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Abstract

We prove a probabilistic limit theorem for the Epstein zeta-function {(s; Q) in the interval
n—1

[N,N + M] as N — oo, using discrete shifts {(c + ikh; Q), where h > 0 and ¢ > 5=
are fixed. Here, Q is a positive-definite 7 x n matrix, and the interval length M satisfies
h71<Nh)27/82 < M < hfl

the first result in short intervals for {(s; Q). The obtained theorem improves the known

(Nh)'/2. The limit measure is given explicitly. This theorem is

results established for the interval of length N. Since the considered probability measures
are defined in terms of frequency, theorems in short intervals have a certain advantage in
the detection of { (o + ikh; Q) with a given property, as well as in the characterization of the
asymptotic behaviour of {(s; Q) in general.

Keywords: Bohr-Jessen theorem; Haar measure; Epstein zeta-function; convergence in
distribution; weak convergence of probability measures; short intervals

MSC: 11M41; 60B10; 60E10

1. Introduction

Let s = o + it be a complex variable. The term “zeta-function” steams from the
Riemann zeta-function

e 9]
1
Z —, o>1
= me
Thus, zeta-functions in the classical sense are analytic functions of a complex variable in
some half-plane ¢ > 0y defined by Dirichlet series

-

§‘§

with coefficients a,, of certain arithmetical nature, and have meromorphic continuation
to the region ¢ < 0. In other words, zeta-functions are various generalizations of the
function (s).

The function {(s) appears to be quite simple; however, its value distribution is espe-
cially complicated. This is clearly illustrated by the Riemann hypothesis on the location of
the nontrivial zeros of {(s). Roughly speaking, the value distribution of zeta-functions is
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chaotic, and information on their majority concrete values is insufficient. On the other hand,
in the context of certain problems, precise information on values of {(s) is not necessary:
certain average data are sufficient. This situation led H. Bohr to the idea that statistical
methods could be applied for investigation of {(s) (see ref. [1]). By examining values of
{(s) on vertical lines ¢ + it with a fixed o, one can take measurable sets A C C and consider
the frequency of t such that { (o0 + it) € A. The first result of such a kind, for fixed o > 1,
was obtained in [2]. Denote by J the Jordan measure on the real line, and let R be a rectangle
with edges parallel to the coordinate axis. Then, the main result of [2] states that the limit

Tlgn %]{t €[0,T] :log (o +it) € R}

exists and depends only on R and ¢. The case for o > % is more complicated than that of
o > 1, as it depends on the possible zeros of {(s). Therefore, in [3], the existence of the limit
for the frequency

%]{t €[0,T]: 0 +it € G,log((c+it) € R}

as T — oo was considered. Here,

GZ{SEC:U>;}\ U {s:U+i7:;<U§ﬁ},

0=p+iy

where the union is taken over all zeros ¢ of {(s) located in the strip {s eC:roe€ (%, 1) }
The proofs of these results are based on a theory of convex curves developed by the authors
themselves [4].

Bohr—Jessen theorems were further developed in [5,6], leading to probabilistic limit
theorems on weakly convergent probability measures. Let X be a topological space with
Borel o-field B(X), and let P and Py, n € N, be probability measures on (X, B(X)). Recall
that P, converges weakly to P as n — oo, denoted Py n—}Loo> P, if for every bounded

continuous real-valued function g on X,
Jgglo/gdpn = /gdP.
X X

In this terminology, Bohr—Jessen theorems can be rephrased as follows: on the space
(C, B(C)), there exists a probability measure P, such that, for fixed ¢ > 1, and

PT,U(A)d:ef%meas{t €[0,T]: {(c+it) € A}, A€ B(C),

the relation Pr, TL> P, holds (see, for example, refs. [7,8]). Here and throughout,
—00

meas{x} denotes the Lebesgue measure on the real line.

A new stage in the development of the probabilistic theory of zeta-functions was
initiated by B. Bagchi. In his thesis [9], he created a theory of probabilistic limit theorems
in the space of analytic functions and applied it to prove universality property of zeta-
functions on approximation of classes of analytic functions. In his theorems, Bagchi
proposed a new way for identification of the limit measure. In [10], we applied Bagchi’s
method to prove a limit theorem for the Epstein zeta-function.
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Suppose that Q is a positive-definite quadratic matrix of order n € N. The Epstein
zeta-function {(s; Q) is defined, for o > 7, by the series

(s:Q = ) (fo) -

xe€Z"\{0}

where x! is the transpose of x. Moreover, {(s;Q) has analytic continuation to the
whole complex plane, except for the point s = %, which is a simple pole with residue
n"/2(T(%)/detQ) !, where I'(s) is the Euler gamma-function. The function {(s; Q) was
introduced and studied in [11]. Its author aimed to define the most general zeta-function
with the functional equation of the Riemann type, i.e.,

1-—s

n_gf(;)g(s):n_lzsf< )5(15), seC.

The attempt was successful: Epstein proved the following functional equation
7T(s){(s; Q) = \/dethS*%F(g - s)g(g - s;Q’1>, seC,

for {(s; Q), where Q! denotes the inverse of Q.

We observe that in a particular case, the function {(s; Q) can be expressed as an
ordinary Dirichlet series. Actually, suppose that xTQx € Z for all x € Z" \ {0}, and, for
m € N, rg(m) is the number of x € Z" such that xTQx = m. Then, we have

& ro(m) n
(50 =y e, sl 0
m=1
For example, for the n-dimensional unit matrix I, and ¢ > 1, {(s;1) = 2((2s),

C(s; I) =4¢(s)L(s, xa), where L(s, x) is the Dirichlet L-function, and x4 is the non-principal
Dirichlet character modulo 4.

Note that the Epstein zeta-function is not only an object of interest in pure mathematics,
particularly in algebra and algebraic number theory, but it also has practical applications.
In fact, the function {(s; Q) appears in crystallography [12], as well as in physics, including
quantum-field theory [13], and in studies related to energy and temperature [14,15].

The function {(s; Q) is, in general, significantly more complicated than the Riemann
zeta-function. For example, the analytic continuation and functional equation of {(s; Q)
depend essentially on the signature and rank of the real quadratic form Q on R": when Q
is positive-definite, the function {(s; Q) admits a meromorphic continuation to the whole
complex plane and satisfies a classical functional equation. In contrast, when Q is indefinite,
the analytic behavior of {(s; Q) becomes more intricate due to the presence of a continuous
spectrum and its connections to non-holomorphic automorphic forms, such as Maass
forms. Therefore, it is difficult to expect any general results about the value distribution
characteristics of {(s; Q) for all matrices Q.

As previously mentioned, a Bohr-Jessen type theorem for {(s; Q) was obtained under
the following restrictions in [10]. Based on (1), it was shown in [16] that

{(s;Q) = (s, Eq) + C(s; Fo),

where {(s; Eq) and {(s; Fp) are zeta-functions of a certain Eisenstein series and a cusp
form, respectively, related to the coefficients rQ(m). Moreover, even for n > 4, it is known
that the mentioned Eisenstein series is a modular form of weight 4 and level g € N such
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that q(2Q) ! is an integral matrix [17], and then the zeta-function {(s; Eg) is a certain
combination of Dirichlet L-functions [18]. This leads to the representation

o)

K L A n
:k;;kszs“"k L(s- E+1,1p,)+ 2

where k and [ run over positive divisors of the level g, and K and L are finite integers;
the characters i, 1 < k < K, and ¢;, 1 <[ < L are the pairwise nonequivalent Dirichlet
characters modulo q/k and q/1, respectively, and L(s, xx) and L(s, ;) are the corresponding
Dirichlet L-functions. The coefficients ay; € C are certain complex numbers. Furthermore,
the series with coefficients bg (m) is absolutely convergent for ¢ > "1

The formulation of the main limit theorem relies on the following object

Q=][{seC:|s|=1},

pelP
where P is the set of all prime numbers. With the product topology and operation of
pairwise multiplication, () is a compact topological group, and this leads to the probability

space (Q), B(Q), 1), where yu is the probability Haar measure on (Q, 3(Q))). Denote by
w = (w(p) : p € P) the elements of (), and extend w(p) to the set N by using the formula

I W'(p), meN.

plim
p""“(m

Now, on the probability space (2, B(Q2), j¢), define the complex-valued random element

{(o,w;Q) = ig klwkal(, OF) (U/W/Xk)L(‘T_g“‘l/w/l/Jl)
TR et g
where
b 2

Denote by P, the distribution
Prp(A)=p{weQ:{(c,w;Q) € A}, A€ B(C),
of the random element (o, w; Q). Then, the main result of [10] is the following.
Proposition 1 (Theorem 2 of [10]). Suppose that ¢ > "5 is fixed. Then, the probability measure
Zmeas{t € [0,7]: {(c +i;Q) € A}, A€ B(C),

converges weakly to the measure P, as T — oo.
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In [19], a discrete version of Proposition 1 is presented. To state it, some definitions are
needed. A number # is called type 1 if the number exp{zhlk} is irrational for all k € N. In
the opposite case, & is type 2. Then, in this case, there exists the smallest ry such that

2
exp{?lro} = % with cooprimes a,b € N.

Let Py be a subset of IP:

Py = {pEP:HpZP:Z, zp;éo}.
peP
Then, #Py < oo, where #A denotes the cardinality of the set A.

We now return to the group Q2. For h > 0, let (), be the closed subgroup of () generated
by {p’ih ‘p e ]P’}. Then, (), as ), is a compact group. Therefore, on (), B(())), the
probability Haar measure yj, can be defined. It is known (see Lemma 4.2.2 of [9] and
Lemma 1 of [20]) that

Q. — Q if his of type 1,
b {weQ:w(a) =w()} otherwise.

Let {j,(0, w; Q), for w € Qy, be the complex-valued random element on the probability
space (Qp,, B(Qy), py,) given by the Representation (3), and Pg » denote its distribution. Let
N run over the set Ny = NU {0}. Then, in [19], the following statement has been obtained.

Proposition 2 (Theorem 1 of [19]). Suppose that o > "2;1 and h > 0 are fixed. Then, the
probability measure

1
N#{O <k<N:{(c+ikh;Q) € A}, A€ B(C),
converges weakly to the measure Pg 48 N — oo,

In Propositions 1 and 2, the weak convergence of probability measures defined by
frequencies in the intervals [0, T] and [0, N] is discussed. It is well known that frequencies
in short intervals contain more information on the discussed objects. This motivates the
refinement of the limit theorems in Propositions 1 and 2, leading to limit theorems in short
intervals, i.e., intervals of length shorter than T and N. A result of this type, corresponding
to Proposition 1, was obtained in [21].

Proposition 3 (Theorem 2 of [21]). Suppose that o > ”T_l is fixed, and T27/82 L H L TV/2,
Then, the probability measure

Smeas{t € [T,T+ H]: {(c +i5;Q) € A}, A< B(C),

converges weakly to the measure P; , as T — oo.

The purpose of this paper is to develop a more complex version of Proposition 2 in
short intervals. For brevity, we use the notation

DN,M():i#{Ngng-f—M}, MeN,
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where the dots indicate a condition to be satisfied by k. The main result is the
following theorem.

Theorem 1. Suppose that o > 5% and h > 0 are fixed, and h=1(Nh)?7/82 < M < h=1(Nh)'/2.
Then, the probability measure

P}, nm(A) = Dym(l(o+ikl;Q) € A), A€ B(C),
converges weakly to the measure Ph,a as N — oo.

Theorem 1 is theoretical, it extends and develops Bohr-Jessen’s ideas. Recall that even
the eminent mathematician Atle Selberg, who was awarded the Fields Medal, devoted
much attention to probabilistic limit theorems for zeta-functions; see [22,23]. Note that
results concerning short intervals are highly valued in analytic number theory, especially
those related to the distribution of zeros of zeta-functions and prime numbers. Moreover,
problems in short intervals are more complicated. Theorem 1 continues investigations in
this direction, providing new results that confirm the chaotic behaviour of the function
{(s; Q). The results presented here could be useful for researchers studying this function in
applied mathematics.

Theorem 1 will be proved in Section 3; the cases where & is type 1 and type 2 will
be considered separately. Before that, we prove limit lemmas (Lemmas 7 and 8) for
probability measures defined on the one-dimensional torus (), the structure of which
depends on the arithmetic nature of the number k. Using Lemmas 7 and 8, we obtain
limit lemmas (Lemmas 11 and 13) for probability measures defined in terms of {;(s; Q)
involving absolutely convergent Dirichlet series. Section 2 is devoted to certain discrete
mean estimates for {(s; Q) in short intervals. Lemma 6 occupies a central place with respect
to short intervals. It shows that the functions {(s; Q) and {,(s; Q) are close in the mean in
such intervals.

2. Estimates in Short Intervals

We start with recalling the mean square estimate for the Hurwitz zeta-function in
short intervals. Let 0 < a < 1 be a fixed parameter. The Hurwitz zeta-function {(s, «], for
o > 1, is defined by the Dirichlet series

= 1
S,0) = —_—,
g(s) mX:jO CETIL
and has meromorphic continuation to the whole complex plane with the unique simple
pole at the point s = 1 with residue 1.

Lemma 1 (Theorem 2 of [24]). Suppose that « € (0,1) and % < 0 < % are fixed, and
T27/82 < H < T9. Then, uniformly in H, the estimate

T+H
/ 1Z(0 + it,0)|2dt <on H
T—-H

holds.

We recall that the notation z <4 x, z € C, x > 0 shows that there is a constant
¢ = c(0) > 0 such that |z] < cx.
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Let x be an arbitrary Dirichlet character modulo q € N, and let L(s, x) be the corre-
sponding Dirichlet L function. For ¢ > 1, the function L(s, x) is given by the series

L(s, x) =

The function has analytic continuation to the whole complex plane if x is a non-principal
character, and has a simple pole at the point s = 1 with residue

1-2) e

pla

if x is the principal character modulo ¢ (x is the principal character modulo g if x(m) =1
for all m € N coprime to g).

Lemma 2. Suppose that 3 < o < 15 is fixed, and T¥/82 < H < T. Then, uniformly in H
the estimate

T+H
/ L0 + it, x) |*dt <o q H
T—-H

holds.

Proof. We use the formula
1 d k
== Z ( ) )
q

see, for example, [25]. Since |x(k)| < 1, we have

1 k k
o< B < )
1 k; q 1 l<k<qk21 q
Therefore,
T+H g T+H i\ |2
/ |L(c + it, x)|2dt <y Z / §<U—|— it, ) dt <54 H
T H k=17"Y 1

in virtue of Lemma 1. O

For our purposes, we need a discrete version of Lemma 2. For this, we will apply the
Gallagher lemma on the connection of continuous and discrete mean squares of certain
functions (see refs. [26,27]).

Lemma 3 (Lemma 1.4 of [27]). For 6 > 0, suppose that T1,T, > 6, A # @ is a finite set,
ACI[T1+6/2,T1 + T, —06/2],and, fort € A,

Ms(t)= Y 1.
TeA
[t—T|<é

Let g(t) be a continuous function in the interval [Ty, Ty + Tp|, which has a continuous derivative
¢'(t)in (Ty, Ty + Tp). Then, the inequality

T1+T2 Ti+T» Ti+T» 1/2
¥ M5 (Bl < 5 / 2dt+( [ 1swpar | |g'<t>|2dt)

teA T T
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is valid.
Lemma 4. Suppose that 3 < o < {5 and h > 0 are fixed: h~'(Nh)¥/8 < M < h=1(Nh)1/2
and |t| < log?(NHh). Then, uniformly in M, the estimate
N+M
Y |L(0 + ikh +it, x) [Pdt <00 M(1+ |])
k=N
holds.

Proof. We will apply Lemmas 2 and 3. In Lemma 3, take d =1, Ty = N — %, Th,=M+1,
A={keN:ke€[N,N+ M|}, and g(t) = L(¢ + it +iT, x). Then, obviously,

Ms(k)= ) 1=1
meA
|m—k|<1
Therefore, in view of Lemma 3,
N+M N+M+1/2
Y |L(o + ik + it, ) < / IL(e + it + ihT, x) Adt
k=N N-1/2
N+M+1/2 N+M+1/2 172
+ / IL(0 + it + ihT, x)[2dt / IL'(c+it+iht,x)|dt| . ()
N-1/2 N-1/2
It is easily seen that
N+M+1/2 (N-+M+1/2)h+|¢|
L(c + it + ihT, ) [2dT <), / |L(c +iT, x)|*dT. (6)
N-1/2 (N=1/2)h—|t]

Moreover, since (M + Hh + |t] > Mh + |t| > (Nh)?/8 and
(M + %)h + [t| < (NR)V2 % + logz(Nh) < (Nh)? because o > % These remarks allow
us to apply Lemma 2. Thus, in view of Estimate (6),

N+M+1/2 h
|L(o + it + iht, x) 2T <0 M+ 5 1t <agn M+ t). )
N-1/2

Application of the Cauchy integral formula

L'(s+it+iht, x) = 1

d
27t =
L

/ L(z + it +iht, x)
(z—9)
where L is a suitable simple closed contour enclosing s, and (7) gives

N+M+1/2
L' (0 + it + iht, )2 dT <o gp M(1+1]).
N-1/2

From this and estimates (5) and (7), the lemma follows. [

This result ensures that we can bound discrete means analogously to continuous ones,
which is essential for our approximation step.
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Now, we will utilise Lemma 4 for approximation of the function {(s; Q) by a certain
simple function involving absolutely convergent Dirichlet series. Let 6 > 1 be a fixed

wy(m) = exp{—(m)e}, m € N.

7

number, r € N, and

Return to the representation (2), and define

n
Ly(sn, 1) = lel ) sn=s—5+1.
In virtue of the exponential decreasing with respect to m for w, (m), the series for L (s, ;)
is absolutely convergent in any half-plane ¢ > o0y with finite 0y. Using L,(su, ),

we introduce
[ee]

K L g
er S, Xk)Lr(sn, 1) +

k=11=1 m=1

and we will approximate {(s; Q) by (,(s; Q). For this, we will use a certain integral
representation for Lr(sn, 1/)1) Set

1_./5\
Kr(s) = él‘(@)r
where 6 > % is the number from the definition of w, (m).

Lemma 5. The representation

0+ioco
Ly (su, ¢y) = ﬁ / L(sn + z, 1)k, (z)dz
0—ico
is valid.
Proof. By the Mellin formula
1 b+ico
5o / I'(z)a?dz=e"% a,b>0,
b—ioco

and definitions of w,(m) and «,(z), we have

1 1+ic0 oz 1 9+iool . 1 0+ioco d
m\ — r\ 7 z
wim=gs [ TE(T) ae=gg [5Gt =am [ #O5
1—ico f—ico 0—ioco
Therefore,
0-+ioco
pr(m)wr(m) 1 1(m)
msn B Tm msn+z r(Z)dZ. (8)
6—ico

Since, for the Gamma function, the estimate

[(o+it) < exp{—c|t|}, ¢>0, )
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uniformly in o € [07, 0] with arbitrary oy < 05 is valid, and Rs,, + 6 > 1 for ¢ > %=1, from
(8) we find that

1 0-+ico oo 1 0+ioco
(Sl’l/ l)bl) 27'[1 / < Z S,1+Z> r dZ = % / L(Sn +z l)bl)Kr(Z)dZ'
0—ico - 0—ico
O
Lemma 6. Suppose that o > "5 is fixed, and h=*(Nh)?/8 < M < h=Y(Nh)'/2. Then,
N+M
rlg&hmsup N1 :ZN |C(o +ikh; Q) — (0 + ikh; Q)| =
Proof. We begin by proving that
N+M

rhﬁrr}o 11? sip 1 k;\] |L(0w + ikh, ;) — Ly (0 + ikh, ¢;)| =0, (10)

where 0,, = 0 — % + 1. First, we consider the case ”51 <0< + 4 To proceed, we

will apply Lemma 5 and the residue theorem. Lete > Obea small fixed number, take
0 = _1 +eg, and ”_1 +2¢e < + . Moreover, let 6; = ”T_l +e—0. Clearly, 6; <0
and 91 e— % Therefore the functlon

L(sn +z,91)%r(2)

in the strip 6; < Rz < 6 has a simple pole at the point z = 0, which is the pole of T'(%), and
a simple pole at the point z = 1 —s,, of L(s, + z, ;) if ¢y is the principal character modulo
gq/1. These observations, Lemma 5, and the residue theorem show that

91+ioo

Lo ) = Lsutp) = 5= [ Llsu+ 2 90)r(2)dz + Ro(sa),

91 — lOO
where

(1 —s,) if ¢y is the principal character,

=1—sn 0 otherwise.

Ry (sp) = Res L(sy +z, 9%, (2z) = {

From the latter equality, we derive

Ly(sn, 1) — L(su, ;) = ;/L(Sn++8—0'+lv zp,)

T
(n +e—<7+w)dv

2
[ee]
_ ! /L — +e+it+iv, K n—1+£ o+iv |do
Y i Jrr =3
+xr(1 = 5p).
Hence,
1 NEM ‘ n . n
el Lr<a+zkh—§+1,tpl>—L(0+zkh—§+1,¢l)’

k=N
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do

T( 1 N&Mpoq L
<</ m Z ’L(z‘i‘g"’lkh"’lv,lpl)‘ Ky
. n—1
(1-o-mn 2t 1))
lo/g Nh 0 log? N/ | Nim
- I P
M+1k:N

logZ Nk —log? Nh

n—1 .
K,( 5 +sa+zv>

L_1+8—(T+iv
2

Ll
M+1 ot

L(;+s+ikh+iv,lp,)‘

N+M

1
d -
T Mt b

X

Kr(l—a—ikthg—l)‘. (11)

By the definition of «,(s) and Estimate (9), we obtain

-1
Kr(n 5 te —(T—i-iv) < r(”*l)/2+£*‘7exp{—g|v|} <Ler fexp{—cilv]}, ¢ >0.(12)

Moreover, it is known (see, for example, ref. [28]) that, for o > %,

Lo +it,a) <o |t2, o>

N =

Hence, in view of Representation (4),

Nf—=
Nf—=

1 . :
L<2 + e+ ikh + lvrlpl> <<€/ (kh)

+ |of2. (13)

Therefore, by Equation (12),

log/ZNh / ( Y
M+1 =
—© log? Nh k=N
n—1 )
Kr<2+£—0+zv)
logZNh
Cog T / + / ((2N)? + [o]* ) exp{—ca o] o
- log? Nh
Legh r N2 exp{—calog> Nh}, c5 > 0.

1
L<2+s+ikh+iv,zp,>‘>

X dov

For v € [~ log® Nh,log? Nh|, we apply Lemma 4. Thus,

1 N4M| /g o 1 NEM 1 _—
M1 k;\,‘L(2+£+lkh+w'lpl)‘ < Ml Z 'L(E—i—e—l—zkh—i—w,zpl)
1

<<e,q,h (1+ |U|)2

2> 1/2

Hence,

2
1Og/Nh ;NiML 1—i—s—i—ikh—l—iv do
M+1 5, "\2 &l
—log® Nh N
log? Nh
1
an 1 [ (A+loD)exp{=cifol}do

—log? Nh

n—1 .
K,(z—l—s—a—i-zv)
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1
Legh r ¢ / (1+ |v|)2 exp{—ci|v|}dv <Leg r e, (14)

Using Estimate (9) again yields

Ky (1 — o —ikh+ 2 — 1) <L r T2 L exp{—c3kh} < /2 2 exp{—c3kh}, 3> 0.

2
Hence,
Ly ' n 1/2-2 N 1/2-2¢
Mi1 P Ky (—a — ikh + E) ’ <Lr Ml k:ZN exp{—cskh} < r exp{—c3Nh}.

This, together with (11), (13), and (14), shows that the left-hand side of (10) is estimated as
—eN3 _ 2 —e | 1/2-2¢ B
Legnt ‘N2exp{—cylog" Nh} +r“ +r exp{—c3Nh}.

Thus, letting N — oo and subsequently r — oo, we obtain the Equality (10).
The case of 0 > 7 + % is simpler due to the absolute convergence of the series for
L(0oy, ¢;). Thus, with small € > 0, we have

L(U’ — e+ ikh +iv, l[)l) Loeq 1,

forc—e> 5+ %. Hence,

1 NEM . n . n
[eS)
) 1 N+M )
<<o’,g,q /|Ky(—€+lv)|+m k:ZN Kr<1—0’—lkh+g—1) ,

and this together with (9) proves the lemma in this case. O

3. Proof of the Theorem 1

For the proof of Theorem 1, we will apply the method of Fourier transforms, the
preservation of weak convergence of probability measures under certain mappings, as well
as a connection of weak convergence and convergence in distribution. For the identification
of the limit measure, we will apply the results of [10,19].

We start with a limit lemma for probability measures on (Q), B(Q)). For A € B(Q),
set

Qlym(A) = DN,M((Piikh pe IP’) € A).

Lemma 7. Suppose that h > 0 is type 1, and M — oo as N — oo. Then, Q’f\], A1 converges weakly
to the Haar measure y as N — oo.

Proof. The group () is compact, as the product of compact sets. Therefore, it provides a
reason to study the Fourier transform of the measure Q’f\] - and, from its convergence,
derive the weak convergence for Q’]\,’ M- Denote b)AI Q) the dual group, or character group, of
Q. It is a well-known and widely used fact that () is isomorphic to the group

Pz,
pelP
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where Z, = Z for all p € P, and an element [ = (I, : I, € N) € G, where only a finite
number of integers I, are non-zero, acts on O by the formula

wr—wt=JJo" w=(wp):peP)eq.
pelP

From this, it follows that the characters of () are given by the product

[T «™(p)

peP

1

where the sign “*” shows that only a finite number of [, # 0. This implies that the Fourier

transform fy p(1) of the measure Q?‘] M is

frm) /(F[w )dQNM

peP

Hence, the definition of the measure QF, ,, yields

1 NiM . 1 NiM I
fN,M(D*W 2 H p~khly :mkg exp —lkhz Iplogp . (15)

k=N \ peP peP

For brevity, let

dthZ Iy logp.
peP

We observe that the requirement that / is type 1 is equivalent to the linear independence

LA n- Actually,

if the set Ay, is linearly dependent over Q, then there exist the numbers ky, ..., k, € Z, and
m € Z\{0} that

over the field of rational numbers Q for the multi-set { (logp : p € P), 27”}

2
kllogp1+...+krlogpr+$ —0,

2tm k
GW{;I}—A“~ﬁn

and this contradicts the definition of type 1. Thus, & of type 1 implies the linear indepen-

and

dence of Aj,. Similarly, if / is not type 1, then there exists my € Z\{0} such that

27Tm0 Ik k,
expy 5= b =pil P

is a rational number. Hence, the set A, is linearly dependent over Q. This shows that linear

independence of Aj implies the type 1 for k.
The above remarks imply that

hLy(l) =2mtm
with m € Z if and only if [l = 0 and m = 0. Hence, in view of Expression (15),
fam(l) =1 (16)
ifand only if I = 0. If ] # 0, then L;,(I) # 0, and (15) gives

exp{—iNL,(I)} —exp{—i(N+M+1)Ly(I)}
(M+1)(1 = exp{—iLy(1)})

fm(l) =
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Hence, for [ # 0,
lim fy,u(l) = 0. (17)
N—o0
Let
1 ifl=0
l) = -~
) { 0 ifl#0.
Then, Equalities (16) and (17) show that
Lim fym(l) = f(1). (18)

N—o0

Since f(I) is the Fourier transform of the Haar measure y on (), B3(Q2)), and Q, as a
compact group, is the Lévy group, in view of Theorem 1.4.2 of [29] and Equation (18), we
determine that the measure Q}zlv, M converges weakly to yas N — co. [J

Now consider the case with & of type 2.

Lemma 8. Suppose that h > 0is type 2, and M — oo as N — oco. Then, Q}I‘\,’ M converges weakly
to the Haar measure p' as N — co.

Proof. It is known, see the proof of Lemma 4 of [19], that in this case, characters of (), are

[T <) [T " r(p), 1€z,

pEP\PO pePy

of the form

and only a finite number of integers [, are not zero. Here,

Poz{pEP:Hp”‘P:Z, a,,;éo}
pelP

is a finite subset of P. Hence, the Fourier transform fy p(1) of Q}]’\] M 18

1 N+M

fam(l) = Mol Z H p_ikhlﬁ H p—ikh(lp+ll3p)
k=N peP\Py peP,
1 N+M o "

= w1 X L le™ (19)

k=N peP\Py pep,
due to the equality
swigy _ 0y ey 2
I1r = pom v LEH (20)

pePy

since w(a) = w(b) for w € Q). Taking into account (19) and (20), we find that

fm(l) =1 (21)

forl, =0,p € P\Py,and I, = I, p € Py.
Now, suppose that [, # 0 for some p € P\IPy, or there is | € Z such that I, # 1B, for
all p € Py. Then, we have

exp{—ih( Y. lLlogp+ Y, (lp+l/3p)logp) } # 1. (22)

peP\Py pePy
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Actually, if (22) is not true, then
27Tlo
exp Z Iplogp + Z (I, +1By)logp p = exp o (23)
pEP\]PO pG]PO

with some integer ly. If Iy is a multiple of rg (g is from the definition of type 2), then

PGPO

with I; € Z. Hence, by (23),

Y. Lilogp+ Y. (I, +1py)logp =0
peP\Py pePy

with some integer I, and this contradicts the linear independence over Q of logarithms of
prime numbers. If [y is not a multiple of ry, then the number

{271’10 }
P

is irrational, and this contradicts (23) since

exp{ Z I,log p + Z (1 —i—l,Bp logp} H plp H plp+l/5p

PEP\Po pePy peP\Py  pePy

is a rational number. These contradictions show that inequality (22) is true. Let, for brevity,

Lyrly="Y Iyogp+ Y (I, +1B,)logp.

pE]P’\PO prePy
Then, (19) and (22) yield that
1 N+M ]
M) = Ml 2 exp{ —ikh 2 Iplogp + 2 (I, +1By)logp
k=N peP\P, pePy

_ exp{—ihNL,(Ip, 1)} —exp{—ih(N + M+ 1)L,(1,,1)} ez
(M+1)(1 —exp{—ihLy(1,,1)}) ’ '

This and Equality (21) show that

lim (1) =

N—oo

1 ifl,=0forpe ]P’\IP’O,andlp = 1By forall p € Py,
0 otherwise,

and the proof of the lemma is complete because the right-hand side of the latter equality is
the Fourier transform of p. O

Lemma 7 serves as an important component for the proof of a limit lemma for the
function ,(s; Q). For this, we recall one simple but useful property of weak convergence
of probability measures.

Let X1 and X; be two topological spaces, and g : X; — X, a continuous mapping.
Then, g is (B(X1), B(X;))-measurable, i.e.,

B71(Xy) € B(Xy).
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Then, every probability measure P on (Xi, B(X;)) induces the unique probability measure
Pg!on (Xy, B(X3)) defined by

Pgl(A)=P(g'A), AcB(Xy),
where ¢~1(A) is the preimage of A.

Lemma 9 (Section 5 of [30]). Let P,, n € N, and P be probability measures on (X1, B(X1)), and
g : X1 — X be a continuous mapping. Suppose that Py %) P. Then, P,g~* # pg!

For w € ), define

8r(s,w; Q) Zzaklwksls )(s,w,)(k)L(s—ngl,w,lpl)
= bQ( m)ew (rm)

+ p_—

7
m=1

and, for A € B(C), set

Pl stro(A) = Dnu(Cr(0 + ikl Q) € A).

Lemma 10. Suppose that h > 0is type 1, ¢ > "5, and M — oo as N — co. Then, on
(C, B(C)), there exists a probability measure P, s such that Pl ,, N—> P p.
ALY N—yoo

Proof. Consider the mapping g, : () —— C given by the formula

gro(w) =Cr(0,w;Q), we.

All functions involved in the definition of {,(c, w; Q) are absolutely convergent, hence,
uniform in w. Therefore, g is a continuous mapping. Moreover, we have

81 (P s p € P) = (0 + ikl Q).

Therefore,
Pliptre(A) = D (P :p € P) € g:2A) = Q (e 4)

forall A € B(C). Thus, we have PN Mr, " = Qh % m&r,q- This, continuity of g, - and Lemmas 7

w
and 9 proves that PN, Mo o ],tgw e PW. O

A separate analysis of weak convergence for the measure P, , as n — oo is unnecessary,
as it has already been investigated in [19].

Lemma 11. Suppose that o > "> is fixed and h > 0 is type 1. Then, P, » 7—+ Pr o

We notice that the statement of the lemma has been obtained in the proof of Theorem 2
of [10]. For identification of the limit measure of P, as r — co, elements of the ergodic the-
ory have been involved; more precisely, the classical Birkhoff-Khintchine ergodic theorem
(see, ref. [31]) has been applied.

Now, we resume the analysis of the case where £ is type 2. Repeating the proof of
Lemma 10 and using Lemma 8 leads to the following statement.
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Lemma 12. Suppose that h > 0 is type 2. Then, on (C, B(C)), there exists a probability measure

h h w h
Pl such that Py s, oo Py

Proof. We notice that, in the case of type 2, the mapping g,, depends on h. Thus,
P rh,a = ,uhgr_,t}' O

The measure Prhl(, does not depend on M. Thus, we may use the results of [19].

Lemma 13 ([19], pp. 12-14). Suppose that o > ”T_l is fixed and h > 0 is type 2. Then

h w ; h
Pr’g r—o0 Pé/‘f

To complete the proof of Theorem 1, one statement on convergence in distribution
is needed. Let X;;, n € N, and X be X-valued random elements on a certain probability
space ((3,B,Q),and P,(A) = Q{@ € Q: X, € A}and P(A) = Q{@w € Q: X € A}, A€
B(C) be the corresponding distributions. We say that X, converges to X in distribution
(Xu —— X) if Py —— P.

Lemma 14 (Theorem 4.2 of [30]). Let Yy, and X;,,, n,1 € N, be (X, 0)-valued random elements
on the probability space (Q), B, Q), and the space X is separable. Suppose that, for every | € N,

D D
Xln — Xl and Xl — X.
n—00 [—o0
Moreover, let, for every € > 0,

llim limsup Q{o(Xj,,, Yn) > €} =0.
—00

n—oo

Then, Y, L X.
n—oo

Proof of Theorem 1. Case for 1 of type 1. On a certain probability space (2, B, Q), define a
random variable @’;Ii], u having the distribution

Ol = Kt} = ﬁ k= N,N+1,..., M.

For o > ”T_l, set
Xy = X (0) = G (0 +i8 3 Q).
and
Vi = Y m(0) = L0 +i8 i Q)-
In virtue of Lemma 10, it follows that

D
Xhou, —— X, 24
NMr N & (24)
where X, = X,(0) is the C-valued random element with the distribution P, . Moreover, in
view of Lemma 11,

D
Xp ——= Pro (25)
Now, we apply Lemma 6 and find that, for fixed o > "Tfl and e > 0,
lim lim sup Q{ ‘YK,,M(U) - X}I{,,M,r(a)‘ > s}

©
= N—o0
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N+M

Y. |g(o +ikh; Q) — §r(0 + iki; Q)| = 0.
k=N

.
e

The later equality, relations (24) and (25) together with Lemma 14 show that

D
Y — P,
N,M Neoo C,or

. w
1.e., PN,M,U’ —_— Pg,g‘-
N—o0

Case for h of type 2 . We repeat the proof of Theorem 1 in the case of / of type preserving
the notations with minor changes.
By Lemma 12, we have

D
X}IiI,M,r (U) N—>—oo> Xf (U)/ (26)

where X!'(¢) is the C-valued random element with the distribution P,hlg, and from Lemma 13

it follows that
D h

X" (o) —— P, (27)
Using Lemma 6 yields, for o > ”T_l and € > 0,
lim lim sup Q{ ‘YKI,M(U) - X%,M,r(a)‘ >ef =0, (28)

N—o0

Now, (26)—(28) and Lemma 14 prove the theorem in the case of / of type 2, i.e.,

h w h
PN,M,(T N—oo Pg,zr‘

The proof of Theorem 1 is complete. []

4. Conclusions

Assuming that Q is a positive-definite quadratic matrix of order n € 2N, n > 4,
and that x'Qx € Z for all x € Z"\ {0}, we considered asymptotic properties of the
frequency of the values (o + ikh; Q) of the Epstein zeta-function in the interval [N, N + M],
where h™1(Nh)?/82 < M < h™}(Nh)!/2,as N — oo, and h > 0 and ¢ > ! are fixed.
Applying a probabilistic technique, we obtained that the above frequency converges weakly
to the distribution of a certain explicitly given complex-valued random element. This
random element depends on the arithmetic of the number /. The result obtained improves
our earlier result, proved for the interval [0, N], and is closely connected to the mean

square estimate
T+H

/ IL(c + it x)’dt <o H, o>
T—-H

, (29)

N —

which holds in short intervals (H = o(T) as T — o) for Dirichlet L-functions L(s, x). We
believe that the lower bound for M can be decreased by using a more precise estimate for
H in (29).

In the future, we plan to extend the results of this paper to the space H(D), i.e., to
obtain weak convergence of probability measures

%meas{t €[T,T+H]:{(s+it;Q) € A} and Dym({(s+iT;Q) € A)

with A € B(H(D)) in short intervals (H = o(T) as T — oo, and H = 0(N) as N — ),
where D = {s € C: 51 < ¢ < %}, and H(D) denotes the space of analytic functions
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on D endowed with the topology of uniform convergence on compact sets. Such limit
theorems and equivalents of weak convergence lead to the universality of {(s; Q) in short
intervals. Note that the universality theorem in short intervals is an important step towards
the effectivization of universality, i.e., the detection of approximating shifts (s + it; Q) for
a given analytic function.
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