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Introduction

The search for universal principles in physics has long relied on symmetry and
conservation laws to classify and understand different states of matter. In re-
cent decades, however, it has become clear that another organising principle —
topology — plays a central role in shaping quantum phenomena [1, 2]. Unlike
geometric properties, which can change continuously, topological character-
istics remain invariant under continuous deformations, making them robust
descriptors of physical systems. This robustness has profound implications in
quantum theory, where topological invariants govern the stability of quantum
states and phases of matter.

A prominent example is the integer quantum Hall effect [3], in which the
Hall conductance is quantised in integer multiples of e?/h (elementary charge
squared divided by the Planck’s constant), each integer corresponding to a sum
of integer topological invariants known as the Chern numbers [4, 5]. Remark-
ably, topology ensures the quantisation of a macroscopic quantity rather than
a microscopic one (such as the energy of a single atom). By encoding global
properties of wave functions and Hamiltonians, it offers a powerful lens through
which to classify and predict exotic phases of matter, often beyond the reach
of classical paradigms.

A particularly versatile platform to explore topological effects is offered by
ultracold atomic gases in optical lattices [6], where properties of the system
can be engineered and probed with high controllability [7, 8]. Optical lattices
and artificial gauge fields [9-12] allow for the simulation of band structures
with tuneable topology [13-16], while advanced detection techniques provide
access to the geometric and topological properties of quantum states. Crucially,
ultracold atom experiments are not limited by impurities or lattice defects
inherent in solid-state materials, making them uniquely suited for exploring
topological phenomena under clean and adjustable conditions.

Beyond static systems, the role of external driving has opened new avenues
for engineering topological phases. Periodic driving, formalised through Flo-

quet theory, provides a route to dynamically modify band structures [17] and



induce effective Hamiltonians that host nontrivial topological properties [18—
24]. This approach, known as Floquet engineering, has enabled the realisation
of phases such as Floquet fractional Chern insulators [20, 25, 26], Floquet to-
pological insulators [27, 28], and anomalous Floquet topological insulators [18,
29-31], the latter ones having no static counterparts. Moreover, the interplay
between periodic driving and symmetry breaking has led to the discovery of dis-
crete time crystals — phases of matter that spontaneously break the externally
imposed discrete time translation symmetry into one with a larger period [32,
33]. Recent developments in time-crystal research [34-37] include the study
of time crystalline structures — closed quantum systems that are driven by
time-periodic external signals — with the aim to take advantage of thereby
induced regular periodic repetition observed in the time domain. In this way,
time is endowed with properties of an extra coordinate axis. In such scenarios
[38, 39], the time-periodic structure is indeed imposed externally; here one does
not need to rely on the favourable role of particle interactions for its spontan-
eous formation. Nevertheless, the manifestation of the periodic regularity in
the time domain is no less intriguing due to its ability to simulate the familiar
spatially periodic solid state systems and phenomena of the condensed-matter
realm. Systematic studies resulted in a growing list of condensed-matter phases
reproduced or generalised in the time domain: Anderson-localised and many-
body-localised states, Mott insulator states, as well as topological phases have
been reported [38-48]. A further extension was provided by the proposal of
time-space crystalline structures [49] that combine periodicity in time and in
space. Viewed as an introduction of synthetic dimensions, such time-space
lattices pave the way to potential doubling of the number of dimensions.

Another rich manifestation of topology in quantum physics emerges through
topological defects. They arise when the order parameter, which characterises
the state of the system, cannot be made continuous everywhere due to underly-
ing topological constraints. These defects cannot be removed by local perturb-
ations, as their existence is tied to the global structure of the order-parameter
space. In condensed matter systems, topological defects manifest in various
forms in ferromagnets, crystals, and superfluids [50, 2]. In the context of su-
perfluids and atomic Bose—Einstein condensates, the quintessential topological
defects are vortices, characterised by quantised circulation and phase winding
of the order parameter [51]. The study of vortices has broad implications, ran-
ging from quantum turbulence [52, 53] to connections with superconductivity
[54] and the structure of neutron stars [55-57].

This brief overview of the field highlights a multitude of paradigms involved
in our present understanding of different states of matter. It is the aim of

the present thesis to push the understanding further by drawing connections



between them, using topology as a unifying principle. In particular, we will con-
sider manifestations of topological phenomena in Floquet-engineered phases,
namely the time-space crystalline structures, elucidating the role of time in
systems with synthetic dimensions. We will also explore the properties of un-
conventional, strongly localised vortices in Bose—Einstein condensates, which,
although not topologically stable, will be stabilised by external driving.

Main objectives

The thesis achieves four specific objectives:

1. Realise the Thouless pumping in the time-space crystalline structures.

The following tasks were carried out:

(a) Formulate a model of a one-dimensional crystal that allows for a
realisation of the spatial Thouless pumping and incorporates driving

terms featuring an adiabatic phase.

(b) Find the parameter regimes such that the tunnelling between sites
of both the spatial and the temporal lattices is sufficient for particle
transport.

(¢) Study the pumping dynamics by tracking the spatially and tempor-

ally localised Wannier functions.

2. Propose a realisation of a topologically nontrivial eight-dimensional quantum

system. The following tasks were carried out:

(a) Formulate a model of a particle in a driven one-dimensional crystal
that incorporates two adiabatic phases and contains topologically

nontrivial quasienergy bands.

(b) Obtain a corresponding tight-binding Hamiltonian Hrp and decom-
pose it into two parts describing, respectively, the spatial and the

temporal lattices.

(¢) Confirm that each of the obtained Hamiltonians describes topolo-

gically nontrivial systems by simulating Thouless pumping.

(d) Find parameter regimes such that when two copies of Hrg are com-

bined, the resulting (quasi)energy spectrum remains gapped.

3. Develop a method for perturbative calculation of quasienergy spectra for
the case of resonant driving. The following tasks were carried out:

(a) Study the structure of the quasienergy operator in the extended
Floquet—Hilbert space and find a transformation that isolates the

degeneracies caused by the resonant driving.

9



(b) Derive the perturbative expansion for the transformed quasienergy

operator.

(¢) Test the accuracy of the theory by applying it to a resonantly driven

many-body quantum system.

4. Propose a method for stabilising tightly localised vortices in multicom-
ponent Bose-Einstein condensates and study their properties. The fol-

lowing tasks were carried out:

(a) Formulate an optical setup that allows for the creation of vortices

in multicomponent Bose—Einstein condensates.
(b) Study the resulting stationary states of the condensate.

(c¢) Find the regimes such that the ground state contains a localised

vortex in one of the components.

(d) Probe the superfluid properties of the system by using the localised
vortex as an impurity stirring the condensate, and find the critical

superfluid velocity.

Scientific novelty and relevance

The thesis presents the following novel developments:

1. Exploration of topological phenomena in the temporal dimension and in
dimensions beyond three (Chapters 2 and 3). The Thouless pumping
along the temporal dimension is demonstrated using a specific quantum
system realisable using ultracold atoms in optical lattices. Two-dimensional
pumping along the spatial and the temporal axes is studied, which is dir-
ectly related to the four-dimensional quantum Hall effect. The analysis is
extended to incorporate two physical spatial dimensions, resulting in an
effectively eight-dimensional topologically nontrivial system. Analysis of
the system is facilitated by rewriting the system Hamiltonian in a tight-
binding form, thereby putting space, time, and the additional synthetic
dimensions on an equal footing. The exploitation of the time as an ad-
ditional dimension and, more generally, emulation of high-dimensional
systems in low-dimensional settings is seen as an important step towards
learning to use the synthetic dimensions for practical purposes [58-61,
49, 62, 63]. The temporal Thouless pumping — proposed and studied for
the first time by the author and co-workers in Ref. [P1] and described in
Chapter 2 — has since been realised in a classical system in Ref. [64].

2. Extended degenerate perturbation theory for the Floquet—Hilbert space
enabling more efficient construction of effective Hamiltonians for reson-

10



antly driven systems (Chapter 4). This is especially relevant for many-
body quantum systems, where resonances are inevitable due to the dense
energy spectrum. Calculation of effective Hamiltonians is essential for the
analysis of many intriguing dynamical quantum many-body effects such
as prethermalisation [65-70], localisation [71-75], as well as emergence of
discrete time crystals [76, 32, 33, 77-81] and topological states [18, 20,
19, 28, 82].

3. Investigation of optically created vortices in a trapped multicomponent
Bose-Einstein condensate (Chapter 5). Creation of tightly localised vor-
tices in one of the components is presented using an optical setup. The
external driving allows for the stabilisation of unusual vortex configura-
tions that are not topologically stable. A localised vortex can be moved
around the trap, thereby stirring the other component. This can be used
to probe the superfluid nature of the condensate using a novel type of
impurity — one that is rotating around its axis. Both general studies of
vortices in the condensates [83-90] and movement of impurities therein

[91-99] stand as central topics in the field of Bose—Einstein condensation.

Statements of the thesis

1. An adiabatic variation of the phase of the periodic driving acting on
particles in a periodic potential (for example, ultracold atoms in an op-
tical lattice) manifests itself in the topological pumping in the temporal

dimension.

2. Spatial and temporal periodicity of a quantum system, unified in the
framework of time-space crystalline structures, allows one to realise a
topologically nontrivial eight-dimensional system using only two physical

spatial dimensions — without the use of internal quantum states.

3. The developed extended degenerate perturbation theory for the Floquet—
Hilbert space surpasses the conventional degenerate perturbation theory
in terms of accuracy while requiring less computational effort than the ex-
act approach, thus providing a practical method for calculating quasien-
ergy spectra of periodically and resonantly driven quantum many-body
systems.

4. The interaction of multicomponent Bose-FEinstein condensates with Laguerre—
Gaussian beams allows for the stabilisation of tightly localised vortices,

which can be created in a controllable manner.

11
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CHAPTER 1

Topological aspects of the quantum Hall effect

The present chapter serves as an introduction of the main topological con-
cepts used throughout the thesis. This brief review mostly concerns the in-
teger quantum Hall effect, which highlights the implications of topology on the
properties of quantum gases.

1.1 The integer quantum Hall effect

Consider a gas of electrons confined in a two-dimensional (2D) sample placed
in a magnetic field B perpendicular to its surface. As in the classical Hall
experiment, one is to apply a voltage drop in the x-direction and measure the
resulting Hall voltage in the y-direction, as shown in Fig. 1.1. In such a setup,
the quantities of central interest are the resistivity and conductivity tensors.
Specifically, the Ohm’s law pj = E is expressed in components as

() 0)-(2)

where j is the current density, p is the resistivity tensor, and F is the electric
field in the sample [100, 101]. In the framework of the classical Drude theory
[102, 101], the motion of an electron inside the sample is described by the

equation
dv

i

where m and v are the electron’s mass and velocity, respectively, and e is the

=—eFE—ecvxB-— mv, (1.2)
T

elementary charge. The scattering of electrons is accounted for by the mean
free time 7. The electric current density is then given by 3 = —epv, where o is

13
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Figure 1.1: A basic setup of the Hall-effect experiment.

the electron density. It follows immediately that in the steady state (such that

fl—’t’ = 0) the longitudinal resistivity reads
m
Pxx = 62,97'7 (13)
while the transverse resistivity is given by
B

The non-zero value of the latter quantity is responsible for the classical Hall
effect. At the most elementary level, one may assume that j, = 0 in the steady

state, yielding the transverse electric field

By = i (1.5)
Integrating (along y) over the width of the sample w, we find the well-known
relation
Uy = %I , (1.6)
€0
where Uy = —Fyw is the Hall voltage and I is the current along the sample.

Thus, the classical prediction is that p,, is independent of the strength of
the magnetic field, while p,, depends linearly on B.. However, experiments
using semiconducting heterostructure devices [103] have revealed that in strong
magnetic fields (> 1T) and at low temperatures (mK regime), p,,, depends on
B, in a step-like fashion, as shown in Fig. 1.2. Moreover, when p,, reaches a
plateau, the longitudinal resistivity p,. vanishes, leading to dissipationless flow
of current (for a related recent experiment see, e.g., Ref. [104]). Authors of the
original experiment [3] have recognised that the value of p,, on the plateau is

given by the simple expression

2nh 1
Pay = - (1.7)

b
e? ¢

14
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Figure 1.2: Experimental data of measurements of p;, and pz., adapted from
Ref. [105]. The values of ¢ [see Eq. (1.7)] for some of the plateaus are indicated.

where c is an integer. Remarkably, the resistivity of the sample is quantised
and is given in terms of fundamental constants, with no dependency on the
properties of the sample.

Shortly after the experimental observation, a full quantum-mechanical treat-
ment of the problem has been performed [4] using the linear response theory for
the 2D non-interacting electron gas moving in a periodic (crystal) potential in
the presence of an external magnetic field. In modern terminology, the result
is stated as follows [106, 101]. First, let us consider a gas of noninteracting
electrons in a periodic potential without the magnetic field. At zero temperat-
ure, the ground state is constructed by consecutively filling the energy bands,

1)

starting from the lowest one. The conductivity tensor’, characterising the re-

sponse of the system to an external electric field, can be calculated using the

current—current correlation function. The Hall conductivity oy = —o,, reads
— 62 (n) 1.8
OH = h Z vy, (1.8)

nefilled

where the summation is over the filled bands. The quantities being summed
are the so-called first Chern numbers, which are integer-valued topological in-
variants characterising the energy bands. The first Chern number of the nth
energy band is given by

n 1 n
) = g/ﬂ a2k Q" (k), (1.9)

1) The conductivity tensor o is the inverse of the resistivity tensor p, so that Oy =
—p . 1
?ﬁg. On a plateau, pzz = 0 leading to ozy = ey

15



where the integrand is the Berry curvature

Q) (k) = 0, ALY () — 01, AL (k) (1.10)

x

defined in terms of the Berry connection
AP (k) = —i(ug" 05, ug). (1.11)

Here |u§:)> is the cell-periodic part of the Bloch state-vector, while k denotes
the 2D quasimomentum lying in the Brillouin zone 0 < k;, k, < 27/a, with a
being the period of the potential. The Brillouin zone is thus a two-torus (72).
We also adopt the notation |8ku§c")> = Ok, u;cn)>

Importantly, o is odd under time reversal, meaning that a nonzero value

of oy can be obtained only if the Hamiltonian of the system breaks the time
reversal symmetry [107, 108]. The external magnetic field, present in the
quantum Hall experiments, plays precisely the role of breaking this symmetry,
leading to nonzero Hall response. In a magnetic field, the spectrum of a 2D elec-
tron consists of equidistant Landau levels separated by fiw., where w. = eB/m
is the cyclotron frequency. Each level has a macroscopically large degeneracy
of N = eBS/2mh states, where S is the area to which the electron’s motion is

restricted [109, 101]. Upon imposing a periodic potential

U(x,y) =20 (cos 27% + cos 27;:(;) , (1.12)
one finds that, in the weak-field limit (Uy < fw,), the energy spectrum can
only be calculated if the magnetic flux & = Ba? piercing an elementary lattice
cell can be expressed as a rational number: ¢ = g@o, where @y = 2whi/e is the
flux quantum, while p and ¢ are coprime integers [110, 111, 4]. In this case,
each Landau level broadens and splits into p subbands, leading to a peculiar
fractal structure of the energy spectrum when plotted as a function of @y /P, as
shown in Fig. 1.3. The equations (1.8)—(1.11) are then directly applicable for
each subband with the following modification: the quasimomenta now lie in a
magnetic Brillouin zone such that 0 < k; < 27/ga and 0 < k, < 27/a, while
the Bloch modes in the coordinate representation, ug)(w) = <w|u§:)>, are now
defined in a magnetic unit cell 0 < x < ga and 0 < y < a. However, in this
case the Chern number VY) for the rth subband (r = 1,...,p) can be more
easily calculated from the Diophantine equation [4]

p

r = 8.q+ t;p, [sy| < 2 (1.13)

16
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Figure 1.3: Hofstadter’s butterfly [110] — the energy spectrum of a particle in a
magnetic field with a simultaneously imposed periodic potential. The problem con-
tains a duality leading to a double interpretation of the spectrum [111, 4, 112, 113]:
Assuming the parameter « on the abscissa is the inverse magnetic flux @¢/®P, the
spectrum shows the splitting of a Landau level in the presence of a weak periodic po-
tential, Uy < hw.. Alternatively, taking the parameter « to represent the magnetic
flux @/, the figure displays the splitting of the tight-binding Bloch band caused by
a weak magnetic field (Up > hw.). The displayed spectrum is calculated at a set of
rational values o = p/q, with 1 < p < ¢ < 49. For each value of a, exactly g subbands
separated by gaps emerge (however, for ¢ even, the subbands touch at £ = 0 [111]).

having unique integer solutions® (sr,tr). The Chern numbers are then given
by 1/5 M = t, — ty—1 (with tx = 0), while the integers tr yield the Hall con-

8) for r filled subbands since ¢, = Y .._; 1/1 . Solving Eq. (1.13)
for r = p, we find that the sum of the Chern numbers of all subbands consti-

ductivities (1.

tuting a Landau level is equal to one: ¢, = 1. Each fully filled Landau level
thus contributes a Chern number of one, explaining the relation (1.7) — since

Cnetineatt”
nefilled 1
levels.

c = this number is simply the number of fully filled Landau

In the pioneering experiments [3, 105], the splitting of the Landau levels
into subbands could not be observed — even though the periodic potential
broadens the levels, the resulting bandwidths are too small to be detected.
The total bandwidth is suppressed by the factor of order e=%0/® (see, e.g.,
Refs. [112, 114]; this factor is normalised away in Fig. 1.3), and for a lattice
constant of 2 A and magnetic field of 10 T one finds ®,/® ~ 10%. Observation
of the fractal spectrum therefore requires creating structures with increased
lattice constant. This has been achieved in Ref. [115] using patterned semi-
conductor heterostructures with periodicity of ~ 100 nm, allowing for reaching
®o/P ~ 0.5 and detecting the large gaps between the subbands in the vicinity of

2) There are no solutions when r = p/2 with p even, consistent with the fact that the
middle subbands touch and close the gap at E = 0 (see Fig. 1.3).

17



a =1/2 (see Fig. 1.3). Another observation of the spectrum has been reported
in Ref. [113] with the help of graphene sheets, realising the so-called moiré
lattice with a periodicity of a ~ 15 nm.

In the opposite case of a strong periodic field (Uy > hw.), one can concen-
trate on the tight-binding limit described by the Hamiltonian of the form

H=>Y"Jjala,, (1.14)
(id)

where d;r and a; are creation and annihilation operators acting on the ¢th
lattice site, J;; is the tunnelling strength, and summation is performed over
all nearest neighbours (a 2D square lattice is assumed in what follows). The
energy dispersion relation (with no magnetic field present) of the corresponding
Bloch band then follows as

E(ky, ky) = 2Up(cos kya + cos kya), (1.15)

where we assumed J;; = Up. In the presence of a magnetic flux per plaquette
equal to @ = %(150, the Bloch band splits into ¢ subbands, again yielding a
fractal energy spectrum [110]. It has exactly the same appearance as shown in
Fig. 1.3, this time plotted as a function of @/®y. The Hall conductivity can
likewise be found from the Diophantine equation (1.13), except that ¢,., rather
than s,, is constrained according to |t,.| < ¢/2, and r = 1,...,q [4]. Solving
this modified equation for r = ¢, we find that the sum of the Chern numbers
of all subbands constituting the Bloch band vanishes: ¢, = 0.

The physics of the tight-binding limit have been experimentally simulated
using ultracold atoms in optical lattices, with the effect of the magnetic field
realised via an artificial gauge field [116, 14, 15]. Such an approach allows one
to engineer the flux @ directly (rather than tuning ¢ and B), which is encoded
in the phase of the complex tunnelling strengths J;;. In these experiments, the
ratio @/®y can be tuned in the full range from 0 to 1; the value of /Py = 1/4
has been realised in the experiment of Ref. [16], and the Chern number of the
lowest subband has been measured.

We note in passing that the appearance of a fractal spectrum in physical
systems does not necessarily require the presence of a magnetic field, either real
or synthetic one. For example, as shown in Ref. [117], a simple one-dimensional
tight-binding lattice model with uniform and real hopping strengths and mod-
ulated onsite energies V; = V cos(2maj) leads to an energy spectrum similar to
the Hofstadter one when plotted as a function of the rational parameter a.

So far, we have considered the case when a number of Landau levels (or

the constituent subbands) are fully filled. However, the extended plateaus in
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Fig. 1.2 clearly show that each quantised value of p,, persists over a wide
range of magnetic fields, i.e., even when the filling of the levels is varied. This
feature can be explained by disorder present in the system [103, 101]. Disorder
broadens the Landau levels, but also results in the emergence of two kinds of
states: localised ones, which do not contribute to conductivity, and extended
ones, which do contribute. Suppose now that the lowest Landau level is fully
filled, resulting in p,, = 27h/e?, and we begin filling the second level®. We
have to start filling the states in the lower ‘tail’ of the second Landau level,
which, however, correspond to localised states and therefore do not contribute
to conductivity and do not change the value of p,,. Only when we fill all
the localised states in the tail and start populating the extended states does
the value of p,, start to change. It should be noted, however, that effects
other than disorder can also give rise to the plateaus, and the full picture is

considerably more complicated [118, 119].

1.2 The relevance of topology

Let us now discuss the mathematical structure of Egs. (1.9)—(1.11). The Berry

connection (1.11) corresponds to a one-form (we omit the band index n)
A = —i (ug|dug) (1.16)

defining a connection on the principal fibre bundle®*) P(M,U(1)), where the
base manifold M is a two-torus in k-space [120]. Here d is the exterior deriv-
ative operator in k-space, so that |dug) = |0, ug)dk?; henceforth we adopt the
repeated indices summation convention. The curvature two-form is then given

by £ = dA and the first Chern number is expressed as

1

vy = —
2 M

(1.17)
This formulation closely resembles the description of electromagnetism, provided
we identify A with the electromagnetic gauge potential one-form and 2 with

the electromagnetic field two-form.

3) In the semiconductor-based experiments, this can be accomplished by decreasing B, thus
reducing the degeneracy of the lowest Landau level and hence transferring electrons to the
second level. Alternatively, one can directly increase the number of carriers in the sample,
as has been done in the original experiment [3] by changing the gate voltage in a MOSFET
device.

4) To specify the bundle, we add that the total space is the manifold of states el¥|uy)
with ¢ € [0,27) and k € M; the projection is given by m(e'¥|uy)) = k; the fibre at k is the
manifold of states e!?|ug) with ¢ € [0, 27); the typical fibre F is topologically a unit circle
S1; the structure group G is U(1). Since F' is isomorphic to G, we are dealing with a principal
fibre bundle. A specific choice of ¢ for every k, described by a function ¢(k), corresponds to
fixing the gauge and provides a section on M.
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Notably, [,,Q = [;,, A by Stokes theorem (where M is the boundary
of M), which seems to imply v; = 0 when M is a closed surface, since such
a surface has no boundary (M = ) [120]. A famous ‘counter-example’ is
provided by Dirac’s magnetic monopole characterised, by convention, by the
field two-form® Q = idcosf A dp, where g is the ‘magnetic charge’ [121].
A direct evaluation of the integral (1.17) over a sphere S? yields®) vy = g/2m,
which is not identically zero. Moreover, since this integral is the Chern number,
the quantity ¢g/2m has to be quantised (in units of the magnetic charge, since
this is the dimension of our ). The failure of the Stokes theorem is explained
by recalling that it is valid only if A is well-defined everywhere in M. In
the usual problems in electromagnetism, the gauge potential A can indeed be
defined globally, implying trivial topology of the associated fibre bundle. In
case of the field created by the Dirac monopole, the gauge potential A cannot
be well-defined globally and we are forced to introduce at least two potentials.
For example, we can use As = ;= (cos —1)dyp, which is well-defined everywhere
except the south pole (6 = 7), and Ax = 4= (cos § 4 1)d¢p, which is well-defined
everywhere except the north pole (§ = 0). The two potentials have to be related
by a gauge transformation: Ay = As+df corresponding to the transformation
of the wave function ) — tbe!#/("), The evaluation of the integral in (1.17) in
terms of A then proceeds by splitting the integral over S? into a surface area
SN surrounding the north pole and the rest if the sphere:

/Q:/ Q+/ Q:/ As+ [ Ax
M (S2—Sn) Sn 8(S2—Sx) 85N
~[ v-a9= [ ar
6SN as’N

Here the gauge potentials are well-defined in their respective integration do-

(1.18)

mains, allowing one to use the Stokes theorem. To compute the final integral,
we note that the single-valuedness of the wave function requires that the change
of the phase factor £ f accumulated along a closed path be equal to an integer
multiple of 2. Thus,

V1

1 h
= — df =-n, neZ, (1.19)
27 8SN e

explicitly showing the quantisation of the Chern number. Combined with our

5) Such an expression implies the magnetic field B = —Z5e,, where e, is the unit vector
in the radial direction. The magnetic charge therefore has the unit of weber in the convention
used here.

6) The fibre bundle relevant for the problem of a magnetic monopole is also a principal
U(1) bundle. This time the base manifold is the Euclidean space with the origin excluded:
M = R3\{0}. However, this space is of the same homotopy type as S, which allows us to
set M = S? as far as the calculation of the Chern number is concerned [120].
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previous result (v; = g/2m) this leads to Dirac’s charge quantisation condition
g= QLehn Alternatively, assuming ¢ is known, this allows one to find n.
Crucially, the result (1.19) does not depend on the specific functional de-
pendencies of Ag and A since the calculation ultimately amounts to an in-
tegration of df around the singular point (the north pole in the gauge chosen
above). Therefore, the value of 11 will remain unchanged under arbitrary de-
formation of ) provided the number of singular points remains unchanged.
The quantum Hall effect is likewise a manifestation of nontrivial topology
of the fibre bundle in question. Namely, the nonzero Chern number indicates
that the connection (1.16) cannot be well-defined for all points in the BZ sim-
ultaneously [106]. An important consequence of the topological nature of the
effect is its robustness against perturbations: The value of the Chern number
depends on the eigenstates but not the eigenenergies; hence even if the spec-
trum of the Hamiltonian changes, the Hall conductance remains the same [122].
The only restriction on the change of the Hamiltonian is that the energy band

under consideration remains separated from the other bands by a gap [107].

1.3 Topological pumping

The non-trivial topology of the bands also manifests itself in the phenomenon
of the quantised particle transport, also known as Thouless, topological, or
adiabatic pumping [123, 124]. Let us consider a 1D quantum particle described
by H= % + V localised in a single site of a periodic potential

V(z) = Vs cos®(sz) + Vi, cos? (z + ©,). (1.20)

Here s is an integer controlling the number of sites per unit cell of a lattice;
the case s = 2 is shown in Fig. 1.4(a). By adiabatically changing the phase
@, from 0 to m, it is possible to transport the particle by one period of the
lattice. More generally, the displacement (in units of the lattice period) per
one pumping cycle of a particle in the nth band of the lattice is given by the
first Chern number [125-127]:

27 T
1
Y %/d@/d% Qéﬁ{pm(kr,%). (1.21)
0 0

Here Qgc:sz (kz, ps) is the Berry curvature calculated according to (1.10), with
¢, playing the role of k,. Explicitly, plugging (1.11) into (1.10) with the said

identification, one obtains

O — 250, ul™ |0, ul™ ). (1.22)

z P kz Pa koo
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Figure 1.4: Illustration of the spatial Thouless pumping. (a) Wannier functions
(shades of blue and red) of the two energy bands localised in the sites of the poten-
tial (1.20), shown in grey, at a fixed value of 5. A total of 3 cells is shown, each
containing s = 2 sites. (b) Energy bands as functions of the pumping phase ¢, and
quasimomentum k.

Notably, if the phase ¢, is varied adiabatically, it can be considered to be a
periodic parameter of the Hamiltonian and treated as the quasimomentum.
Consequently, the same arguments for the quantisation of the double integral
(1.21) remain valid. Likewise, Eq. (1.21) is valid as long as the energy band
remains separated from the neighbouring bands by a gap for all k, and ¢, [an
example is shown in Fig. 1.4(b)], and the resulting displacement is insensitive
to deformations of the bands as long as the gap remains open.

The present continuous model can be mapped to a tight-binding description,
revealing a connection to another topological invariant. Using the Bloch wave
functions of the energy band of interest, one can construct the Wannier func-
tions w;,, (x) localised at each ith site of the lattice. Then, the tight-binding
Hamiltonian is obtained according to

Hro(ps) = Y Jij(ea)eley,  Jig(en) = (wig, |H(pa)lwjp,),  (1.23)

(ij)
where the summation is over all nearest-neighbour sites, with longer range
couplings disregarded. In the present case of a lattice having two sites per cell,
we can introduce the operators a' and bt creating particles at the respective

sites and rewrite Hrp in the form of a Rice-Mele Hamiltonian [128]

ﬁTB(‘Pz) =- Z[Jl(%)?);r&i + Jz((pm)&j_‘_li)i +H.c]

: o (1.24)
+ > Alpa)(@la; — blb;).
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Here, the sums run over the lattice cells. The intuitive meaning of parameters
J1, Jo, and A is depicted in Fig. 1.4(a). In the Rice-Mele picture, the dis-
placement per pumping cycle is given by the winding number (with respect to
the origin) of the curve £(p,) traced in the course of a pumping cycle in the
plane of parameters J; — Jo and A [126, 127]. Once again we emphasise that
only the winding number rather than the specific shape of £(p,) controls the
displacement, leading to the insensitivity of the effect to perturbations.

The Thouless pumping has been realised experimentally using optical lat-
tices loaded with ultracold fermions [126] and bosons [127], confirming the

validity of the above equations.

1.4 Higher Chern numbers

The identification of the adiabatic phase ¢, in the pumping protocol with the
quasimomentum suggests the possibility of simulating higher-dimensional sys-
tems. For example, a topological pump in a 2D spatial lattice is characterised
by two quasimomenta k;, k, and two phases ¢, ¢,. Interpreting the lat-
ter two as quasimomenta of additional synthetic dimensions (let us call the
corresponding axes v and w, respectively), we can effectively simulate a 4D
crystalline structure and study possible responses. First, we note that in the
usual quantum Hall effect, observed in 2D systems [that is, (24 1)-dimensional
spacetime], the response of the system in terms of the electric current density
can be expressed as [122, 106]

G* o vy e, Ay, (1.25)

where the greek indices run from 0 to 2, €*?} is the totally anti-symmetric
symbol, and A, is a component of the electromagnetic gauge field. Meanwhile,
in a 4D system [(4 + 1)-dimensional spacetime], the response to external fields
generalises to [122, 106]

G o vaetP T, AND, Ay, (1.26)

where the indices run from 0 to 4. As in the ordinary 3D case, the electro-
magnetic field tensor is defined as F),, = 0,4, — 0, A, the electric field along
the ¢-axis is given by F; = Fp;, and the magnetic field perpendicular to the jk
plane is Bj, = Fjj (here, the latin indices run from 1 to 4). In terms of the

fields, the above expression takes the form

jl 0.8 l/gélijkBijEk. (127)

23



Crucially, the response is quantised, and for the (effective) 4D system it is
characterised by the second Chern number v5. For instance, this means that
the conduction along the z-axis will be quantised if one applies an electric field
along the synthetic axis w and a magnetic field perpendicular to the vy plane.
This has been confirmed in an experiment realising 2D Thouless pumping in a
2D photonic wave guide array [129]: the ‘electric field’ E,, is realised using an
adiabatic phase ¢,, while the ‘magnetic field’ B,, is created by ensuring that
the on-site energies of the 2D real-space lattice which the model is mapped to
are modulated along y. Similar effects emerging in an effective 4D system have
been experimentally explored in Ref. [130] using ultracold atoms.

To introduce the second Chern number, let us consider the Hamiltonian
HE)(R) = H® (ky, p0) + HY (ky, 0,), (1.28)
where the parameters of HEY) are gathered into a formal vector

R = (ka, 02, ky, ¢y), (1.29)

and the two terms describe 1D lattice systems, featuring periodic potentials
such as the one given in Eq. (1.20). The eigenstates of HEY) are given by the
tensor products of the eigenstates of H® and H®:
l m n
ul) = [uf™, )& \u,gy{%>. (1.30)

Such an eigenstate corresponds to the eigenvalue E(l)(R) given by the sum of

the eigenvalues corresponding to the states |u,(€7:101> and |u](£) L

EY(R) = B (ky, 0.) + E™ (ky, ). (1.31)

The superscripts indicate band indices; the spectrum of H(@v) ig therefore also
assumed to be banded. Moreover, let us assume that the lowest band results
from combining only the lowest band of H®) and the lowest band of H®). In
this case, the resulting band will be non-degenerate in the sense that a given
set of parameters R will uniquely determine the energy E()(R). (This will
not be the case if, for example, the lowest band of H(*v) originates from a
combination of the lowest band of H®) and two lowest bands of H®).) The

second Chern number is then given by [59]

1 1
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where the curvature {2 = dA with the connection
A= —i({ur|dugr). (1.33)
Explicitly, the resulting components of the curvature €2 = %Qlj dz® A dz? are
Qi =23 (0iur|djur) , (1.34)

where 0; = Or,. We note in passing that in the degenerate case, one has to
work with a non-Abelian (i.e., matrix-valued) connection A having components
A = <u‘h\dul}_—t>, where the indices a and b enumerate the degenerate states.
The curvature is then given by Q = dA 4+ A A A [120].

Let us show that when the total system is separable as in Eq. (1.28), the
second Chern number of a nondegenerate band is given by the product of
the first Chern numbers of the constituent bands. Noting the antisymmetry
Qi (R) = —Qj;(R), we find that the unique elements of §;; are given by

Qo = 2 (Ok, Uk, 0.0 | O Uk o) (U0, [Uky 0, ) = Do

Qi3 = 29 (O, Uk, 0 Uk 00 ) (Uky 0, 1O, Uk, 0,) = 0,

Q14 = 23 (O, Uk, 0 | Uk 00 ) Uk, 0, [0, Uk, 0,) = O, (1.35)
= 2 (Uk, 0, |0, Uy 0, ) <ak Uky 0y | Uk, w) =0,
= 23 (O, Uk, 00 [Uky 00 ) (Uky 0, |0, Uk, 0, ) = 0,
= 29 (Uky 0 Uk 00 ) (O Uy oy 1Oy Uy 0, ) = Ry, -

In the first and the final lines we recognised that the results are equal to
the corresponding Berry curvatures of the bands of the 1D Hamiltonians [see
Eq. (1.22)]. To prove the remaining zero equalities, consider {213 as an example.
Applying 0y, to both sides of the equality (u, o, |tuk, ,,) = 1 one finds

2% <8kzukz,% |uk17¢z> =0. (136)

Therefore, the term (Ok, Uk, p, |Uk, . ) 1S purely imaginary, and so is the term
(Uk, o, |0k, Uk, ,)- Their product, featured in i3, is then real, leading to
Q13 =0.

The curvature two-form thus decomposes to a sum of the curvatures of the
1D Hamiltonians:

1 ) )
Q= gaideZ AdR? = Q15dRY A dR? + Q34d R A AR (1.37)

25



Inserting this into Eq. (1.32), we get the anticipated result

1
(2m)?

1
= G / Q. dkpd, / O, o, dkydipy (1.38)

2.

Uy = / 0150534 AR AdR? AdR? A dR?

:1/£

Remarkably, by the same topological argument mentioned in Section 1.2,
the value of vy is insensitive to continuous deformations of the Hamiltonian
H@Y(R). Therefore, the relation (1.38) for the lowest band holds even if
the Hamiltonian is not separable, provided this band represents a continuous
deformation of the lowest energy band of a separable Hamiltonian [122].
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CHAPTER 2

Thouless pumping in time-space crystalline

structures

We begin the application of topological concepts with a theoretical exploration
of the realisation of the Thouless pumping in time- and time-space crystalline
structures. The concept of time-crystalline structures will be introduced and
thoroughly explained. We demonstrate that an adiabatic variation of the ex-
ternal driving can lead to quantised particle motion in the temporal dimension.
To this end, we consider adiabatic pumping of a quantum gas in a 2D time-
space crystal realised by a resonantly driven optical lattice. We study three
possible processes: pumping in the temporal dimension, spatial pumping, and
simultaneous pumping in both dimensions. As noted in Section 1.4, a 2D Thou-
less pump may be used to study the 4D quantum Hall effect, and hence the
setup proposed here enables one to probe 4D physics with just a driven system

of a single spatial dimension.

2.1 Model

We base our demonstration of the time-space Thouless pumping on the 1D

Hamiltonian of the form

A

H:ﬁ(ﬁwvxkpa:)+§S($7t)+£L($7t“pt)- (2'1)

The first term is the unperturbed spatial Hamiltonian,

ﬁ(ﬁr,xkpx) = ﬁi — Vs 6052(2:10) -V COS2($ + ©z), (2.2)
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which is typical for setups demonstrating the Thouless pumping in the real
space [126, 127]. Here, p, is the momentum operator, Vs and Vi, control,
respectively, the depth of the ‘short’ and the ‘long’ optical lattices, while the
relative phase ¢, has to slowly scan over a period of length 7 to realise a
pumping cycle. In this chapter, we use the recoil units for the energy h%k? /2m
and length 1/kp,, with kr, being the wave number of the laser beams that create
the optical lattice, and m being the particle mass. The unit of time is & divided
by the energy unit.

To engineer the Thouless pumping in time, we introduce the time-dependent

perturbations

£s(x,t) = Agsin?(2z) cos(2wt), (2.3a)
&L(z, t|or) = Ap cos? (2x) cos(wt + ;). (2.3b)

The factors As and A, denote the overall strength of these perturbations. As we
will demonstrate shortly, the time-periodic dependencies cos(2wt) and cos(wt+
¢) enable us to introduce a pumping setup based on a periodic structure in the
time domain. The role of the phase shift ¢, is to allow for slowly changing the
relative displacement between the two emerging time lattices. In this work we
choose the driving frequency w = s§2, where the resonance number s = 2, while
2 is the gap between neighbouring energy bands of h which we wish to couple
by the external perturbation. The combination of perturbations oscillating as
282 and 412 allows us to create a ring of four sites (two cells with two sites per
cell) in the temporal direction. To ensure sufficient hopping strength between
the sites of the spatial lattice, we study highly excited states of h that occupy
bands near the top of the spatial potential wells. The corresponding value of {2
is easily determined by diagonalising h. Since the phase ¢, changes the spatial
potential and thus the unperturbed energy spectrum, we additionally fine-tune
the value of 2 (or w directly) to keep the spatial hopping adequate for all ¢,.

We note that the temporal phase ¢; is not a parameter of the unperturbed
system, but rather a parameter of the perturbation. Moreover, ¢, and @
change in time in the Thouless pumping protocol. In order not to destroy the
time crystalline structure which is created by resonant time-periodic driving of
the system, ¢, and ¢; must not change appreciably during a single period T'
of the driving, i.e., T(dp, . /dt) < 2.
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2.2 Quasiclassical analysis of the temporal Thouless pump-
ing

It is instructive to start with the analysis of a 1D time crystal, whereby a
particle is confined to a single potential well and the spatial periodicity plays

no role. We can consider our model Hamiltonian

H(px, Z, t) = h(px, x|30r) + fg(x, t) + gL(x’ t|90t) (2'4)

as a classical entity and use the action—angle representation of the unperturbed
Hamiltonian h(I), with the action I and angle 6 € [0,27) constituting a pair
of canonical variables [131, 132]. Specifically, the action variable is defined for
a 1D time-independent Hamiltonian [h(p.,z[p,) in our case] as the integral of

momentum along a periodic orbit

=L 9§px dz. (2.5)

2

The angle 0 is the position variable of a particle on a periodic trajectory that
changes uniformly in time, (¢) = 2t46(0), where the frequency of the periodic
motion is determined by 2 = Oh(I)/OI (while 6(0) is an arbitrarily chosen
initial phase). For a time-independent system, the action I is essentially a
rescaled energy (which is conserved), while 6 is the phase of the periodic motion.
In this case, the periodic motion of a classical particle confined to a single lattice
site of the potential in h is represented in the (I, ) phase space by straight lines
1(0) = const. Meanwhile, a time-dependent perturbation causes formation of
‘resonant islands’ (see below) that contain closed orbits in the vicinity of the
resonant value of action I such that 2 = [8h(])/8[]‘1g
integer [133]. Analysis of the motion may be simplified by transitioning to the

= w/s where s in an

frame moving along the resonant orbit and applying the secular approximation,
whereby the oscillatory terms of the Hamiltonian are dropped. We give all the
details of this calculation below.

Setting ¢, = 0 and performing a transformation to the action—angle vari-
ables, we obtain

H(I,0,t) = h(I) + As cos(2wt) Qs (I, 0) + A cos(wt + 1) QL (L,0),  (2.6)

where Qg(z) = sin?(2x) and Qp(r) = cos?(2x) [see Eq. (2.3)] — we have
chosen different functions for Qgs(z) and Qy,(x) but one can also choose sin(2z)
[or cos(2z)] for both of them. The spatial Hamiltonian h(I) does not depend

on 6, and the #-dependencies of the perturbations can be represented as Fourier
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series

Qg(1,9) Z Qi (1) e (2.7)

m=—oo
We choose our working point in the vicinity of a certain resonant trajectory
corresponding to a given value of the action I, and the corresponding intrinsic
frequency f2. Switching to the rotating frame according to © = 6 — 2t and
averaging out the rapidly oscillating terms, we express the long perturbation

as
1 s (or—s
&L = 5/\L Qé)(ls) el(LPt ©) +c.c.|. (28)

Writing the complex number QS)(I s) in the polar form

Q) (I,) = Ap e, (2.9)
we cast this result into
&L = ALAL cos(sO — x1 — ¢). (2.10)

In complete analogy, the short perturbation is written as
fs = ASAS COS(QS@ — Xs), (2.11)

where Age'Xs is the polar form of Q(QS)( Iy).

We also expand h(I) around I to the second order in I,
1
h(I)=h(Is)+ (I —I)2 + ih”(ls)(lf[s)z. (2.12)

Noting also that the time-dependent canonical transformation introduces an
additional term —I€), we finally derive the effective Hamiltonian

2

Heﬂ‘ - [h(IS) - QIS] —|— m

+ Uest, (2.13)

with P = I — I,. Here we have also defined the ‘effective mass’ M = 1/h" (1),

which is negative, and the effective potential
Uet(©) = AgAg c0s(250 — xs) + AL AL cos(sO — x1, — ¢1) (2.14)

representing a periodic potential in the moving frame. For s = 2, we obtain
a lattice of two elementary cells, each consisting of two sites arising from the
double-well structure.

In order to verify the validity of the secular approximation, we produce a
map of the motion of a particle in the (I, 6) phase-space governed by the sec-
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Figure 2.1: Phase-space maps of the particle motion governed by the secular effective
Hamiltonian (2.13) (left panel) and the exact Hamiltonian (2.6) (right panel). The
yellow line in the left panel indicates the working point I, = 24.3. The map in the
right panel was generated by numerically integrating the classical equations of motion
resulting from the exact Hamiltonian (2.6) and registering particle’s position (6, 1)
stroboscopically at the intervals of the lattice driving period. The following values
of parameters were used: Vs = 7640, Vi, = 2, w = 410, s = 2, As = 100, A\r, = 40,
pz =0, and ¢ = 7/2.

ular effective Hamiltonian (2.13), as shown in Fig. 2.1, left panel. The right
panel displays the map obtained by integrating the exact equations of motion
resulting from the Hamiltonian (2.6) and by registering particle’s coordinates
and momenta stroboscopically at the intervals of the lattice driving period.
Such a stroboscopic, rather than continuous, picture precisely corresponds to
the secular approximation, which only provides the information on the dynam-
ics averaged over the driving period. Once a point (z,p) is registered, the
transformation to the (I,6) coordinates is performed as follows. The corres-
ponding action [ is given by the action that the particle would have had if it
had been found in a phase-space point (z,p) while evolving under the unper-
turbed Hamiltonian. Then, the angle 6 is found as the phase of motion that
the particle would have had if it had been found in a phase-space point (x,p)
and possessing action I while evolving under the unperturbed Hamiltonian.

Comparing the two plots in Fig. 2.1, we conclude that the resonant islands
where the quantum states we are interested in will be located (in the quasi-
classical sense) are well reproduced in the exact picture, and hence that the
secular approximation is valid for the considered strength of the perturbation
(i.e., values of Ag and Ar).

We are now in position to quantise the classical effective Hamiltonian (2.13)
by changing © — © = © and P — P = —id/90O:

A 1 02
Heff - [h(IS) - QIS] — m@

+ Uet (O). (2.15)
It is immediately clear that this Hamiltonian describes a particle in a periodic
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potential (with © being the coordinate), which stems from the time-dependent
perturbation. Therefore, it is quite natural to call the resulting potential a
time-crystalline structure [36].

In complete analogy with conventional space crystals, we may consider the
limit of a large number of cells, s > 1 (while © € [0,27)). In that case,
the eigenstates of Hamiltonian (2.15) are Bloch waves given by 1/1,(:)(@) =
eikt@ugj)(@), where k; is the time-quasimomentum, n is the band index, and
u,(:)(@) = ué’?(@ + 2m/s) are cell-periodic functions [49]. We can expect the
energy bands, parametrised by k; and ¢y, to possess non-trivial topology, which
can be quantified by the Chern number. It is given by Eq. (1.21) with the
identifications k, — k; and ¢, — ;.

To study the properties of ﬁeff, we proceed to its numerical diagonalisation,

which is rather straightforward: In order to solve the eigenvalue problem

Hegto5(©) = Egtp(©) (2.16)

under periodic boundary conditions, ¥3(0) = ¥3(© + 27), we expand the
eigenfunctions in the basis of plane waves (O|j) = ¢7© /y/27, j € Z, which are
orthonormal on © € [0, 27):

¥p(0) = \ﬁ Z ) eli®. (2.17)

]_—OO

This leads to the following matrix elements:

el = |ni2.) - 1, +2;4]5

AsA . .

+ %(53",]425 e 0 jos XS (2.18)
ALA . .

+ LAL (5j/,j+8 e—l(XL-‘rSDt) + 5],/’]_75 el(XL"l“Pt)).

2

Another ingredient needed for the analysis are the Wannier functions, which
are localised superpositions of the stationary states of H.g. They may be found
by diagonalising the position operator. In the case of a periodic system, we

take this operator in the form e'® [134, 128]. Its matrix elements follow as

(g [e®|ths) = Z e (2.19)

j=—00

Numerical diagonalisation of this operator yields the coefficients dé‘a) that allow
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Figure 2.2: Adiabatic pumping in a two-cell time crystal simulated based on the
quasiclassical approach. The values of parameters are the same as used in producing
Fig. 2.1. (a) Energy levels Fg of quantised effective Hamiltonian (2.15) versus the
adiabatic phase ¢;. (b) Wannier functions |wa(0)|? superimposed on the effective
potential (blue curves) Ueg at ¢: = 0 and ¢ = w/2. The scale of the y-axis relates
to the potential. The Wannier functions are depicted in arbitrary units; they are
positioned such that the flat tails mark the corresponding mean energies (wq |I:Ieff|wa).
(c) Changes of the Wannier functions |w,(0)|? as ¢, scans across a complete cycle
of length 2m. The shaded areas indicate the extent of the two temporal lattice cells

(v=1,2).

us to express the Wannier states as

wa(©) =Y di s (6). (2.20)
B

Once we calculate the eigenvalues of H_g, we look for the highest ones since
in the case of negative mass the energy spectrum is bounded from above. Four
highest energy levels calculated repeatedly as the adiabatic phase ; is varied
are shown in Fig. 2.2(a). We interpret the two highest levels (8 = 1,2) as
belonging to the first energy band and the next two as constituting the second
band, with the bands being separated by a gap.

We use the eigenstates 11 and 1y corresponding to the energy levels high-
lighted in orange in Fig. 2.2(a) to construct the Wannier functions w; and wa,
shown at ¢, = 0 and ¢, = 7/2 in Fig. 2.2(b). These functions are vertic-
ally positioned such that the flat tails mark the corresponding mean energies
(Wa|Hege|wa). As we can see, the Wannier states are localised in the sites of the
effective potential Ueg () [blue curves in Fig. 2.2(b)], which may be regarded as
a crystalline structure for s > 1. Switching back to the lab frame and consider-

ing placing a detector at a fixed position § = 6y, we recover the time periodicity
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of the potential Ueg(fy + £2¢). Crucially, we can now interpret the dynamics
of the system in terms of the time-periodic Wannier states wq (6 + £2t): their
localisation in ©-space in the moving frame translates into localisation in time
in the lab frame. Therefore, these states can be understood as being localised
in the cells of a time-crystalline structure. A stationary detector placed at 6
in the lab frame will register periodic arrival of the two (for s = 2) Wannier
states separated by the interval of 7/(2, corresponding to a detector scanning
across © in the moving frame [cf. Fig. 2.2(b)]. Finally, we remark that the
appreciable size of the resonant islands in Fig. 2.1 is directly related to the fact
that the potential Ueg(O) is strong enough to support deeply bound states.

Now let us study the changes of the Wannier functions as ; is varied adia-
batically from 0 to 27. Figure 2.2(b) shows that at the beginning of the cycle
(¢ = 0), state w; occupies the region’) © € [—~7/2,7/2), which, by conven-
tion, we will refer to as the first cell (v = 1) of the temporal lattice. Similarly,
wg occupies the region © € [7/2,37/2), which we will call the second temporal
cell (y = 2). Further change of the two states is presented in Fig. 2.2(c). It is
apparent that the probability densities |w, |? shift as the phase is increased. By
the end of the cycle, the Wannier functions are seen to have shifted by 7, with
the state w; now occupying the second temporal cell, and ws occupying the
first. Since the number of particles pumped through a cross-section of the lat-
tice is given by the Chern number, the above results show that |v4| = 1 for the
studied first band of the temporal lattice. This serves as a direct confirmation
of the non-trivial topology of the bands of the temporal lattice.

2.3 Quantum analysis

In the previous section we introduced the notion of a time-crystalline structure
and demonstrated the Thouless pumping in a temporal direction. Our next
task is to elucidate how the temporal crystalline structure emerges in a fully
quantum description of the system based on the Hamiltonian (2.1). This will
additionally allow us to incorporate a real-space lattice and study simultaneous
pumping in time and space.

Since the perturbation &s + &1, is time-periodic, with the period T' = 27 /w
[see Egs. (2.3)], we approach the problem by introducing the quasienergy op-
erator Q = H — i9, and solving the eigenvalue problem Qun(x, t) = epun(x,t)
[135, 133, 17]. Here, &, is the quasienergy of the nth eigenstate, while w, (z,t)
is the corresponding Floquet mode that respects temporal periodicity of the
perturbation, i.e., u, (x,t) = u,(x,t+T). A general solution of the Schrodinger

equation can be represented as a superposition of states ,,(z,t) = e~ €ntu,, (z,t)

1) In this notation, it is understood that the interval [—7/2,0) is equivalent to [37/2, 2m).
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with time-independent coefficients. In our simulations we consider a finite num-
ber of spatial cells (N = 1 or N = 2) which leads to the Hamiltonian being
defined on x € [0, N7), and we always assume periodic boundary conditions.
All the details of the diagonalisation procedure are covered in Appendix 2A.

In the following sections, we present the results of the simulations, starting
with the Thouless pumping in time. Next, we consider pumping in space,
which, however, is performed in a time-space crystal rather than a conventional
space crystal. Finally, we study simultaneous pumping in both the temporal
and the spatial dimensions.

As in Section 2.2, we will illustrate the Thouless pumping by showing how
the Wannier states are transported with a change of the adiabatic parameter.
We can observe pumping along temporal or spatial directions by changing ¢,
or ¢,. For pumping in time, one can analyse the transport of the Wannier
states that are localised in a single site of the temporal lattice and are not
necessarily localised along the spatial direction. To construct such Wannier
states, we will choose Floquet states which correspond to quasienergy levels
with different spatial index. Note that choosing Floquet states from a given
band, one obtains the Wannier states that are elements of the corresponding

Hilbert subspace and are uncoupled from states belonging to any other bands.

2.3.1 Thouless pumping in time

We begin the analysis by considering time-pumping in a system of a single
spatial cell (N = 1) which contains two sites originating from the double-well
structure of the spatial potential. The relevant part of the quasienergy spec-
trum of @ is shown in Fig. 2.3(a). The figure displays the changes of the
quasienergy levels in the course of the adiabatic pumping in the temporal di-
mension — the temporal phase ¢, is varied while keeping ¢, = 0. We interpret
the obtained quasienergy spectrum as follows. In the limit of an infinite spatial
crystal, the energy spectrum of h features series of bands separated by large
gaps. Because of the double-well structure of each cell of the potential, each
band consists of two subbands (a higher and a lower one), separated by a small
gap, of order Vi, at ¢, = 0. Thus, each two consecutive levels in Fig. 2.3(a)
correspond, respectively, to the higher and the lower subbands of a certain spa-
tial band. For example, the two topmost levels in Fig. 2.3(a) correspond to the
subbands of the spatial band number 25 (counting from the lowest); the spatial
potential supports 28 clearly formed bands in total with the chosen parameter
values. From the time-crystalline structure perspective, we associate the four
topmost levels in Fig. 2.3(a) with the first temporal band, and the lower four
levels with the second. Note that it is natural to assign the lowest band number
to the temporal band whose quasienergy is largest: A particle confined in the
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Figure 2.3: Temporal adiabatic pumping in a 2D time-space crystal with s = 2
temporal cells and only one (N = 1) spatial cell that consists of two spatial sites.
The following values of parameters were used: Vg = 7640, Vi, = 2, w = 410, s = 2,
As = 100, A, = 40 and ¢, = 0. (a) Quasienergy levels e (see text for level numbering
convention) of the quasienergy operator Q versus the adiabatic phase ¢:. (b) The
Wannier functions |wa (x,t)|> at ¢, = 0, represented by black regions. The shaded
areas (green and pink) indicate the extent of the temporal cells (y = 1,2). (c) Wannier
functions |we (o, t)|* (where 2o = 0.37) at ¢, = 0 and ¢; = /2. (d) Change of the
Wannier functions |we (zo,t)|* as ¢, scans across a complete cycle of length 27r. The
green and pink shaded areas indicate the extent of the two temporal lattice cells

(y=1,2).

temporal lattice is parameterised by the effective mass which is negative (see
Section 2.2), and its energy spectrum is thus bounded from above. To distin-
guish the quasienergy levels constituting the first temporal band, we introduce
an index . We assign the same index (8 to all the levels corresponding to the
same spatial band: we assign § = 1 to the two topmost levels in Fig. 2.3(a)
and 8 = 2 to the next two.

The relevant Wannier functions are spatially localised superpositions of the
Floquet modes: wq(x,t) = 22:1 d(ﬁa)uﬂ(aﬁ,t), where the coefficients d(ﬁa) are
found by diagonalising the position operator e/ (see Appendix 2A). We
will only consider the quasienergy levels of the first temporal band. This is
justified by assuming that the gap between the first and the second bands is
large enough so that particles loaded into the first band stay there throughout
the pumping cycle. Furthermore, since we are now considering pumping in the
temporal direction only, we can restrict our attention to a single site (out of
two) of the spatial lattice. To obtain Wannier functions that are localised in
the same spatial site, we have to mix the spatial energy levels corresponding
either to the higher spatial subbands or to the lower ones. We choose to mix

the levels of the higher spatial subbands by mixing the two modes § = 1,2
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whose quasienergy levels are highlighted in orange in Fig. 2.3(a). Mixing the
other pair of levels (from the first temporal band) leads to analogous results
and corresponds to a particle occupying the other site of the spatial lattice.
The highlighted levels in Fig. 2.3(a) thus correspond to the highlighted levels
in Fig. 2.2(a); the total number of levels is doubled in Fig. 2.3(a) because of
the presence of the spatial lattice.

The obtained Wannier functions wy (z, t) and wa(x, t) are shown in Fig. 2.3(b)
at ¢ = 0 where they are represented by black regions. In the present case
we consider only one spatial cell; the two sites of this cell span the regions
x € [0,m/4) U [3n/4,7) and z € [n/4,37/4) — note that we assume peri-
odic boundary conditions in space. The sites are separated by white gaps in
Fig. 2.3(b). Each of the spatial sites contains s = 2 temporal cells, which we
will number with the index v = 1,2 and which are indicated by shaded green
and pink areas.?) We adopt the convention that the region of time-space which
is occupied by wy at ¢; = 0 belongs to the first temporal cell [y = 1, green
shading in Fig. 2.3(b)], while the region occupied by ws belongs to the second
temporal cell [y = 2, pink shading in Fig. 2.3(b)]. Note that at a different value
of ¢, the state w; may spread over both temporal cells or even transition to
cell v = 2, and similarly for ws. As illustrated in Fig. 2.3(b), the Wannier
functions cycle in time between the two turning points of the spatial site they
are confined to, akin to classical pendula.

In space crystals we are interested in periodic distribution of particles in
space at a fixed moment of time (i.e., the moment of the detection). Switching
from space to time crystals, the roles of space and time are exchanged. That is,
we fix position in space and ask if the probability for the detection of particles
at this fixed space-point changes periodically in time [36]. To understand the
emergence of a time-crystalline structure in the system analysed here, let us
consider placing a detector close to the left (say) classical turning point xq of the
spatial lattice site under consideration. We take 2y = 0.37 for the chosen energy
regime, as indicated in Fig. 2.3(b). As shown in Fig. 2.3(c) depicting the time-
periodic Wannier functions wq (zo,t) at ¢; = 0, in the time intervals (£2¢ mod
2m) € [0,m) the detector will most likely be registering the particle whose
wave function is wj(zg,t). Meanwhile, in the intervals (Qt mod 27) € [r, 27)
the detector will most likely be registering the particle whose wave function is
wa (o, t). The two time intervals can be considered to divide the time axis into
cells, allowing one to introduce the notion of a time-crystalline structure. In the

present case, the ‘length’ of the crystalline structure along the temporal axis

2) We reiterate the meaning of the indices «, 3, v to prevent confusion: index S numbers
the Floquet modes ug, while o numbers the Wannier functions wq (which are superpositions
of the chosen Floquet modes). Independently, index v numbers the cells of the temporal
lattice; a Wannier function ws may in principle occupy any temporal cell.
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is 27/(2, and the crystal is periodic in this dimension, i.e., periodic boundary
conditions in time are imposed. The lower panel of Fig. 2.3(c) demonstrates
additionally that at a different value of the phase, ¢; = /2, the Wannier
functions are shifted and they are delocalised over both cells of the temporal
lattice.

Now let us turn to the Thouless pumping in the temporal dimension. To
this end, we calculate the Wannier functions repeatedly as the phase ¢y is
varied and produce the plots of wi(zg,t) and wa(xo, t) for each value of ¢y, as
shown in Fig. 2.3(d). We can clearly see that w; is being pumped from cell
v =1 to cell v = 2 as the temporal phase ; is varied from 0 to 2w. At the
same time, state wy adiabatically transitions from cell 2 to cell 1. To observe
the pumping experimentally, one has to prepare a particle in, e.g., the state
wi (z,t) and place a detector at xg. Initially, the detector will most probably be
detecting the particle in the time intervals (£2¢ mod 27) € [0, 7), whereas after
a pumping cycle is complete the detector will be clicking in the time intervals
(% mod 27) € [7,2m). We note in passing that one can ‘invert’ the pumping
direction by letting ¢, vary from 0 to —27, just as is possible in the case of the

adiabatic pumping in real space.

2.3.2 Thouless pumping in space

Now let us analyse spatial-only pumping in a 2D time-space crystalline struc-
ture consisting of N = 2 spatial cells (and s = 2 temporal cells) with periodic
boundary conditions. Doubling the number of spatial cells leads to a twice
greater number of Floquet quasienergy levels compared to the case of N =1,
as shown in Fig. 2.4(a). The physical origin of the levels is the same as in the
preceding discussion, and it is now immediately apparent which levels arise from
the higher and the lower spatial subbands. The gap between these subbands is
the smallest (but non-vanishing) at ¢, = 7/4 and ¢, = 37/4 since all wells of
the spatial potential are of equal depth at these phases. Once the quasienergy
spectrum is obtained, we again switch to the Wannier representation, this time
introducing an additional spatial index j to number the Floquet modes and ¢
we are interested in the spatial pumping, we mix the Floquet modes bearing

to number the Wannier functions: w; q=1(x,t) = > uj g=1(x,t). Since
the same temporal index 5 = 1 so that the obtained Wannier functions come
out delocalised over the entire temporal lattice structure, simplifying the ana-
lysis. The delocalisation in the temporal dimension and localisation in spatial
dimension means physically that the particle, being confined to a single spatial
site, can be detected with equal probabilities at both turning points, this being
true at all times. This contrasts the situation in Section 2.3.1, where, at any
given time, a particle could be detected at one turning point with a higher
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Figure 2.4: Spatial adiabatic pumping in a 2D time-space crystal with s = 2 tem-
poral cells and N = 2 spatial cells.. The same values of parameters were used as
in Fig. 2.3 except that ¢, = 0, while ¢, is varied. (a) Quasienergy levels €, 3 of
the quasienergy operator Q versus the adiabatic phase ¢,. (b) Wannier functions
|wi 1 (z,t0)|* (where to = 7/282) at ¢, = 0 and ¢, = /4. (c) Changes of the Wan-
nier functions |w;,1(x,t0)|? as @, scans across a complete cycle of length 7. The cyan
and green shaded areas indicate the extent of the two spatial lattice cells (k = 1,2),
each consisting of two sites separated by unshaded regions.

probability than at the other, and based on this probability we could speak
of the particle occupying a specific temporal cell. Note that the eigenstates of
e2/N are always strongly localised in certain sites of the spatial lattice, and
so are the Wannier functions w; o(z,t), for all ¢. The latter is only violated at
values of ¢, close to (2n + 1)7/4, n € Z, when the depths of all the wells of
the potential become equal, leading to the Wannier functions spreading over
two adjacent sites. The temporal dependence of w; o(z,t), on the other hand,
is dictated by the temporal dependencies of the modes u; g(z,t) that are being
mixed.

The relevant quasienergy levels are highlighted in Fig. 2.4(a). Their indices
are (j =1, =1) and (j = 2,8 = 1) corresponding to them occupying two
different spatial cells. To analyse the pumping, we study the states wn 1(z,to)
and wg 1(, to) at a fixed detection moment ty = 7/242. Figure 2.4(b) illustrates
that, at ¢, = 0, each of these states is localised in a single site of the spatial
lattice, while at ¢, = 7/4 they occupy two sites in the process. We number
the states and the cells of the spatial lattice such that w, ; occupies spatial cell
k =1, while wy ; occupies spatial cell £ = 2 at the beginning of the pumping
cycle (at ¢, = 0), as shown in Fig. 2.4(c). In the figure, the cyan and green
shaded areas indicate the spatial extent of the spatial lattice cells, with the

sites of the cells separated by unshaded gaps corresponding to the positions
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of the barriers of the spatial potential. In the end of the cycle, the Wannier
states end up in a cell different from the starting one, confirming that pumping
does take place. It is apparent that the states remain almost insensitive to the
change of the potential and are transported to a neighbouring site abruptly.
However, the lower panel of Fig. 2.4(b) demonstrates that the transfer does
not happen instantaneously, but rather proceeds via a stage when the Wannier
states occupy both sites.

We remark that constructing the Wannier functions using the Floquet modes
corresponding to the top third and fourth levels in Fig. 2.4(a) leads to pump-
ing in the opposite direction around the circular x-axis. This is to be expected
since those energy levels correspond to the lower spatial subbands, while the

above results concern pumping in the higher subbands [128].

2.3.3 2D Thouless pumping

We are now ready to discuss the simultaneous temporal and spatial adiabatic
pumping, demonstrated in Fig. 2.5 for the case N = s = 2. The adiabatic
phases are varied along the trajectory ¢; = 2y, from ¢, = 0 to ¢y = 27
so that a complete pumping cycle is performed both in the temporal and in
the spatial dimensions. The obtained Floquet quasienergy spectrum is shown
in Fig. 2.5(a), where the legend indicates the quasienergy levels correspond-
ing to the modes that we mix when constructing the Wannier states. The
relevant modes are those of the first temporal band, among which we select
those corresponding to the higher spatial subbands. As discussed in Section
2.3.2, this selection allows us to focus on the Wannier states that are trans-
ported in space to the right during the pumping process. The remaining four
levels of the first temporal band constitute the Wannier functions that are
being pumped to the left in space. The constructed states are expressed as
wia(z,t) = 3,4 dgfba)ujﬁ(x,t) and are obtained as above, by diagonalising
the position operator e2#/N Contrary to the preceding analysis, we no longer
restrict our attention to a certain position zg or a certain detection time t,
but rather study the two-dimensional maps of the Wannier functions w; o (z,t).
The four Wannier states are shown in Figs. 2.5(b)—(f) at various values of the
adiabatic phases, with the shaded areas dividing the whole time-space into tem-
poral and spatial cells. The states and the cells are numbered so that initially
(at ¢ = 2¢p, = 0) the Wannier state indices (4, «) coincide with the spatial
and temporal cell numbers (k,~). In each of the panels (b)—(f), four sites are
left unoccupied by any Wannier functions — these would have been occupied
by the Wannier functions constructed using the states of the lower spatial sub-
bands, i.e., the Floquet modes corresponding to the top four black quasienergy
levels in Fig. 2.5(a). We note in passing that the two Wannier functions con-
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Figure 2.5: Simultaneous temporal and spatial adiabatic pumping in a 2D time-
space crystal. The same values of parameters were used as in Fig. 2.3 except that
both ¢+ and ¢, are varied. (a) Quasienergy levels €, 3 of the quasienergy operator
Q versus the adiabatic phase ¢; = 2¢,. (b)-(f) The Wannier functions at ¢; =
20, = 0,7/2,7,37/2,2r. The probability densities |w; o (x,t)|*> are represented by
black regions, while the shaded areas indicate the extent of the spatial (k = 1,2)
and temporal (y = 1,2) cells. In top-left panels in (b)—(f), xél) and :Eé2) indicate the
locations of two detectors discussed in the text.

structed in Section 2.3.2 using the states corresponding to only the two upper
quasienergy levels appear as the sums wi,1 + wy,2 and wa 1 4+ wa 2, Where w; o
are the functions displayed in Figs. 2.5(b)—(f). Such sums exhibit spatial, but
not temporal localisation.

Turning to the pumping process, in Fig. 2.5(c) we can see that the Wan-
nier states are transported to the neighbouring spatial site (to the right) as a
result of the spatial pumping, while the temporal pumping causes the states to
slide down the temporal axis. At @; = 2¢, = 7 [see Fig. 2.5(d)], the spatial
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transition is complete, whereas the time dependence of the functions is such
that the functions occupy both temporal cells. Next, at ¢; = 2¢, = 37/2 [see
Fig. 2.5(e)], the states are shown in the middle of the second spatial transition,
which is completed at ¢; = 2¢, = 27 [see Fig. 2.5(f)]. Comparing Figs. 2.5(b)
and 2.5(f), it is apparent that as a result of the pumping each state w; o has
transitioned from cell (i, @) to cell (i +1 mod N, a+1 mod s).

Let us now give an interpretation of these results. Consider two detectors,
one placed at x(()l) = 0.37 and the other one at .73(()2) = 1.37, and a particle
loaded initially into the system in the state wii. At ¢; = 2¢, = 0, most
probably a detector placed at xéz) will be detecting the particle in the time
intervals (2t mod 27) € [0,7), corresponding to the particle occupying the
first spatial and the first temporal cells [see Fig. 2.5(b)]. In the end of the
pumping cycle (¢; = 2¢, = 27), the particle will most probably appear in the
time intervals (2t mod 27) € [, 27) on a detector placed at x(()l), corresponding

to the particle occupying the second spatial and the second temporal cells.

2.4 Conclusions

In summary, we have shown that the quasienergy spectrum of a resonantly
driven optical lattice may be interpreted as that of a crystal-like structure with
the time playing the role of an additional coordinate. Using this analogy, we
studied adiabatic variation of the driving protocol and demonstrated that it
leads to a change of system dynamics that is a manifestation of the Thouless
pumping in the temporal dimension. Finally, we have illustrated simultaneous

adiabatic pumping in both spatial and temporal directions.

2.5 Appendix 2A: Diagonalisation of the quasienergy op-

erator

In this section, we discuss the diagonalisation of the quasienergy operator

O=h-i2

5 +&s + &L, (2.21)

where h is defined in Eq. (2.2), while & and &, are given in Egs. (2.3).

In order to solve the eigenvalue problem
Qun(,t) = enun(z,1), (2.22)

we first numerically obtain the eigenstates of h in the basis of plane waves
(x]j) = ei%“’/\/Nw orthonormal on = € [0, N7), where N is the number of
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spatial cells. The sought eigenstates fulfil

i“/)m(x) = emwm(x)’ (2'23)

are written as

1 > m) {28,
)= iz 3 e 2

Jj=—o0

and the coefficients cg»m) that express the solution in the mth energy band are

obtained by diagonalising the matrix

(' |hlj) = K%)Z Vet

Vs
- Z(5j/7j+2N + 041 j—2N)

W
1

0j1,j

(2.25)

2ip, —2i
(e R §j’,j+N + e ¥ 5‘7/7]-,]\[).

Once we have found the eigenstates of the unperturbed Hamiltonian, an addi-
tional transformation to the rotating frame provides a suitable basis consisting

of functions

Wl (w,t) = e WImet/sy, (1), (2.26)
Here, the function v(m) = [m/2N] (where [---] is the ceiling operation)
transforms the level numbers m = 1,2,3,4,5,6, ... into band indices
v=1,...,1,2,...,2,3,...,3,4,....,4,... (2.27)
—— N N N —

2N times 2N times 2N times 2N times

Note that this labelling is correct when the sites of a potential cell are not too
asymmetric for all ¢,. In practice, we have to keep V1, small enough so that
the difference of depths of the potential wells in each cell is always smaller than
the gaps between the energy bands.

We now calculate the matrix elements of Q For the diagonal part, we have
~ 0 v(m)w
"l h—is 'Y= |Ep — ———=| 0/ m- 2.28
il (b= g7 ) ) = [ B = 2202 5 (2:29)
For the long perturbation, we obtain

(W €Llh,) = AL cos(wt + ) e i@/ lm)=rmOlt

Ne (m 2.29
X 3 el (2.29)
73’

N~
dz (94 -
i(2j—25")x
. Na Qu(z)e ;
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where Qj, is the spatial part of £, see Egs. (2.3). Applying the secular ap-
proximation [133], we replace cos(wt 4 ¢;) e i@/ m)=v(mlt with its time-
independent contribution %(ei¢‘5V/+57V—I—e_i“"dl,r_s,,,), where v/ = v(m'). With
our choice Qr(x) = cos?(2x), we finally obtain

< |'€L|’l/) > (QIWtéu s, T+ e_1@t5u —s, z/)
(m) ( B (m')* (m) (2.30)
m mo )k m mo )k
Z (2¢ + ¢ ron T ¢ an)-
]_700

Similarly, using Qg(x) = sin?(2z), the matrix elements of the short perturba-
tion follow as

As
< m/|£S|¢ > 2( w5v+29u+e wtay/ 29u)

Z i gilz);r C;Tf;;f)-

(2.31)

%\*—‘

Having obtained the expressions (2.30) and (2.31), let us clarify the utility of
using the basis functions (2.26) with the level renumbering function (2.27).
First, we note that the perturbation cos(wt + ;) is resonant with transitions
between states whose energy differ by w = sf2. Meanwhile, the spatial Hamilto-
nian h possesses narrow bands of levels, with bands separated by approximately
(2. Therefore, the perturbation couples levels belonging to bands differing in
energy by sf2, while the coupling between levels of the same band can be dis-
regarded. The level renumbering according to Eq. (2.27) groups the levels into
bands, while the basis functions (2.26) effectively take into account only the
couplings between the bands whose numbers differ by multiples of s. These
couplings are reflected by the Kronecker deltas in Egs. (2.30) and (2.31).

The matrix elements of Q are thus given by Egs. (2.28), (2.30) and (2.31).
We diagonalise this matrix numerically an obtain the eigenfunctions (Floquet
modes) u,(z,t) = > bgg)l/};l(a:,t). Then, the Wannier functions are con-
structed by diagonalising the periodic position operator elv e [128, 134], whose
matrix elements result as

(e (£)] € (£ Z Zb Depm ””* (m>ei[”<m/>—”<m>lwt/8. (2.32)

j=—ocom,m’

The diagonalisation is performed at a chosen time moment ¢. The obtained

coefficients dq(lk) are used to express the Wannier states as

=3 dPu(x, ). (2.33)
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Note that the position operator is constructed using only the relevant subspace
of eigenvectors |u,) that we select based on our interpretation of the quasien-
ergy spectrum. Subsequent renumbering of these eigenvectors and the Wannier
states using a pair of indices (4, «) is likewise conventional.

Our software package TTSC.jl implementing all relevant calculations is
available on GitHub [136]. It relies on a number of software packages [137—
142] developed in Julia [143].

45



CHAPTER 3

Eight-dimensional topological systems simulated

using time-space crystalline structures

We will now take the concept of a time-space crystalline lattice further and
provide a route for studying topological eight-dimensional (8D) systems that
can be experimentally realised using only two physical spatial dimensions. We
will start with a periodically driven 1D optical lattice with steep barriers (mod-
elled by delta-functions) and show that it can sustain a 2D time-space lattice.
The topological nature of the attained time-space crystalline structure will be
once again made evident by considering adiabatic state pumping along tem-
poral and spatial crystalline directions. Interpreting the two adiabatic phases
as crystal momenta of simulated extra dimensions, we show that the energy
bands of the system are characterised by nonvanishing second Chern numbers
of the effective 4D lattice. Finally, we demonstrate that two such 4D systems
can be combined, and the resulting energy spectrum will remain gapped. The
topological properties of the obtained 8D system are then characterised by the
fourth Chern number, and energy bands with nonvanishing values of the fourth

Chern number are identified.

3.1 Model

The spatial part of the model Hamiltonian (2.1) underlying the analysis of
Chapter 2 is straightforward to realise experimentally [127, 126, 49], but the
gaps between its energy subbands are much smaller than the widths of the
subbands [see Fig. 2.4(a), with the gap shown in the inset]. Consequently, if
two copies of such a Hamiltonian (realised in orthogonal spatial directions) are

combined as in Eq. (1.28), the resulting spectrum will not be gapped, and no
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Figure 3.1: Wannier function densities |we(z,t = Tr/402)|* at p. = 7/5, ¢ = 0,
where 27/ is the period of time evolution of w¢(z,t). The baseline of each Wannier
function is shifted upwards along the quasienergy axis by the mean value of quasien-
ergy in the corresponding state, i.e., the quantity (we|Qlw). At the chosen value of
¥z, each Wannier function is localised almost entirely within a single site, therefore,
the infinitesimal ‘tails’ of the functions are not shown. Black vertical lines represent
the steep barriers separating the sites of the spatial lattice, while the horizontal lines
depict the values of the onsite energies described by the third term in Eq. (3.1). Para-
meters of the model are: N =2, s =2, a = 4.000, V = 2000, U = 7.000, w = 676.8,
As = 10.00, A, = 20.00. Trailing zeros are within the numerical resolution/accuracy
and are significant. The nature of the presented results, however, will not change
if all the values are chosen within ~ 10% of the given ones and then w is adjusted
accordingly to ensure that the quasienergy spectrum is gapped.

topological features will emerge. Therefore, we need to consider a different
model that would yield gaps which are broader than the widths of the bands.

The 1D time-dependent Hamiltonian to be considered in the present ana-
lysis again has the form (2.1), but the constituent terms are different. The

unperturbed spatial Hamiltonian is taken to be

3N 3
= Ai-i—VZ(S(:U—%)—G—UZgn(x)cos[(px—i—w ) (3.1)

We use the same dimensionless units as in Chapter 2. The sums describe the
spatial potential — a lattice of IV identical cells of length a, each consisting
of three sites separated by steep delta-function barriers (see Fig. 3.1). The
superlattice potential g, () is equal to unity in the nth site of each spatial cell

and vanishes otherwise:

1, Fa<zmoda< "+1a
gn(z) = (3.2)
0, otherwise.

The last term of Eq. (3.1) thus modulates the onsite energies in the same way
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in each cell by changing ¢,, with U controlling the modulation amplitude.
Note that the modulation phase in each consecutive site is lagging with respect
to its neighbour on the left by one third of a cycle. If the modulation is
performed adiabatically, the Thouless pumping can be realised in the system
described by h. We remark that similar three-site Thouless pumping schemes
have been considered in Refs. [144, 145], while the realisation of a lattice of
sharp (subwavelength) optical barriers has been reported in Ref. [146].
The spatial Hamiltonian is perturbed by the terms
Es(w,t) = As cos(1222) cos(2wt), (3.3a)
&Lz, tlpr) = AL cos(G’fTw) cos(wt + ¢4), (3.3b)
where Ag and Ap, control the overall strength of the perturbation. The spatial
frequencies 67/a and 127/a ensure that all spatial sites are perturbed in the
same way. The driving frequency w is chosen so that a resonant condition is
fulfilled in each spatial site. In the classical description, the resonance means
that w is very close to an integer multiple of the frequency {2 of the periodic
motion of a particle in a spatial site, i.e., w ~ sf2, where s is integer. In the
quantum description, the resonance corresponds to w being close to an integer
multiple of the gap 2 between certain bands of the Hamiltonian (3.1). In
the limit V' — oo [see Eq. (3.1)] an independent time-crystalline structure is
formed in each spatial site due to the resonant driving. Specifically, in the frame
evolving along the resonant trajectory, the resonant dynamics of a particle can
be described by Heg = p2 + As cos(2sZ) + A cos(si + ¢;) where Z € [0,27).
For example, for s = 2, there are two temporal cells, each consisting of two
temporal sites. An adiabatic change of the phase ¢, allows for a realisation of
the Thouless pumping in the time-crystalline structures. If V is finite, then
tunnelling of a particle between spatial sites is possible, and the entire system
forms a 2D time-space crystalline structure which, as we will show, can be
described by a 2D tight-binding model.

3.2 Diagonalisation procedure and main features of the
quasienergy spectrum

Analysis of the system is performed similarly to the one presented in Chapter 2.
We solve the eigenvalue problem Qun,k(x,t) = &p kUn,x(z,1) for the quasien-
ergy operator Q = H —i9,. We assume periodic boundary conditions for
the spatial system and introduce the spatial quasimomentum k. We denote
the quasienergy of the nth eigenstate by €, r, while u, x(x,t) is the corres-
ponding Floquet mode that respects temporal periodicity of the perturbation:
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Un (2, 1) = Up p(x,t 4+ 2m/w). A general solution of the Schrédinger equation
can be represented as a superposition of states U, p(z,t) = e €nrty, ¢ (x,t).
In our simulations we consider a finite number of spatial cells, N = 2, and a
finite number of temporal cells, s = 2. The considered values of quasimomenta
are thus k = 0 and k = 7/a, corresponding to the boundaries of the energy
bands [147]. Consequently, the obtained widths of the energy bands coincide
with the widths being approached in the limit N — oo.
Let us consider the diagonalisation of the quasienergy operator

Qi = Hy, —i0,. (3.4)

Here, we have introduced the quasimomentum index, stemming from the spatial
part of the problem. Specifically, we have

I;[k(xvﬂgot) = ﬁk(x) + &s(x,t) + &z, tlor), (3.5)

where

3N 2
hie=(pe + k) +V Y 6w — 1)+ U gnl(x)cos(os + Z2). (3.6)
n=0 n=0
It is a standard exercise to obtain the Bloch modes v, 1 and eigenenergies
E,, 1 for a delta-function Hamiltonian (3.6). The next step is to solve the
eigenvalue problem
Qronk(x,t) = en kUn k(T, 1). (3.7

The Floquet modes u,, , defined above as the eigenfunctions of Q are related to
Unk(2,1).
Instead of the full diagonalisation of @i, our aim is to obtain an effective

the functions vy, ; according to the Bloch’s theorem: u, x(x,t) = elke

(secular) time-independent Hamiltonian which can be more easily diagonalised.

To this end we perform a time-dependent unitary transformation

Yo (@, 1) = e_i”(m)“’t/swm,k(x). (3.8)

Here, the function v(m) = [m/3] (where [---] is the ceiling operation) trans-

forms the level numbers m = 1,2,3,4,5,6,... into band indices
vr=1,1,1,2,2,2,3,3,3,... (3.9)

Note that this labelling is correct as long as we keep U small enough so that
the difference of depths of the sites is always smaller than the gaps between

the energy bands of the unperturbed Hamiltonian.
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The diagonal matrix elements of Qk are

el (=155 ) 1) = (B = 222 Y b 310)

S

For the perturbation term &1, we obtain

(W k€L ) = AL cos(wt + ) eI/ m)=v(mO]t

a

x / Az Py 4 () 005 EL4p,, 4 (2).

0

(3.11)

Applying the secular approximation, we replace cos(wt+y;) e~ i(w/9)lv(m)—v(m)t
with its time-independent contribution %(ei“’t Survsyte %8, ), where v/ =

v(m'). Similarly, we have

(W 1l€8 7 1) = As cos(2wt) e 1/ lm)mv(m Dt

a

. /dx Uy (%) cOS LYy, 1 (),

0

(3.12)

where we replace cos(2wt) e i(w/s)w(m)—v(m)t with %(51,4237, + 0 —2s.0)-
Figure 3.2(a) displays schematically the coupling of the eigenenergy bands
of hy, induced by the perturbations. Each band of hy, consists of three subbands
because each cell of the spatial potential of Bk contains three sites, but this is
not detailed in the figure. As a result of the secular approximation, each level
of the vth band is coupled to all the levels of bands v + s (via £,) and v £ 2s
(via &g); in our case, s = 2. The driving frequency is chosen as w = {2s
with {2 being the energy gap between certain bands p and u + 1. In practice,
however, we fine-tune w,, to get the optimal quasienergy spectrum. Below,
we will assume the working point of p = 30, which yields E3; — E3g ~ 340 for
a = 4. This is consistent with the result calculated for the problem of a particle
in an infinitely deep potential well of width [ = a/3: in recoil units, the energy
spectrum is E, = (vm/l)2. This also allows one to estimate the frequency:
R=FE,1—E,=(2p+ 1)’;—; In a small neighbourhood of the pth energy
band, the spectrum is close to being equidistant, therefore, transitions such as
E, 1+ E, 4 and E, 41 < E, 43 are almost resonant with the frequency w,,.
A sketch of the quasienergy spectrum of Q) is given in Fig. 3.2(b). The
bands of hy become grouped into overlapping pairs, and the resonant bands
are the lowest. This can be seen by employing the above estimates of the energy

spectrum FE,, and the resonant frequency (2. Suppressing the k index, we find
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Figure 3.2: Schematic representation of the perturbation-induced band coupling (dis-
tances between bands not drawn to scale). (a) Eigenenergy bands of the unperturbed
Hamiltonian hy in the vicinity of a certain resonant band whose number is . Each
horizontal line represents an energy band (which contains three subbands). (b) Diag-
onal elements of the quasienergy operator represented as coupled quasienergy levels.
Only the couplings that have the most effect are shown.

from Eq. (3.10) that

Qu+B,u+B = E;H—ﬁ - Q(H + 5) = Qu# + (52 - ﬁ)%;v (3'13)

where integer (band) index /3 runs from 1—p to infinity. Assuming the perturb-
ation is small, the above expression yields the Floquet quasienergy spectrum
shown in Fig. 3.2(b). The lowest are the levels 8 = p and 8 = p + 1, whose
energies should coincide according to Eq. (3.13).

The actual quasienergy spectrum is shown in Fig. 3.3(a) for the case of
simultaneous time-space pumping (¢, = ¢¢), with only the resonant bands
displayed. These correspond precisely to the bands p — 1 through p + 2 shown
schematically in Fig. 3.2(b).

Returning to the problem of finding the eigenfunctions of Qy, it remains to
numerically diagonalise the obtained matrix for each k to find the coefficients

bg:;)k of the expansion

On (2, 1) Z b ,t). (3.14)

The described calculations are implemented in the TTSC. j1 package [136].
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3.3 Visualisation of time-space pumping using the Wan-
nier functions

The resonant subspace of the entire Hilbert space which we are interested in
consists of 3N X 2s eigenstates. To analyse the pumping dynamics, we con-
struct Wannier functions wy(x,t) by diagonalising the periodic position oper-

ator eiNa®, Diagonalisation yields the coefficients dgf)k of the expansion
Zdn U o (). (3.15)

Diagonalisation has to be performed at a single fixed time moment at which
the modes u,, ; do not overlap strongly so that the resulting Wannier functions
exhibit the required temporal localisation [49]. In the relevant cases we sum
over all quasimomenta k, while index n runs over a selected range of modes.
This way we obtain 6Ns Wannier functions wy(z,t) of the 3N X 2s time-
space crystalline structure which are represented by localised wave packets
propagating with the period 27 /(2 along the resonant orbits in each spatial
site. These Wannier functions are shown at ¢t = 77 /42 in Fig. 3.1, where each
spatial site hosts 2s = 4 states.

Figure 3.3(b) displays the functions wy at ¢, = ¢; = 0 constructed by
mixing the four modes corresponding to the highest band in the spectrum in
Fig. 3.3(a) (highlighted in orange). The resulting functions inherit the spatial
localisation of the Floquet—Bloch modes being mixed and, consequently, are
confined to a single spatial site. A detector placed at one of the turning points
of any spatial site will be registering periodic arrival of a particle, and we
identify this periodicity with a crystalline structure in time. The shaded regions
in Fig. 3.3(b) indicate the parts of the time-space that we associate — by
convention — with the four temporal sites: sites @ = 1,2 (green and red)
belong to the first temporal cell, while @« = 3,4 (beige and blue) belong to
the second. For example, a particle in the state w; will be passing a detector
placed at x = 0 at time intervals (2¢ mod 27) € [0, 7], meaning that it occupies
the first temporal cell. In the course of the pumping, the states transition
both in the spatial and in the temporal directions. At ¢, = ¢ = 7/3 [see
Fig. 3.3(c)], the states are localised in a single temporal site while occupying
two neighbouring spatial sites. At the end of the pumping cycle, states w; and
wy effectively exchange their initial occupations, as do states wo and ws. Thus,
having divided the time-space into temporal and spatial cells as shown in the
figure, we find that at the end of a time-space pumping cycle each Wannier

function occupies spatial and temporal cells different from the starting ones.
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Figure 3.3: Time-space adiabatic pumping in a 2D time-space crystal with s = 2
temporal cells and N = 2 spatial cells that consists of three spatial sites. The values
of parameters are the same as used in producing Fig. 3.1. (a) Quasienergy spectrum
of the quasienergy operator Q. (b) The Wannier functions |we(z,t)|? at @z = ¢ = 0,
represented by black regions. The shaded areas indicate the extent of the temporal
sites numbered by «: sites a = 1,2 belong to the first temporal cell, while a« = 3,4
belong to the second. Black vertical lines separate the spatial sites. (c¢) Same as (b)

at pr = pr = /3.

3.4 The tight-binding picture

In the basis of the Wannier functions, the quasienergy operator restricted to

the resonant subspace takes the form of the tight-binding model

Hrp(pay o) = Y Joe(pa o0 i, (3.16)
J4N4

where operator &}; creates (while G, annihilates) a boson on site ¢. Here, £ €

[1,6Ns] enumerates all sites of the 2D time-space lattice, and it is related to
the space-time index pair (j,a) as £ = 2s(j — 1) + «, where j € [1,3N] and
a € [1,2s]. The matrix elements Jyy are calculated as

sT

dt A
’ = — ’ .1
Jin = [ St Qlu), (3.17)
0

where T = 27 /w is the driving period. The Wannier basis is constructed
repeatedly for every phase @, and ;. Each state |w(t)) is confined to a single
spatial site, consequently, only nearest-neighbour spatial couplings are relevant.
Moreover, this coupling is appreciable only at times when a given state |wg(t))
is localised near a classical turning point (see the green and yellow states in
Fig. 3.1). At these times, each of these states has only one partner which it
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is coupled to. Therefore, each Wannier state is coupled to only a single state
of those in the neighbouring spatial sites. Provided these partners (see like-
coloured states in Fig. 3.1) are numbered with the same temporal index «, this
index will not change when a state transitions to a neighbouring site (only j
will change). This leads to a separable structure of the resulting time-space
lattice, where ‘diagonal’ transitions — those which require both indices j and
« to change simultaneously — are forbidden. This is an idealised picture, but
one which holds with high accuracy since next-nearest-neighbour couplings are
negligible, as we show below.

Let us elaborate the procedure of switching to the tight-binding description.
We construct the Wannier basis functions by mixing the states corresponding
to all the resonant levels of the Floquet quasienergy spectrum, i.e., all levels
shown in Fig. 3.3(a). In practice, two out of four Wannier functions localised
in a single spatial site come out not well-localised in the temporal dimensions.
To alleviate this issue, we perform an additional unitary transformation of the

two problematic Wannier functions w, and wy:

(Z,,) = U(+,0,0) (‘:}b) (3.18)

Here, U(7,0, ¢) is a general 2 x 2 unitary matrix
U(7,0,¢) = 1m0, (3.19)

where v € [0, 27], o is a vector of Pauli matrices, and n is a three-component
unit vector parameterised by an azimuthal angle ¢ € [0, 27] and a polar angle
0 € [0, 7]. We optimise the angles 7, 8, and ¢ to get the least possible overlap
of probability densities of w, and . Specifically,

/ da dt ||ws|* — [@2]*| — max. (3.20)

In what follows, the Wannier functions being discussed are the ‘optimised’ ones.

In the studied case, we obtain 3N x 2s = 24 Wannier functions, which
we are free to number as we see fit. Figure 3.4 shows, as an example, twelve
Wannier functions localised in the first, second, and sixth spatial sites. As we
can see, each of them is strongly localised in a single spatial and temporal site.
The numbering convention is such that the /th Wannier is localised in the jth
spatial and the ath temporal sites, with £ = 2s(j —1)+«, where j € [1,3N] and
a € [1,2s]. Note, however, that the temporal sites are assigned differently in
the odd and even spatial sites. For example, a particle is said to occupy the first

temporal site (green areas in Fig. 3.4) of an odd spatial site if it will most likely
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Figure 3.4: 12 (out of 24) Wannier states used as the basis functions in the tight-
binding picture.

be found at the right turning point in the interval (£2¢t mod 27) € [37/2, 27],
see wy in Fig. 3.4. On the other hand, a particle occupying the first temporal
site of an even spatial site will most likely be found found at the left turning
point in the same interval (£2¢t mod 27) € [37/2, 27|, see ws in Fig. 3.4. Such
a convention ensures the correct interpretation of the outcome of a pumping
cycle, as demonstrated in Section 3.3. Moreover, it allows one to obtain a tight-
binding Hamiltonian (3.16) that can be decomposed into two independent parts
— the spatial Hamiltonian and the temporal one. The absolute values of the
matrix elements of Hrp calculated at vz = @3 = 0 are presented in Fig. 3.5,
where the diagonal elements have been set to zero for visual clarity. It is
apparent that the resulting matrix allows for the decomposition

Hrg~I® @AY + A® o [V = A4, (3.21)

where ® denotes the tensor product, H® and H® are, respectively, the sep-
arated spatial and temporal Hamiltonians, while 1@ and I® are the identity
operators acting in the spaces of, respectively, operators H® and H®. Con-
sequently, the eigenvalue spectrum of f[ﬁﬂB is the Minkowski sum of eigenvalue
spectra of H®) and H®. We will refer to the eigenvalues of all tight-binding
Hamiltonians as simply ‘energies’. In our case, we take H® 0 be given by the
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Figure 3.5: Absolute values |.Jy| of the matrix elements of Hyp at p, = ¢ = 0.
Diagonal elements have been set to zero for visual clarity. Values of Js37 and Jsg are
explicitly indicated. The structure of the blue blocks is similar to the displayed one
for all values of the phases ¢, and ;.

top left 4 x 4 block of Hyg, while H®) is given by

J11 |J15‘ 0 0 0 |J15‘
|J15]  Jss  [Jis| O 0 0
g _| 0 |Jis|  Jog [J1s| O 0
0 0 |hsl Ju |Jis] O

0 0 0 |5l Jss | Jis)

|Jis| 0 0 0 |Jis| Joo

(3.22)

For simplicity, we assume that the phases of the the tunnelling strengths have
been eliminated by redefining the global phases of the basis functions. The
crudest part of the separability approximation (3.21) is the dropping of the
off-diagonal elements in the blue blocks (and their conjugate counterparts)
highlighted in Fig. 3.5.

To extract the first Chern numbers v; of the bands of Hamiltonians H (@)
and H®, we may calculate the pumping dynamics. To this end, we consider
the periodic coordinate operator, whose elements, in coordinate representa-
tion, are given by X,,,, = eizﬁm, where m € [0, M — 1] and M is the size of
the Hamiltonian under consideration (M = 6 for H® and M = 4 for H ).
Then, we diagonalise this operator in the subspace of the eigenstates of H®@
or H® corresponding to a single band of the energy spectrum. The result-
ing eigenfunctions of X are the Wannier functions, while the phases of the
eigenvalues (scaled by 27/M) are their well-defined positions (also called the
Wannier centres) [134, 128]. Black points in Fig. 3.6(a) show the dynamics of
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Figure 3.6: Dynamics of the Wannier centres. (a) Spatial pumping dynamics calcu-
lated based on H®. Black, red, and blue points represent, respectively, the positions
of the Wannier centres calculated by mixing the eigenstates corresponding to the bot-
tom, middle, and top bands in the spectrum of H® [see Fig. 3.7(a)]. (b) Temporal
pumping dynamics calculated based on H®. Black and blue points represent, re-
spectively, the positions of the Wannier centres calculated by mixing the eigenstates
corresponding to the bottom and top bands in the spectrum of H® [see Fig. 3.7(b)].

the Wannier centres obtained by considering the subspace of the lowest energy
band of H®). It is apparent that the states are transferred by one cell (three
sites) ‘to the left’ during one pumping cycle. Blue points show an analogous
result for the states of the highest energy band of H®)  while the red points
indicate a displacement by two cells per cycle in the opposite direction. The
first Chern numbers of the bands are thus —1, 42, and —1 for the bottom,
middle, and the top energy bands of H®),

The temporal pumping based on H® is studied in Fig. 3.6(b). The black
points indicate a displacement by a single cell ‘to the right’ per pumping cycle
taking place in the bottom energy band (v; = +1), while the blue points show
a displacement by a single cell in the opposite direction for the top energy band
(rn =-1).

The spectra of H® and H® are shown in Figs. 3.7(a) and 3.7(b) to-
gether with the first Chern numbers of each band. Considering the spa-
tial part described by H () we treat the phase ¢, as a fictitious quasimo-
mentum, allowing us to introduce the Berry curvature of the nth band, QEC?ZDT =
230k, X,(CZ) 10, X,g?}, and the corresponding first Chern number ufw) according
to (1.21). In the definition of the Berry curvature, |X,(€Z)> is the cell-periodic
part of the Bloch eigenstate eikwjx,(fz) (j) of H®) with x,(cz) (j+3) = X,(CZ) ()
where j labels spatial sites. For brevity, we suppress indication of the para-
metric dependence on ¢, in H®) and its eigenstates. The quasimomentum k,
is treated as a continuous quantity assuming N — oo. Let us clarify that the

three subbands shown in Fig. 3.7(a) arise because there are three sites per unit
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Figure 3.7: The energy spectra of derived systems. (a) Energy spectrum of the decom-
posed spatial Hamiltonian H®). (b) Energy spectrum of the decomposed temporal
Hamiltonian H®. (¢) Energy spectrum of IAI%B, equal to the Minkowski sum of the
spectra in (a) and (b). A cut of the spectrum along the line ¢, = ¢; is shown. (d)
Energy spectrum of Hrg along the line ¢, = ¢;. (e) Eigenenergy surfaces of Hrg. (f)
Energy spectrum of an 8D systems obtained by combining two independent copies of
the 4D systems whose spectra are shown in (e). The grey areas represent the bands,
with individual levels not shown for visual clarity. The red regions indicate the gaps.

cell of the spatial lattice. Each line corresponds to a certain value of quasimo-
mentum k, — each subband is bounded by two lines, one corresponding to
k, = 0 and another to k, = .

In complete analogy with the spatial part of the problem, we introduce the
time-quasimomentum k; for the Hamiltonian H () so that the eigenstates of
H® are given by eik‘aré:l) (o) with T,g?)(a +2) = T,E?)(oz). The first Chern
numbers Z/Y) of the two bands in Fig. 3.7(b) are then calculated by integrat-
ing the Berry curvature Q,(:ZW. The two subbands shown in Fig. 3.7(b) arise
because there are two sites per unit cell of the temporal lattice, and each line
corresponds to a certain value of time-quasimomentum k;.

By interpreting the phases ¢, and ¢; appearing in the Berry curvature
as quasimomenta of synthetic dimension, we increase the dimensionality of
the systems. Each of the Hamiltonians H® and H® thus describes a 2D
system, while their combination, ﬁﬁﬂB, whose spectrum is shown in Fig. 3.7(c),
describes a 4D system. The lowest and the highest bands are nondegenerate
and are characterised by the second Chern numbers calculated from the Abelian
Berry curvature, as explained in Section 1.4. Formally, we gather the system

parameters into a vector R = (ky, @z, ki, ) and calculate the curvature as
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O(R) = 23(0:¢)) 10,67 1) where 9, = %, i =1,2,3,4, and |¢" ) is the
cell-periodic part of the lth band eigenstate of Hfy. Due to the factorisation
|§,(€lj k) = | x,i?) ® \Tk:l)>, the second Chern number can be calculated according
to Eq. (1.38), which in the present notation reads

V(z’t) = u(z)u(t). 3.23
2 1"

The values of uéx’t) are indicated in Fig. 3.7(c).

Comparing the spectrum of ﬁ'TB to the spectrum of the exact tight-binding
Hamiltonian .ﬁITB, shown in Fig. 3.7(d), we note that they are nearly identical.
Slight discrepancies are to be expected since in order to obtain the separable
Hamiltonian we have neglected some very weak couplings in o T8. Nevertheless,
the second Chern numbers of the bands of energy spectra of Hrp and Iﬂ:B are
the same. This is supported by the fact that the energy spectrum of Hrp can be
obtained by adiabatically deforming the spectrum of fL’FB without closing the
gaps in process. Relatedly, we remark that the gap below the highest resonant
energy band of Hrp remains open for all values of ¢, and ¢;, as shown in
Fig. 3.7(e). The same is true for the gap above the lowest band of Hrg.

3.5 Higher-dimensional extensions

Finally, let us consider an optical lattice of two orthogonal spatial dimensions,

so that the full system Hamiltonian reads

I—AI4D = ﬁ(maﬁw7t|¢w7 (Ptm) + Ij[(yvﬁyatlwya <pty)' (324)

This produces a 4D time-space crystalline structure since the total Wannier

functions now have four independent indices:

Wj’a(l‘,y,t) = Wy, ,a, (xvt)wjy,ozy (yat)v (325)

where j = (jz, jy) and a = (o, ) [49]. A two-dimensional temporal structure
of 25 X 2s sites now emerges in each two-dimensional spatial cell; motion in the
former is characterised by the temporal quasimomenta k;, and k;,. The energy
spectrum of this system may be readily obtained as a Minkowski sum of two
copies of spectra in Fig. 3.7(e). The result is shown in Fig. 3.7(f), where it
is apparent that the highest and the lowest bands are separated from others
by a gap. This holds true not only for the displayed cut of the spectrum at
Pr = Py = Pr, = Py, but rather for all values of the phases. The ratio of the
bandwidth of the highest band to the gap below it is found to be 5%, while the
ratio of the bandwidth of the lowest band to the gap above it is 2%.
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The system whose spectrum is shown in Fig. 3.7(f) may thus be described

by a lattice Hamiltonian
Hyp =Tl + Y o, (3.26)

where I is an identity matrix of the same size as Hrp. The system parameters
are the two quasimomenta k;, k,, the spatial phases ¢, and ¢,, and the four
respective parameters of the two underlying temporal systems: ky,, ki, , @1, ,
¢t,- As in the 4D case, the lowest and the highest energy bands are nonde-
generate, and therefore may be characterised by the fourth Chern number of a
corresponding Abelian gauge field. The theory presented in Section 1.4 can be
readily generalised to 8D. Let us gather all parameters of Hgp in the following
formal vector:

R: (kxa@z7ktm7<ptm>ky790yaktyacpty)' (327)

The Abelian Berry curvature is introduced using the eigenstates of a nonde-

generate energy band of Hgp as
Qi (R) = 23 (0iCr|9iCR) » (3.28)

where index 4 runs from 1 through 8, and |[(g) is the cell-periodic part of an
eigenstate of Hgp of a certain band. Let |k, ©us Kt , 01, ) be the cell-periodic
part of the eigenstate of IS@
ks 0y Kty s p1,) @ |Ky, 0y, kt,,, Soty>-

The fourth Chern number is given by [59]

of a certain band; then (3.26) implies |(r) =

1 1
=—— | =QAQAQAQ 2
V4 (27r)4/4! AQAQAQ, (3.29)

and due to the separability of the system this expression simplifies to

vy = ﬁ / Q120345607 ARY A - A RS = {01y h), (3.30)

The values of vy are displayed in Fig. 3.7(f). This way we confirm that the
highest and the lowest bands of the 8D system are characterised by nonzero
fourth Chern numbers, implying the topologically nontrivial nature of the sys-
tem. We note that if Hgp is constructed using two copies of the approximate
Hamiltonian ﬁa‘B, the higher gap closes, whereas the lower one remains open.

It is apparent in Fig. 3.7(f) that the highest and the lowest bands are wider
than the gaps, implying that the gaps disappear if one more copy of the spec-
trum in Fig. 3.7(e) is added. In that case, one ends up with a single topologically

trivial band, whose Chern number is zero. Nevertheless, a time-space structure
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based on a different spatial system than the one given in (3.1) may exhibit even
wider gaps compared to those in Fig. 3.7(e). This would allow one to realise a
12D time-space structure by combining three copies of Hrg, each based on a

separate physical dimension (z, y, and z).

3.6 Conclusions

Summarising, we have shown that the time-space crystals may be used as a
platform for studying 8D systems that can be defined in a tight-binding form.
We have devised a concrete, experimentally realisable driven quantum system
with validated parameters that is an example of a topologically nontrivial 8D
system. Remarkably, it is possible to realise systems with nontrivial topological
properties and study the resulting effects in eight dimensions with the help of a
properly driven 2D system and without involving any internal degrees of free-
dom of the particles. High-dimensional spatio-temporal crystalline structures
open up possibilities for building practical devices that would be unthinkable
in three dimensions. The results presented in this work pave the way towards

further research in this direction.
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CHAPTER 4

Extended degenerate perturbation theory

for the Floquet—Hilbert space

The study of time-crystalline structures presented in Chapters 2 and 3 once
again demonstrates the importance of periodically driven systems as a platform
for realising unconventional physical systems. The theoretical analysis of such
systems hinges on the Floquet theory, requiring one to search for the Floquet
states and the quasienergy spectrum. The problems considered in Chapters 2
and 3 concern resonantly driven single-particle systems, which can therefore
be analysed using the secular approximation. However, in interacting many-
body systems the secular approximation becomes less effective due to the large
number of couplings experienced by each state. In this chapter we tackle the
many-body Floquet problem for the case of resonant driving.

To present the problem, let us state the Floquet theorem once again [135,
148, 149): The Schrodinger equation id;|¢(t)) = H(t)|1(t)) with time-periodic
(and Hermitian) Hamiltonian H(t + T) = H(t) has solutions (Floquet states)
possessing the property |1, (t+T)) = e~€aT|¢),(t)), where &, are real numbers
called quasienergies (we set i = 1 in the present chapter). Floquet states can be
written in the form [, (¢)) = e ot |u, (t)) where |uq (t+T)) = |uq(t)) are time-
periodic state vectors called Floguet modes. The Floquet states (and hence also
the modes) form a complete orthonormal basis at each time moment. Given
an arbitrary initial state |x(0)), it will evolve in time as |x(t)) = >_,, ca|¥a(t))
where ¢, = (14(0)|x(0)). Notably, the coefficients ¢, are time-independent —
the temporal evolution of the state is encoded in the Floquet states.

The defining property of the Floquet states means that taken at time t = 0
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they represent the eigenstates of the one-period evolution operator U (T):

U(T)|$a(0)) = e T[1pa(0)). (4.1)

The Floquet modes |u,(0)) satisfy an identical equation since they coincide
with the Floquet states at ¢ = 0. Being a unitary operator, U(T) can be
expressed as e~ HeaT with ﬁeﬂ‘ Hermitian, so that

e T g (0)) = % T ug (0)). (42)
This equation can alternatively be written as
ﬁeff|ua(0)> = €a|ua(0)). (4.3)

However, the eigenvalues ¢, of this effective Hamiltonian H.g are determined
only up to an integer multiple of the driving frequency w = 27/T.

To go beyond the single-period evolution, let us express the time-evolution
operator as

U(t) =D 19a())(@a(0)] = Y lua(t)) (ua(0)] e, (4.4)

« (e

Using the spectral decomposition of the effective Hamiltonian
gt = 3 ea 110 (0)) {110 (0) (4.5)
«
and introducing the micromotion operator

P(t) =) lua(t))(ua(0)], (4.6)

one finds
U(t) = P(t)eHest, (4.7)

Due to the periodicity of the Floquet modes, the micromotion operator reduces
to an identity operator at integer multiples of the driving period, P(nT) =1,
so that U (nT) = e~ iHeanT

For a better understanding of the meaning of H.g and P(t), consider the
Schrodinger equation for a transformed state vector |¢(t)) = ST(t)[+(t)) where

S (t) is a unitary operator. Evolution of such a state vector is governed by

i0:|¢(t)) = H'(1)|¢(t)) where

SteyH()S(t) — 18t (t)agit). (4.8)

H'(t)
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If one takes S(t) = P(t), then the transformed Hamiltonian becomes precisely
the effective Hamiltonian (4.5). Formally, this means that we have transitioned
to a frame where the dynamics are governed by a time-independent Hamiltonian
E[eff.

Construction of the effective Hamiltonian may be conveniently approached
in the extended Floquet—Hilbert space .%, where time-dependent operators be-
come infinite matrices that possess a block-banded structure. To switch to this
space, we start by noting that the Floquet modes obey Qlua(t)) = ealua(t)),
where Q = H — id, is the quasienergy operator. The Floquet modes |ua (t)) of
the Hilbert space # can be regarded as the elements of the composite Floquet—
Hilbert space % defined as the tensor product of # and the space of time-
periodic functions .7 [148-150]. We adopt the notation |u,)) for the elements
of #, where the inner product is defined as ((uglua)) = + fOT (ug(t)|uq(t)) dt.

imwt

The basis spanning .% is given by |am)) < |a)e™“* where m € Z, while states
|a) form an orthonormal basis in . The quasienergy operator then assumes

a block-banded form:
{a'm/|Qlam)) = (&' | Hpm/ —m| @) + OmrmOaramw (4.9)

with the blocks containing the Fourier images H,,, = % fOT ﬁ(t)eim“tdt. Here-
after we indicate the operators acting in .# by overbars. The above equation
can be illustrated by the following matrix:

ﬁo—fo.} ﬁ,l I‘i’,g
o=1\... @ a, B, |, (4.10)
I:IQ ﬁl I:I()+fw

where I is the identity operator of 7.

Finding a frame where the Hamiltonian is time-independent is equivalent
to block-diagonalising @ since off-diagonal blocks account for the time depend-
ence. According to the preceding discussion, Q can be block-diagonalised using
the micromotion operator P. In practice, diagonalisation is done perturbat-
ively, starting by separating @ into the block-diagonal unperturbed part Q(®
and the perturbation V:

Q=0QY + \Vp + \Tk. (4.11)

The dimensionless parameter A is introduced to track the order of the expan-
sion. The indices ‘D’ and ‘X’ refer to the block-diagonal and block-off-diagonal
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parts of a given operator, respectively:

{(@'m’|Oplam)) = (a'm/|Olam)dmm,

. i (4.12)
{a'm’|Ox|am)) = (o/'m/|Olam)) (1 — mrm).

The perturbative expansion of the transformed quasienergy operator is given
by
PP = QO + AW + W) + 2w + W) + ... (4.13)

The goal is to find P as a series P = P(O) 4+ AP £ \2P(2) 4 that sets the
off-diagonal parts W;{L) to zero, up to a given order.
Let us introduce the operator

Qo < —idy,  (&/m|Qolam)) = Smrmbaramw (4.14)

and define an additional operator WI(DO) by writing Q(® = Qg + W}go). Then,
the block-diagonalised operator Q(©) + Wr()l) + W](DQ) + ... will have the structure
5m/m(<a'|W][3n] |a) + doramw), where

Wil = WO 4wl (4.15)

is the nth order approximation of the effective Hamiltonian (4.5). The eigen-
value spectrum of Q can therefore be expressed as €qm = € + mw, reflecting
the ‘mod w’ indeterminancy of the quasienergies mentioned above. It follows
that any interval of quasienergies of width w carries the same physical informa-
tion, and these intervals are called Floquet zones by analogy with the Brillouin
zones.

The standard approach used for finding W][)n] is to construct it as an expan-
sion in powers of 1/w [151, 149, 152, 153, 28, 154, 150]. Calculation of W[
in the high-frequency limit relies on the assumption that the energy spectrum
of the unperturbed Hamiltonian is bounded and that its width is much less
than w. In that case, the unperturbed quasienergy operator can be split as
Q = Qo + H with ﬁ(t) & H. By assumption, the elements of H are small
compared to w, therefore, H can be treated perturbatively. The expansion
(4.13) then becomes an expansion in powers of 1/w. However, if transitions
resonant with w are possible, then one is required to include the diagonal ele-
ments of H in the unperturbed part of the problem, but this introduces degen-
eracies. Specifically, if the difference E3 — E, between two diagonal elements
of Hy is equal (or is close to) nw, where n is integer, then the degeneracy
(B(m +n)|Q|B(m + n)) = ((am|Q|am)) makes the perturbation theory di-
vergent. In that case, one can apply the conventional degenerate perturbation
theory (DPT), whereby Wl[)n] is constructed by including the couplings between
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the degenerate states exactly and taking into account all remaining couplings
perturbatively [155, 156]. The application of the DPT in the ordinary space
A amounts to constructing and subsequently diagonalising a submatrix fieg
(which is called the effective Hamiltonian as well) describing the degenerate
subspace 74 of the Hamiltonian H = Hy+ V. To second order in the perturb-
ation strength, the elements of heg are given by [109)]

(o [VIB)(BIV |o)

4.1

( lhetla) = (/| Hla) + Y
|B) ¢

Here, all states |a) and |a’) of the degenerate subspace .#] are assumed to
correspond to the same unperturbed energy E, = E,/, while the summation is
performed over all states of 57 excluding the degenerate ones. If the states of
interest are not exactly degenerate (this is known as the quasidegenerate case),
then such an approach is still valid provided the summation is symmetrised as
follows [157]:

A N 1 N N 1 1
(o' lhenla) = (o' [Ha) + 5 > (o [VIB)BIV]a) <E “E, | E. _Eﬂ)
|8)¢
(4.17)

Properly modified, such an expression can be applied for the matrix Q to

construct Heg. However, the accuracy of such an approach might be insufficient
for systems where the degenerate states are coupled to a large number of states
outside the degenerate subspace.

The aim of this chapter is to extend the degenerate perturbation theory in
the Floquet—Hilbert space to obtain expressions for Wl[)n] that ensure higher
accuracy of the resulting quasienergy spectrum both exactly on resonance and
in its vicinity. This will be achieved by including in the degenerate subspace
not only the degenerate levels of interest but rather all the states of 5. The
resulting approach, which we call EDPT, parallels the van Vleck high-frequency
expansion [149] provided the elements of Q are reordered so that each mth di-
agonal block corresponds to the mth Floquet zone. To demonstrate the validity
of the obtained expressions, we apply them to the calculation of quasienergy
spectra of the driven Bose-Hubbard model for a number of parameter sets.
Comparison with numerically exact results shows that EDPT surpasses the
conventional DPT in terms of accuracy while requiring less computational ef-
fort than the exact approach.
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4.1 Degenerate perturbation theories in the extended space

The starting point of the proposed theory is the natural concept of reduced
energies
e® =F, —awecFZ, acZ, (4.18)

which are the diagonal elements F, of ﬁo reduced to the chosen Floquet zone
(FZ), whose width necessarily equals w. Note that Hy is just the unperturbed
Hamiltonian with, possibly, the secular contribution of the driving included.
This way, an integer a is uniquely assigned to each state |a); generally, multiple
states will share the same value of a. We reserve the symbols a, a’, b, and ¢ to
indicate the ‘reduction numbers’ of states |a), |}, |5), and |v), respectively.
Next, we reorder the elements of the quasienergy operator so that its mth
diagonal block contains energies reduced to the mth FZ. The diagonal elements
of the resulting quasienergy operator Q' then read

e = (am|Q'lam)) = £ + muw, (4.19)

am

while all other elements are expressed as
(a'm!|Q'|am)) = (&' |Ha—ar tm/—m|@) + GpmrmOaramiw. (4.20)

The quasienergy matrix retains its block structure, which can be visualised as

follows:

Q=1 X, D X, ] (4.21)

where the diagonal blocks are given by

(0) af «
Eo "' H,

D=k, <Y wHM |, (4.22)
H%e HZ, e

while the off-diagonal ones read

. f;[%a Hl?—ﬁa-i-m Hé;ja-i-m
«
X = | HY Iiﬁf H (4.23)
H;ch+m Hl’;y—c—i,-m HT'L'Y
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Here the matrices D and X,, are shown for the case of a three-level system
for brevity (so that the basis in the Hilbert space is spanned by |a), |3), and
7)), and H®'* = (a/|H,,|e). The central block D describes the states of
the central (m = 0) FZ and their mutual couplings, which will be accounted
for exactly. The off-diagonal blocks X,, describe couplings between different
Floquet zones; these couplings will be taken into account perturbatively. The
connection between @ in Eq. (4.10) and Q’ in Eq. (4.21) is shown schematically
in Fig. 4.1. To clarify further, we now give an example for a two-level system
in which the diagonal elements of the undriven Hamiltonian are given by F;
and Ey 4w+ 0 with |6| < w. Part of the infinite matrix Q can be displayed as

Ei+d | : : :
E Hy? HYY HY

O HY? Ei+w+d| HZ H%
- Hi Hi? Ei+w HY?

Hi2 H?2 H?2  Ei+2w+6

E1+2w

where the lines delimit the blocks. The elements Fi; + w + 0 and E; + w,
coupled by the elements H'% and H{? of the off-diagonal blocks, are almost
degenerate, and so the high-frequency expansion cannot be applied. However,
in this case of a two-level system, one can simply change the definition of the

diagonal blocks so that the result looks as follows:

Ei+6 : : :
. R HY? HL H™2
o_| o HE[Brers HR 0%,
H)! H}? B +w HY?

H}? H?? H? | By +2w+96
: : : B + 2w

The degeneracies are now contained in the diagonal blocks, and no obstructions
to the application of the usual high-frequency expansion occurs.

In the general case described by Eq. (4.20), different diagonal blocks will
no longer share degenerate elements, with one possible exception in case there
are states with reduced energies near both boundaries of the Floquet zones.
For example, for the FZ choice [-%, %), this will be the case if E(io) ~ Tt
The element ES?) + mw of the mth diagonal block will then coincide with the
element ¢ + (m + 1)w of the (m + 1)st diagonal block. This issue will be
discussed further in Section 4.1.3. Abstracting from it, we proceed to derive

the expressions for the effective Hamiltonian.
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Figure 4.1: Schematic representation of Q and Q’. In the first step, the diagonal
elements of Q are coloured such that those lying in the same Floquet zone share
the same colour. For example, the diagonal elements falling in the range [—%, %)
are coloured red, those falling in the range |3, 37‘“’) are coloured blue, and so on.
Additionally, each off-diagonal element (in both diagonal and off-diagonal blocks) is
coloured in two tones corresponding to the colours of diagonal elements that are being
coupled. In the second step, all elements are permuted so that like-coloured diagonal
elements are gathered in the same blocks (while the permutation of the off-diagonal

elements follows unambiguously).

&
[

4.1.1 Extended degenerate perturbation theory

In the first step, we separate Q' as in Eq. (4.11), writing
Q' = QO + AV + Nk, (4.24)

where

Eééqr)néa’aém’ma
(
(

(@'m/|Q" @ am)
(o' [V o)

(o' m/|Vic|am)

NHa—arla)(1 = Sara)0mim, (4.25)
/|f{afa’+m’fm|a>(1 = Omim)-

e
o
The zeroth-order term of the effective Hamiltonian is therefore given by

(@ W) = eQ 6. (4.26)

In the following step, we write down the expansion P'Q’'P of Eq. (4.13) by

assuming P = e, where G is an antihermitian operator that we expand in
series: G = AGW) + A\2G®) 4 ... (the zeroth-order term can be set to zero).
Collecting the terms of the first order this yields

—[GM, QO] + T + T = WY + WD, (4.27)

We require GV be block-off-diagonal, so that [é(l), Q/(O)] is block-off-diagonal
as well. The remaining block-diagonal terms immediately yield the first-order
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term of the effective Hamiltonian according to

(a'm[W) lam) = (@'m|Vb|am)), (4.28)
or, in the space 2,
(@' WP |a) = (& |[Haarla)(1 = bara)- (4.29)

The first order of the theory thus corresponds to neglecting all off-diagonal
blocks of Q’, so that the effective Hamiltonian is given by D in Eq. (4.21). In
fact, this coincides with the secular approximation used in Chapters 2 and 3.
The level-renumbering functions v used there [see Egs. (2.27) and (3.9)] cor-
respond to the reduction numbers of the present formulation, while the basis
functions (2.26) and (3.8) select the appropriate elements of the quasienergy
operator, coinciding with the central block of Q' in the present formulation.

Next, we require W)(;) = 0, obtaining the equation for the block-off-diagonal
terms: [GM), Q'] = Vx. This allows us to find G!) and proceed to the
equation for the second-order terms. Continuing in the similar fashion, one
obtains

a2 am)) = = 57 3 (olml Vil 3n) (Gl Vi aom)
B n#m

4.30
) ) X . (4.30)
o e O

One recognises that the resulting expressions are identical to the van Vleck

high-frequency expansion [149], which is expected since Q' possesses exactly
the same structure as in the usual applications of this expansion. The 7-
space expressions, however, do different because the matrix elements of Vx and
the quantities E&% have a different meaning in our case. The second-order term

of the effective Hamiltonian results as

a 1 N N
(@Wa) = 5 37 D (N 18) (8] Ha-vnle)
B n#0

4.31
) . X . (4.31)
5((10,) - e(ﬁo) —nw e — E(BO) —nw )

Expressions for the third-order terms of the effective Hamiltonian are provided
in Appendix 4A.

The formula (4.30) could alternatively be obtained by a direct application
of the conventional DPT as given by Eq. (4.17), provided one assumes that

all of the states |am)) of a given block (m = 0, say) constitute the degenerate
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subspace. The condition n # m in the summation over the intermediate states
|Bn)) in Eq. (4.30) corresponds precisely to the skipping of states belonging to
the degenerate subspace. We will refer to Eqs. (4.26), (4.29), and (4.31) as
the results of the extended degenerate perturbation theory (EDPT) since the

degenerate subspace is extended to include all levels in a Floquet zone.

4.1.2 Conventional degenerate perturbation theory

For comparison, let us consider the conventional DPT, whereby the degenerate
subspace of Z consists only of the states that are exactly (or nearly) degenerate.
We start by dividing ## into two subspaces, %) and ¢, so that J# contains
the states sharing the same value of reduced energy of interest, aio), while 74

contains the remaining states. That is, for each state |a),

A, e =0,

€ Ay, e 20

(4.32)

Consequently, we partition each diagonal block of Q' into two subblocks — one
containing the states belonging to %), and one containing the states of 7.
The couplings between these subblocks are then considered to constitute the
off-diagonal blocks of Q’, and are therefore treated as a perturbation. This
means that the definition of diagonal and off-diagonal blocks is changed from

the one given in Eq. (4.25) to

{(a/m’|Oplam)) = {a'm|Olam)dmmdara,

_ , (4.33)
{(o'm'|Ox|am)) = {a'm/|Olam) (1 — Spmrmdara).

Here, |a) € 54 and |o') € 54 (with A and A’ being either 0 or 1) so that
the Kronecker delta 04/ 4 is unity if both states |o@’) and |a) belong to the same
subspace — either degenerate or not — and zero if they belong to different
subspaces. With these definitions, and (@'m/|V]am)) = (/| Va—a/4m/—m|a) as

before, one finds

(@100 a) = 0640 (4.34)
in the zeroth order,
(o[} |a) = 6ara (0’ [How|a)(1 = Gara) (4.35)
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in the first, and

(o [0 ffaA/AZ > (A (@ —bin) BBl Hapinl)

B n#0 if B=A

4.36
) . X . (4.36)
RO ©_ .0 _,

nw Ea _65

in the second. In the last expression, B is the number of subspace (0 or 1) which
|3) belongs to, i.e., |3) € #5. In the second sum, the index n runs from —oo to
00, skipping the value n = 0 if B = A. The terms of the effective Hamiltonian
constructed using DPT are denoted here by %", and they are composed of two
uncoupled blocks. In fact, when using DPT, one is only interested in the block
describing the degenerate subspace, and it can be diagonalised separately from
the other block. Together, Eqgs. (4.34)—(4.36) correspond to the DPT formula
(4.17) given for the space .

Notably, construction of wg] is not equivalent to simply neglecting in W]SZ)
the couplings between the blocks .7 and 7. Considering two states |o) and
|y of the degenerate subspace, one has (&/|w (2)|a> # (a ’|W](32)|a>. This point
will be discussed further in Section 4.2.2.

The above formalism also allows one to construct schemes that are inter-
mediate between DPT and EDPT. Instead of including in 777 only the states
whose reduced energies are equal to the reduced energy of interest a(k ), one can
include all states in a certain interval [8550) —Ae/2¢e o4 Ae /2] (with Ae < w).
The size of 577 will then increase, resulting in larger numerical effort required
to calculate the eigenvalues, but these should approximate the exact values
more accurately. The choice Ae = w corresponds to EDPT, whereby all states
are assigned to 7. We will not, however, consider the accuracy of these in-
termediate schemes further in this work, instead focusing on the two limiting

cases, DPT and EDPT.

4.1.3 Convergence condition

It follows that the necessary condition for the convergence of the expansion
(4.13) is
(@[ Ha—ar—n|c)|

EDE 1, (4.37)

r=
€&
which has to be satisfied for all states |a), |o/) and all integers n, except
the resonant cases excluded in the summation in Eq. (4.31) (EDPT case) or
Eq. (4.36) (DPT case). As long as the numerator does not vanish, this condition
might be violated for |€g),) — 5&0)| ~ w, which is possible if the reduced energies

of the two states |a’) and |a) are on the opposite boundaries of the FZ. A simple
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resolution is to shift the FZ in a such way so that there are no levels near one
or both boundaries. However, if the reduced energies 5&0) fill the FZ densely,
then the problem cannot be circumvented. The EDPT will be applicable in
those cases only if the couplings between states on the boundary of the FZ can
be disregarded. On the other hand, in case of DPT this issue does not arise for
the states of the degenerate subspace if one centres the FZ around ESFO). Since
|a) and |o’) enumerate only the states of the degenerate subspace, the absolute
values of denominators in Eq. (4.36) are no smaller than w/2. However, the
problem appears in the DPT case as well once the third-order term, provided
in Appendix 4A, is included since it contains differences between the reduced
energies of the nondegenerate subspace.

We reiterate that in the limit w — oo (so that all diagonal elements E,, are
in the same FZ) the EDPT essentially coincides with the usual van Vleck high-
frequency expansion. The only difference is that the latter method assumes
that the unperturbed quasienergy operator is simply Qg (4.14), while in the
EDPT case each diagonal block also contains the diagonal elements of Hy. As
the frequency is lowered towards the resonant case, this transfer of diagonal
elements becomes essential, but it causes divergence of the usual expansion.
On the other hand, it may be the case that the couplings between the diagonal
blocks can still be considered small, and perturbative treatment could in prin-
ciple be possible. The reshuffling of elements used in EDPT solves the problem
of degeneracies and allows for subsequent perturbative treatment as long as
the condition (4.37) holds. The EDPT can therefore be also considered as an

extension of the usual van Vleck expansion to lower frequencies.

4.2 Applications

To check the validity of the presented theories, we will compare the quasien-

ergy spectra obtained by diagonalising W][DB J and ﬁ)g’]

with the numerically exact
ones. The exact spectra were obtained by diagonalising the single-period evol-
ution operator U(T) — its eigenvalues are e =7 and the eigenvectors are the
Floquet modes |t (0)). The operator U(T) was constructed using the general
decomposition U(T) = 3, |a(T))((0)|, where states |a(0)) form an arbitrary
orthonormal basis in 2, and while states |«(T)) were obtained by propagating
the Schrodinger equation for a single period [17]. The theory will be applied

to a driven Bose-Hubbard system, defined in Section 4.2.1.
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4.2.1 Driven Bose—Hubbard model

The driven Bose-Hubbard model is defined by the Hamiltonian [158]

. U IR .
‘() = —J;aTaJ + 3 an(nj -1)+ anijcoswt, (4.38)
7 J

J

where J, U, and F control the strengths of, respectively, the nearest-neighbour
hopping, the on-site interaction, and the external driving (we study monochro-
matic driving of frequency w). The first sum runs over nearest-neighbour pairs,
while the remaining ones run over all lattice sites. In the last sum, z; is the
z-coordinate of site j, in units of the lattice constant. A gauge transformation
(4.8) with S(t) = exp(fi% sinwt ) xjﬁj) shows that the effect of the driving

amounts to a renormalisation of the hopping strength [159, 160]:

— sin ~ U ~ ~
— _Jz;e Sl@imwy)sinwtyly . 4 ) zj:nj(nj —1). (4.39)
(ij

The Fourier image of the resulting Hamiltonian is given by
= —JZ I ( )> ala, (4.40)

where J,,(x) denotes the Bessel function of the first kind of order m.

We will use the Fock basis |a) to refer to the elements of H(t), denoting the
diagonal ones by E = (a|Hy|a). An example of the distribution of diagonal
elements F,, is displayed in Fig. 4.2(a). The presence of degenerate elements
does not require extra care — these degeneracies will directly translate into
degeneracies in the first-order term (4.29) of the effective Hamiltonian. The
effective Hamiltonian, once obtained perturbatively, will be diagonalised ex-
actly (numerically). On the other hand, the possibility of resonant transitions
requires the application of degenerate perturbation theory in .%. Since the
diagonal elements F, are given by integer multiples of U, resonant transitions
become possible when the condition pU = qw, where {p, ¢} € Z, is satisfied.
This translates into degeneracies in .%, as depicted in Fig. 4.2(b) showing the
diagonal elements c{oy [see Eq. (4.19)] for 3U = 2w. In the figure, black hori-

zontal lines delimit the FZ chosen as [—% and the values of a are displayed.

' %)
The analysis of accuracy of DPT ang EQDPT will be performed by choosing
the driving strength F' and the frequency w, and calculating the quasienergies
as the parameter U is varied. We will focus our attention on the quasienergy of
the ‘driven Mott-insulator (MI) state’, a name we will use for the Floquet mode

having the largest overlap with MI state (denoted as |MI)). For U > J, |MI)
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Figure 4.2: Diagonal elements of Hy and Q' for a BH system on a 1 x 6 lattice
assuming w/J = 20, U = 2w. (a) Diagonal elements E, = (a|Hop|a). Note the
existence of a zero-energy state (Ey = 0), which is the Mott-insulator state (when
U > J). (b) Diagonal elements ) = {am|Q’|am)) in the vicinity of zero. The
values of m are: m = 0 for the levels in the central FZ [-%, %), m = —1 for the levels
in the zone below, and m = 1 for the levels in the zone above.

is the ground state of the undriven system, corresponding to £ = 0. Therefore,

we centre the FZ around ) = 0 by choosing the interval [-%, %).
We note that the interesting features of the quasienergy spectra — the

anticrossings indicatory of resonant processes — will appear at certain values
of the ratio U/w. From the definition (4.18) with E, = k,U where k, is
integer, it follows that the denominator in Eq. (4.37), w\(e(ao,) - s,(f))/w —nl,
grows linearly in w for fixed U/w. Therefore, the accuracy of the perturbation
theory in the vicinity of resonances is expected to increase with increasing w,
although this reasoning does not take into account the dependence on w of the
coupling strength [i.e., the numerator in Eq. (4.37)].

Finally, let us clarify that DPT can be applied not only exactly on reson-
ance (when the degenerate energies of interest exactly coincide), but also in its
vicinity. For example, we can calculate the quasienergies for U in the vicinity
of %w by including in 7 the same states as those constituting 7 when U
exactly equals 2w. Similarly, the same reduction numbers [see Eq. (4.18)] as
those obtained exactly on resonance are used even when U does not exactly
equal %w.

4.2.2 Study case 1: One-dimensional lattice

We begin the assessment of accuracy of the perturbation theories with the study
of a BH system defined on a periodic 1 x 8 lattice containing 8 bosons; we set
F/w=2andw/J = 20. The plots in Fig. 4.3(a) display the quasienergies of ten
Floquet modes having the largest overlap with the MI state for U € [0, 1.5w].
The quasienergies of the driven MI state are highlighted in red. The left plot
displays the exact result, while the right one shows the results obtained using
third-order EDPT. As explained above, the DPT approach is only applicable

in the vicinity of resonances, and cannot be directly used to calculate the
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Figure 4.3: Assessment of accuracy of DPT and EDPT for an eight-particle BH system
on a 1x8 lattice with F/w = 2, w/J = 20. (a) Quasienergy spectrum for U € [0, 1.5w].
Quasienergies of ten Floquet modes having the largest overlap with the MI state are
displayed; quasienergies of the mode with the maximum overlap are highlighted in

red. (b) Diagonal elements of Q' at U = %w. Black horizontal lines indicate the

boundaries of the FZs. Red and blue arrows with numbers show the largest relative
coupling strengths r (4.37) corresponding to coupling with states outside the central
FZ. For example, for the states |a0) of the central FZ with o € [478,1205], the
largest relative coupling strength of » = 0.058 is found as a result of the coupling
with one of the states |al)). Green arrows with numbers show the largest coupling
strengths r corresponding to coupling with states inside the central FZ. Only some
of the couplings are indicated. (c) Coupling element c3 = <3|W]g2)\1\/[l> calculated at
U = 2w using DPT and EDPT versus F/w. (d) Quasienergies of the driven MI state
in the vicinity of U = %w. (e) Quasienergies of the driven MI state in the vicinity of

_ 4
U= jw.

quasienergies for such a wide range of U. The most pronounced anticrossing
seen at U = w corresponds to first-order creation of particle-hole excitations
in the MI state, whereby a particle is annihilated at a certain site and created
at its neighbouring site [155]. At U = w, transitions between all levels of the
system become resonant, therefore, all diagonal elements of @’ in the given
diagonal block share the same value. Consequently, the actual distribution of
quasienergies is almost entirely captured by the first-order effective Hamiltonian
(4.29). Additionally, DPT becomes equivalent to EDPT since all levels of the
system are included in the degenerate subspace. The second- and third-order
terms of Wp provide a slight improvement and yield results in agreement with
the exact ones, as shown in Fig. 4.3(a). Notably, the EDPT results remain
sufficiently accurate away from resonances as well. Exactly on the resonance
U = w, the largest value of the coupling ratio (4.37) is rmax = 0.12, which is
one of the largest values that can be considered to satisfy the condition (4.37).
Therefore, for smaller values of w (and the same value of F/w), the EDPT is
not expected to yield reliable results near the resonance U = w.

To assess the accuracy of the methods on a finer scale, we inspect the
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quasienergy of the driven MI state in the vicinity of U = %w, as shown in
Fig. 4.3(d). The obtained anticrossing is a result of the second-order process
whereby two particles of an MI state hop to the site of their common neighbour,
producing a triply occupied site and resulting in a state of energy £ = 3U. This
process has been analysed in Ref. [155] using the DPT approach. Plugging the
expressions (4.40) into Eq. (4.36) one finds that for the resonance condition
3U = qw, the element c3 = (3\1@1()2) |MI) vanishes for ¢ odd (]3) denotes any one
of the states with a triply occupied site reachable starting from |MI) in two
hops). Meanwhile, for ¢ = 2, the strongest coupling is observed for F/w = 2.
The quasienergy of the driven MI state is indeed calculated correctly using
DPT, as shown in Fig. 4.3(d). However, as U is tuned away from resonance,
the EDPT yields more accurate results.

As noted in Section 4.1.2, the EDPT and DPT approaches are not equival-
ent, therefore, the value of ¢3 depends on which method is used to construct
the effective Hamiltonian. These values are compared in Fig. 4.3(c) for U = %w
and a range of coupling strengths F'/w. The curves are quite different in nature:
for example, at F/w = 3.4 the DPT curve crosses the zero, while the EDPT
curve approaches a local maximum. Vanishing coupling indicates disappear-
ance of the corresponding anticrossing in the quasienergy spectrum [155], which
is indeed the case for F/w ~ 3.4, as confirmed by an exact calculation (not
shown). Thus, even though EDPT yields quasienergies with higher accuracy
than DPT, the matrix elements of Wp constructed using EDPT do not have
such a straightforward interpretation compared to the case when DPT is used.
Another difference between EDPT and DPT concerns the higher-order terms of
the effective Hamiltonian. In the DPT case, the third-order term 1111()3 ) gives an
insignificant correction to the second-order theory at U = %w. The additional
processes appearing in the third-order are the creation of a state featuring three
doubly occupied sites (the corresponding matrix element is 7 = 9.2 times smal-
ler than c3) and the process of creating a state with a triply occupied site in
three hops (n = 25). In the EDPT case, on the other hand, inclusion of the
third-order term W](DS) gives a substantial improvement in terms of accuracy.

It is instructive to consider the values of the coupling ratios (4.37) for EDPT.
Exactly on resonance U = %w, we find rpax = 0.30, which is quite large.

However, this value comes from the coupling of a state corresponding to e(aor)n =

_1 0 _
3 a’m’ T

not directly influence the driven MI state, whose reduced energy is 5&0) = 0.

w with a state corresponding to ¢ —%w, therefore, this coupling does
The said coupling is indicated in red in Fig. 4.3(b) depicting the diagonal
elements of Q' at U = %w. On the other hand, all of the degenerate states
sharing the value e = 0 are coupled weakly to states outside the central
FZ, as indicated by the blue numbers in Fig. 4.3(b) (see figure caption for
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details). This explains the fact that accurate results have been obtained using
EDPT despite the condition (4.37) not being satisfied. We remind that the
couplings between the states in the central FZ [see green arrows with numbers in
Fig. 4.3(b)] are taken into account exactly in the EDPT framework. Meanwhile,
the couplings of degenerate states with the nondegenerate ones are treated
perturbatively in the DPT, which explains why the reported DPT results are
less accurate even exactly on resonance.

Let us also discuss the origin of the discontinuity at U = 2w in the EDPT

8
results seen in Fig. 4.3(d). For definiteness, consider the group of levels char-
acterised by 5((10) = —%w and reduction number a = 3, appearing in red in
Fig. 4.3(b), where U = 2w is assumed. These are the levels arising from

the unperturbed states of energy E = 4U. As U decreases, these levels shift
downwards, reaching the lower FZ boundary when U attains the value of %w.
Decreasing U still further makes this particular group of levels leave the FZ,
and another one (appearing in green in the figure) enters from above. How-
ever, the reduction number for the levels of the latter group is @ = 2. Since the
reduction number directly influences the strength of coupling with other levels,
the coupling with the states under consideration changes abruptly as U crosses
the value of gw. Although processes such as this one reduce the accuracy of
the EDPT, their impact is not that noticeable if the states of actual interest
are not strongly coupled to the states crossing the boundaries of FZ. This is
certainly the case presently: Our main focus is on the driven MI state, which
is not directly coupled to the 4U states. Consequently, the artifactual discon-
tinuity in Fig. 4.3(d) is an order of magnitude narrower than the width of the
anticrossing that is of actual interest.

The last case for this parameter set is studied in Fig. 4.3(e) that displays the
quasienergy of the driven MI state in the vicinity of U = %w. The anticrossing
is again a manifestation of the second-order process producing a triply occupied
site. Despite the width of the anticrossing making up only ~ 2% of the width
of the FZ, it can be calculated accurately using perturbation theory. Again,
EDPT is more accurate than DPT, although the former one yields a number

of false anticrossings.
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Figure 4.4: Assessment of accuracy of DPT and EDPT for an eight-particle BH
system on a 2 x 4 lattice with F/w = 2, w/J = 20. (a) Quasienergy spectrum for
U € [0,1.5w]. Quasienergies of five Floquet modes having the largest overlap with
the MI state are displayed; quasienergies of the mode with the maximum overlap are

highlighted in red. (b) Quasienergies of the driven MI state in the vicinity of U = %w.
(c) Quasienergies of the driven MI state in the vicinity of U = 2w. (d) Quasienergies

of the driven MI state in the vicinity of U = %w.

4.2.3 Study case 2: Two-dimensional lattice

We now turn to a BH system described by the same parameter values (F/w = 2,
w/J = 20), but this time on a 2 x 4 lattice periodic in the z-direction (we direct
the z-axis along the longer dimension of the lattice). The quasienergy spectrum
calculated for U € [0,1.5w] is shown in Fig. 4.4(a). We notice that the curve
of the driven MI state undergoes many more anticrossings compared to the
above case of a one-dimensional lattice, indicating richer system dynamics.
The EDPT results are less accurate here, featuring erroneous and noticeable
discontinuities. Nevertheless, the quasienergies can be considered calculated
qualitatively correctly in the vicinity of the main anticrossing at U = w.

According to Eq. (4.39), driving renormalises the hopping strength only for
hopping along the z-axis. As a result, the DPT theory no longer predicts that
c3 vanishes for all F' when U = %'w with m odd. Indeed, Fig. 4.4(b) confirms
that numerous anticrossings appear in the vicinity of U = %w. Their presence
is predicted by both EDPT and DPT, albeit the exact results are matched
only qualitatively. Meanwhile, in the cases U = %w and U = %w the EDPT
ensures higher accuracy, providing a considerable improvement over DPT [see
Figs. 4.4(c) and (d)].

Finally, we consider the results obtained for the case of a higher driving
frequency: w/J = 30. As expected, the accuracy of the perturbation theory
is higher in this case, which is confirmed by the plots in Fig. 4.5. Figure
4.5(a) shows that EDPT yields accurate results on a large scale, capturing all

the essential features of the exact quasienergy spectrum. The close-up views
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Figure 4.5: Same as in Fig. 4.4 for w/J = 30.
of the spectrum in the vicinity of U = %w, U = %w and U = %w, shown

in Figs. 4.5(b), (c), and (d), respectively, display that EDPT is capable of
providing quantitatively correct results in this regime. The DPT is certainly

applicable as well, although the accuracy is lower.

4.2.4 Computational cost of the methods

Concluding the discussion of accuracy of the considered methods, let us com-
pare the associated computational costs. Calculation of quasienergies using
both DPT and EDPT comes down to a Hermitian matrix diagonalisation. In
the EDPT case, one is required to diagonalise the matrix whose size is given by
the total number of states of the unperturbed systems. In the studied eight-
particle systems, there are N = 6435 such states. In the DPT case, the size is
given by the number of states sharing the same value of reduced energy sio).
For example, on a 2 x 4 lattice and at U = %w, there are 2017 states sharing the
value of /) =0 [cf. Fig. 4.3(b)]. Both methods thus suffer from exponential
growth of the required computation resources, which can only be alleviated by
limiting the number of states taken into consideration.

The numerically exact calculation of the quasienergies via the single-period
evolution operator U (T) requires performing a (unitary) N x N matrix diagon-
alisation, similarly to the the EDPT case. However, the construction of U(T)
additionally requires propagating the Schréodinger equation for one period of
the drive N times (for each basis state as the initial condition). Although the
specific time required to solve the differential equations depends on multiple
factors (such as the solver, required tolerance, and hardware), in our experi-
ence [161] the exact calculation of the quasienergies for a single value of U took
2.5-6 times longer than the EDPT calculation and, importantly, required ~ 15

times more memory (see Appendix 4B for details).
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4.3 Conclusions

Let us now summarise the results. We have provided an extension of the
conventional degenerate perturbation theory that improves the accuracy of the
calculation of quasienergy spectra of periodically driven systems. Application
of the theory to the driven Bose-Hubbard system has shown that third-order
EDPT yields results matching the exact ones on a quantitative level. While
the exact applicability criterion is difficult to formulate, the simple condition
(4.37) together with the provided example calculations may serve as a basis
for predicting the expected accuracy. Generally, the accuracy is expected to
improve with increasing driving frequency.

Along the way, we have also studied the application of the conventional
DPT. It has an advantage that the matrix elements of the resulting effect-
ive Hamiltonian w{;’ I admit a straightforward interpretation. Specifically, it
enables one to make qualitative predictions about the possible appearance of
the anticrossings in the quasienergy spectrum, and the matrix elements of uﬁgl ]
may be used to estimate the relative probabilities of various resonant excita-
tion processes [155, 156, 149]. On the other hand, since QDI[;] consists of two
decoupled blocks (describing the spaces % and J4, cf. Section 4.1.2), which
is clearly a bold approximation, it might not capture important properties of
the system, such as the existence of a Floquet dynamical symmetry [162-164].
In this respect, the effective Hamiltonian W][D"] provided by EDPT is expected
to be more useful: existence of an operator A such that [VT/][DH], A] = gA with
g a real number would imply the existence of a dynamical symmetry in the
effective system [162, 165], to the nth order of the perturbation theory. This
might help in exploring the platforms for constructing discrete time crystals.

The performed analysis has shown that the accuracy of the quasienergies
obtained using DPT is considerably lower than that of EDPT. Moreover, while
DPT is applicable only in the vicinity of resonances, EDPT remains equally use-
ful if the driving is not resonant. The advantages of EDPT, however, come at
the expense of increased numerical effort since the resulting effective Hamilto-
nian is of the same size as the unperturbed one. For large systems, its diagonal-
isation becomes prohibitively costly, and one might need to reduce the number
of considered states by excluding highly-excited ones, for example. Another
option is to adopt a scheme intermediate between DPT and EDPT so that
only some of the couplings between the states in the FZ are treated exactly,
and others are taken into account perturbatively. The required formalism has

been presently provided.
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4.4 Appendix 4A: Third-order expressions for the effect-
ive Hamiltonian

Here, we provide the third-order expressions for the effective Hamiltonians. In
the DPT framework, one obtains

. 1 1
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Integers A, A’, B, and C indicate which subspaces the states belong to: |a) €
o, o) € Har, |B) € A, |v) € H#&. In the EDPT framework, all states
are assigned to the same subspace, therefore, in that case one should put A =
A’ = B = C in the above equation.
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4.5 Appendix 4B: Benchmarks of the methods

In this Appendix we provide benchmarks of the methods and additional tech-
nical details.

The scaling of the computational time and required memory with the sys-
tem size is shown in Fig. 4.6. The performed calculations correspond to those
presented in Fig. 4.3 at a single point of U = %w, for lattice sizes N = 5 through
10 (with unit filling). The data is depicted on a semi-logarithmic scale, together
with an exponential fit y = 105V 4 yo; the coefficients k are provided in the le-
gends. It is apparent that the EDPT provides a noticeable advantage in terms
of calculation times compared to the exact approach and requires more than
an order of magnitude less memory. The memory requirements for DPT are
similar to those of EDPT because we were constructing the effective Hamilto-
nian wg‘] for both the degenerate and nondegenerate subspaces, although we
were diagonalising only the block corresponding to the degenerate space.

In practice, one often needs to repeat the calculation of quasienergies for a
range of one or more system parameters, as was done in our analysis. The loop
scanning over the parameters can be easily parallelised on a multicore machine
or a cluster, but the memory requirements might put a limit on the number of
processes that can be run in parallel. For example, the exact calculation shown
in Fig. 4.4(a), where ~ 300 values of U were scanned, was performed using only
21 of 64 cores of an AMD 2990WX CPU because that already used almost all

4 F E)l(act,lk J 1.2 e 103 E E)liact,l k - 11 ! =
10" E*EDPT3, k = 0.74 4 o E*EDPT3, k — 0.86 3
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Figure 4.6: Scaling of computation time and required memory with the system size.
The code [161] was benchmarked on a Mac mini computer with Apple M2 Pro chip
(8 performance cores variant) and 32 GB RAM. The exact calculations for systems
with N > 8 were not performed as the memory requirements exceeded resources
available on the test machine. The reported memory utilisation was measured as
the total amount of memory allocated during the calculation. This was chosen as
a reproducible criterion that reflects the scaling behaviour. The actual amount of
memory required is highly dependent on the implementation details.
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available RAM space (121 GB out of 128 GB). The execution time was 6 hours.
Meanwhile, EDPT3 allowed us to utilise all 64 cores while requiring 22 GB
RAM in total; the calculation finished in 50 minutes.

The software package FloquetSystems. j1 implementing all relevant calcu-
lations is available on GitHub [161]. A number of software packages [137, 138,
166] developed in Julia [143] was used.
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Part 11

Topological phenomena in

Bose—Einstein condensates



CHAPTER D

Light-induced localised vortices

in multicomponent Bose—Einstein condensates

In this chapter, we explore the manifestation of topology in interacting quantum
gases — the Bose-Einstein condensates (BECs). A BEC forms when a dilute
gas of bosonic atoms is cooled below a critical temperature, leading to a mac-
roscopic occupation of the ground state. On the mean-field level of treatment,
the system can be described by a macroscopic wave function ¥(r,t) whose
evolution is governed by a time-dependent Gross—Pitaevskii equation (GPE)
2

ih%\l} = <—;A+V+g|\p|2> v, (5.1)
where V(r) is a trapping potential, while g characterises the particle interaction
strength and is related to the s-wave scattering length as as g = 4wh?as/m
[167, 168]. The wave function ¥ (normalised to the total number of atoms in
the condensate, [|¥|?d®r = N) describes the collective order in the atomic
system and thus plays the role of an order parameter. Writing it in terms of
the modulus and phase as

U(r,t) = /n(r,t)el?m?) (5.2)

one can deﬁne lhe Vel()Clty ﬁeld ()f the C()ndensate as
m

With this definition, the condensate wave function satisfies the continuity equa-
tion 22 4+ V(nv) = 0, which follows from Eq. (5.1), and thus reflects the actual
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movement of atoms.
In the following discussion, we will concentrate on the stationary configur-
ations of the condensates. The GPE (5.1) possesses stationary solutions of the

form
U(r,t) = e W My(r) = e W0 /n(r)edn), (5.4)

where g is the chemical potential. Notably, the velocity field may be nonzero
in the stationary state, provided there is a nonvanishing gradient of the phase,
as follows from Eq. (5.3).

Since the phase is defined up to an integer multiple of 27, it follows that the

integral of the velocity field around an arbitrary closed contour is quantised:

%vd‘l':ﬁ%d(b:%rﬁﬁ, LeZ, (5.5)
m m

thereby restricting the allowed motion of atoms. Application of the Stokes
theorem seems to imply than only the value £ = 0 is allowed since V x V¢ = 0.
However, nonzero values of ¢ can in fact be realised if ¢ contains a singularity.
A prime example is given by the vortex configuration, described in cylindrical
coordinates r = (p, ¢, z) by the phase profile ¢(r) = lp, ¢ € [0,27). In this
case, the phase of the wave function is undefined on the line p = 0; while we
can assign an arbitrary fixed value for ¢ on this line, such an assignment would
render ¢ discontinuous. Meanwhile, the velocity field reads

v(r) = %gew (5.6)
where e, is the unit vector in the azimuthal direction. It follows that v grows

without bound as p — 0, and its curl may be expressed as
e
V xv=2m1l—§7(r)e,, (5.7)
m

where §(2)(r) is the 2D delta-function and e, is a unit vector in the z-direction.
Clearly, for ¥ to be well-defined and for the kinetic energy of the condensate
to remain bounded, one must have 1) = 0 on the singular vortex line.

A vortex line is an example of a topological defect — a singularity of the
order parameter that cannot be eliminated without introducing singularities
at arbitrarily large distances from the original defect [50]. For example, let
us consider a vortex configuration with £ = 1 and contemplate deforming the
function ¢(r) so as to achieve ¢(r) = const, which is equivalent to a vortex-free
configuration with £ = 0. We can try achieving this by reducing the value of ¢
towards zero everywhere. Formally, we can describe this process by the function

o(r|t) = (1 — t)p which interpolates between the two cases as the parameter
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Physical space (R?) ) ) Order-parameter space (R=S")
f(©)

-2 -1 0
x

Figure 5.1: (a) A contour C = S' surrounding a point defect in 2D physical space
(z,y), where the order parameter e?(® ¥ is defined. The case of oz, y) = 2p is
displayed. (b) Mapping of the contour C into a loop f(C) in the order-parameter
space R, which is also topologically S'. The red and blue ‘ends’ of the loop should
be identified.

t changes from 0 to 1. For intermediate values of ¢, the function ¢(r|t), and
hence also the order parameter ¢» ~ e'?, becomes discontinuous at ¢ = 0 for
all p and z. A BEC could possibly pass through this configuration by having
the order parameter vanish identically at those singular points, as it does on
the vortex line. However, this is associated with additional variation of the
order parameter in space, and hence with additional energy of the state. The
configurations corresponding to different values of £ are therefore separated by
an energy barrier.

The above argument can be made more precise using the language of ho-
motopy theory. First, we introduce the notion of surrounding the defect by an
n-sphere such that

n=d—d —1, (5.8)

where d is the dimensionality of the physical space in which the order parameter
is defined, and d’ is the dimensionality of the defect [169, 120]. In the case of
a vortex line (d = 1) in a 3D BEC (d = 3), one finds that the defect is
surrounded by a circle S', and the same is true for a quasi-2D BEC, in which
the vortex line becomes a singular point (d’ = 0). Next, we consider the values
of the phase factor e'® to constitute the order-parameter space R and study the
mapping of the values of the order parameter on the surrounding n-sphere into
the space R. For both 3D and 2D BEC, we find that the values of the order
parameter e'# along the surrounding loop S! are mapped to a loop of winding
number ¢ in the order-parameter space. This is illustrated in Fig. 5.1 for ¢ = 2.
The mappings — or simply the resulting loops in the order-parameter space —
that can be continuously deformed into each other are said to be homotopic,
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and they belong to the same homotopy class. By a proper definition of the
composition law of homotopy classes?), they are made to form a homotopy
group. Presently, we are concerned with the mappings of a loop S' into R, and
these are described by the first homotopy group 71 (R). The latter provides a
characterisation of the defect, reflecting its stability and the ‘composition law
for defects’ Since R in the BEC example is isomorphic to S*, the group of
interest is m1(S*). A detailed calculation [120] shows that 1 (S') = Z, which,
being a nontrivial group, guarantees the stability of vortices. This means that
the loop surrounding a vortex is characterised by an integer — the winding
number ¢ of the corresponding loop in R. Such a loop cannot be continuously
deformed into one with a different value of ¢, implying that the corresponding
structure surrounded by S in the physical space likewise cannot be eliminated
by a continuous change of the order parameter. Remarkably, the winding
number does not depend on the distance from the vortex line at which the
surrounding loop S! is taken, implying that the presence of the vortex can be
detected in the medium arbitrarily far from its core, and therefore removing
the vortex would require disturbing the medium at arbitrarily remote points.

The group structure of m;(S?) directly reflects the fact that two vortices
characterised by vorticities /1 and £ can be combined to produce a vortex
of vorticity £ = ¢; + ¢5. The circle surrounding such a pair of vortices will
be mapped to a loop of winding number ¢, implying that at long distances
from the vortices, the order parameter assumes the form that it would have,
had there been a single vortex of vorticity £. A direct manifestation of this
combination law is provided by the experiments demonstrating annihilation
of pairs of vortices of opposite vorticities [85]. Likewise, a vortex having a
winding number ¢ can split into a number of vortices characterised by winding
numbers ¢; provided that £ = > .¢;. In fact, this underlies the dynamical
instability of vortices with higher winding numbers — the energy of a vortex
is proportional to £2, so that splitting is energetically favourable (this holds
true for condensates uniform in the bulk, but the situation is more involved in
trapped rotating BECs [170]).

In the preceding discussion we have assumed that the physical space in
which the order parameter is defined has no boundaries. This is, of course,
not the case in real applications, and the presence of a boundary creates the
possibility of removing the vortex (without introducing singularities) by moving

its core towards the boundary, clearing the order parameter of the singularity.

1) The composition law of homotopy classes is defined as follows (102, 120]. First, we define
the composition f o g of loops f and g as the loop obtained by first traversing f and then g,
starting and ending at a point that the two loops are assumed to have in common. Next, let
[f] denote the homotopy class to which the loop f belongs. The composition of classes [f]
and [g] is then defined as [f] o [g] = [f o g]-
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The reverse process is exactly the mechanism of the appearance of vortices in
trapped BECs [171, 172].

The above analysis may be generalised to mixtures of BECs. Current ex-
perimental techniques allow for producing BECs of two atom species, e.g.,
mixing 8"Rb with 41K [173] or with 33Cs [174]. Alternatively, a mixture of
atoms in several hyperfine states can be produced — by using optical rather
than magnetic trapping, so that the projection of the spin of the atoms is not
fixed, constituting an additional degree of freedom. Examples include trapping
the states of different F-manifolds, such as the states |[FF = 1,mp = —1) and
|F =2, mr = 2) [175], or producing a spinor condensate by trapping the three
states of the F' = 1 manifold [176].

The BEC mixtures are described by a multicomponent order parameter
|1(r)), leading to the emergence of topological structures not possible in scalar
BECs. One such example is a coreless vortex, which refers to the structure in
which one component is in a vortex state, with its core filled by the atoms of the
second, vortex-free component [177-181]. A coreless vortex may be described
by the order parameter [182, 2, 183]

cos &)
(7)) = vn(r) (e 2a p)> ; (5.9)

18% gin —~

where s € Z, while a(p) is a monotonically increasing function subject to the
boundary conditions
a(0) =0, aoco) = . (5.10)

The second component of [¢(7)) is in a vortex state, but its core is nonsingular
since the density of the second component vanishes identically at the origin.
The total density n(r), however, need not vanish at p = 0. The order parameter
assigns a Bloch vector to every point in space, so that the order-parameter space
is a two-sphere S2. The contour surrounding the line defect in the physical
space is a circle S' as before. The properties of the defect are captured by
the homotopy group that, however, is a trivial group?: m1(S?) = 0 [50]. This
means that the coreless-vortex configuration can be continuously deformed into
a vortex-free configuration, implying that the vortex can disappear in the course
of the evolution of the condensate. Explicitly, this can be achieved by reducing
the value of a(p) to zero at each point in space. The condensate can thus ‘get

rid’ of the vorticity by rotating the spinors (5.9) at each point in space towards

2) Heuristically, this result follows from the fact that any loop on a surface of a sphere can
be continuously deformed to a point, and this is the case even for nonzero winding numbers
s. For example, consider the circle S surrounding the vortex at a distance p from its core
such that a(p) = w/2. This contour gets mapped to a loop encircling the equator of the
Bloch sphere in the order-parameter space s times. It can then be deformed to a point by
sliding the loop to one of the poles.
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the spin-up orientation. Note that in this discussion we allow the function
a(p) to change arbitrarily, without requiring the boundary conditions (5.10) to
remain valid.

Despite not being topologically stable, the configuration (5.9) has attracted
much attention due to its relation to the superfluid flow of the A-phase of *He.
The order parameter of the latter is characterised by an orthonormal triad
(my(r),ma(r),l(r)) assigned to each point in space. Remarkably, the Bloch-
vector field (or the average spin field) corresponding to the configuration (5.9)
possesses exactly the same Cartesian components as does the I(r) field of *He
in the so-called Anderson—Toulouse—Chechetkin (ATC) vortex state [184, 2].
Explicitly, we have

’r) = (W(r)|e[y(r))
((r)v(r)) (5.11)

= e, sin a(p) cos s¢ + e, sin a(p) sin s + e, cos a(p),

where & is a vector of Pauli matrices. For s = 1, the above reduces to the
ATC case characterised by I(r) = e, sina(p) + e, cosa(p), and it is shown in
Fig. 5.2. The l-field allows one to calculate the curl of the superfluid velocity
for 3He-A, which is given by the Mermin—Ho relation [2]

h h

In general, and in the case of the ATC vortex in particular, this quantity is

nonzero and nonsingular, contrary to the case of the conventional superfluid

vortex [cf. Eq. (5.7)]. The superfluid velocity itself is given by (for s = 1) [2]
h

v= m[l —cosa(p)ley, (5.13)

3) in the limit p — 0 rather than diverging as in a

which approaches zero
conventional vortex.
Mathematically, the explicit form of the I-field (5.11) represents the compac-
tification of the 2D Euclidean plane (parametrised by p and ¢) to a two-sphere.
The resulting field describes the topological structure known as a 2D skyrmion,
and it is associated with a topological quantum number (charge) [183, 2]
1 p=00

Q=— /l (0z1 x Oyl) dzedy = —% cos a(p) =s. (5.14)

47 p=0

Here the integration was performed over the whole Euclidean plane R%. The

3) It is assumed that a(p) approaches zero in the limit p — 0 faster than |/p, i.e., a(p) ~ pb

with b > %
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Figure 5.2: Vector field I(r) of the s = 1 skyrmion (5.11) in the zy plane. In an
infinite and continuous picture one would see that each possible orientation of the
vector | appears exactly s times.

value of this integral indicates how many times the vector | wraps around the
Bloch sphere. Comparing with Eq. (5.12), we find that the circulation of v
taken along the contour at infinity is related to the charge of the skyrmion by

ygvdT = 47TQ% (5.15)

and is therefore quantised. We note, however, that the circulation depends in a
continuous fashion on the area enclosed by the contour. For this reason vortices
obeying the Mermin—Ho relation (5.12) are called continuous vortices. Another
important type of a continuous vortex, known as the Mermin-Ho vortex or a
meron, can be constructed by changing the boundary condition at infinity to
a(oo) = w/2 [2, 120]. The topological charge of such a vortex is @ = s/2
reflecting the fact that the vector I sweeps over half the Bloch sphere.

In the framework of homotopy theory, the 2D skyrmion is characterised by
the second homotopy group ma(R), describing the mappings of two-spheres (or
compactified 2D planes) into the order-parameter space. The standard result
72(S?) =2 Z reflects the fact that these structures can be classified by integer-
valued indices, which are precisely the topological charges (5.14). However, the
compactification that is involved means that the boundary conditions play a
prominent role [185]. Namely, if the boundary conditions (5.10) are held fixed,
the skyrmion structure is topologically stable — it cannot be continuously
deformed into a configuration with a different value of Q.

In the following we will consider the situation whereby the coordinates r on
which the order parameter depends are regarded as adiabatic parameters be-
longing to some manifold M. In the case of the spinor (5.9) we can consider M
to be the Euclidean plane R2. Due to the freedom of choice of the (coordinate-

dependent) phase of [1), we are led to a description of the problem in terms
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of a U(1) principal fibre bundle, which was already encountered in the study
of the quantum Hall effect and the problem of the magnetic monopole (see
Chapter 1). Specifically, the states c|t)(r)) with all possible values of the com-
plex phase factor ¢ make up a fibre at a point » € M. Interestingly, we can make
the bundle topologically nontrivial by identifying all points at infinity, which
is in fact realised by the mapping (5.11): all points p — oo are mapped to the
south pole of the Bloch sphere. With this identification, M = R? U {co} = S2
becomes closed, and the bundle may be characterised by the Chern numbers.
The Berry connection is given by A = —i{¥|V1) and the Berry curvature is
Quy = 0, A, — 0yA,. The latter can be expressed in terms of I as follows:
Quy = 31+ (021 x 9yl). The charge of the skyrmion @ in (5.14) is therefore
precisely the first Chern number of the bundle: @ = % [ Quydady = 11,
cf. Eq. (1.9). A nonzero value of v; indicates non-existence of a well-defined
global gauge for |¢); this is the case for the spinor exhibited in Eq. (5.9) —
it is singular at p = oo because ¢ is undefined there as all points at infin-
ity have been identified. By changing the gauge so that [1)) — e~¥?[1)), this
singularity can be transferred to the origin (p = 0), but no transformation
can remove it. These ideas have been explored in the context of the so-called
optical flux lattices [186, 187], in which the Bloch vector of a two-component
spinor exhibits skyrmion-like structures in each unit cell of the lattice. The
base manifold M relevant for those two-dimensional problems is the two-torus,
which is closed with no compactification required. Similarly, @ gives the Chern
number (Hall conductivity) for a two-dimensional two-level system described
by the quasimomentum-space Hamiltonian H(k) = E(k) + I(k)é, with the
integration in Eq. (5.14) then taking place over the two-torus in k-space [188,
189, 27].

Yet another important feature of the mapping (5.11) emerges in the case
when « is an independent variable representing the polar angle of a point in
the 3D physical space, rather than a function of p. Then, Eq. (5.11) provides
a mapping of a two-sphere in the physical space (parametrised by ¢ and «)
to the one in the order-parameter space (parametrised by the direction of 1),
with the former ‘covering’ the latter s times. This covering is expressed as
72(S?) = Z and reflects the stability of such a point defect (surrounded, ac-
cording to Eq. (5.8), by a two-sphere, hence the usage of the second homotopy
group 72) [185]. For s = 1, the vector I points radially in every point in space,
and this configuration is known as a hedgehog or a monopole by analogy with
the magnetic monopole discussed in Section 1.2. Monopoles in antiferromag-
netic BECs have been investigated in Ref. [190] and realised experimentally in
Ref. [191] with the help of a synthetic magnetic field. Furthermore, in Ref. [192]

the realisation of a non-Abelian monopole has been reported — an analogue of
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a magnetic monopole in synthetic 5D space generating a non-Abelian (Yang—
Mills) gauge field and characterised by the second Chern number?).

In the rest of this chapter, we will study the generalisation of the order
parameter (5.9) such that both components will be allowed to have a vortex
factor e's?. Moreover, the function a(p) will be fixed externally, so that the
mechanism of removing the vortex discussed above will not be possible. This
will lead to coreless vortex that is stable, owning to the fact that the popu-
lations of the two components are fixed. In other words, the components are
decoupled, leading to the order-parameter space being given by R = S! x S*.
The corresponding homotopy group is m (R) = Z x Z, reflecting the fact that
the state is characterised by two independent integers — the vorticities of each
component. We will also consider the configuration of an ‘inverted’ coreless
vortex, whereby the vortex component is tightly localised in a region surroun-
ded by the non-rotating component. By adjusting the external parameters,
this state can be made to become the ground state of the system, ensuring its
stability.

Rather than postulating the form of the condensate wave function, we will
present an optical setup that generates the desired states. The setup is based
on the so-called A-type coupling configuration, which creates an internal dark
state that is immune to decay via spontaneous emission. The properties of
this state can be used to realise atom control at subwavelength resolution [193,
194], create optical lattices featuring barriers of subwavelength width [195, 146,
196], and make narrow structures in the BEC [197]. The A-systems have also
been used to create vortices in BEC via time-dependent transfer of population
between the atomic internal states by applying Raman-type schemes [198-201].
Presently, we will make use of the ability to control the system via the coup-
ling laser beams to show that the created localised vortices can be robustly
moved around the trap. As long as the beam movement speed is below the
speed of sound, the vortex follows the beams without notably disturbing the
non-rotating component. To quantify this effect, we will consider moving the
vortex in circular paths, thereby stirring the other component with a localised
impurity. By examining the resulting heating, we will determine the critical
velocity of the superfluid flow below which the vortex moves without dissipa-

tion.

4) The relevant base manifold is four-dimensional.

94



5.1 Model

5.1.1 Single-particle Hamiltonian of the system

We consider a general three-level atomic system arranged in a A-type config-
uration of the atom-light coupling shown in Fig. 5.3 [9, 10, 202, 203, 193-195,
204]. Two co-propagating light beams provide the position-dependent coup-
lings between the atomic internal states. The beams are characterised by the

Rabi frequencies:

s : .
(r) = 2 (8) o—P*/w} giksztise
s (5.16)
QQ(T) = (ye” "’ Jwg elkzz7

where wy is the beam waist (the same for both beams), {2 is the amplitude of
the Rabi frequencies, and k, is the wave number for the paraxial propagation
of the light beams in the z direction. The parameter a, having dimension of
length, controls the subwavelength nature of the setup. The beam characterised
by the Rabi frequency 2; couples the atomic internal states |1) and |3) and
represents a Laguerre-Gaussian mode LG with a vorticity (winding number)
s > 0 [205, 206, 198, 200, 207-211]. On the other hand, the atomic states |2)
and |3) are coupled by a Gaussian beam characterised by the Rabi frequency
(25. Both beams co-propagate along the z-axis [10, 203, 202], oscillating at
frequencies wy and ws, respectively.
On a single-particle level, the dynamics of an atom is governed by the
Hamiltonian )
H(r) = _j—mA + V() + Ho(r). (5.17)
The kinetic energy term and the trapping potential V' (r) (assumed to be the
same for the atomic internal states |1), |2) and |3)) act as identity operators in
the space of atom’s internal states. Transitions between the latter states are
described by the internal-space Hamiltonian

Ho(r) = €|2)(2] + (=0 — i5) |3)(3]

(5.18)
+ R[021(r) 13)(1] + 22(7) |3)(2| + H.c.].

The temporal dependence of this Hamiltonian has been eliminated by trans-
itioning to the rotating frame and adopting the rotating wave approximation
[212]. Two parameters emerge as a result, including the single-photon detuning
— = E3— E;—h{2; and the two-photon detuning € = Es— Ey + {2 —h{2;; here
E; denotes the energy of the ith energy level (see Fig. 5.3). Furthermore, we
have introduced the spontaneous decay rate I' for the excited state |3) repres-

ented through the imaginary part of the excited-state energy. In the following,
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Figure 5.3: Schematic representation of the relevant energy levels of the A scheme of
the atom-light coupling.

we consider the two-photon resonance, for which € = 0.
Tt is instructive to consider the states |x(r)) representing the eigenstates
of the internal-space Hamiltonian (5.18), such that Hy(r)|x(r)) = &, (7)|x (7)),

with 7 treated parametrically. Of special interest is the ‘dark’ eigenstate of ﬁo,

Biven by )~ ¢r)2)
ID(r)) = W, (5.19)
where
)= Gy = (8 o2

The dark state is characterised by zero eigenenergy. Having no contribution
from the lossy excited state |3), the dark state has an infinite lifetime as far
as the evolution under Hy is concerned. For § = I' = 0, the remaining two

eigenstates of the internal-space Hamiltonian are given by

B) +13) ¢l +12)
+) = , where |B)= , 5.21
|£) 7 1B) L (5.21)
with
Hol+) = £h02|+) and 2= /|22 + |22 (5.22)

In Eq. (5.21), |B) is the so-called bright state, representing a superposition
of atomic states orthogonal to the dark state |D). Later we will consider the
adiabatic motion of atoms in the dark-state manifold, which is relevant if the
total Rabi frequency (2 is much larger than the characteristic kinetic energy of
the atomic centre of mass motion.

To make contact with the above discussion of the order parameter (5.9) for
the coreless vortex, let us rewrite the dark state (5.19) as

ID(r)) = cos O‘(Qm 1) — ¢ sin %’))m. (5.23)
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Here we have defined the angle function «a(p) such that

It satisfies the boundary conditions «(0) = 0 and a(c0) = 7.

5.1.2 Dynamics of the BEC

Now let us consider the equations for an atomic BEC interacting with the laser
fields. We start with the Schrodinger equation for the full state vector |®(r))
of a single atom

., 0 -
1h§|<1>(r)> = H(r)|®(r)) (5.25)
and use the expansion

3
[®(r)) = Z ®;(r)]i). (5.26)

Here |i) are the bare atomic states featured in the definition of Hy in Eq. (5.18).
To account for the interaction between the atoms, we use the Gross—Pitaevskii
approach for the multicomponent BECs [167]. In practice, this amounts to
supplementing the Schrédinger equations for ®;(r) with the nonlinear terms,
thereby promoting the single-particle wave functions to the wave functions of
the components of the condensate [202]. This way we arrive at

0 h? %
ih—®1 = [ —s—A+V + g1 |®1|” + g12|P2|* ) 1 + R P35,
ot 2m
. 8 hZ 2 2 *
lha¢2 == —%A+V+912|‘I)1| +922|¢)2| @2"‘7192@3, (527)

0 n? T
h—®3=———A+V—-0—1i= ) O3+ A1 D1 + hi2Ps.
ot ( 2m 2)

For atoms adiabatically following the dark state, the population of the excited
state |3) described by the wave function ®3 is small at all times, so atom
collisions are not taken into account in the equation for ®3. The coefficients g;;
describing interaction between the atoms in the corresponding internal states
are related to the s-wave scattering lengths a;; as g;; = 4mh%a;;/m. The
multicomponent wave function of the BEC is normalised to the total number
of atoms, 2:3:1 [|®@;>d3r = N. We will also use parameters 7; to quantify

the relative population of each component:

|
- N/\@,»Fd% (5.28)
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We remark that the system of equations (5.27) can alternatively be derived
starting from the Heisenberg equations ih%@(r, t) = [®;(r,t), H] for the field
operators &n(r, t) in the Heisenberg picture (with 7 being the second-quantised
Hamiltonian containing the two-body interaction term) and replacing ®;(r, t)
with ®;(r,t) in the final expressions [167].

To obtain an equation for the evolution of atoms adiabatically following the
dark state, we introduce the following superpositions of ®; and ®5 describing
the wave functions for atoms in the dark and bright states introduced in the

previous Section 5.1.1:

1 *
op = \/TW(‘I% — (" dy),
= ¥(C@1 + @9).

= ATee

Inserting these definitions into Eq. (5.27), we obtain a set of equations for ®p,

(5.29)

&g and P3, in which the dark-state and bright-state wave functions ®p and
®p are coupled via non-adiabatic terms. Under the adiabatic assumption of
slow centre-of-mass motion for atoms in the dark internal states, justified for
the systems to be considered, and the assumption of equal nonlinear couplings
(911 = g12 = ga2 = g), we reach the dark-state GPE [202]

o0 1 : 2 2

ih—®p = —(—ihV — A)*®p + (U + V)Pp + g|Pp|“Pp. (5.30)

ot 2m

It is worth noting that, although ®p is the solution to a nonlinear mean-field
equation for a BEC, the term ‘dark-state wave function’ remains appropriate.
This state contains no atoms in the internal state |3), and, provided the adia-
batic approximation holds, this remains true at all times, since the equation for
&y is fully decoupled from those for @5 and ®3. In contrast, the equation for
the ‘bright-state BEC’ &y is coupled to ®3, allowing atoms in $g to transition
into |3) and decay.

Reduction to the dark-state manifold results in the appearance of geometric
vector and scalar potentials A(r) and U(r) in the dynamical equation (5.30),
emerging due to the position-dependence of the atom-light coupling. They are
given by [203, 202, 120]

A(r) = ih(D(r)|VD(r)) ,
h2
T 2m

(5.31)

U(r) = 5 ({VD()|VD(r) + (D(r)| VD(r))*) .

For the beams given by Eq. (5.16) the geometric gauge potentials do not depend
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on z and read

hs P 2s—1
A:_; (5) 25 €
1+ (%)

s— 5.32
1 (hs\? (2)%7 (5:32)
U - — - 5 2
AR IEON
The artificial magnetic field resulting from the geometric potential A is
2m

In the present configuration, the effective magnetic field is thus proportional
to the scalar potential.

As already noted, the dark state |D(7)) depends on the coordinate as a
parameter, and the base manifold M > r of the relevant U(1) fibre bundle
is the 3D Euclidean space. However, we will be considering systems of finite
spatial extent, namely, those confined in a cylinder. Therefore, M is a solid
cylinder, which is contractible, and hence the fibre bundle in question is trivial
[120]. This ensures that there exists a single globally well-defined state |D(r))
(representing a section of the bundle) and globally well-defined connection A,
as explicitly exhibited in Egs. (5.23) and (5.32), respectively.

Once a solution of Eq. (5.30) is found, one can return to the wave functions

®; and P4 of the internal-state basis according to

(I)l = %(I)Dv
V1+[¢] (5.34)
Py = —%@D.
1+¢]

This follows from Eq. (5.29) with &5 = 0, since for adiabatic atomic motion in
the dark state, described by Eq. (5.30), the system is almost completely in the
dark state with a negligible population of the bright and excited states.

In this way, when the atoms forming the BEC are in the dark state, the
components ®; and P, are related to each other via Eq. (5.34), in which the
component @, has an extra factor ( = §21 /2. This factor is proportional to
€% as the Rabi frequency (2, has a vortex with a winding number s. As a
result, at least one of the components ®; or ®5 should have a vortex when
the BEC atoms are in the dark state. Explicitly, inserting the wave functions
(5.34) into the state vector (5.26), taking ®5 = 0, and using the notation of
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Eq. (5.23) we find the expression for the full system state vector
|D(r,t)) = Pp(r,t)|D(r)). (5.35)

In the following, we will focus on the stationary solutions of the form ®(r,t) =
f(p)eit?e ¥t/ where u is the chemical potential of the system. Therefore, the
stationary dark state is described by

|®(r)) = f(p) (ew“" cos @H) — el2% gin 04(2p)|2>> ) (5.36)

where we introduced the vorticities of the two components according to ¢; =/
and £5 = £4s. The obtained state has precisely the form of the order parameter
(5.9) hosting a coreless vortex, which is now generalised to both components
having vortex factors. However, as already noted, the function a(p) is fixed
externally by the choice of the coupling beams, therefore, the populations of
the components cannot change in the course of the evolution (as long as the
system remains in the dark state). This leads to the stability of the vortex

structures to be discussed, which are thus stabilised by the external driving.

5.1.3 Trap geometry and parameter values

As the geometric vector and scalar potentials A and U of Eq. (5.32), cor-
responding to the light beams (5.16), do not depend on z, we can consider
the two-dimensional motion of dark-state atoms in the zy plane for fixed z.
Specifically, for a cylindrically symmetric setup of interest, in the dark-state
GPE (5.30) we can separate the variables as ®p(p, ¢, z,t) = @g)(p,cp,t)Z(z)
and take Z(z) = 1/v/d, thereby using the Thomas-Fermi approximation for the
atomic motion in the z-direction extended over the distance d. The resulting
equation for @g)(p, ©,t) has the same form as Eq. (5.30) but the interaction
strength changes as ¢ — ¢g/d. A similar procedure can be performed for the
exact system (5.27), yielding accurate results in the adiabatic regime.

In our numerical simulations we consider a BEC cloud of N = 5 x 10* atoms
confined in a cylindrical trap [213] of the radius R and the extent d along the
z-axis with R = d = 15.0 um. The states |1) and |2) are taken to be two
hyperfine levels of 8’Rb: [1) = |F = 1,mp = —1) and [2) = |F = 2,mp = 1),
while state |3) is the 5 2P% state, whose decay rate is I = 38.1 MHz [214]. The
scattering lengths are [215]: a1 = 100aqg, a1z = 98.0ag, aze = 95.4a, where
ap is the Bohr radius. The assumption of equal scattering lengths, used in
deriving the dark-state GPE, is thus justified for this system.

The typical values of the Rabi frequencies used in A-scheme experiments
range from ~ 10 MHz to ~ 1 GHz. Our calculations show that the dark-state
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GPE yields very accurate results [compared to the solution of the full system
of GPEs (5.27)] already at {29 = 1MHz, meaning that the lowest states of
the dark-state manifold indeed become effectively decoupled from the states of
the |£) manifolds. Generally, the non-adiabatic coupling may be disregarded
provided U/h < 2(r) for all r [202, 203, 195], where 2 = (2(r) is the total
Rabi frequency given by Eq. (5.22). For s = 1, the maximum of U is located at
the origin, while {2 attains its minimal value there (we neglect the beam-waist
term e~”"/%5 in the present reasoning), equal to £2(r = 0) = (2. However,
even for the lowest value of a considered in this work (a = 0.3 ym), one finds
U/h = 8 kHz, which is orders of magnitude smaller than the typical value of £2y.
Furthermore, although generally including the decay rate of |3) improves the
validity of the dark-state description [195, 204, 196], in the regime in question
we obtained equally accurate results even for I' = 0 — again because {2y is very
large compared to U. Finally, we mention the effect of the detuning 6. Non-
zero positive values of § shift the manifold of the |—) states down in energy,
further reducing the coupling with the states of the |D) manifold. On the other
hand, the states of the |[+) manifold are then also shifted to lower energies, and
this enhances the coupling with the |D)-manifold states. Thus, the dark-state
GPE is expected to be valid for some intermediate values of 4. For example,
we have found that for 2y ~ 10 MHz, values of § from 0 to up to ~ 10£2/a®
lead to good agreement between the dark-state analysis and the full treatment.
Meanwhile, negative values of ¢ shift to higher energies the manifold of |—)
states. This facilitates coupling between the |—) and |D) states, reducing the
accuracy of the dark-state description.

In all our calculations we used {2y = 20.0MHz and § = 102y/a®, where
the parameter a characterises the Rabi frequency of the vortex light beam in
Eq. (5.16). The beam-waist term e=P*/% can be set to unity assuming the
waist is much larger than the radial extent of the cloud. Moreover, the term
e=P /W plays no role in the adiabatic dynamics of atoms in the dark state, since
it drops out of the relative Rabi frequency ¢ given by Eq. (5.20). However, we
did include this term in the exact numerical calculations by setting wg = 2R
— while the results were the same, this provided a slight speed-up for the
calculations.

Henceforth we adopt the dimensionless units, measuring length in units
of R, energy in units of kinetic energy Er = h?/2mR? corresponding to the
momentum kr = 1/R, and time in units of 7i/Egr. In these units the radial
coordinate p varies from 0 to 1. We refer the reader to Appendix 5A for
additional details on the units and the dimensionless form of the equations

used for numerical calculations.

101



5.2 Stationary vortex solutions

5.2.1 Approximate analysis of motion of dark-state atoms

To gain physical insight into the expected structure of the possible stationary
states of the system undergoing the 2D motion, it is instructive to consider the
dark-state GPE (5.30) first. To find stationary solutions, we put ®p(r,t) =
e Hlq)(r) and further separate the variables due to the cylindrical symmetry

of the system:
bp, ) = f(p)e'? (5.37)

with f(p) being real and ¢ being integer. In the specific case of the geometric
potentials given in Eq. (5.32), this leads to the equation of the Bessel type

(with an additional nonlinear term):
PPOLf +pO,f + [(n—U—gf*)p* — (€ — pAy)*|f =0. (5.38)

Here the external trapping potential term is not written explicitly, but it con-
trols the boundary conditions: f(1) = 0.

To allow for an analytical treatment, in the following Sections 5.2.1.1 and
5.2.1.2 we will neglect the interaction term by setting g = 0. Our numerical
calculations confirm that the conclusions obtained regarding the value of ¢ of
the ground-state wave function remain valid in the presence of interactions. We
will analyse two limiting regimes for the solutions of Eq. (5.38) with g = 0. The
regimes are defined by the distance a describing the extent of the geometric
scalar potential U and the effective magnetic field B given by Egs. (5.32)-
(5.33).

5.2.1.1 Large a

First, we consider the case when the distance a is large compared to the system
radius R, so that p < a. Then, according to Eq. (5.32), for £ # 0 one can neglect
the term pA, ~ — (p/a)* s in comparison with £ in Eq. (5.38), whereas for
¢ = 0 this term may be disregarded because Ai < p. In a similar way, the
geometric scalar potential U is small in comparison with u and thus can also be
neglected. In such a situation, the solutions satisfying the boundary condition
are the properly scaled Bessel functions of the first kind Jy. From the sequence
of zeros of Jy, we find that the ground state corresponds to ¢ = 0, and the
degenerate pair of the lowest excited states corresponds to £ = +1. Explicitly,
the chemical potential u(® (the eigenenergy) of the ground state is given by
1 = (jo.1)?, where jy,, is the nth root of the Bessel function Jy(z). The
corresponding wave function 1(*) is given by (9 (p, p) = f©(p) = CJo(pjo 1),
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Figure 5.4: The potentials U, pA, and the solutions of Eq. (5.38). Panels (al)—(a5)
show, respectively, the curves U, pA,, and three solutions of Eq. (5.38) (with g = 0)
for s = 1 and a = 10. In panels (a3)—(a5), curves f)(p) depict the solution obtained
under an additional assumption U = 0. Panels (b1)—(b5) show the same as panels
(al)—(ab) for s = 1 and a = 0.01. The depicted wave functions are normalised such

that [o [ (p,)2dS = 21 [ [ (p)]?pdp = 1.

with C' being a normalisation constant.

These findings are illustrated in Figs. 5.4(al)—(a5), corresponding to a = 10,
Figures 5.4(al)-(a2) display the curves of U(p) and pA,(p). It is
apparent that the two functions are low in magnitude compared to the chemical

s = 1.

potential and can be disregarded as noted above. Indeed, numerically solving
Eq. (5.38) (with U and pA, included) we find that the chemical potential of
the ground state is u(®) = 5.805, close to the limiting value (jo.1)? ~ 5.783.
The solution f(%)(p) also matches the limiting solution Jo(pjo,1), as shown in
Fig. 5.4(a3). The blue curve additionally shows the solution f(°)(p) obtained
from Eq. (5.38) with U disregarded, confirming that the scalar potential has
almost no impact on the solution. Finally, Figs. 5.4(a4)—(a5) display the excited
states corresponding to £ = +1; the degeneracy is slightly lifted by the pA,
term.

To draw conclusions regarding the motion of atoms, we have to return to
the wave functions of the two components given in Eq. (5.34). Substituting the
ground state solution @1(30) = e 150 we find that in the ground state, (I)go) is
vortex-free and is localised near the origin (with a maximum at p = 0), while
@éo) describes a vortex having zero density at the origin and rotating around
the first component with vorticity equal to ¢ = £+ s = +1. It should be noted
that, according to Eq. (5.34), the vorticities of the components always differ by
s units. Therefore, at least one of the two components will necessarily be in a

vortex state as long as the spatial part of ®p is of the form (5.37). As we have
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just demonstrated, even if £ = 0, then ®; is vortex-free, while ®5 has vorticity

equal to s.

5.2.1.2 Small a

Now let us consider the case when the distance a is small compared to the
system radius, a < R. In that case, one has p > a for most of the area occupied
by the condensate, except for a small area close to the centre, p < a in which the
geometric scalar and vector potentials are concentrated. For p >> a, it follows
from Eq. (5.32) that pA,(p) — —s. The ground-state solution can be found by
choosing ¢ such that £+ s = 0; the solution will again be given by Jy. Thus, for
p > a the ground state wave function is given by ¢¥(=*)(p, p) = CJo(pjo.1)e *%.
However, close to the origin, where p < a, the radial part of the solution will
have a different form. Indeed, ¢ is now fixed to —s, and we can neglect the term
pAg. The solution in the region p < a is then given by J,, attaining a zero
at the origin as a vortex solution should. Meanwhile, the two lowest excited
states will come in a degenerate pair having the radial dependence J; in the
region p > a and corresponding to £ + s = 1. Close to the origin (p < a),
they will have the radial dependencies J11_s. These results are illustrated in
Figs. 5.4(b1)—(b5) for the case where a = 0.01, s = 1. In Fig. 5.4(bl), it is
apparent that the maximum value of U greatly exceeds that of the chemical
potential. However, the presence of the potential does not appreciably influence
the resulting wave functions due to the potential being localised at the origin.
Figure 5.4(b2) displays the curve pA,, which has a value close to s = —1 in
most of space occupied by the condensate. In agreement with the preceding
arguments, the state with the lowest chemical potential is obtained for £ = —1
[see Fig. 5.4(b3)]. Away from the origin, the wave function tends to Jy, while
at the origin it attains a zero. Further reducing a increases the steepness of the
wave function near the origin and enhances the match with Jy (not shown).
The degenerate pair of the lowest excited states is shown in Figs. 5.4(b4)—
(b5). These wave functions mostly follow the shape of J; except for the small
portion of space near the origin where the condition p > a no longer holds.
There, the state with £ = +1 — s = 0 has the form of a Jy function, while the
¢ =—1— s = —2 state has the shape of Js.

Thus, if parameter a is small enough so that the condition p > a holds in
most of space occupied by the condensate, the dark-state solution of the lowest
energy will be the one corresponding to £ = —s. In this limit the gradient of the
phase ¢ of wave function equals —e,s/p, thereby canceling the contribution of
vector potential A to the velocity field: v o« V¢ — A — 0. As a result, ®; will
be in a vortex state, while ®5 will be vortex-free.
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5.2.2 Full treatment

We will now turn to the solutions of the full coupled GPEs (5.27), including the
atom—atom interactions, and study the structure of the lowest-energy states
of the dark-state manifold. To obtain the numerical solutions, we employed
the method of imaginary-time evolution: one makes a change ¢t — —ir and
propagates the equations in time 7 until convergence is reached, starting from
a certain trial wave function. The algorithm will then converge to the lowest-
energy state provided it has nonzero overlap with the trial wave function. To
enable convergence to the states of the dark-state manifold, we used the solution
of Eq. (5.30) as the trial function for solving coupled GPEs (5.27). In turn, the
trial wave functions required to solve Eq. (5.30) were constructed by solving this
equation using the Thomas—Fermi approximation and multiplying the solution
by a phase factor e!*? with a chosen value of ¢. Since states of the form (5.37)
with different ¢ are orthogonal, the trial wave function of this form converges to
a state with the same value of £. This allowed us to obtain stationary solutions
of different vorticities. The ground state can then be found by ordering the
states based on the value of the energy per particle E. The population of
each component was calculated from the obtained solutions rather than being
enforced. Additional numerical details are provided in Appendix 5A.

In a stationary state, the wave functions of the components have the form
®;(r,t) = e~ Ml (r). Below, we show the results obtained using full three-level
calculation so as to take into account the different scattering lengths. If they
are taken to be equal, then the results match the dark-state calculations based
on solving Eq. (5.30) or Eq. (5.38) (the resulting total chemical potentials agree
with at least three-digit accuracy).

We start by setting s = 1 and a = 0.5. Such a value of a corresponds to an
intermediate regime whereby the term pA, is not small (compared to unity)
and cannot be approximated by —s, as one can see in the bottom panel of
Fig. 5.5(a). Numerical calculations show that ground state is the one corres-
ponding to an £ = 0 solution of the dark-state GPE (5.30). As noted above,
this corresponds to ®; being vortex-free and ®, being in a vortex state. Such
a solution is shown in Fig. 5.5(b). It is apparent that the first component
fills the core of the second component, a situation known to stabilise vortices
with vorticities higher than ¢ = 1 [89, 88]. Notably, which of the components
acquires vorticity is determined by the inequivalent coupling fields {2, and {25
rather than the intrinsic properties of the two states (the scattering lengths).
The total density of the BEC, shown in grey in Fig. 5.5(b), indicates that the
condensate as a whole does not have a pronounced density dip at the origin,
meaning that the core of the vortex is ‘completely’ filled.

Two lowest excited states are shown in Figs. 5.5(c)—(d). Their energies
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Figure 5.5: The potentials U and pA,, as well as the solutions of Egs. (5.27) for
s = 1 and a = 0.5. (a) Potentials U and pA,. (b), (c), and (d) show, respect-
ively, three lowest-energy solutions of Eqs. (5.27); wave function normalisation is
Zle fs |1/11|2 dS = 1. The black lines in the top and bottom panels show, respect-
ively, the radial cuts of the densities |91|> and |ia]® of the first and the second
component. The grey lines show the total density. The values of the density of the
third component are vanishingly small in all cases (calculation yields values no larger
than 1077) and are therefore not shown. For the same reason, the relative occupation
of the second component can be taken to be 72 = 1 — m1. The vorticities ¢; of the
two components are displayed together with the insets showing the two-dimensional
phase profiles in the zy-plane. The value of the phase is colour-coded as follows:
dark blue = —7, white = 0, dark red = 7.

per particle are 96.7 and 103.4 units, respectively, showing that the term pA,
has lifted the degeneracy. Notably, the ‘interaction potentials’ g;;|®x|? do
not depend on the vorticities of the components and, therefore, do not lift
the degeneracy. In the first excited state, the first component is in a vortex
state, rotating in the direction opposite to the direction of the vector field A,
while the second component is vortex-free. The vortex on the first component
mostly occupies the space at the centre of the second component. Such an
approximate phase separation is in line with the criterion g2, > g11g20 [216,
217] that, however, does not take into account the kinetic energy [218], which
In the second excited state,
1 and ¢, = 2, while the

spatial profiles are almost the same as those of the respective components of

is especially important in the present setting.

vorticities of the two components are given by ¢; =

the first excited state. In both cases, the components contribute to a nearly
uniform total density of the cloud in the bulk.

Let us now study the regime where the distance a is much smaller that
the system radius R, namely, a = 0.02. In this case the condition p > a
holds in most of the space, and pA, tends to —s already in the vicinity of the
origin [see Fig. 5.6(a), bottom panel]. The ground state now corresponds to

the £ = —s = —1 solution of the dark-state GPE (5.30). This means that ®;
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Figure 5.6: Same as Fig. 5.5 for s = 1 and a = 0.02. The total densities are not
explicitly shown since they would appear to largely coincide with |¢2|2 due to the
highly imbalanced occupation of the two components.

is a vortex state, and it occupies a small region of space near the origin [see
Fig. 5.6(b)]. Specifically, the density of the first component is concentrated
in a region of the order of the healing length & of the second component.
Assuming all atoms are in the second component, we have (in dimensionless

units) & = 1/S/ga2 = 0.086, where we approximately took S = m for the
1

VI+¢I?

term in the expression for ®; (5.34), which effectively cuts the vortex off when

occupied area. The localised nature of the vortex results from the

p > a. Another consequence is the small resulting population of the first
component, which in the present case is 7, = 0.25%. Thus, decreasing the a
parameter localises the vortex more tightly, but also reduces the population of
the first component. The second component occupies the space surrounding
the first component and has zero vorticity.

The first excited state, on the other hand, has the typical structure whereby
the non-rotating component fills the core of the rotating one [see Fig. 5.6(c)].
The almost-degenerate partner of this state is shown in Fig. 5.6(d). These
two states correspond, respectively, to the £ = 0 and ¢ = —2 solutions of the
dark-state GPE (5.30). The degeneracy results from the fact that the kinetic
energy is the same, whether the cloud does not rotate (¢ = 0) or rotates in the
direction opposite to the A field but with twice the speed (£ = —2).

Localised vortices with vorticities higher than one can be analogously cre-
ated by using beams with s > 1. The results for the case s = 2 are presented
in Fig. 5.7. Choosing a = 0.1 already yields the potential pA, tending to
—s in most of space [see Fig. 5.7(a)]. This leads to a ground state with the
first component having vorticity /1 = —2 and the second being vortex-free:

ly = ¢1 + s = 0. The vortex has a density maximum farther from origin com-
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Figure 5.7: Same as Fig. 5.6 for s =2 and a = 0.1.

pared to the ¢; = —1 vortex in Fig. 5.6(b) due, in part, to the former having
the form of J; and thus rising less sharply compared to J;. The degree of local-
isation can be increased by reducing a, but the number of atoms in the vortex
component will then decrease. The lowest excited states [see Figs. 5.7(c)—(d)]
also contain localised vortices in the first component.

It is worth noting that the density profiles of both components remain es-
sentially unchanged as go is reduced into the miscible regime, g2, < g11922,
provided the coupling constants g;; are of similar magnitude. In particular, the
densities shown in Figs. 5.6(b) and 5.7(b) remain virtually unaffected. This in-
variance is expected, as the localised-vortex configuration is sustained by the
external laser beams rather than particle interactions, as demonstrated in Sec-

tion 5.2.1, where interactions are entirely neglected.

5.3 Moving the vortex

To demonstrate the stability of the localised lowest-energy vortex states and
show the high level of available control, we consider changing the position of
the vortex by moving the laser beams. A similar protocol has been considered
in [219], however, that work considered moving a vortex created by a phase-
imprinting technique. Our approach is more robust because the laser beams
create a pinned vortex which cannot break free.

We focus on the regime s = 1, a = 0.02 studied in Fig. 5.6 but this time
consider an off-axis vortex created by centring the laser beams at (x,y) =
(0.5,0). Once the state is prepared, the transverse profiles of the laser beams
{21 and {2 start moving counterclockwise on a circular path around the origin
at a constant tangential speed v. Figure 5.8 shows the wave functions obtained

after completing one full circle. In Fig. 5.8(a) corresponding to v; = 150 um/s
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Figure 5.8: Wave functions of components 1 and 2 after completing one circular sweep
of the laser beams around the origin. The tangential beam movement speed is (a)
v1 = 3vs/8 = 150 um/s, (b) vz = 3vs/4 = 300 um/s, and (c) vz = 2vs = 800 um/s.
In all three cases the relative population of the first component is 1 ~ 0.0025, while
the third component is essentially unpopulated.

(time to complete the circle is t = 0.314s), it is apparent that the vortex of
the first component has retained its structure, and the density of the second
component has not been strongly distorted. The value of E has increased by
only 3% of the energy (per particle) gap between the ground state and the first
excited one. Here the velocity is chosen to be lower than the speed of sound in
the second component, which equals to vs = h/(méyv/2) = 400 um/s. Moving
the vortex at twice the speed, vo = 2wv;p, results in setting the whole of the
second component in circular motion. The distortion of the density is apparent
in Fig. 5.8(b).

Finally, the case of supersonic movement is studied in Fig. 5.8(c) correspond-
ing to the movement speed vz = 2v5. The density profiles of both components
are strongly distorted and the energy is increased 1.5 times. Nevertheless, the
first component retains its signature phase profile, and no additional vortices
are created in the second component in the process. Let us stress that in all
three cases, the third component remained essentially unpopulated, and the
total norm of the wave functions was conserved on the level of the numerical
accuracy used, meaning that, in practice, no loss of atoms took place.

It is also instructive to use the localised vortex in the first component as
a probe for the critical superfluid velocity v. of the second component. In
this case, the vortex acts as an impurity that can move without resistance
provided its speed remains below v.. According to Landau’s criterion, the
phononic excitation spectrum of the condensate sets the critical velocity equal
to the sound velocity [168]. However, both experimental results [91, 92, 94,
95] and detailed theoretical studies [96-98] indicate that v, is typically lower,
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Figure 5.9: Condensate heating rate as a function of the movement speed of the
beams.

depending on factors such as impurity size [94], the nature of the impurity
potential (attractive or repulsive) [96], and the impurity trajectory (linear or
circular) [96, 98]. To measure v, in our system, we repeat the circular trajectory
simulations, moving the beams for a fixed duration of 0.1s. We monitor the
total energy per particle, E(t), and fit it with a linear function to obtain the
heating rate kK = dF/dt. Since the first component’s population is much smaller
than that of the second, E(t) primarily reflects the energy of the atoms in the
second component. The results for velocities from 0.1vg to 1.2v5 are shown in
Fig. 5.9, revealing a clear threshold behaviour where x increases rapidly once
the velocity exceeds a certain value.
We quantify this threshold by fitting the data to

K(v) = Ko + bmax(v? — v2,0), (5.39)

where g, b, and v, are fit parameters. This form is suitable for 2D systems [93]
and has proven effective in experimental analyses [94, 97]. The least-squares
fit shown in Fig. 5.9 yields v, = 0.8vs, which is lower than the sound velocity,
consistent with the above observations. The precise dissipation mechanisms,

however, warrant further study.
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5.4 Conclusions

In summary, we have studied the interaction of a two-component BEC mixture
with the light fields in a A-type configuration and investigated the stationary
states of the dark-state manifold. The angular momentum of sk per photon
carried by one of the two fields leads to either one or both components being in
a vortex state, with their vorticities differing by s units. In the regime a < R,
the structure of the stationary states is dictated by the vector potential term. In
this limit, A tends to —2e,, and its contribution to the velocity field (and hence
to the kinetic energy) can be cancelled if the dark state is described by a wave
function f(p)e*¥. We have demonstrated that the lowest-energy state of the
dark-state manifold indeed has this form. In this case, the first component (the
one interacting with the LG beam) contains a vortex of vorticity s, while the
second component is vortex-free. The core of the former vortex coincides with
the centre of the beams, while the density profile of the vortex demonstrates

a strong degree of localisation as the density falls off as [1 4 (p/a)?]~/?

away
from the vortex core. Such a vortex can be moved around the trap by moving
the laser beams. Provided the movement speed is less than approximately half
the speed of sound in the second component, the shape of the vortex retains
its structure during the movement, and the density of the second component
does not get distorted. More specifically, moving the vortex at a speed below
the critical value of about 0.8vg causes almost no heating of the condensate,

indicating its superfluid nature.

5.5 Appendix 5A: Dimensionless units and numerical de-
tails

For our numerical calculations we used dimensionless units, measuring length
in units of cylindrical trap radius R, energy in units of Er = h?/2mR2, and

time in units of #/Eg. In these units, the system of equations (5.27) becomes

.0 .

1&% = (A +V + g11|®1]* + g12|®2]*) ®1 + 02 B3,

e .

1@@2 = (—A —+ V +g12‘q)1|2 +922‘(I)2|2) (I)Q —+ QQ(I)3, (540)
.0 T

laq)g = —A+V—(5—1§ @3—}-91@14—92@2.

Our calculations were carried out in the dark-state regime, where the amp-
litudes of ®3 were vanishingly small. Consequently, the non-Hermitian nature
of the dynamics arising from the imaginary decay term I' was effectively negli-

gible, allowing us to adopt the conventional normalisation used for Hermitian
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systems, Z?:l [|®@;>d3r = 1 (the sum can equally be taken over ®; and @,
only). Furthermore, the energies and chemical potentials of the stationary
states had vanishingly small imaginary parts, implying that the wave function
norm remained essentially constant over time. We note that in our numerical
calculations, the wave functions were normalised to unity rather than to the
total particle number.

We take R = 15.0 ym and the mass of an 8"Rb atom m = 1.443 x 10~2% kg.
The amplitudes of the Rabi frequencies £2; and (25 are expressed in terms of
2 [see Eq. (5.16)] whose value is 2, = 2%0MHz — 193 % 107; the decay

E
rate is I' = %ﬁh = 2.35 x 107, and the dRe/t?ming is 6 = 10829/a®. The
interaction strengths are characterised by g;; = 8ma;; N/d, where division by
the cylindrical trap height d appears as a result of reduction to the 2D equations
(see Section 5.1.3). We take d = R, N = 5 x 10, a;; = 100aq, a12 = 98.0ay,
and ase = 95.4ag, where ag is the Bohr radius. This results in g1; = 443,
g1z = 434, goo = 423.

The radial profile of the cylindrical trap was modelled by a logistic function

14 Vye—ble—ro)

Vi(p) (5.41)

with Vp = 1000, b = 17, po = 0.7, ensuring a steep rise at p ~ 1 [89]. The com-
putational grid contained 129 points in each dimension, spanning the interval
p€[-1.2,1.2].

The dark-state GPE in dimensionless units becomes

0
iafbD = (—iV — A)?®p + (U 4+ V)®p + g|®p|*®p, (5.42)
while the components of the artificial gauge field are given by
P 2s—1
A= _f (a) 2s eLP’
@1+ (%)

pes (5.43)
%)

_ o5\
=) T e

a

We remind that the dark-state GPE is obtained under the assumption of equal
inter- and intracomponent scattering lengths; in our calculations we used g =
g11 = 443.

The solutions ®p of the dark-state GPE (5.42) were obtained using the
imaginary-time evolution algorithm. The trial wave functions were constructed
by solving the equation using the Thomas—Fermi approximation and multiply-
ing the solution by a phase factor e with a chosen value of . Since states

(5.37) with different ¢’s are orthogonal, the trial wave function of this form con-
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verges to a state with the same value of £. To solve the GPE system (5.40), we
used the following trial functions: ®3 was simply set to zero, while ®; and ®,
were obtained from the corresponding dark-state solution ®p using Eq. (5.34).

The chemical potential was calculated from the stationary solution of the

system (5.40) using

p= Z/‘I’f(Dij + Fyj)®; d*r (5.44)
ij
where
A4V 0 o
D= 0o -A+V 3 (5.45)
& 2  —A+V-5-ib
and
911|®1|% + g12| P22 0 0
F= 0 912|P1 [ + goa|P2|* 0] . (5.46)
0 0 0

Meanwhile, the energy per particle E is given by Eq. (5.44) with F;; — %Fw
Calculations have been performed using the GPELab software package [220,
221].
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Santrauka (Summary in Lithuanian)

Ivadas

Universaliy fizikos principy paieskos jau seniai remiasi simetrija ir tvermés dés-
niais, siekiant klasifikuoti ir suprasti skirtingas medziagos busenas. Taciau
pastaraisiais deSimtmeciais tapo aisku, kad kitas organizavimo principas — to-
pologija — vaidina pagrindinj vaidmenj formuojant kvantinius reigkinius [1, 2].
Skirtingai nuo geometriniy savybiy, kurios gali kisti tolydziai, topologinés cha-
rakteristikos islieka nekintancios esant tolydzioms deformacijoms, todél jos yra
patikimi fiziniy sistemy klasifikatoriai. Tai turi didele reikSme kvantinei teo-
rijai, kur topologiniai invariantai lemia kvantiniy buseny ir medziagos faziy
stabiluma.

Ryskus pavyzdys yra kvantinis Holo efektas [3], kuriame Holo laidumas yra
kvantuojamas sveikaisiais e? /h (elementarusis kriivis kvadratu, dalintas i§ Plan-
ko konstantos) kartotiniais, kur kiekvienas sveikasis skai¢ius atitinka sveikaji
skai¢iy topologiniy invarianty, vadinamy Cerno skaiciais [4, 5], suma. [domu
tai, kad Siuo atveju topologija uztikrina makroskopinio, o ne mikroskopinio
dydzio (pvz., vieno atomo energijos) kvantavima. IsreikS8dama globalias ban-
giniy funkcijy ir hamiltoniano savybes, topologija suteikia galinga buda, kaip
klasifikuoti ir prognozuoti egzotines medziagos fazes, kurios daznai negali buti
numatytos jprastiniais metodais.

Ypac¢ universalig platforma topologiniams efektams tirti siulo labai saltos
atominés dujos optinése gardelése [6], kur sistemos savybes galima modifikuoti
ir tirti itin tiksliai valdant parametrus [7, 8]. Optinés gardelés ir sintetiniai ka-
libraciniai laukai [9-12] leidZia modeliuoti juostines strukturas su reguliuojama
topologija [13, 14, 16], o pazangios aptikimo technologijos suteikia prieiga prie
kvantiniy buseny geometriniy ir topologiniy savybiy. Paminétina, kad labai
salty atomy eksperimentai néra ribojami kietojo kuno medziagoms budingy
priemaisy ar gardelés defekty, todél jie tinka topologiniams reiskiniams tirti
Svariomis ir reguliuojamomis salygomis.

Be statiniy sistemy, iSorinio zadinimo vaidmuo atvéré naujas galimybes to-
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pologiniy faziy kurimui. Periodinis Zadinimas, formalizuotas Floké teorija, su-
teikia galimybe dinamigkai modifikuoti juostines strukturas [17] ir kurti efek-
tyvinius hamiltonianus, turinéius netrivialias topologines savybes [18-24]. Sis
metodas, vadinamas Floké inZinerija, leido realizuoti tokias fazes kaip Flokeé
trupmeniniai Cerno izoliatoriai [20, 25, 26], Floké topologiniai izoliatoriai [27,
28] ir anomalus Floké topologiniai izoliatoriai [29-31]; pastarieji neturi statiniy
atitikmeny. Be to, periodinio judéjimo ir simetrijos pazeidimo saveika lémé
diskreciyjy laiko kristaly atradima — tai medziagos fazé, kurioje savaime pa-
zeidziama iSoriné diskrecioji laiko transliacijos simetrija sukuriant simetrija su
ilgesniu periodu [32, 33]. Naujausi laiko kristaly tyrimai [34-37] apima ir lai-
ko kristaliniy struktury — uzdary kvantiniy sistemy, kurias valdo periodiniai
iSoriniai signalai, — tyrimus, siekiant pasinaudoti sukeltu reguliariu periodiniu
pasikartojimu laike. Tokiu budu laikas jgyja papildomos koordinatés savybes.
Tokiais atvejais laiko periodiné struktura is tiesy yra suteikta iSoriskai; nereikia
pasikliauti palankiu daleliy saveikos vaidmeniu jos savaiminiam susidarymui.
Nepaisant to, periodinio reguliarumo pasireiskimas laike yra ne maziau int-
riguojantis dél atsiverianciy galimybiy imituoti jprastas erdviskai periodines
kietojo kuno sistemas ir kondensuotosios medziagos fizikos reiskinius. Siste-
mingi tyrimai léemé vis didéjantj faziy, atkurty arba apibendrinty laiko srityje,
sarasa: Andersono lokalizuotos ir daugiadalelinés lokalizuotos busenos, Moto
izoliatoriaus busena, taip pat topologines fazés [38-48]. Dar vienas iSplétimas
buvo pasiulytas naudojant laiko-erdvés kristalines strukturas [49], kurios sujun-
gia periodiskuma laike ir erdvéje. Sintetiniy dimensijy jvedimu poziuriu Sios
laiko-erdveés gardelés atveria kelia potencialiam dimensijy skai¢iaus padvigubi-
nimui.

Kita turtinga topologijos apraiska kvantinéje fizikoje kyla i$ topologiniy de-
fekty. Jie atsiranda, kai tvarkos parametro, apibudinancio sistemos busena, to-
lydumas yra nesuderinamas su biisenos topologinémis savybémis. Siy defekty
negalima pasalinti lokaliais trikdziais, nes juy egzistavimas yra susijes su globalia
tvarkos parametro erdveés struktura. Kondensuotyjy medziagy sistemose topo-
loginiai defektai pasireiskia jvairiomis formomis feromagnetuose, kristaluose ir
supertakiuose skysciuose [50, 2]. Supertakiuose skysé¢iuose ir atominiy Bozé ir
Einsteino kondensaty kontekste esminiai topologiniai defektai yra sukuriai, ku-
riems budinga kvantuota cirkuliacija ir tvarkos parametro fazés singuliarumas
[61]. Sukuriy tyrimas turi pladia reikSme — nuo kvantinés turbulencijos [52, 53]
iki rysiy su superlaidumu [54] ir neutroniniy zvaigzdziy struktura [55-57].

Si trumpa srities apzvalga iSryskina daugybe paradigmy, susijusiy su da-
bartiniu skirtingy medziagos buseny supratimu. Sio darbo tikslas — pagilinti
8] supratima, nustatant rysius tarp juy ir naudojant topologija kaip vienijantj
principa. Darbe nagrinésime topologiniy reiskiniy pasireiskima Floké fazése
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— laiko-erdvés kristalinése strukturose — iSaiskindami laiko vaidmenj sintetiniy
matmeny sistemose. Taip pat nagrinésime netipiniy, stipriai lokalizuoty suku-
riy savybes Bozé ir Einsteino kondensatuose, kurie, nors ir néra topologiskai

stabilus, bus stabilizuojami iSoriniu zadinimu.

Pagrindiniai tikslai
Siuo darbu siekiama keturiy konkreciy tiksly:

1. Realizuoti topologinj transporta laiko-erdveés kristalinése strukturose. Tiks-

lui pasiekti buvo jvykdytos sios uzduotys:

(a) Suformuluoti vienmacio kristalo modelj, kuris leisty realizuoti erdvi-
nj topologinj transporta ir jskaityty periodinj zadinima su adiabatine
faze.

(b) Rasti parametry rezimus, kad tuneliavimas tarp erdvineés ir laikinés

gardelés narveliy buty pakankamai stiprus daleliy pernasai.

(c) Istirti transporto dinamika sekant erdvéje ir laike lokalizuotas Vanjé

funkcijas.

2. Pasiulyti topologiskai netrivialios astuoniy dimensijy kvantinés sistemos

realizacija. Tikslui pasiekti buvo jvykdytos sios uzduotys:

(a) Suformuluoti dalelés modelj zadinamame vienmadciame kristale, ku-
ris apimty dvi adiabatines fazes ir turéty topologiskai netrivialias
kvazienergijos juostas.

(b) Gauti atitinkama stipraus rySio hamiltoniana Hrg ir suskaidyti jii
dvi dalis, atitinkamai apibudinancias erdving ir laikine gardele.

(c) Patikrinti, kad kiekvienas i$ gauty hamiltoniany apibudinty topolo-
giskai netrivialias sistemas, modeliuojant topologinj transporta.

(d) Rasti parametry rezimus, kad sujungus dvi Hrp kopijas, gautas

(kvazi)energijos spektras turéty draustinius tarpus.

3. Sukurti perturbacinj kvazienergijos spektry skaiciavimo metoda rezonan-

sinio zadinimo atveju. Tikslui pasiekti buvo jvykdytos Sios uzduotys:

(a) Istirti kvazienergijos operatoriaus struktura ispléstingje Floke ir Hil-
berto erdvéje ir rasti transformacija, kuri iSskiria rezonansinio zadi-
nimo sukeltus iSsigimimus.

(b) ISvesti transformuoto kvazienergijos operatoriaus perturbacinj sklei-
dinj.

(c¢) Patikrinti teorijos tiksluma pritaikant ja rezonansiniu budu Zadina-

mai daugiadalelinei kvantinei sistemai.
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4. Pasiulyti metoda, leidziantj stabilizuoti lokalizuotus sukurius keliy kom-
ponenciy Bozé ir Einsteino kondensatuose, ir istirti ju savybes. Tikslui

pasiekti buvo jvykdytos Sios uzduotys:

(a) Suformuluoti optine sistema, kuri leisty sukurti sukurius keliy kom-

ponenciy Bozé ir Einsteino kondensatuose.
(b) Istirti stacionarias kondensato busenas.

(c¢) Rasti rezimus, kuriuose pagrindinéje busenoje vienoje i§ komponen-

¢iy yra lokalizuotas sukurys.

(d) Istirti sistemos supertakumo savybes, naudojant lokalizuota sukurj
kaip priemaisa, maiSancig kondensata, ir rasti kritinj supertakumo

greitj.

Mokslinis naujumas ir aktualumas
Disertacijoje pristatomi Sie naujoviniai tyrimai:

1. Topologiniy reiskiniy tyrimas laikinéje dimensijoje ir daugiau nei trijose
dimensijose. Topologinis transportas laikinéje dimensijoje demonstruoja-
mas naudojant konkrecia kvantine sistema, realizuojama naudojant labai
Saltus atomus optinése gardelése. Tiriamas dvimatis transportas erdvi-
néje ir laikinéje asyse, kuris yra tiesiogiai susijes su keturmaciu kvantiniu
Holo efektu. Analizé isple¢iama, jtraukiant du fizinius erdvinius mat-
menis, gaunant efektyvine astuoniy matmeny topologiskai netrivialia sis-
tema. Sistemos analizé palengvinama perrasant sistemos hamiltoniang
i stipriojo rysio forma, tokiu budu sujungiant erdve, laika ir papildo-
mas sintetines dimensijas i vientisg aprasyma. Laiko, kaip papildomos
dimensijos, panaudojimas ir daugiamaciy sistemy modeliavimas laiko-
mas svarbiu zingsniu siekiant iSnaudoti sintetines dimensijas praktiniams
tikslams [58-61, 49, 62]. Topologinis transportas laikinéje dimensijoje
— pirma karta pasitulytas ir iSstudijuotas Autoriaus su kolegomis darbe
[P1] ir pristatytas Sioje disertacijoje — buvo véliau realizuotas klasikinéje

sistemoje darbe [64].

2. ISpléstiné issigimusi perturbacijos teorija Floké ir Hilberto erdvéje, lei-
dzianti efektyviau konstruoti efektyvinius hamiltonianus rezonansiskai
zadinamoms sistemoms. Tai ypa¢ aktualu daugiadaleliniy kvantiniy sis-
temy analizei, kur rezonansai neiSvengiami dél tankaus energijos spektro.
Efektyviniy hamiltoniany skaiciavimas yra butinas analizuojant dauge-
lj intriguojanciy dinaminiy kvantiniy daugiadaleliniy efekty, tokiy kaip
priestermalizacija [65-70], lokalizacija [71-75], taip pat diskreciyjy lai-
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ko kristaly [76, 32, 33, 77-81] ir topologiniy buseny [18, 20, 19, 28, 82]
susidarymas.

3. Optiskai sukurty sukuriy tyrimas keliy komponenc¢iy Bozé ir Einsteino
kondensate. Pateikiamas stipriai lokalizuoty sukuriy susidarymo vienoje
iSs komponenciy budas naudojant optine konfiguracija. ISorinis zadinimas
leidzia stabilizuoti netipines stikuriy konfigiiracijas, kurios savaime néra
topologiskai stabilios. Lokalizuotas sukurys gali buti judinamas aplink
gaudykle, taip maisant kita komponente. Tai gali buti naudojama kon-
densato supertakumo pobudziui tirti naudojant naujo tipo priemaisg —
besisukancia aplink savo asj. Tiek bendrieji sukuriy tyrimai kondensa-
tuose [83-90], tiek priemai$y judéjimas juose [91-99] yra esminés tyrimuy

kryptys Bozé ir Einsteino kondensacijos srityje.

Ginamieji teiginiai
1. Adiabatinis periodinio zadinimo fazés kitimas daleléms esant periodinia-

me erdviniame potenciale (pavyzdziui, labai Saltieji atomai optinéje gar-

deléje) pasireiskia topologiniu transportu laikinéje dimensijoje.

2. Kvantinés sistemos erdvinis ir laikinis periodiSkumas, suvienytas naudo-
jant laiko-erdvés kristaliniy struktury teorija, leidzia realizuoti topolo-
giskai netrivialig astuoniy dimensijy sistema, naudojant tik dvi fizines

erdvines dimensijas — nenaudojant vidiniy kvantiniy buseny.

3. Sukurta iSpléstiné iSsigimusi perturbacijos teorija Floké ir Hilberto erdve-
je pranoksta jprasta iSsigimusia perturbacijy teorija tikslumu, tuo paciu
reikalaudama maziau skaitiniy resursy nei tikslus sprendimas, suteikiant
praktiska metoda periodiskai ir rezonansiskai zadinamy kvantiniy dau-
giadaleliniy sistemu kvazienergijos spektry skaic¢iavimui.

4. Keliy komponenciy Bozé ir Einsteino kondensaty saveika su Lagero ir
Gauso pluostais leidzia valdomu budu sukurti ir stabilizuoti stipriai loka-
lizuotus sukurius.
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Topologinis transportas laiko-erdvés kristalinése struktu-
rose

Topologiniy savoky taikyma pradedame teoriniu topologinio transporto reali-
zacijos laiko ir laiko-erdveés kristalinése strukturose tyrimu. Pademonstruosime,
kad adiabatinis iSorinio zadinimo kitimas gali sukelti kvantinj daleliy judéjima
laiko dimensijoje. Siuo tikslu nagrinéjame kvantiniy dujy adiabatinj transporta
dvimatéje (2D) laiko-erdves kristalinéje strukturoje, realizuojamoje rezonansi-
niu budu zadinamoje optinéje gardeléje. Nagrinéjame tris galimus procesus:
transporta laiko dimensijoje, erdvinj transporta ir transporta abiejose dimensi-
jose vienu metu. Dvimatis topologinis transportas gali buti naudojamas ketur-
maciam (4D) kvantiniam Holo efektui tirti, todeél siuloma konfiguracija leidzia
tirti fizikinius reiskinius keturiose dimensijose naudojant vienos erdvinés di-
mensijos zadinama sistema.

Laiko-erdvés topologinis transportas demonstruojamas naudojant 1D ha-

miltoniana pavidalu

A

H = h(pa, zloz) + Es(@,t) + Eu(, t o). (S1)
Pirmasis narys yra nesutrikdytas erdvinis hamiltonianas
h(Pe, z|@e) = P2 — Vs cos®(2x) — Vi, cos®(z + ¢q), (52)

tipiskai naudojamas demonstruojant topologinj transporta realioje erdvéje [126,
127]. Cia p, yra impulso operatorius, Vs ir Vi, kontroliuoja, ,trumpos® ir
»ilgos® optiniy gardeliy gylius, o santykiné fazé ¢, realizuoja vieng transporto
cikla kintama ilgio m periodu. Formuléje (S2) ilgis matuojamas 1/ky, vienetai,
¢ia ki, yra lazerio, kurianéio gardele, banginis skaic¢ius, o energija matuojama
K?k? /2m vienetais, ¢ia m yra dalelés masé. Laiko vienetas yra redukuota
Planko konstanta f, dalinta is energijos vieneto.

Topologinis transportas laikinéje dimensijoje realizuojamas naudojant sitokj

zadinima:

£s(x,t) = Agsin®(2z) cos(2wt), (S3a)
&Lz, tlpy) = A cos®(2z) cos(wt + @y). (S3b)

Cia \g ir A, kontroliuoja zadinimo stiprumus, o fazé ¢, leidzia létai keisti san-
tykinj poslinkj tarp laikinés gardelés narveliy. Zadinimo daZnis pasirenkamas
pavidalu w = s{2 su rezonansiniu skai¢iumi s = 2, o {2 yra energijos tarpas tarp
gretimy hamiltoniano h energijos juosty, kurias siekiama sukabinti iSoriniu za-

dinimu. Trikdziai, osciliuojantys dazniais 22 ir 4(2, leidzia sukurti keturiy

138



mazgy ziedine gardele (sudaryta iS dvieju narveliy su dviem mazgais kiekvie-
nas) laikinéje dimensijoje. Siekdami uztikrinti pakankama Suolio stipruma tarp
erdvinés gardelés mazgy, tiriame aukstai suzadintas h busenas, kurios uwZima
juostas netoli erdvinio potencialo duobiy virSaus. Atitinkama {2 reikSme leng-
va nustatyti diagonalizuojant h. Kadangi fazé ¢, keicia erdvinj potencialg ir
tokiu budu neperturbuota energijos spektra, papildomai sureguliuojame (2 (ar-
ba tiesiogiai w) reikSme, kad erdvinio tuneliavimo stiprumas buty pakankamas
visiems ¢g.

Kadangi trikdis s + &1, yra periodinis laike (periodas T' = 27 /w), uzdavinys
sprendziamas jvedant kvazienergijos operatoriy Q = H—id, ir sprendziant tik-
riniy verdiy uzdavini Qun, (2,t) = enun(z,t) [135, 133, 17]. Cia e, yra n-osios
tikrinés busenos kvazienergija, o u, (x, t) yra atitinkama Floké moda — periodiné
funkcija w, (z,t) = u,(x,t + T). Bendrasis Sriodingerio lygties sprendinys gali
biti isreikstas per funkcijy ¥, (z,t) = e~ *»tu, (z, t) superpozicija su nepriklau-
sanciais nuo laiko koeficientais. Skaitinis uzdavinio sprendimas yra realizuotas
TTSC. j1 pakete [136].

Vienu metu atliekamas laikinis ir erdvinis topologinis transportas 2D laiko-
erdvés kristalinéje strukturoje yra pademonstruotas S1 pav. atveju, kai s = 2,
o erdviniy narveliy skaiCius taip pat yra N = 2. Adiabatinés fazés varijuojamos
pagal trajektorija ¢ = 2¢, nuo ¢, = 0 iki ¢; = 27, tam kad buty jveiktas
vienas transportavimo ciklas laikinégje ir erdvinéje dimensijose. Gautas Flo-
ké kvazienergiju spektras parodytas S1(a) pav.; legendoje pazymeéti lygmenys,
atitinkantys Floké modas, kuriy superpozicija buvo panaudota Vanjé funkcijy
skaiciavimui. Tai leidzia iStirti Vanjé busenas, kurios yra transportuojamos
fizinéje erdvéje ,i desine“. Likusieji keturi lygmenys (pirmos laikinés juostos)
atitinka Vanjé funkcijas, kurios yra transportuojamos priesinga kryptimi. Su-
konstruotos busenos yra iSreiskiamos kaip w;o(z,t) = >, 5 dgf’;)uj,g(ac,t) ir
yra randamos diagonalizuojant pozicijos operatoriy e?#/N [128, 134]. Keturios
gautos Vanjé funkcijos parodytos S1(b)—(f) pav. esant skirtingoms adiabati-
nés fazés vertéms. UztuSuoti plotai nurodo erdvinius (k = 1,2) ir laikinius
(v = 1,2) narvelius. Busenos ir narveliai yra sunumeruotos taip, kad pradinia-
me etape (kai ¢; = 2p, = 0) Vanjé funkcijy indeksai (i, ) sutapty su erdviniy
ir laikiniy narveliy indeksais (k, 7).

Analizuodami transportavimo procesa, S1(c) pav. matome, kad Vanjé bu-
senos yra transportuojamos i gretimus erdvinius narvelius (i deSine) erdvinio
transportavimo déka, o laikinis transportavimas sukelia buseny slydima laikine
asimi zemyn. Kai ¢y = 2¢, = 7 [zr. S1(d) pav.], busenos yra pilnai peréjusios
gretima erdvinj narvelj, o funkcijy laikiné priklausomybé yra tokia, kad funkci-
jos uzima abu laikinius narvelius. Toliau, kai ¢; = 2¢, = 37/2 [7r. S1(e) pav.],

busenos yra parodytos erdvinio peréjimo viduryje, kuris pilnai uzsibaigia kai
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S1 pav.: Vienu metu atliekamas laikinis ir erdvinis topologinis transportas 2D
laiko-erdvés kristalingje strukturoje. Parametry vertés yra: Vs = 7640, Vi, = 2,
w = 410, s = 2, A\s = 100, A\, = 40. (a) Kvazienergijy ¢;3 priklausomybeé
nuo adiabatinés fazés iSilgai trajektorijos ¢: = 2¢5. (b)—(f) Vanjé funkcijos kai
0t = 29, = 0,7/2,7,31/2,2r. Tikimybés tankiai |w; o (x,t)|* atvaizduojami juoda
spalva, o uztusuoti plotai nurodo erdvinius (k = 1,2) ir laikinius (v = 1, 2) narvelius.

(()1) 82) nurodo dviejy detektoriy padétis, minimas tekste.

Koordinatés x; "’ ir «
ot = 2p, = 2m [zr. S1(f) pav.]. Lygindami S1(b) pav. ir S1(f) pav., matome,
kad transporto rezultate funkcijos w; o peréjo i§ narvelio (i, «) i narvelj (i + 1
mod N, a+1 mod s).

Dabar nurodysime Siy rezultaty interpretacija. Isivaizduokime du detekto-
Y — 0.37 ir kitg — ties xéQ) = 1.37. Tegul dalelé
eksperimento pradzioje yra bisenoje wi ;. Kai ¢ = 2¢p, = 0, detektorius,

nustatytas ties xé2), su didziausia tikimybe registruos dalele laiko intervaluose

rius — vieng nustatyta ties x(()

(2t mod 27) € [0,7), kas atitinka ta fakta, kad dalelé uzima pirmajj erdvinj

narvelj ir pirmajj laikinj narvelj [zr. S1(b) pav.]. Transportavimo ciklo pabai-
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goje (kai ¢ = 2¢, = 2m), dalelé su didziausia tikimybe bus registruojama laiko
intervaluose (2t mod 27) € [, 27) detektoriumi, esanciu ties xél). Tai nurodo,

kad dalelé uzima antrajj erdvinj narvelj ir antrajj laikinj narvelj.

Isvados

Apibendrinant, parodéme, kad rezonansiskai Zzadinamos optinés gardelés kva-
zienergijos spektras gali buti interpretuojamas kaip kristalinés strukturos spekt-
ras, kur laikas atlieka papildomos koordinatés vaidmenj. Remdamiesi Sia ana-
logija, tyréme adiabatinj zadinimo kitima ir parodéme, kad jis lemia sistemos
dinamikos pokytj, kuris yra topologinio transporto pasireiskimas laiko dimensi-
joje. Sj fakta iliustravome modeliuodami vienalaikj adiabatinj transportavima

erdvine ir laiko kryptimis.
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Astuonmatés topologinés sistemos, modeliuojamos naudo-

jantis laiko-erdvés kristalinémis strukturomis

Dabar toliau plétosime laiko-erdveés kristalinés gardelés koncepcija ir pateiksi-
me buda, kaip tirti topologines astuoniy dimensijy (8D) sistemas, kurias ga-
lima eksperimentiskai realizuoti naudojant tik dvi fizines erdvines dimensijas.
Pradésime nuo periodiskai zadinamos vienmatés optinés gardelés su staciais
barjerais (modeliuojamais delta funkcijomis) ir parodysime, kad ji gali islai-
kyti dvimate laiko-erdvés kristaline gardele. Gautos laiko-erdvés kristalinés
strukturos topologinis pobudis dar karta paaiSkés nagrinéjant adiabatinj bu-
seny transporta laiko ir erdvés kristalinémis kryptimis. Interpretuodami dvi
adiabatines fazes kaip sintetiniy papildomu dimensijy kvaziimpulsus, parodysi-
me, kad sistemos energijos juostas apibudina nenykstantys antrieji efektyviosios
4D gardelés Cerno skaiciai. Galiausiai parodysime, kad dvi tokias 4D sistemas
galima sujungti i viena sistema, islaikant energijuy spektre draustinj tarpa. Gau-
tos 8D sistemos topologinés savybés apibiidinamos ketvirtuoju Cerno skai¢iumi
ir identifikuojamos energijos juostos su nenykstanciomis ketvirtojo Cerno skai-
¢iaus reiksmeémis.

Erdviné modelinio hamiltoniano (S1) dalis yra nesunkiai realizuojama eks-
perimentigkai [127, 126], taciau tarpai tarp Sio hamiltoniano energijos pajuoséiy
yra daug mazesni nei pajuosc¢iy ploc¢iai. Todél, jei dvi tokio hamiltoniano kopi-
jos (realizuotos ortogonaliose erdvinése kryptyse) sujungiamos i viena sistema,
gautame spektre nebus tarpy ir neatsiras jokiy topologiniy ypatybiy. Todél tu-
rime apsvarstyti kita modelj, kuris leisty gauti tarpus, platesnius nei pajuosty
plociai.

Vienmatis, nuo laiko priklausantis hamiltonianas, kurj nagrinésime siame
skyriuje, vél bus (S1) pavidalo, taciau kiekvienas narys bus kitoks. Nepertur-

buotas erdvinis hamiltonianas pasirenkamas pavidalu
3N 3
hzﬁi—l—VZ(S(x—%)+UZgn(m)cos[cpw+w . (S4)
n=0 n=1

Sios sumos apibiidina erdvinj potencialg — N identisky narveliy, kuriy ilgis
a, gardele, kuriy kiekvienas susideda i$ trijyu mazgy, atskirty staciais delta
funkcijos barjerais. Supergardelés potencialas g, (x) lygus vienetui kiekviename

n-ojo erdvinio narvelio mazge, o kitur lygus nuliui:

1, %agxmoda<%+l

gn(z) = “ (35)

0, Kkitaip.
Taigi, paskutinis lygties (S4) narys moduliuoja (kei¢iant ¢,) mazgo ener-
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gijas kiekviename narvelyje tokiu paciu budu, o U kontroliuoja moduliacijos
amplitude. Kiekviename sekanc¢iame mazge moduliacijos fazé atsilieka nuo fa-
zés kairiajame kaimyniniame narvelyje. Jei moduliacija atliekama adiabatiskai,
topologinis transportas gali buti realizuotas sistemoje, aprasomojoje hamilto-
nianu (S4). Astriy (mazesnio uz bangos ilgj plo¢io) optiniy barjery realizavimas
ir taip pat topologinis transportas triju mazgy per narvelj gardeléje jau buvo
tirti literaturoje [195, 144, 145].
Erdvinis hamiltonianas yra zadinamas nariais
Es(w,t) = As cos(1222) cos(2wt), (S6a)
&Lz, tlpy) = A cos(G’fTw) cos(wt + ¢4), (S6b)
ia Ag ir A, kontroliuoja bendra perturbacijos stipruma. Erdviniai dazniai 67/a
ir 127 /a uztikrina, kad visi erdviniai mazgai buty perturbuojami vienodai. Za-
dinimo daznis w parenkamas taip, kad kiekviename erdviniame mazge buty
ivykdyta rezonansiné salyga. Klasikiniame aprasyme rezonansas reiskia, kad
w yra labai artimas dalelés periodinio judéjimo potenciale daznio {2 sveikojo
skaiCiaus kartotiniui, t.y. w =~ s{2, ¢ia s yra sveikasis skaiCius. Kvantiniame
aprasyme rezonansas atitinka daznj w, esantj artima tarpo (2 tarp tam tikry
Hamiltoniano (S4) juosty sveikojo skai¢iaus kartotiniui. Riboje V' — oo [zr.
lygti (S4)] kiekviename erdviniame mazge dél rezonansinio zadinimo poveikio
susidaro nepriklausoma laiko kristaliné struktura. Tiksliau sakant, rezonansi-
ne trajektorija besivystancioje sistemoje dalelés rezonansine dinamika galima
apibudinti taip: Heg = p2 + g cos(2sE) + AL cos(sE + ¢;) su & € [0,27). Pa-
vyzdziui, kai s = 2, turime du laikinius kristalinius narvelius, kuriy kiekvienas
susideda i$ dviejy laikiniy mazgy. Adiabatinés fazés ¢, kitimas leidzia realizuoti
topologinj transporta laiko-kristalinéje strukturoje. Jei V' yra baigtinis, dalelés
tuneliavimas tarp erdviniy mazgy tampa jmanomu, o visa sistema sudaro 2D
laiko-erdves kristaline struktura, kuria, kaip parodysime, galima apibudinti 2D
stipraus rysio modeliu.

Vanjé funkcijy bazéje kvazienergijos operatorius Q = H—i0, igyja pavidala

Hrp (0w, 1) = Y Joe(par pr)ah (S7)
JaN4

¢ia operatorius &Z sukuria (o a, sunaikina) bozona gardelés mazge ¢. Indeksas
£ € [1,6N s] numeruoja 2D laiko-erdvés gardelés mazgus. Matriciniai elementai
Jo o skai¢iuojami pagal

sT

dt

Jure =/5<ww|@|w>, (S8)
0
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¢ia T = 27 /w yra zadinimo periodas.
Hamiltonianas (S7) gali buti apytiksliai suskaidytas j dvi nepriklausomas

dalis — erdvine ir laikine:
Flon ~ 1@ @ BO 1 A® o 7O = f1_ (59)

¢ia ® zymi tenzorine sandauga, H@ i g® yra, atitinkamai, erdvinis ir laikinis
hamiltonianas, o 1@ i [®) yra vienetiniai operatoriai, veikiantys operatoriy
H® ir H® erdvése. Hamiltoniano ﬁ%B tikriniy verciy spektras yra Minkov-
skio suma tikriniy verc¢iy spektry hamiltoniany H® ir F®), Paprastumo délei
visy stipraus rySio hamiltoniany tikrines vertes vadinsime energijomis.
Hamiltoniany H®) ir A® spektrai parodyti S2(a) ir S2(b) pav. kartu su
juosty Cerno skai¢iais. Nagrinédami erdvine uzdavinio dalj, aprasoms hamil-
tonianu H (*) | faze @, galime interpretuoti kaip kvaziimpulsa. Tai leidzia jvesti
n-osios juostos Berio kreivuma Qg, o, = 23 (Ok, Xn k. |Op, Xn.k,) ir atitinkama

pirmajj Cerno skaiciy
1 2m ™
Vfw) = g/dk’x/d(;% Dy, (b, ) (510)
0 0

Berio kreivumo apibrézime, |xp ,) Zymi hamiltoniano H® Blocho funkcijos
e'fd . 1. () periodine dalj, su salyga Xn.x, (j +3) = Xn.k, (§), ¢ia j numeruoja
erdvinius narvelius. Pagal analogija su erdvine dalimi, jvedamas laikinis kvazi-
impulsas k, hamiltonianui H®, kurio tikrinés funkcijos gali buti isreikstos kaip
ekt 1 (@) su To g, (@ + 2) = Tk, (@). Atitinkamai, pirmieji Cerno skaiciai
VY), parodyti S2(b) pav., apibréziami per Berio kreivumo €, ,, integrala.

Interpretuodami Berio kreivumy formulése figuruojancias fazes ¢, ir ¢ kaip
fiktyviy dimensijy kvaziimpulsus, mes galime padidinti sistemos dimensiskuma.
Tuomet kiekvienas i§ hamiltonianu H® ir H® apraso 2D sistema, o ju kom-
binacija ﬁ’TB, kurios spektras parodytas S2(c) pav., apraso 4D sistema. Ze-
miausioji ir auksciausioji juostos yra neissigimusios ir yra aprasomos antruoju
Cerno skai¢iumi, skai¢iuojamu i3 abelinio Berio kreivumo. Formaliai, sistemos
parametrai gali buti surinkti j vektoriu R = (ky, ©x, kt, ¢t ), 0 kreivumas apskai-
¢iuotas kaip Qu (R) = 23 (0pén ks ke [0vn ko ke )» Cla Oy = 522, n=1,2,3,4,0
|€n.k ke, ) YT periodiné dalis n-osios hamiltoniano .FAL’FB energijos juostos Blocho
funkcijos. Israiska (S9) lemia faktorizavima |&, k., k) = |Xnk.) @ Tk, ), todél
antrasis Cerno skai¢ius yra

Véz’t) = l/gm)l/it). (S11)

Vertés Véw’t) yra nurodytos S2(c) pav.
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(2) Spectrum of ﬁ(z)(b) Spectrum of H® (c) Spectrum of I:I’TB(d) Spectrum of Hyp
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S2 pav.: Sistemuy energijos spektrai. (a) Erdvinio hamiltoniano H® spektras. (b)
Laikinio hamiltoniano H® spektras. (c¢) Hamiltoniano fIffB spektras, lygus Minkov-
skio sumai spektry, parodyty (a) ir (b) dalyse. Parodytas spektro pjuvis iSilgai linijos
¢z = ¢¢. (d) Hamiltoniano Hrp energijos spektras isilgai linijos o = ¢¢. (e) Hamil-
toniano Hrs energijos juostos. (f) AStuonmatés sistemos energijos spektras, gautas
sudéjus dvi nepriklausomas 4D sistemas, kuriy spektrai parodyti (e) dalyje. Pilki plo-
tai atitinka energiju juostas (atskiri lygmenys néra parodyti), o raudoni plotai nurodo
draustinius tarpus.

Lygindami H T spektra su tikslaus stipriojo rySio hamiltoniano Hrg spekt-
ru, parodytu S2(d) pav., pastebime, kad jie yra beveik identiski. Nedideli
neatitikimai yra tikétini, nes norédami gauti atskiriama hamiltoniana, mes ne-
paiséme kai kuriy labai silpny saveiky tiksliame hamiltoniane. Nepaisant to,
Hrg ir I:I%B energijos juosty antrieji Cerno skaiciai yra vienodi. Tai patvirtina
faktas, kad Hrg energijos spektra galima gauti adiabatiskai deformuojant A B
spektra neuzdarant draustinio tarpo. Taip pat pastebésime, kad tarpas zemiau
auksiausios Hrg energijos juostos iSlieka atviras visoms ¢, ir ¢; reikSméms,
kaip parodyta S2(e) pav. Tas pats galioja ir tarpui virs Zemiausios Hrp juostos.

Pagaliau, panagrinékime optine gardele, sukurta dviejose ortogonaliose erd-

vinése dimensijose taip, kad sistema buty aprasoma hamiltonianu

IfI4D = Fl(x,ﬁx,ﬂcpx, Qotw) =+ ﬁ(yzﬁyaﬂ@ya ‘Pty)' (S12)

Tai sukuria 4D laiko-erdvés kristaline struktura, kadangi Vanjé funkcijos dabar

turés keturis nepriklausomus indeksus:

Wj,a(xayat) = Wj,,a, (x7t)wjy,ay (yat)a (813)
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¢ia j = (Jz,Jy) ir @ = (az, ) [49]. Dvimateé laikiné struktura sudaryta is 2s x
25 mazgy gaunama kiekviename dvimaciame erdviniame narvelyje; judéjimas
laikiniuose narveliuose yra charakterizuojamas laikiniai kvaziimpulsais k;, ir
Ky, - Sios sistemos energijos spektra galima lengvai gauti kaip dviejy S2(e) pav.
pavaizduoty spektry kopijy Minkovskio suma. Rezultatas parodytas S2(f) pav.,
kur akivaizdu, kad auksciausia ir zemiausia juostas nuo kity skiria tarpai. Tai
galioja ne tik parodytam spektro pjuviui ties v, = ¢, = ¢y, = ¢y, , bet visoms
fazés vertéms. Auksciausios juostos plocio ir tarpo Zemiau jos santykis yra 5%,
o zemiausios juostos plocio ir tarpo virs jos santykis yra 2%.
Sistema, kurios spektras parodytas S2(f) pav., gali buti aprasyta hamilto-
nianu
Hyp =T8S + AY 1, (S14)

Gia I yra vienetiné matrica to paties dydzio kaip ir Hrg. Sistemos parametrai
yra du kvaziimpulsai k5, k,, erdvineés fazés ¢, bei ¢, ir keturi atitinkami dviejy
laikiniy sistemy parametrai: kq,, ke, , 1., ¢, Kaip ir 4D atveju, Zemiausioji ir
auksciausioji juostos yra neissigimusios, todél gali buti charakterizuojamos ket-
virtuoju Cerno skai¢iumi, skai¢iuojamu i$ atitinkamo abelinio Berio kreivumo.

Surinkime hamiltoniano Hgp parametrus i vektoriy

R: (km7¢z7ktwa@tw7ky7¢y7]ftya@ty)~ (815)

Abelinis Berio kreivumas yra skaic¢iuojamas naudojant neissigimusios Hgp ener-

gijos juostos tikrines busenas pagal formule
0 (R) = 23 (9,CrIOCR) . ($16)

¢ia 0, = %, indeksas p prabéga vertes nuo 1 iki 8, o |(gr) yra periodiné
tikrinés busenos dalis. Tegul |k,, @, ki, , ¢, ) yra periodiné dalis hamiltoniano
flgg tikrinés buisenos, atitinkandios tam tikra energijos juosta; tada (S14) lemia
|<R> = ‘kza P, ktm? <)Otz> @ |ky7 Py k;tyv @ty>~

Ketvirtasis Cerno skai¢ius gali buti isreikstas per Berio kreivumo dviformas

kaip [59]
1

(2m)*

ir dél sistemos atskiriamumo $i iSraiska supaprastéja iki

vy =

/%QAQAQAQ, (S17)

1 T
e (2m)4 /912934956978 dR' A - AdR® = v ’tm)yéy’ty)' (S18)

Reiksmeés v4 pateiktos S2(f) pav. Tokiu budu patvirtiname, kad aukséiausia
ir zemiausia 8D sistemos juostos pasizymi nenuliniais ketvirtaisiais Cerno skai-

Ciais, o tai rodo topologiskai netrivialy sistemos pobudj. Pastebésime, kad jei
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Hgp sukonstruojamas naudojant dvi apytikslio Hamiltono PAIQB kopijas, auks-
tesnis tarpas uzsidaro, o apatinis lieka atviras.

Paveiksle S2(f) matyti, kad auks¢iausia ir Zemiausia juostos yra platesnés
uz tarpus, o tai reiskia, kad tarpai iSnyksta, jei pridedama dar viena S2(e)
pav. pateikto spektro kopija. Nepaisant to, laiko-erdvés struktura, pagrista ki-
ta erdvine sistema nei aprasoma (S4) lygtimi, gali turéti dar platesnius tarpus
lyginant su pateiktais S2(e) pav. Tai leisty realizuoti 12D laiko-erdvés struk-
tura, sujungiant tris Hrg kopijas, kuriy kiekviena realizuota atskiroje fizinéje

dimensijoje (z, y ir z).

Isvados

Apibendrinant, parodéme, kad laiko-erdveés kristalai gali buti naudojami kaip
platforma tiriant 8D sistemas, kurias galima apibrézti stipraus rysio modeliu.
Sukuréme konkrecia, eksperimentiskai realizuojama zadinama kvantine siste-
ma, kuri yra topologiskai netrivialios 8D sistemos pavyzdys. Idomu tai, kad
tinkamai zadinamos 2D sistemos pagalba ir nejtraukiant jokiy daleliy vidiniy
laisvés laipsniy, jmanoma realizuoti sistemas su netrivialiomis topologinémis
savybémis ir tirti gaunamus efektus astuoniuose matmenyse. Daugiamatés
laiko-erdves kristalinés strukturos atveria galimybes kurti praktiskus jrengi-
nius, kurie biity nejsivaizduojami trijuose matmenyse. Siame darbe pateikti

rezultatai atveria kelia tolesniems tyrimams sia kryptimi.
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Ispléstiné iSsigimusi perturbacijos teorija Floké ir Hilberto
erdvéje

Laiko kristaliniy struktury tyrimas, pateiktas praeituose skyriuose, dar kar-
ta parodo periodiskai zadinamy sistemy, kaip platformos nejprastoms fiziki-
néms sistemoms realizuoti, svarba. Teoriné tokiy sistemy analizé remiasi Floké
teorija. Praeituose skyriuose buvo nagrinéjamos rezonansiskai zadinamomis
viendalelinés sistemos, todél jas galima buvo analizuoti naudojant sekuliarigja
aproksimacija. Siame gi skyriuje plétosime metoda, skirtg rezonansiskai zadi-
namoms daugiadalelinéms sistemoms tirti. Konkreciai, pristatysime buda, kaip
sukonstruoti efektyvinj Hamiltoniang is kvazienergijos operatoriaus tuo atveju,
kai zadinimas yra rezonansinis ir lemia iSsigimimus.

Efektyvinj hamiltoniang patogu konstruoti ispléstinéje Flokeé ir Hilberto erd-
véje, kur nuo laiko priklausantys operatoriai tampa begalinémis matricomis,
turin¢iomis bloky juosty struktura. Norédami pereiti prie Sios erdveés, prade-
dame pastebédami, kad Hilberto erdvés .7 Floké modos |uq(t)) tenkina lygti
Qlua(t)) = ealua(t)), ¢a Q = H —id; yra kvazienergijos operatorius. Sios
modos gali buti laikomos elementais sudétinés Floke ir Hilberto erdvés .%, api-
bréztos kaip erdves S ir laiko periodiniy funkcijy erdvés 7 tenzoriné sandauga
[148-150]. Erdvés & elementams naudosime Zyméjima |u, ), o vidine sandauga
F erdvéje apibrésime kaip (uglua)) = + fOT (ug(t)|uq(t)) dt. Bazé, apimanti
Z, yra |am)) & |a)e™@t &a m € Z, o vektoriai |a) sudaro baze erdvéje S
w = 27/T yra zadinimo daznis. Kvazienergijos operatorius tada jgauna bloky

juosty struktura:
(o'm/|Qlam) = (&' |Hpm/—m| @) + OmrmOarammiw, (S19)

o blokuose yra Furjé atvaizdai H, = % fOT H (t)em»tdt. Cia ir toliau .Z erdvés
operatorius Zymeésime virSutiniais bruksneliais. Lygti (S19) galime iliustruoti
sitokia matrica

ﬁo—fw ﬁ_l f{—2
Q=1 H, H, H o] (S20)
ﬁQ .E[l .H()-i-fw

dia I yra erdves # vienetinis operatorius.
Efektyvinj hamiltoniana galima rasti diagonalizuojant blokais operatoriy Q.

Transformuoto kvazienergijos operatoriaus perturbacinis skleidinys gali buti
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uzrasytas pavidalu
e Qe = QO + (W) + W) + WP + W)+, (S21)

Cia Q) yra neperturbuota @Q dalis, kurig galima uzrasyti pavidalu Q) =
Qo+ V_V](DO) ivedus operatoriy

Qo & —id;, {'m/|Qolam)) = SmrmOaramw. (S22)

Indeksai ,, D¢ ir ,X“ nurodo j diagonaliniy bloky ir nediagonaliniy bloky ele-
mentus:

(o/m(Oplam) = (o'm'|Olam)dov.n. s29)

((a'm'|Oxlam)) = ((a/m’|Olam) (1 = Gpim).
Musy tikslas yra rasti unitarinj operatoriy G = G + G® + ... tokj, kad
nediagonalus elementai W)(in) buty lygus nuliui, tam tikros eilés tikslumu. Li-
kes diagonaliniy bloky operatorius Q) + W](Dl) + W](32) + ... bus pavidalo
5m/m(<a'|W][3"] |a) +60ramw), kur W][)n] = W](DO) —&-VAV](;)-I—. . .—l—W]()") yra ieskomas
efektyvinis hamiltonianas. Operatoriaus Q tikriniy veréiy spektras gali buti uz-
rasytas kaip €4m = €4 + mw. Tai reiskia, kad bet kuris w plocio kvazienergiju
intervalas pernesa ta pacia fizikine informacija, ir sie intervalai vadinami Flokeé
zonomis pagal analogija su Briliueno zonomis.

Standartinis W][)n] paieskos budas yra skleidinio 1/w eilute konstravimas
[151, 149, 152, 153, 28, 154, 150]. Operatoriaus W][)n] skaiciavimas aukso daznio
riboje remiasi prielaida, kad neperturbuoto hamiltoniano spektras yra apréztas
ir kad jo plotis yra daug mazesnis uz w. Tokiu atveju kvazienergijos operato-
riy galima atskirti j dalis pagal Q = Qo + H su H’(t) & H. Operatoriaus
H elementai laikomi mazais lyginant su w, todél H gali buti jskaitomas kaip
perturbacija. Tuomet skleidinys (S21) tampa skleidiniu 1/w laipsniais. Taciau
jeigu yra galimi peréjimai tarp buseny, energijy skirtumas tarp kuriy yra w,
tenka jskaityti diagonalius H elementus neperturbuotoje dalyje, o tai lemia i3
sigimimo atsiradimg. Butent, jeigu skirtumas Fg — E, tarp dvieju diagonaliy
H, elementy yra lygus (arba artimas) dydziui nw su sveikuoju n, tada iSsigi-
mimas (B(m + n)|Q|B(m + n)) = {am|Q|am)) lemia perturbacijos teorijos
divergavima. Tokiu atveju galima taikyti standartine iSsigimusia perturbacijos
teorija (DPT) — 7r. [109, 157] — kuomet efektyvinis hamiltonianas yra konst-
ruojamas jskaitant saveika tarp issigimusiy lygmeny tiksliai, o saveika su visais
kitais lygmenimis — kaip trikdj [155, 156].

Siame skyriuje kursime ispléstine issigimusia perturbacijos teorija (EDPT)

Flokeé ir Hilberto erdvéje, kad rastume efektinio hamiltoniano W][Dn] iSraiskas,
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kurios uztikrina tikslesnj kvazienergijy spektro skai¢iavima esant tiksliam re-

zonansui ir arti jo. Pradedame nuo to, kad jvedame redukuotas energijas
e =F,—awecFZ, acl. (S24)

Tai yra operatoriaus H, diagonalieji elementai F,, redukuoti j pasirinkta Floké
zong (FZ), kurios plotis sudaro w. Tokiu budu kiekvienai buisenai |a) priski-
riamas sveikasis skaicius a; bendru atveju kelios busenos turés ta patj skaiciy
a. Simbolius a, a’, b, ir ¢ toliau naudosime atitinkamai busenu |a), |o), |8),
ir |7) ,redukcijos skai¢iams“ zymeéti. Kitame zingsnyje pertvarkome Q ele-
mentus taip, kad m-asis diagonalus blokas turéty energijas, redukuotas i m-aja

FZ. Gaunamo kvazienergijos operatoriaus Q' diagonalieji elementai tuomet bus
lygus

0 = ((am|Q'|am)) = ¢ + mw (S25)
o visi kiti elementai
(o/m/|Q" |am) = (& |Hy—ar 4/ —m| @) + S Oeramiw. (526)

Kvazienergijos matrica islaiko blokine struktura, kuri gali buti vizualizuota

Sitaip:

Q=1 X, D X -, (S27)

¢ia diagonaliniai blokai yra

O HMP HY

p=|ur, O B |, (S28)
P U

o nediagonalus aprasomi

Hg%a Hlt;l—ﬂa+m Hcajaer
v — B B
Xm - Hafb+m }‘;7516 chb+m (829)
«
HI’IY—C-HR Hl;yfc+m H';YYL’Y

Trumpumo délei matricos D ir X,, parodytos trijy lygmeny sistemos atveju
(atitinkamai, baze Hilberto erdvéje sudaro busenos |a), |3), ir |7)) ir pazymeéta

H%® = (a/|H,,|a). Centrinis blokas D apraSo centrinés (m = 0) FZ biisenas
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ir jy tarpusavio sgveikas, kurios bus jskaitytos tiksliai. Nediagonalieji blokai
X apraso sagveikas tarp skirtingy Floké zony; Sios saveikos bus jskaitytos per-
turbatyviai.

Iivedima pradedame nuo to, kad suskaidome Q' j neperturbuota dalj ir
perturbacija, o pastaroji turi diagonaliniy bloky ir nediagonaliniy bloky dalis:

Q =Q" +1p + x, (S30)

(a'm/|Q"V)am)) = 8 6arabmm,
<<Oélml‘f/D|Oém>> < /|Ha a’ ‘Oé>(1 - 60( a)am 'm (831)
<<a/m'|‘7x|am>> (a |Ha a'+m'—m|@) (1 = 8mrm).

Istatydami Q' j (S21) lygtj ir laikydami G = G + G + .., surenkame tos

pacios eilés narius. Nulinés eilés narys yra
(@' W a) = @5, (S32)
Pirmos eilés nariui gauname
(@|WVla) = (& | Hamar) (1 = Suva), (533)

o antroje eiléje randame

- (2 1 . N
(@ Wa) = 3 37 D (/1w 18) (8] Ha-nla)
B n#0

S34
) ) . ) (S34)
5&0,) - Eg)) - o _ 5(;) —nw )

nw Ea
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Pagaliau, trecios eilés israiska yra
2(3
e =35 |
ﬁ Y pF0 LSBT e T
x (<a’|ﬁb—a'Iﬂ><6|Hc—b—plv><vlﬁa—c+pla>

Ey — Eq/ + PW

n <a’|ﬁc—a/—plv><7ﬁb—c+p|5><ﬂ|ﬁa—ba>>

€y —Ea +pW

+ <0/|]:]bfa’fp|6> <6|f{cfbh’> <'Y|]:]afc+p‘a>

1 1
: (( “ep —p) o — 5y — ) | (Ea 5~ P)Ea o —pw>)]
D 0D DI Wi (X1 AN 111 AN Y 171 A

By p#0q#0,p

e
€8 —Ea+Pw \€a—6y—qw eg—ey+(p—qw

3 1
( ' )
Eal —Ey — QW 55—57+(p—q)w Ef — Ear T PW

1 1 1
+ ( * )
eg—ex+(P—qw \eg —€a +Pw  Eq —Ey — qw

2
+ .
(€a —&y —qw)(ep — €ar +pw)}

(S35)
Butina skleidinio (S21) konvergavimo salyga yra
_ o |ﬁa @ —nlo)|
‘5(0) 0 o] < 1, (S36)

kuri turi galioti visoms busenoms |a), |o/) ir visiems sveikiesiems skaic¢iams n,
iSskyrus rezonansinius atvejus, pasalintus sumavimuose (S34) ir (S35) lygtyse.

Teorijos tikslumg patikrinsime lygindami kvazienergiju spektrus, gautus
diagonalizuojant WE ], su skaitiskai tiksliais. Skaitiskai tiksliuosius spektrus
skaic¢iavome diagonalizuodami vieno periodo evoliucijos operatoriy, gaunama
propaguojant Sriodingerio lygtj [17]. Taip pat lyginsime rezultatus su gautais
taikant standartine trecios eilés iSsigimusia perturbacijos teorija (DPT) [109,
157]. Teorija taikysime zadinamam Bozé ir Hubardo (BH) modeliui, kurj ap-
raso hamiltonianas

L U s .
= —JZaTaj +3 an(nj —-1)+ anij coswt. (837)

(i5) J J
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(©)  gou-Exact  EDPT3 _ DPT3

claaaanaasnsNoasanansns
E\/ 3
Eoro
5 0.6 0.7
Ulw
"l
Bt d B vt A B 1y 16 J Bt
0.25 0.35 0.25 0.35 0.25 0.35 1.25 1.35 1.25 1.35 1.25 1.35
U/w U/w U/w U/w U/w U/w

S3 pav.: Astuoniy daleliy BH sistemos DPT ir EDPT tikslumo jvertinimas 2 x 4
gardeléje, kai F/w = 2, w/J = 20. (a) Kvazienergijos spektras kai U € [0, 1.5w].
Pateiktos desimties Floké mody, turin¢iy didziausia sanklotg su MI busena, kva-
zienergijos; modos su didziausia sanklota kvazienergijos paryskintos raudonai. Kiti
grafikai rodo zadinamos MI bisenos kvazienergijas (b) U = jw, (¢) U = 2w ir (d)
U= %w aplinkoje.

Cia J kontroliuoja artimiausiy kaimyny tuneliavimo stiprius, U — bozony sa-
veikos energijos stiprj, F' — iSorinio Zzadinimo stipri. Metody tikslumo analizé
atliekama pasirenkant zadinimo stiprj F' ir daznj w ir skaiciuojant kvazienergijas
varijuojant U. Sutelksime démesj | ,zadinama Moto izoliatoriaus (MI) busena*,
kuria vadinsime Floké busena, turinc¢ia didziausia sanklota su MI busena. Tai
yra pagrindiné neperturbuotos sistemos busena kai U > J, atitinkanti energija
E=0.

Panagrinékime metody tikslumus studijuodami BH sistema, apibrézta 2 x 4
periodinéje gardeléje su 8 bozonais; tegul F/w = 2 ir w/J = 20. Grafikai S3(a)
paveiksle parodo kvazienergijas desimties Floké mody, turin¢iy didziausia san-
klota su MI biisena kai U € [0,1.5w]. Zadinamos MI biisenos kvazienergijos
paryskintos raudonai. Kairysis grafikas rodo tikslius rezultatus, o desinysis —
gautus naudojant trecios eiles EDPT. Tuo tarpu DPT metodas gali buti taiko-
mas tik tam tikro rezonanso aplinkoje, ir negali buti naudojamas kvazienergijy
skaiciavimui placiame U intervale. Ryskiausias antikrosingas, matomas ties
U =~ w, atitinka pirmos eilés procesa — dalelés ir skylés suzadinima MI buse-
noje, kai dalelé ,persoka‘“ is vieno mazgo i kaimyninj [155]. Kai U = w, per-
éjimai tarp visy sistemos lygmeny tampa rezonansiniai, todél visi diagonalieji
Q' elementai tam tikrame diagonaliniame bloke turi ta padia verte. Atitinka-
mai, kvazienergijos pakankamai tiksliai aprasomos jau pirmos eilés nariu (S33).
Antros ir trecios eilés pataisos prie Wp suteikia nedidelj rezultaty patikslinima
ir visumoje lemia puiky sutapima su tiksliais rezultatais, kaip matyti S3(a) pav.
Paminétina, kad EDPT rezultatai islieka pakankamai tikslus ir nutolstant nuo

rezonanso.
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Toliau iSanalizuokime zadinamos MI busenos kvazienergijas rezonanso U =
%w aplinkoje [zr. S3(b) pav.]. Stebimas antikrosingas yra antros eilés proce-
so rezultatas, kuomet dvi dalelés i§ MI busenos persoka j jy bendrojo kaimyno
mazga, tokiu budu sukuriant trigubai uzimta mazga ir lemiant busenos energija
E = 3U. Antikrosingo egzistavima nurodo tiek EDPT, tiek DPT, nors suta-
pimas su tiksliais rezultatais yra tik kokybinis. Tuo tarpu atvejais U = %w ir
U= %w EDPT leidzia pasiekti didesnj tiksluma, suteikiant pastebima tikslumo

pagerinima lyginant su DPT [zr. S3(c) ir (d) pav.].

Isvados

Apibendrinkime rezultatus. Pateikéme standartinés iSsigimusios perturbacijos
teorijos iSplétima, kuris pagerina periodiskai zadinamy sistemy kvazienergijy
spektry skaic¢iavimo tikslumag. Teorijos taikymas zadinamai BH sistemai paro-
dé, kad trecios eilés EDPT duoda rezultatus, kurie kiekybiskai atitinka tikslius
rezultatus. Nors tiksly teorijos taikymo kriterijy sunku suformuluoti, paprasta
salyga (S36) kartu su pateiktais skaifiavimo pavyzdziais gali buti naudojami
tikslumui numatyti. Bendru atveju, teorijos tikslumas bus tuo didesnis, kuo
aukstesnis zadinimo daznis.

Atlikta analizé parodé, kad naudojant DPT gauty kvazienergiju tikslumas
yra gerokai mazesnis nei EDPT. Be to, DPT gali buti taikoma tik esant rezo-
nansui, o EDPT islieka naudinga net jei zadinimas néra rezonansinis. Taciau
EDPT privalumai atsiranda padidéjusiy skaitiniy resursy saskaita, nes gau-
namas efektyvinis hamiltonianas yra tokio pat dydzio kaip ir neperturbuotas.
Dideléms sistemoms diagonalizavimas tampa pernelyg brangus, todél gali tekti
sumazinti nagrinéjamy buseny skaiéiy, pavyzdziui, nejtraukiant aukstai suza-
dinty buseny. Kita galimybé — pritaikyti schema, kuri yra tarpiné tarp DPT ir
EDPT, kad tiksliai buty jskaitomos tik kai kurios saveikos tarp buseny Floké
zonoje, o kitos buty jskaitomos perturbatyviai. Atitinkamas formalizmas buvo

pateiktas Siame darbe.
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Optiskai sukurti lokalizuoti sukuriai keliy komponenciy
Bozé ir Einsteino kondensatuose

Siame skyriuje tirsime keliy komponenéiy Bozé ir Einsteino kondensato (BEK)
saveika su Sviesos laukais A tipo konfiguracijoje. Naudodami Sviesos pluostus,
turincius orbitinj impulso momenta, teoriskai parodysime, kaip sukurti stabi-
lia sukurio konfiguracija tokia, kad besisukancios komponentés atomai buty
apsupti antrosios, besukurés komponentés atomais. Sukurj sudarantys ato-
mai gali buti lokalizuoti daug mazesniame erdvés turyje lyginant su antrosios
komponentés atomy uzimamu turiu. Taip pat parodysime, kad sukurio padétj
galima keisti dinamiskai, judinant lazerio pluostus, jei pluostus judéjimo greitis
islieka mazesnis uz garso greitj. Tai leidzia naudoti lokalizuota sukurj antrosios
komponentés maiSymui, ir nustatyti supertakumo kritinj greitj.

Nagrinésime triju lygmeny atoming sistema A tipo atomo ir Sviesos saveikos
konfigiiracijoje, parodytoje S4 pav. [9, 10, 202, 203, 193-195, 204]. Sviesos
pluostai lemia priklausancius nuo koordinatés buseny sukabinimus ir yra apra-
Somi Rabi dazniais

$h(r) = £ (B)S e 0 ueihssting,
a (S38)
2(r) = .(Z()e_"z/wf%eikzz7

¢ia naudojama cilindriné koordinaciy sistema r = (p, ¢, z), wo Zymi pluosto
diametra, {29 yra Rabi dazniy amplitudé, o k, — pluosty banginis skaicius,
apraSantis paraksialinj sklidima palei z asj [10, 203, 202]. Ilgio dimensijos pa-
rametras a kontroliuoja pirmojo pluosto intensyvumo kitima erdvéje. Pluostas,
charakterizuojamas (27 dazniu, sukabina atomo vidines busenas |1) bei |3) ir
atitinka Lagero ir Gauso moda LG su topologiniu kriiviu s > 0 [205, 206, 198,
200, 207-211]. Tuo tarpu busenos |2) bei |3) yra sukabintos Gauso pluostu,
aprasomu Rabi dazniu (2.

Kondensata apraSysime Groso ir Pitajevskio lygéiu (GPL) sistema [167],

uzrasyta trijy komponenciy atveju

0 h? «
lhfq)l = —*A+V+g11|q>1|2+g12|q>2|2 @1 —|—th@37
ot 2m
. a h2 2 2 *
177,&(1)2 = —%A+V+g12|<1>1| +922|(I)2| (I)Q—FHQQ(I)g, (839)

0 h? I
lhf(I)zg = —*A—&-V—(S—l* (I)3+h91(131+h.92(1)2.
ot 2m 2

Cia V(r) yra gaudyklés kuriamas potencialas, m — atomo masé, § — biiseny

[1) ir |3) sukabinimo iSderinimas (zr. S4 pav.), I' — busenos |3) spontaninio
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S4 pav.: A tipo schema.

spinduliavimo sparta. Atomy sgveikos su trecia komponente ®3 néra jskaitytos
laikant, kad Sios komponentés uzpilda yra nykstamai maza visais laikais. Tai
galioja toliau nagrinéjamu atveju, kai atomai adiabatiskai seka tamsing busena.
Koeficientai g;;, charakterizuojantys atomy saveika, yra skaic¢iuojami is sklaidos
ilgio a;; pagal g;; = 4wh?a;;/m. Daugiakomponenté BEK banginé funkcija yra
normuota j pilnajj daleliy skaiéiy, Zle [d3r|®;|> = N. Toliau taip pat nau-

dosime parametrus 7;, charakterizuojancius komponenciy santykines uzpildas:

|
- N/\(I)i|2d3r. (S40)

Siekdami gauti lygti atomams, adiabatiskai sekantiems tamsine busena, jve-
dame sitokias ®; ir ®5 funkcijy superpozicijas:

1
D = (®1 — (" Dy),
L s
B= g n |<|2(C<I>1 + 0y),
Q) 0\
=g = (5) o5 (S42)

Darydami adiabatine prielaida, kad atomy masiy centro judéjimas yra daug
létesnis uz peréjimy tarp vidiniy buseny procesa, ir laikydami, kad visos netie-
sines saveikos yra lygios (911 = g12 = ¢g22 = ¢), gauname GPL tamsinei busenai
[202]

.0 1 ) 9 9

ih—®&p = 7(—1hV—A) (I>D+(U+V)(I)D+Q‘CI>D| dp. (S43)

ot 2m

Kadangi si lygtis funkcijai ®p atsikabino nuo lygties spinduliuojanciai busenai
®3, o pati funkcija ®p yra tik funkcijy ®; ir ®2 superpozicija, busena ®p yra
apsaugota nuo populiacijos mazéjimo spinduliavimo kanalu.

Lygtyje (S43) atsiranda geometriniai kalibraciniai potencialai, kurie pasi-
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rinkty pluosty (S38) atveju igyja pavidala

hs (5)2571
Ta 1 (B
1+ (%)
(3)25—2 (S44)

0=w (@) frerT

¢ia e, yra vienetinis vektorius azimutine kryptimi.

A:

Dabar panagrinésime stacionarias kondensato busenas, kuomet komponen-
¢iy banginés funkcijos turi pavidala ®;(r,t) = e ) (r) = et fi(p)eli¥,
¢ia p — cheminis potencialas. Zemiau bus parodyti rezultatai, gauti spren-
dziant pilnaja sistema (S39) tam, kad buty jskaityti skirtingi saveikos stipriai
gi;. Skaic¢iavimai rodo, kad priémus, jog visos saveikos yra vienodos, sistemos
sprendiniai sutampa su gaunamais sprendziant tamsinés busenos lygti (S43).
Tai reiskia, kad adiabatiné prielaida is tikryjy galioja nagrinéjamy parametry
verciy atveju.

Analizuosime BEK cilindrinéje radiuso R gaudykléje ir studijuosime kva-
zidvimatj kondensatg fiksuoto z plokstumoje. Toliau naudosime bedimensius
matavimo vienetus, matuodami ilgi R vienetais ir energija EFr = h%/2mR>
vienetais. Atvejis, kai a = 0.02 < R ir s = 1 pristatytas S5 pav. Kaip ma-
tyti S5(a) pav. apatiniame grafike, pA, artéja prie —s vertés vos tik nutolus
nuo koordinac¢iy pradzios, todél (S43) lygties pagrindinés busenos sprendinys
turi pavidala ®p ~ €¢ su £ = —s = —1. Grizdami prie komponenciy ®;
ir &, gauname, kad antroji busena yra besukuré, o pirmoji komponenté yra
sukurinéje busenoje ir ji yra stipriai lokalizuota arti koordinaciy pradzios [zr.
S5(b) pav.]. Tiksliau, pirmos komponentes tankis yra sukoncentruotas srityje,
kurios plotis yra &; eilés, ¢ia & = \/% = 0.086 yra antrosios komponentés
koherentigkumo ilgis. Sikurio lokalizacija yra nulemta ——— nario [7r. (S41)

VI+[C?

lygti], kuris faktiskai uzgesina sukurj, kai p > a. Tai taip pat lemia maza

pirmos komponentés populiacija, kuri siekia 1, = 0.25%. Mazinant parametrg
a galima labiau lokalizuoti sukurj, tac¢iau tuo paciu mazéja ji sudaranciy atomuy
skaicius.

Pirmoji suzadinta kondensato busena, parodyta S5(c) pav., atitinka atvirks-
tinj atvejj — antroji komponenté yra sukurinéje busenoje, o sukurio centre loka-
lizuoti pirmosios komponentés atomai. Antroji suzadinta busena yra parodyta
S5(d) pav. Sios dvi biisenos atitinka (S43) lygties ¢ = 0 ir £ = —2 sprendinius
ir yra beveik iSsigimusios.

Dabar panaudosime lokalizuota sukurj, esantj pirmojoje komponentéje, kaip
zonda, leidziantj nustatyti antrosios komponentés kritinj supertakumo greitj v..

Tokiu atveju sukurys veikia kaip priemaisa, kuri gali judéti be pasiprieSinimo,
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S5 pav.: Potencialai U ir pA, ir (S39) sistemos sprendiniai atveju s = 1 ir a = 0.02.
(a) Potencialai U ir pA, (b), (c) ir (d) rodo, atitinkamai tris Zemiausios energijos
sistemos (S39) sprendinius; banginés funkcijos sunormuotos pagal Zle [g [il?ds =
1. Trecios komponentés uzpilda yra nykstamai maza visais atvejais, todél ji néra
rodoma. Dél Sios priezasties galima laikyti, kad antrosios komponentés populiacija
n2 = 1 — n1. Komponenciy topologiniai kruviai ¢; yra nurodyti zemiau atitinkamuy
dvimagciy grafiky, rodanc¢iy komponenciy fazinius profilius zy plokStumoje. Fazé yra
koduojama spalvomis Sitaip: tamsiai mélyna = —, balta = 0, tamsiai raudona = .

jei jos greitis islieka mazesnis nei v.. Remiantis Landau kriterijumi, kondensato
fononinis suzadinimo spektras nustato kritinj greiti, lygu garso grei¢iui vy [168].
Misy atveju turime vy = h/(méay/2) = 400 um/s. Tadiau tiek eksperimenti-
niai rezultatai [91, 92, 94, 95], tiek teoriniai tyrimai [96-98] nurodo j tai, kad v,
paprastai yra mazesnis, priklausomai nuo tokiy faktoriy kaip priemaisos dydis
[94], priemaiSos kuriamo potencialo pobudis (pritraukiantis ar stumiantis) [96]
ir priemaisy trajektorija (linijiné arba apskritiminé) [96, 98]. Norédami jver-
tinti v, musy sistemoje, modeliuojame sukurio judéjima apskritimine spindulio
0.5 trajektorija, judindami lazeriy pluostus 0.1s laiko intervale tiesiniu greiciu
v. Fiksuojame energija F(t), tenkancia vienai dalelei, ir aprasome ja tiesine
funkcija, kad gautume energijos didéjimo greitj kK = dF/dt. Kadangi pirmosios
komponentés populiacija yra daug mazesné nei antrosios, E(t) faktiskai atspin-
di atomy energija antrojoje komponentéje. Rezultatai, gauti lazeriy judéjimo
greiciy v intervale nuo 0.1vg iki 1.2v¢ parodyti S5 pav., kur atskleidziamas ais-
kus slenkstinis elgesys — k sparciai didéja, kai greitis virsija tam tikra kritine

verte. Sia verte nustatome aprasydami duomenis funkcija
k(v) = Ko + bmax(v? —v2,0), (S45)
¢ia ko, b ir v yra laisvieji optimizavimo parametrai. Si priklausomybeé tinka

2D sistemy aprasymui [93] ir yra sékmingai taikoma eksperimentiniy duomeny

analizei [94, 97]. Optimizavimo metu buvo gauta verté v, = 0.8vg; atitinkama
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S6 pav.: Kondensato energijos didéjimo grei¢io priklausomybé nuo pluosty judéjimo
greicio.

kreivé yra parodyta S5 pav. Kaip ir buvo tikétasi, gautas kritinis greitis yra

mazesnis uz garso greitj.

Isvados

Reziumuojant, mes istyréme dvieju komponenciy BEK saveika su Sviesos lau-
kais A tipo konfiguracijoje ir iStyréme stacionarigsias tamsines busenas. Vieno
is dvieju lazerio pluosty nesamas orbitinis impulso momentas s per fotona
lemia tai, kad viena arba abi komponentés yra sukurinése busenose, o ju to-
pologiniai kruviai skiriasi s vienetais. Rezime a < R stacionariyjy buseny
struktiira lemia vektorinio potencialo narys. Sioje riboje, A artéja prie —%ew
ir jo indélis j greicio lauka (taigi ir j kinetine energija) gali buti sukompensuo-
tas, jei tamsiné busena apraSoma bangine funkcija f(p)e™ . Mes parodéme,
kad Zemiausios energijos tamsiné biisena i$ tiesy turi tokia forma. Siuo atveju
pirmoji komponenté (saveikaujanti su LG pluostu) turi sukurj, kurio topologi-
nis kruvis yra s, o antroji komponenté yra besukuré. Sukurio centras sutampa
su pluosto centru, o sukurio tankio profilis rodo stipry lokalizacijos laipsnj, ka-
dangi tankis mazéja tolstant nuo stikurio centro kaip [1 + (p/a)?]~'/2. Toki
sukurj galima judinti aplink gaudykle judinant lazerio spindulius. Jei judéjimo
greitis yra mazesnis nei mazdaug pusé garso grei¢io antrojoje komponentéje,
sukurio forma judéjimo metu islaiko savo struktura, o antrosios komponentés
tankis neiskraipomas. Tiksliau sakant, judinant sukurj greic¢iu, mazesniu uz
kritine verte, lygia 0.8vs, kondensato energija beveik nedidéja, o tai rodo jo

supertaky pobudj.
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