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Oscillator Chain: A Simple Model for Universal Description
of Excitation of Waveguiding Modes in Thin Films

Kestutis Staliunas

There is no simple and universal analytical description of various micro-optical
systems related with Fano resonances. This especially concerns modulated
thin films, which, when coupled to external fields, show Fano resonances.
Usually, such micro-optic schemes are simulated numerically, frequently by
the use of commercial software. The study fills this gap of the lack of universal
analytical description by introducing and exploring a simple mechanical
equivalent, the oscillator chain, which mimics such schemes involving Fano
resonances. The model does not necessarily provide the rigorous description
of complicated micro-optical schemes, however does capture the main
properties of such Fano-related micro-optical systems. The model captures
different modifications of the thin film arrangement as well: thin film with
amplification, non-Hermitical thin films, and others. It also covers the case of
multiple Fano resonances in a thin film. The model is validated by comparing
with the rigorously calculated wave propagation in the thin films.

1. Introduction

The problem of coupling of a continuous wave with an oscillator
arises in many fields of physics. The first studies were performed
by Struth (Lord Rayleigh), Mie, and others[1–3] to calculate the
scattering of electromagnetic wave by a particle. A general
formula to calculate the scattering cross-section of a particle
resonantly interacting with the plane wave has been derived
by Fano,[4,5] The related problem is being encountered quite
frequently now inmodernmicro/nano photonics, in particular in
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the studies of wave propagation inmicro-
circuits and interaction with micro-nano
rings,[6–15] or in spatial filtering by pho-
tonic crystals.[16–18] This problem is also
encountered in the series of recent stud-
ies of the light reflection/transmission
through the surface-modulated thin
films in different modifications,[19–24]

see Figure 1a. These studies largely rely
on numerical methods. The analytical
studies are complicated, since even
the simplest cases depend on many
parameters and specifics of architec-
tures, which neither allow to derive
simple analytical models for particular
configuration, nor to derive universal
models. A derivation of a simple univer-
sal relation, even an approximate one,
which would capture the main properties
of such an interaction, would be very

useful to develop an intuition of the waves propagat-
ing/interacting in such system, and would allow to predict
the expected phenomena.
An analytical attempt to solve the problem is the coupledmode

theory (CMT),[25–27] however, due to different possible configura-
tions of the thin film modulation (for instance only one interface
can be modulated, or both, with equal or different amplitudes),
this also does not lead to a simple and universal expressions. Note
that even a seemingly simple problem of light diffraction on pe-
riodically modulated surface, does not allow analytical treatment,
only estimations in some limits, like shallow modulation limit.
The original theory of Fano concerns the weak scattering of a

plane wave by a particle, where the first Born approximation[28]

is usually applied. This means that the amplitude of incident
plane wave is fixed, and the scattered field by the particle is con-
sidered as a weak perturbation, not altering the incident field in
this first approximation. The classical[1–5] and modern[6–15] stud-
ies calculate the scattering cross-section by a particle at or near to
resonance. The case in Figure 1a is, however, principally differ-
ent, in that the scattered field is comparable in magnitude with
the incident wave, and can substantially affect it. The interfer-
ence between the incident and scattered field can result in dras-
tic changes in the domain of transmitted/reflected radiation. The
usual scattering theory, based on the first Born approximation,
does not apply here.
The aim of this article is to derive a simple and universalmodel

capturing the main features of the systems in Figure 1a. The pur-
pose is to correctly capture the extreme cases, when, for instance,
reflection or transmission becomes zero, or increases to infinity
in the case of the active (amplifying) thin film. Such cases are not
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Figure 1. a) Thin filmwith periodically corrugated surface, excited by an incident wave at a nearly normal direction; b) oscillator chain, where the oscillator
A0 mimics the Fabry-Perot mode of the resonator, and the oscillator B - the planar waveguiding mode in (a).

accessible by perturbation theories, for instance, by first Born ap-
proximations.
The article proposes that situation is universally described by

a simple model of the chain of oscillators coupled to the neigh-
boring ones, and to additional oscillator say at a position, n = 0,
see Figure 1b. Along the chain at n < 0 the incident and reflected
waves are propagating. At n > 0 the chain contains only the trans-
mitted wave. The oscillator at n = 0 mimics the Fabry-Perot (FP)
resonator for the field resonating nearly perpendicularly to the
surface of the film in Figure 1a. The oscillator B, coupled to the
oscillator at n = 0 position of chain, corresponds to the planar
waveguiding (or, in limiting case, the leaky surface-) mode of the
film. Although very schematically, such chain of oscillators con-
tains all the ingredients of the periodically modulated thin film
coupled to the incident plane waves, Figure 1a.
We first derive the universal model, find its analytical solu-

tions, then we simplify and analyze it in different limits. We
present its specific solutions, corresponding to different mod-
ifications of the scheme in Figure 1a: film with amplification,
non-Hermitian films, and others. We also generalize the theory
to several Fano resonances. This situation is not frequent in usual
systems with Fano resonances, however is very important in thin
films supporting Fano resonances, Figure 1a: there is always a co-
alescence of two resonances between left- and right-propagating
modes at the zero-incidence angle. Finally, we validate the model
by comparing a particular solution of our simple universal model
with the numerical solution obtained by standard numerical pro-
cedures (commercial program).

2. Mathematical Description

The equation for the dynamics of oscillators in a chain at n ≠ 0
is:

𝜕2An

𝜕t2
= 𝜔2

A

(
An−1 + An+1 − 2An

)
(1)

This chain supports the right and left propagating excita-
tion waves An = A+(k)e

ikn−i𝜔t + A−(k)e
−ikn−i𝜔t, with dispersion re-

lation directly following from (1): 𝜔(k)2 = 𝜔2
A(2 − eik − e−ik) =

2𝜔2
A(1 − cos(k)). k is here adimensional. This curve of dispersion

in a continuum limit (for k ≪ 1) becomes straight line𝜔 = ±𝜔Ak.
𝜔A has also a meaning of the phase velocity of the wave in terms
of lattice sites per time unit.

The central oscillator of the chain A0, additionally interacts
with the coupled oscillator B:

𝜕2A0

𝜕t2
= 𝜔2

A

(
A−1 + A+1 − 2A0

)
− 2𝛾A

𝜕A0

𝜕t
+ cAB𝜔B

(
B − A0

)
(2)

𝜕2B
𝜕t2

= −𝜔2
BB − 2𝛾B

𝜕B
𝜕t

+ cBA𝜔B

(
A0 − B

)
(3)

We consider a general case. For instance, we introduced the
losses 𝛾A and 𝛾B for the coupling and coupled oscillators A0 and
B. This corresponds to the losses of the FP mode within the FP
resonator and the losses of the waveguiding mode of the film
correspondingly. The negative values of 𝛾A and 𝛾B correspond to
gain. For instance, encountered in a scheme studied in.[23] The
coupling coefficients cAB and cBA are in general not equal (more
precisely not complex conjugated cAB ≠ c∗BA) as it were in Her-
mitian case. This covers the recently addressed situation of non-
Hermitian thin films.[22] Note that the coupling forces are defined
as cAB𝜔B(B − A0) and cBA𝜔B(A0 − B) to make the dimensionality
of the coupling constant the same as of the losses [time−1]. And
finally, the decay coefficients 𝛾A,B can be negative, indicating the
gain in the thin film.

3. Solutions

We consider separately: i) the incident/reflected waves on the
left part of chain n < 0: An = eikn−i𝜔t + re−ikn−i𝜔t, where the am-
plitude of incident wave is normalized to unity, and r is the un-
known, complex valued, reflection coefficient; ii) the transmitted
wave on the right n > 0: An = teikn−i𝜔t with the unknown trans-
mission coefficient t; iii) the coupling oscillator of the chain at
n = 0: A0 = Ac e

−i𝜔t with the unknown amplitude Ac; iv) the cou-
pled oscillator: B = B0e

−i𝜔t with unknown amplitude B0 as well.
We write down the (1) in stationary regime 𝜕2An

𝜕t2
→ −𝜔2An at

points n = −1, and n = 1 also (2) and (3) at point n = 0. This gen-
erates four equations relating four unknowns, t, r, Ac and B0.

−𝜔2
(
e−ik + reik

)
= 𝜔2

A

(
Ac + e−2ik + re2ik − 2e−ik − 2reik

)
(4)

−𝜔2t eik = 𝜔2
A

(
Ac + te2ik − 2teik

)
(5)

−𝜔2 Ac = 𝜔2
A

(
e−ik + reik + teik − 2Ac

)
+ 2i𝛾A𝜔Ac + cAB𝜔B

(
Ac − B0

)
(6)
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−𝜔2 B0 = −𝜔2
BB0 + 2i𝛾B𝜔B0 + cBA𝜔B

(
B0 − Ac

)
(7)

(4) and (5) directly leads to Ac ≡ r + 1, and Ac ≡ t. This is first
important conclusion, universally relating transmission and re-
flection: t − r = 1. The usual conservation relation |r|2 + |t|2 = 1,
does not hold in general, due to losses/gain in the system. In the
absence of gain/losses, 𝛾A = 𝛾B = 0 the usual conservation rela-
tion |r|2 + |t|2 = 1 holds as well, as we derive below.
(7) allows to calculate the response function g(𝜔):

B0 =
cBA𝜔BAc

𝜔2 − 𝜔2
B + 2i𝛾B𝜔 + cBA𝜔B

= g (𝜔)Ac (8)

From the remaining (6) we obtain:

Ac =
2𝜔v

icAB𝜔B

(
g (𝜔) − 1

)
+ 2𝛾A𝜔 + 2𝜔v

(9)

Here v = d𝜔∕dk is the group velocity of the wave.
Note, that (9) does not contain explicitly the wavenumber k,

nor 𝜔A. It is solely defined by the frequency and the slope of the
frequency dispersion, which is the group velocity. This means
that (9), and subsequent relations are applicable for the systems
with arbitrary dispersion relation.

4. Simplifications

Close to the resonance, |𝜔 − 𝜔B| ≪ 𝜔, also in weak gain/loss
limit |𝛾A,B| ≪ 𝜔, the solution (8) simplifies to:

g (𝜔) =
cBA

2
(
𝜔 − 𝜔B

)
+ 2i𝛾B + cBA

(10)

Ac =
2v

icAB
(
g (𝜔) − 1

)
+ 2𝛾A + 2v

(11)

Eliminating g(𝜔) from (10) we obtain:

Ac =
v
(
2
(
𝜔 − 𝜔B

)
+ 2i𝛾B + cBA

)
−icAB

((
𝜔 − 𝜔B

)
+ i𝛾B

)
+
(
𝛾A + v

) (
2
(
𝜔 − 𝜔B

)
+ 2i𝛾B + cBA

)
(12)

Note that the theory (until Equation (12)) is applicable in non-
Hermitian (including PT-symmetric) cases, cAB ≠ c∗BA,

[22,29–32] as
well. In the following simplifications wewill restrict toHermitian
coupling case.
In Hermitian and conservative case cBA = cAB , 𝛾A = 𝛾B = 0 the

reflection/transmission further simplifies to:

t =
2
(
𝜔 − 𝜔B

)
+ cAB

cAB +
(
2 − icAB∕v

) (
𝜔 − 𝜔B

) (13)

And t= r-1. This predicts that the reflection r is zero at𝜔 = 𝜔B ,
and the transmission t is zero is at 𝜔 = 𝜔B − cAB∕2. This shift
between reflection and transmission zeroes can be considered as
the full with of the resonance Δ𝜔0 = cAB∕2 (see Figure 2).

Figure 2. Reflection/transmission in linear (a) and logarithmic (b) repre-
sentation, as obtained from (13). The reflection/transmission curve shows
asymmetric form, typical for Fano scattering, which is better visible in log-
arithmic representation. The reflection is zero at the resonance (in this
case at 𝜔 = 𝜔B = 1), and the peak of reflection is shifted toward smaller
frequencies 𝜔 by approximately cAB∕2. The transmission maximum and
zero correspond to reflection zero and maximum respectively. The param-
eters: 𝛾A = 𝛾B = 0. cAB = cAB = 0.5.

5. Special Cases

5.1. Presence of Gain

In the presence of gain, one should consider (12), but one can
also use (13) with the complex-valued resonance frequency 𝜔B →
𝜔B + i𝛾B. The calculations of a resonance lead to:

𝜔im = −𝛾B −
c2AB∕v

4 + c2AB∕v2
(14)

Interestingly for 𝛾B < 0 the imaginary part of the frequency
can become positive. More precisely, it becomes positive for 𝛾B <

−vc2AB∕(4v
2 + c2AB). This indicates that the oscillator with gain

starts generating. The full solution of a system consists of the
solution of a driven system (12), plus the solution of the au-
tonomous part of equation system, which is exponentially grow-
ing or decaying. A modification of the above theory allows to find
the solution of the autonomous equation (setting the injection
equal to zero in (1)).We, however, could not get a compact analyti-
cal expression for the autonomous part of the solution, therefore,
we do not present it here.
The Figure 3. shows the driven solutions just below the gen-

eration threshold. Both, reflection and transmission strongly
increase in the vicinity of their resonance. Also, the reflec-
tion/transmission zeroes, present in conservative cases, do not
exist anymore.

Figure 3. Reflection/transmission crossing the resonance in the presence
of gain 𝛾B < 0. The gain value is below the generation threshold. The pa-
rameters: 𝛾A = 0. 𝛾B = −0.075, cAB = cBA = 0.5, 𝜔0 = 1.
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A simple explicit estimation of the reflection coefficient at its
(shifted) resonance𝜔R = 𝜔0 − 2cAB

4+c2AB∕v
2
can be derived in the limit

cAB ≪ 1 and |𝛾B| ≪ 1:

r = − 1
1 + 4v𝛾B∕c2AB

(15)

This is a universal relation. In conservative case r = −1, as
can be expected. Approaching the generation threshold 𝛾T =
−c2AB∕(4v) the reflection at resonance tends to infinity. Expansion
of the gain coefficient 𝛾B and frequency 𝜔 around the singular
point (𝛾T ,𝜔R), 𝛾 = 𝛾T + Δ𝛾 , 𝜔 = 𝜔R + Δ𝜔, results in:

r = −
c2AB∕v

2

(
2i + cAB∕v

)2 1
Δ𝛾 − iΔ𝜔

(16)

which allows to estimate the width of the resonance: Δ𝜔 ≈ |Δ𝛾|.
Approaching the singular point the width of the resonance (both
in reflection and transmission) approaches zero.

5.2. Multiple Fano Resonances

The theory can be generalized to the case of multiple Fano reso-
nances. The central oscillator in the chain is then to be coupled
to several oscillators Bj, j = 1, 2, 3,…:

𝜕2A0

𝜕t2
= 𝜔2

A

(
A−1 + A+1 − 2A0

)
− 2𝛾A

𝜕A0

𝜕t

+
∑

j=1,2,3,…
cABj𝜔j

(
Bj − A0

)
(17)

𝜕2Bj

𝜕t2
= −𝜔2

j Bj − 2𝛾j
𝜕Bj

𝜕t
+ cBAj

𝜔j

(
A0 − Bj

)
(18)

The above solutions for single Fano resonance (8) can be
straightforwardly generalized. The amplitudes of multiple Fano
resonances are calculated from (7):

Bj =
cBAj

𝜔jAc

𝜔2 − 𝜔2
j + 2i𝛾Bj𝜔 + 𝜔jcBjA

= gj (𝜔)Ac (19)

And the reflection/transmission coefficients are calculated
from the (6) modified for multiple resonances:

t = Ac =
2𝜔 v

i
∑

j cABj
(
gj (𝜔) − 1

)
+ 2𝜔 v

(20)

(19) contains multiple resonances. The reflection follows from
the relation t − r = 1.
An example of two resonances is shown in Figure 4. The char-

acteristic shapes of the resonances remain as calculated for sin-
gle resonance case; however, quantitatively, the resonance shifts
are influenced by the interaction. The resonances are moderately
shifted one from another (by the value comparable by the cou-
pling constant cAB = cAC ).

Figure 4. Reflection/transmission in the presence of two Fano reso-
nances. Hermitian case. Other parameters: 𝛾A = 𝛾B = 𝛾C = 0. cAB = cAC =
0.3, 𝜔B = 0.86, 𝜔C = 1.1.

6. Relation with the Real Systems

Finally, we discuss the relation between the parameters and vari-
ables in our model of oscillator chain, with those in Figure 1a,
the modulated thin films.
The planar structure (unperturbed by modulation) supports

the waveguiding modes with the propagation wavenumber km
for a given frequency 𝜔0 = ck0 (here k0 = 2𝜋∕𝜆 is the wavenum-
ber of incident light in vacuum). The resonant coupling to the
right/left propagating modes occurs for the incidence angles 𝜃
such that k0sin(𝜃) ± qx = ±km. (Here modulation wavenumber
is qx = 2𝜋∕dx and the period of the modulation of the surface of
the film dx). The propagation wavenumbers of the planar modes

km =
√
k20n

2 − q2 , depend on the transverse wavenumber of the
planar mode q, which does not have explicit analytic expression.
In the limit of infinitely deep potential well, when the refraction
index of the material of the film is infinitely large, the transverse
wavenumber q has a simple expression, independent of polariza-
tion.

q ≈ 2𝜋m
dz

(21)

Where m = ±1,±2,±3,… counts the left and right propagating
planar modes. In virtue of: (k0sin(𝜃) ± qx)

2 = k20n
2 − q2, the res-

onant “cross” pattern is obtained in the parameters space of the
incidence angle and wavenumber (𝜃, 𝜆) for each order of the pla-
nar modes and for each polarization, where the signs ± attribute
to the left/right inclined resonance lines, or, equivalently, the
left/right propagating planar mode.
Another important parameter is the coupling coefficient

between the incident radiation and the waveguiding mode.
We can roughly estimate the coupling coefficient analytically
for the harmonically modulated interface between two mate-
rials with refraction indices n1 and n2: Z (x) = h cos (qxx) =
h(e−iqxx + eiqxx)∕2 . Then, for instance, the amplitude of the trans-
mitted wave reads:

At (x) = A0 e
ikZ(x)(n1−n2) 2n1

n1 + n2
≈ A0

2n1
n1 + n2

+ A0
4𝜋h
𝜆

n1 − n2
n1 + n2

(
e−iqxx + eiqxx

)
+⋯ (22)

The series expansion of (22) assumes shallow modulation
approximation: h ≪ 𝜆. This straightforwardly leads to the first-
order diffraction coefficient:
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Figure 5. a) Geometry of the structure. b) Transmission map in space of
incidence angle and wavelength (𝜃, 𝜆) as numerically calculated by Lumer-
ical. c) Vertical cross-section at the incidence angle 10 deg. d) Correspond-
ing transmission dependence as obtained by simplified model (24) with
the coupling coefficients cAB = cAC = 0.2, and 𝜔B = 0.8, 𝜔C = 1.0.

d ≈ 4𝜋h
𝜆

n1 − n2
n1 + n2

(23)

and eventually to the coupling between the incoming radiation
with the waveguiding mode:

cAB ≈ 2h
dm

n1 − n2
n1 + n2

(24)

dm is the characteristic width of the excited mode, typically, it
of the order of dz, but for dz ≪ 𝜆∕2 it can be larger than dz. cAB is
adimensional, normalized to the carrier frequency, which corre-
sponds to that one used in analytics above.
Alternatively, the coupling coefficient can be chosen phe-

nomenologically, for instance, estimated from numerical analy-
sis. This is especially important for deep modulation, when the
above limit h ≪ 𝜆 is no more applicable.
We present the rigorously numerically calculated map in

Figure 5, together with the relevant cross-sections at a particular
nonzero angle. (At zero angle, two resonances coincide.) The es-
timation of cAB from the parameters used in the calculations (see
caption of Figure 5) is cAB ≈ 0.2, which gives the width of the res-
onance Δ𝜔0 = cAB∕2 , as well as the displacement between the
reflection and transmission zeroes equal to ≈ 0.1, which corre-
sponds well to these in cross-sections of Figure 5. The transmis-
sion has been calculated using our simplified model (17). The
widths of the resonances correspond well between numeric and
analytics. Although the modulation is no more shallow, this nev-
ertheless means that the analytical estimation of the coupling co-
efficient was still not bad. A difference in the rigorously calcu-
lated model is the background transmission, which is affected by
the low-quality FP resonator, whereas the background intensity
in our analytical model is unity. By modifying the width of the
film in the numerical study, the background transmission pro-
file varied, which supports the explanation of the background.

The parameters in numerical simulation are as indicated in
(a): dx = 0.625 𝜇m, dz = 0.210 𝜇m, 2h = 0.220 𝜇m, n = 2.2 of the
film, and n = 1.45 of the substrate.

7. Conclusion

Concluding, we derived analytical expressions for transmis-
sion/reflection coefficients of a wave propagating along the chain
from a coupled oscillator. The results can be applied for the sys-
tems with Fano resonances, such as micro-ring resonator cou-
pled to a waveguide, or a thin film coupled to near-to-normal in-
cident radiation. This article was written basically to interpret the
latter case, the reflection/transmission from/through a thin film
at a near-to-normal incidence.
The model uses several phenomenological parameters, such

as:

• Frequency of resonance, 𝜔B;
• Coupling constants cAB, cBA;
• Decay rates 𝛾A, 𝛾B, which can represent gain for 𝛾A, 𝛾B < 0;
• Group velocity of the propagating modes v;

The derived formulas allow to estimate:

• The transmission/reflection function (8), and its simplifica-
tions (10–13).

• The frequency of resonance in reflections (maximum reflec-
tion)𝜔rez = 𝜔B − cAB∕2. Themaximum transmission (zero re-
flection) frequency remains at resonance 𝜔B.

• The separation between transmission ar reflection zeroes,
which is an estimation of the width of the resonance in con-
servative case Δ𝜔0 = cAB∕2 .

• In case of oscillators with gain, the singular point occurs at
𝛾T → −c2AB∕4, when the field starts to grow exponentially. Close
to the instability point 𝛾T = −c2AB∕(4v): the width of the reso-
nance with amplification is equal to the distance from genera-
tion point Δ𝜔 ≈ |Δ𝛾|.
In addition, the above characteristics for multiple Fano reso-

nances have been derived as well (19).
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