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Abstract

In this paper, we prove the theorems on the simultaneous approximation of a pair of
analytic functions by discrete shifts ({(s + ikhy), (s + ikhp,a)), hy > 0, hy > 0 of the
Riemann zeta function {(s) and Hurwitz zeta function {(s,«). The lower density and
density of the above approximating shifts are considered in short intervals [N, N + M]
as N — oo with M = o(N). If the set {(h1logp : p € P), (hplog(m +a) : m € Ny),27}
is linearly independent over QQ, the class of approximated pairs is explicitly given. If
and hy, hy are arbitrary, then it is known that the set of approximated pairs is a certain
non-empty closed subset of H?(A), where H(A) is the space of analytic functions on the
strip A = {s € C:1/2 < Res < 1}. For the proof, limit theorems on weakly convergent
probability measures in the space H>(A) are applied.

Keywords: approximation of analytic functions; Hurwitz zeta function; Riemann zeta
function; universality; weak convergence of probability measures

MSC: 11M06; 11M35

1. Introduction

One of the most important problems of function theory is approximation of analytic
functions. The brilliant Mergelyan theorem completed a series of works on approximation
of analytic functions by polynomials. The Mergelyan theorem states [1,2] (see also [3])
that every continuous function g(s), s = ¢ + it, on a compact set K C C with connected
complement that is analytic inside of K can be approximated by a polynomial. This means
that, for every e > 0, there exists a polynomial p ¢ (s) such that

sup|g(s) — peg(s)] < e.

seK
However, since 1975 it has been known that, for approximation of analytic functions, an
another class of functions can be applied, and this class is the zeta (or L) functions, widely
used in analytic number theory and having applications in other natural sciences. The
classical zeta functions usually are defined in a certain half-plane by Dirichlet series
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with coefficients a,, having some arithmetical sense and meromorphically continued to the
left of the half-plane o > 0. The most important among them is the Riemann zeta function
{(s), for o > 1, given by
|
{s) =)
m=1 me

or, equivalently, by the Euler product

I(s) = H(1—1>_1, oc>1,

pelP

where P is the set of all prime numbers, which is analytically continued to the entire
complex plane, except for the point s = 1 which is a simple pole with residue 1. Value
distribution of the function {(s) is continuously receciving attention from mathematicians.
One cause of this is the Riemann hypothesis (RH) [4], which states that all zeros of {(s) in
the strip {s € C: 0 < ¢ < 1} are on the line ¢ = 1/2. The RH is mentioned in the list of
Hilbert problems [5,6] and remains among the most important seven Millennium problems
of mathematics [7].

Let us return to approximation. In [8], see also [9-12], Voronin proved a theorem
on approximation of analytic functions by shifts {(s +it): let0 < r < 1/4, f(s) be a
continuous non-vanishing function on |s| < r and analytic on |s| < r. Then, for every ¢ > 0,
there exists T = 7(¢) € R such that

max|{(3 +s+it) — f(s)| <e.
[s|<r
Thus, in the approximation sense, the function {(s) is universal: it shifts approximately an
entire class of analytic functions. This is the main difference from Mergelyan’s theorem in
which, for every analytic function, a new polynomial is constructed.
Voronin theorem has an improved version [13-17]. Let A = {s e C:1/2 < ¢ < 1}.
Let KC denote the class of compact subsets of the region A with connected complements, and
let o (K), K € K be the set of continuous non-vanishing functions on K that are analytic
inside of K. Moreover, let measA stand for the Lebesgue measure of a measurable set
A C R. Then, the following statement on universality of {(s) is true:
Suppose that K € K and f(s) € Ho(K). Then, for every € > 0,

lim inf 1meas{r €[0,T] :sup |l(s+it) — f(s)] < s} > 0.
T—oo T sek
Moreover, “lim inf” can be replaced by “lim” for all but at most countably many & > 0 [18].
Thus, the initial form of Voronin’s theorem is extended in two directions: the approxi-
mation on discs is replaced by that on general compact sets of the class K, and the set of
approximating shifts is infinite because it has a positive lower density.
Now, introduce one more zeta function. Let « € (0,1] be a fixed parameter. The
Hurwitz zeta function (s, «) is defined by the Dirichlet series

> 1
g(s,l’é)zmgom, 0'>1,

and as {(s) has analytic continuation to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1. Different from {(s), the function {(s,«) for all
« ¢ {1/2,1} has no representation by a product over primes.
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Properties of the Hurwitz zeta function, including approximation of analytic functions,
depend on the parameter &, in contrast with {(s) satisfying the symmetric functional equation

6(1 - S) = ér(s)r

where &(s) = 7%/2T(s/2){(s), and T'(s) is the gamma-function, the function {(s,a), for
a € (0,1] and o < 0, has the equation

_ 1 . TIS o cos2mma TS = sin2mmu
g(S,lX) —2(27’[)5 r(l—S) (Slnzmzlrnl_s +C057m ml—5>

On the other hand, the shifts {(s + i7, &) approximate a wider class of analytic functions
than H((K). Let H(K), K € K denote the extension of H(K) including functions having
zeros on K. Then, the following statement is known [13-15,19]:

Suppose that the parameter « is transcendental or rational lying in (0,1) \ {1/2}, and
K e K, f(s) € H(K). Then, for every ¢ > 0,

lim inf 1meas{T €[0,T] :sup |{(s+it,a) — f(s)| < s} > 0.
T—oo T seK
Moreover, “lim inf” can be replaced by “lim” for all but at most countably many & > 0.

Note that the cases « = 1 and & = 1/2 are contained in previous statement for {(s).

The case of algebraic irrational « is exceptional, and universality of {(s, «) by using
discs was solved in [20] with some exceptions related to a degree of a. The result on
approximation is very deep but sufficiently complicated to state it.

Universality of zeta functions has a lot of theoretical and practical applications [16],
including the important independence property of zeta functions [11,19,21,22].

It is an interesting problem to consider a simultaneous approximation of a pair of
analytic functions by shifts ({(s +it),{(s +iT,a)). This problem was proposed and solved
for transcendental « by H. Mishou in [23].

Suppose that the parameter « is transcendental, K1, K, € K, and fi(s) € Ho(Ky),
f2(s) € H(Ky). Then, for every € > 0,

1
thLg}f Tmeas{f €[0,T]:

sup [ (s +1T) = fi(s)] < & sup (s +iT,0) = fo(s)] < e} > 0.

s€Ky s€Kp

The latter result was improved in [24], where the approximation of a pair (f1, f2)
by ({(s +iT),{(s +iT,a)) was given in the so-called short intervals, i.e., in the intervals
[T, T + H| with H = 0o(T) as T — co. More precisely, the main result of [24] states

Suppose that the parameter « is transcendental, T?7/82 < H < TY2, Ky, K, € K, and
fi(s) € Ho(K), fa(s) € H(K3). Then, for every ¢ > 0,

o1
hTrrLlor(}f ﬁmeas{T € [T, T+ H]:

sup [(s +1T) = fi(s)| < & sup (s +iT,0) = fo(s)] < e} > 0.

s€kKy se€Kp
Moreover, “lim inf” can be replaced by “lim” for all but at most countably many & > 0.
This result has a certain advantage against that for the interval [0, T] of length T

because in short intervals it is easier to detect T with approximating shifts ({(s + i), {(s +
iT,a)).
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Approximation of analytic functions by shifts (s + iT) in short intervals was intro-
duced in [25] and improved in [26]. An analogical problem for {(s, #) was treated in [27],
and a more precise result than cited above was established.

All above-mentioned theorems on approximation of analytic functions are of contin-
uous type because T in shifts (s + i7) and (s + iT,«) can take arbitrary values in the
interval. There exists another type of approximation theorem for zeta functions when 7 in
approximating shifts takes values from a certain discrete set. Such a type was proposed
by A. Reich in [28] and is more convenient for practical applications because a discrete set
lying in the interval is narrower than the whole interval.

The study of discrete universality theorems for {(s) and (s, «) was continued in [13].
Let #A denote the cardinality of a set A C R, and let, for N € Ny = NU {0},

1

ON() = 57

#HO<k<N:...},

where, in place of dots, a condition satisfying k is to be written. In what follows, we will
deal with approximation of analytic functions by discrete shifts (s + ikh) and (s + ikh, a)
with fixed h > 0 and k € Nj.

First recall some known results.

Theorem 1 (see [13,28]). Suppose that K € K and f(s) € Ho(K). Then, for every h > 0 and
e>0,
liI{]ninfCN (sup |C(s +ikh) — f(s)| < s> > 0.
—» 00

seK

We notice that in [28] Theorem 1 was proved for more general Dedekind zeta function
{k (s) of algebraic number fields. For K = Q, this gives Theorem 1.

The case of the function (s, ) is more complicated, and results depend on arithmetic
of .

Theorem 2 (see [13,29]). Suppose that « is rational « # 1, « #1/2,and K € K, f(s) € H(K).
Then, for every h > 0and e > 0,

liminf Cy (sup |C(s +ikh,a) — f(s)| < e) > 0. (1)
N—co seK

For other «, introduce the set
L(a,h, ) = {(log(m +a):m e Ny), 27”}, h>0,
which can be a multiset.

Theorem 3 (see [30]). Suppose that the set L(w, h, 1) is linearly independent over Q, K € IKC and
f(s) € H(K). Then, for every € > 0, inequality (1) is true. Moreover, “lim inf” can be replaced by
“lim” for all but at most countably many € > 0.

The arithmetic of « in the theorem is defined by the linear independence of the
set L(a, h, ). This is implied by the algebraic independence over Q of the numbers

« and exp{2m/h}. For example, we can take « = 1/mand h = 2 or a = 2-V2 and
h=2m/(v/4log2) [30].
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The most general discrete universality theorem for {(s) and (s, «) has been obtained
n [31]. Define the set

L(P;D&,hl,lh, 7'[) = {(I’ll logp ipE P), (hzlog(m+1x) tm e No),ZTL’}, hy >0,h, > 0.

Theorem 4 (see [31]). Suppose that the set L(P;«, hq, hy, 1) is linearly independent over Q,
K1, Ky € K, and f1(s) € Ho(Ky), f2(s) € H(Ky). Then, for every e > 0,

liNnLinfCN{sup |C(s +ikhy) — f1(s)| < e sup |C(s +ikhy, o) — fo(s)| < s} > 0.

seKj seKy

A paper [32] is devoted to a connection between continuous and discrete universalities.
The aim of this paper is a joint discrete approximation of analytic functions by shifts
({(s +ikhy), (s + ikhy, «)) in short intervals. For brevity, we use the notation

1

where, in place of dots, we write a condition satisfied by k.

Theorem 5. Suppose that h='(Nh)¥/8 < M < h™Y(Nh)/2, K € K, and f(s) € Ho(K).
Then, for every € > 0,

lilfjninfCN/M (sup |C(s +ikh) — f(s)] < s) > 0.
—00

seK

Theorem 5 with 1~ 1 (NH)'/3(log Nh)2/15 < M < h~'Nh was obtained in [33]. For
this, the mean square estimate

T+H
/ C(o+it)2dt <o H @)
T—H

with T1/3 (log T)26/ L<H<Tando > 1/2 was applied, which follows from Lemma 2,
using the exponential pair (4/11,6/11). However, application of the exponential pair
(11/30,16/30) [34] leads to (2) with T?/82 < H < T, and this implies the hypothesis for
M in Theorem 5.

Now, we state the main results of the paper, i.e., joint theorems on approximation of a
pair of analytic functions in short intervals by discrete shifts of the Riemann and Hurwitz
zeta-functions.

Theorem 6. Suppose that the set L(P; a, hy, hy, 71) is linearly independent over Q,
max (hfl(Nh1)27/82/ h;l (Nh2)27/82) < M < min (hfl (Nhl)l/z,hgl(th)l/z),

Ky, Ky € K, and f1(s) € Ho(Ky), f2(s) € H(Kp). Then, for every e > 0,

lil\]nl)ior;fCN,M (sup |C(s+ikhy) — fi(s)| < g sup |C(s + ikhp, &) — fa(s)| < 8) >0. (3

s€Ky s€Kp

Moreover, “liminf” can be replaced by “lim” for all but at most countably many & > 0.

The arithmetic of « is contained in the linear independence of L(P; &, hy, hy, 7). For
example, this is true if iy and hy are rational numbers, and « and e are algebraically
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independent over Q [31]. For example, we can take &« = 1/71. We have no information on
algebraic irrational «.

Let H(A) denote the space of analytic functions on the strip A equipped with the
topology of uniform convergence on compacta. Moreover, let H?(A) = H(A) x H(A). For
arbitrary a, the following statement is valid.

Theorem 7. Suppose that the parameter « € (0,1) \ {1/2} and
max (hfl(Nh1)27/82, h;l(Nh2)27/82) < M < min (hfl(Nh1>l/2lh£1(Nh2)l/2)‘

Then, there exists a non-empty closed set F, j,, ,, C H?(A) such that, for compact sets K1, Ko C A,
(f1(s), f2(s)) € Fypy,n, and e > 0, inequality (3) holds. Moreover, “lim inf” in (3) can be replaced
by “lim” for all but at most countably many € > 0.

For the proof of Theorems 6 and 7, we will apply a probabilistic approach based on
weakly convergent probability measures in the space H?(A). This paper is organized as
follows: Section 2 is devoted to approximating in the mean ({(s), {(s, «)) in short intervals
by a certain pair ({,(s), {n(s,«)) of absolutely convergent Dirichlet series. In Section 3, we
will prove joint limit theorems on weak convergence in those intervals. Theorems 6 and 7
will be proved in Section 4.

2. Discrete Estimates in the Mean

We start with mean square estimates for the functions {(s) and {(s, ) in short intervals.
We recall the Gallagher lemma that connects continuous and discrete mean squares of
some functions.

Lemma 1 (see [35]). Let 6 > 0, To, T > 6, A be a finite non-empty set of the interval [Ty +
/2, To+T—06/2],and, for T € A,

Ng(T)I Z 1.
teA
|[T—t|<é

Suppose that a complex-valued function S(t) is continuous in I dZEf[TO, To + T] and has a continuous
derivative inside 1. Then,

To+T To+T To+T 1/2
YN lseP < [ |s<t>|2dt+(/ sePa | |s’<t>2dt) .

te A Ty T, T

Two next known lemmas are devoted to the mean square of the functions {(s) and
(s, a) in short intervals. We start with a general result for the Riemann zeta function.

Lemma 2 (see Theorem 7.1 of [34]). Let (x, A) be an exponential pair and 1/2 < o < 1 be fixed.
Then, for T(k+A+1-20)/2(k+1) (log T)2+t0)/(x+1) < H < T, 1+ A — k > 20, we have, uniformly
in H,
T+H
/ IZ(o+it) P dt < H.
T-H

Proof of Lemma 2 is based on the approximate functional equation for {(s) and
mean square estimates for Dirichlet polynomials appearing in it. For this, the theory of
exponential pairs is involved, and some results for the divisor function were used.
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Lemma 3. Suppose that 1/2 < o < 7/12is fixed, and T27/82 < H < T. Then, uniformly in H,

T+H
/ C(o +it)2dt <o H.
T—-H

Proof of the lemma follows from Lemma 2 with application of the exponential pair
(11/30,16/30). A slightly better result can be given by using the pair (9/26,7/13) [36]. In
this case, T?/70 < H < T; however, 1/2 < o < 8/13.

The number 27/82 has an interesting history: it appears in the estimation of the
number of zeros of {(s) lying on the critical line ¢ = 1/2 (Selberg hypothesis). Let Ny(T)
denote the number of zeros 1/2 4 if of {(s) with 0 < B < T. In [37], it was obtained that,
for any e > 0 and H = T%/82%¢, there exists ¢ = c(&) > 0 such that

No(T+H) — No(T) > cHlogT, T > Ty(e) > 0.
Therefore, we prefer the pair (11 /30,16/30).

Lemma 4 (see [38]). Suppose that « € (0,1)\ {1/2} and 1/2 < o < 7/12 are fixed, and
T27/82 < H < T9. Then, uniformly in H,

T+H
/ 1C(0 + it, )2 dt <o H.
T—H

The proof of the lemma, as of Lemma 3, uses the functional equation for {(s, «) and
follows that of Lemma 2 using specific properties of {(s, a); for example, we are limited by
the upper bound T? for H.

Using Lemmas 1, 3, and 4 leads to discrete mean square estimates in short intervals

for {(s) and (s, ).

Lemma 5. Suppose that 1/2 < o < 7/12 is fixed, h"{(Nh)¥/82 < M < h=Y(Nh)Y? and
|t| < log® Nh. Then, uniformly in M,

N+M
Y Qo+ it +ikh)[* <o M(14 ).
k=N

Proof. Apply Lemma 1 withd =1, Ty = N—-1/2, T=M+1/2, A={ke N:ke€
[N,N + M]} and S(t) = {(0 + it +it). Then, clearly, Ns(k) = 1. Hence, in view of
Lemma 1,

NiM N+M+1/2
Y |2(o + it + ikh)[? < / (o + it + ihT) [ dT
k=N N-1/2
N+M+1/2 N+M+1/2 1/2
+ ( (0 + it +ihT) > dT / |§’(U+it+ihr)2dr) @
N-1/2 N-1/2
We have
N+M+1/2 (N+M+1/2)h+]t]
C(0 + it + ihT) | dT < / 1Z(0 + i) | du. 5)

N-1/2 (N—1/2)h—|t|



Symmetry 2025, 17, 1662

8 of 22

From the hypothesis of the lemma, (M + 1/2)h + |t| > Mh + |t| > (Nh)?/82 and (M +
1/2)h|t| < (NR)Y2 4 1/2 4 log? Mh < (Nh)°. Therefore, Lemmas 3 and (5) give

N+M+1/2 b
|7(0 + it + ihT) |2 dT <, Mh+ 5 + [t < M(1+ Jt]). (6)
N-1/2

Application of the Cauchy integral formula and (6) leads to the bound

N+M+1/2
I (0 + it + ihT))* dT <), M(1+ |t]).
N-1/2

Thus, this, (4), and (6) prove the lemma. O

Lemma 6. Suppose that « € (0,1)\ {1/2} and 1/2 < o < 7/12 are fixed, h~'(Nh)?"/82 <
M < h=Y(Nh)'/2, and |t| < log® Nh. Then, uniformly in M,
N+M
Y 0o+ it +ikh,a) | <o M(1+ Jt]).
k=N

Proof. We repeat the proof of Lemma 5 and use Lemma 4 in place of Lemma 3. [

Now, we introduce two absolutely convergent Dirichlet series. Let 8 > 1/2 be a fixed
number, and, forn € N,

wy(m) = eXP{—(m)g}, meN,

n

0
wy(m,a) = exp{—(m:lx> }, m € Np.

Here and in what follows, exp{a} means e”. Using w, (m) and wy,(m, «), define two series

and

Tn(s) = i 5 and Cn(s,a) = i M.
m=1 m

In virtue of the exponential decrease with respect to m of the coefficients wy,(m) and
wy (m, a), the latter series are absolutely convergent in any half-plane o > ¢, with finite o;.
Moreover, for {,(s) [13] and {x (s, «) [19], the following integral representations

0+ico 0+ico
gn(s)_zlm,G/ Z(s+2)lu(z)dz and Cn(s,zx)—zlme/ (542 0)lh(z)dz (7)

with ,,(z) = 071T(6~1z)n? are valid.

We will approximate {(s) and {(s, «) by {,(s) and {x (s, «), respectively. For this, we
recall the metric in H?(A). First we deal with H(A). It is known [39] that there exists a
sequence {K;} C A of compact embedded sets such that
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and every compact set K C A is in some K;. For example, we can take closed rectangles
with edges parallel to the axis. Then,

o supiy fils) — fols)

W) = L2 s TRG) - RO

fi, f> € H(A),
is the metric in H(A) that induces the topology of uniform convergence on compacta. Now,
for f, = (fx1, fr2), k = 1,2 taking

do(f . f,) = max(d(fi1, f12),d(fa1, f22)),

we obtain the metric in H?(A) inducing its product topology.
Now, we are ready to state an important lemma for approximation of ({(s),{(s,a)) by
(Cn(s),Cn(s,a)) in the mean. Let h = (hy,hy), and

g(s,a) = (2(s),8(s,a))

and
g, (s,0) = (Gn(s), Cn(s, a)).
Moreover,
{(s +ikh,a) = ({(s +ikhy),{ (s + ikha, )
and

¢, (s +ikh o) = (Cn(s + ikhy), Cn(s + ikha, o).

Lemma 7. Suppose that « € (0,1)\ {1/2}, hy > 0, hp > 0 and
max (h1—1(Nh1)27/82, hz—l(th)y/Sz) < M < min (hl—l(Nhl)l/Z, h;l(th)l/Z)'

Then, the equality

N+M

Jim limsup oo k;N da (g (s + ikl ), g, (5 + ikh,2) ) = 0

holds.

Proof. The definitions of the metrics d; and d imply that it suffices to prove the following

equalities

N+M

Y sup |Z(s + ikhy) — Cu(s + ikhy)| =0 (8)
k=N s€K

I ISUP Ay

for h ' (N )?7/82 < M < hy' (Nhy)'/2, and

N+M

lim lim sup sup |{(s + ikhy, &) — Cn(s + ikhp, )| =0 9)
n—00 N oo M+1k:2]\]S€K "

for hi; 1 (Nhp)?/82 < M < hy ' (Nhy)'/? with arbitrary compact set K C A.

We start with equality (8). A plan of the proof is the following: Using the integral
representation (7) and the residue theorem, we find the integral representation for the
difference (s + ikh) — {(s + ikh). Summing this differences over k € [N, N + H]|, we
obtain the integral representation for the sum of the left-hand side in (8) and estimate
it by using Lemma 5. More precisely, take a fixed compact set K C A. Since K is a
closed bounded set, there exists ¢ = eg > 0 such that 1/2+2¢ < ¢ < 1 — ¢ for all
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sup|Z(s + ikh1) — Cn(s + ikhy )| < / ‘é(% + e+ ikl +ir)
seK

s = 0 + it € K. In the definition of w, (m), the number 6 > 1/2. Now, we take § = 1/2 +«.
Define 6; = 1/2 + ¢ — ¢. Then, we have §; < O and ¢; > 1/2 — ¢. This and the integral
representation (7) of {,(s) show that the function {(s + z)I,(z) has a simple pole at the
point z = 0 (pole of /,(z)) and a simple pole at the point z = 1 — s (pole of (s + z)) lying
in the strip 6; < Rez < 0. Therefore, from the residue theorem and (7), it follows that

91+i00

/ C(s+2)ly(z) dz + 1y(1 — s)

91 —ioco

Cn(s) = C(s) =

27
for all s € K. Hence

sup
seK

Culs + ikhy) — (s + ikhy) < / g( +e+it+ ik +it) | sup|ty (3 +¢— o +ir) | dr
+ ’ln(l — 85— Zkhl)l
Therefore, after shifting t 4+ 7 to T, we get

sup
seK

ln( +e—s+zr)’dr

+ sup |1, (1 — s — ikhy)]. (10)
seK

Taking into account the uniform bound in ¢ in every finite interval,
I'(o+it) < exp{—c|t|]}, c¢>0, (11)
we find, for s € K,

Iy (% +s—s+ir> < nl/“g*”exp{—gh’— t} < n~fexp{—ci|t|}, 1 >0. (12

This, together with
J(o+it) <oV, o> % It > 2,

yields

—log? NIy

/ + / ‘C( +e+zkh1+zT) supln( +e—s+z*r)‘dr

log? Nhy <K
—log? NIy
Lex N € / + / (\/%+ |T|> exp{—ci|t|}dT
log? Ny

<K n_g(l + \/W) exp{—cz log2 Nhl}, cp > 0.

Therefore, in view of (10),
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def 1 NiMsup\g(erikh ) = Tn(s + ikhy)|
= 3751 1) — 1
M+1 k=N s€K "

log? NIy
N+M
( 1 3 l(l+£—s+ir)‘dr
n\2

<Ky / M1 k; ’C(% + €+ ikhy + ir) D sup

—log? Nhy N sek
1 N+M ) . ) 1 N+M
+ Mil k;\] 21611}3 |In(1—s—ikhy)| +n exp{—cz log Nh1}M+ 7 k;\] (1 + \/khl)
d:ef] +S1+ 5. (13)
It is easily seen that
S, «n® exp{—cz log2 Nhl}\/ZNhl. (14)
The Cauchy-Schwarz inequality and Lemma 5 give
1 N+M 1 1 N+M o\ 172
1 . . < 1 . . ‘
M1 k;\] ‘g(z + & 4 ikl —|—11')‘ S M1 k;\] (‘@(2 + & + +ikhy +1T) >

ey (1+[7)1/?
for |7] < log2 Nhy. Therefore, by (12),

log? NIy
J <y n* / (1+ [z))"* exp{—c1| |} dT <gp, n " (15)
—log? Nhy

Moreover, in view of (11), we obtain, for s € K,

(1 —s—ikhy) <g n'~exp{—§|t+khi|} <gp, n"/* “exp{—cskhi}, c3>0.

Hence,
e 1N 1/2
S1 Ly 1 7€M7+1 Z exp{—cokhi} <gp, 17 exp{—cskhi}.
k=N

Therefore, this together with (13)—(15) yields
Z <y +n2Fexp{—c3Nhi} +n ¢ exp{—cylog” Nh1 }/2Nhy.

Thus,
lim limsup Z =0,
=% N
and the proof of (8) is complete.
The proof of (9) is similar to that of (8) and uses Lemma 6 in place of Lemma 5. O

3. Discrete Probabilistic Statements

This section is devoted to limit theorems in the sense of weakly convergent probability
measures in the space H?(A). For convenience, we recall the main terminology.

Let B(X) denote the Borel ¢ field of the topological space X. Let Q and Q,, n € N,
be probability measures on the measurable space (X, B(X)). Then, by the definition, Q,
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converges weakly to Q as n — oo or shortly Q; % Q, if, for all real bounded continuous

function g on X,
,}igrgo/ngn = /ng-
X X

It is convenient to use equivalents of weak convergence of probability measures in
terms of some classes of sets. For the proofs of Theorems 6 and 7, we will apply the
following well-known statement [40]:

1° Qn HLOJ Q <= For every open set G C X,
liminf Q. (G) > Q(G).

2°  Let 0A denote the boundary of a set A. A set A € B(X) is a continuity set of Q if
Q(0A) =0. Qu }’HLOO> Q <= for every continuity set A of Q,

lim Q,(A) = Q(A).

n—oo

The main probability measure of this section is

PN M i a(A) = O (G5 + ikl w) € A), A € B(HE(A)).

Before a theorem on weak convergence of Py 1, iy« @ N — 00, we will prove some
auxiliary results.
Introduce two sets given by Cartesian products. We set

Ti=][{s€C:|s|=1} and To= [[{se€C:ls|=1}.
peP meNy

The set T consists of all functions t; : P +— {s € C : [s| = 1}, and T, is the set of
all functions t; : Ng — {s € C : |s| = 1}. With the product topology and pointwise
multiplication, T and T, are compact topological groups. Define one more set

T=T; x Ts.

Then, T is again a compact topological group by the classical Tikhonov theorem. On
compact groups, the probability Haar measures can be defined. Let y1, pt2, and p denote
the Haar measures on Ty, Ty, and T, respectively. Observe that y is the product of the Haar
measures p1 and pp (4 = pp X pp, ie., u(A1 x Ay) = u1(A1) - u2(Ap) for all Ay € B(Ty),
Ay € B(Ty)). Moreover, y is invariant with respect to shifts of elements of T.

For A € B(T), define

QN My a(A) = CN,M((P_ikhl pe IP’), ((m + )"y e No) € A)-

Lemma 8. Suppose that « € (0,1) \ {1/2} and hy > 0, hy > 0 are arbitrary fixed numbers, and
M — coas N — oo. Then, on (T, B(T)), there exists a probability measure Qy, p, o such that

w
QN, M,y iy oo Qhny hpar
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Proof. We apply the Fourier transform method. Denote by t = (t1,t) the elements of T,
where t; = (t, : p € P) and t = (t, : m € Np) are elements of Ty and Ty, respectively.
Then, it is well known that the characters x of the group T have the representation

xO =TT ¢ IT ¢,

peP mGNo

where the stars show that only a finite number of integers I1, and I, are distinct from zero.
Hence, it follows that the Fourier transform Fy i, hya(l1,12), lh = (hp 1l € Z,p € P),
Iy = (Ipm : Iy € Z,m € Nyp), is given by

1 x 1 % ]
FNMn el l2) = 3 / (H ty I 1 2’”) dON My g
T

pGP mGNg

Therefore, by the definition of Qn a1, 1y, We have

N+M
]:NMhl hz,zx(lLZZ —— Z (H —ikhylyp H m+“) 1kh212m>

pGIP) meNy

1 N+M ' . .

k=N PE]P mENO

Let
A= A, Il 1, 1) Ein Yl log p +h Y g log(m + ).
peP meNy
In the case
A=2mnr, re’z,

(16) implies

FNM iy (11, 12) = 1. (17)

In the opposite case, it follows that

. (1) = exp{—iNA} —exp{—i(N+ M +1)A}
N, My hp,0\*1722) = (M+1)(1 —exp{—iA})

This, together with (16) and (17), shows that

Bm Fn ai g a1, 12) =

N—co

1 if A=2nrwithreZ,
0 otherwise.

Since the group T is compact, Qn iy iy« NL> Qhy hp,ar Where Qy. 1. 4 is the probability
— 00

measure on (T, B(T)) with the Fourier transform

1 ifA=2nrwithreZ
F h, ) = ’
(11, 12) { 0 otherwise.
L]

Lemma 9. Suppose that the set L(P; a, hy, hy, i) is linearly independent over Q, and M — oo as
N — 0. Then, QN My NL> U
—00
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Proof. The lemma is a corollary of Lemma 8. If the set L(IP;«, hy, hp, 1) is linearly inde-
pendent over Q, then A(P,a,hy,hy,11,1p) = 2nrifand only if 4 = 0,1, = 0and r = 0.
Thus,

1 if (I,h) = (0,0),

Fh il 12) = { 0 otherwise.
This shows that the limit measure Qy, 4, = §- U

Now, we are ready to consider weak convergence for some probability measures in
(H2(A), B(H?(A))). First we extend the function t; to the set N using the formula

t(m)= ] t(p), meN.
plim
pl+1)[m

Now, define vy, : T + HZ?(A) by the formula

ona(t) = (s,ta),

=n

where
g, (s, ta) = (Cn(atr), Cu(s o, 0)),
and
_ v b(m)wn(m) _ v b(m)wa(m,e)
Cu(s, ) = ng e and Cu(s, tp,0) = mZ::() CETI
Since |t (m)| = |tp(m)| = 1, the series for {,(s,t1) and {, (s, tp, «) are absolutely convergent

for o > 0y, as for {,(s) and {, (s, ). From this, the continuity of v, 4(t) follows. Thus, the
map vy, (t) is (B(T), B(H?(A)))-measurable. Therefore, the probability measure Qp, 5, of
Lemma 8 implies, on (H?(A), B(H?(A))), the unique probability measure Qn,h1,hz,vc given by

Qi (A) = Qi aVni(A) = Quuma(Una(A)), A € B(HA(A)).

For A € B(H?(A)), set

QuN M (A) = Cnm (Qn(s +ikh, ) € A)-

Lemma 10. Suppose that o« € (0,1) \ {1/2} and hy, hy are arbitrary positive numbers, and
M — o0as N — oo. Then, Qn,N,M,hlhz,a NV—V>—00> inhlthVa'

Proof. The definitions of the measures Qn,N,M,hl,hz,a and Qn,hl,hz,a and the map v, , show
that, for A € B(H?(A)),

vn,,x(<p*ikh1 ip € P), ((m +a) K2 gy € N0)>
_ (i m’ikhlwn(m)’ i (m —i—oc)ikhzwn(m,a))

ms (m+ )’

= (Cu(s +ikhn), Cu(s + ikha, &) = C (s + ikh, a);

m=1 m=0

thus,
A —1
Qn,N,M,hl,hz,oc = th,hz,ﬂé (T (18)
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sup lim sup
neN N—oo

Since the map v, 4 is continuous, it is possible to apply Theorem 5.1 of [40] for preservation
of weak convergence under mappings. Therefore, Lemma 8 and (18) give the relation

QN M —>N Qi iga¥ns = Qi g

O

From Lemmas 9 and 10, the next corollary follows.

Corollary 1. Suppose that « € (0,1) \ {1/2} and hy, hy are arbitrary positive numbers,
the set L(P;a, hl,hz, 7T) is linearly independent over Q, and M — o0 as N — oo. Then,

Qi’lNMh],hz, ]’lv

The measure Qn,h],hz,a is very important for the future. At least, we need the weak
convergence for some subsequent Q,, 5, 1, « With 71, — 00 asr — oco. For this, we will utilize
the notation of tightness.

Lemma 11. The probability measure Qn,iﬁﬁm is tight; i.e., for every € > 0, there is a compact set
K C H?(A) such that

Q\I’l,h],hz,ﬂé (K) > 1 — €
foralln € N.

Proof. Let @ and Q be marginal measures of Qn,hl,hz,w ie.,

nhzx

~ 1 o~
QU (A) = Qi nalA X H(B)), A€ B(H(A)),
and
Q) o (A) = Qui i a(H(A) X A), A € B(H(A)).
Moreover, from Lemma 10, we have the relations

/\

A
Q NMhlhle N—so00 Q 20(’

and
@n, NMhyhoa N e Q Y
where
Q M (A) = Qu M ia(A X H(A)), A€ B(H(A)),
and

O e (A) = QN ia (H(A) X A), A € BH(A)).

Using Lemma 5, the Cauchy integral formula, and (8), we find that, for a compact set K;
from the definition of the metric d,

N+M

1 .
m Z sup |€n(s -+ lkh1)|

k=N SGK]'

1 N+M N+M
<suplimsupm Y sup|l(s+ikhy)|+ Y sup|(s +ikhi) — {u(s + ikhy)|

neN N-—oo

k=N seK]» k=N seK]»

< Clj < oo. (19)
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Similarly, from Lemma 6 and (9), we obtain, for K; € H(A),
N+M
sup limsup ——— sup |Cn(s +ikhy, a)| < Cpj < 0. (20)
neN N—oo M+1 kZZN seK; !

On a certain probability space (Q), A,v), define the random variable 7y 1, With the

distribution 1

V{WN,M,hl :khl} = m, k:N,...,N—I—M.

Suppose that the H(A)-valued random element X, x a1, is given by
XNy = Xn,N My (8) = Cn(s +iN,mm )-
Then, by virtue of Lemma 10,

D
Xn,N,M,h1 Xn,h1 7
N—oo

D e e A
where — denotes the convergence in distribution, and X, 5, has the distribution Q’%l.

Hence, from the topology of H(A),

D
Sup | XH,N,M,hl (S) | N Sup | X?l,hl (S) | (21)
sek; e sek;

Fix ¢ > 0, and take R; = 2fs_1C1j. Then, (19) and (21) imply

1/{sup]X,1,h1 (s)] = RJ} = I\%im 1/{sup|Xn,1\,,M/h1 (s)| = R]}

SGKj oo SGK]'
NiM e
< suplimsup —— sup|Cn(s+ikhy)| < .  (22)
neN N—roo M+1 k=N s€K; ! 2

Define

K=K, = {gEH(A) :sup |g(s)] <R]~,j€N}.

SEK"
Then, K, is a compact set of the space H(A), and, from (22),

(9]

1
V{ Xy € Ke} =1—v{X,, &Ke} >1—EZ§ =1—¢
j=1

for all n € N. This shows that QS;] is tight.
From the same arguments, using (20) and the random variable 17y »1,4, With distribution

1

——, k=N,...
M+1/ N/ /N+M/

v{nNmm, =khy} =

A2)

we obtain that the measure Q o is tight.

The tightness of @511211 and fo})lz , implies that, for every ¢ > 0, there exist compact sets

Ki,K; C H(A) such that, foralln € N,

O E@AN\K) <= and QP (H(A)\Ky) <

N[ o
N[ m
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Let K = K; x Kj. Then, K is a compact set in H?(A). Moreover,

Gy (H2(A) \ K) = @n,hl,hz,a( 3 (H(8) \ Ky) x H(A)))

=1
< QW (H(8) \ Ky) + Q) L (H(A) \Ka) < & + £ =

for all n € N. Hence,

Quuiy iy (K) = 1= Qo o (HA(B) \ K) > 1 — ¢
for all n € N, and the proof of the lemma is complete. [

Now, we are ready to prove a limit theorem for the measure Py 1 jy; jy,0 @8 N — 0.
For this, the following lemma plays an important role.

Lemma 12 (see [40], Theorem 4.2). Suppose that (X, p) is a separable metric space, and the
X-valued random elements 1,y and ¢,, m,n € N, are defined on the same probability space as
measure v. If

D D
o = e T 2 1

and, for every & > 0,
lim limsup v{p(#nm, &n) =6} =0,

M= p—eo
then ¢y, n_}%> 7.
The main result in this section is the following statement.
Theorem 8. Suppose that « € (0,1) \ {1/2}, hy > 0, hy > 0 are arbitrary fixed numbers, and
max(hl_l(Nhl)”/Sz, h;l(Nh2)27/82) <M< min(hl_l(Nhl)l/z, h;l(th)l/z).

Then, on (H2(A), B(H?(A))), there exists a probability measure Py, j,, o such that Py an na
w
N—sco Py o

Proof. For the proof, we apply a scheme of the statement of Lemma 11. This is possible
due to Lemmas 7 and 10.

On a certain probability space with measure v, define the two-dimensional random
variable 11 NM with the distribution

1
V{QN,M - (khlfkhZ)} =M1 k=N,...,N+ M.

Moreover, let the H?(A)-valued random element X, N, M be given by
XN M = XN My e (8) = 8, (s +iy ),
and Qn,hl,hz,a is the distribution of X, = X, ,, 1, (5). Then, in view of Lemma 10, the relation
D
Xn,N,M —_— Xn. (23)
N—o0

Since, from Lemma 11, the measure Qn,hl,hz,a is tight, from Prokhorov theorem (see [40],
Theorem 6.1), it is relatively compact. This means that there is a subsequent 7, such that
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Qnr,h1,h2,a converges weakly to a certain probability measure Qy, , » on (H?(A), B(H?(A)))
as r — oo. This fact can be written in the form

Xay —— Qb (24)
Introduce one more H?(A)-valued random element:
YNM = YN M e (8) = C(8 17 00 0)-
Then, an application of Lemma 7 leads, for ¢ > 0, to
lim limsup v{da(Yn M, Xun, NM) = €}

)
= N—o0

= lim limsup cN,M{d2 (C(s +ikh, ), (s + ikﬁ,oc)) > e}

=% N-oo = =
N+M
< lim limsup —oay k;j d (g(s +ikh, @), g, (s+ sz)) —0.

This equality, together with relations (23) and (24), allows us to apply Lemma 12. Thus, we
have

D
YN,M N—sco th,]’lz,al
and this is an equivalent of the statement of the theorem. [J

Now, on the probability space (T, B(T), ), define the H?(A)-valued random element
C(s,t,a) by

G(s ta) = (Els ), G(s, 12 )

where

{(s,t1) = i t(m) and {(s,tp,a) = i M

= (mA-a)s

Notice that the latter series, for almost all t; with respect to y1 and t, with respect iy,
respectively, converge uniformly on compact subsets of the strip A, and define the H(A)-
valued random elements [13,19]. Let P; denote the distribution of the random element
{(s,t,a),ie., P is a probability measure on (H2(A), B(H?(A))) given by

P (A) = y{t eT:{(sta)e A}, A € B(H2(A)).

Theorem 9. Suppose that the set L(IP; a, hy, hy, 1) is linearly independent over Q, and
max (hfl(Nh1)27/82/ h;l (Nh2)27/82) < M < min (hfl (Nhl)l/z,hgl(th)l/z).
w
Then PN,M,hl,hZ,zx N—>—oo> Pg.
Proof. For A € B(H?(A)), define

PN(A) = Py i (A) = Cn (g(s + ikh,a) € A).

For the proof of Theorem 4 in [31], the weak convergence of Py as N — oo was obtained
([31] Theorem 4). During this process, it was obtained that Py as n — oo, and, in our
notation, Qy, j, h,« @ 1 — o0 has the same limit measure. This measure is P;. Since

Qn,hl,hz,ﬂc is independent on M, the above remarks show that the measure Qj, 1, , in the
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proof of Theorem 8 coincides with P;. Thus, it remains to repeat the proof of Theorem 8
with P intead of Qp, j, 0 U

4. Proofs of Approximation Theorems

Proofs of Theorems 6 and 7 are based on limit Theorems 8 and 9, respec-
tively. Moreover, we use a notion of the support of probability measures on the space
(H2(A), B(H?(A))). Since the space HZ?(A) is separable, the support of a probability mea-
sure P on (H?(A), B(H?(A))) is a minimal closed set Sp C HZ(A) such that P(Sp) = 1. The
set Sp consists of all elements ¢ € H?(A) such that P(Gg) > 0 for every open neighborhood
Ggof g.

Lemma 13 (see [31], Lemma 11). The support of measure Py is the set S x H(A), where S =
{g € H(A) : g(s) #00n D, or g(s) = 0}.

For the proof of Theorem 6, we also apply the Mergelyan theorem for the approxima-
tion of analytic functions by polynomials, which was mentioned in the Introduction. For
convenience, we state this theorem.

Lemma 14 (see [1,2]). Suppose that K C C is a compact set with connected complements, and
g(s) is a continuous on K function that is analytic inside of K. Then, for every € > 0, there is a
polynomial peg(s) such that

sup‘g(s) - pg,g(s)| <e.

sekK
Proof of Theorem 6. Since K1,K; € K, and f1(s) € Ho(K), f2(s) € H(K), Lemma 14 can
be applied. Thus, there are polynomials p;(s) and p;(s) such that

supl ) — e

seKy

< ; and sup|fa(s) — p2(s)| < % (25)

s€Kp

Consider the set

Ge = {(8182) € H2(A) : sup‘f1(s) — s

s€Ky

< 5/suplfa(s) — pa(s)] < ;}.

s€Kp

In view of Lemma 13, (epl(s), pz(s)> is an element of the support of the measure P;. Thus,
Ge is an open neighborhood of an element of the support of P;; hence,

P7(Ge) > 0. (26)

Introduce one more set:

Ge = {(gl,gz) € H*(A) = sup |g1(s) — fa(s)| < & sup [ga(s) — fals)] < S}-

seKy s€Kp

Then, Ge C G.. Actually, let (¢1,82) € Ge. Then, taking into account (25), we have

<E+E—£
2 2

+ sup|fy(s) e
SEKl

sup [g1(s) — fi(s)] < Sup' 21(s) — e
seKy sek;
and

sup |2(s) — f2(s)| < sup|g2(s) — p2(s)| + sup|fa(s) — pa(s)| <&
seKp seKy seKy
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This shows that (g1, ¢2) € Ge. The inclusion G, C G, and (26) imply the inequality

P;(Ge) > 0. (27)

Thus, the application of Theorem 9 for the open set G; yields

~

lmngN,M,hl,hz,a(ge) > Pr(Ge) >0,

and the definitions of Py a1, h,,« and G lead to the inequality

lil\r]ninfCN/M (sup |f1(s) — C(s+ikhy)| < g sup |fa(s) — {(s +ikhy, a)| < s) > 0.
— 00

s€Ky seKp

For the proof of the second statement of the theorem, we apply Theorem 9 in terms of
continuity sets. The boundary of aég of the set Q\S lies in the set

{(glfgz) € H(A) : sup |g1(s) — fi(s)| = & sup [82(s) — fa(s)| = S}

seKy seKp

U{(glfgz) € H2(8) = sup |g1(s) — f1(s)| < & sup|ga(s) — fa(s)| = 8}

seKy seKy

U{(glrSZ) € H2(A) : sup |g1(s) — f1(s)| = & sup [g2(s) — fa(s)] < s}-

se€Ky seKy

Therefore, 8@1 and 8@2 do not intersect for €1 # ¢. From this remark, it follows that the
set G is a continuity set of the measure P; for all but at most countably many ¢ > 0. Hence,
from Theorem 9 in terms of continuity sets, the limit

s€Ky s€Kp

r}gr(}o CNnM (sup |f1(s) — C(s +ikhy)| < g, sup |f2(s) — {(s + ikhy, a)| < s) = Pg(@)

exists and, from (26), is positive for all but at most countably many ¢ > 0. The proof is
complete. [

Proof of Theorem 7. From Theorem 8, the relation Py a1, iy« NZ—OO> Py, jp,a holds. Let
Fy, i, « denote the support of the limit measure Py, j,, - Then, F,, j, , is a non-empty closed
subset of H2(A). Let Ge be the set from the proof of Theorem 6. Since (fi, f2) € Fy, hp,ar the
set G is an open neighborhood of the support of the measure P, j, . Therefore, from a
support property,

Pi iy (Ge) > 0.

Hence, from Theorem 8 in terms of open sets,
liminf Py ag i, iy (Ge) 2 Piy iy (Ge) > 0.
N—oo

This inequality proves the first statement of the theorem.

The second statement of the theorem follows from the same lines as that of Theorem 6
by using Theorem 8 in terms of continuity sets and the fact that Ge is a continuity set
of the measure P, j, , for all but possibly at most countably many ¢ > 0. The theorem
is proven. [
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5. Conclusions

We obtained theorems on the approximation of a pair of analytic functions defined
onastrip A = {s € C:1/2 < Res < 1} by the Riemann and Hurwitz zeta functions
using discrete shifts s + ikhy and s + ikhy, k € N, hy > 0, hy > 0, respectively, in short
intervals. We discussed the lower density (and density) of approximating shifts in the
interval [N, N + M] with

max (hfl(Nh1)27/82/ hgl(Nh2)27/82) <M< min(hfl(Nhl)lm, h;l(NhQ)l/z)

as N — co. Two cases were examined. Let H?(A) be two-dimensional space of analytic
functions on the strip D. For arbitrary parameter « of the Hurwitz zeta function and
arbitrary positive /1; and h, we obtained only the existence of a certain subset of H?(D),
the functions of which were approximated by the above shifts. In the case, when the
multiset {(h1logp : p € P), (hplog(m +a) : m € Ny),2m} is linearly independent over
the field of rational numbers, the set of approximated functions coincides with the set
{g € H(A) : g(s) #0or g(s) =0} x H(A).

Proofs of the results are closely connected to mean square estimates for the Riemann
and Hurwitz zeta functions in short intervals. The problem remains to obtain the above
results with a smaller lower bound for M. Having in mind the discrete universality for
Riemann zeta function with arbitrary h; and the universality of Hurwitz zeta function with
arbitrary parameter, we believe that the set of approximated functions may be identified in
the general case as well.
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