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Abstract

In this paper, we prove the theorems on the simultaneous approximation of a pair of
analytic functions by discrete shifts (ζ(s + ikh1), ζ(s + ikh2, α)), h1 > 0, h2 > 0 of the
Riemann zeta function ζ(s) and Hurwitz zeta function ζ(s, α). The lower density and
density of the above approximating shifts are considered in short intervals [N, N + M]

as N → ∞ with M = o(N). If the set {(h1 log p : p ∈ P), (h2 log(m + α) : m ∈ N0), 2π}
is linearly independent over Q, the class of approximated pairs is explicitly given. If α

and h1, h2 are arbitrary, then it is known that the set of approximated pairs is a certain
non-empty closed subset of H2(∆), where H(∆) is the space of analytic functions on the
strip ∆ = {s ∈ C : 1/2 < Re s < 1}. For the proof, limit theorems on weakly convergent
probability measures in the space H2(∆) are applied.

Keywords: approximation of analytic functions; Hurwitz zeta function; Riemann zeta
function; universality; weak convergence of probability measures

MSC: 11M06; 11M35

1. Introduction
One of the most important problems of function theory is approximation of analytic

functions. The brilliant Mergelyan theorem completed a series of works on approximation
of analytic functions by polynomials. The Mergelyan theorem states [1,2] (see also [3])
that every continuous function g(s), s = σ + it, on a compact set K ⊂ C with connected
complement that is analytic inside of K can be approximated by a polynomial. This means
that, for every ε > 0, there exists a polynomial pε,g(s) such that

sup
s∈K

∣∣g(s)− pε,g(s)
∣∣ < ε.

However, since 1975 it has been known that, for approximation of analytic functions, an
another class of functions can be applied, and this class is the zeta (or L) functions, widely
used in analytic number theory and having applications in other natural sciences. The
classical zeta functions usually are defined in a certain half-plane by Dirichlet series

∞

∑
m=1

am

ms , σ > σ0,
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with coefficients am having some arithmetical sense and meromorphically continued to the
left of the half-plane σ > σ0. The most important among them is the Riemann zeta function
ζ(s), for σ > 1, given by

ζ(s) =
∞

∑
m=1

1
ms ,

or, equivalently, by the Euler product

ζ(s) = ∏
p∈P

(
1 − 1

ps

)−1
, σ > 1,

where P is the set of all prime numbers, which is analytically continued to the entire
complex plane, except for the point s = 1 which is a simple pole with residue 1. Value
distribution of the function ζ(s) is continuously receciving attention from mathematicians.
One cause of this is the Riemann hypothesis (RH) [4], which states that all zeros of ζ(s) in
the strip {s ∈ C : 0 < σ < 1} are on the line σ = 1/2. The RH is mentioned in the list of
Hilbert problems [5,6] and remains among the most important seven Millennium problems
of mathematics [7].

Let us return to approximation. In [8], see also [9–12], Voronin proved a theorem
on approximation of analytic functions by shifts ζ(s + iτ): let 0 < r < 1/4, f (s) be a
continuous non-vanishing function on |s| ⩽ r and analytic on |s| < r. Then, for every ε > 0,
there exists τ = τ(ε) ∈ R such that

max
|s|⩽r

∣∣ζ( 3
4 + s + iτ

)
− f (s)

∣∣ < ε.

Thus, in the approximation sense, the function ζ(s) is universal: it shifts approximately an
entire class of analytic functions. This is the main difference from Mergelyan’s theorem in
which, for every analytic function, a new polynomial is constructed.

Voronin theorem has an improved version [13–17]. Let ∆ = {s ∈ C : 1/2 < σ < 1}.
Let K denote the class of compact subsets of the region ∆ with connected complements, and
let H0(K), K ∈ K be the set of continuous non-vanishing functions on K that are analytic
inside of K. Moreover, let measA stand for the Lebesgue measure of a measurable set
A ⊂ R. Then, the following statement on universality of ζ(s) is true:

Suppose that K ∈ K and f (s) ∈ H0(K). Then, for every ε > 0,

lim inf
T→∞

1
T

meas

{
τ ∈ [0, T] : sup

s∈K
|ζ(s + iτ)− f (s)| < ε

}
> 0.

Moreover, “lim inf” can be replaced by “lim” for all but at most countably many ε > 0 [18].
Thus, the initial form of Voronin’s theorem is extended in two directions: the approxi-

mation on discs is replaced by that on general compact sets of the class K, and the set of
approximating shifts is infinite because it has a positive lower density.

Now, introduce one more zeta function. Let α ∈ (0, 1] be a fixed parameter. The
Hurwitz zeta function ζ(s, α) is defined by the Dirichlet series

ζ(s, α) =
∞

∑
m=0

1
(m + α)s , σ > 1,

and as ζ(s) has analytic continuation to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1. Different from ζ(s), the function ζ(s, α) for all
α ̸∈ {1/2, 1} has no representation by a product over primes.
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Properties of the Hurwitz zeta function, including approximation of analytic functions,
depend on the parameter α, in contrast with ζ(s) satisfying the symmetric functional equation

ξ(1 − s) = ξ(s),

where ξ(s) = π−s/2Γ(s/2)ζ(s), and Γ(s) is the gamma-function, the function ζ(s, α), for
α ∈ (0, 1] and σ < 0, has the equation

ζ(s, α) = 2(2π)s−1Γ(1 − s)

(
sin

πs
2

∞

∑
m=1

cos 2πmα

m1−s + cos
πs
2

∞

∑
m=1

sin 2πmα

m1−s

)
.

On the other hand, the shifts ζ(s + iτ, α) approximate a wider class of analytic functions
than H0(K). Let H(K), K ∈ K denote the extension of H0(K) including functions having
zeros on K. Then, the following statement is known [13–15,19]:

Suppose that the parameter α is transcendental or rational lying in (0, 1) \ {1/2}, and
K ∈ K, f (s) ∈ H(K). Then, for every ε > 0,

lim inf
T→∞

1
T

meas

{
τ ∈ [0, T] : sup

s∈K
|ζ(s + iτ, α)− f (s)| < ε

}
> 0.

Moreover, “lim inf” can be replaced by “lim” for all but at most countably many ε > 0.
Note that the cases α = 1 and α = 1/2 are contained in previous statement for ζ(s).
The case of algebraic irrational α is exceptional, and universality of ζ(s, α) by using

discs was solved in [20] with some exceptions related to a degree of α. The result on
approximation is very deep but sufficiently complicated to state it.

Universality of zeta functions has a lot of theoretical and practical applications [16],
including the important independence property of zeta functions [11,19,21,22].

It is an interesting problem to consider a simultaneous approximation of a pair of
analytic functions by shifts (ζ(s + iτ), ζ(s + iτ, α)). This problem was proposed and solved
for transcendental α by H. Mishou in [23].

Suppose that the parameter α is transcendental, K1, K2 ∈ K, and f1(s) ∈ H0(K1),
f2(s) ∈ H(K2). Then, for every ε > 0,

lim inf
T→∞

1
T

meas
{

τ ∈ [0, T] :

sup
s∈K1

|ζ(s + iτ)− f1(s)| < ε, sup
s∈K2

|ζ(s + iτ, α)− f2(s)| < ε
}
> 0.

The latter result was improved in [24], where the approximation of a pair ( f1, f2)

by (ζ(s + iτ), ζ(s + iτ, α)) was given in the so-called short intervals, i.e., in the intervals
[T, T + H] with H = o(T) as T → ∞. More precisely, the main result of [24] states

Suppose that the parameter α is transcendental, T27/82 ⩽ H ⩽ T1/2, K1, K2 ∈ K, and
f1(s) ∈ H0(K), f2(s) ∈ H(K2). Then, for every ε > 0,

lim inf
T→∞

1
H

meas
{

τ ∈ [T, T + H] :

sup
s∈K1

|ζ(s + iτ)− f1(s)| < ε, sup
s∈K2

|ζ(s + iτ, α)− f2(s)| < ε
}
> 0.

Moreover, “lim inf” can be replaced by “lim” for all but at most countably many ε > 0.
This result has a certain advantage against that for the interval [0, T] of length T

because in short intervals it is easier to detect τ with approximating shifts (ζ(s + iτ), ζ(s +
iτ, α)).



Symmetry 2025, 17, 1662 4 of 22

Approximation of analytic functions by shifts ζ(s + iτ) in short intervals was intro-
duced in [25] and improved in [26]. An analogical problem for ζ(s, α) was treated in [27],
and a more precise result than cited above was established.

All above-mentioned theorems on approximation of analytic functions are of contin-
uous type because τ in shifts ζ(s + iτ) and ζ(s + iτ, α) can take arbitrary values in the
interval. There exists another type of approximation theorem for zeta functions when τ in
approximating shifts takes values from a certain discrete set. Such a type was proposed
by A. Reich in [28] and is more convenient for practical applications because a discrete set
lying in the interval is narrower than the whole interval.

The study of discrete universality theorems for ζ(s) and ζ(s, α) was continued in [13].
Let #A denote the cardinality of a set A ⊂ R, and let, for N ∈ N0 = N∪ {0},

CN(. . . ) =
1

N + 1
#{0 ⩽ k ⩽ N : . . . },

where, in place of dots, a condition satisfying k is to be written. In what follows, we will
deal with approximation of analytic functions by discrete shifts ζ(s + ikh) and ζ(s + ikh, α)

with fixed h > 0 and k ∈ N0.
First recall some known results.

Theorem 1 (see [13,28]). Suppose that K ∈ K and f (s) ∈ H0(K). Then, for every h > 0 and
ε > 0,

lim inf
N→∞

CN

(
sup
s∈K

|ζ(s + ikh)− f (s)| < ε

)
> 0.

We notice that in [28] Theorem 1 was proved for more general Dedekind zeta function
ζK(s) of algebraic number fields. For K = Q, this gives Theorem 1.

The case of the function ζ(s, α) is more complicated, and results depend on arithmetic
of α.

Theorem 2 (see [13,29]). Suppose that α is rational α ̸= 1, α ̸= 1/2, and K ∈ K, f (s) ∈ H(K).
Then, for every h > 0 and ε > 0,

lim inf
N→∞

CN

(
sup
s∈K

|ζ(s + ikh, α)− f (s)| < ε

)
> 0. (1)

For other α, introduce the set

L(α, h, π) =
{
(log(m + α) : m ∈ N0), 2π

h
}

, h > 0,

which can be a multiset.

Theorem 3 (see [30]). Suppose that the set L(α, h, π) is linearly independent over Q, K ∈ K and
f (s) ∈ H(K). Then, for every ε > 0, inequality (1) is true. Moreover, “lim inf” can be replaced by

“lim” for all but at most countably many ε > 0.

The arithmetic of α in the theorem is defined by the linear independence of the
set L(α, h, π). This is implied by the algebraic independence over Q of the numbers
α and exp{2π/h}. For example, we can take α = 1/π and h = 2 or α = 2−

3√2 and
h = 2π/( 3

√
4 log 2) [30].
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The most general discrete universality theorem for ζ(s) and ζ(s, α) has been obtained
in [31]. Define the set

L(P; α, h1, h2, π) = {(h1 log p : p ∈ P), (h2 log(m + α) : m ∈ N0), 2π}, h1 > 0, h2 > 0.

Theorem 4 (see [31]). Suppose that the set L(P; α, h1, h2, π) is linearly independent over Q,
K1, K2 ∈ K, and f1(s) ∈ H0(K1), f2(s) ∈ H(K2). Then, for every ε > 0,

lim inf
N→∞

CN

{
sup
s∈K1

|ζ(s + ikh1)− f1(s)| < ε, sup
s∈K2

|ζ(s + ikh2, α)− f2(s)| < ε

}
> 0.

A paper [32] is devoted to a connection between continuous and discrete universalities.
The aim of this paper is a joint discrete approximation of analytic functions by shifts

(ζ(s + ikh1), ζ(s + ikh2, α)) in short intervals. For brevity, we use the notation

CN,M(. . . ) =
1

M + 1
#{N ⩽ k ⩽ N + M : . . . }, N, M ∈ N0,

where, in place of dots, we write a condition satisfied by k.

Theorem 5. Suppose that h−1(Nh)27/82 ⩽ M ⩽ h−1(Nh)1/2, K ∈ K, and f (s) ∈ H0(K).
Then, for every ε > 0,

lim inf
N→∞

CN,M

(
sup
s∈K

|ζ(s + ikh)− f (s)| < ε

)
> 0.

Theorem 5 with h−1(NH)1/3(log Nh)26/15 ⩽ M ⩽ h−1Nh was obtained in [33]. For
this, the mean square estimate

T+H∫
T−H

|ζ(σ + it)|2 dt ≪σ H (2)

with T1/3(log T)26/15 ⩽ H ⩽ T and σ > 1/2 was applied, which follows from Lemma 2,
using the exponential pair (4/11, 6/11). However, application of the exponential pair
(11/30, 16/30) [34] leads to (2) with T27/82 ⩽ H ⩽ T, and this implies the hypothesis for
M in Theorem 5.

Now, we state the main results of the paper, i.e., joint theorems on approximation of a
pair of analytic functions in short intervals by discrete shifts of the Riemann and Hurwitz
zeta-functions.

Theorem 6. Suppose that the set L(P; α, h1, h2, π) is linearly independent over Q,

max
(

h−1
1 (Nh1)

27/82, h−1
2 (Nh2)

27/82
)
⩽ M ⩽ min

(
h−1

1 (Nh1)
1/2, h−1

2 (Nh2)
1/2
)

,

K1, K2 ∈ K, and f1(s) ∈ H0(K1), f2(s) ∈ H(K2). Then, for every ε > 0,

lim inf
N→∞

CN,M

(
sup
s∈K1

|ζ(s + ikh1)− f1(s)| < ε, sup
s∈K2

|ζ(s + ikh2, α)− f2(s)| < ε

)
> 0. (3)

Moreover, “lim inf” can be replaced by “lim” for all but at most countably many ε > 0.

The arithmetic of α is contained in the linear independence of L(P; α, h1, h2, π). For
example, this is true if h1 and h2 are rational numbers, and α and eπ are algebraically
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independent over Q [31]. For example, we can take α = 1/π. We have no information on
algebraic irrational α.

Let H(∆) denote the space of analytic functions on the strip ∆ equipped with the
topology of uniform convergence on compacta. Moreover, let H2(∆) = H(∆)×H(∆). For
arbitrary α, the following statement is valid.

Theorem 7. Suppose that the parameter α ∈ (0, 1) \ {1/2} and

max
(

h−1
1 (Nh1)

27/82, h−1
2 (Nh2)

27/82
)
⩽ M ⩽ min

(
h−1

1 (Nh1)
1/2, h−1

2 (Nh2)
1/2
)

.

Then, there exists a non-empty closed set Fα,h1,h2 ⊂ H2(∆) such that, for compact sets K1, K2 ⊂ ∆,
( f1(s), f2(s)) ∈ Fα,h1,h2 and ε > 0, inequality (3) holds. Moreover, “lim inf” in (3) can be replaced
by “lim” for all but at most countably many ε > 0.

For the proof of Theorems 6 and 7, we will apply a probabilistic approach based on
weakly convergent probability measures in the space H2(∆). This paper is organized as
follows: Section 2 is devoted to approximating in the mean (ζ(s), ζ(s, α)) in short intervals
by a certain pair (ζn(s), ζn(s, α)) of absolutely convergent Dirichlet series. In Section 3, we
will prove joint limit theorems on weak convergence in those intervals. Theorems 6 and 7
will be proved in Section 4.

2. Discrete Estimates in the Mean
We start with mean square estimates for the functions ζ(s) and ζ(s, α) in short intervals.

We recall the Gallagher lemma that connects continuous and discrete mean squares of
some functions.

Lemma 1 (see [35]). Let δ > 0, T0, T ⩾ δ, A be a finite non-empty set of the interval [T0 +

δ/2, T0 + T − δ/2], and, for τ ∈ A,

Nδ(τ) = ∑
t∈A

|τ−t|<δ

1.

Suppose that a complex-valued function S(t) is continuous in I def
=[T0, T0 + T] and has a continuous

derivative inside I. Then,

∑
t∈A

N−1
δ (t)|S(t)|2 ⩽

1
δ

T0+T∫
T0

|S(t)|2 dt +

 T0+T∫
T0

|S(t)|2 dt
T0+T∫
T0

|S′(t)|2 dt

1/2

.

Two next known lemmas are devoted to the mean square of the functions ζ(s) and
ζ(s, α) in short intervals. We start with a general result for the Riemann zeta function.

Lemma 2 (see Theorem 7.1 of [34]). Let (κ, λ) be an exponential pair and 1/2 < σ < 1 be fixed.
Then, for T(κ+λ+1−2σ)/2(κ+1)(log T)(2+κ)/(κ+1) ⩽ H ⩽ T, 1 + λ − κ ⩾ 2σ, we have, uniformly
in H,

T+H∫
T−H

|ζ(σ + it)|2 dt ≪ H.

Proof of Lemma 2 is based on the approximate functional equation for ζ(s) and
mean square estimates for Dirichlet polynomials appearing in it. For this, the theory of
exponential pairs is involved, and some results for the divisor function were used.
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Lemma 3. Suppose that 1/2 < σ ⩽ 7/12 is fixed, and T27/82 ⩽ H ⩽ T. Then, uniformly in H,

T+H∫
T−H

|ζ(σ + it)|2 dt ≪σ H.

Proof of the lemma follows from Lemma 2 with application of the exponential pair
(11/30, 16/30). A slightly better result can be given by using the pair (9/26, 7/13) [36]. In
this case, T23/70 < H ⩽ T; however, 1/2 < σ ⩽ 8/13.

The number 27/82 has an interesting history: it appears in the estimation of the
number of zeros of ζ(s) lying on the critical line σ = 1/2 (Selberg hypothesis). Let N0(T)
denote the number of zeros 1/2 + iβ of ζ(s) with 0 < β ⩽ T. In [37], it was obtained that,
for any ε > 0 and H = T27/82+ε, there exists c = c(ε) > 0 such that

N0(T + H)− N0(T) ⩾ cH log T, T ⩾ T0(ε) > 0.

Therefore, we prefer the pair (11/30, 16/30).

Lemma 4 (see [38]). Suppose that α ∈ (0, 1) \ {1/2} and 1/2 < σ ⩽ 7/12 are fixed, and
T27/82 ⩽ H ⩽ Tσ. Then, uniformly in H,

T+H∫
T−H

|ζ(σ + it, α)|2 dt ≪σ,α H.

The proof of the lemma, as of Lemma 3, uses the functional equation for ζ(s, α) and
follows that of Lemma 2 using specific properties of ζ(s, α); for example, we are limited by
the upper bound Tσ for H.

Using Lemmas 1, 3, and 4 leads to discrete mean square estimates in short intervals
for ζ(s) and ζ(s, α).

Lemma 5. Suppose that 1/2 < σ ⩽ 7/12 is fixed, h−1(Nh)27/82 ⩽ M ⩽ h−1(Nh)1/2 and
|t| ⩽ log2 Nh. Then, uniformly in M,

N+M

∑
k=N

|ζ(σ + it + ikh)|2 ≪σ,h M(1 + |t|).

Proof. Apply Lemma 1 with δ = 1, T0 = N − 1/2, T = M + 1/2, A = {k ∈ N : k ∈
[N, N + M]} and S(τ) = ζ(σ + it + iτ). Then, clearly, Nδ(k) = 1. Hence, in view of
Lemma 1,

N+M

∑
k=N

|ζ(σ + it + ikh)|2 ≪
N+M+1/2∫
N−1/2

|ζ(σ + it + ihτ)|2 dτ

+

 N+M+1/2∫
N−1/2

|ζ(σ + it + ihτ)|2 dτ

N+M+1/2∫
N−1/2

|ζ ′(σ + it + ihτ)|2 dτ

1/2

. (4)

We have

N+M+1/2∫
N−1/2

|ζ(σ + it + ihτ)|2 dτ ≪h

(N+M+1/2)h+|t|∫
(N−1/2)h−|t|

|ζ(σ + iu)|2 du. (5)
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From the hypothesis of the lemma, (M + 1/2)h + |t| ⩾ Mh + |t| ⩾ (Nh)27/82 and (M +

1/2)h|t| ⩽ (Nh)1/2 + h/2 + log2 Mh ⩽ (Nh)σ. Therefore, Lemmas 3 and (5) give

N+M+1/2∫
N−1/2

|ζ(σ + it + ihτ)|2 dτ ≪h Mh +
h
2
+ |t| ≪h M(1 + |t|). (6)

Application of the Cauchy integral formula and (6) leads to the bound

N+M+1/2∫
N−1/2

|ζ ′(σ + it + ihτ)|2 dτ ≪h M(1 + |t|).

Thus, this, (4), and (6) prove the lemma.

Lemma 6. Suppose that α ∈ (0, 1) \ {1/2} and 1/2 < σ ⩽ 7/12 are fixed, h−1(Nh)27/82 ⩽
M ⩽ h−1(Nh)1/2, and |t| ⩽ log2 Nh. Then, uniformly in M,

N+M

∑
k=N

|ζ(σ + it + ikh, α)|2 ≪σ,h M(1 + |t|).

Proof. We repeat the proof of Lemma 5 and use Lemma 4 in place of Lemma 3.

Now, we introduce two absolutely convergent Dirichlet series. Let θ > 1/2 be a fixed
number, and, for n ∈ N,

wn(m) = exp
{
−
(m

n

)θ
}

, m ∈ N,

and

wn(m, α) = exp

{
−
(

m + α

n

)θ
}

, m ∈ N0.

Here and in what follows, exp{a} means ea. Using wn(m) and wn(m, α), define two series

ζn(s) =
∞

∑
m=1

wn(m)

ms and ζn(s, α) =
∞

∑
m=0

wn(m, α)

(m + α)s .

In virtue of the exponential decrease with respect to m of the coefficients wn(m) and
wn(m, α), the latter series are absolutely convergent in any half-plane σ > σa with finite σa.
Moreover, for ζn(s) [13] and ζn(s, α) [19], the following integral representations

ζn(s) =
1

2πi

θ+i∞∫
θ−i∞

ζ(s + z)ln(z)dz and ζn(s, α) =
1

2πi

θ+i∞∫
θ−i∞

ζ(s + z, α)ln(z)dz (7)

with ln(z) = θ−1Γ(θ−1z)nz are valid.
We will approximate ζ(s) and ζ(s, α) by ζn(s) and ζn(s, α), respectively. For this, we

recall the metric in H2(∆). First we deal with H(∆). It is known [39] that there exists a
sequence {Kj} ⊂ ∆ of compact embedded sets such that

∆ =
∞⋃

j=1

Kj,
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and every compact set K ⊂ ∆ is in some Kj. For example, we can take closed rectangles
with edges parallel to the axis. Then,

d( f1, f2) =
∞

∑
j=1

2−j
sups∈Kj

| f1(s)− f2(s)|
1 + sups∈Kj

| f1(s)− f2(s)|
, f1, f2 ∈ H(∆),

is the metric in H(∆) that induces the topology of uniform convergence on compacta. Now,
for f

k
= ( fk1, fk2), k = 1, 2 taking

d2( f
1
, f

2
) = max(d( f11, f12), d( f21, f22)),

we obtain the metric in H2(∆) inducing its product topology.
Now, we are ready to state an important lemma for approximation of (ζ(s), ζ(s, α)) by

(ζn(s), ζn(s, α)) in the mean. Let h = (h1, h2), and

ζ(s, α) = (ζ(s), ζ(s, α))

and
ζn(s, α) = (ζn(s), ζn(s, α)).

Moreover,
ζ(s + ikh, α) = (ζ(s + ikh1), ζ(s + ikh2, α))

and
ζn(s + ikh, α) = (ζn(s + ikh1), ζn(s + ikh2, α)).

Lemma 7. Suppose that α ∈ (0, 1) \ {1/2}, h1 > 0, h2 > 0 and

max
(

h−1
1 (Nh1)

27/82, h−1
2 (Nh2)

27/82
)
⩽ M ⩽ min

(
h−1

1 (Nh1)
1/2, h−1

2 (Nh2)
1/2
)

.

Then, the equality

lim
n→∞

lim sup
N→∞

1
M + 1

N+M

∑
k=N

d2

(
ζ(s + ikh, α), ζn(s + ikh, α)

)
= 0

holds.

Proof. The definitions of the metrics d2 and d imply that it suffices to prove the following
equalities

lim
n→∞

lim sup
N→∞

1
M + 1

N+M

∑
k=N

sup
s∈K

|ζ(s + ikh1)− ζn(s + ikh1)| = 0 (8)

for h−1
1 (Nh1)

27/82 ⩽ M ⩽ h−1
1 (Nh1)

1/2, and

lim
n→∞

lim sup
N→∞

1
M + 1

N+M

∑
k=N

sup
s∈K

|ζ(s + ikh2, α)− ζn(s + ikh2, α)| = 0 (9)

for h−1
2 (Nh2)

27/82 ⩽ M ⩽ h−1
2 (Nh2)

1/2 with arbitrary compact set K ⊂ ∆.
We start with equality (8). A plan of the proof is the following: Using the integral

representation (7) and the residue theorem, we find the integral representation for the
difference ζn(s + ikh) − ζ(s + ikh). Summing this differences over k ∈ [N, N + H], we
obtain the integral representation for the sum of the left-hand side in (8) and estimate
it by using Lemma 5. More precisely, take a fixed compact set K ⊂ ∆. Since K is a
closed bounded set, there exists ε = εK > 0 such that 1/2 + 2ε ⩽ σ ⩽ 1 − ε for all
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s = σ + it ∈ K. In the definition of wn(m), the number θ > 1/2. Now, we take θ = 1/2 + ε.
Define θ1 = 1/2 + ε − σ. Then, we have θ1 < 0 and θ1 ⩾ 1/2 − ε. This and the integral
representation (7) of ζn(s) show that the function ζ(s + z)ln(z) has a simple pole at the
point z = 0 (pole of ln(z)) and a simple pole at the point z = 1 − s (pole of ζ(s + z)) lying
in the strip θ1 ⩽ Re z ⩽ θ. Therefore, from the residue theorem and (7), it follows that

ζn(s)− ζ(s) =
1

2πi

θ1+i∞∫
θ1−i∞

ζ(s + z)ln(z)dz + ln(1 − s)

for all s ∈ K. Hence

ζn(s + ikh1)− ζ(s + ikh1) ≪
∞∫

−∞

∣∣∣ζ( 1
2 + ε + it + ikh1 + iτ

)∣∣∣ sup
s∈K

∣∣∣ln( 1
2 + ε − σ + iτ

)∣∣∣dτ

+ |ln(1 − s − ikh1)|.

Therefore, after shifting t + τ to τ, we get

sup
s∈K

|ζ(s + ikh1)− ζn(s + ikh1)| ≪
∞∫

−∞

∣∣∣ζ( 1
2 + ε + ikh1 + iτ

)∣∣∣ sup
s∈K

∣∣∣ln( 1
2 + ε − s + iτ

)∣∣∣dτ

+ sup
s∈K

|ln(1 − s − ikh1)|. (10)

Taking into account the uniform bound in σ in every finite interval,

Γ(σ + it) ≪ exp{−c|t|}, c > 0, (11)

we find, for s ∈ K,

ln
(

1
2 + ε − s + iτ

)
≪ε n1/2+ε−σ exp

{
− c

θ |τ − t|
}
≪K n−ε exp{−c1|τ|}, c1 > 0. (12)

This, together with

ζ(σ + it) ≪σ

√
t, σ ⩾

1
2

, |t| ⩾ 2,

yields − log2 Nh1∫
−∞

+

∞∫
log2 Nh1

∣∣∣ζ( 1
2 + ε + ikh1 + iτ

)∣∣∣ sup
s∈K

∣∣∣ln( 1
2 + ε − s + iτ

)∣∣∣dτ

≪ε,K n−ε

 − log2 Nh1∫
−∞

+

∞∫
log2 Nh1

(√kh1 +
√
|τ|
)

exp{−c1|τ|}dτ

≪K,h1 n−ε
(

1 +
√

kh1

)
exp

{
−c2 log2 Nh1

}
, c2 > 0.

Therefore, in view of (10),
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Z def
=

1
M + 1

N+M

∑
k=N

sup
s∈K

|ζ(s + ikh1)− ζn(s + ikh1)|

≪K,h1

log2 Nh1∫
− log2 Nh1

(
1

M + 1

N+M

∑
k=N

∣∣∣ζ( 1
2 + ε + ikh1 + iτ

)∣∣∣) sup
s∈K

∣∣∣ln( 1
2 + ε − s + iτ

)∣∣∣dτ

+
1

M + 1

N+M

∑
k=N

sup
s∈K

|ln(1 − s − ikh1)|+ n−ε exp
{
−c2 log2 Nh1

} 1
M + 1

N+M

∑
k=N

(
1 +

√
kh1

)
def
= J + S1 + S2. (13)

It is easily seen that
S2 ≪ n−ε exp

{
−c2 log2 Nh1

}√
2Nh1. (14)

The Cauchy–Schwarz inequality and Lemma 5 give

1
M + 1

N+M

∑
k=N

∣∣∣ζ( 1
2 + ε + ikh1 + iτ

)∣∣∣ ⩽ 1
M + 1

N+M

∑
k=N

(∣∣∣ζ( 1
2 + ε ++ikh1 + iτ

)∣∣∣2)1/2

≪ε,h1 (1 + |τ|)1/2

for |τ| ⩽ log2 Nh1. Therefore, by (12),

J ≪K,h1 n−ε

log2 Nh1∫
− log2 Nh1

(1 + |τ|)1/2 exp{−c1|τ|}dτ ≪K,h1 n−ε. (15)

Moreover, in view of (11), we obtain, for s ∈ K,

ln(1 − s − ikh1) ≪K n1−σ exp
{
− c

θ |t + kh1|
}
≪K,h1 n1/2−ε exp{−c3kh1}, c3 > 0.

Hence,

S1 ≪K,h1 n1/2−ε 1
M + 1

N+M

∑
k=N

exp{−c2kh1} ≪K,h1 n1/2−ε exp{−c3kh1}.

Therefore, this together with (13)–(15) yields

Z ≪K,h1 n−ε + n1/2−ε exp{−c3Nh1}+ n−ε exp{−c2 log2 Nh1}
√

2Nh1.

Thus,
lim

n→∞
lim sup

N→∞
Z = 0,

and the proof of (8) is complete.
The proof of (9) is similar to that of (8) and uses Lemma 6 in place of Lemma 5.

3. Discrete Probabilistic Statements
This section is devoted to limit theorems in the sense of weakly convergent probability

measures in the space H2(∆). For convenience, we recall the main terminology.
Let B(X) denote the Borel σ field of the topological space X. Let Q and Qn, n ∈ N,

be probability measures on the measurable space (X,B(X)). Then, by the definition, Qn
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converges weakly to Q as n → ∞ or shortly Qn
w−−−→

n→∞
Q, if, for all real bounded continuous

function g on X,

lim
n→∞

∫
X

g dQn =
∫
X

g dQ.

It is convenient to use equivalents of weak convergence of probability measures in
terms of some classes of sets. For the proofs of Theorems 6 and 7, we will apply the
following well-known statement [40]:

1◦ Qn
w−−−→

n→∞
Q ⇐⇒ For every open set G ⊂ X,

lim inf
n→∞

Qn(G) ⩾ Q(G).

2◦ Let ∂A denote the boundary of a set A. A set A ∈ B(X) is a continuity set of Q if

Q(∂A) = 0. Qn
w−−−→

n→∞
Q ⇐⇒ for every continuity set A of Q,

lim
n→∞

Qn(A) = Q(A).

The main probability measure of this section is

PN,M,h1,h2,α(A) = CN,M

(
ζ(s + ikh, α) ∈ A

)
, A ∈ B(H2(∆)).

Before a theorem on weak convergence of PN,M,h1,h2,α as N → ∞, we will prove some
auxiliary results.

Introduce two sets given by Cartesian products. We set

T1 = ∏
p∈P

{s ∈ C : |s| = 1} and T2 = ∏
m∈N0

{s ∈ C : |s| = 1}.

The set T1 consists of all functions t1 : P 7→ {s ∈ C : |s| = 1}, and T2 is the set of
all functions t2 : N0 7→ {s ∈ C : |s| = 1}. With the product topology and pointwise
multiplication, T1 and T2 are compact topological groups. Define one more set

T = T1 ×T2.

Then, T is again a compact topological group by the classical Tikhonov theorem. On
compact groups, the probability Haar measures can be defined. Let µ1, µ2, and µ denote
the Haar measures on T1, T2, and T, respectively. Observe that µ is the product of the Haar
measures µ1 and µ2 (µ = µ1 × µ2, i.e., µ(A1 × A2) = µ1(A1) · µ2(A2) for all A1 ∈ B(T1),
A2 ∈ B(T2)). Moreover, µ is invariant with respect to shifts of elements of T.

For A ∈ B(T), define

QN,M,h1,h2,α(A) = CN,M

((
p−ikh1 : p ∈ P

)
,
(
(m + α)−ikh2 : m ∈ N0

)
∈ A

)
.

Lemma 8. Suppose that α ∈ (0, 1) \ {1/2} and h1 > 0, h2 > 0 are arbitrary fixed numbers, and
M → ∞ as N → ∞. Then, on (T,B(T)), there exists a probability measure Qh1,h2,α such that
QN,M,h1,h2,α

w−−−→
N→∞

Qh1,h2,α.
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Proof. We apply the Fourier transform method. Denote by t = (t1, t2) the elements of T,
where t1 = (t1p : p ∈ P) and t2 = (t2m : m ∈ N0) are elements of T1 and T2, respectively.
Then, it is well known that the characters χ of the group T have the representation

χ(t) = ∏∗

p∈P
t
l1p
1p ∏∗

m∈N0

tl2m
2m ,

where the stars show that only a finite number of integers l1p and l2m are distinct from zero.
Hence, it follows that the Fourier transform FN,M,h1,h2,α(l1, l2), l1 = (l1p : l1p ∈ Z, p ∈ P),
l2 = (l2m : l2m ∈ Z, m ∈ N0), is given by

FN,M,h1,h2,α(l1, l2) =
1

M + 1

∫
T

(
∏∗

p∈P
t
l1p
1p ∏∗

m∈N0

tl2m
2m

)
dQN,M,h1,h2,α.

Therefore, by the definition of QN,M,h1,h2,α, we have

FN,M,h1,h2,α(l1, l2) =
1

M + 1

N+M

∑
k=N

(
∏∗

p∈P
p−ikh1l1p ∏∗

m∈N0

(m + α)−ikh2l2m

)

=
1

M + 1

N+M

∑
k=N

exp

{
−ik

(
h1 ∑∗

p∈P
l1p log p + h2 ∑∗

m∈N0

l2m log(m + α)

)}
. (16)

Let
A = A(P; α, h1, h2, l1, l2)

def
= h1 ∑∗

p∈P
l1p log p + h2 ∑∗

m∈N0

l2m log(m + α).

In the case
A = 2πr, r ∈ Z,

(16) implies
FN,M,h1,h2,α(l1, l2) = 1. (17)

In the opposite case, it follows that

FN,M,h1,h2,α(l1, l2) =
exp{−iNA} − exp{−i(N + M + 1)A}

(M + 1)(1 − exp{−iA}) .

This, together with (16) and (17), shows that

lim
N→∞

FN,M,h1,h2,α(l1, l2) =

{
1 if A = 2πr with r ∈ Z,
0 otherwise.

Since the group T is compact, QN,M,h1,h2,α
w−−−→

N→∞
Qh1,h2,α, where Qh1,h2,α is the probability

measure on (T,B(T)) with the Fourier transform

Fh1,h2,α(l1, l2) =

{
1 if A = 2πr with r ∈ Z,
0 otherwise.

Lemma 9. Suppose that the set L(P; α, h1, h2, π) is linearly independent over Q, and M → ∞ as
N → ∞. Then, QN,M,h1,h2,α

w−−−→
N→∞

µ.
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Proof. The lemma is a corollary of Lemma 8. If the set L(P; α, h1, h2, π) is linearly inde-
pendent over Q, then A(P, α, h1, h2, l1, l2) = 2πr if and only if l1 = 0, l2 = 0 and r = 0.
Thus,

Fh1,h2,α(l1, l2) =

{
1 if (l1, l2) = (0, 0),
0 otherwise.

This shows that the limit measure Qh1,h2,α = µ.

Now, we are ready to consider weak convergence for some probability measures in
(H2(∆),B(H2(∆))). First we extend the function t1 to the set N using the formula

t1(m) = ∏
pl |m

pl+1∤m

tl1(p), m ∈ N.

Now, define vn,α : T 7→ H2(∆) by the formula

vn,α(t) = ζn(s, t, α),

where
ζn(s, t, α) = (ζn(a, t1), ζn(s, t2, α)),

and

ζn(s, t1) =
∞

∑
m+1

t1(m)wn(m)

ms and ζn(s, t2, α) =
∞

∑
m=0

t2(m)wn(m, α)

(m + α)s .

Since |t1(m)| = |t2(m)| = 1, the series for ζn(s, t1) and ζn(s, t2, α) are absolutely convergent
for σ > σa, as for ζn(s) and ζn(s, α). From this, the continuity of vn,α(t) follows. Thus, the
map vn,α(t) is (B(T),B(H2(∆)))-measurable. Therefore, the probability measure Qh1,h2,α of
Lemma 8 implies, on (H2(∆),B(H2(∆))), the unique probability measure Q̂n,h1,h2,α given by

Q̂n,h1,h2,α(A) = Qh1,h2,αv−1
n,α(A) = Qh1,h2,α(v−1

n,α(A)), A ∈ B(H2(∆)).

For A ∈ B(H2(∆)), set

Q̂n,N,M,h1,h2,α(A) = CN,M

(
ζn(s + ikh, α) ∈ A

)
.

Lemma 10. Suppose that α ∈ (0, 1) \ {1/2} and h1, h2 are arbitrary positive numbers, and
M → ∞ as N → ∞. Then, Q̂n,N,M,h1h2,α

w−−−→
N→∞

Q̂n,h1,h2,α.

Proof. The definitions of the measures Q̂n,N,M,h1,h2,α and Q̂n,h1,h2,α and the map vn,α show
that, for A ∈ B(H2(∆)),

vn,α

((
p−ikh1 : p ∈ P

)
,
(
(m + α)−ikh2 : m ∈ N0

))
=

(
∞

∑
m=1

m−ikh1 wn(m)

ms ,
∞

∑
m=0

(m + α)−ikh2 wn(m, α)

(m + α)s

)
= (ζn(s + ikh1), ζn(s + ikh2, α)) = ζn(s + ikh, α);

thus,
Q̂n,N,M,h1,h2,α = Qh1,h2,αv−1

n,α. (18)
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Since the map vn,α is continuous, it is possible to apply Theorem 5.1 of [40] for preservation
of weak convergence under mappings. Therefore, Lemma 8 and (18) give the relation

Q̂n,N,M,h1,h2,α
w−−−→

N→∞
Qh1,h2,αv−1

n,α = Q̂n,h1,h2,α.

From Lemmas 9 and 10, the next corollary follows.

Corollary 1. Suppose that α ∈ (0, 1) \ {1/2} and h1, h2 are arbitrary positive numbers,
the set L(P; α, h1, h2, π) is linearly independent over Q, and M → ∞ as N → ∞. Then,
Q̂n,N,M,h1,h2,α

w−−−→
N→∞

µv−1
n,α.

The measure Q̂n,h1,h2,α is very important for the future. At least, we need the weak
convergence for some subsequent Q̂nr ,h1,h2,α with nr → ∞ as r → ∞. For this, we will utilize
the notation of tightness.

Lemma 11. The probability measure Q̂n,h1,h2,α is tight; i.e., for every ε > 0, there is a compact set
K ⊂ H2(∆) such that

Q̂n,h1,h2,α(K) > 1 − ε

for all n ∈ N.

Proof. Let Q̂(1)
n,h1

and Q̂(2)
n,h2,α be marginal measures of Q̂n,h1,h2,α, i.e.,

Q̂(1)
n,h1

(A) = Q̂n,h1,h2,α(A ×H(∆)), A ∈ B(H(∆)),

and
Q̂(2)

n,h2,α(A) = Q̂n,h1,h2,α(H(∆)× A), A ∈ B(H(∆)).

Moreover, from Lemma 10, we have the relations

Q̂(1)
n,N,M,h1,h2,α

w−−−→
N→∞

Q̂(1)
n,h1,h2,α,

and
Q̂(2)

n,N,M,h1,h2,α
w−−−→

N→∞
Q̂(2)

n,h1,h2,α,

where
Q̂(1)

n,N,M,h1,h2,α(A) = Q̂n,N,M,h1,h2,α(A ×H(∆)), A ∈ B(H(∆)),

and
Q̂(2)

n,N,M,h1,h2,α(A) = Q̂n,N,M,h1,h2,α(H(∆)× A), A ∈ B(H(∆)).

Using Lemma 5, the Cauchy integral formula, and (8), we find that, for a compact set Kj

from the definition of the metric d,

sup
n∈N

lim sup
N→∞

1
M + 1

N+M

∑
k=N

sup
s∈Kj

|ζn(s + ikh1)|

⩽ sup
n∈N

lim sup
N→∞

1
M + 1

(
N+M

∑
k=N

sup
s∈Kj

|ζ(s + ikh1)|+
N+M

∑
k=N

sup
s∈Kj

|ζ(s + ikh1)− ζn(s + ikh1)|
)

⩽ C1j < ∞. (19)
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Similarly, from Lemma 6 and (9), we obtain, for Kj ∈ H(∆),

sup
n∈N

lim sup
N→∞

1
M + 1

N+M

∑
k=N

sup
s∈Kj

|ζn(s + ikh2, α)| ⩽ C2j < ∞. (20)

On a certain probability space (Ω,A, ν), define the random variable ηN,M,h1 with the
distribution

ν{ηN,M,h1 = kh1} =
1

M + 1
, k = N, . . . , N + M.

Suppose that the H(∆)-valued random element Xn,N,M,h1 is given by

Xn,N,M,h1 = Xn,N,M,h1(s) = ζn(s + iηN,M,h1).

Then, by virtue of Lemma 10,

Xn,N,M,h1

D−−−→
N→∞

Xn,h1 ,

where D−→ denotes the convergence in distribution, and Xn,h1 has the distribution Q̂(1)
n,h1

.

Hence, from the topology of H(∆),

sup
s∈Kj

∣∣Xn,N,M,h1(s)
∣∣ D−−−→

N→∞
sup
s∈Kj

∣∣Xn,h1(s)
∣∣. (21)

Fix ε > 0, and take Rj = 2jε−1C1j. Then, (19) and (21) imply

ν

{
sup
s∈Kj

∣∣Xn,h1(s)
∣∣ ⩾ Rj

}
= lim

N→∞
ν

{
sup
s∈Kj

∣∣Xn,N,M,h1(s)
∣∣ ⩾ Rj

}

⩽ sup
n∈N

lim sup
N→∞

1
M + 1

N+M

∑
k=N

sup
s∈Kj

|ζn(s + ikh1)| ⩽
ε

2j . (22)

Define

K = Kε =

{
g ∈ H(∆) : sup

s∈Kj

|g(s)| ⩽ Rj, j ∈ N
}

.

Then, Kε is a compact set of the space H(∆), and, from (22),

ν
{

Xn,h1 ∈ Kε

}
= 1 − ν

{
Xn,h1 ̸∈ Kε

}
⩾ 1 − ε

∞

∑
j=1

1
2j = 1 − ε

for all n ∈ N. This shows that Q̂(1)
n,h1

is tight.
From the same arguments, using (20) and the random variable ηN,M,h2 with distribution

ν
{

ηN,M,h2 = kh2
}
=

1
M + 1

, k = N, . . . , N + M,

we obtain that the measure Q̂(2)
n,h2,α is tight.

The tightness of Q̂(1)
n,h1

and Q̂(2)
n,h2,α implies that, for every ε > 0, there exist compact sets

K1, K2 ⊂ H(∆) such that, for all n ∈ N,

Q̂(1)
n,h1

(H(∆) \ K1) <
ε

2
and Q̂(2)

n,h2
(H(∆) \ K2) <

ε

2
.
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Let K = K1 × K2. Then, K is a compact set in H2(∆). Moreover,

Q̂n,h1,h2,α(H2(∆) \ K) = Q̂n,h1,h2,α

(
2
∪

l=1
((H(∆) \ Kl)×H(∆))

)
⩽ Q̂(1)

n,h1
(H(∆) \ K1) + Q̂(2)

n,h2,α(H(∆) \ K2) <
ε

2
+

ε

2
= ε

for all n ∈ N. Hence,

Q̂n,h1,h2,α(K) = 1 − Q̂n,h1,h2,α(H2(∆) \ K) > 1 − ε

for all n ∈ N, and the proof of the lemma is complete.

Now, we are ready to prove a limit theorem for the measure PN,M,h1,h2,α as N → ∞.
For this, the following lemma plays an important role.

Lemma 12 (see [40], Theorem 4.2). Suppose that (X, ρ) is a separable metric space, and the
X-valued random elements ηnm and ξn, m, n ∈ N, are defined on the same probability space as
measure ν. If

ηnm
D−−−→

n→∞
ηm, ηm

D−−−→
m→∞

η,

and, for every δ > 0,
lim

m→∞
lim sup

n→∞
ν{ρ(ηnm, ξn) ⩾ δ} = 0,

then ξn
D−−−→

n→∞
η.

The main result in this section is the following statement.

Theorem 8. Suppose that α ∈ (0, 1) \ {1/2}, h1 > 0, h2 > 0 are arbitrary fixed numbers, and

max
(

h−1
1 (Nh1)

27/82, h−1
2 (Nh2)

27/82
)
⩽ M ⩽ min

(
h−1

1 (Nh1)
1/2, h−1

2 (Nh2)
1/2
)

.

Then, on (H2(∆),B(H2(∆))), there exists a probability measure Ph1,h2,α such that PN,M,h1,h2,α
w−−−→

N→∞
Ph1,h2,α.

Proof. For the proof, we apply a scheme of the statement of Lemma 11. This is possible
due to Lemmas 7 and 10.

On a certain probability space with measure ν, define the two-dimensional random
variable η

N,M
with the distribution

ν
{

η
N,M

= (kh1, kh2)
}
=

1
M + 1

, k = N, . . . , N + M.

Moreover, let the H2(∆)-valued random element Xn,N,M be given by

Xn,N,M = Xn,N,M,h1,h2,α(s) = ζn(s + iη
N,M

, α),

and Q̂n,h1,h2,α is the distribution of Xn = Xn,h1,h2(s). Then, in view of Lemma 10, the relation

Xn,N,M
D−−−→

N→∞
Xn. (23)

Since, from Lemma 11, the measure Q̂n,h1,h2,α is tight, from Prokhorov theorem (see [40],
Theorem 6.1), it is relatively compact. This means that there is a subsequent nr such that
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Q̂nr ,h1,h2,α converges weakly to a certain probability measure Qh1,h2,α on (H2(∆),B(H2(∆)))
as r → ∞. This fact can be written in the form

Xnr
D−−−→

r→∞
Qh1,h2,α. (24)

Introduce one more H2(∆)-valued random element:

YN,M = YN,M,h1,h2,α(s) = ζ(s + iη
N,M

, α).

Then, an application of Lemma 7 leads, for ε > 0, to

lim
r→∞

lim sup
N→∞

ν{d2(YN,M, Xnr ,N,M) ⩾ ε}

= lim
r→∞

lim sup
N→∞

CN,M

{
d2

(
ζ(s + ikh, α), ζr(s + ikh, α)

)
⩾ ε
}

⩽ lim
r→∞

lim sup
N→∞

1
ε(M + 1)

N+M

∑
k=N

d2

(
ζ(s + ikh, α), ζnr

(s + ikh, α)
)
= 0.

This equality, together with relations (23) and (24), allows us to apply Lemma 12. Thus, we
have

YN,M
D−−−→

N→∞
Qh1,h2,α,

and this is an equivalent of the statement of the theorem.

Now, on the probability space (T,B(T), µ), define the H2(∆)-valued random element
ζ(s, t, α) by

ζ(s, t, α) = (ζ(s, t1), ζ(s, t2, α))

where

ζ(s, t1) =
∞

∑
m=1

t1(m)

ms and ζ(s, t2, α) =
∞

∑
m=0

t2(m)

(m + α)s .

Notice that the latter series, for almost all t1 with respect to µ1 and t2 with respect µ2,
respectively, converge uniformly on compact subsets of the strip ∆, and define the H(∆)-
valued random elements [13,19]. Let Pζ denote the distribution of the random element
ζ(s, t, α), i.e., Pζ is a probability measure on (H2(∆),B(H2(∆))) given by

Pζ(A) = µ
{
t ∈ T : ζ(s, t, α) ∈ A

}
, A ∈ B(H2(∆)).

Theorem 9. Suppose that the set L(P; α, h1, h2, π) is linearly independent over Q, and

max
(

h−1
1 (Nh1)

27/82, h−1
2 (Nh2)

27/82
)
⩽ M ⩽ min

(
h−1

1 (Nh1)
1/2, h−1

2 (Nh2)
1/2
)

.

Then PN,M,h1,h2,α
w−−−→

N→∞
Pζ .

Proof. For A ∈ B(H2(∆)), define

PN(A) = PN,h1,h2,α(A) = CN

(
ζ(s + ikh, α) ∈ A

)
.

For the proof of Theorem 4 in [31], the weak convergence of PN as N → ∞ was obtained
([31] Theorem 4). During this process, it was obtained that PN as n → ∞, and, in our
notation, Q̂n,h1,h2,α as n → ∞ has the same limit measure. This measure is Pζ . Since

Q̂n,h1,h2,α is independent on M, the above remarks show that the measure Qh1,h2,α in the
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proof of Theorem 8 coincides with Pζ . Thus, it remains to repeat the proof of Theorem 8
with Pζ intead of Qh1,h2,α.

4. Proofs of Approximation Theorems
Proofs of Theorems 6 and 7 are based on limit Theorems 8 and 9, respec-

tively. Moreover, we use a notion of the support of probability measures on the space
(H2(∆),B(H2(∆))). Since the space H2(∆) is separable, the support of a probability mea-
sure P on (H2(∆),B(H2(∆))) is a minimal closed set SP ⊂ H2(∆) such that P(SP) = 1. The
set SP consists of all elements g ∈ H2(∆) such that P(Gg) > 0 for every open neighborhood
Gg of g.

Lemma 13 (see [31], Lemma 11). The support of measure Pζ is the set S ×H(∆), where S =

{g ∈ H(∆) : g(s) ̸= 0 on D, or g(s) ≡ 0}.

For the proof of Theorem 6, we also apply the Mergelyan theorem for the approxima-
tion of analytic functions by polynomials, which was mentioned in the Introduction. For
convenience, we state this theorem.

Lemma 14 (see [1,2]). Suppose that K ⊂ C is a compact set with connected complements, and
g(s) is a continuous on K function that is analytic inside of K. Then, for every ε > 0, there is a
polynomial pε,g(s) such that

sup
s∈K

∣∣g(s)− pε,g(s)
∣∣ < ε.

Proof of Theorem 6. Since K1, K2 ∈ K, and f1(s) ∈ H0(K), f2(s) ∈ H(K), Lemma 14 can
be applied. Thus, there are polynomials p1(s) and p2(s) such that

sup
s∈K1

∣∣∣ f1(s)− ep1(s)
∣∣∣ < ε

2
and sup

s∈K2

| f2(s)− p2(s)| <
ε

2
. (25)

Consider the set

Gε =

{
(g1g2) ∈ H2(∆) : sup

s∈K1

∣∣∣ f1(s)− ep1(s)
∣∣∣ < ε

2
, sup

s∈K2

| f2(s)− p2(s)| <
ε

2

}
.

In view of Lemma 13,
(

ep1(s), p2(s)
)

is an element of the support of the measure Pζ . Thus,
Gε is an open neighborhood of an element of the support of Pζ ; hence,

Pζ(Gε) > 0. (26)

Introduce one more set:

Ĝε =

{
(g1, g2) ∈ H2(∆) : sup

s∈K1

|g1(s)− f1(s)| < ε, sup
s∈K2

|g2(s)− f2(s)| < ε

}
.

Then, Gε ⊂ Ĝε. Actually, let (g1, g2) ∈ Gε. Then, taking into account (25), we have

sup
s∈K1

|g1(s)− f1(s)| ⩽ sup
s∈K1

∣∣∣g1(s)− ep1(s)
∣∣∣+ sup

s∈K1

∣∣∣ f1(s)− ep1(s)
∣∣∣ < ε

2
+

ε

2
= ε

and
sup
s∈K2

|g2(s)− f2(s)| ⩽ sup
s∈K2

|g2(s)− p2(s)|+ sup
s∈K2

| f2(s)− p2(s)| < ε.
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This shows that (g1, g2) ∈ Ĝε. The inclusion Gε ⊂ Ĝε and (26) imply the inequality

Pζ(Ĝε) > 0. (27)

Thus, the application of Theorem 9 for the open set Ĝε yields

lim inf
N→∞

PN,M,h1,h2,α(Ĝε) ⩾ Pζ(Ĝε) > 0,

and the definitions of PN,M,h1,h2,α and Ĝε lead to the inequality

lim inf
N→∞

CN,M

(
sup
s∈K1

| f1(s)− ζ(s + ikh1)| < ε, sup
s∈K2

| f2(s)− ζ(s + ikh2, α)| < ε

)
> 0.

For the proof of the second statement of the theorem, we apply Theorem 9 in terms of
continuity sets. The boundary of ∂Ĝε of the set Ĝε lies in the set{

(g1, g2) ∈ H2(∆) : sup
s∈K1

|g1(s)− f1(s)| = ε, sup
s∈K2

|g2(s)− f2(s)| = ε

}
⋃{

(g1, g2) ∈ H2(∆) : sup
s∈K1

|g1(s)− f1(s)| < ε, sup
s∈K2

|g2(s)− f2(s)| = ε

}
⋃{

(g1, g2) ∈ H2(∆) : sup
s∈K1

|g1(s)− f1(s)| = ε, sup
s∈K2

|g2(s)− f2(s)| < ε

}
.

Therefore, ∂Ĝε1 and ∂Ĝε2 do not intersect for ε1 ̸= ε2. From this remark, it follows that the
set Ĝε is a continuity set of the measure Pζ for all but at most countably many ε > 0. Hence,
from Theorem 9 in terms of continuity sets, the limit

lim
n→∞

CN,M

(
sup
s∈K1

| f1(s)− ζ(s + ikh1)| < ε, sup
s∈K2

| f2(s)− ζ(s + ikh2, α)| < ε

)
= Pζ(Ĝε)

exists and, from (26), is positive for all but at most countably many ε > 0. The proof is
complete.

Proof of Theorem 7. From Theorem 8, the relation PN,M,h1,h2,α
w−−−→

N→∞
Ph1,h2,α holds. Let

Fh1,h2,α denote the support of the limit measure Ph1,h2,α. Then, Fh1,h2,α is a non-empty closed
subset of H2(∆). Let Ĝε be the set from the proof of Theorem 6. Since ( f1, f2) ∈ Fh1,h2,α, the
set Ĝε is an open neighborhood of the support of the measure Ph1,h2,α. Therefore, from a
support property,

Ph1,h2,α(Ĝε) > 0.

Hence, from Theorem 8 in terms of open sets,

lim inf
N→∞

PN,M,h1,h2,α(Ĝε) ⩾ Ph1,h2,α(Ĝε) > 0.

This inequality proves the first statement of the theorem.
The second statement of the theorem follows from the same lines as that of Theorem 6

by using Theorem 8 in terms of continuity sets and the fact that Ĝε is a continuity set
of the measure Ph1,h2,α for all but possibly at most countably many ε > 0. The theorem
is proven.



Symmetry 2025, 17, 1662 21 of 22

5. Conclusions
We obtained theorems on the approximation of a pair of analytic functions defined

on a strip ∆ = {s ∈ C : 1/2 < Res < 1} by the Riemann and Hurwitz zeta functions
using discrete shifts s + ikh1 and s + ikh2, k ∈ N, h1 > 0, h2 > 0, respectively, in short
intervals. We discussed the lower density (and density) of approximating shifts in the
interval [N, N + M] with

max
(

h−1
1 (Nh1)

27/82, h−1
2 (Nh2)

27/82
)
⩽ M ⩽ min

(
h−1

1 (Nh1)
1/2, h−1

2 (Nh2)
1/2
)

as N → ∞. Two cases were examined. Let H2(∆) be two-dimensional space of analytic
functions on the strip D. For arbitrary parameter α of the Hurwitz zeta function and
arbitrary positive h1 and h2, we obtained only the existence of a certain subset of H2(D),
the functions of which were approximated by the above shifts. In the case, when the
multiset {(h1 log p : p ∈ P), (h2 log(m + α) : m ∈ N0), 2π} is linearly independent over
the field of rational numbers, the set of approximated functions coincides with the set
{g ∈ H(∆) : g(s) ̸= 0 or g(s) ≡ 0} ×H(∆).

Proofs of the results are closely connected to mean square estimates for the Riemann
and Hurwitz zeta functions in short intervals. The problem remains to obtain the above
results with a smaller lower bound for M. Having in mind the discrete universality for
Riemann zeta function with arbitrary h1 and the universality of Hurwitz zeta function with
arbitrary parameter, we believe that the set of approximated functions may be identified in
the general case as well.
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