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Introduction

A complex number « is called an algebraic number if it is a root of some
nonzero polynomial p(x) with rational coefficients, that is, if p(a) =0
for some p(z) € Q[z]. Algebraic numbers extend the rational numbers,
as every rational number ¢ is a root of the linear polynomial x — ¢,
and hence algebraic. Irrational numbers such as v/2 or the golden ratio
¢ = (1++/5)/2 are also algebraic, since they are the roots of the poly-
nomials 22 —2 and 2% 4z — 1, respectively. On the other hand, in 1882
Lindemann [34] proved that there is no polynomial p(x) € Q[x] such that
p(m) =0. This established that the constant 7 is not algebraic; numbers
of this kind are called transcendental.

The origins of algebraic numbers can be traced to the problem of find-
ing algebraic solutions of polynomial equations, which became a central
theme of algebra during the Renaissance. Explicit formulas, such as the

well-known solution formula

—b+ Vb2 —4ac
Tio=—"F7—
’ 2a

for the quadratic equation axz? +bx +c =0, were discovered for equations
of degree up to four. The case of quintics and higher degrees remained
unresolved until the 19th century, when the pioneering works of Ruffini,
Abel, and Galois showed that no general algebraic solution formula exists
for equations of degree five or higher. While this closed the centuries-old
problem, it opened the way to new approaches in mathematics. For ex-
ample, the three classical geometry problems of Ancient Greece — angle
trisection, duplication of the cube, and squaring the circle — were finally
resolved in the 19th century through algebraic methods. The systematic
study of algebraic numbers as independent objects began in the 1870s
with the work of Dedekind. Building on ideas introduced by Kummer
in his attempts to prove Fermat’s Last Theorem, Dedekind formalized



the notions of algebraic numbers and algebraic integers, introduced the
concept of algebraic number fields, and laid the foundation for modern
algebraic number theory. Algebraic numbers continue to play an im-
portant role in modern mathematics, with applications in areas such as
algebraic geometry, number theory, and cryptography.

One of the fundamental characteristics of an algebraic number is
its degree. For every algebraic number «, there exists a unique monic
polynomial p(x) € Q[x] of minimal degree such that p(«) = 0. The poly-
nomial p(x) is called the minimal polynomial of o, and the degree of «,
denoted by deg(a), is defined as the degree of p(x). It has been known
since the time of Dedekind that the set of algebraic numbers is closed
under addition and multiplication; that is, for any algebraic numbers «
and 3, both a+ 3 and « - are also algebraic. Subsequently, given the
degrees of o and S, it is natural to ask what possible values the degrees
of a+ 3 and « - can attain. Nonetheless, until the 21st century, this
question attracted comparatively little scholarly attention. A systematic
approach to the so-called degree problem was introduced by Drungilas,
Dubickas, and Smyth [6] in 2012 and later applied in a series of other
studies. The first part of the thesis is devoted to deriving new results
on this topic.

The degree of an algebraic number « is also equal to the number of
distinct roots its minimal polynomial p(z) has (here and throughout, it
is implicitly assumed that we work over the field of rational numbers
Q). The roots of p(z) are called algebraic conjugates of . For example,
take v/2 and its minimal polynomial 22 —2. Then /2 and —/2 are
algebraic conjugates of v/2. In the general case, consider an algebraic
number « of degree d > 2, and denote its distinct algebraic conjugates
by a1,...,a4. In the thesis we mainly focus on linear relations between
algebraic conjugates of the form

kiog+...+kgaqg =0, (1)

where k1,...,kq are integer coefficients. It is well known from classical
algebra that if all the coefficients are equal, then for any positive integer
d, there exist distinct algebraic conjugates of degree d that satisfy .
Accordingly, such relations are referred to as trivial. Under exceptional
circumstances, however, a relation of the form may hold even when



some of the coefficients are distinct. In such cases, it is said that there
exists a non-trivial additive relation between algebraic conjugates of c.
For example, in 1982 Girstmair proved the existence of an algebraic
number « of degree 9 whose distinct algebraic conjugates satisfy

4o + a0+ ag+ a4 + a5 — 2a6 — 2a7 — 2ag — 29 = 0.

Since the introduction of this topic in the 1980s through the works of
Girstmair [I8] and Smyth [39], significant results have been obtained,
both theoretical and numerical. Nevertheless, the phenomenon of non-
trivial relations remains relatively little understood even for algebraic
numbers of low degree. The investigations in this area form the second
part of the thesis.



Aims and problems

Throughout this thesis, the terms degree, minimal polynomial, and alge-
braic conjugates are understood to mean the degree over Q, the minimal
polynomial over Q, and the algebraic conjugates over Q, respectively.

The first part of the thesis addresses three related questions concern-
ing the degrees of algebraic numbers. Before addressing these questions,
let us recall that any subfield K of the complex numbers C can be
viewed as a vector space over the field of rational numbers Q. The di-
mension of this vector space, denoted by [K : Q], is called the degree
K. If [K : Q] < oo, then K is called a number field. For every such K,
there exists an algebraic number « such that K = Q(«). In this case,
the degree of K coincides with the degree of a, that is, [K : Q] = deg(«).
Finally, for number fields K and L, the compositum K L is the smallest
number field containing both K and L.

e Let K and L be number fields of degrees a and b, respectively.
What are the possible values for the degree of compositum K L7

e Let o and [ be algebraic numbers of degrees a and b, respectively.
What are the possible values for the degree of a4 87

e Let o and [ be algebraic numbers of degrees a and b, respectively.
What are the possible values for the degree of a7

The principal aim is to provide a complete solution to all three ques-
tions in the case a = b= p, where p is a prime number. In addition, we
seek to obtain partial results for the three questions in situations where

at least one of a or b is not prime.

The second part of the thesis investigates non-trivial relations be-
tween algebraic conjugates. In particular, let a be an algebraic number
of degree d, and let a7, ...,a4 denote distinct algebraic conjugates of «
over Q. The two central questions are the following.
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e For which integers ki,...,kq, not all equal, does there exist an
additive relation
kiai+...+ kgaq =07

o For which integers k1,...,kq, not all equal, does there exist a mul-
tiplicative relation
alfl -...-o/jd =17

The principal aim is to describe non-trivial additive relations between
algebraic conjugates of degree d < 8. Moreover, we seek to show how

every additive relation can be transformed into a multiplicative one.
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Layout of the dissertation

This doctoral dissertation is based on six articles, published or accepted
for publication in journals indexed in the Clarivate Analytics Web of
Science (CA WoS) database (see the next page).

Chapter [I] presents an overview of the degree problems considered in

Article Article and Article Chapter [2] presents a summary

of non-trivial relations between algebraic conjugates investigated in Ar-

ticle [Ad] Article and Article[A6] Copies of the articles are attached
at the end of the thesis.

For copyright reasons, the published articles are omitted from this

publicly accessible version. They are included only in the official printed

dissertation.
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Chapter 1

Three degree problems about algebraic numbers

1.1 Literature review

Research on the three related degree problems about algebraic numbers
originated from a question posed by Dubickas in 2007: “Given two al-
gebraic numbers o and § with degrees a and b, respectively, what are
the possible values for the degree of a+ 5?7 Independently, the same
question was raised at the online mathematical forum MathOverﬂowE
in 2010. With the aim of investigating this problem systematically, the
following definitions were introduced by Drungilas, Dubickas, and Smyth
in 2012 [6]. A triplet (a,b,c) € N3 is called:

o compositum-feasible if there exist number fields K and L of de-
grees a and b (over Q), respectively, such that the degree of their

compositum KL is c;

o sum-feasible if there exist algebraic numbers a and 8 of degrees a
and b (over Q), respectively, such that the degree of a+ f is ¢;

e product-feasible if there exist algebraic numbers o and 3 of degrees
a and b (over Q), respectively, such that the degree of - 3 is c.

For example, since
[@(v2):Q]=2, [QV3):Q]=2, and [Q(V2,V3):Q]=4,

the triplet (2,2,4) is compositum-feasible. This triplet is also sum-
feasible and product-feasible. Indeed, by taking a = /2 and 8 =1++/3,

1http ://mathoverflow.net/questions/30151/

14


http://mathoverflow.net/questions/30151/

one can verify that a and 8 are both quadratic, while
a+B=1+vV2+V3 and a-B=V2+V6

are both quartic. However, the three problems described above are not
equivalent. For instance, from

a=e>™B =32, and a-f=e"3.92, (1.1)

one can deduce that the triplet (2,3,3) is product-feasible [35]. In con-
trast, the findings of Isaacs [26] imply that the triplet of the form (2,3, ¢)
is sum-feasible if and only if ¢ = 6. Thus, the triplet (2,3,3) is not sum-
feasible (it can be shown that it is not compositum-feasible either). The
main result describing the relationship between triplets of different feasi-
bility types is due to Drungilas and Dubickas [4]. Let C denote the set of
all compositum-feasible triplets, S — the set of all sum-feasible triplets,
and P — the set of all product-feasible triplets. Then the following chain
of strict inclusions holds

CCSCP. (1.2)

Hence, from (|1.2)) it follows, for example, that every sum-feasible triplet
is also a product-feasible triplet, but not vice versa.
At the time of writing this thesis, the classification of all triplets

(a,b,c)eC or (abc)eS or (abc)eP (1.3)

remains out of reach. In fact, the classification of compositum-feasible
triplets and sum-feasible triplets has been completed only for triplets
(a,b,c) satisfying a < b < c and b <9 (see [5, 6, [7]). The multiplica-
tive problem, arguably more difficult than its additive analogue, was
extensively investigated by Maciulevicius in [35], where the ground-
work was laid for the classification of all product-feasible triplets (a,b,¢)
with a < b < ¢ and b <7 (the classification was finalized in his joint
work with Dubickas [I3]). Throughout the process, several important
constructive results have been derived through which large families of
triplets satisfying can be generated. For instance, if (a,b,c) € C,
then for any prime number p and non-negative integers u,v,w such that
max(u,v) < w < u+v, one always has (ap”,bp”,cp™) € C (the analogous
property also holds within the sets S and P) [6]. On the other hand,
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sometimes it can be highly non-trivial to decide whether a particular
triplet (a,b,c) is of some feasibility type or not. Notable examples are
the triplets (6,6,8) and (4,6,8), which were at the center of consideration
in [5] and [13], respectively.

We conclude the literature review with the most recent developments
in this area. In [6], the conjecture was raised that for two compositum-
feasible (respectively, sum-feasible or product-feasible) triplets (a,b,c)
and (a/,b',c'), the triplet (aa’,bb,cc’) is also compositum-feasible (re-
spectively, sum-feasible or product-feasible). While no progress has been
made on the additive and multiplicative cases, there is some conceptual
evidence to support the claim that the conjecture is true in the composi-
tum case [4]. If confirmed, this would imply that C forms a semigroup un-
der pointwise multiplication. In connection with this, Maciulevic¢ius ini-
tiated the study in [35] of the so-called irreducible compositum-feasible
triplets that act as building blocks within the set C. In particular, he
identified the first non-trivial infinite family of irreducible compositum-

feasible triplets, namely (n,n,n(n—1)) for all positive integers n > 2.

1.2 Research objectives

In their 2013 study, Drungilas, Dubickas, and Luca observed that “even
a natural question of describing which values [KL : Q] can take if K and
L are two extensions of prime degree p over Q remains open”. This

remark motivates the following research objective.

Problem 1.1. To determine all compositum-feasible, sum-feasible, and

product-feasible triplets of the form (p,p,c), where p is a prime number.

Among the three degree problems, the multiplicative one appears to
be the least understood. Subsequently, the second research objective of
this chapter focuses on identifying properties that could be applied in
the study of product-feasible triplets.

Problem 1.2. To discover new conditions under which the degree of the

product o - B is maximal possible, i.e.,

deg(ar- B) = deg(a) - deg(p).

16



1.3 Main results and their actuality

In Article the complete solution to Problem [T.1] is established.

Theorem 1.1. Let p be a prime number. If the triplet (p,p,c) is compositum-
feasible, then ¢ = ps and one of the following occurs:

(i) s=p;
(ii) s is a divisor of (p—1);
(iii) p=11, s =6;

(iv) p= q::f, s =q% ! for some prime power q and d > 3.

To illustrate Theorem [I.I} we provide a numerical example for the

special case p = 13.

Corollary 1.2. Let K and L be two number fields, both of degree 13. If
¢ denotes the degree of compositum KL, then

c=13s with se€{1,2,3,4,6,9,12,13}.

A notable case of Corollary [I.2]is s =9, which corresponds to part
(iv) of Theorem since

3B -1

51 and 9=3%

13 =

The triplet (13,13,13-9) is the second smallest example of a compositum-
feasible triplets arising from part (iv) of Theorem The smallest such
example, namely (7,7,7-4), appears in the work of Drungilas, Dubickas,
and Luca, accompanied by the remark “while there is no obvious reason
for this at all, the triplet (7,7,28) is compositum-feasible” [5]. Thus,
one of the main contributions of Article [AT]is that it provides a precise
explanation of why these exceptional triplets are compositum-feasible.

Part (iv) of Theorem is closely linked with properties of the so-
called projective groups formed by transformations of projective spaces.
In that sense, Theorem offers another example where primes of the
form p = (¢® —1)/(q — 1) play a significant role (for other applications,
see [16, 23, 27, 37]). It is conjectured that there are infinitely many such
primes [28].

17



It turns out that for triplets of the form (p,p,c), the solutions to the
additive and multiplicative problems can, with minor adjustments, be
derived from the solution to the compositum problem given in Theo-

rem [[1]

Theorem 1.3. Let p be a prime number. If the triplet (p,p,c) is sum-
feasible, then it is also compositum-feasible or c=1.

Theorem 1.4. Let p be a prime number. If the triplet (p,p,c) is product-
feasible, then it is also compositum-feasible or c € {1,p—1}.

We illustrate how Theorem and Theorem can be applied in
the case p =13.

Corollary 1.5. Let o and 5 be two algebraic numbers, both of degree
13. If ¢ denotes the degree of a+ 3, then

c=13s with se€{1,2,3,4,6,9,12,13} or c=1.

Corollary 1.6. Let o and 5 be two algebraic numbers, both of degree
13. If ¢ denotes the degree of a- 3, then

c=13s with s€{1,2,3,4,6,9,12,13} or ce{1,12}.

With the aim of exploring the extent to which the methods applied
to solve Problem can be generalized further, some attempts have
been made to extend the classification of compositum-feasible triplets
(p*,p¥,c) from k=1 to k> 2. The findings presented in Article
constitute only a partial solution in this direction. To state the result
precisely, it is necessary to introduce some notation. For a number field
K, let Kg denote the Galois closure of K over Q, and let Gal(Kg/Q) be
the corresponding Galois group. We also say that a compositum-feasible
triplet (a,b,c) is induced by number fields K and L if

[K:Q]=a, [L:Q]=b, and [KL:Q|=c.

Note that the same compositum-feasible triplet (a,b,c) may be induced
by distinct pairs (K, L).

Theorem 1.7. Let p be a prime and k > 2. Suppose that (pk,pk,c) is
a compositum-feasible triplet induced by number fields K and L. Also,

18



assume that both Gal(Kg/Q) and Gal(Lg/Q) are almost simple groups.

Then ¢ = pFs and one of the following occurs:
(i) se{L, p*—1, p*};

(i) p=2, k>4, s {2F1 -1, 2k-11;

)

)
(iii) p=k =3, s €{10,16};
(iv)

p* —q—l, se{ q 1_1, qdil}, where q is a prime power and d > 3.

It is important to note that unless p = k = 2, Theorem does
not suffice to determine all compositum-feasible triplets of the form
(p*,p*,c). By other methods, Drungilas and Maciulevi¢ius have listed
all compositum feasible triplets of the form (22,23, ¢) and (32,32, ¢) in [1].
By connecting their approach with Theorem we derive the following.

Theorem 1.8. The triplet (2*,2% ¢) is compositum-feasible if and only
if
c=2%5s and sc{l,...,16}\{11,13}.

In summary, the obtained results in Article [AT] and Article [A2] pro-
vide new tools that can be applied in the classification of triplets be-
longing to the set C, S, or P.

The next findings are related to Problem[I.2] which focuses on finding
new conditions under which the degree of o - attains its maximum
value. It is well known that

deg(a+B) < deg(a) -deg(B) and  deg(a-8) < deg(a) - deg(B).

In 1970, Isaacs [26] showed that if a and b are coprime, then the degree
of a+ B becomes maximal possible, i.e., we have an equality

deg(a+ ) = deg(a) - deg(3).

Isaacs’s result is particularly useful in the study of sum-feasible triplets.
Indeed, if a and b are coprime, then (a,b,c) is sum-feasible if and only if
c=ab. In contrast, the example provided in the previous section
demonstrates that the triplet (2,3,¢) can be product-feasible even if
c¢# 2-3. Thus, the coprimality condition is no longer sufficient to ensure
the equality

deg(a-B) = deg(a) - deg(p).

19



In Article several conditions are found under which the degree of
« - is maximal possible. These conditions are rather technical and
apply only in very special cases. Nevertheless, they are sufficient for the
purposes of our research, which investigates product-feasible triplets of
the form (a,p,c), where p is a prime number.

Theorem 1.9. Let p > 2 be a prime number and let m be a positive
integer such that p 1 m. Suppose that o, 3 are algebraic numbers such
that deg(a) = m, deg(B) = p, and the minimal polynomial of 5 over Q
is f(zx). If f(x)# 2P +c for some c € Q, then

deg(ar- B) = deg(a) - deg(B) = mp.

Theorem T.9]also supplements some observations made by Weintraub
on primitive elements of field extensions [42]. In particular, if « and /3
are algebraic numbers satisfying the assumptions of Theorem [I.9] then
as an immediate corollary follows that « -3 is a primitive element of

Q(a, B), ie., Q(a, B) = Q(cx- B). For example, take

a=VV2+2 and B=1+V2+ V4.

Calculations with SageMath [41] show that the minimal polynomials
of a and (8 are

2t =422 +2 and 23—32%—-3z-1,

respectively. We see that deg(«) =4, deg(3) = 3, and the minimal poly-
nomial of 3 is not of the form 3+ c. Therefore, Theorem implies
that the minimal polynomial of « -8 has degree equal to 4-3 =12, and
that the generating element of the composite field extension Q(«, ) can
be chosen to be a- .

The second condition is purely numerical, and does not require any
information about the minimal polynomials of a or f.

Theorem 1.10. Let p > 2 be a prime number and let m be a positive
integer such that p ¥ m and p—1 { m. Suppose that o and ( are
algebraic numbers such that deg(a) =m and deg(8) =p. Then

deg(a- B) = deg(a) - deg(B) = mp.

20



Theorem leads to the following corollary, which is directly ap-
plicable to the study of product-feasible triplets.

Corollary 1.11. Let p > 2 be a prime number and let a be a positive
integer such that p + a and p—1 1 a. Then the triplet (a,p,c) is
product-feasible if and only if ¢ = ap.

1.4 Methods

In this thesis, the three degree problems are investigated primarily through
group-theoretic methods. Indeed, any algebraic number « of degree d
over Q can be associated with the unique monic irreducible polynomial
p(x) € Q[x] of degree d such that p(a) =0. The d distinct roots of p(z)
can be permuted in ways that preserve the field structure over QQ; the set
of such permutations forms a group under composition. Thus, within
the framework of Galois theory, it becomes possible to investigate ques-
tions about algebraic numbers through the so-called Galois groups. At
the core of this approach lies the theorem of Drungilas, Dubickas, and
Luca [5], which states that if the triplet (a,b,c) is compositum-feasible,
then there exists a transitive permutation group G of degree ¢ that has
two subgroups Hj and Hj satisfying

[G:Hil=a, [G:H3]=0b, and [G:H NHy=c (1.4)

Note, however, that the reverse implication does not necessarily hold,
i.e., even if the group G with the properties described in exists, one
cannot automatically conclude that the triplet (a,b,c) is compositum-
feasible. This is because does not necessarily imply that there exist
number fields K and L such that

[K:Q]=a, [L:Q]=b, and [KL:Q]=c. (1.5)

For the reverse implication to hold, the group G has to be realizable over
Q, that is, it has to occur as the Galois group of some normal extension
over QQ (see the inverse Galois problem [36]).

The described framework, together with group classification theo-
rems of Feit [I7], Guralnick [24], and the recent work of Jones and Sezer
[277], forms the basis of techniques applied in Article and Article
Galois theory plays a central role in Article[A3]as well, although the final
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steps in the proofs there rely on constructing various types of multiplica-
tive relations between algebraic numbers. The details of this approach
are described in Chapter [2| where the topic of the so-called non-trivial
relations between algebraic conjugates is investigated.

1.5 Future research directions

The successful resolution of Problem was closely tied to progress in
the classification of transitive permutation groups. While the methods
used to solve it may have reached their current limits, we believe that,
with suitable modifications, the group-theoretic approach can still yield
significant advances on this topic. In particular, the classification of all
finite simple groups offers promising opportunities for further develop-
ments in the compositum problem.

With respect to Problem [I.2] the conditions under which the product
of two algebraic numbers attains the maximal possible degree have been
identified only under restrictive assumptions. Therefore, the problem

remains open in the general case.
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Chapter 2

Non-trivial relations between algebraic conjugates

2.1 Literature review

Let « be an algebraic number of degree d. If p(x) is the minimal poly-
nomial of a, then p(x) has d distinct roots (recall that we always work

over Q) denoted ay,..., a4, that are called algebraic conjugates of a. An
additive relation

kiog+...+kgog € Q (2.1)
is called non-trivial if it holds for some ki,...,kq € Q, not all equal.

Similarly, a multiplicative relation
a’fl-...-aljde(@ (2.2)

is called non-trivial if it holds for some ki,...,kq € Z, not all equal [2].
It is well known from the theory of symmetric polynomials that both
and hold trivially if all k; are equal. In contrast, it is much
less understood what causes non-trivial relations such as

33a; —Toj +37a, €Q  or oz%a?-aze(@

to appear (here a;,a;,a; denote distinct algebraic conjugates of some
algebraic number « of degree d > 3). After suitable substitutions, non-
trivial relations in and (2.2]) can usually be assumed to be of the
form

kiai+...+kqaqg =0, ki,....,kq €Z (2.3)

and
oMok =1 k... ki€l (2.4)
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respectively [§]. Accordingly, only non-trivial relations of the form given
in or are investigated in this thesis.

The first major result on non-trivial additive relations is due to Kur-
batov [30], who found that non-trivial additive relations between alge-
braic conjugates of prime degree do not exist. In contrast, consider an
algebraic number a = {/2. Since the minimal polynomial of a is 2P —2,
the degree of « is equal to p. If p > 2, observe that for any other root
of 2P — 2, say o/, there always exists a non-trivial multiplicative relation
between algebraic conjugates of prime degree p, namely

P=1

From the above considerations it follows that the additive and multi-
plicative problems are not equivalent. There has been some effort, espe-
cially by Girstmair [19], to develop a unified approach for both problems.
However, the exact links between non-trivial additive and multiplicative
relations have been described only in the case of prime degree p, primar-
ily by Drmota and Skatba [3].

The simplest non-trivial additive relation is

Qi+ o =0, (2.5)

where «;, o; denote distinct algebraic conjugates of some algebraic num-
ber « of degree d > 2. If p(x) is the minimal polynomial of «, from (2.5)
it follows that

(z—a)(r—a;) = (r—)(x+a;) =2°—a?
is a factor of p(z). Hence, it is not difficult to deduce that occurs
if and only if the minimal polynomial of « is of the form p(z) = g(z?).
Clearly, in this case the degree of a must be even. So far, this remains
the only non-trivial additive relation that has been completely solved. In
contrast, it is still not known what the sufficient and necessary conditions

are for the non-trivial relation
Qi+ o —ag =0 (2.6)

to hold (here o, j,ay denote distinct algebraic conjugates of some al-
gebraic number « of degree d > 3). Suppose that G is the Galois group
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corresponding to the normal closure of Q(a) over Q, and that d is the
degree of a. Usually, relations like in are investigated by impos-
ing restrictions on G or d. For example, Dixon showed in [2] that if
G is abelian, then holds only if d is a multiple of 6. In the case
d = 6, without any assumptions on the structure of GG, Dubickas and
Jankauskas [11] found that occurs if and only if the minimal poly-
nomial of « is of the form

p(z) = 2%+ 2azt + a®22 + b

for some a,b € Q. Various aspects of relation are investigated in
[20, 21, 22], 25, B1, B3], while the works in [9, 12, [I8] 29 B2] address
different types of non-trivial additive relations.

The current state of knowledge in the area of non-trivial multiplica-
tive relations is similar. Only the multiplicative version of , namely

041“04]‘:1, (2.7)

has been solved. In particular, if p(z) is the minimal polynomial of «
whose two distinct conjugates satisfy ([2.7]), then the degree d of p(x) is

even and
p(z) = - p(1/2). (2.8)

Thus, p(z) is the so-called self-reciprocal polynomial — its coefficients are
the same when read forwards or backwards. The irreducible polynomial

p(x) =2t +32% + 222 + 3z + 1 =2 p(1/x)

is one such example. Due to the role played by roots of unity, the
problem of non-trivial relations is more complex in the multiplicative
case than in the additive one. Some differences between the two are
explored by Baron, Drmota, and Skalba in [I], where the multiplicative

version of ([2.6]), namely
;- ~Od];1 =1
was investigated. Other studies on multiplicative relations appear in

[2, 18] 10, [38], 43].
We conclude the literature review with one of the most general re-
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sults in this research area. Based on empirical evidence, Smyth in 1986
conjectured that if integers nq,...,n; satisfy certain explicit conditions
[39], then there exist algebraic numbers o and /3 such that

a'+... 4ot =0 and BB =1,
where aq,...,a; denote some conjugates of a (not necessarily distinct),
and f1,...,0, denote some conjugates of 3 (not necessarily distinct).

Note that in this setting, no information is provided about the degrees
of a or B. The conjecture was finally proved in 2025 by Ellenberg and
Hardt [15].

2.2 Research objectives

In this thesis, the topic of non-trivial relations is mostly investigated
for algebraic numbers of low degree. The following two problems are

concerned only with additive relations.

Problem 2.1. To find all non-trivial additive relations between three
algebraic conjugates of degree d < 8.

Problem 2.2. To describe all non-trivial additive relations between al-

gebraic conjugates of degree d = 4.

In contrast, the next problem is of a more general nature. Suppose
that for some algebraic number « of degree d and integers ki,...,kq,
there exists a non-trivial additive relation

k1a1+...+kdad:0

between distinct algebraic conjugates asq,...,aq of a. If there exists an
algebraic numbers 5 of degree d, whose algebraic conjugates (i,..., 54
satisfy

M =1

with the same kq,..., kg, then it is said that an additive relation has a

corresponding multiplicative relation.

Problem 2.3. To show that for every non-trivial additive relation be-
tween algebraic conjugates of degree d, there exists a corresponding non-
trivial multiplicative relation.
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2.3 Main results and their actuality

In Article [A4] the complete solution to Problem [2.1] is presented. The
notation for groups in the following theorem is taken from the transitive
groups database [40].

Theorem 2.1. Assume that a,b,c are non-zero integers and d is an
integer satisfying d < 8. Then there exists an algebraic number a of de-
gree d with Galois group G C Sq, and three distinct conjugates o, o
satisfying

acoy; +boj +coy, =0

if and only if d,G and a,b,c (or their permutation) satisfy one of the
following:

(i) d=3, Ge{C3, S3} anda=b=c;

(ii) d:6, GE{CG, 53, D, CgXSg, S%, 032>404, 53202}

and a=b=c;
(iii) d=6, G €{Cs, S3, Dg} and a=b= —c;
(iv) d=6, G=S3 and a® +b* —ab = c?;
(v) d=8, G =Dy and a®+b* = 2.

From Theorem one can deduce, for example, that if p(z) is an
irreducible polynomial of degree 8 whose three distinct roots a;,aj,ay
satisfy

aoy; +boj +coy, =0

for some non-zero integers a,b,c, then necessarily a?+b? = ¢ (up to
permutation of a,b,c). Moreover, the Galois group of p(x) must be
isomorphic to the dihedral group D, of order 8. Conversely, for any non-
zero integers a,b,c satisfying a® 4+ b% = ¢?, it is possible to construct an
algebraic number « satisfying part (v) of Theorem 2.1, For example, for
the solution (3,4,5) of a®+b% = ¢2, it can be checked with the computer
algebra system SageMath [41] that the polynomial

p(z) = 28 + 580608z + 1074954240000
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is irreducible over QQ and three distinct roots of p(z) satisfy
3o +4a; +5ay, = 0.

Parts (iv) and (v) of Theorem describe previously unknown excep-
tional additive relations, whereas those in (i), (ii), and (iii) had been
discovered earlier by other researchers. In particular, Lalande found in
[31] that the cyclic group Cg, the symmetric group Ss3, and the dihedral
group Dg admit the relation

ai+aj—ak:0.

Part (iii) of Theorem implies that if d = 6, then these three groups
are, in fact, the only ones. Also, from the work of Dubickas and Jankauskas
[11], the exact form of the sextic polynomial p(z) inducing the relations

ajt+aj—oap=0 or a;+aj+ap=0

is known. Parts (ii) and (iii) of Theoremsupplement their findings by
identifying which transitive groups can occur as Galois groups of p(z).
In the process of solving Problem [2.I] one often encounters the non-
trivial relation
a; +aoj+a =0, (2.9)

which corresponds to part (ii) of Theorem In [I1], Dubickas and
Jankauskas demonstrated that for any degree d, divisible by 3, it is
possible to construct an algebraic number « of degree d whose three
conjugates satisfy . However, some algebraic numbers of degree
d have three distinct conjugates summing to zero, even when d is not
divisible by 3. Determining the minimal value of such d remains an
open problem. Based on the findings in [II] and [I4], it is known that
10 < d < 20. In relation to this question, the following result is obtained

in Article [ABl

Theorem 2.2. Let o be an algebraic number of degree 2p, where p > 5
is a prime number. Then

a; + o+ oy #0
for any three algebraic conjugates o, oj,ay, of .
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Theorem [2.2] together with some auxiliary results narrows down the
possibilities for the minimal value of degree d.

Corollary 2.3. Let d be the smallest positive integer, not divisible by
3, for which there exists an algebraic number of degree d whose three

algebraic conjugates add up to zero. Then either d =16 or d = 20.

Until the presentation of this thesis, the problem of finding all non-
trivial additive relations of degree d has been solved only if d is a prime
number. Problem marks the first attempt to solve it for some com-
posite degree d. In particular, building on some earlier findings by Ki-
taoka [29], Article provides a complete description of non-trivial
additive relations in the case d = 4.

Theorem 2.4. Suppose that o is an algebraic number of degree 4 whose
distinct algebraic conjugates aq,a9,as,qy satisfy some non-trivial ad-
ditive relation. Set r = a1 +as+ag+ay. If r #0, then (up to re-
indezation) all non-trivial additive relations between the conjugates of o

are described by Z-multiples of
a1 +ag—ag—ay =0,

while if r =0, then (up to re-indexation) all non-trivial additive relations
between the conjugates of o are described by Z-linear combinations of

a1+as=0 and agz+ay=0.

Thus, from Theorem [2:4)it is not difficult to deduce that, for example,
there is no algebraic number « of degree 4 whose conjugates satisfy the
relation

a1+ 2004+ 3az+ a4 =0.

Suppose that « is an algebraic number of degree 4 whose distinct
algebraic conjugates o, 9, a3, ay satisfy some non-trivial additive rela-
tions. Hence

kioq + koo + ksas + kiay =0

for some integers k1, ko, k3, k4, not all equal. From Theorem [2.4]it follows
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that for d =4, there are three linear forms, namely

fi(z, 20, 23,24) = 21 + T2 — 23 — T4,
f2($1,$2,x3,l'4) =1 +x27

f3(z1,22,23,24) = X3+ 24

so that

k1o + koog + ksag + kaoy € Z ij(al,ag, s, 044),
jeS

where S C {1,2,3} is such that fj(oq,00,a3,a4) =0 for each j € S. In
particular, we always have either

k1o + kaas + ksas + kaay € Zf1 (a1, 00,a3,04)

with

filon,a0,a3,04) =1 +as—az—as =0

or

k1aq + koo + ksas + kaay € Zfa(ar, o, as,a4) + Zf3(a1,a2,a3,04)
with

folar,ag,as,a4) =1 +a2 =0 and f3(ag,a2,a3,a4) = az+ag =0.

The next theorem reveals that for d = 6 it is impossible to describe

all non-trivial relations with a finite list of Z-linear forms.

Theorem 2.5. Let m be any positive integer, and let
6
filr,..xe) =D ugjay,
j=1

1=1,...,m, be a set of m linear forms such that for each i the coeffi-
cients us1,...,uig € Z are not all equal. Then, there are infinitely many
algebraic numbers o of degree 6 whose conjugates aq,...,a¢ satisfy a
nontrivial additive relation

kil + koag + ksas =0 with kq,ko, ks € Z,
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so that
kioq + koog + k3as ¢ Z ij(al, e, aﬁ)
jeS
for every choice of S C{1,...,m} subject to fj(ou,...,a¢) =0 for each
jes.

We conclude this section with the following result from Article [A6]
which establishes the link between additive and multiplicative non-trivial

relations.

Theorem 2.6. Assume that there exists an algebraic number « of degree
d with conjugates aq,...,aq and some ki,...,kq € Z, not all equal, such
that

kiap+ -+ kgaqg = 0.

Then, there exists an algebraic number B of degree d with conjugates
B1,...,8q such that
kophe =1

For illustration purposes, recall from part (v) of Theorem that
there exists an algebraic number « of degree 8 such that three of its

conjugates, say o, ,qy, satisfy the non-trivial additive relation
3a; +4a +Sag = 0.

Theorem guarantees that there exists an algebraic number g of de-
gree 8 such that three of its conjugates, say 3;,5;, Bk, satisfy the multi-
plicative relation

BBt By =1.

Moreover, the proof of Theorem [2.6]is constructive; that is, it provides an
explicit method for constructing the conjugates of 5 from the conjugates
of a. This complements the techniques used by Girstmair in [19], where
the link between additive and multiplicative relations was investigated

by non-constructive arguments.

2.4 Methods

The methods applied in this thesis to study non-trivial relations are
based on various results from group theory. The key observation is
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that the Galois group of a polynomial p(x) imposes restrictions on the
possible non-trivial relations between the roots of p(z). Indeed, suppose
that « is an algebraic number of degree d with the minimal polynomial
p(x) and the corresponding Galois group G. Denote by «aq,...,«aq all
distinct roots of p(x), and assume that for some integers ki,...,kq the
following additive relation holds

kiai+...+kgaqg =0. (2.10)

Every element o of G acts as a permutation on the roots of p(x). Thus,
application of o on (2.10)) yields another additive relation

k1a0(1)+...+kdag(d) =0. (2.11)

Moreover, any linear combination of (2.10) and (2.11]) produces yet an-

other additive relation. By the described process, it is usually possible
to obtain some relation that is known to be impossible unless the co-
efficients ki,...,kq satisfy certain strict conditions. Reasoning of this
type is extensively applied in Article [A4] and Article Of course, the
fact that for some integers k1,...,kq, the equality does not lead to
any contradiction from the viewpoint of group theory, is not sufficient
to conclude that there exist algebraic conjugates aq,...,aq satisfying it.
The actual construction of aj,...,aq is obtained through the use of the
normal basis theorem. The techniques based on various applications of
this theorem play an essential role in Article [A6]

2.5 Future research directions

With respect to Problem [2.I] the choice to study non-trivial relations
only between three algebraic conjugates

ac; +boj +coy, =0 (2.12)
is motivated by the observation that (2.12]) implies
Tat+tbxc#O0.

The analogous implication is no longer true for non-trivial relations be-

tween four algebraic conjugates. Thus, new techniques must be devel-
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oped if one seeks to generalize Theorem and determine all non-trivial
additive relations between algebraic conjugates of degree d < 8.

With respect to Problem[2.2] the results obtained in Theorem[2.4)and
Theorem [2.5 show that the structures governing all non-trivial additive
relations between algebraic conjugates of degrees d =4 and d =6 are
essentially different. There is some evidence that for d = 8, the situation
is analogous to the case d = 6, as described by Theorem To our
knowledge, no reasonable guess can be made as to which case occurs for
d=29.

Finally, with respect to Problem [2:3] it has already been observed
that the converse of Theorem [2.6]is not true. Thus, it remains an open
problem to find conditions under which a multiplicative non-trivial re-
lation has a corresponding additive relation.
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Conclusions

The following is a summary of the key results established in this thesis.

e A complete classification is obtained of compositum-feasible, sum-
feasible, and product-feasible triplets of the form (p,p,c), where p

is a prime number.

e New conditions are established under which the product of two
algebraic numbers attains the maximal possible degree.

e A complete classification is provided of non-trivial additive rela-
tions between three algebraic conjugates of degree d < 8.

e It is shown that there exists a finite list of Z-linear forms that cover
all non-trivial additive relations between algebraic conjugates of
degree d = 4, whereas the analogous statement is proved to be
false for d = 6.

o Using a constructive proof, it is demonstrated that every non-
trivial additive relation between algebraic conjugates of degree d

has a corresponding non-trivial multiplicative relation.
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Santrauka (Summary in Lithuanian)

Ivadas

Kompleksinis skai¢ius a vadinamas algebriniu, jei jis yra nenulinio po-
linomo p(x) su racionaliaisiais koeficientais saknis. Taigi, p(a) =0 su
tam tikru p(x) € Q[x]. Algebriniai skaiciai praple¢ia racionaliyju skai-
¢iy savoka, nes kiekvienas racionalusis skaicius g yra tiesinio polino-
mo x — q Saknis. Iracionalieji skai¢iai, tokie kaip /2 ar aukso pjuvis
p = 1*—2\/5, taip pat yra algebriniai, nes jie yra atitinkamai polinomy
2?2 —2 ir 22 + 2 — 1 saknys. Kita vertus, XIX a. buvo jrodyta, kad
nei Oilerio konstanta e, nei m néra algebriniai. Tokie skai¢iai vadinami
transcendentiniais.

Algebriniy skaiciy istorija neatsiejama nuo Zymiy matematikos uz-
daviniy. Renesanso laikotarpiu didelj susidoméjima jgavo klausimas, ar
imanoma polinominiy lygciy sprendinius isreiksti tos lygties koeficientais
naudojant vien tik aritmetinius (sudéties, atimties, daugybos, dalybos)
bei sakny traukimo veiksmus. Kitaip tariant, ar egzistuoja sprendiniy
formulés, kaip kad

—b++b? —4ac

- (2.13)

12 =

kvadratineés lygties az? + bz +c = 0 atveju, aukstesniojo laipsnio lygtims?
XVI a. italy matematiky Tartalijos (Tartaglia), Kardano (Cardano)
ir Ferario (Ferrari) jzvalgos leido isvesti sprendiniy formules trecio ir
ketvirto laipsnio lygtims. Naujo proverzio teko laukti daugiau nei du
simtmecius, kol Rufinio (Ruffini) ir Abelio (Abel) jrodymai patvirtino
tai, ka kiek anks¢iau jau numané ir Lagranzas (Lagrange) — bendru
atveju atsakymas j nagrinéjama klausima yra neigiamas. Pavyzdziui,
lygties 2° — 2 — 1 = 0 sprendiniy nejmanoma isreiksti tipo formule.
Issamy Sio klausimo sprendima 1830 m. aprasé dvidesimtmetis pranctizy
genijus Galua (Galois). Jo idéju pagrindu susiformavo matematiné sritis
— Galua teorija, kurios kalba formuluojama modernioji algebra. Sioje
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disertacijoje nagrinéjami uzdaviniai apie algebrinius skaicius taip pat
yra Galua teorijos taikymo pavyzdziai.

Viena i$ pagrindiniy charakteristiky, nusakanciy algebrinj skaiciy
a, yra jo laipsnis. Tarp visy polinomy su racionaliaisiais koeficientais
egzistuoja vienintelis maziausio laipsnio normuotas polinomas p(x), su
kuriuo p(a) = 0. Toks p(x) vadinamas algebrinio skai¢iaus a minima-
livoju polinomu, o skaiCiaus « laipsnis, zymimas deg(«), apibréziamas
kaip polinomo p(z) laipsnis. Pavyzdziui, /7 minimalusis polinomas yra
22 —7, tad deg(+/7) = 2. Jau XIX a. buvo zinoma, kad algebriniy skai-
¢iy aibé yra uzdara sudéties ir daugybos atzvilgiu. Kitaip tariant, bet
kuriems algebriniams skai¢iams « ir 3, suma «+ § bei sandauga « - 3
taip pat yra algebriniai skaic¢iai. Naturaliai kyla klausimas, ar jmanoma
nustatyti galimas a+ 8 bei «- 3 laipsniy reiksSmes zinant « ir 3 laips-
nius (bet ne pacius skai¢ius) i$ anksto? Metodiskai laipsniy uzdavinys
buvo pradétas tyrinéti tik 2012 metais pasirodzius Drungilo, Dubicko ir
Smito (Smyth) [6] darbams. Nauji rezultatai $ia tema sudaro pirmaja
disertacijos dalj.

Algebrinio skaic¢iaus « laipsnis taip pat nurodo, kiek o minimalusis
polinomas p(z) turi skirtingy Sakny (atkreipiame démesj, kad tiek laips-
nio, tiek minimaliojo polinomo savokos disertacijoje apibréziamos virs
racionaliyjy skai¢iy kuno Q). Tokio p(z) Saknys vadinamos skai¢iaus «
algebriniais jungtiniais. Prisiminkime pavyzdj

a=+7, plx)=2>-7, deg(a)=2.

Siuo atveju matome, kad /7 ir —/7 yra skai¢iaus /7 algebriniai jung-
tiniai. Bendru atveju algebrinio skaiciaus «, kurio laipsnis lygus d, al-
gebrinius jungtinius zymeésime «q,...,a4. Antrojoje disertacijos dalyje

nagrinéjami tiesiniai (adityvieji) sarysiai tarp « algebriniy jungtiniy
kiog+...+kgaqg =0, (2.14)

kai kq,...,kq yra sveikieji skaiciai. Jei visi koeficientai ki,...,kq yra
tarpusavyje lygus, tai remiantis klasikine algebros teorija nesunku paro-
dyti, kad kiekvienam d galime rasti be galo daug d-tojo laipsnio algeb-
riniy skaic¢iy «, kuriy algebriniai jungtiniai tenkina sarysj. Deél
Sios priezasties, tokie sarysiai vadinami trivialiais. Priesingai, jei lygy-
béje bent du i$ koeficienty ki,...,kq yra skirtingi, tai sakome,
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jog egzistuoja netrivialus adityvusis sarysis tarp « algebriniy jungtiniy.
Pazymétina, kad netrivialus adityvieji sarysiai tarp algebriniy jungti-
niy susiformuoja tik isskirtiniais atvejais, o juos nulemiancios priezas-
tys islieka mazai suprastos. Pirmieji tyrimai sia tema pasirodé XX a.
devintajame deSimtmetyje Girstmajerio (Girstmair) [I8] ir Smito [3§]
darbuose. Pavyzdziui, 1982m. Girstmajeris jrodé, kad egzistuoja de-
vinto laipsnio algebrinis skaic¢ius «, kurio algebriniai jungtiniai tenkina

netrivialy adityvyji sarysj
4o + o+ ag+ ag + as — 2a6 — 2a7 — 2ag — 2a9 = 0.

Nors per paskutinius deSimtmecius buvo paskelbtas ne vienas reikSmin-
gas rezultatas apie sarysius tarp algebriniy jungtiniy, netrivialiy sarysiy
fenomenas néra pilnai iSnagrinétas net tarp mazo laipsnio algebriniy

skaic¢iy. Nauji rezultatai Sioje srityje sudaro antraja disertacijos dalj.
Tikslai ir uzdaviniai

Akcentuojame, kad disertacijose vartodami terminus laipsnis, minima-
lusis polinomas, algebriniai jungtiniat visada turime omenyje: laipsnis
virs Q, minimalusis polinomas virs Q, algebriniai jungtiniai virs Q, ati-
tinkamai.

Disertacijos tyrimy objektas — algebriniy skaiciy laipsniai ir netrivia-
lus sarysiai tarp algebriniy jungtiniy. Pirmos disertacijos dalies tikslas —
tyrinéti tris susijusius klausimus apie algebriniy skaiciy laipsnius. Pries
pereidami prie iy klausimy prisiminkime, kad bet koks kompleksiniy
skaic¢iy C pokunis K gali buti suvokiamas kaip tiesiné erdvé virs racio-
naliyjy skaiciy kiino Q. Siame kontekste K dimensija virs Q (Zymime
[K :Q)]), vadiname kuno K laipsniu. Jei [K : Q] < oo, tai K vadiname
skaiciy kunu. Kiekvienam tokiam K egzistuoja algebrinis skaicéius «, su
kuriuo K = Q(a). Siuo atveju K laipsniu galime laikyti algebrinio skai-
¢iaus « laipsnj, t.y. galioja lygybé [K : Q] = deg(«). Galiausiai, dviejy
skaic¢iy kiiny K ir L kompozitu KL vadiname maziausia tokj skaiciy
kiing, kuriam priklauso tiek K, tiek L.

e Tegu K ir L — skai¢iy kunai, kuriy laipsniai atitinkamai lygus a ir
b. Kokias reiksmes gali jgyti kompozito K L laipsnis?

Jei KL laipsnis gali jgyti reiksSme c, tai naturaliyjy skaicéiy trejetas
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(a,b,c) vadinamas C-trejetu (compositum-feasible triplet).
e Tegu « ir § — algebriniai skai¢iai, kuriy laipsniai atitinkamai lygis
a ir b. Kokias reikSmes gali jgyti sumos a4+ (3 laipsnis?
Jei a+ 5 laipsnis gali jgyti reikSme c, tai naturaliyjy skaiciy tre-
jetas (a,b,c) vadinamas S-trejetu (sum-feasible triplet).
e Tegu « ir § — algebriniai skai¢iai, kuriy laipsniai atitinkamai lygius
a ir b. Kokias reikSmes gali jgyti sandaugos « - (3 laipsnis?
Jei o+ B laipsnis gali jgyti reikSme ¢, tai naturaliyjy skaiciy trejetas
(a,b,c) vadinamas P-trejetu (product-feasible triplet).
Siekiant tiksliau apibrézti aprasyty klausimy tyrinéjimo kryptj, su-
formuluojami pagrindiniai uzdaviniai.
1 uzdavinys. Suklasifikuoti visus C-trejetus, S-trejetus ir P-trejetus,
kuriy pavidalas yra (p,p,c), ¢ia p — fiksuotas pirminis skaicius.
2 uzdavinys. Atrasti naujy rezultaty, kurie galéty buti tiesiogiai pritai-
kyti pratesiant dabartines C-trejety, S-trejety ir P-trejety klasifikacijas.

Antros disertacijos dalies tikslas — tyrinéti netrivialius sarysius tarp
skaiciy, vadinamy algebriniais jungtiniais. Prisiminkime, kad algebrinio
skaic¢iaus «, kurio laipsnis lygus d, minimalusis polinomas turi lygiai d
(skirtingu) Saknu aj,...,a4, kurios ir sudaro « algebrinius jungtinius.

Disertacijoje nagrinéjami dviejy tipy sarysiai.

o Jei su tam tikrais sveikaisiais koeficientais ki,...,kq (tarp kuriy
bent du yra skirtingi) galioja lygybeé

kiog—+...+kgaqg =0, (2.15)

tai (2.15]) vadinamas netrivialiv adityvivoju sqrysiu tarp skaiciaus
« algebriniy jungtiniy.

o Jei su tam tikrais sveikaisiais koeficientais ki,...,kq (tarp kuriy
bent du yra skirtingi) galioja lygybeé

afto okt =1, (2.16)

tai (2.16)) vadinamas netrivialiu multiplikatyvivoju sqrysiu tarp
skaiciaus a algebriniy jungtiniy.
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Konkreti tyrimy apie netrivialius sarysius kryptis nusakoma dviem

uzdaviniais.

3 uzdavinys. Nustatyti netrivialius adityviuosius sqrysius tarp skai-

ciaus « algebriniy jungtiniy, kai a laipsnis d nevirsija 8.

Sakome, kad adityvusis sarysis turi atitinkamg multiplikatyvyji sa-
rysj, jei d-tojo laipsnio skaic¢iaus a algebriniams jungtiniams, tenkinan-
tiems lygybe su tam tikrais ki,...,kq, egzistuoja d-tojo laipsnio
algebrinis skaic¢ius 3, kurio algebriniai jungtiniai tenkina multiplikaty-
vyji sarysi su tais paciais kq,...,kq, t.y.

k k
g —1.

4 uzdavinys. Konstruktyviu jrodymu pagristi, kad kiekvienas netrivia-

lus adityvusis sqrysis turi atitinkamq multiplikatyvyjs sqrys.

Rezultaty apzvalga ir jy aktualumas

Disertacijos rezultatai paskelbti (arba priimti publikavimui) SeSiuose
tarptautiniuose mokslo leidiniuose, turinc¢iuose cituojamumo rodiklj Cla-
rivate Analytics Web of Science (CA WoS). Tyrimai, aprasyti publikaci-
jose ir sudaro pirmaja disertacijos dalj, kurioje nagrinéjami
trys glaudziai susije klausimai apie algebriniy skaiciy laipsnius. Tyri-
mai, apraSyti publikacijose [A4] [AF] ir [AG, sudaro antraja disertacijos
dalj, kurioje nagrinéjami netrivialus sarysiai tarp algebrinio skaiciaus «
algebriniy jungtiniy.

Publikacijos rezultatai

2013 m. publikacijoje Drungilas, Dubickas ir Luka (Luca) pastebi, kad
snet naturalus klausimas, kokias reiksmes gali jgyti [KL: Q|, kai K ir L
abu yra pirminio laipsnio p plétiniai virs Q, lieka atviras® [B]. Straips-
nyje [AT] sis klausimas yra pilnai atsakomas naudojant C-trejety termi-
nologija.

1 teorema. Tegu p — pirminis skaicius. Jei trejetas (p,p,c) yra C-
trejetas, tai c = ps ir galioja vienas is Zemiau pateikty atvejy:

(i) s=p;
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(ii) s yra (p—1) daliklis;

(iii) p=11, s=6;

. d_ _ . .o . . .
(iv) p= qq_ll, s=q% 1, q - pirminio skaiciaus laipsnis, d > 3.

[1 teorema iliustruosime konkrec¢iu pavyzdziu, kai p = 13.

2 isvada. Tegu K ir L — skaiciy kunai, kuriy abiejy laipsniat lygus 13.
Tarkime, jog ¢ Zymi K ir L kompozito KL laipsng. Tuomet

c=13s ir s€{1,2,3,4,6,9,12,13}.

Pastebékime, kad kai p =13 ir s =9, tai turime [1| teoremos (iv)
atvejo atitiktj, nes
3% -1

. ir 9=32

13 =

Pirminiai skaiciai, kuriy pavidalas p = (¢¢ —1)/(¢ — 1), atlicka svarby
vaidmenj jvairiuose skai¢iy teorijos uzdaviniuose [16], 23, 27, B37]. Siuo
atzvilgiu [I] teorema atskleidzia nauja tokios formos pirminiy skaiciy pri-
taikymo srit;j.

Nors ankstesniame skyriuje apibrézty C-trejety, S-trejety ir P-trejety
uzdaviniai néra ekvivalentus, tam tikrais aspektais jie yra glaudziai su-
sije. Pazymékime visy C-trejety, S-trejety ir P-trejety aibes atitinkamai
C, S ir P. Drungilo, Dubicko ir Smito darbuose [4} 6] buvo jrodyta, kad

cCCSCP.

Vadinasi, kiekvienas C-trejetas yra tuo paciu ir S-trejetas, o kiekvienas
S-trejetas savo ruoztu yra ir P-trejetas (kita vertus, atvirkstiniai teiginiai
néra teisingi). Kai trejety forma yra (p,p,c), publikacijojeparodome,
kad Sias jzvalgas galima suformuluoti dar tiksliau.

3 teorema. Tegu p — pirminis skaicius. Jei trejetas (p,p,c) yra S-
trejetas, tai jis yra ir C-trejetas arba ¢ = 1.

4 teorema. Tegu p — pirminis skaicius. Jei trejetas (p,p,c) yra P-
trejetas, tai jis yra ir C-trejetas arba ¢ € {1,p—1}.

[3 ir [] teoremas iliustruosime pavyzdziu, kai p = 13.
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5 iSvada. Tegu « ir B — algebriniai skaiciai, kuriy abiejy laipsniai lygus

13. Jei ¢ Zymi o+ B laipsng, tai
c=13s ir se€{1,2,3,4,6,9,12,13}

arba

c=1.

6 iSvada. Tegu « ir B — algebriniai skaiciai, kuriy abiejy laipsniai lygus

13. Jei ¢ Zymi «- B laipsng, tai
c=13s ir s€{1,2,3,4,6,9,12,13}

arba

ce{1,12}.

Publikacijos rezultatai

Siekiant jvertinti publikacijoje [AT] taikyty metody apibendrinimo gali-
mybes, publikacijoje [A2] bandoma pratesti C-trejety, kuriy forma yra
(p*,p*, ), Kklasifikacija nuo k =1 iki k& > 2. Pilnai i$spresti suformuluo-
to uzdavinio nepavyksta — randamas tik dalinis sprendimas tam tikry
salygy kontekste. Norint aprasSyti Sias salygas, tenka jvesti keleta zymé-
jimy. Nagrinéjant kuny plétinj K/Q, simboliu Kg zZymésime Sio plétinio
Galua uzdarinj, o simboliu Gal(Kg/Q) — atitinkama Galua grupe. Taip
pat sakysime, kad C-trejetas (a,b,c) yra indukuotas skai¢iy kuny K ir
L, jeigu
[K:Q]=a, [L:Q]=b ir [KL:Q]=c

Atkreipiame démesj, kad tas pats C-trejetas (a,b,c) gali buti indukuotas
skirtingy pory (K, L). Galiausiai, beveik pirmine grupe vadinsime tokia
grupe G, kuri yra jsiterpusi tarp pirminés grupés S ir visy S automor-
fizmy grupés Aut(S), t.y.

S C G C Aut(S).

7 teorema. Tegu p — pirminis skaicius ir k > 2. Tarkime, kad (p*,p*,c)
yra C-trejetas, indukuotas skaiciy kuny K ir L. Be to, laikykime, kad
tiek Gal(Kg/Q), tiek Gal(Lg/Q) yra beveik pirminés grupés. Tuomet
c= pks ir galioja vienas s Zemiau pateikty atvejy:
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(1) s € {]" pk_]-a pk}7
(i) p=2, k>4, se {2k -1, 2671},
(iii) p=Fk =3, s € {10,16};

d— dil— . . . L . .
(iv) pF = %, s € {q 1, qd_l}, q — pirminio skaiciaus laipsnis,
d .

q—1
>3

teoremos jrodymas remiasi klasikiniais Guralniko (Guralnick) re-
zultatais apie pirmines grupes [24] bei 2024 metais uzbaigtais DZounso
(Jones) ir Sezero (Sezer) darbais apie tranzityvias grupes [27]. Atkrei-
piame démesj, jog iSskyrus atveji p = k = 2, [7] teoremos nepakanka no-
rint nustatyti visus C-trejetus, kuriy forma yra (pk,pk,c). Dabartiné
C-trejety klasifikacija yra uzbaigta trejetams (a,b,c), tenkinantiems sa-
lygas a < b<cir b<9 [0 [0, [7]. Taigi, publikacijoje nagriné¢jamo
klausimo kontekste, kol kas pilnai istirti tik trejetai, kuriy forma yra
(22,22 ¢), (23,23,¢) arba (32,32, ¢). Sujungus Drungilo ir Maciulevi¢iaus
[7] irodytus teiginius su [7| teorema gauname Stai tokj tvirtinimas:

8 teorema. Trejetas (24,24, ¢) yra C-trejetas tada ir tik tada, kai
c=2%5 ir sc{l,...,16}\{11,13}.

Publikacijos rezultatai

1970 m. Izakas (Isaacs) [26] jrodé, kad jei algebriniy skaic¢iy « ir 3 laips-
niai yra tarpusavyje pirminiai, tai sumos a+ 3 laipsnis yra didziausias
imanomas. Vadinasi, Siuo atveju nelygybéje

deg(a+ ) < deg(a) - deg(f3)

pasiekiamas lygybés atvejis. Sis rezultatas ypa¢ naudingas tyrinéjant
S-trejetus. IS tikryjy, jei @ ir b yra tarpusavyje pirminiai, tai gauname,
kad trejetas (a,b,c) yra S-trejetas tada ir tik tada, kai ¢ = ab.

Kita vertus, nesunku sukonstruoti pavyzdziy, parodancéiy, kad ana-
logiskas teiginys jau nebéra teisingas P-trejetams. Kitaip tariant, net
jei av ir § laipsniai yra tarpusavyje pirminiai, sandaugos « - 3 laipsnis vis
tiek gali buti grieztai mazesnis uz « ir 8 laipsniy sandauga.

46



Su tam tikromis prielaidomis algebriniy skai¢iy laipsniams, publika-
cijoje [A3] rastos dvi naujos salygos, kurios uztikrina, kad nelygybéje

deg(a- B) < deg(av) - deg(8)

pasiekiamas lygybés atvejis.

9 teorema. Tegu p — nelyginis pirminis skaicius ir m — bet koks na-
turalusis skaicius, nesidalijantis is p. Be to, laikykime, kad o ir 8 yra
algebriniai skaiciai, kuriy laipsniai atitinkamai lygus m ir p. Jei 5 mi-

nimalusis polinomas néra P 4 c su tam tikru c € Q, tai

deg(a - B) = deg(a) - deg(3) = mp.

Pavyzdziui, imkime

a=1\V2+2 ir B=14V2+ V4.

Su kompiuterine algebros sistema SageMath[41] galima patikrinti, kad

« ir § minimalieji polinomai atitinkamai yra
et =422 42 ir 2322 -3z —1.

Taigi, deg(a) =4 ir deg(f) = 3. Matome, kad visos |§| teoremos salygos
yra iSpildytos. Vadinasi, §iuo atveju o - laipsnis lygus 3-4 = 12. Sie
pastebéjimai papildo Veintraubo (Weintraub) [42] tyrimus apie primity-
viuosius plétinio Q(«, B) elementus. IS tiesy, jei algebriniai skaiciai « ir
B tenkina |§| teoremos salygas, tai galioja lygybé Q(«, ) = Q(a- 3).
Remiantis [J] teorema iSvedamas dar vienas kriterijus, kuris kaip pa-
rodysime netrukus, gali buti tiesiogiai pritaikytas P-trejety analizéje.

10 teorema. Tegu p — nelyginis pirminis skaicius ir m — bet koks na-
turalusis skaicius, nesidalijantis nei is p, nei i p—1. Be to, laikykime,
kad o ir B yra algebriniai skaiciai, kuriy laipsniai atitinkamai lygus m
irp. Tuomet

deg(a- ) = deg(a) - deg(8) = mp.

11 isvada. Tegu p — nelyginis pirminis skaicius ir a — bet koks naturalu-
sis skaicius, nesidalijantis nei is p, nei is p— 1. Tuomet trejetas (a,p,c)
yra P-trejetas tada ir tik tada, kai c = ap.
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iSvada leidzia pilnai istirti tam tikras galimy P-trejety klases ir
taip ateityje buti pritaikyta tolimesnei P-trejety klasifikacijai, kuri 2023
m. buvo pradéta Maciuleviciaus [35]. Siuo metu yra nustatyti visi P-
trejetai (a,b,c), tenkinantys salygas a <b< cir b< 7 [13].

Publikacijos rezultatai

Laikykime, kad « algebrinis skai¢ius, kurio laipsnis lygus d. Sioje pub-

likacijoje tyrinéjamos bendresnés netrivialiy adityviyjy sarysiy
ai+ozj+ak =0 ir ai+aj—ozk =0

formos, ¢ia a;,a;,ap Zymi tris skirtingus o algebrinius jungtinius. Netri-
vialus sarysiai dazniausiai nagrinéjami remiantis atitinkamy Galua gru-
piy analize. IS tiesy, kiekvienam algebriniam skaic¢iui o galime priskirti
Galua grupe G imdami « minimaliojo polinomo Galua grupe. Publikaci-
joje[Ad] paskelbta teorema apraso visus jmanomus netrivialius adityviuo-
sius sarysius tarp triju « algebriniy jungtiniy, kai « laipsnis nevirsija 8.
Teoremos tvirtinime vartojami grupiy zymeéjimai sutampa su tais, kurie

naudojami tranzityviu grupiy skaitmeniniame kataloge [40)].

12 teorema. Tarkime, kad o — algebrinis skaicius, kurio laipsnis d
nevirsija 8. Tequ G — a minimaliojo polinomo Galua grupé ir a,b,c —
nenuliniai sveikieji koeficientai. Jei trys skirtingi o algebriniai jungtiniai

a;, o, o tenkina adityvygi sqrysi
ac; +baj +cay, =0,
tai d, G ir a,b,c (arba jy perstata) ispildo vieng is siy sqlygy:
(i) d=3, Ge{Cs, S3} ira=b=c;

(ii) d:6, Ge {Cﬁ, Sg, DG, CgXSg, Sg, C§N04, 53202}
ra=b=c;

(ii)) d=6, G €{Cs, S3, D} ira=b=—c;
(iv) d=6, G=S3 ir a®> +b*—ab=c?;

(v) d=8, G =Dy ir a®+b* = .
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Gautas rezultatas papildo Lalando (Lalande) [32] ir Girstmajerio [21]
izvalgas bei pratesia Dubicko ir Jankausko [I1] darbus, kuriuose tyriné-
jami netrivialuis sarysiai tarp mazo laipsnio algebriniy jungtiniy. Pazy-
meétina, kad [12] teoremos (iv) ir (v) dalyse nurodyti netrivialus sarysiai
susiformuoja tik ypac isskirtinémis salygomis. IS teoremos tvirtinimo
taip pat isplaukia, kad jei o, o5, yra astunto laipsnio algebriniai jung-
tiniai, tenkinantys lygybe

acoy; + baj + cay, = 0, (2.17)

tai bitinai a® +b? = c?. Be to, teoremos jrodyme pademonstruojama,

kaip su kiekvienu lygties a® +b% = ¢?

sveikuoju sprendiniu sudaryti algeb-
rinius skaicius oy, o, o, tenkinancius sarysj. Pavyzdziui, imkime
lygties a? + b? = c¢? sveikajj sprendinj (3,4,5). Su kompiuterine algebros
programa SageMath [41] galima patikrinti, kad neredukuojamo virs Q
polinomo

p(z) = 28 + 580608z + 1074954240000

Galua grupé yra izomorfiska grupei Dy ir trys skirtingos p(z) saknys

aj, o, o, tenkina sarysj
3a; +4a +dayg = 0.

Publikacijos rezultatai

Pastebékime, kad jei tarp « algebriniy jungtiniy egzistuoja netrivialus
adityvusis sarysis

ozi—f—aj:(),

tai o minimalusis polinomas yra formos p(x) = f(z?). I$ to seka, kad
Siuo atveju « laipsnis turi buti dalus i$ 2. Dubickas ir Jankauskas [11]
parodé, jog kiekvienam d, kuris dalijasi i$ 3, galima sudaryti d-tojo laips-
nio algebrinj skaié¢iy «, kurio algebriniai jungtiniai tenkina netrivialy
adityvyji sarysj

a;+aj+ap=0. (2.18)

Naturaliai kyla klausimas, ar sarysis gali egzistuoti tik tarp al-
gebriniy jungtiniy, kuriy laipsnis d dalus i§ 3?7 Dubickas ir Smitas [14]
nustaté, kad atsakymas i $j klausima yra neigiamas, pateikdami kontrpa-
vyzdj su d = 20. Vis dar neissiaiskinta, ar d = 20 yra maziausio laipsnio
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kontrpavyzdys. Ankstesniy rezultaty pakanka nustatyti, kad minimalus
toks d tenkina salyga 10 < d < 20. Publikacijoje jrodomas teiginys,
leidziantis atmesti reiksmes d = 10 ir d = 14.

13 teorema. Tegu o — algebrinis skaicius, kurio laipsnis lygus 2p, cia
p = b yra pirminis skaicius. Tuomet su bet kuriais trimis a algebriniais

jungtiniais oy, o5, 0y visada turésime
o+ o5+ ag 0.

Sujunge klasikinj Kurbatovo (Kurbatov) [30] rezultata su(13|teorema
gauname stai tokj tvirtinima:

14 isvada. Laikykime, kad o yra maZiausio laipsnio, nedalaus is 3,
algebrinis skaicius, kurio trys algebriniai jungtiniai oy,o;,ap tenkina

netrivialy adityvyjs sqrysg
a; +aj+ag =0.
Pazymékime o laipsng d. Tuomet d =16 arba d = 20.

Publikacijos [A6] rezultatai

Dar 1957 metais Kurbatovas [30] parodé, kad jei o yra pirminio laipsnio
algebrinis skaicius, tai netrivialts adityvieji sarysiai tarp « algebriniy
jungtiniy neegzistuoja. Kita vertus, su kiekvienu sudétiniu d galima
rasti tokj d-tojo laipsnio algebrinj skaiciy «, kad tarp jo jungtiniy egzis-
tuoty netrivialus adityvusis sarysis. Visgi nei su vienu sudétiniu d iki
siol nebuvo aprasyta visy netrivialiy adityviyjy sarysiy struktura. Pub-
likacijoje pratesiami Kitaokos (Kitaoka) [29] rezultatai, leidziantys
iSspresti atvejj d = 4.

15 teorema. Tarkime, kad o — ketvirto laipsnio algebrinis skaicius, ku-
rio skirtingi algebriniai jungtiniai oy, s, s, ay tenkina netrivialy adity-
vYji Sqrysi

k1aq + koo + kgag + kgay =0,

cia ky,ko, ks, ky € Z. PaZymékime

r=aa1+ a2+ a3+ ay.

50



Jeir #0, tai (iki o jungtiniy pernumeravimo) galioja lygybé
a1 +ar—az—ayg =0,
o jeir =0, tai (iki o jungtiniy pernumeravimo) galioja lygybés
ar+as=0 ir az+ay=0.

[[5] teorema lemia, kad visy netrivialiy adityviujy sarysiy struktu-
ra tarp ketvirto laipsnio algebriniy jungtiniy gali buti aprasyta trimis
tiesinémis formomis su sveikaisiais koeficientais. IS tikryjy, imkime tris

tiesines formas

fi(z1, 20, 23,24) = 21 + 22 — X3 — T4,
fo(z1, 20,23, 24) = 21 + 22,

fa(x1,22,23,24) = x3+ 4.

Jeigu
k1ioq + koo + kzasz 4+ kgoy =0

ir tarp sveikuju k1, ko, k3, k4 bent du yra skirtingi (netrivialaus adityviojo

sarysio apibrézimas), tai visada turésime

kioq + kooa + ksas +kaay € Zij(@17a27a37044);
j€S

¢ia poaibis S C {1,2,3} parinktas taip, kad fj(a1,a2,a3,04) =0 kiek-
vienam j € S.
IS tikryjy, remiantis [I5] teorema galima parodyti, kad jei visy « al-

gebriniy jungtiniy suma r # 0, tai
krar +koao +k3az +ksay € Zfi(on, a0,03,04),

¢ia
filar,00,a3,04) =a1 +az—az3—ay =0.

Tuo tarpu, jei visy a algebriniy jungtiniy suma r = 0, tai

kiaq +koao + kzas + ksay € Zfa(on, 00, a3,04) +Zf3(ar, a2, 03,0u),
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¢ia
f2(a1,a2,a3,a4) =a1t+az=0, f3(041,042,043,064) =ag+ay=0.

Pavyzdziui, remiantis suformuluotu teiginiu nesunku jrodyti, kad né-
ra tokio ketvirto laipsnio algebrinio skaiciaus «, kurio algebriniai jung-
tiniai tenkinty netrivialy adityvyji sarysj

a1+ 209 4+ 3as +ag = 0. (2.19)

Toliau parodome, kad analogiskas teiginys atveju d = 6 néra teisin-
gas. Kitaip tariant, nejmanoma visy netrivialiyjy adityviyjy sarysiy tarp
sesto laipsnio algebriniy jungtiniy aprasyti baigtiniu tiesiniy formy su
sveikaisiais koeficientais sarasu.

16 teorema. Tegu m — naturalusis skaicius. Nagrinékime tokig m tie-
siniy formy aibe

f Lly.eey Zuljx]7

1=1,...,m, kad su bet kuriuo i bent du is koeficienty wu;1,...,u;s € Z buty
skirtingi. Tuomet egzistuoja be galo daug Sesto laipsnio algebriniy skai-
ciy o, kuriy skirtingi algebriniai jungtiniai aq,...,aq tenkina netrivialy
adityvyji sqrys;

k1o + koo + ksag =0 su tam tikrais ki,ko, ks € 7Z,

taciau
kioq + koag +ksas & Zij(al, ey Q)
jes
kad ir kokia buty aibé S C{1,...,m}, kai fj(oq,...,a6) =0 kiekvienam
jeSs.
17 teorema. Tegu m — naturalusis skaicius. Nagrinékime tokig m tie-
siniy formy aibe

f Llyeeey Zuml']y

1=1,...,m, kad su bet kuriuo i bent du is koeficienty u;1,...,u;s € Z buty
skirtingi. Tuomet egzistuoja be galo daug Sesto laipsnio algebriniy skai-
¢y o, kuriy skirtings algebriniai jungtiniai aq,...,aq tenkina netrivialy
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adityvyjj sqrysy
k1o + koo + ksag =0 su tam tikrais kq,ko, ks € 7,

taciau su bet kuriuo tokiu poaibiv S C {1,...,m}, kad fj(aq,...,a6) =0

kiekvienam j € S, turésime

k1o + koog + ksars g Zij(Oq, e ,a6).
jES
Paskutinis disertacijoje pateiktas rezultatas, papildantis Girstmaje-
rio darbus [19], parodo, kad kiekvienas adityvusis sarysis turi atitinkama

multiplikatyvyji sarys;.

18 teorema. Tarkime, kad algebrinio skaiciaus o, kurio laipsnis lygus
d, skirtingi algebriniai jungtiniai oq,...,aq su tam tikrais sveikaisiais

koeficientais ki, ..., kq tenkina netrivialy adityvyj; sqrys;
kiog+ -+ kgaqg = 0.

Tuomet galima sudaryti algebring skaiciy B, kurio laipsnis lygus d, o
skirtingi B algebriniai jungtiniai By,...,Bq tenkina netrivialy multiplika-
tyvygi sqrysi
ML Bhe =1,
Pavyzdziui, i§ publikacijos [Ad] apzvalgos zinome, kad egzistuoja as-
tunto laipsnio algebrinis skaic¢ius «, kurio skirtingi algebriniai jungtiniai

aj, o, o tenkina netrivialy adityvyji sarysj
3a; +4a +dag = 0.

[I§ teoremos jrodyme pademonstruojama, kaip i§ skaic¢iaus a sudaryti
astunto laipsnio algebrinj skaic¢iy 3, kurio skirtingi algebriniai jungtiniai
Bi, Bj, By tenkinty netrivialy multiplikatyvyji sarysi

Bl 8;- B =1.

Pazymeétina, jog i§ Drmotos (Drmota) ir Skalbos (Skalba) darby [3]
iSplaukia, kad atvirkstinis teiginys [18] teoremai néra teisingas.
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ISvados

Apibendrinant, pagrindiniai disertacijos rezultatai yra Sie:

nustatyti visi C-trejetai, S-trejetai ir P-trejetai, kuriy forma yra
(p,p,c), ¢ia p — fiksuotas pirminis skai¢ius;

atrasti nauji C-trejetai, kuriy forma yra (p*,p¥,c), éia p — fiksuotas
pirminis skaicius ir k > 2;
atrastos naujos salygos, kurias iSpildzius, dviejy algebriniy skaiciy

sandauga jgyja didziausig jmanomag laipsnj;

nustatyti visi netrivialts adityvieji sarysiai tarp trijy algebrinio
skaic¢iaus « algebriniy jungtiniy, kai « laipsnis nevirsija 8;

irodyta, kad jei algebrinio skaiciaus « laipsnis lygus 2p, éia p > 5
yra pirminis skaiéius, tai bet kuriy trijy o algebriniy jungtiniy
suma nelygi 0;

aprasyta netrivialiy adityviyjy sarysiy tarp algebrinio skaic¢iaus «
algebriniy jungtiniy struktura, kai « laipsnis lygus 4;

parodyta, kaip is kiekvieno netrivialaus adityviojo sarysio sudaryti
atitinkama multiplikatyvyjj sarysj.
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