.2) with clus-
tering weights v;(G, ), v;;(G, ), where a, f > 0, can produce highly clustered sparse stationary
dynamic networks with tunable edge density and clustering coeflicients. These empirical findings
are supported by a limited analytical study (given in Section 2.2 below) showing upper and lower
bounds of the order n! on the average edge density. In addition, we establish a lower bound of
the order n on the average number of closed triangles and in a special case of & = 2 we relate the
average edge density to the average local clustering coefficient.

Before proceeding further, we introduce some notation. Given a graph G = (V, E) we denote
by A,(G) the number of closed triangles incident to a node v € V. The total number of closed
triangles is denoted N (G) = % > vev Av(G) The total number of 2-paths is denoted Np (G) =

-1
D ovev (d"gG)). Foranodev € V of degree d,(G) > 2wedenote C;(G) = A,(G) (d"gG)) the local
clustering coefficient of v (= probability that two randomly selected neighbours of v are neighbours
to each other). In the case where d,(G) < 1 we put C;(G) = 0. The average local clustering

coefficient and the global clustering coefficient are denoted

3NA(G)

CY(G) = %Zcﬁ(c) and  C%(G) = NG

veV

We put C%(G) = 0 when NA(G) = 0. The average degree and the average edge density are

denoted d(G) = n! Y vev dv(G) and e(G) = (g)_l |E| respectively. Finally, we denote by I the
indicator function of an event (or set) A.
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Figure 1. Edge densities in stationary graphs. (a) Heatmap shows edge density of simple triadic model for
various values of A and 4, while the other model parameters are fixed: & = f = 0, 1;4; = 1,

ipj = 1000, n = 1000. (b) Heatmap shows edge density of general triadic model for various values of 4
and p, while the other model parameters are fixed: o = 2.75, f = 2.5, 4;4; = 1, u;uj = 1000, n = 1000.

2.1. Numerical simulations

The aim of the simulation study is twofold: testing the clustering properties of sparse network
(2.2) equipped with clustering weights v;i(G, &), vij(G, B), where a, f > 0 and comparison of the
clustering properties for o, f > 0anda = # = 0 (the casea = § = 0 corresponds to the setup
of [17,18]).

To address both questions simultaneously we consider a simplified model (2.2 ), where we assume
that A;4; = const; := Ao and u;uj = consty := o, see (2.3) below. Recall that for A = u = 0,
the edges are inserted/deleted independently of each other and the ratio 1o/ Ao defines the network
edge density 1/(1 + uo/Ao) at stationarity. Hence, tuning the ratio zt9/4¢ one can achieve the
desired edge density. Here we assume that the ratio 19/ 40 is fixed and address the question about
tuning parameters A and x for achieving desired values of clustering coefficients.

In the simulations we put the number of nodesn = 1000, o =nand g = 1(for A =u = 0
such network is sparse at stationarity). We only consider two instances of values of the pair (a, f8):
the choice of parameters o = 2.75and f = 2.5isreferred to as ‘general triadic model’ below; the
choice of parameters & = f = 0 is referred to as ‘simple triadic model. Given (a, /) we generate
network Markov chains for different values of (4, A) from the range that features variability of the
local clustering coefficient (our target parameter). For each choice of (1, 4) we sample network
snaphot G; out of (approximately) stationary distribution and evaluate the edge density e(G;)
(Fig. 1) and local clustering coefficient C*(G;) (Fig. 2). To generate an approximately stationary
network we run the respective Markov chain starting from an empty graph until 3n? jumps (edge
changes) occur. Further simulation steps do not change values of ¢(G¢) and C(Gy) beyond the
rounding error.

In Figs 1 and 2 values of parameters u and 4 are depicted on the vertical and horizontal axis,
respectively. Evenly spaced labels on each axis depict values of geometric sequences with the
common ratio 1.35. The colours are put on logarithmic scale and the same scale is applied across
different images.

As we can see from Figs 1 and 2, ‘general triadic model” admits tunable (average) local clustering
coefficient while the edge density remains reasonably small (recall that the ratio t£0/A¢ remains
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Figure 2. Average local clustering coefficients in stationary graphs. (a) Heatmap shows average clustering
coeflicient of simple triadic model for various values of 1 and y, while the other model parameters are
fixed: a = B =0, 4;4; = 1, u;uj = 1000, n = 1000. (b) Heatmap shows average clustering coefficient
of general triadic model for various values of A and z, while the other model parameters are fixed:

a =275, = 2.5, 2l = 1, uiuj = 1000, n = 1000.

fixed). On the other hand, ‘simple triadic model’ shows a swift jump from a sparse graph to the
complete graph. Hence while trying to achieve the desired values of the clustering coeflicient we are
losing control over the edge density.

In Fig. 3a, we examine several clustering characteristics of the stationary network generated by the
‘general triadic model’ with g = 15000 and 4 = 20000. Given integer k > 2, let g(k) denote the
number of nodes v of degree d(v) = k. Let f(k) = g(_lk) Do d(v)=k C;(G) denote the average value
of the local clustering coefficient over the set of nodes of degree k. We put f (k) = 0 for g(k) = 0.
We call f the ‘local clustering coefficient curve’. The fact that f is mostly decreasing tells us that the
local clustering coeflicient negatively correlates with node degree, a phenomenon observed in many
sparse real networks ([20-23]). The ‘general triadic model’ reproduces this network property (see
[12, 16, 22, 29, 30] for several other models of clustered networks having this property). We also
mention that the edge density 0.004 is by two ordersless than the average local clustering coefficient.
Hence the network is sparse and highly clustered.

Lastly, we touch on the question of the component structure. One may wonder whether the high
values of the clustering coefficients are caused by a few (perhaps one) relatively small, but dense
subgraphs. Figure 3b shows that this is not the case. The stationary network generated by ‘general
triadic model’ admits a large connected component collecting a fraction of nodes. For simplicity
we put 4 = 0 (no triad protection). Hence the only remaining parameter to vary is 4. On the
horizontal axis, we depict values of % We recall that the number of nodes n = 1000 remains fixed.

2.2. Analytical results

Let f be a real valued function defined on the set of graphs with the node set V. For example, it
can be the number of edges f(G) = |E| of graph G = (V, E), or the number of closed triangles
f(G) = Na(G), etc. For a stationary Markov chain G, the function t — Ef(G;) is a constant.
Hence %Ef (G¢) = 0. This identity, when applied to properly chosen function f, can give useful
information about average characteristics of the network at stationarity. We explore two instances.
Choosing f(G) = |E| we show lower and upper bounds for the average edge density e; := Ee(Gy);
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Figure 3. Clustering versus degree and the largest component size. (a) Downward curve shows negative
relation between local clustering coefficient and degree in general triadic model with parameters o = 2.75,
B =25,4iA; = 1, piuj = 1000, u = 15000, 4 = 20000, n = 1000. (b) Blue (orange) curve shows
relation between the size of the largest component (average clustering coefficient) and the fraction 1/n in
general triadic model with parameters & = 2.75, f = 2.5, A;4; = 1, u;uj = 1000, ¢ = 0, n = 1000.

choosing f(G) = NA(G) we infer about the number of closed triangles. In what follows term
triangle is used for the closed triangle exclusively.

Since for stationary G the average edge density ¢; and average clustering coefficient EC*(G;) do
not depend on t, we sometimes drop the subscript t and write ¢ = ¢; and C* = EC*(Gy). We ob-
serve that, by symmetry, the probability distribution of bivariate random variable (d,(G¢), A, (Gy))
is the same for all v € V. Furthermore, for a stationary network this distribution does not depend
on t either. We denote by (d, A) a bivariate random variable having the same distribution as
(dv(Gt); Av(Gt))-

To make calculations feasible we assume for the rest of the section that the products 4;4; and
itjin (2.2) do not depend on i, j. In this case (2.2) reads as follows

Ao+ }.U,’j(G,OC) for {i,j} € E,

(no = nvy(G, ), for {ij} €E, )

a;(G) = {

where 4, 19 > 0and u, 1o > 0.
In Proposition 2.1 below we establish upper and lower bounds on the average edge density of the
stationary Markow chain G defined by (2.3).

ProrosiTION 2.1 We have that

A
e> —> (2.4)
Ao + Mo
Fora, § > 2 we have
Jo + —= max{/,
o< 20 maxth ) (25)
Ao+ Mo
Fora,f > 1and A9 4+ po > max{4, 1} we have that
A
e 0 (2.6)

< .
Ao + o — max{4, u}
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An important conlcusion to draw from inequalities (2.4), (2.5), (2.6) is that for 42 of the
order n and max{4, i} of the order z( the network Gy is sparse and has average edge
density of the order n™1 as n — +o0.

Proof of Proposition 2.1. Equation %E|Et| = 0 implies

E Z a;;(Gt) = E Z a;;(Gy). (2.7)

{ij}¢E: {i,j}€E;

In view of (2.3) we can write the latter identity in the form

E (/10 ((Z) — |Et|) +v; v — /1()|Et|> =0, (2.8)

where

v, =4 Z Z —a and v, = Z min { o, 4 Z ﬁ (2.9)

{W}éEt VEN:] {l,]}EEt VEN,]

account for the contribution of the clustering weights Av;;(Gy, @) and uv;;(Gy, B). Here we
write, for short, Nj; = N;;(G¢) and d,, = d,,(G). By the linearity of expectation, we obtain
from (2.8) that

—1
Ao — (Lo + mo)er + (;) E(v; +v;)=0. (2.10)

The inequalities v; > 0, v;" > 0imply 1o — (o + 1o)e: > 0. We arrived to lower bound
(2.4).
Let us show upper bounds (2.5), (2.6). We estimate

25/1 Z Z mm{a,ﬁ}’

{i,j}¢E: veN,]

{ SH Z Z 5'“ Z Z mm{a,ﬂ}

{i,j}€E: veN,] {i,j}€E: veNU

Combining these inequalities we obtain

/ 1 1 d,
vi + v/ < max{/, u} Z Z W = max{4, 1} Z m(2>
v

1<i<j<nveNy “v veV:d,>2

1 2—min{a,f}
< max{4, ,u}z Z ds .

veVvV

For min{a, #} = 2 we have v, + v} < 3 max{i, (). Invoking this inequality in (2.10) we

obtain (2.5). For min{a, #} = 1 we have v; + v, < max{4, u}|E;|. Now (2.10) yields
(2.6). End of the proof.
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The next Proposition 2.2 relates the average edge density to average local clustering coeflicient in
the special case of & = 2 and = 0. In this special case, we consider a slightly modified version
of (2.3) that includes the ‘correction term’

1 1
#j(G) = —— (H{di(c)=0} + I[{al,»(c>=0}) t— (H{di(G)=1} + H{d,»(c)=1}>

and replaces v;(G, 2) by related quantity v (G) = }_,c N;(G) (dwéG))il. We set

Ao+ i\):;(G) + }L)fij(G) for {i,j} ¢ E,

2.11
o for {i,j} € E. (211

a;;(G) = {
The reason for such a modification is that it admits a closed form expression for the average edge
density.
ProrosiTION 2.2 For a stationary network Markov chain defined by (2.11) we have that
Ao + ﬁi(l - Y
- Ao+ o ’

e (2.12)

Noting that C* < 1 we obtain from (2.12) the upper and lower bounds for the average
edge density

Jo+ =21
AO <e< 0+n71

Ao+ po Ao+ po

Letting n — +00 and choosing /j—g s /f—“o and f—o of the order n we have that e is of the order

n~1. Hence the model produces a sparse dynamic network.

Proof of Proposition 2.2. Equation (2.7) implies

1
EY |Zo+dm+i), = | = HoBIE. (2.13)
(i1 E: wery (3)

Here we write, for short, x;; = x;;(G;), Njj = N;j(G;) and d,, = d,,(G;). Invoking the
identities

1= (;)-—IEA,

{ij}¢E:
Z Xy = Z [ig, =0} + Z Lia,=1),
{i,j}¢E¢ weV weV
iy —
)ID IRy (Z)d—f”(Gt)= Y a-cG)

{i,j} €E: weN;; (dzw) weV:d,>2 ( 2 ) weV:d,>2

and dividing both sides of (2.13) by (;) we have
24 -
%U—®+——T@MSH+PMZM—C)=uw
n—

where d denotes the degree of a randomly selected node. We have arrived to (2.12). End of
the proof.
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Our next result establishes a lower bound on the average number of triangles.

ProPOSITION 2.3 Let 0 < o < 2. For a stationary network Markov chain defined by (2.3)

we have

A
EA> ——  P{d>2L 2.14
Z et o+ dz2 (2.14)

An important conlcusion to draw from inequality (2.14) is that choosing & T p T and £ 7o of
the order n one can obtain a sparse stationary dynamic network with the property that the
average number of triangles incident to a node of degree at least two (formally, the
conditional expectation E(A|d > 2) = & { d>2 =2 is bounded from below by a constant.
Note that d,(G¢) < 1implies A,(Gt) = 0. Hence A,(G¢) = A,(G)jg,(G,)>2) and

A = Alg=y.

Proof of Proposition 2.3. Equation (%ENA (Gt) = O implies

E Z IN;j(Ge)|aij(G) = E Z INij(Ge)laij(Gy). (2.15)

{ij1€E: {i,j}€E;

Here the left sum evaluates the average birth rate of triangles: connecting a pair of
non-adjacent nodes i, j by an edge creates |N;;(G;)| new triangles. The right sum evaluates
the average death rate of triangles: deletion of an edge {i, j} € E; eliminates |Nj;(Gy)|
triangles from G;. Furthermore, for {i, j} € E; we have a;;(Gt) < uo. Hence the sum on the
right of (2.15)

Z INij(Gt)|a;j(Ge) < Z IN;i(Ge)|po = Z Ay (Ge) to. (2.16)

{ij}€E: {i,j}€E; veV:d,(G)>2

In the last identity we use the observation that A,(G¢) counts edges whose both endpoints
are adjacent to v. Similarly for the sum on the left of (2.15)

v t l
> N GlayG) = Y ((d © )) - m(ct)) </10+ i Gt)) (2.17)

{ij}¢E: veV:d,(G)>2

Here we use the observation that (d”(Gt) — A, (Gy) counts pairs {j, j} of neighbours of v

that are non-adjacent ({i,j} ¢ E¢). Inequality (2.17) follows from the fact that
a;i(G) > Ao + dia for each v € N;;(Gy).
Invoking (2.16) and (2.17) in (2.15) we obtain

d, 4
= 3 (") ak0) (ot i) =2 o

veV: dv(Gt) >2 veV: d,,(Gg)ZZ

Recall that the probability distribution of bivariate random variable (d,(Gy), A,(Gy)) is
the same for allv € V. Collecting the terms A,(G¢) on the right and dividing both sides by

n we have

da

v

A A I
7°E d(d— 1)) + EE(azl—“(d — Dligz2) < (lo + 10)EA + AE (Av W”) .
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Next we upper bound 1E (Avdu—aﬂ{dvzz}) < AEA and obtain

A
EE (dl_a (d— I)H{dzz}) < (o + o + 1)EA.

Furthermore, using inequality% < df;l < ga_—,ll, which holdsfor0 < o <2andd > 2

A
L

4El{4,>2) and obtain inequality equivalent to (2.14)

we lower bound the left side by

A
End of the proof.

3. DYNAMIC AFFILIATION NETWORK

LetH = {H; = (VUW, E;), t > 0} be a continuous time Markov chain, whose states are bipartite
graphs with the bipartition V.U W, where V. = {1,...,n} and W = {,...,m}. Transitions
of H are defined as follows. Given H; (the state occupied at time t), the update takes place at
time ' :=t + min()evxw Biy when the pair (ig, up) with Bjyy, = min(y)evxw Biu changes its
adjacency status. Here B;, = Bj,(H), are independent exponential waiting times with intensities
biy = bj, (Hy) defined below. Thus, at time ¢’ chain H jumps to the state Hy = (VU W, Ey), where
the edge sets E; and Ey differ in the single edge ip ~ up. Markov chain H defines dynamic affiliation
network G’ = {G; = (E}, V), t > 0}: for each t any two nodes i,j € V are adjacent in G} whenever
i and j have a common neighbour in Hy.

Now we define intensities bj,. We fix u > 0 and assign positive weights y; and %, to i € V and
u € W that model activity of actors and attractiveness of attributes. For a bipartite graph H =
(VU W, E) we set

yixy for (i,u) ¢ E,

bi(H) =
i (H) u for (i,u) €E.

(3.1)

Clearly, H has a unique stationary distribution defined by the weight sequences {y;}7_ ;, {x4}_;

and u. Furthermore, H comprises of n X m independent continuous Markov chains describing
adjacency dynamic of each node pair (i, u) C V X W separately, where the Markov chain of a pair
(i, u) has two states i ~u and i % u whose exponential holding times have intensities # and y;x,
respectively. Thus, at stationarity, a snaphot H; represents a random bipartite graph, where edges
are inserted independently with probabilities

YiXy

Pli~u) = ——— =: py, 32
{i~u} v p (3.2)

for (i,u) € V. x W.We assume in what follows that dynamic affiliation network G’ is defined by a
stationary Markov chain H satisfying (3.2). In this case, probability distributions of random graphs
G, and H; do not depend on t and with a little abuse of notation we write, for short, G = G} and
H = H,.

The random graph G’ is closely related to the inhomogeneous random intersection graph
introduced in [31] and generalised in [32, 33]. The difference between G’ and the random graph
of [32, 33] is that in the latter graph node weights X3, . . ., X, and attribute weights Y7, ..., Y, are
sampled independently at random from given probability distributions Px and Py. Moreover, ratio

(3.2) is replaced by min{1, ﬁnXT’r‘l}. In particular, the distribution of the random graph of [32, 33] is

invariant under permutations of the nodes. This is not the case for G’, where variable node weights
are non-random.
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It has been shown in [32, 33] that letting n,m — +00 so that m = m(n) is asymptotically
linear in n the inhomogeneous random intersection graph admits asymptotic degree distribution
(including a power law) and displays clustering. Namely, [33] evaluates the conditional probability

3 3
Plu~v|u~w,v~w) (EX)(EY) +o(1), (3.3)
n

~ (EX?)(EY)? + (EX2)2(EY2)2(EY)2/m/

where u, v, w € V is arbitrary but given triple of nodes. Here X and Y denote random variables with
distributions Px and Py. We remark that the probability in (3.3) is related to the global clustering
coefficient. In fact, it is an approximation to the global clustering coeflicient, see discussion after
Theorem 3.4 below. Now we only remark that the fraction in (3.3) tends to 0 (respectively 1) for
m/n — +00 (respectivelym/n — 0). Hence, in order to get a network with a non-trivial clustering
one needs to choose m asymptotically linear in n, say m/n — y, for some y > 0.

Let us outline analytical results of this section. For G’ being a version of the random graph [32, 33]
conditioned on the weights X; = x1,...,X,, =, and Y7 = y1,...,Y, = y, itis reasonable to
ask how the weights of individual nodes affects their degree distributions. We address this question
in Theorems 3.1 and 3.3 below. Furthermore, our Theorem 3.4 establishes the first order asymptotic
asn,m — =400 to the global clustering coefficient C<*(G').

To proceed further we introduce some notation. By Py, ,, = % Z:’: 1 Oy;and Py py = % Zum: 1 0x,
we denote empirical distributions of the sequences {y1, . . ., y»} and {x1, . . . , %, }. Here J; stands for
the degenerate distribution that assigns mass 1 to point ¢. Furthermore, we denote

1 1 m nm
@y==>"x, ==y P=— x=—.
m n n u
u€l[m] i€[n]

Degrees of G'. Here we show that the expected value Ed; of the degree d; = d;(G') of node
i is approximately proportional to its weight y;. Moreover, d; has asymptotic compound Poisson
distribution as the network size n — +o0.

THEOREM 3.1 Let n,m — +00. Put 4 = /nm and assume that for some ¢ > 0 we have
(x®) < cand (yz) < cuniformly in n, m. Then for each i

2
Edi = yi () () + O ( j_m) . (34)

Theorem 3.1 is an immediate consequence of the following (more general) result.

ProrosiTiON 3.2. For each i € V we have
2 x 3\ /.2 3 x* 2,.202,.2 I,
0 < yix (x*)(y) — Ed; < ;w((x Y2 + 3i(a®) () + Vi ()" (7) + ;%(x ). (39)

It follows from Proposition 3.2 that for large n, m random graph G’ admits bounded
average degrees whenever u = u(n, m) is of the order \/nm.

As we are interested in sparse and clustered networks it is reasonable to assume that u = \/nm
and that m =m(n) is asymptotically linear in n as n — + 00. Theorem 3.1 now implies that Ed;
stays bounded as n,m — 4-00. In this case, the probability distribution of d; does not concen-
trate around the expected value Ed;. Theorem 3.3 below shows that d; has a compound Poisson
asymptotic distribution. Recall that compound Poisson distribution is the probability distribution
of a randomly stopped sum 22\: 1 ¢k, where &1, &5, . . . are independent and identically distributed
random variables, which are independent of the Poisson random variable A. We write A ~ (1),
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where 2 := EA denotes the expected value and denote by ¥ (4, P¢) the (compound Poisson)

distribution of Z,/(\: 1 ¢k Here P¢ denotes the (common) probability distribution of &.

Let x1,x2,... and y1,¥2,... be positive infinite sequences of weights. In Theorem 3.3, we
consider random affiliation networks G’ = G;’m ,n,m=1,2,..., based on respective bipartite
random graphs H,, ,, whose edges are inserted independently with probabilities (3.2). Note that
each Hy, ,, is defined by truncated (finite) sequences {x1, ..., %y} and {y1, ..., yn}.

To formulate our next result we need the following conditions: for n, m — 400 we have

o P, ,, converges weakly to some probability distribution, say Px, having a finite first moment
[ sPx(ds) < oo and (x) converges to [ sPx(ds);

o the family of distributions {Py,, n=1,2,...} is uniformly integrable and (y) converges to
some number a, > 0.

THEOREM 3.3 Let u = /nm. Let n — +00. Assume that m = m(n) is such that m/n
converges to some y > 0. Assume that (i) and (ii) hold. Denote a, = [ sPx(ds) and
introduce functions — As = sa,y ~1 Foreachi=1,2,... the probability distribution of
d; converges weakly to the compound Poisson distribution 6 % (yiayy, Q), where the
discrete probability distribution Q assigns probabilities

S A
QUi = [ e Eipetas. (36)
Ay t!

tointegerst =0,1,2,.... We note that Q is a mixture of Poisson distributions with a size
biased random parameter. To sample from Q one can use the two step procedure:

(i) generate a (size biased) random variable X according to the distribution

P(X =s} = ;—xP{X =s},5=0,1,...;and (ii) sample Poisson random variable with rate
X. ayy ~1. The intuition behind the degree distribution formula of Theorem 3.3 is that given
node i is linked to (asymptotically) Poissonian number of attributes and each attribute, in
addition, is linked to random number of nodes having mixed Poisson distribution.

Clusteringin G'. We recall that N s (G') denotes the number of (closed) triangles in G’ and N (G)
denotes the number of 2-paths in G

THEOREM 3.4 Let u = /nm. Let n — +00. Assume that m = m(n) is such that m/n
converges to some y > 0. Assume that for some constant ¢ > 0 we have (x%) < cand

(y4) < cforall n. Then
NA(G) = émw + op(x/n), (37)
NA(G) = %<x3><y>3 + §<x2>2<y2><y>2 + 0p(/n). (38)

In particular, the global clustering coefficient

(o) (°

Cc(G) =
@) (@) 5)> + 7 )22 ()

3 + op(1). (3.9)

We remark that conditions (x°) < cand (y4) < c of Theorem 3.4 can be relaxed. We
expect that the minimal conditions (x*) < cand (y*) < c plus the uniform integrability of
t3Px,m (dt) and tzPy,n (dt) would suffice.
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We note that the result (3.9) is consistent with the earlier finding (3.3). In particular, the fraction
in (3.3) can be obtained from (3.9) if we let m,n — 00 and replace averages by respective
expectations.

Finally, we comment on the proofs of Theorems 3.3, 3.4, and Proposition 3.2 that are given
in the Supplementary Appendix. We mention that the underlying bipartite structure adds a level
of complexity. Although the limiting (underlying) random bipartite graph is locally tree-like, the
projection graph G’ has quite a few short cycles [34]. This makes the analysis of the degree
distribution nontrivial. The same comment applies to the global clustering coefficient, where (3.9)
is established by showing the concentration of triangle counts and 2-path counts (3.7), (3.8). Here
we apply the second moment method (Chebyshev’s inequality).

4. CONCLUDING REMARKS

We presented two dynamic network models that generate sparse and clustered stationary networks.
Both models seems natural as they mimic dynamics of real network processes. Luckily, for rigorous
analysis of dynamic affiliation network we can use techniques developed for random intersection
graphs [2, 8, 13, 27, 34, 35]. On the other hand we have only a few rigorous results for stationary
Markov chains with clustering like (2.2), (2.3). It would be interesting to learn more about network
structure and properties of this model via rigorous analysis.
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