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Introduction

The search for universal principles in physics has long relied on symmetry and
conservation laws to classify and understand different states of matter. In re-
cent decades, however, it has become clear that another organising principle —
topology — plays a central role in shaping quantum phenomena [1, 2]. Unlike
geometric properties, which can change continuously, topological character-
istics remain invariant under continuous deformations, making them robust
descriptors of physical systems. This robustness has profound implications in
quantum theory, where topological invariants govern the stability of quantum
states and phases of matter.

A prominent example is the integer quantum Hall effect [3], in which the
Hall conductance is quantised in integer multiples of e2/h (elementary charge
squared divided by the Planck’s constant), each integer corresponding to a sum
of integer topological invariants known as the Chern numbers [4, 5]. Remark-
ably, topology ensures the quantisation of a macroscopic quantity rather than
a microscopic one (such as the energy of a single atom). By encoding global
properties of wave functions and Hamiltonians, it offers a powerful lens through
which to classify and predict exotic phases of matter, often beyond the reach
of classical paradigms.

A particularly versatile platform to explore topological effects is offered by
ultracold atomic gases in optical lattices [6], where properties of the system
can be engineered and probed with high controllability [7, 8]. Optical lattices
and artificial gauge fields [9–12] allow for the simulation of band structures
with tuneable topology [13–16], while advanced detection techniques provide
access to the geometric and topological properties of quantum states. Crucially,
ultracold atom experiments are not limited by impurities or lattice defects
inherent in solid-state materials, making them uniquely suited for exploring
topological phenomena under clean and adjustable conditions.

Beyond static systems, the role of external driving has opened new avenues
for engineering topological phases. Periodic driving, formalised through Flo-
quet theory, provides a route to dynamically modify band structures [17] and
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induce effective Hamiltonians that host nontrivial topological properties [18–
24]. This approach, known as Floquet engineering, has enabled the realisation
of phases such as Floquet fractional Chern insulators [20, 25, 26], Floquet to-
pological insulators [27, 28], and anomalous Floquet topological insulators [18,
29–31], the latter ones having no static counterparts. Moreover, the interplay
between periodic driving and symmetry breaking has led to the discovery of dis-
crete time crystals — phases of matter that spontaneously break the externally
imposed discrete time translation symmetry into one with a larger period [32,
33]. Recent developments in time-crystal research [34–37] include the study
of time crystalline structures — closed quantum systems that are driven by
time-periodic external signals — with the aim to take advantage of thereby
induced regular periodic repetition observed in the time domain. In this way,
time is endowed with properties of an extra coordinate axis. In such scenarios
[38, 39], the time-periodic structure is indeed imposed externally; here one does
not need to rely on the favourable role of particle interactions for its spontan-
eous formation. Nevertheless, the manifestation of the periodic regularity in
the time domain is no less intriguing due to its ability to simulate the familiar
spatially periodic solid state systems and phenomena of the condensed-matter
realm. Systematic studies resulted in a growing list of condensed-matter phases
reproduced or generalised in the time domain: Anderson-localised and many-
body-localised states, Mott insulator states, as well as topological phases have
been reported [38–48]. A further extension was provided by the proposal of
time-space crystalline structures [49] that combine periodicity in time and in
space. Viewed as an introduction of synthetic dimensions, such time-space
lattices pave the way to potential doubling of the number of dimensions.

Another rich manifestation of topology in quantum physics emerges through
topological defects. They arise when the order parameter, which characterises
the state of the system, cannot be made continuous everywhere due to underly-
ing topological constraints. These defects cannot be removed by local perturb-
ations, as their existence is tied to the global structure of the order-parameter
space. In condensed matter systems, topological defects manifest in various
forms in ferromagnets, crystals, and superfluids [50, 2]. In the context of su-
perfluids and atomic Bose–Einstein condensates, the quintessential topological
defects are vortices, characterised by quantised circulation and phase winding
of the order parameter [51]. The study of vortices has broad implications, ran-
ging from quantum turbulence [52, 53] to connections with superconductivity
[54] and the structure of neutron stars [55–57].

This brief overview of the field highlights a multitude of paradigms involved
in our present understanding of different states of matter. It is the aim of
the present thesis to push the understanding further by drawing connections
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between them, using topology as a unifying principle. In particular, we will con-
sider manifestations of topological phenomena in Floquet-engineered phases,
namely the time-space crystalline structures, elucidating the role of time in
systems with synthetic dimensions. We will also explore the properties of un-
conventional, strongly localised vortices in Bose–Einstein condensates, which,
although not topologically stable, will be stabilised by external driving.

Main objectives

The thesis achieves four specific objectives:

1. Realise the Thouless pumping in the time-space crystalline structures.
The following tasks were carried out:

(a) Formulate a model of a one-dimensional crystal that allows for a
realisation of the spatial Thouless pumping and incorporates driving
terms featuring an adiabatic phase.

(b) Find the parameter regimes such that the tunnelling between sites
of both the spatial and the temporal lattices is sufficient for particle
transport.

(c) Study the pumping dynamics by tracking the spatially and tempor-
ally localised Wannier functions.

2. Propose a realisation of a topologically nontrivial eight-dimensional quantum
system. The following tasks were carried out:

(a) Formulate a model of a particle in a driven one-dimensional crystal
that incorporates two adiabatic phases and contains topologically
nontrivial quasienergy bands.

(b) Obtain a corresponding tight-binding Hamiltonian ĤTB and decom-
pose it into two parts describing, respectively, the spatial and the
temporal lattices.

(c) Confirm that each of the obtained Hamiltonians describes topolo-
gically nontrivial systems by simulating Thouless pumping.

(d) Find parameter regimes such that when two copies of ĤTB are com-
bined, the resulting (quasi)energy spectrum remains gapped.

3. Develop a method for perturbative calculation of quasienergy spectra for
the case of resonant driving. The following tasks were carried out:

(a) Study the structure of the quasienergy operator in the extended
Floquet–Hilbert space and find a transformation that isolates the
degeneracies caused by the resonant driving.
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(b) Derive the perturbative expansion for the transformed quasienergy
operator.

(c) Test the accuracy of the theory by applying it to a resonantly driven
many-body quantum system.

4. Propose a method for stabilising tightly localised vortices in multicom-
ponent Bose–Einstein condensates and study their properties. The fol-
lowing tasks were carried out:

(a) Formulate an optical setup that allows for the creation of vortices
in multicomponent Bose–Einstein condensates.

(b) Study the resulting stationary states of the condensate.

(c) Find the regimes such that the ground state contains a localised
vortex in one of the components.

(d) Probe the superfluid properties of the system by using the localised
vortex as an impurity stirring the condensate, and find the critical
superfluid velocity.

Scientific novelty and relevance

The thesis presents the following novel developments:

1. Exploration of topological phenomena in the temporal dimension and in
dimensions beyond three (Chapters 2 and 3). The Thouless pumping
along the temporal dimension is demonstrated using a specific quantum
system realisable using ultracold atoms in optical lattices. Two-dimensional
pumping along the spatial and the temporal axes is studied, which is dir-
ectly related to the four-dimensional quantum Hall effect. The analysis is
extended to incorporate two physical spatial dimensions, resulting in an
effectively eight-dimensional topologically nontrivial system. Analysis of
the system is facilitated by rewriting the system Hamiltonian in a tight-
binding form, thereby putting space, time, and the additional synthetic
dimensions on an equal footing. The exploitation of the time as an ad-
ditional dimension and, more generally, emulation of high-dimensional
systems in low-dimensional settings is seen as an important step towards
learning to use the synthetic dimensions for practical purposes [58–61,
49, 62, 63]. The temporal Thouless pumping — proposed and studied for
the first time by the author and co-workers in Ref. [P1] and described in
Chapter 2 — has since been realised in a classical system in Ref. [64].

2. Extended degenerate perturbation theory for the Floquet–Hilbert space
enabling more efficient construction of effective Hamiltonians for reson-
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antly driven systems (Chapter 4). This is especially relevant for many-
body quantum systems, where resonances are inevitable due to the dense
energy spectrum. Calculation of effective Hamiltonians is essential for the
analysis of many intriguing dynamical quantum many-body effects such
as prethermalisation [65–70], localisation [71–75], as well as emergence of
discrete time crystals [76, 32, 33, 77–81] and topological states [18, 20,
19, 28, 82].

3. Investigation of optically created vortices in a trapped multicomponent
Bose–Einstein condensate (Chapter 5). Creation of tightly localised vor-
tices in one of the components is presented using an optical setup. The
external driving allows for the stabilisation of unusual vortex configura-
tions that are not topologically stable. A localised vortex can be moved
around the trap, thereby stirring the other component. This can be used
to probe the superfluid nature of the condensate using a novel type of
impurity — one that is rotating around its axis. Both general studies of
vortices in the condensates [83–90] and movement of impurities therein
[91–99] stand as central topics in the field of Bose–Einstein condensation.

Statements of the thesis

1. An adiabatic variation of the phase of the periodic driving acting on
particles in a periodic potential (for example, ultracold atoms in an op-
tical lattice) manifests itself in the topological pumping in the temporal
dimension.

2. Spatial and temporal periodicity of a quantum system, unified in the
framework of time-space crystalline structures, allows one to realise a
topologically nontrivial eight-dimensional system using only two physical
spatial dimensions — without the use of internal quantum states.

3. The developed extended degenerate perturbation theory for the Floquet–
Hilbert space surpasses the conventional degenerate perturbation theory
in terms of accuracy while requiring less computational effort than the ex-
act approach, thus providing a practical method for calculating quasien-
ergy spectra of periodically and resonantly driven quantum many-body
systems.

4. The interaction of multicomponent Bose–Einstein condensates with Laguerre–
Gaussian beams allows for the stabilisation of tightly localised vortices,
which can be created in a controllable manner.
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Part I

Topological phenomena
in time-space crystalline

structures



CHAPTER 1

Topological aspects of the quantum Hall effect

The present chapter serves as an introduction of the main topological con-
cepts used throughout the thesis. This brief review mostly concerns the in-
teger quantum Hall effect, which highlights the implications of topology on the
properties of quantum gases.

1.1 The integer quantum Hall effect

Consider a gas of electrons confined in a two-dimensional (2D) sample placed
in a magnetic field B perpendicular to its surface. As in the classical Hall
experiment, one is to apply a voltage drop in the x-direction and measure the
resulting Hall voltage in the y-direction, as shown in Fig. 1.1. In such a setup,
the quantities of central interest are the resistivity and conductivity tensors.
Specifically, the Ohm’s law ρj = E is expressed in components as(

ρxx ρxy

−ρxy ρyy

)(
jx

jy

)
=
(
Ex

Ey

)
, (1.1)

where j is the current density, ρ is the resistivity tensor, and E is the electric
field in the sample [100, 101]. In the framework of the classical Drude theory
[102, 101], the motion of an electron inside the sample is described by the
equation

m
dv

dt = −eE − ev × B − m

τ
v, (1.2)

where m and v are the electron’s mass and velocity, respectively, and e is the
elementary charge. The scattering of electrons is accounted for by the mean
free time τ . The electric current density is then given by j = −eϱv, where ϱ is
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Figure 1.1: A basic setup of the Hall-effect experiment.

the electron density. It follows immediately that in the steady state (such that
dv
dt = 0) the longitudinal resistivity reads

ρxx = m

e2ϱτ
, (1.3)

while the transverse resistivity is given by

ρxy = Bz

eϱ
. (1.4)

The non-zero value of the latter quantity is responsible for the classical Hall
effect. At the most elementary level, one may assume that jy = 0 in the steady
state, yielding the transverse electric field

Ey = Bz

eϱ
jx. (1.5)

Integrating (along y) over the width of the sample w, we find the well-known
relation

UH = Bz

eϱ
I, (1.6)

where UH = −Eyw is the Hall voltage and I is the current along the sample.
Thus, the classical prediction is that ρxx is independent of the strength of

the magnetic field, while ρxy depends linearly on Bz. However, experiments
using semiconducting heterostructure devices [103] have revealed that in strong
magnetic fields (> 1 T) and at low temperatures (mK regime), ρxy depends on
Bz in a step-like fashion, as shown in Fig. 1.2. Moreover, when ρxy reaches a
plateau, the longitudinal resistivity ρxx vanishes, leading to dissipationless flow
of current (for a related recent experiment see, e.g., Ref. [104]). Authors of the
original experiment [3] have recognised that the value of ρxy on the plateau is
given by the simple expression

ρxy = 2πℏ
e2

1
c
, (1.7)
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Figure 1.2: Experimental data of measurements of ρxy and ρxx, adapted from
Ref. [105]. The values of c [see Eq. (1.7)] for some of the plateaus are indicated.

where c is an integer. Remarkably, the resistivity of the sample is quantised
and is given in terms of fundamental constants, with no dependency on the
properties of the sample.

Shortly after the experimental observation, a full quantum-mechanical treat-
ment of the problem has been performed [4] using the linear response theory for
the 2D non-interacting electron gas moving in a periodic (crystal) potential in
the presence of an external magnetic field. In modern terminology, the result
is stated as follows [106, 101]. First, let us consider a gas of noninteracting
electrons in a periodic potential without the magnetic field. At zero temperat-
ure, the ground state is constructed by consecutively filling the energy bands,
starting from the lowest one. The conductivity tensor1), characterising the re-
sponse of the system to an external electric field, can be calculated using the
current–current correlation function. The Hall conductivity σH ≡ −σxy reads

σH = e2

2πℏ
∑

n∈filled
ν

(n)
1 , (1.8)

where the summation is over the filled bands. The quantities being summed
are the so-called first Chern numbers, which are integer-valued topological in-
variants characterising the energy bands. The first Chern number of the nth
energy band is given by

ν
(n)
1 = 1

2π

ˆ
T 2

d2kΩ(n)
kxky

(k), (1.9)

1) The conductivity tensor σ is the inverse of the resistivity tensor ρ, so that σxy =
−ρxy

ρ2
xx+ρ2

xy
. On a plateau, ρxx = 0 leading to σxy = − 1

ρxy
.
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where the integrand is the Berry curvature

Ω(n)
kxky

(k) = ∂kxA
(n)
ky

(k) − ∂kyA
(n)
kx

(k) (1.10)

defined in terms of the Berry connection

A
(n)
ki

(k) = −i⟨u(n)
k |∂ki

u
(n)
k ⟩. (1.11)

Here |u(n)
k ⟩ is the cell-periodic part of the Bloch state-vector, while k denotes

the 2D quasimomentum lying in the Brillouin zone 0 < kx, ky < 2π/a, with a

being the period of the potential. The Brillouin zone is thus a two-torus (T 2).
We also adopt the notation |∂ki

u
(n)
k ⟩ ≡ ∂ki

|u(n)
k ⟩.

Importantly, σH is odd under time reversal, meaning that a nonzero value
of σH can be obtained only if the Hamiltonian of the system breaks the time
reversal symmetry [107, 108]. The external magnetic field, present in the
quantum Hall experiments, plays precisely the role of breaking this symmetry,
leading to nonzero Hall response. In a magnetic field, the spectrum of a 2D elec-
tron consists of equidistant Landau levels separated by ℏωc, where ωc = eB/m

is the cyclotron frequency. Each level has a macroscopically large degeneracy
of N = eBS/2πℏ states, where S is the area to which the electron’s motion is
restricted [109, 101]. Upon imposing a periodic potential

U(x, y) = 2U0

(
cos 2πx

a
+ cos 2πy

a

)
, (1.12)

one finds that, in the weak-field limit (U0 ≪ ℏωc), the energy spectrum can
only be calculated if the magnetic flux Φ = Ba2 piercing an elementary lattice
cell can be expressed as a rational number: Φ = p

qΦ0, where Φ0 = 2πℏ/e is the
flux quantum, while p and q are coprime integers [110, 111, 4]. In this case,
each Landau level broadens and splits into p subbands, leading to a peculiar
fractal structure of the energy spectrum when plotted as a function of Φ0/Φ, as
shown in Fig. 1.3. The equations (1.8)–(1.11) are then directly applicable for
each subband with the following modification: the quasimomenta now lie in a
magnetic Brillouin zone such that 0 < kx < 2π/qa and 0 < ky < 2π/a, while
the Bloch modes in the coordinate representation, u(r)

k (x) = ⟨x|u(r)
k ⟩, are now

defined in a magnetic unit cell 0 < x < qa and 0 < y < a. However, in this
case the Chern number ν(r)

1 for the rth subband (r = 1, . . . , p) can be more
easily calculated from the Diophantine equation [4]

r = srq + trp, |sr| < p

2 , (1.13)
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Figure 1.3: Hofstadter’s butterfly [110] — the energy spectrum of a particle in a
magnetic field with a simultaneously imposed periodic potential. The problem con-
tains a duality leading to a double interpretation of the spectrum [111, 4, 112, 113]:
Assuming the parameter α on the abscissa is the inverse magnetic flux Φ0/Φ, the
spectrum shows the splitting of a Landau level in the presence of a weak periodic po-
tential, U0 ≪ ℏωc. Alternatively, taking the parameter α to represent the magnetic
flux Φ/Φ0, the figure displays the splitting of the tight-binding Bloch band caused by
a weak magnetic field (U0 ≫ ℏωc). The displayed spectrum is calculated at a set of
rational values α = p/q, with 1 ≤ p < q ≤ 49. For each value of α, exactly q subbands
separated by gaps emerge (however, for q even, the subbands touch at E = 0 [111]).

having unique integer solutions2) (sr, tr). The Chern numbers are then given
by ν

(r)
1 = tr − tr−1 (with t0 = 0), while the integers tr yield the Hall con-

ductivities (1.8) for r filled subbands since tr =
∑r

i=1 ν
(i)
1 . Solving Eq. (1.13)

for r = p, we find that the sum of the Chern numbers of all subbands consti-
tuting a Landau level is equal to one: tp = 1. Each fully filled Landau level
thus contributes a Chern number of one, explaining the relation (1.7) — since
c =

∑
n∈filled ν

(n)
1 , this number is simply the number of fully filled Landau

levels.
In the pioneering experiments [3, 105], the splitting of the Landau levels

into subbands could not be observed — even though the periodic potential
broadens the levels, the resulting bandwidths are too small to be detected.
The total bandwidth is suppressed by the factor of order e−Φ0/Φ (see, e.g.,
Refs. [112, 114]; this factor is normalised away in Fig. 1.3), and for a lattice
constant of 2 Å and magnetic field of 10 T one finds Φ0/Φ ∼ 104. Observation
of the fractal spectrum therefore requires creating structures with increased
lattice constant. This has been achieved in Ref. [115] using patterned semi-
conductor heterostructures with periodicity of ∼ 100 nm, allowing for reaching
Φ0/Φ ∼ 0.5 and detecting the large gaps between the subbands in the vicinity of

2) There are no solutions when r = p/2 with p even, consistent with the fact that the
middle subbands touch and close the gap at E = 0 (see Fig. 1.3).
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α = 1/2 (see Fig. 1.3). Another observation of the spectrum has been reported
in Ref. [113] with the help of graphene sheets, realising the so-called moiré
lattice with a periodicity of a ∼ 15 nm.

In the opposite case of a strong periodic field (U0 ≫ ℏωc), one can concen-
trate on the tight-binding limit described by the Hamiltonian of the form

Ĥ =
∑
⟨ij⟩

Jij â
†
i âj , (1.14)

where â†
i and âi are creation and annihilation operators acting on the ith

lattice site, Jij is the tunnelling strength, and summation is performed over
all nearest neighbours (a 2D square lattice is assumed in what follows). The
energy dispersion relation (with no magnetic field present) of the corresponding
Bloch band then follows as

E(kx, ky) = 2U0(cos kxa+ cos kya), (1.15)

where we assumed Jij = U0. In the presence of a magnetic flux per plaquette
equal to Φ = p

qΦ0, the Bloch band splits into q subbands, again yielding a
fractal energy spectrum [110]. It has exactly the same appearance as shown in
Fig. 1.3, this time plotted as a function of Φ/Φ0. The Hall conductivity can
likewise be found from the Diophantine equation (1.13), except that tr, rather
than sr, is constrained according to |tr| < q/2, and r = 1, . . . , q [4]. Solving
this modified equation for r = q, we find that the sum of the Chern numbers
of all subbands constituting the Bloch band vanishes: tq = 0.

The physics of the tight-binding limit have been experimentally simulated
using ultracold atoms in optical lattices, with the effect of the magnetic field
realised via an artificial gauge field [116, 14, 15]. Such an approach allows one
to engineer the flux Φ directly (rather than tuning a and B), which is encoded
in the phase of the complex tunnelling strengths Jij . In these experiments, the
ratio Φ/Φ0 can be tuned in the full range from 0 to 1; the value of Φ/Φ0 = 1/4
has been realised in the experiment of Ref. [16], and the Chern number of the
lowest subband has been measured.

We note in passing that the appearance of a fractal spectrum in physical
systems does not necessarily require the presence of a magnetic field, either real
or synthetic one. For example, as shown in Ref. [117], a simple one-dimensional
tight-binding lattice model with uniform and real hopping strengths and mod-
ulated onsite energies Vj = V cos(2παj) leads to an energy spectrum similar to
the Hofstadter one when plotted as a function of the rational parameter α.

So far, we have considered the case when a number of Landau levels (or
the constituent subbands) are fully filled. However, the extended plateaus in
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Fig. 1.2 clearly show that each quantised value of ρxy persists over a wide
range of magnetic fields, i.e., even when the filling of the levels is varied. This
feature can be explained by disorder present in the system [103, 101]. Disorder
broadens the Landau levels, but also results in the emergence of two kinds of
states: localised ones, which do not contribute to conductivity, and extended
ones, which do contribute. Suppose now that the lowest Landau level is fully
filled, resulting in ρxy = 2πℏ/e2, and we begin filling the second level3). We
have to start filling the states in the lower ‘tail’ of the second Landau level,
which, however, correspond to localised states and therefore do not contribute
to conductivity and do not change the value of ρxy. Only when we fill all
the localised states in the tail and start populating the extended states does
the value of ρxy start to change. It should be noted, however, that effects
other than disorder can also give rise to the plateaus, and the full picture is
considerably more complicated [118, 119].

1.2 The relevance of topology

Let us now discuss the mathematical structure of Eqs. (1.9)–(1.11). The Berry
connection (1.11) corresponds to a one-form (we omit the band index n)

A = −i ⟨uk|duk⟩ (1.16)

defining a connection on the principal fibre bundle4) P (M,U(1)), where the
base manifold M is a two-torus in k-space [120]. Here d is the exterior deriv-
ative operator in k-space, so that |duk⟩ = |∂ki

uk⟩dki; henceforth we adopt the
repeated indices summation convention. The curvature two-form is then given
by Ω = dA and the first Chern number is expressed as

ν1 = 1
2π

ˆ
M

Ω. (1.17)

This formulation closely resembles the description of electromagnetism, provided
we identify A with the electromagnetic gauge potential one-form and Ω with
the electromagnetic field two-form.

3) In the semiconductor-based experiments, this can be accomplished by decreasing B, thus
reducing the degeneracy of the lowest Landau level and hence transferring electrons to the
second level. Alternatively, one can directly increase the number of carriers in the sample,
as has been done in the original experiment [3] by changing the gate voltage in a MOSFET
device.

4) To specify the bundle, we add that the total space is the manifold of states eiφ|uk⟩
with φ ∈ [0, 2π) and k ∈ M ; the projection is given by π(eiφ|uk⟩) = k; the fibre at k is the
manifold of states eiφ|uk⟩ with φ ∈ [0, 2π); the typical fibre F is topologically a unit circle
S1; the structure group G is U(1). Since F is isomorphic to G, we are dealing with a principal
fibre bundle. A specific choice of φ for every k, described by a function φ(k), corresponds to
fixing the gauge and provides a section on M .
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Notably,
´

M
Ω =

´
∂M

A by Stokes theorem (where ∂M is the boundary
of M), which seems to imply ν1 = 0 when M is a closed surface, since such
a surface has no boundary (∂M = ∅) [120]. A famous ‘counter-example’ is
provided by Dirac’s magnetic monopole characterised, by convention, by the
field two-form5) Ω = g

4π d cos θ ∧ dφ, where g is the ‘magnetic charge’ [121].
A direct evaluation of the integral (1.17) over a sphere S2 yields6) ν1 = g/2π,
which is not identically zero. Moreover, since this integral is the Chern number,
the quantity g/2π has to be quantised (in units of the magnetic charge, since
this is the dimension of our Ω). The failure of the Stokes theorem is explained
by recalling that it is valid only if A is well-defined everywhere in M . In
the usual problems in electromagnetism, the gauge potential A can indeed be
defined globally, implying trivial topology of the associated fibre bundle. In
case of the field created by the Dirac monopole, the gauge potential A cannot
be well-defined globally and we are forced to introduce at least two potentials.
For example, we can use AS = g

4π (cos θ−1)dφ, which is well-defined everywhere
except the south pole (θ = π), and AN = g

4π (cos θ+1)dφ, which is well-defined
everywhere except the north pole (θ = 0). The two potentials have to be related
by a gauge transformation: AN = AS +df corresponding to the transformation
of the wave function ψ → ψei e

ℏ f(r). The evaluation of the integral in (1.17) in
terms of A then proceeds by splitting the integral over S2 into a surface area
SN surrounding the north pole and the rest if the sphere:

ˆ
M

Ω =
ˆ

(S2−SN)
Ω +
ˆ

SN

Ω =
ˆ

∂(S2−SN)
AS +

ˆ
∂SN

AN

=
ˆ

∂SN

(AN −AS) =
ˆ

∂SN

df.
(1.18)

Here the gauge potentials are well-defined in their respective integration do-
mains, allowing one to use the Stokes theorem. To compute the final integral,
we note that the single-valuedness of the wave function requires that the change
of the phase factor e

ℏf accumulated along a closed path be equal to an integer
multiple of 2π. Thus,

ν1 = 1
2π

ˆ
∂SN

df = ℏ
e
n, n ∈ Z, (1.19)

explicitly showing the quantisation of the Chern number. Combined with our

5) Such an expression implies the magnetic field B = g
4πr2 er, where er is the unit vector

in the radial direction. The magnetic charge therefore has the unit of weber in the convention
used here.

6) The fibre bundle relevant for the problem of a magnetic monopole is also a principal
U(1) bundle. This time the base manifold is the Euclidean space with the origin excluded:
M = R3\{0}. However, this space is of the same homotopy type as S2, which allows us to
set M = S2 as far as the calculation of the Chern number is concerned [120].
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previous result (ν1 = g/2π) this leads to Dirac’s charge quantisation condition
g = 2πℏ

e n. Alternatively, assuming g is known, this allows one to find n.
Crucially, the result (1.19) does not depend on the specific functional de-

pendencies of AS and AN since the calculation ultimately amounts to an in-
tegration of df around the singular point (the north pole in the gauge chosen
above). Therefore, the value of ν1 will remain unchanged under arbitrary de-
formation of Ω provided the number of singular points remains unchanged.

The quantum Hall effect is likewise a manifestation of nontrivial topology
of the fibre bundle in question. Namely, the nonzero Chern number indicates
that the connection (1.16) cannot be well-defined for all points in the BZ sim-
ultaneously [106]. An important consequence of the topological nature of the
effect is its robustness against perturbations: The value of the Chern number
depends on the eigenstates but not the eigenenergies; hence even if the spec-
trum of the Hamiltonian changes, the Hall conductance remains the same [122].
The only restriction on the change of the Hamiltonian is that the energy band
under consideration remains separated from the other bands by a gap [107].

1.3 Topological pumping

The non-trivial topology of the bands also manifests itself in the phenomenon
of the quantised particle transport, also known as Thouless, topological, or
adiabatic pumping [123, 124]. Let us consider a 1D quantum particle described
by Ĥ = p̂2

2m + V localised in a single site of a periodic potential

V (x) = VS cos2(sx) + VL cos2(x+ φx). (1.20)

Here s is an integer controlling the number of sites per unit cell of a lattice;
the case s = 2 is shown in Fig. 1.4(a). By adiabatically changing the phase
φx from 0 to π, it is possible to transport the particle by one period of the
lattice. More generally, the displacement (in units of the lattice period) per
one pumping cycle of a particle in the nth band of the lattice is given by the
first Chern number [125–127]:

ν
(n)
1 = 1

2π

2πˆ

0

dkx

π̂

0

dφx Ω(n)
kxφx

(kx, φx). (1.21)

Here Ω(n)
kxφx

(kx, φx) is the Berry curvature calculated according to (1.10), with
φx playing the role of ky. Explicitly, plugging (1.11) into (1.10) with the said
identification, one obtains

Ω(n)
kxφx

= 2ℑ⟨∂kx
u

(n)
kx,φx

|∂φx
u

(n)
kx,φx

⟩. (1.22)
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Figure 1.4: Illustration of the spatial Thouless pumping. (a) Wannier functions
(shades of blue and red) of the two energy bands localised in the sites of the poten-
tial (1.20), shown in grey, at a fixed value of φx. A total of 3 cells is shown, each
containing s = 2 sites. (b) Energy bands as functions of the pumping phase φx and
quasimomentum kx.

Notably, if the phase φx is varied adiabatically, it can be considered to be a
periodic parameter of the Hamiltonian and treated as the quasimomentum.
Consequently, the same arguments for the quantisation of the double integral
(1.21) remain valid. Likewise, Eq. (1.21) is valid as long as the energy band
remains separated from the neighbouring bands by a gap for all kx and φx [an
example is shown in Fig. 1.4(b)], and the resulting displacement is insensitive
to deformations of the bands as long as the gap remains open.

The present continuous model can be mapped to a tight-binding description,
revealing a connection to another topological invariant. Using the Bloch wave
functions of the energy band of interest, one can construct the Wannier func-
tions wiφx

(x) localised at each ith site of the lattice. Then, the tight-binding
Hamiltonian is obtained according to

ĤTB(φx) =
∑
⟨ij⟩

Jij(φx)ĉ†
i ĉj , Jij(φx) = ⟨wiφx |Ĥ(φx)|wjφx⟩, (1.23)

where the summation is over all nearest-neighbour sites, with longer range
couplings disregarded. In the present case of a lattice having two sites per cell,
we can introduce the operators â† and b̂† creating particles at the respective
sites and rewrite ĤTB in the form of a Rice–Mele Hamiltonian [128]

ĤTB(φx) = −
∑

i

[J1(φx)b̂†
i âi + J2(φx)â†

i+1b̂i + H.c.]

+
∑

i

∆(φx)(â†
i âi − b̂†

i b̂i).
(1.24)
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Here, the sums run over the lattice cells. The intuitive meaning of parameters
J1, J2, and ∆ is depicted in Fig. 1.4(a). In the Rice–Mele picture, the dis-
placement per pumping cycle is given by the winding number (with respect to
the origin) of the curve ξ(φx) traced in the course of a pumping cycle in the
plane of parameters J1 − J2 and ∆ [126, 127]. Once again we emphasise that
only the winding number rather than the specific shape of ξ(φx) controls the
displacement, leading to the insensitivity of the effect to perturbations.

The Thouless pumping has been realised experimentally using optical lat-
tices loaded with ultracold fermions [126] and bosons [127], confirming the
validity of the above equations.

1.4 Higher Chern numbers

The identification of the adiabatic phase φx in the pumping protocol with the
quasimomentum suggests the possibility of simulating higher-dimensional sys-
tems. For example, a topological pump in a 2D spatial lattice is characterised
by two quasimomenta kx, ky and two phases φx, φy. Interpreting the lat-
ter two as quasimomenta of additional synthetic dimensions (let us call the
corresponding axes v and w, respectively), we can effectively simulate a 4D
crystalline structure and study possible responses. First, we note that in the
usual quantum Hall effect, observed in 2D systems [that is, (2+1)-dimensional
spacetime], the response of the system in terms of the electric current density
can be expressed as [122, 106]

jµ ∝ ν1ϵ
µρλ∂ρAλ, (1.25)

where the greek indices run from 0 to 2, ϵµρλ is the totally anti-symmetric
symbol, and Aλ is a component of the electromagnetic gauge field. Meanwhile,
in a 4D system [(4 + 1)-dimensional spacetime], the response to external fields
generalises to [122, 106]

jµ ∝ ν2ϵ
µρλστ∂ρAλ∂σAτ , (1.26)

where the indices run from 0 to 4. As in the ordinary 3D case, the electro-
magnetic field tensor is defined as Fµν = ∂µAν − ∂νAµ, the electric field along
the i-axis is given by Ei = F0i, and the magnetic field perpendicular to the jk
plane is Bjk = Fjk (here, the latin indices run from 1 to 4). In terms of the
fields, the above expression takes the form

jl ∝ ν2ϵ
lijkBijEk. (1.27)
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Crucially, the response is quantised, and for the (effective) 4D system it is
characterised by the second Chern number ν2. For instance, this means that
the conduction along the x-axis will be quantised if one applies an electric field
along the synthetic axis w and a magnetic field perpendicular to the vy plane.
This has been confirmed in an experiment realising 2D Thouless pumping in a
2D photonic wave guide array [129]: the ‘electric field’ Ew is realised using an
adiabatic phase φy, while the ‘magnetic field’ Bvy is created by ensuring that
the on-site energies of the 2D real-space lattice which the model is mapped to
are modulated along y. Similar effects emerging in an effective 4D system have
been experimentally explored in Ref. [130] using ultracold atoms.

To introduce the second Chern number, let us consider the Hamiltonian

Ĥ(xy)(R) = Ĥ(x)(kx, φx) + Ĥ(y)(ky, φy), (1.28)

where the parameters of Ĥ(xy) are gathered into a formal vector

R = (kx, φx, ky, φy), (1.29)

and the two terms describe 1D lattice systems, featuring periodic potentials
such as the one given in Eq. (1.20). The eigenstates of Ĥ(xy) are given by the
tensor products of the eigenstates of Ĥ(x) and Ĥ(y):

|u(l)
R ⟩ = |u(m)

kx,φx
⟩ ⊗ |u(n)

ky,φy
⟩. (1.30)

Such an eigenstate corresponds to the eigenvalue E(l)(R) given by the sum of
the eigenvalues corresponding to the states |u(m)

kx,φx
⟩ and |u(n)

ky,φy
⟩:

E(l)(R) = E(m)(kx, φx) + E(n)(ky, φy). (1.31)

The superscripts indicate band indices; the spectrum of Ĥ(xy) is therefore also
assumed to be banded. Moreover, let us assume that the lowest band results
from combining only the lowest band of Ĥ(x) and the lowest band of Ĥ(y). In
this case, the resulting band will be non-degenerate in the sense that a given
set of parameters R will uniquely determine the energy E(1)(R). (This will
not be the case if, for example, the lowest band of Ĥ(xy) originates from a
combination of the lowest band of Ĥ(x) and two lowest bands of Ĥ(y).) The
second Chern number is then given by [59]

ν2 = 1
(2π)2

ˆ 1
2!Ω ∧ Ω, (1.32)
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where the curvature Ω = dA with the connection

A = −i ⟨uR|duR⟩ . (1.33)

Explicitly, the resulting components of the curvature Ω = 1
2! Ωijdxi ∧ dxj are

Ωij = 2ℑ ⟨∂iuR|∂juR⟩ , (1.34)

where ∂i ≡ ∂Ri . We note in passing that in the degenerate case, one has to
work with a non-Abelian (i.e., matrix-valued) connection Â having components
Aab = −i

〈
ua

R|dub
R

〉
, where the indices a and b enumerate the degenerate states.

The curvature is then given by Ω̂ = dÂ+ Â ∧ Â [120].
Let us show that when the total system is separable as in Eq. (1.28), the

second Chern number of a nondegenerate band is given by the product of
the first Chern numbers of the constituent bands. Noting the antisymmetry
Ωij(R) = −Ωji(R), we find that the unique elements of Ωij are given by

Ω12 = 2ℑ ⟨∂kx
ukx,φx

|∂φx
ukx,φx

⟩ ⟨uky,φy
|uky,φy

⟩ = Ωkxφx
,

Ω13 = 2ℑ ⟨∂kx
ukx,φx

|ukx,φx
⟩ ⟨uky,φy

|∂ky
uky,φy

⟩ = 0,
Ω14 = 2ℑ ⟨∂kx

ukx,φx
|ukx,φx

⟩ ⟨uky,φy
|∂φy

uky,φy
⟩ = 0,

Ω23 = 2ℑ ⟨ukx,φx
|∂φx

ukx,φx
⟩ ⟨∂ky

uky,φy
|uky,φy

⟩ = 0,
Ω24 = 2ℑ ⟨∂φx

ukx,φx
|ukx,φx

⟩ ⟨uky,φy
|∂φy

uky,φy
⟩ = 0,

Ω34 = 2ℑ ⟨ukx,φx
|ukx,φx

⟩ ⟨∂ky
uky,φy

|∂ky
uky,φy

⟩ = Ωkyφy
.

(1.35)

In the first and the final lines we recognised that the results are equal to
the corresponding Berry curvatures of the bands of the 1D Hamiltonians [see
Eq. (1.22)]. To prove the remaining zero equalities, consider Ω13 as an example.
Applying ∂kx to both sides of the equality ⟨ukx,φx |ukx,φx⟩ = 1 one finds

2ℜ ⟨∂kx
ukx,φx

|ukx,φx
⟩ = 0. (1.36)

Therefore, the term ⟨∂kx
ukx,φx

|ukx,φx
⟩ is purely imaginary, and so is the term

⟨uky,φy |∂kyuky,φy ⟩. Their product, featured in Ω13, is then real, leading to
Ω13 = 0.

The curvature two-form thus decomposes to a sum of the curvatures of the
1D Hamiltonians:

Ω = 1
2!ΩijdRi ∧ dRj = Ω12dR1 ∧ dR2 + Ω34dR3 ∧ dR4. (1.37)
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Inserting this into Eq. (1.32), we get the anticipated result

ν2 = 1
(2π)2

ˆ
Ω12Ω34 dR1 ∧ dR2 ∧ dR3 ∧ dR4

= 1
(2π)2

ˆ
Ωkxφxdkxdφx

ˆ
Ωkyφy dkydφy

= ν
(x)
1 ν

(y)
1 .

(1.38)

Remarkably, by the same topological argument mentioned in Section 1.2,
the value of ν2 is insensitive to continuous deformations of the Hamiltonian
Ĥ(xy)(R). Therefore, the relation (1.38) for the lowest band holds even if
the Hamiltonian is not separable, provided this band represents a continuous
deformation of the lowest energy band of a separable Hamiltonian [122].
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CHAPTER 2

Thouless pumping in time-space crystalline
structures

We begin the application of topological concepts with a theoretical exploration
of the realisation of the Thouless pumping in time- and time-space crystalline
structures. The concept of time-crystalline structures will be introduced and
thoroughly explained. We demonstrate that an adiabatic variation of the ex-
ternal driving can lead to quantised particle motion in the temporal dimension.
To this end, we consider adiabatic pumping of a quantum gas in a 2D time-
space crystal realised by a resonantly driven optical lattice. We study three
possible processes: pumping in the temporal dimension, spatial pumping, and
simultaneous pumping in both dimensions. As noted in Section 1.4, a 2D Thou-
less pump may be used to study the 4D quantum Hall effect, and hence the
setup proposed here enables one to probe 4D physics with just a driven system
of a single spatial dimension.

2.1 Model

We base our demonstration of the time-space Thouless pumping on the 1D
Hamiltonian of the form

Ĥ = ĥ(p̂x, x|φx) + ξS(x, t) + ξL(x, t|φt). (2.1)

The first term is the unperturbed spatial Hamiltonian,

ĥ(p̂x, x|φx) = p̂2
x − VS cos2(2x) − VL cos2(x+ φx), (2.2)
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which is typical for setups demonstrating the Thouless pumping in the real
space [126, 127]. Here, p̂x is the momentum operator, VS and VL control,
respectively, the depth of the ‘short’ and the ‘long’ optical lattices, while the
relative phase φx has to slowly scan over a period of length π to realise a
pumping cycle. In this chapter, we use the recoil units for the energy ℏ2k2

L/2m
and length 1/kL, with kL being the wave number of the laser beams that create
the optical lattice, and m being the particle mass. The unit of time is ℏ divided
by the energy unit.

To engineer the Thouless pumping in time, we introduce the time-dependent
perturbations

ξS(x, t) = λS sin2(2x) cos(2ωt), (2.3a)
ξL(x, t|φt) = λL cos2(2x) cos(ωt+ φt). (2.3b)

The factors λS and λL denote the overall strength of these perturbations. As we
will demonstrate shortly, the time-periodic dependencies cos(2ωt) and cos(ωt+
φt) enable us to introduce a pumping setup based on a periodic structure in the
time domain. The role of the phase shift φt is to allow for slowly changing the
relative displacement between the two emerging time lattices. In this work we
choose the driving frequency ω = sΩ, where the resonance number s = 2, while
Ω is the gap between neighbouring energy bands of ĥ which we wish to couple
by the external perturbation. The combination of perturbations oscillating as
2Ω and 4Ω allows us to create a ring of four sites (two cells with two sites per
cell) in the temporal direction. To ensure sufficient hopping strength between
the sites of the spatial lattice, we study highly excited states of ĥ that occupy
bands near the top of the spatial potential wells. The corresponding value of Ω
is easily determined by diagonalising ĥ. Since the phase φx changes the spatial
potential and thus the unperturbed energy spectrum, we additionally fine-tune
the value of Ω (or ω directly) to keep the spatial hopping adequate for all φx.

We note that the temporal phase φt is not a parameter of the unperturbed
system, but rather a parameter of the perturbation. Moreover, φx and φt

change in time in the Thouless pumping protocol. In order not to destroy the
time crystalline structure which is created by resonant time-periodic driving of
the system, φx and φt must not change appreciably during a single period T

of the driving, i.e., T (dφx,t/dt) ≪ 2π.

28



2.2 Quasiclassical analysis of the temporal Thouless pump-
ing

It is instructive to start with the analysis of a 1D time crystal, whereby a
particle is confined to a single potential well and the spatial periodicity plays
no role. We can consider our model Hamiltonian

H(px, x, t) = h(px, x|φx) + ξS(x, t) + ξL(x, t|φt) (2.4)

as a classical entity and use the action–angle representation of the unperturbed
Hamiltonian h(I), with the action I and angle θ ∈ [0, 2π) constituting a pair
of canonical variables [131, 132]. Specifically, the action variable is defined for
a 1D time-independent Hamiltonian [h(px, x|φx) in our case] as the integral of
momentum along a periodic orbit

I = 1
2π

˛
px dx. (2.5)

The angle θ is the position variable of a particle on a periodic trajectory that
changes uniformly in time, θ(t) = Ωt+θ(0), where the frequency of the periodic
motion is determined by Ω = ∂h(I)/∂I (while θ(0) is an arbitrarily chosen
initial phase). For a time-independent system, the action I is essentially a
rescaled energy (which is conserved), while θ is the phase of the periodic motion.
In this case, the periodic motion of a classical particle confined to a single lattice
site of the potential in h is represented in the (I, θ) phase space by straight lines
I(θ) = const. Meanwhile, a time-dependent perturbation causes formation of
‘resonant islands’ (see below) that contain closed orbits in the vicinity of the
resonant value of action Is such that Ω = [∂h(I)/∂I]

∣∣
Is

= ω/s where s in an
integer [133]. Analysis of the motion may be simplified by transitioning to the
frame moving along the resonant orbit and applying the secular approximation,
whereby the oscillatory terms of the Hamiltonian are dropped. We give all the
details of this calculation below.

Setting φx = 0 and performing a transformation to the action–angle vari-
ables, we obtain

H(I, θ, t) = h(I) + λS cos(2ωt)QS(I, θ) + λL cos(ωt+ φt)QL(I, θ), (2.6)

where QS(x) = sin2(2x) and QL(x) = cos2(2x) [see Eq. (2.3)] — we have
chosen different functions for QS(x) and QL(x) but one can also choose sin(2x)
[or cos(2x)] for both of them. The spatial Hamiltonian h(I) does not depend
on θ, and the θ-dependencies of the perturbations can be represented as Fourier
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series
QS|L(I, θ) =

∞∑
m=−∞

Q(m)
S|L (I) eimθ. (2.7)

We choose our working point in the vicinity of a certain resonant trajectory
corresponding to a given value of the action Is and the corresponding intrinsic
frequency Ω. Switching to the rotating frame according to Θ = θ − Ωt and
averaging out the rapidly oscillating terms, we express the long perturbation
as

ξL = 1
2λL

[
Q(s)

L (Is) ei(φt−sΘ) + c.c.
]
. (2.8)

Writing the complex number Q(s)
L (Is) in the polar form

Q(s)
L (Is) = AL eiχL , (2.9)

we cast this result into

ξL = λLAL cos(sΘ − χL − φt). (2.10)

In complete analogy, the short perturbation is written as

ξS = λSAS cos(2sΘ − χS), (2.11)

where AS eiχS is the polar form of Q(2s)
S (Is).

We also expand h(I) around Is to the second order in I,

h(I) = h(Is) + (I − Is)Ω + 1
2h

′′(Is)(I − Is)2. (2.12)

Noting also that the time-dependent canonical transformation introduces an
additional term −IΩ, we finally derive the effective Hamiltonian

Heff = [h(Is) −ΩIs] + P 2

2M + Ueff , (2.13)

with P ≡ I − Is. Here we have also defined the ‘effective mass’ M = 1/h′′(Is),
which is negative, and the effective potential

Ueff(Θ) = λSAS cos(2sΘ − χS) + λLAL cos(sΘ − χL − φt) (2.14)

representing a periodic potential in the moving frame. For s = 2, we obtain
a lattice of two elementary cells, each consisting of two sites arising from the
double-well structure.

In order to verify the validity of the secular approximation, we produce a
map of the motion of a particle in the (I, θ) phase-space governed by the sec-
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Figure 2.1: Phase-space maps of the particle motion governed by the secular effective
Hamiltonian (2.13) (left panel) and the exact Hamiltonian (2.6) (right panel). The
yellow line in the left panel indicates the working point Is = 24.3. The map in the
right panel was generated by numerically integrating the classical equations of motion
resulting from the exact Hamiltonian (2.6) and registering particle’s position (θ, I)
stroboscopically at the intervals of the lattice driving period. The following values
of parameters were used: VS = 7640, VL = 2, ω = 410, s = 2, λS = 100, λL = 40,
φx = 0, and φt = π/2.

ular effective Hamiltonian (2.13), as shown in Fig. 2.1, left panel. The right
panel displays the map obtained by integrating the exact equations of motion
resulting from the Hamiltonian (2.6) and by registering particle’s coordinates
and momenta stroboscopically at the intervals of the lattice driving period.
Such a stroboscopic, rather than continuous, picture precisely corresponds to
the secular approximation, which only provides the information on the dynam-
ics averaged over the driving period. Once a point (x, p) is registered, the
transformation to the (I, θ) coordinates is performed as follows. The corres-
ponding action I is given by the action that the particle would have had if it
had been found in a phase-space point (x, p) while evolving under the unper-
turbed Hamiltonian. Then, the angle θ is found as the phase of motion that
the particle would have had if it had been found in a phase-space point (x, p)
and possessing action I while evolving under the unperturbed Hamiltonian.

Comparing the two plots in Fig. 2.1, we conclude that the resonant islands
where the quantum states we are interested in will be located (in the quasi-
classical sense) are well reproduced in the exact picture, and hence that the
secular approximation is valid for the considered strength of the perturbation
(i.e., values of λS and λL).

We are now in position to quantise the classical effective Hamiltonian (2.13)
by changing Θ → Θ̂ = Θ and P → P̂ = −i∂/∂Θ:

Ĥeff = [h(Is) −ΩIs] − 1
2M

∂2

∂Θ2 + Ueff(Θ). (2.15)

It is immediately clear that this Hamiltonian describes a particle in a periodic
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potential (with Θ being the coordinate), which stems from the time-dependent
perturbation. Therefore, it is quite natural to call the resulting potential a
time-crystalline structure [36].

In complete analogy with conventional space crystals, we may consider the
limit of a large number of cells, s ≫ 1 (while Θ ∈ [0, 2π)). In that case,
the eigenstates of Hamiltonian (2.15) are Bloch waves given by ψ

(n)
kt

(Θ) =
eiktΘu

(n)
kt

(Θ), where kt is the time-quasimomentum, n is the band index, and
u

(n)
kt

(Θ) = u
(n)
kt

(Θ + 2π/s) are cell-periodic functions [49]. We can expect the
energy bands, parametrised by kt and φt, to possess non-trivial topology, which
can be quantified by the Chern number. It is given by Eq. (1.21) with the
identifications kx → kt and φx → φt.

To study the properties of Ĥeff , we proceed to its numerical diagonalisation,
which is rather straightforward: In order to solve the eigenvalue problem

Ĥeffψβ(Θ) = Eβψβ(Θ) (2.16)

under periodic boundary conditions, ψβ(Θ) = ψβ(Θ + 2π), we expand the
eigenfunctions in the basis of plane waves ⟨Θ|j⟩ = eijΘ/

√
2π, j ∈ Z, which are

orthonormal on Θ ∈ [0, 2π):

ψβ(Θ) = 1√
2π

∞∑
j=−∞

c
(β)
j eijΘ. (2.17)

This leads to the following matrix elements:

⟨j′|Ĥeff |j⟩ =
[
h(Is) −ΩIs + j2

2M

]
δj′,j

+ λSAS

2 (δj′,j+2s e−iχS + δj′,j−2s eiχS) (2.18)

+ λLAL

2 (δj′,j+s e−i(χL+φt) + δj′,j−s ei(χL+φt)).

Another ingredient needed for the analysis are the Wannier functions, which
are localised superpositions of the stationary states of Ĥeff . They may be found
by diagonalising the position operator. In the case of a periodic system, we
take this operator in the form eiΘ [134, 128]. Its matrix elements follow as

⟨ψβ′ |eiΘ|ψβ⟩ =
∞∑

j=−∞
c

(β′)∗
j+1 c

(β)
j . (2.19)

Numerical diagonalisation of this operator yields the coefficients d(α)
β that allow
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(a) (b) (c)

Figure 2.2: Adiabatic pumping in a two-cell time crystal simulated based on the
quasiclassical approach. The values of parameters are the same as used in producing
Fig. 2.1. (a) Energy levels Eβ of quantised effective Hamiltonian (2.15) versus the
adiabatic phase φt. (b) Wannier functions |wα(Θ)|2 superimposed on the effective
potential (blue curves) Ueff at φt = 0 and φt = π/2. The scale of the y-axis relates
to the potential. The Wannier functions are depicted in arbitrary units; they are
positioned such that the flat tails mark the corresponding mean energies ⟨wα|Ĥeff |wα⟩.
(c) Changes of the Wannier functions |wα(Θ)|2 as φt scans across a complete cycle
of length 2π. The shaded areas indicate the extent of the two temporal lattice cells
(γ = 1, 2).

us to express the Wannier states as

wα(Θ) =
∑

β

d
(α)
β ψβ(Θ). (2.20)

Once we calculate the eigenvalues of Ĥeff , we look for the highest ones since
in the case of negative mass the energy spectrum is bounded from above. Four
highest energy levels calculated repeatedly as the adiabatic phase φt is varied
are shown in Fig. 2.2(a). We interpret the two highest levels (β = 1, 2) as
belonging to the first energy band and the next two as constituting the second
band, with the bands being separated by a gap.

We use the eigenstates ψ1 and ψ2 corresponding to the energy levels high-
lighted in orange in Fig. 2.2(a) to construct the Wannier functions w1 and w2,
shown at φt = 0 and φt = π/2 in Fig. 2.2(b). These functions are vertic-
ally positioned such that the flat tails mark the corresponding mean energies
⟨wα|Ĥeff |wα⟩. As we can see, the Wannier states are localised in the sites of the
effective potential Ueff(Θ) [blue curves in Fig. 2.2(b)], which may be regarded as
a crystalline structure for s ≫ 1. Switching back to the lab frame and consider-
ing placing a detector at a fixed position θ = θ0, we recover the time periodicity

33



of the potential Ueff(θ0 + Ωt). Crucially, we can now interpret the dynamics
of the system in terms of the time-periodic Wannier states wα(θ0 +Ωt): their
localisation in Θ-space in the moving frame translates into localisation in time
in the lab frame. Therefore, these states can be understood as being localised
in the cells of a time-crystalline structure. A stationary detector placed at θ0

in the lab frame will register periodic arrival of the two (for s = 2) Wannier
states separated by the interval of π/Ω, corresponding to a detector scanning
across Θ in the moving frame [cf. Fig. 2.2(b)]. Finally, we remark that the
appreciable size of the resonant islands in Fig. 2.1 is directly related to the fact
that the potential Ueff(Θ) is strong enough to support deeply bound states.

Now let us study the changes of the Wannier functions as φt is varied adia-
batically from 0 to 2π. Figure 2.2(b) shows that at the beginning of the cycle
(φt = 0), state w1 occupies the region1) Θ ∈ [−π/2, π/2), which, by conven-
tion, we will refer to as the first cell (γ = 1) of the temporal lattice. Similarly,
w2 occupies the region Θ ∈ [π/2, 3π/2), which we will call the second temporal
cell (γ = 2). Further change of the two states is presented in Fig. 2.2(c). It is
apparent that the probability densities |wα|2 shift as the phase is increased. By
the end of the cycle, the Wannier functions are seen to have shifted by π, with
the state w1 now occupying the second temporal cell, and w2 occupying the
first. Since the number of particles pumped through a cross-section of the lat-
tice is given by the Chern number, the above results show that |ν1| = 1 for the
studied first band of the temporal lattice. This serves as a direct confirmation
of the non-trivial topology of the bands of the temporal lattice.

2.3 Quantum analysis

In the previous section we introduced the notion of a time-crystalline structure
and demonstrated the Thouless pumping in a temporal direction. Our next
task is to elucidate how the temporal crystalline structure emerges in a fully
quantum description of the system based on the Hamiltonian (2.1). This will
additionally allow us to incorporate a real-space lattice and study simultaneous
pumping in time and space.

Since the perturbation ξS + ξL is time-periodic, with the period T = 2π/ω
[see Eqs. (2.3)], we approach the problem by introducing the quasienergy op-
erator Q̂ = Ĥ − i∂t and solving the eigenvalue problem Q̂un(x, t) = εnun(x, t)
[135, 133, 17]. Here, εn is the quasienergy of the nth eigenstate, while un(x, t)
is the corresponding Floquet mode that respects temporal periodicity of the
perturbation, i.e., un(x, t) = un(x, t+T ). A general solution of the Schrödinger
equation can be represented as a superposition of states Ψn(x, t) = e−iεntun(x, t)

1) In this notation, it is understood that the interval [−π/2, 0) is equivalent to [3π/2, 2π).
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with time-independent coefficients. In our simulations we consider a finite num-
ber of spatial cells (N = 1 or N = 2) which leads to the Hamiltonian being
defined on x ∈ [0, Nπ), and we always assume periodic boundary conditions.
All the details of the diagonalisation procedure are covered in Appendix 2A.

In the following sections, we present the results of the simulations, starting
with the Thouless pumping in time. Next, we consider pumping in space,
which, however, is performed in a time-space crystal rather than a conventional
space crystal. Finally, we study simultaneous pumping in both the temporal
and the spatial dimensions.

As in Section 2.2, we will illustrate the Thouless pumping by showing how
the Wannier states are transported with a change of the adiabatic parameter.
We can observe pumping along temporal or spatial directions by changing φt

or φx. For pumping in time, one can analyse the transport of the Wannier
states that are localised in a single site of the temporal lattice and are not
necessarily localised along the spatial direction. To construct such Wannier
states, we will choose Floquet states which correspond to quasienergy levels
with different spatial index. Note that choosing Floquet states from a given
band, one obtains the Wannier states that are elements of the corresponding
Hilbert subspace and are uncoupled from states belonging to any other bands.

2.3.1 Thouless pumping in time

We begin the analysis by considering time-pumping in a system of a single
spatial cell (N = 1) which contains two sites originating from the double-well
structure of the spatial potential. The relevant part of the quasienergy spec-
trum of Q̂ is shown in Fig. 2.3(a). The figure displays the changes of the
quasienergy levels in the course of the adiabatic pumping in the temporal di-
mension — the temporal phase φt is varied while keeping φx = 0. We interpret
the obtained quasienergy spectrum as follows. In the limit of an infinite spatial
crystal, the energy spectrum of ĥ features series of bands separated by large
gaps. Because of the double-well structure of each cell of the potential, each
band consists of two subbands (a higher and a lower one), separated by a small
gap, of order VL at φx = 0. Thus, each two consecutive levels in Fig. 2.3(a)
correspond, respectively, to the higher and the lower subbands of a certain spa-
tial band. For example, the two topmost levels in Fig. 2.3(a) correspond to the
subbands of the spatial band number 25 (counting from the lowest); the spatial
potential supports 28 clearly formed bands in total with the chosen parameter
values. From the time-crystalline structure perspective, we associate the four
topmost levels in Fig. 2.3(a) with the first temporal band, and the lower four
levels with the second. Note that it is natural to assign the lowest band number
to the temporal band whose quasienergy is largest: A particle confined in the
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Figure 2.3: Temporal adiabatic pumping in a 2D time-space crystal with s = 2
temporal cells and only one (N = 1) spatial cell that consists of two spatial sites.
The following values of parameters were used: VS = 7640, VL = 2, ω = 410, s = 2,
λS = 100, λL = 40 and φx = 0. (a) Quasienergy levels εβ (see text for level numbering
convention) of the quasienergy operator Q̂ versus the adiabatic phase φt. (b) The
Wannier functions |wα(x, t)|2 at φt = 0, represented by black regions. The shaded
areas (green and pink) indicate the extent of the temporal cells (γ = 1, 2). (c) Wannier
functions |wα(x0, t)|2 (where x0 = 0.3π) at φt = 0 and φt = π/2. (d) Change of the
Wannier functions |wα(x0, t)|2 as φt scans across a complete cycle of length 2π. The
green and pink shaded areas indicate the extent of the two temporal lattice cells
(γ = 1, 2).

temporal lattice is parameterised by the effective mass which is negative (see
Section 2.2), and its energy spectrum is thus bounded from above. To distin-
guish the quasienergy levels constituting the first temporal band, we introduce
an index β. We assign the same index β to all the levels corresponding to the
same spatial band: we assign β = 1 to the two topmost levels in Fig. 2.3(a)
and β = 2 to the next two.

The relevant Wannier functions are spatially localised superpositions of the
Floquet modes: wα(x, t) =

∑2
β=1 d

(α)
β uβ(x, t), where the coefficients d(α)

β are
found by diagonalising the position operator e2ix/N (see Appendix 2A). We
will only consider the quasienergy levels of the first temporal band. This is
justified by assuming that the gap between the first and the second bands is
large enough so that particles loaded into the first band stay there throughout
the pumping cycle. Furthermore, since we are now considering pumping in the
temporal direction only, we can restrict our attention to a single site (out of
two) of the spatial lattice. To obtain Wannier functions that are localised in
the same spatial site, we have to mix the spatial energy levels corresponding
either to the higher spatial subbands or to the lower ones. We choose to mix
the levels of the higher spatial subbands by mixing the two modes β = 1, 2
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whose quasienergy levels are highlighted in orange in Fig. 2.3(a). Mixing the
other pair of levels (from the first temporal band) leads to analogous results
and corresponds to a particle occupying the other site of the spatial lattice.
The highlighted levels in Fig. 2.3(a) thus correspond to the highlighted levels
in Fig. 2.2(a); the total number of levels is doubled in Fig. 2.3(a) because of
the presence of the spatial lattice.

The obtained Wannier functions w1(x, t) and w2(x, t) are shown in Fig. 2.3(b)
at φt = 0 where they are represented by black regions. In the present case
we consider only one spatial cell; the two sites of this cell span the regions
x ∈ [0, π/4) ∪ [3π/4, π) and x ∈ [π/4, 3π/4) — note that we assume peri-
odic boundary conditions in space. The sites are separated by white gaps in
Fig. 2.3(b). Each of the spatial sites contains s = 2 temporal cells, which we
will number with the index γ = 1, 2 and which are indicated by shaded green
and pink areas.2) We adopt the convention that the region of time-space which
is occupied by w1 at φt = 0 belongs to the first temporal cell [γ = 1, green
shading in Fig. 2.3(b)], while the region occupied by w2 belongs to the second
temporal cell [γ = 2, pink shading in Fig. 2.3(b)]. Note that at a different value
of φt, the state w1 may spread over both temporal cells or even transition to
cell γ = 2, and similarly for w2. As illustrated in Fig. 2.3(b), the Wannier
functions cycle in time between the two turning points of the spatial site they
are confined to, akin to classical pendula.

In space crystals we are interested in periodic distribution of particles in
space at a fixed moment of time (i.e., the moment of the detection). Switching
from space to time crystals, the roles of space and time are exchanged. That is,
we fix position in space and ask if the probability for the detection of particles
at this fixed space-point changes periodically in time [36]. To understand the
emergence of a time-crystalline structure in the system analysed here, let us
consider placing a detector close to the left (say) classical turning point x0 of the
spatial lattice site under consideration. We take x0 = 0.3π for the chosen energy
regime, as indicated in Fig. 2.3(b). As shown in Fig. 2.3(c) depicting the time-
periodic Wannier functions wα(x0, t) at φt = 0, in the time intervals (Ωt mod
2π) ∈ [0, π) the detector will most likely be registering the particle whose
wave function is w1(x0, t). Meanwhile, in the intervals (Ωt mod 2π) ∈ [π, 2π)
the detector will most likely be registering the particle whose wave function is
w2(x0, t). The two time intervals can be considered to divide the time axis into
cells, allowing one to introduce the notion of a time-crystalline structure. In the
present case, the ‘length’ of the crystalline structure along the temporal axis

2) We reiterate the meaning of the indices α, β, γ to prevent confusion: index β numbers
the Floquet modes uβ , while α numbers the Wannier functions wα (which are superpositions
of the chosen Floquet modes). Independently, index γ numbers the cells of the temporal
lattice; a Wannier function wα may in principle occupy any temporal cell.
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is 2π/Ω, and the crystal is periodic in this dimension, i.e., periodic boundary
conditions in time are imposed. The lower panel of Fig. 2.3(c) demonstrates
additionally that at a different value of the phase, φt = π/2, the Wannier
functions are shifted and they are delocalised over both cells of the temporal
lattice.

Now let us turn to the Thouless pumping in the temporal dimension. To
this end, we calculate the Wannier functions repeatedly as the phase φt is
varied and produce the plots of w1(x0, t) and w2(x0, t) for each value of φt, as
shown in Fig. 2.3(d). We can clearly see that w1 is being pumped from cell
γ = 1 to cell γ = 2 as the temporal phase φt is varied from 0 to 2π. At the
same time, state w2 adiabatically transitions from cell 2 to cell 1. To observe
the pumping experimentally, one has to prepare a particle in, e.g., the state
w1(x, t) and place a detector at x0. Initially, the detector will most probably be
detecting the particle in the time intervals (Ωt mod 2π) ∈ [0, π), whereas after
a pumping cycle is complete the detector will be clicking in the time intervals
(Ωt mod 2π) ∈ [π, 2π). We note in passing that one can ‘invert’ the pumping
direction by letting φt vary from 0 to −2π, just as is possible in the case of the
adiabatic pumping in real space.

2.3.2 Thouless pumping in space

Now let us analyse spatial-only pumping in a 2D time-space crystalline struc-
ture consisting of N = 2 spatial cells (and s = 2 temporal cells) with periodic
boundary conditions. Doubling the number of spatial cells leads to a twice
greater number of Floquet quasienergy levels compared to the case of N = 1,
as shown in Fig. 2.4(a). The physical origin of the levels is the same as in the
preceding discussion, and it is now immediately apparent which levels arise from
the higher and the lower spatial subbands. The gap between these subbands is
the smallest (but non-vanishing) at φx = π/4 and φx = 3π/4 since all wells of
the spatial potential are of equal depth at these phases. Once the quasienergy
spectrum is obtained, we again switch to the Wannier representation, this time
introducing an additional spatial index j to number the Floquet modes and i

to number the Wannier functions: wi,α=1(x, t) =
∑2

j=1 d
(i)
j uj,β=1(x, t). Since

we are interested in the spatial pumping, we mix the Floquet modes bearing
the same temporal index β = 1 so that the obtained Wannier functions come
out delocalised over the entire temporal lattice structure, simplifying the ana-
lysis. The delocalisation in the temporal dimension and localisation in spatial
dimension means physically that the particle, being confined to a single spatial
site, can be detected with equal probabilities at both turning points, this being
true at all times. This contrasts the situation in Section 2.3.1, where, at any
given time, a particle could be detected at one turning point with a higher
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Figure 2.4: Spatial adiabatic pumping in a 2D time-space crystal with s = 2 tem-
poral cells and N = 2 spatial cells.. The same values of parameters were used as
in Fig. 2.3 except that φt = 0, while φx is varied. (a) Quasienergy levels εj,β of
the quasienergy operator Q̂ versus the adiabatic phase φx. (b) Wannier functions
|wi,1(x, t0)|2 (where t0 = π/2Ω) at φx = 0 and φx = π/4. (c) Changes of the Wan-
nier functions |wi,1(x, t0)|2 as φx scans across a complete cycle of length π. The cyan
and green shaded areas indicate the extent of the two spatial lattice cells (k = 1, 2),
each consisting of two sites separated by unshaded regions.

probability than at the other, and based on this probability we could speak
of the particle occupying a specific temporal cell. Note that the eigenstates of
e2ix/N are always strongly localised in certain sites of the spatial lattice, and
so are the Wannier functions wi,α(x, t), for all t. The latter is only violated at
values of φx close to (2n + 1)π/4, n ∈ Z, when the depths of all the wells of
the potential become equal, leading to the Wannier functions spreading over
two adjacent sites. The temporal dependence of wi,α(x, t), on the other hand,
is dictated by the temporal dependencies of the modes uj,β(x, t) that are being
mixed.

The relevant quasienergy levels are highlighted in Fig. 2.4(a). Their indices
are (j = 1, β = 1) and (j = 2, β = 1) corresponding to them occupying two
different spatial cells. To analyse the pumping, we study the states w1,1(x, t0)
and w2,1(x, t0) at a fixed detection moment t0 = π/2Ω. Figure 2.4(b) illustrates
that, at φx = 0, each of these states is localised in a single site of the spatial
lattice, while at φx = π/4 they occupy two sites in the process. We number
the states and the cells of the spatial lattice such that w1,1 occupies spatial cell
k = 1, while w2,1 occupies spatial cell k = 2 at the beginning of the pumping
cycle (at φx = 0), as shown in Fig. 2.4(c). In the figure, the cyan and green
shaded areas indicate the spatial extent of the spatial lattice cells, with the
sites of the cells separated by unshaded gaps corresponding to the positions
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of the barriers of the spatial potential. In the end of the cycle, the Wannier
states end up in a cell different from the starting one, confirming that pumping
does take place. It is apparent that the states remain almost insensitive to the
change of the potential and are transported to a neighbouring site abruptly.
However, the lower panel of Fig. 2.4(b) demonstrates that the transfer does
not happen instantaneously, but rather proceeds via a stage when the Wannier
states occupy both sites.

We remark that constructing the Wannier functions using the Floquet modes
corresponding to the top third and fourth levels in Fig. 2.4(a) leads to pump-
ing in the opposite direction around the circular x-axis. This is to be expected
since those energy levels correspond to the lower spatial subbands, while the
above results concern pumping in the higher subbands [128].

2.3.3 2D Thouless pumping

We are now ready to discuss the simultaneous temporal and spatial adiabatic
pumping, demonstrated in Fig. 2.5 for the case N = s = 2. The adiabatic
phases are varied along the trajectory φt = 2φx from φt = 0 to φt = 2π
so that a complete pumping cycle is performed both in the temporal and in
the spatial dimensions. The obtained Floquet quasienergy spectrum is shown
in Fig. 2.5(a), where the legend indicates the quasienergy levels correspond-
ing to the modes that we mix when constructing the Wannier states. The
relevant modes are those of the first temporal band, among which we select
those corresponding to the higher spatial subbands. As discussed in Section
2.3.2, this selection allows us to focus on the Wannier states that are trans-
ported in space to the right during the pumping process. The remaining four
levels of the first temporal band constitute the Wannier functions that are
being pumped to the left in space. The constructed states are expressed as
wi,α(x, t) =

∑
j,β d

(i,α)
j,β uj,β(x, t) and are obtained as above, by diagonalising

the position operator e2ix/N . Contrary to the preceding analysis, we no longer
restrict our attention to a certain position x0 or a certain detection time t0,
but rather study the two-dimensional maps of the Wannier functions wi,α(x, t).
The four Wannier states are shown in Figs. 2.5(b)–(f) at various values of the
adiabatic phases, with the shaded areas dividing the whole time-space into tem-
poral and spatial cells. The states and the cells are numbered so that initially
(at φt = 2φx = 0) the Wannier state indices (i, α) coincide with the spatial
and temporal cell numbers (k, γ). In each of the panels (b)–(f), four sites are
left unoccupied by any Wannier functions — these would have been occupied
by the Wannier functions constructed using the states of the lower spatial sub-
bands, i.e., the Floquet modes corresponding to the top four black quasienergy
levels in Fig. 2.5(a). We note in passing that the two Wannier functions con-
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Figure 2.5: Simultaneous temporal and spatial adiabatic pumping in a 2D time-
space crystal. The same values of parameters were used as in Fig. 2.3 except that
both φt and φx are varied. (a) Quasienergy levels εj,β of the quasienergy operator
Q̂ versus the adiabatic phase φt = 2φx. (b)–(f) The Wannier functions at φt =
2φx = 0, π/2, π, 3π/2, 2π. The probability densities |wi,α(x, t)|2 are represented by
black regions, while the shaded areas indicate the extent of the spatial (k = 1, 2)
and temporal (γ = 1, 2) cells. In top-left panels in (b)–(f), x(1)

0 and x
(2)
0 indicate the

locations of two detectors discussed in the text.

structed in Section 2.3.2 using the states corresponding to only the two upper
quasienergy levels appear as the sums w1,1 + w1,2 and w2,1 + w2,2, where wi,α

are the functions displayed in Figs. 2.5(b)–(f). Such sums exhibit spatial, but
not temporal localisation.

Turning to the pumping process, in Fig. 2.5(c) we can see that the Wan-
nier states are transported to the neighbouring spatial site (to the right) as a
result of the spatial pumping, while the temporal pumping causes the states to
slide down the temporal axis. At φt = 2φx = π [see Fig. 2.5(d)], the spatial
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transition is complete, whereas the time dependence of the functions is such
that the functions occupy both temporal cells. Next, at φt = 2φx = 3π/2 [see
Fig. 2.5(e)], the states are shown in the middle of the second spatial transition,
which is completed at φt = 2φx = 2π [see Fig. 2.5(f)]. Comparing Figs. 2.5(b)
and 2.5(f), it is apparent that as a result of the pumping each state wi,α has
transitioned from cell (i, α) to cell (i+ 1 mod N, α+ 1 mod s).

Let us now give an interpretation of these results. Consider two detectors,
one placed at x(1)

0 = 0.3π and the other one at x(2)
0 = 1.3π, and a particle

loaded initially into the system in the state w1,1. At φt = 2φx = 0, most
probably a detector placed at x(2)

0 will be detecting the particle in the time
intervals (Ωt mod 2π) ∈ [0, π), corresponding to the particle occupying the
first spatial and the first temporal cells [see Fig. 2.5(b)]. In the end of the
pumping cycle (φt = 2φx = 2π), the particle will most probably appear in the
time intervals (Ωt mod 2π) ∈ [π, 2π) on a detector placed at x(1)

0 , corresponding
to the particle occupying the second spatial and the second temporal cells.

2.4 Conclusions

In summary, we have shown that the quasienergy spectrum of a resonantly
driven optical lattice may be interpreted as that of a crystal-like structure with
the time playing the role of an additional coordinate. Using this analogy, we
studied adiabatic variation of the driving protocol and demonstrated that it
leads to a change of system dynamics that is a manifestation of the Thouless
pumping in the temporal dimension. Finally, we have illustrated simultaneous
adiabatic pumping in both spatial and temporal directions.

2.5 Appendix 2A: Diagonalisation of the quasienergy op-
erator

In this section, we discuss the diagonalisation of the quasienergy operator

Q̂ = ĥ− i ∂
∂t

+ ξS + ξL, (2.21)

where ĥ is defined in Eq. (2.2), while ξS and ξL are given in Eqs. (2.3).
In order to solve the eigenvalue problem

Q̂un(x, t) = εnun(x, t), (2.22)

we first numerically obtain the eigenstates of ĥ in the basis of plane waves
⟨x|j⟩ = ei 2j

N x/
√
Nπ orthonormal on x ∈ [0, Nπ), where N is the number of
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spatial cells. The sought eigenstates fulfil

ĥψm(x) = ϵmψm(x), (2.23)

are written as
ψm(x) = 1√

Nπ

∞∑
j=−∞

c
(m)
j ei 2j

N x, (2.24)

and the coefficients c(m)
j that express the solution in the mth energy band are

obtained by diagonalising the matrix

⟨j′|h|j⟩ =
[(

2j
N

)2
− VS + VL

2

]
δj′,j

− VS

4 (δj′,j+2N + δj′,j−2N )

− VL

4 (e2iφxδj′,j+N + e−2iφxδj′,j−N ).

(2.25)

Once we have found the eigenstates of the unperturbed Hamiltonian, an addi-
tional transformation to the rotating frame provides a suitable basis consisting
of functions

ψ′
m(x, t) = e−iν(m)ωt/sψm(x). (2.26)

Here, the function ν(m) = ⌈m/2N⌉ (where ⌈· · · ⌉ is the ceiling operation)
transforms the level numbers m = 1, 2, 3, 4, 5, 6, . . . into band indices

ν = 1, . . . , 1︸ ︷︷ ︸
2N times

, 2, . . . , 2︸ ︷︷ ︸
2N times

, 3, . . . , 3︸ ︷︷ ︸
2N times

, 4, . . . , 4︸ ︷︷ ︸
2N times

, . . . (2.27)

Note that this labelling is correct when the sites of a potential cell are not too
asymmetric for all φx. In practice, we have to keep VL small enough so that
the difference of depths of the potential wells in each cell is always smaller than
the gaps between the energy bands.

We now calculate the matrix elements of Q̂. For the diagonal part, we have

⟨ψ′
m′ |
(
ĥ− i ∂

∂t

)
|ψ′

m⟩ =
[
Em − ν(m)ω

s

]
δm′,m. (2.28)

For the long perturbation, we obtain

⟨ψ′
m′ |ξL|ψ′

m⟩ = λL cos(ωt+ φt) e−i(ω/s)[ν(m)−ν(m′)]t

×
∑
j,j′

c
(m′)∗
j′ c

(m)
j

ˆ Nπ

0

dx
Nπ

QL(x) ei(2j−2j′)x,
(2.29)
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where QL is the spatial part of ξL, see Eqs. (2.3). Applying the secular ap-
proximation [133], we replace cos(ωt + φt) e−i(ω/s)[ν(m)−ν(m′)]t with its time-
independent contribution 1

2 (eiφtδν′+s,ν +e−iφtδν′−s,ν), where ν′ ≡ ν(m′). With
our choice QL(x) = cos2(2x), we finally obtain

⟨ψ′
m′ |ξL|ψ′

m⟩ = λL

2 (eiφtδν′+s,ν + e−iφtδν′−s,ν)

× 1
4

∞∑
j=−∞

c
(m)
j (2c(m′)∗

j + c
(m′)∗
j+2N + c

(m′)∗
j−2N ).

(2.30)

Similarly, using QS(x) = sin2(2x), the matrix elements of the short perturba-
tion follow as

⟨ψ′
m′ |ξS|ψ′

m⟩ = λS

2 (eiφtδν′+2s,ν + e−iφtδν′−2s,ν)

× 1
4

∞∑
j=−∞

c
(m)
j (2c(m′)∗

j − c
(m′)∗
j+2N − c

(m′)∗
j−2N ).

(2.31)

Having obtained the expressions (2.30) and (2.31), let us clarify the utility of
using the basis functions (2.26) with the level renumbering function (2.27).
First, we note that the perturbation cos(ωt + φt) is resonant with transitions
between states whose energy differ by ω = sΩ. Meanwhile, the spatial Hamilto-
nian ĥ possesses narrow bands of levels, with bands separated by approximately
Ω. Therefore, the perturbation couples levels belonging to bands differing in
energy by sΩ, while the coupling between levels of the same band can be dis-
regarded. The level renumbering according to Eq. (2.27) groups the levels into
bands, while the basis functions (2.26) effectively take into account only the
couplings between the bands whose numbers differ by multiples of s. These
couplings are reflected by the Kronecker deltas in Eqs. (2.30) and (2.31).

The matrix elements of Q̂ are thus given by Eqs. (2.28), (2.30) and (2.31).
We diagonalise this matrix numerically an obtain the eigenfunctions (Floquet
modes) un(x, t) =

∑
m b

(n)
m ψ′

m(x, t). Then, the Wannier functions are con-
structed by diagonalising the periodic position operator ei 2

N x [128, 134], whose
matrix elements result as

⟨un′(t)|ei 2
N x|un(t)⟩ =

∞∑
j=−∞

∑
m,m′

b
(n′)∗
m′ b(n)

m c
(m′)∗
j+1 c

(m)
j ei[ν(m′)−ν(m)]ωt/s. (2.32)

The diagonalisation is performed at a chosen time moment t. The obtained
coefficients d(k)

n are used to express the Wannier states as

wk(x, t) =
∑

n

d(k)
n un(x, t). (2.33)

44



Note that the position operator is constructed using only the relevant subspace
of eigenvectors |un⟩ that we select based on our interpretation of the quasien-
ergy spectrum. Subsequent renumbering of these eigenvectors and the Wannier
states using a pair of indices (i, α) is likewise conventional.

Our software package TTSC.jl implementing all relevant calculations is
available on GitHub [136]. It relies on a number of software packages [137–
142] developed in Julia [143].
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CHAPTER 3

Eight-dimensional topological systems simulated
using time-space crystalline structures

We will now take the concept of a time-space crystalline lattice further and
provide a route for studying topological eight-dimensional (8D) systems that
can be experimentally realised using only two physical spatial dimensions. We
will start with a periodically driven 1D optical lattice with steep barriers (mod-
elled by delta-functions) and show that it can sustain a 2D time-space lattice.
The topological nature of the attained time-space crystalline structure will be
once again made evident by considering adiabatic state pumping along tem-
poral and spatial crystalline directions. Interpreting the two adiabatic phases
as crystal momenta of simulated extra dimensions, we show that the energy
bands of the system are characterised by nonvanishing second Chern numbers
of the effective 4D lattice. Finally, we demonstrate that two such 4D systems
can be combined, and the resulting energy spectrum will remain gapped. The
topological properties of the obtained 8D system are then characterised by the
fourth Chern number, and energy bands with nonvanishing values of the fourth
Chern number are identified.

3.1 Model

The spatial part of the model Hamiltonian (2.1) underlying the analysis of
Chapter 2 is straightforward to realise experimentally [127, 126, 49], but the
gaps between its energy subbands are much smaller than the widths of the
subbands [see Fig. 2.4(a), with the gap shown in the inset]. Consequently, if
two copies of such a Hamiltonian (realised in orthogonal spatial directions) are
combined as in Eq. (1.28), the resulting spectrum will not be gapped, and no
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Figure 3.1: Wannier function densities |wℓ(x, t = 7π/4Ω)|2 at φx = π/5, φt = 0,
where 2π/Ω is the period of time evolution of wℓ(x, t). The baseline of each Wannier
function is shifted upwards along the quasienergy axis by the mean value of quasien-
ergy in the corresponding state, i.e., the quantity ⟨wℓ|Q̂|wℓ⟩. At the chosen value of
φx, each Wannier function is localised almost entirely within a single site, therefore,
the infinitesimal ‘tails’ of the functions are not shown. Black vertical lines represent
the steep barriers separating the sites of the spatial lattice, while the horizontal lines
depict the values of the onsite energies described by the third term in Eq. (3.1). Para-
meters of the model are: N = 2, s = 2, a = 4.000, V = 2000, U = 7.000, ω = 676.8,
λS = 10.00, λL = 20.00. Trailing zeros are within the numerical resolution/accuracy
and are significant. The nature of the presented results, however, will not change
if all the values are chosen within ∼ 10% of the given ones and then ω is adjusted
accordingly to ensure that the quasienergy spectrum is gapped.

topological features will emerge. Therefore, we need to consider a different
model that would yield gaps which are broader than the widths of the bands.

The 1D time-dependent Hamiltonian to be considered in the present ana-
lysis again has the form (2.1), but the constituent terms are different. The
unperturbed spatial Hamiltonian is taken to be

ĥ = p̂2
x + V

3N∑
n=0

δ(x− na
3 ) + U

3∑
n=1

gn(x) cos
[
φx + 2π(n−1)

3

]
. (3.1)

We use the same dimensionless units as in Chapter 2. The sums describe the
spatial potential — a lattice of N identical cells of length a, each consisting
of three sites separated by steep delta-function barriers (see Fig. 3.1). The
superlattice potential gn(x) is equal to unity in the nth site of each spatial cell
and vanishes otherwise:

gn(x) =

1, n
3 a ≤ x mod a < n+1

3 a,

0, otherwise.
(3.2)

The last term of Eq. (3.1) thus modulates the onsite energies in the same way
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in each cell by changing φx, with U controlling the modulation amplitude.
Note that the modulation phase in each consecutive site is lagging with respect
to its neighbour on the left by one third of a cycle. If the modulation is
performed adiabatically, the Thouless pumping can be realised in the system
described by ĥ. We remark that similar three-site Thouless pumping schemes
have been considered in Refs. [144, 145], while the realisation of a lattice of
sharp (subwavelength) optical barriers has been reported in Ref. [146].

The spatial Hamiltonian is perturbed by the terms

ξS(x, t) = λS cos( 12πx
a ) cos(2ωt), (3.3a)

ξL(x, t|φt) = λL cos( 6πx
a ) cos(ωt+ φt), (3.3b)

where λS and λL control the overall strength of the perturbation. The spatial
frequencies 6π/a and 12π/a ensure that all spatial sites are perturbed in the
same way. The driving frequency ω is chosen so that a resonant condition is
fulfilled in each spatial site. In the classical description, the resonance means
that ω is very close to an integer multiple of the frequency Ω of the periodic
motion of a particle in a spatial site, i.e., ω ≈ sΩ, where s is integer. In the
quantum description, the resonance corresponds to ω being close to an integer
multiple of the gap Ω between certain bands of the Hamiltonian (3.1). In
the limit V → ∞ [see Eq. (3.1)] an independent time-crystalline structure is
formed in each spatial site due to the resonant driving. Specifically, in the frame
evolving along the resonant trajectory, the resonant dynamics of a particle can
be described by Ĥeff = ˆ̃p2

x̃ + λ̃S cos(2sx̃) + λ̃L cos(sx̃ + φt) where x̃ ∈ [0, 2π).
For example, for s = 2, there are two temporal cells, each consisting of two
temporal sites. An adiabatic change of the phase φt allows for a realisation of
the Thouless pumping in the time-crystalline structures. If V is finite, then
tunnelling of a particle between spatial sites is possible, and the entire system
forms a 2D time-space crystalline structure which, as we will show, can be
described by a 2D tight-binding model.

3.2 Diagonalisation procedure and main features of the
quasienergy spectrum

Analysis of the system is performed similarly to the one presented in Chapter 2.
We solve the eigenvalue problem Q̂un,k(x, t) = εn,kun,k(x, t) for the quasien-
ergy operator Q̂ = Ĥ − i∂t. We assume periodic boundary conditions for
the spatial system and introduce the spatial quasimomentum k. We denote
the quasienergy of the nth eigenstate by εn,k, while un,k(x, t) is the corres-
ponding Floquet mode that respects temporal periodicity of the perturbation:
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un,k(x, t) = un,k(x, t + 2π/ω). A general solution of the Schrödinger equation
can be represented as a superposition of states Ψn,k(x, t) = e−iεn,ktun,k(x, t).
In our simulations we consider a finite number of spatial cells, N = 2, and a
finite number of temporal cells, s = 2. The considered values of quasimomenta
are thus k = 0 and k = π/a, corresponding to the boundaries of the energy
bands [147]. Consequently, the obtained widths of the energy bands coincide
with the widths being approached in the limit N → ∞.

Let us consider the diagonalisation of the quasienergy operator

Q̂k = Ĥk − i∂t. (3.4)

Here, we have introduced the quasimomentum index, stemming from the spatial
part of the problem. Specifically, we have

Ĥk(x, t|φt) = ĥk(x) + ξS(x, t) + ξL(x, t|φt), (3.5)

where

ĥk = (p̂x + k)2 + V

3N∑
n=0

δ(x− na
3 ) + U

2∑
n=0

gn(x) cos(φx + 2πn
3 ). (3.6)

It is a standard exercise to obtain the Bloch modes ψm,k and eigenenergies
Em,k for a delta-function Hamiltonian (3.6). The next step is to solve the
eigenvalue problem

Q̂kvn,k(x, t) = εn,kvn,k(x, t). (3.7)

The Floquet modes un,k defined above as the eigenfunctions of Q̂ are related to
the functions vn,k according to the Bloch’s theorem: un,k(x, t) = eikxvn,k(x, t).

Instead of the full diagonalisation of Q̂k, our aim is to obtain an effective
(secular) time-independent Hamiltonian which can be more easily diagonalised.
To this end we perform a time-dependent unitary transformation

ψ′
m,k(x, t) = e−iν(m)ωt/sψm,k(x). (3.8)

Here, the function ν(m) = ⌈m/3⌉ (where ⌈· · · ⌉ is the ceiling operation) trans-
forms the level numbers m = 1, 2, 3, 4, 5, 6, . . . into band indices

ν = 1, 1, 1, 2, 2, 2, 3, 3, 3, . . . (3.9)

Note that this labelling is correct as long as we keep U small enough so that
the difference of depths of the sites is always smaller than the gaps between
the energy bands of the unperturbed Hamiltonian.
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The diagonal matrix elements of Q̂k are

⟨ψ′
m′,k|

(
ĥk − i ∂

∂t

)
|ψ′

m,k⟩ =
(
Em,k − ν(m)ω

s

)
δm′,m. (3.10)

For the perturbation term ξL, we obtain

⟨ψ′
m′,k|ξL|ψ′

m,k⟩ = λL cos(ωt+ φt) e−i(ω/s)[ν(m)−ν(m′)]t

×
aˆ

0

dxψ∗
m′,k(x) cos 6πx

a ψm,k(x).
(3.11)

Applying the secular approximation, we replace cos(ωt+φt) e−i(ω/s)[ν(m)−ν(m′)]t

with its time-independent contribution 1
2 (eiφtδν′+s,ν +e−iφtδν′−s,ν), where ν′ ≡

ν(m′). Similarly, we have

⟨ψ′
m′,k|ξS|ψ′

m,k⟩ = λS cos(2ωt) e−i(ω/s)[ν(m)−ν(m′)]t

×
aˆ

0

dxψ∗
m′,k(x) cos 12πx

a ψm,k(x),
(3.12)

where we replace cos(2ωt) e−i(ω/s)[ν(m)−ν(m′)]t with 1
2 (δν′+2s,ν + δν′−2s,ν).

Figure 3.2(a) displays schematically the coupling of the eigenenergy bands
of ĥk induced by the perturbations. Each band of ĥk consists of three subbands
because each cell of the spatial potential of ĥk contains three sites, but this is
not detailed in the figure. As a result of the secular approximation, each level
of the νth band is coupled to all the levels of bands ν ± s (via ξL) and ν ± 2s
(via ξS); in our case, s = 2. The driving frequency is chosen as ω = Ωs

with Ω being the energy gap between certain bands µ and µ+ 1. In practice,
however, we fine-tune ωµ to get the optimal quasienergy spectrum. Below,
we will assume the working point of µ = 30, which yields E31 − E30 ≈ 340 for
a = 4. This is consistent with the result calculated for the problem of a particle
in an infinitely deep potential well of width l = a/3: in recoil units, the energy
spectrum is Eν = (νπ/l)2. This also allows one to estimate the frequency:
Ω = Eµ+1 − Eµ = (2µ + 1) π2

l2 . In a small neighbourhood of the µth energy
band, the spectrum is close to being equidistant, therefore, transitions such as
Eµ−1 ↔ Eµ+1 and Eµ+1 ↔ Eµ+3 are almost resonant with the frequency ωµ.

A sketch of the quasienergy spectrum of Q̂k is given in Fig. 3.2(b). The
bands of ĥk become grouped into overlapping pairs, and the resonant bands
are the lowest. This can be seen by employing the above estimates of the energy
spectrum Eν and the resonant frequency Ω. Suppressing the k index, we find
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Figure 3.2: Schematic representation of the perturbation-induced band coupling (dis-
tances between bands not drawn to scale). (a) Eigenenergy bands of the unperturbed
Hamiltonian ĥk in the vicinity of a certain resonant band whose number is µ. Each
horizontal line represents an energy band (which contains three subbands). (b) Diag-
onal elements of the quasienergy operator represented as coupled quasienergy levels.
Only the couplings that have the most effect are shown.

from Eq. (3.10) that

Qµ+β,µ+β = Eµ+β −Ω(µ+ β) = Qµ,µ + (β2 − β) π2

l2 , (3.13)

where integer (band) index β runs from 1−µ to infinity. Assuming the perturb-
ation is small, the above expression yields the Floquet quasienergy spectrum
shown in Fig. 3.2(b). The lowest are the levels β = µ and β = µ + 1, whose
energies should coincide according to Eq. (3.13).

The actual quasienergy spectrum is shown in Fig. 3.3(a) for the case of
simultaneous time-space pumping (φx = φt), with only the resonant bands
displayed. These correspond precisely to the bands µ− 1 through µ+ 2 shown
schematically in Fig. 3.2(b).

Returning to the problem of finding the eigenfunctions of Q̂k, it remains to
numerically diagonalise the obtained matrix for each k to find the coefficients
b

(n)
m,k of the expansion

vn,k(x, t) =
∞∑

m=1
b

(n)
m,kψ

′
m,k(x, t). (3.14)

The described calculations are implemented in the TTSC.jl package [136].
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3.3 Visualisation of time-space pumping using the Wan-
nier functions

The resonant subspace of the entire Hilbert space which we are interested in
consists of 3N × 2s eigenstates. To analyse the pumping dynamics, we con-
struct Wannier functions wℓ(x, t) by diagonalising the periodic position oper-
ator ei 2π

Na x. Diagonalisation yields the coefficients d(ℓ)
n,k of the expansion

wℓ(x, t) =
∑
n,k

d
(ℓ)
n,kun,k(x, t). (3.15)

Diagonalisation has to be performed at a single fixed time moment at which
the modes un,k do not overlap strongly so that the resulting Wannier functions
exhibit the required temporal localisation [49]. In the relevant cases we sum
over all quasimomenta k, while index n runs over a selected range of modes.
This way we obtain 6Ns Wannier functions wℓ(x, t) of the 3N × 2s time-
space crystalline structure which are represented by localised wave packets
propagating with the period 2π/Ω along the resonant orbits in each spatial
site. These Wannier functions are shown at t = 7π/4Ω in Fig. 3.1, where each
spatial site hosts 2s = 4 states.

Figure 3.3(b) displays the functions wℓ at φx = φt = 0 constructed by
mixing the four modes corresponding to the highest band in the spectrum in
Fig. 3.3(a) (highlighted in orange). The resulting functions inherit the spatial
localisation of the Floquet–Bloch modes being mixed and, consequently, are
confined to a single spatial site. A detector placed at one of the turning points
of any spatial site will be registering periodic arrival of a particle, and we
identify this periodicity with a crystalline structure in time. The shaded regions
in Fig. 3.3(b) indicate the parts of the time-space that we associate — by
convention — with the four temporal sites: sites α = 1, 2 (green and red)
belong to the first temporal cell, while α = 3, 4 (beige and blue) belong to
the second. For example, a particle in the state w1 will be passing a detector
placed at x = 0 at time intervals (Ωt mod 2π) ∈ [0, π], meaning that it occupies
the first temporal cell. In the course of the pumping, the states transition
both in the spatial and in the temporal directions. At φx = φt = π/3 [see
Fig. 3.3(c)], the states are localised in a single temporal site while occupying
two neighbouring spatial sites. At the end of the pumping cycle, states w1 and
w4 effectively exchange their initial occupations, as do states w2 and w3. Thus,
having divided the time-space into temporal and spatial cells as shown in the
figure, we find that at the end of a time-space pumping cycle each Wannier
function occupies spatial and temporal cells different from the starting ones.
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(a) (b) (c)

Figure 3.3: Time-space adiabatic pumping in a 2D time-space crystal with s = 2
temporal cells and N = 2 spatial cells that consists of three spatial sites. The values
of parameters are the same as used in producing Fig. 3.1. (a) Quasienergy spectrum
of the quasienergy operator Q̂. (b) The Wannier functions |wℓ(x, t)|2 at φx = φt = 0,
represented by black regions. The shaded areas indicate the extent of the temporal
sites numbered by α: sites α = 1, 2 belong to the first temporal cell, while α = 3, 4
belong to the second. Black vertical lines separate the spatial sites. (c) Same as (b)
at φx = φt = π/3.

3.4 The tight-binding picture

In the basis of the Wannier functions, the quasienergy operator restricted to
the resonant subspace takes the form of the tight-binding model

ĤTB(φx, φt) =
∑
ℓ′,ℓ

Jℓ′ℓ(φx, φt)â†
ℓ′ âℓ, (3.16)

where operator â†
ℓ creates (while âℓ annihilates) a boson on site ℓ. Here, ℓ ∈

[1, 6Ns] enumerates all sites of the 2D time-space lattice, and it is related to
the space-time index pair (j, α) as ℓ = 2s(j − 1) + α, where j ∈ [1, 3N ] and
α ∈ [1, 2s]. The matrix elements Jℓ′ℓ are calculated as

Jℓ′ℓ =
sTˆ

0

dt
sT

⟨wℓ′ |Q̂|wℓ⟩, (3.17)

where T = 2π/ω is the driving period. The Wannier basis is constructed
repeatedly for every phase φx and φt. Each state |wℓ(t)⟩ is confined to a single
spatial site, consequently, only nearest-neighbour spatial couplings are relevant.
Moreover, this coupling is appreciable only at times when a given state |wℓ(t)⟩
is localised near a classical turning point (see the green and yellow states in
Fig. 3.1). At these times, each of these states has only one partner which it
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is coupled to. Therefore, each Wannier state is coupled to only a single state
of those in the neighbouring spatial sites. Provided these partners (see like-
coloured states in Fig. 3.1) are numbered with the same temporal index α, this
index will not change when a state transitions to a neighbouring site (only j

will change). This leads to a separable structure of the resulting time-space
lattice, where ‘diagonal’ transitions — those which require both indices j and
α to change simultaneously — are forbidden. This is an idealised picture, but
one which holds with high accuracy since next-nearest-neighbour couplings are
negligible, as we show below.

Let us elaborate the procedure of switching to the tight-binding description.
We construct the Wannier basis functions by mixing the states corresponding
to all the resonant levels of the Floquet quasienergy spectrum, i.e., all levels
shown in Fig. 3.3(a). In practice, two out of four Wannier functions localised
in a single spatial site come out not well-localised in the temporal dimensions.
To alleviate this issue, we perform an additional unitary transformation of the
two problematic Wannier functions wa and wb:(

w̃a

w̃b

)
= Û(γ, θ, ϕ)

(
wa

wb

)
. (3.18)

Here, Û(γ, θ, ϕ) is a general 2 × 2 unitary matrix

Û(γ, θ, ϕ) = eiγn(θ,ϕ)σ, (3.19)

where γ ∈ [0, 2π], σ is a vector of Pauli matrices, and n is a three-component
unit vector parameterised by an azimuthal angle ϕ ∈ [0, 2π] and a polar angle
θ ∈ [0, π]. We optimise the angles γ, θ, and ϕ to get the least possible overlap
of probability densities of w̃a and w̃b. Specifically,

¨
dx dt

∣∣|w̃3|2 − |w̃2|2
∣∣ → max. (3.20)

In what follows, the Wannier functions being discussed are the ‘optimised’ ones.
In the studied case, we obtain 3N × 2s = 24 Wannier functions, which

we are free to number as we see fit. Figure 3.4 shows, as an example, twelve
Wannier functions localised in the first, second, and sixth spatial sites. As we
can see, each of them is strongly localised in a single spatial and temporal site.
The numbering convention is such that the ℓth Wannier is localised in the jth
spatial and the αth temporal sites, with ℓ = 2s(j−1)+α, where j ∈ [1, 3N ] and
α ∈ [1, 2s]. Note, however, that the temporal sites are assigned differently in
the odd and even spatial sites. For example, a particle is said to occupy the first
temporal site (green areas in Fig. 3.4) of an odd spatial site if it will most likely
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Figure 3.4: 12 (out of 24) Wannier states used as the basis functions in the tight-
binding picture.

be found at the right turning point in the interval (Ωt mod 2π) ∈ [3π/2, 2π],
see w1 in Fig. 3.4. On the other hand, a particle occupying the first temporal
site of an even spatial site will most likely be found found at the left turning
point in the same interval (Ωt mod 2π) ∈ [3π/2, 2π], see w5 in Fig. 3.4. Such
a convention ensures the correct interpretation of the outcome of a pumping
cycle, as demonstrated in Section 3.3. Moreover, it allows one to obtain a tight-
binding Hamiltonian (3.16) that can be decomposed into two independent parts
— the spatial Hamiltonian and the temporal one. The absolute values of the
matrix elements of ĤTB calculated at φx = φt = 0 are presented in Fig. 3.5,
where the diagonal elements have been set to zero for visual clarity. It is
apparent that the resulting matrix allows for the decomposition

ĤTB ≈ Î(x) ⊗ Ĥ(t) + Ĥ(x) ⊗ Î(t) ≡ Ĥ ′
TB, (3.21)

where ⊗ denotes the tensor product, Ĥ(x) and Ĥ(t) are, respectively, the sep-
arated spatial and temporal Hamiltonians, while Î(x) and Î(t) are the identity
operators acting in the spaces of, respectively, operators Ĥ(x) and Ĥ(t). Con-
sequently, the eigenvalue spectrum of Ĥ ′

TB is the Minkowski sum of eigenvalue
spectra of Ĥ(x) and Ĥ(t). We will refer to the eigenvalues of all tight-binding
Hamiltonians as simply ‘energies’. In our case, we take Ĥ(t) to be given by the
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3.9
0.5

Figure 3.5: Absolute values |Jℓ′ℓ| of the matrix elements of ĤTB at φx = φt = 0.
Diagonal elements have been set to zero for visual clarity. Values of J37 and J38 are
explicitly indicated. The structure of the blue blocks is similar to the displayed one
for all values of the phases φx and φt.

top left 4 × 4 block of ĤTB, while Ĥ(x) is given by

Ĥ(x) =



J11 |J15| 0 0 0 |J15|
|J15| J55 |J15| 0 0 0

0 |J15| J99 |J15| 0 0
0 0 |J15| J11 |J15| 0
0 0 0 |J15| J55 |J15|

|J15| 0 0 0 |J15| J99


. (3.22)

For simplicity, we assume that the phases of the the tunnelling strengths have
been eliminated by redefining the global phases of the basis functions. The
crudest part of the separability approximation (3.21) is the dropping of the
off-diagonal elements in the blue blocks (and their conjugate counterparts)
highlighted in Fig. 3.5.

To extract the first Chern numbers ν1 of the bands of Hamiltonians Ĥ(x)

and Ĥ(t), we may calculate the pumping dynamics. To this end, we consider
the periodic coordinate operator, whose elements, in coordinate representa-
tion, are given by Xmm = ei 2π

M m, where m ∈ [0,M − 1] and M is the size of
the Hamiltonian under consideration (M = 6 for Ĥ(x) and M = 4 for Ĥ(t)).
Then, we diagonalise this operator in the subspace of the eigenstates of Ĥ(x)

or Ĥ(t) corresponding to a single band of the energy spectrum. The result-
ing eigenfunctions of X̂ are the Wannier functions, while the phases of the
eigenvalues (scaled by 2π/M) are their well-defined positions (also called the
Wannier centres) [134, 128]. Black points in Fig. 3.6(a) show the dynamics of
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Figure 3.6: Dynamics of the Wannier centres. (a) Spatial pumping dynamics calcu-
lated based on Ĥ(x). Black, red, and blue points represent, respectively, the positions
of the Wannier centres calculated by mixing the eigenstates corresponding to the bot-
tom, middle, and top bands in the spectrum of Ĥ(x) [see Fig. 3.7(a)]. (b) Temporal
pumping dynamics calculated based on Ĥ(t). Black and blue points represent, re-
spectively, the positions of the Wannier centres calculated by mixing the eigenstates
corresponding to the bottom and top bands in the spectrum of Ĥ(t) [see Fig. 3.7(b)].

the Wannier centres obtained by considering the subspace of the lowest energy
band of Ĥ(x). It is apparent that the states are transferred by one cell (three
sites) ‘to the left’ during one pumping cycle. Blue points show an analogous
result for the states of the highest energy band of Ĥ(x), while the red points
indicate a displacement by two cells per cycle in the opposite direction. The
first Chern numbers of the bands are thus −1, +2, and −1 for the bottom,
middle, and the top energy bands of Ĥ(x).

The temporal pumping based on Ĥ(t) is studied in Fig. 3.6(b). The black
points indicate a displacement by a single cell ‘to the right’ per pumping cycle
taking place in the bottom energy band (ν1 = +1), while the blue points show
a displacement by a single cell in the opposite direction for the top energy band
(ν1 = −1).

The spectra of Ĥ(x) and Ĥ(t) are shown in Figs. 3.7(a) and 3.7(b) to-
gether with the first Chern numbers of each band. Considering the spa-
tial part described by Ĥ(x), we treat the phase φx as a fictitious quasimo-
mentum, allowing us to introduce the Berry curvature of the nth band, Ω(n)

kxφx
=

2ℑ⟨∂kxχ
(n)
kx

|∂φxχ
(n)
kx

⟩, and the corresponding first Chern number ν(x)
1 according

to (1.21). In the definition of the Berry curvature, |χ(n)
kx

⟩ is the cell-periodic
part of the Bloch eigenstate eikxjχ

(n)
kx

(j) of Ĥ(x) with χ
(n)
kx

(j + 3) = χ
(n)
kx

(j)
where j labels spatial sites. For brevity, we suppress indication of the para-
metric dependence on φx in Ĥ(x) and its eigenstates. The quasimomentum kx

is treated as a continuous quantity assuming N → ∞. Let us clarify that the
three subbands shown in Fig. 3.7(a) arise because there are three sites per unit
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Figure 3.7: The energy spectra of derived systems. (a) Energy spectrum of the decom-
posed spatial Hamiltonian Ĥ(x). (b) Energy spectrum of the decomposed temporal
Hamiltonian Ĥ(t). (c) Energy spectrum of Ĥ ′

TB, equal to the Minkowski sum of the
spectra in (a) and (b). A cut of the spectrum along the line φx = φt is shown. (d)
Energy spectrum of ĤTB along the line φx = φt. (e) Eigenenergy surfaces of ĤTB. (f)
Energy spectrum of an 8D systems obtained by combining two independent copies of
the 4D systems whose spectra are shown in (e). The grey areas represent the bands,
with individual levels not shown for visual clarity. The red regions indicate the gaps.

cell of the spatial lattice. Each line corresponds to a certain value of quasimo-
mentum kx — each subband is bounded by two lines, one corresponding to
kx = 0 and another to kx = π.

In complete analogy with the spatial part of the problem, we introduce the
time-quasimomentum kt for the Hamiltonian Ĥ(t), so that the eigenstates of
Ĥ(t) are given by eiktατ

(n)
kt

(α) with τ
(n)
kt

(α + 2) = τ
(n)
kt

(α). The first Chern
numbers ν(t)

1 of the two bands in Fig. 3.7(b) are then calculated by integrat-
ing the Berry curvature Ω(n)

ktφt
. The two subbands shown in Fig. 3.7(b) arise

because there are two sites per unit cell of the temporal lattice, and each line
corresponds to a certain value of time-quasimomentum kt.

By interpreting the phases φx and φt appearing in the Berry curvature
as quasimomenta of synthetic dimension, we increase the dimensionality of
the systems. Each of the Hamiltonians Ĥ(x) and Ĥ(t) thus describes a 2D
system, while their combination, Ĥ ′

TB, whose spectrum is shown in Fig. 3.7(c),
describes a 4D system. The lowest and the highest bands are nondegenerate
and are characterised by the second Chern numbers calculated from the Abelian
Berry curvature, as explained in Section 1.4. Formally, we gather the system
parameters into a vector R = (kx, φx, kt, φt) and calculate the curvature as
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Ω(l)
ij (R) = 2ℑ⟨∂iξ

(l)
kx,kt

|∂jξ
(l)
kx,kt

⟩ where ∂i ≡ ∂
∂Ri , i = 1, 2, 3, 4, and |ξ(l)

kx,kt
⟩ is the

cell-periodic part of the lth band eigenstate of Ĥ ′
TB. Due to the factorisation

|ξ(l)
kx,kt

⟩ = |χ(m)
kx

⟩⊗|τ (n)
kt

⟩, the second Chern number can be calculated according
to Eq. (1.38), which in the present notation reads

ν
(x,t)
2 = ν

(x)
1 ν

(t)
1 . (3.23)

The values of ν(x,t)
2 are indicated in Fig. 3.7(c).

Comparing the spectrum of Ĥ ′
TB to the spectrum of the exact tight-binding

Hamiltonian ĤTB, shown in Fig. 3.7(d), we note that they are nearly identical.
Slight discrepancies are to be expected since in order to obtain the separable
Hamiltonian we have neglected some very weak couplings in ĤTB. Nevertheless,
the second Chern numbers of the bands of energy spectra of ĤTB and Ĥ ′

TB are
the same. This is supported by the fact that the energy spectrum of ĤTB can be
obtained by adiabatically deforming the spectrum of Ĥ ′

TB without closing the
gaps in process. Relatedly, we remark that the gap below the highest resonant
energy band of ĤTB remains open for all values of φx and φt, as shown in
Fig. 3.7(e). The same is true for the gap above the lowest band of ĤTB.

3.5 Higher-dimensional extensions

Finally, let us consider an optical lattice of two orthogonal spatial dimensions,
so that the full system Hamiltonian reads

Ĥ4D = Ĥ(x, p̂x, t|φx, φtx
) + Ĥ(y, p̂y, t|φy, φty

). (3.24)

This produces a 4D time-space crystalline structure since the total Wannier
functions now have four independent indices:

Wj,α(x, y, t) = wjx,αx
(x, t)wjy,αy

(y, t), (3.25)

where j = (jx, jy) and α = (αx, αy) [49]. A two-dimensional temporal structure
of 2s× 2s sites now emerges in each two-dimensional spatial cell; motion in the
former is characterised by the temporal quasimomenta ktx and kty . The energy
spectrum of this system may be readily obtained as a Minkowski sum of two
copies of spectra in Fig. 3.7(e). The result is shown in Fig. 3.7(f), where it
is apparent that the highest and the lowest bands are separated from others
by a gap. This holds true not only for the displayed cut of the spectrum at
φx = φy = φtx = φty , but rather for all values of the phases. The ratio of the
bandwidth of the highest band to the gap below it is found to be 5%, while the
ratio of the bandwidth of the lowest band to the gap above it is 2%.
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The system whose spectrum is shown in Fig. 3.7(f) may thus be described
by a lattice Hamiltonian

Ĥ8D = Î ⊗ Ĥ
(x)
TB + Ĥ

(y)
TB ⊗ Î , (3.26)

where Î is an identity matrix of the same size as ĤTB. The system parameters
are the two quasimomenta kx, ky, the spatial phases φx and φy, and the four
respective parameters of the two underlying temporal systems: ktx

, kty
, φtx

,
φty . As in the 4D case, the lowest and the highest energy bands are nonde-
generate, and therefore may be characterised by the fourth Chern number of a
corresponding Abelian gauge field. The theory presented in Section 1.4 can be
readily generalised to 8D. Let us gather all parameters of Ĥ8D in the following
formal vector:

R = (kx, φx, ktx
, φtx

, ky, φy, kty
, φty

). (3.27)

The Abelian Berry curvature is introduced using the eigenstates of a nonde-
generate energy band of Ĥ8D as

Ωij(R) = 2ℑ ⟨∂iζR|∂jζR⟩ , (3.28)

where index i runs from 1 through 8, and |ζR⟩ is the cell-periodic part of an
eigenstate of Ĥ8D of a certain band. Let |kx, φx, ktx

, φtx
⟩ be the cell-periodic

part of the eigenstate of Ĥ(x)
TB of a certain band; then (3.26) implies |ζR⟩ =

|kx, φx, ktx , φtx⟩ ⊗ |ky, φy, kty , φty ⟩.
The fourth Chern number is given by [59]

ν4 = 1
(2π)4

ˆ 1
4!Ω ∧ Ω ∧ Ω ∧ Ω, (3.29)

and due to the separability of the system this expression simplifies to

ν4 = 1
(2π)4

ˆ
Ω12Ω34Ω56Ω78 dR1 ∧ · · · ∧ dR8 = ν

(x,tx)
2 ν

(y,ty)
2 . (3.30)

The values of ν4 are displayed in Fig. 3.7(f). This way we confirm that the
highest and the lowest bands of the 8D system are characterised by nonzero
fourth Chern numbers, implying the topologically nontrivial nature of the sys-
tem. We note that if Ĥ8D is constructed using two copies of the approximate
Hamiltonian Ĥ ′

TB, the higher gap closes, whereas the lower one remains open.
It is apparent in Fig. 3.7(f) that the highest and the lowest bands are wider

than the gaps, implying that the gaps disappear if one more copy of the spec-
trum in Fig. 3.7(e) is added. In that case, one ends up with a single topologically
trivial band, whose Chern number is zero. Nevertheless, a time-space structure
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based on a different spatial system than the one given in (3.1) may exhibit even
wider gaps compared to those in Fig. 3.7(e). This would allow one to realise a
12D time-space structure by combining three copies of ĤTB, each based on a
separate physical dimension (x, y, and z).

3.6 Conclusions

Summarising, we have shown that the time-space crystals may be used as a
platform for studying 8D systems that can be defined in a tight-binding form.
We have devised a concrete, experimentally realisable driven quantum system
with validated parameters that is an example of a topologically nontrivial 8D
system. Remarkably, it is possible to realise systems with nontrivial topological
properties and study the resulting effects in eight dimensions with the help of a
properly driven 2D system and without involving any internal degrees of free-
dom of the particles. High-dimensional spatio-temporal crystalline structures
open up possibilities for building practical devices that would be unthinkable
in three dimensions. The results presented in this work pave the way towards
further research in this direction.
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CHAPTER 4

Extended degenerate perturbation theory
for the Floquet–Hilbert space

The study of time-crystalline structures presented in Chapters 2 and 3 once
again demonstrates the importance of periodically driven systems as a platform
for realising unconventional physical systems. The theoretical analysis of such
systems hinges on the Floquet theory, requiring one to search for the Floquet
states and the quasienergy spectrum. The problems considered in Chapters 2
and 3 concern resonantly driven single-particle systems, which can therefore
be analysed using the secular approximation. However, in interacting many-
body systems the secular approximation becomes less effective due to the large
number of couplings experienced by each state. In this chapter we tackle the
many-body Floquet problem for the case of resonant driving.

To present the problem, let us state the Floquet theorem once again [135,
148, 149]: The Schrödinger equation i∂t|ψ(t)⟩ = Ĥ(t)|ψ(t)⟩ with time-periodic
(and Hermitian) Hamiltonian Ĥ(t + T ) = Ĥ(t) has solutions (Floquet states)
possessing the property |ψα(t+T )⟩ = e−iεαT |ψα(t)⟩, where εα are real numbers
called quasienergies (we set ℏ = 1 in the present chapter). Floquet states can be
written in the form |ψα(t)⟩ = e−iεαt|uα(t)⟩ where |uα(t+T )⟩ = |uα(t)⟩ are time-
periodic state vectors called Floquet modes. The Floquet states (and hence also
the modes) form a complete orthonormal basis at each time moment. Given
an arbitrary initial state |χ(0)⟩, it will evolve in time as |χ(t)⟩ =

∑
α cα|ψα(t)⟩

where cα = ⟨ψα(0)|χ(0)⟩. Notably, the coefficients cα are time-independent —
the temporal evolution of the state is encoded in the Floquet states.

The defining property of the Floquet states means that taken at time t = 0
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they represent the eigenstates of the one-period evolution operator Û(T ):

Û(T )|ψα(0)⟩ = e−iεαT |ψα(0)⟩. (4.1)

The Floquet modes |uα(0)⟩ satisfy an identical equation since they coincide
with the Floquet states at t = 0. Being a unitary operator, Û(T ) can be
expressed as e−iĤeffT with Ĥeff Hermitian, so that

e−iĤeffT |uα(0)⟩ = e−iεαT |uα(0)⟩. (4.2)

This equation can alternatively be written as

Ĥeff |uα(0)⟩ = εα|uα(0)⟩. (4.3)

However, the eigenvalues εα of this effective Hamiltonian Ĥeff are determined
only up to an integer multiple of the driving frequency ω = 2π/T .

To go beyond the single-period evolution, let us express the time-evolution
operator as

Û(t) =
∑

α

|ψα(t)⟩⟨ψα(0)| =
∑

α

|uα(t)⟩⟨uα(0)| e−iεαt. (4.4)

Using the spectral decomposition of the effective Hamiltonian

Ĥeff =
∑

α

εα |uα(0)⟩⟨uα(0)| (4.5)

and introducing the micromotion operator

P̂ (t) =
∑

α

|uα(t)⟩⟨uα(0)| , (4.6)

one finds
Û(t) = P̂ (t)e−iĤefft. (4.7)

Due to the periodicity of the Floquet modes, the micromotion operator reduces
to an identity operator at integer multiples of the driving period, P̂ (nT ) = Î,
so that Û(nT ) = e−iĤeffnT .

For a better understanding of the meaning of Ĥeff and P̂ (t), consider the
Schrödinger equation for a transformed state vector |ϕ(t)⟩ = Ŝ†(t)|ψ(t)⟩ where
Ŝ(t) is a unitary operator. Evolution of such a state vector is governed by
i∂t|ϕ(t)⟩ = Ĥ ′(t)|ϕ(t)⟩ where

Ĥ ′(t) = Ŝ†(t)Ĥ(t)Ŝ(t) − iŜ†(t)∂Ŝ(t)
∂t

. (4.8)
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If one takes Ŝ(t) = P̂ (t), then the transformed Hamiltonian becomes precisely
the effective Hamiltonian (4.5). Formally, this means that we have transitioned
to a frame where the dynamics are governed by a time-independent Hamiltonian
Ĥeff .

Construction of the effective Hamiltonian may be conveniently approached
in the extended Floquet–Hilbert space F , where time-dependent operators be-
come infinite matrices that possess a block-banded structure. To switch to this
space, we start by noting that the Floquet modes obey Q̂|uα(t)⟩ = εα|uα(t)⟩,
where Q̂ = Ĥ − i∂t is the quasienergy operator. The Floquet modes |uα(t)⟩ of
the Hilbert space H can be regarded as the elements of the composite Floquet–
Hilbert space F defined as the tensor product of H and the space of time-
periodic functions T [148–150]. We adopt the notation |uα⟩⟩ for the elements
of F , where the inner product is defined as ⟨⟨uβ |uα⟩⟩ = 1

T

´ T

0 ⟨uβ(t)|uα(t)⟩ dt.
The basis spanning F is given by |αm⟩⟩ ⇔ |α⟩eimωt, where m ∈ Z, while states
|α⟩ form an orthonormal basis in H . The quasienergy operator then assumes
a block-banded form:

⟨⟨α′m′|Q̄|αm⟩⟩ = ⟨α′|Ĥm′−m|α⟩ + δm′mδα′αmω (4.9)

with the blocks containing the Fourier images Ĥm = 1
T

´ T

0 Ĥ(t)eimωtdt. Here-
after we indicate the operators acting in F by overbars. The above equation
can be illustrated by the following matrix:

Q̄ =



. . .
...

...
... . .

.

· · · Ĥ0 − Îω Ĥ−1 Ĥ−2 · · ·
· · · Ĥ1 Ĥ0 Ĥ−1 · · ·
· · · Ĥ2 Ĥ1 Ĥ0 + Îω · · ·

. .
. ...

...
...

. . .


, (4.10)

where Î is the identity operator of H .
Finding a frame where the Hamiltonian is time-independent is equivalent

to block-diagonalising Q̄ since off-diagonal blocks account for the time depend-
ence. According to the preceding discussion, Q̄ can be block-diagonalised using
the micromotion operator P̄ . In practice, diagonalisation is done perturbat-
ively, starting by separating Q̄ into the block-diagonal unperturbed part Q̄(0)

and the perturbation V̄ :

Q̄ = Q̄(0) + λV̄D + λV̄X. (4.11)

The dimensionless parameter λ is introduced to track the order of the expan-
sion. The indices ‘D’ and ‘X’ refer to the block-diagonal and block-off-diagonal
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parts of a given operator, respectively:

⟨⟨α′m′|ŌD|αm⟩⟩ = ⟨⟨α′m′|Ō|αm⟩⟩δm′m,

⟨⟨α′m′|ŌX|αm⟩⟩ = ⟨⟨α′m′|Ō|αm⟩⟩(1 − δm′m).
(4.12)

The perturbative expansion of the transformed quasienergy operator is given
by

P̄ †Q̄P̄ = Q̄(0) + λ(W̄ (1)
D + W̄

(1)
X ) + λ2(W̄ (2)

D + W̄
(2)
X ) + . . . (4.13)

The goal is to find P̄ as a series P̄ = P̄ (0) + λP̄ (1) + λ2P̄ (2) + . . . that sets the
off-diagonal parts W̄ (n)

X to zero, up to a given order.
Let us introduce the operator

Q̄0 ⇔ −i∂t, ⟨⟨α′m′|Q̄0|αm⟩⟩ = δm′mδα′αmω (4.14)

and define an additional operator W̄ (0)
D by writing Q̄(0) = Q̄0 + W̄

(0)
D . Then,

the block-diagonalised operator Q̄(0) +W̄ (1)
D +W̄ (2)

D + . . . will have the structure
δm′m(⟨α′|Ŵ [n]

D |α⟩ + δα′αmω), where

Ŵ
[n]
D ≡ Ŵ

(0)
D + Ŵ

(1)
D + . . .+ Ŵ

(n)
D (4.15)

is the nth order approximation of the effective Hamiltonian (4.5). The eigen-
value spectrum of Q̄ can therefore be expressed as εαm = εα + mω, reflecting
the ‘mod ω’ indeterminancy of the quasienergies mentioned above. It follows
that any interval of quasienergies of width ω carries the same physical informa-
tion, and these intervals are called Floquet zones by analogy with the Brillouin
zones.

The standard approach used for finding Ŵ [n]
D is to construct it as an expan-

sion in powers of 1/ω [151, 149, 152, 153, 28, 154, 150]. Calculation of Ŵ [n]
D

in the high-frequency limit relies on the assumption that the energy spectrum
of the unperturbed Hamiltonian is bounded and that its width is much less
than ω. In that case, the unperturbed quasienergy operator can be split as
Q̄ = Q̄0 + H̄ with Ĥ(t) ⇔ H̄. By assumption, the elements of H̄ are small
compared to ω, therefore, H̄ can be treated perturbatively. The expansion
(4.13) then becomes an expansion in powers of 1/ω. However, if transitions
resonant with ω are possible, then one is required to include the diagonal ele-
ments of H̄ in the unperturbed part of the problem, but this introduces degen-
eracies. Specifically, if the difference Eβ − Eα between two diagonal elements
of Ĥ0 is equal (or is close to) nω, where n is integer, then the degeneracy
⟨⟨β(m + n)|Q̄|β(m + n)⟩⟩ = ⟨⟨αm|Q̄|αm⟩⟩ makes the perturbation theory di-
vergent. In that case, one can apply the conventional degenerate perturbation
theory (DPT), whereby Ŵ [n]

D is constructed by including the couplings between
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the degenerate states exactly and taking into account all remaining couplings
perturbatively [155, 156]. The application of the DPT in the ordinary space
H amounts to constructing and subsequently diagonalising a submatrix ĥeff

(which is called the effective Hamiltonian as well) describing the degenerate
subspace H1 of the Hamiltonian Ĥ = Ĥ0 + V̂ . To second order in the perturb-
ation strength, the elements of ĥeff are given by [109]

⟨α′|ĥeff |α⟩ = ⟨α′|Ĥ|α⟩ +
∑

|β⟩/∈H1

⟨α′|V̂ |β⟩⟨β|V̂ |α⟩
Eα − Eβ

. (4.16)

Here, all states |α⟩ and |α′⟩ of the degenerate subspace H1 are assumed to
correspond to the same unperturbed energy Eα = Eα′ , while the summation is
performed over all states of H excluding the degenerate ones. If the states of
interest are not exactly degenerate (this is known as the quasidegenerate case),
then such an approach is still valid provided the summation is symmetrised as
follows [157]:

⟨α′|ĥeff |α⟩ = ⟨α′|Ĥ|α⟩ + 1
2
∑

|β⟩/∈H1

⟨α′|V̂ |β⟩⟨β|V̂ |α⟩
(

1
Eα − Eβ

+ 1
Eα′ − Eβ

)
.

(4.17)
Properly modified, such an expression can be applied for the matrix Q̄ to
construct Ĥeff . However, the accuracy of such an approach might be insufficient
for systems where the degenerate states are coupled to a large number of states
outside the degenerate subspace.

The aim of this chapter is to extend the degenerate perturbation theory in
the Floquet–Hilbert space to obtain expressions for Ŵ [n]

D that ensure higher
accuracy of the resulting quasienergy spectrum both exactly on resonance and
in its vicinity. This will be achieved by including in the degenerate subspace
not only the degenerate levels of interest but rather all the states of H . The
resulting approach, which we call EDPT, parallels the van Vleck high-frequency
expansion [149] provided the elements of Q̄ are reordered so that each mth di-
agonal block corresponds to the mth Floquet zone. To demonstrate the validity
of the obtained expressions, we apply them to the calculation of quasienergy
spectra of the driven Bose–Hubbard model for a number of parameter sets.
Comparison with numerically exact results shows that EDPT surpasses the
conventional DPT in terms of accuracy while requiring less computational ef-
fort than the exact approach.
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4.1 Degenerate perturbation theories in the extended space

The starting point of the proposed theory is the natural concept of reduced
energies

ε(0)
α = Eα − aω ∈ FZ, a ∈ Z, (4.18)

which are the diagonal elements Eα of Ĥ0 reduced to the chosen Floquet zone
(FZ), whose width necessarily equals ω. Note that Ĥ0 is just the unperturbed
Hamiltonian with, possibly, the secular contribution of the driving included.
This way, an integer a is uniquely assigned to each state |α⟩; generally, multiple
states will share the same value of a. We reserve the symbols a, a′, b, and c to
indicate the ‘reduction numbers’ of states |α⟩, |α′⟩, |β⟩, and |γ⟩, respectively.
Next, we reorder the elements of the quasienergy operator so that its mth
diagonal block contains energies reduced to the mth FZ. The diagonal elements
of the resulting quasienergy operator Q̄′ then read

ε(0)
αm ≡ ⟨⟨αm|Q̄′|αm⟩⟩ = ε(0)

α +mω, (4.19)

while all other elements are expressed as

⟨⟨α′m′|Q̄′|αm⟩⟩ = ⟨α′|Ĥa−a′+m′−m|α⟩ + δm′mδα′αmω. (4.20)

The quasienergy matrix retains its block structure, which can be visualised as
follows:

Q̄′ =



. . .
...

...
... . .

.

· · · D̂ − Îω X̂−1 X̂−2 · · ·
· · · X̂1 D̂ X̂−1 · · ·
· · · X̂2 X̂1 D̂ + Îω · · ·

. .
. ...

...
...

. . .


, (4.21)

where the diagonal blocks are given by

D̂ =

 ε
(0)
α Hαβ

b−a Hαγ
c−a

Hβα
a−b ε

(0)
β Hβγ

c−b

Hγα
a−c Hγβ

b−c ε
(0)
γ

 , (4.22)

while the off-diagonal ones read

X̂m =

 Hαα
m Hαβ

b−a+m Hαγ
c−a+m

Hβα
a−b+m Hββ

m Hβγ
c−b+m

Hγα
a−c+m Hγβ

b−c+m Hγγ
m

 . (4.23)
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Here the matrices D̂ and X̂m are shown for the case of a three-level system
for brevity (so that the basis in the Hilbert space is spanned by |α⟩, |β⟩, and
|γ⟩), and Hα′α

m ≡ ⟨α′|Ĥm|α⟩. The central block D̂ describes the states of
the central (m = 0) FZ and their mutual couplings, which will be accounted
for exactly. The off-diagonal blocks X̂m describe couplings between different
Floquet zones; these couplings will be taken into account perturbatively. The
connection between Q̄ in Eq. (4.10) and Q̄′ in Eq. (4.21) is shown schematically
in Fig. 4.1. To clarify further, we now give an example for a two-level system
in which the diagonal elements of the undriven Hamiltonian are given by E1

and E1 +ω+ δ with |δ| ≪ ω. Part of the infinite matrix Q̄ can be displayed as

Q̄ =

E1 + δ
...

...
...

... . .
.

· · · E1 H12
0 H11

−1 H12
−1 · · ·

· · · H12
0 E1 + ω + δ H12

−1 H22
−1 · · ·

· · · H11
1 H12

1 E1 + ω H12
0 · · ·

· · · H12
1 H22

1 H12
0 E1 + 2ω + δ · · ·

. .
. ...

...
...

... E1 + 2ω

where the lines delimit the blocks. The elements E1 + ω + δ and E1 + ω,
coupled by the elements H12

−1 and H12
1 of the off-diagonal blocks, are almost

degenerate, and so the high-frequency expansion cannot be applied. However,
in this case of a two-level system, one can simply change the definition of the
diagonal blocks so that the result looks as follows:

Q̄′ =

E1 + δ
...

...
...

... . .
.

· · · E1 H12
0 H11

−1 H12
−1 · · ·

· · · H12
0 E1 + ω + δ H12

−1 H22
−1 · · ·

· · · H11
1 H12

1 E1 + ω H12
0 · · ·

· · · H12
1 H22

1 H12
0 E1 + 2ω + δ · · ·

. .
. ...

...
...

... E1 + 2ω

The degeneracies are now contained in the diagonal blocks, and no obstructions
to the application of the usual high-frequency expansion occurs.

In the general case described by Eq. (4.20), different diagonal blocks will
no longer share degenerate elements, with one possible exception in case there
are states with reduced energies near both boundaries of the Floquet zones.
For example, for the FZ choice [− ω

2 ,
ω
2 ), this will be the case if ε(0)

± ≈ ± ω
2 .

The element ε(0)
+ + mω of the mth diagonal block will then coincide with the

element ε(0)
− + (m + 1)ω of the (m + 1)st diagonal block. This issue will be

discussed further in Section 4.1.3. Abstracting from it, we proceed to derive
the expressions for the effective Hamiltonian.
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Figure 4.1: Schematic representation of Q̄ and Q̄′. In the first step, the diagonal
elements of Q̄ are coloured such that those lying in the same Floquet zone share
the same colour. For example, the diagonal elements falling in the range [− ω

2 ,
ω
2 )

are coloured red, those falling in the range [ ω
2 ,

3ω
2 ) are coloured blue, and so on.

Additionally, each off-diagonal element (in both diagonal and off-diagonal blocks) is
coloured in two tones corresponding to the colours of diagonal elements that are being
coupled. In the second step, all elements are permuted so that like-coloured diagonal
elements are gathered in the same blocks (while the permutation of the off-diagonal
elements follows unambiguously).

4.1.1 Extended degenerate perturbation theory

In the first step, we separate Q̄′ as in Eq. (4.11), writing

Q̄′ = Q̄′(0) + λV̄D + λV̄X, (4.24)

where

⟨⟨α′m′|Q̄′(0)|αm⟩⟩ = ε(0)
αmδα′αδm′m,

⟨⟨α′m′|V̄D|αm⟩⟩ = ⟨α′|Ĥa−a′ |α⟩(1 − δα′α)δm′m,

⟨⟨α′m′|V̄X|αm⟩⟩ = ⟨α′|Ĥa−a′+m′−m|α⟩(1 − δm′m).

(4.25)

The zeroth-order term of the effective Hamiltonian is therefore given by

⟨α′|Ŵ (0)
D |α⟩ = ε(0)

α δα′α. (4.26)

In the following step, we write down the expansion P̄ †Q̄′P̄ of Eq. (4.13) by
assuming P̄ = eḠ, where Ḡ is an antihermitian operator that we expand in
series: Ḡ = λḠ(1) + λ2Ḡ(2) + . . . (the zeroth-order term can be set to zero).
Collecting the terms of the first order this yields

−[Ḡ(1), Q̄′(0)] + V̄D + V̄X = W̄
(1)
D + W̄

(1)
X . (4.27)

We require Ḡ(1) be block-off-diagonal, so that [Ḡ(1), Q̄′(0)] is block-off-diagonal
as well. The remaining block-diagonal terms immediately yield the first-order
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term of the effective Hamiltonian according to

⟨⟨α′m|W̄ (1)
D |αm⟩⟩ = ⟨⟨α′m|V̄D|αm⟩⟩, (4.28)

or, in the space H ,

⟨α′|Ŵ (1)
D |α⟩ = ⟨α′|Ĥa−a′ |α⟩(1 − δα′α). (4.29)

The first order of the theory thus corresponds to neglecting all off-diagonal
blocks of Q̄′, so that the effective Hamiltonian is given by D̂ in Eq. (4.21). In
fact, this coincides with the secular approximation used in Chapters 2 and 3.
The level-renumbering functions ν used there [see Eqs. (2.27) and (3.9)] cor-
respond to the reduction numbers of the present formulation, while the basis
functions (2.26) and (3.8) select the appropriate elements of the quasienergy
operator, coinciding with the central block of Q̄′ in the present formulation.

Next, we require W̄ (1)
X = 0, obtaining the equation for the block-off-diagonal

terms: [Ḡ(1), Q̄′(0)] = V̄X. This allows us to find Ḡ(1) and proceed to the
equation for the second-order terms. Continuing in the similar fashion, one
obtains

⟨⟨α′m|W̄ (2)
D |αm⟩⟩ = 1

2
∑

β

∑
n̸=m

⟨⟨α′m|V̄X|βn⟩⟩⟨⟨βn|V̄X|αm⟩⟩

×

(
1

ε
(0)
α′m − ε

(0)
βn

+ 1
ε

(0)
αm − ε

(0)
βn

)
.

(4.30)

One recognises that the resulting expressions are identical to the van Vleck
high-frequency expansion [149], which is expected since Q̄′ possesses exactly
the same structure as in the usual applications of this expansion. The H -
space expressions, however, do different because the matrix elements of V̄X and
the quantities ε(0)

αm have a different meaning in our case. The second-order term
of the effective Hamiltonian results as

⟨α′|Ŵ (2)
D |α⟩ = 1

2
∑

β

∑
n̸=0

⟨α′|Ĥ−(a′−b+n) |β⟩⟨β| Ĥa−b+n|α⟩

×

(
1

ε
(0)
α′ − ε

(0)
β − nω

+ 1
ε

(0)
α − ε

(0)
β − nω

)
.

(4.31)

Expressions for the third-order terms of the effective Hamiltonian are provided
in Appendix 4A.

The formula (4.30) could alternatively be obtained by a direct application
of the conventional DPT as given by Eq. (4.17), provided one assumes that
all of the states |αm⟩⟩ of a given block (m = 0, say) constitute the degenerate
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subspace. The condition n ̸= m in the summation over the intermediate states
|βn⟩⟩ in Eq. (4.30) corresponds precisely to the skipping of states belonging to
the degenerate subspace. We will refer to Eqs. (4.26), (4.29), and (4.31) as
the results of the extended degenerate perturbation theory (EDPT) since the
degenerate subspace is extended to include all levels in a Floquet zone.

4.1.2 Conventional degenerate perturbation theory

For comparison, let us consider the conventional DPT, whereby the degenerate
subspace of F consists only of the states that are exactly (or nearly) degenerate.
We start by dividing H into two subspaces, H0 and H1, so that H1 contains
the states sharing the same value of reduced energy of interest, ε(0)

∗ , while H0

contains the remaining states. That is, for each state |α⟩,

|α⟩ ∈

H1, ε
(0)
α = ε

(0)
∗ ,

H0, ε
(0)
α ̸= ε

(0)
∗ .

(4.32)

Consequently, we partition each diagonal block of Q̄′ into two subblocks — one
containing the states belonging to H0, and one containing the states of H1.
The couplings between these subblocks are then considered to constitute the
off-diagonal blocks of Q̄′, and are therefore treated as a perturbation. This
means that the definition of diagonal and off-diagonal blocks is changed from
the one given in Eq. (4.25) to

⟨⟨α′m′|ŌD|αm⟩⟩ = ⟨⟨α′m|Ō|αm⟩⟩δm′mδA′A,

⟨⟨α′m′|ŌX|αm⟩⟩ = ⟨⟨α′m′|Ō|αm⟩⟩(1 − δm′mδA′A).
(4.33)

Here, |α⟩ ∈ HA and |α′⟩ ∈ HA′ (with A and A′ being either 0 or 1) so that
the Kronecker delta δA′A is unity if both states |α′⟩ and |α⟩ belong to the same
subspace — either degenerate or not — and zero if they belong to different
subspaces. With these definitions, and ⟨⟨α′m′|V̄ |αm⟩⟩ = ⟨α′|V̂a−a′+m′−m|α⟩ as
before, one finds

⟨α′|ŵ(0)
D |α⟩ = ε(0)

α δα′α (4.34)

in the zeroth order,

⟨α′|ŵ(1)
D |α⟩ = δA′A⟨α′|Ĥa−a′ |α⟩(1 − δα′α) (4.35)
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in the first, and

⟨α′|ŵ(2)
D |α⟩ = 1

2δA′A

∑
β

∑
n̸=0 if B=A

⟨α′|Ĥ−(a′−b+n) |β⟩⟨β| Ĥa−b+n|α⟩

×

(
1

ε
(0)
α′ − ε

(0)
β − nω

+ 1
ε

(0)
α − ε

(0)
β − nω

) (4.36)

in the second. In the last expression, B is the number of subspace (0 or 1) which
|β⟩ belongs to, i.e., |β⟩ ∈ HB . In the second sum, the index n runs from −∞ to
∞, skipping the value n = 0 if B = A. The terms of the effective Hamiltonian
constructed using DPT are denoted here by ŵ(n), and they are composed of two
uncoupled blocks. In fact, when using DPT, one is only interested in the block
describing the degenerate subspace, and it can be diagonalised separately from
the other block. Together, Eqs. (4.34)–(4.36) correspond to the DPT formula
(4.17) given for the space H .

Notably, construction of ŵ[2]
D is not equivalent to simply neglecting in Ŵ (2)

D
the couplings between the blocks H0 and H1. Considering two states |α′⟩ and
|α⟩ of the degenerate subspace, one has ⟨α′|ŵ(2)

D |α⟩ ̸= ⟨α′|Ŵ (2)
D |α⟩. This point

will be discussed further in Section 4.2.2.
The above formalism also allows one to construct schemes that are inter-

mediate between DPT and EDPT. Instead of including in H1 only the states
whose reduced energies are equal to the reduced energy of interest ε(0)

∗ , one can
include all states in a certain interval [ε(0)

∗ − ∆ε/2, ε(0)
∗ + ∆ε/2] (with ∆ε < ω).

The size of H1 will then increase, resulting in larger numerical effort required
to calculate the eigenvalues, but these should approximate the exact values
more accurately. The choice ∆ε = ω corresponds to EDPT, whereby all states
are assigned to H1. We will not, however, consider the accuracy of these in-
termediate schemes further in this work, instead focusing on the two limiting
cases, DPT and EDPT.

4.1.3 Convergence condition

It follows that the necessary condition for the convergence of the expansion
(4.13) is

r ≡ |⟨α′|Ĥa−a′−n|α⟩|
|ε(0)

α′ − ε
(0)
α − nω|

≪ 1, (4.37)

which has to be satisfied for all states |α⟩, |α′⟩ and all integers n, except
the resonant cases excluded in the summation in Eq. (4.31) (EDPT case) or
Eq. (4.36) (DPT case). As long as the numerator does not vanish, this condition
might be violated for |ε(0)

α′ − ε
(0)
α | ≈ ω, which is possible if the reduced energies

of the two states |α′⟩ and |α⟩ are on the opposite boundaries of the FZ. A simple
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resolution is to shift the FZ in a such way so that there are no levels near one
or both boundaries. However, if the reduced energies ε(0)

α fill the FZ densely,
then the problem cannot be circumvented. The EDPT will be applicable in
those cases only if the couplings between states on the boundary of the FZ can
be disregarded. On the other hand, in case of DPT this issue does not arise for
the states of the degenerate subspace if one centres the FZ around ε

(0)
∗ . Since

|α⟩ and |α′⟩ enumerate only the states of the degenerate subspace, the absolute
values of denominators in Eq. (4.36) are no smaller than ω/2. However, the
problem appears in the DPT case as well once the third-order term, provided
in Appendix 4A, is included since it contains differences between the reduced
energies of the nondegenerate subspace.

We reiterate that in the limit ω → ∞ (so that all diagonal elements Eα are
in the same FZ) the EDPT essentially coincides with the usual van Vleck high-
frequency expansion. The only difference is that the latter method assumes
that the unperturbed quasienergy operator is simply Q̄0 (4.14), while in the
EDPT case each diagonal block also contains the diagonal elements of Ĥ0. As
the frequency is lowered towards the resonant case, this transfer of diagonal
elements becomes essential, but it causes divergence of the usual expansion.
On the other hand, it may be the case that the couplings between the diagonal
blocks can still be considered small, and perturbative treatment could in prin-
ciple be possible. The reshuffling of elements used in EDPT solves the problem
of degeneracies and allows for subsequent perturbative treatment as long as
the condition (4.37) holds. The EDPT can therefore be also considered as an
extension of the usual van Vleck expansion to lower frequencies.

4.2 Applications

To check the validity of the presented theories, we will compare the quasien-
ergy spectra obtained by diagonalising Ŵ [3]

D and ŵ[3]
D with the numerically exact

ones. The exact spectra were obtained by diagonalising the single-period evol-
ution operator Û(T ) — its eigenvalues are e−iεαT , and the eigenvectors are the
Floquet modes |uα(0)⟩. The operator Û(T ) was constructed using the general
decomposition Û(T ) =

∑
α |α(T )⟩⟨α(0)|, where states |α(0)⟩ form an arbitrary

orthonormal basis in H , and while states |α(T )⟩ were obtained by propagating
the Schrödinger equation for a single period [17]. The theory will be applied
to a driven Bose–Hubbard system, defined in Section 4.2.1.
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4.2.1 Driven Bose–Hubbard model

The driven Bose–Hubbard model is defined by the Hamiltonian [158]

Ĥ ′(t) = −J
∑
⟨ij⟩

â†
i âj + U

2
∑

j

n̂j(n̂j − 1) +
∑

j

n̂jxjF cosωt, (4.38)

where J , U , and F control the strengths of, respectively, the nearest-neighbour
hopping, the on-site interaction, and the external driving (we study monochro-
matic driving of frequency ω). The first sum runs over nearest-neighbour pairs,
while the remaining ones run over all lattice sites. In the last sum, xj is the
x-coordinate of site j, in units of the lattice constant. A gauge transformation
(4.8) with Ŝ(t) = exp

(
−i F

ω sinωt
∑

j xj n̂j

)
shows that the effect of the driving

amounts to a renormalisation of the hopping strength [159, 160]:

Ĥ(t) = −J
∑
⟨ij⟩

ei F
ω (xi−xj) sin ωtâ†

i âj + U

2
∑

j

n̂j(n̂j − 1). (4.39)

The Fourier image of the resulting Hamiltonian is given by

Ĥm = −J
∑
⟨ij⟩

Jm

(
F (xi − xj)

ω

)
â†

i âj , (4.40)

where Jm(x) denotes the Bessel function of the first kind of order m.
We will use the Fock basis |α⟩ to refer to the elements of Ĥ(t), denoting the

diagonal ones by Eα = ⟨α|Ĥ0|α⟩. An example of the distribution of diagonal
elements Eα is displayed in Fig. 4.2(a). The presence of degenerate elements
does not require extra care — these degeneracies will directly translate into
degeneracies in the first-order term (4.29) of the effective Hamiltonian. The
effective Hamiltonian, once obtained perturbatively, will be diagonalised ex-
actly (numerically). On the other hand, the possibility of resonant transitions
requires the application of degenerate perturbation theory in F . Since the
diagonal elements Eα are given by integer multiples of U , resonant transitions
become possible when the condition pU = qω, where {p, q} ∈ Z, is satisfied.
This translates into degeneracies in F , as depicted in Fig. 4.2(b) showing the
diagonal elements ε(0)

αm [see Eq. (4.19)] for 3U = 2ω. In the figure, black hori-
zontal lines delimit the FZ chosen as [− ω

2 ,
ω
2 ), and the values of a are displayed.

The analysis of accuracy of DPT and EDPT will be performed by choosing
the driving strength F and the frequency ω, and calculating the quasienergies
as the parameter U is varied. We will focus our attention on the quasienergy of
the ‘driven Mott-insulator (MI) state’, a name we will use for the Floquet mode
having the largest overlap with MI state (denoted as |MI⟩). For U ≫ J , |MI⟩
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(a) (b)

Figure 4.2: Diagonal elements of Ĥ0 and Q̄′ for a BH system on a 1 × 6 lattice
assuming ω/J = 20, U = 2

3ω. (a) Diagonal elements Eα = ⟨α|Ĥ0|α⟩. Note the
existence of a zero-energy state (E1 = 0), which is the Mott-insulator state (when
U ≫ J). (b) Diagonal elements ε(0)

αm = ⟨⟨αm|Q̄′|αm⟩⟩ in the vicinity of zero. The
values of m are: m = 0 for the levels in the central FZ [− ω

2 ,
ω
2 ), m = −1 for the levels

in the zone below, and m = 1 for the levels in the zone above.

is the ground state of the undriven system, corresponding to E = 0. Therefore,
we centre the FZ around ε

(0)
∗ = 0 by choosing the interval [− ω

2 ,
ω
2 ).

We note that the interesting features of the quasienergy spectra — the
anticrossings indicatory of resonant processes — will appear at certain values
of the ratio U/ω. From the definition (4.18) with Eα = kαU where kα is
integer, it follows that the denominator in Eq. (4.37), ω|(ε(0)

α′ − ε
(0)
α )/ω − n|,

grows linearly in ω for fixed U/ω. Therefore, the accuracy of the perturbation
theory in the vicinity of resonances is expected to increase with increasing ω,
although this reasoning does not take into account the dependence on ω of the
coupling strength [i.e., the numerator in Eq. (4.37)].

Finally, let us clarify that DPT can be applied not only exactly on reson-
ance (when the degenerate energies of interest exactly coincide), but also in its
vicinity. For example, we can calculate the quasienergies for U in the vicinity
of 2

3ω by including in H1 the same states as those constituting H1 when U

exactly equals 2
3ω. Similarly, the same reduction numbers [see Eq. (4.18)] as

those obtained exactly on resonance are used even when U does not exactly
equal 2

3ω.

4.2.2 Study case 1: One-dimensional lattice

We begin the assessment of accuracy of the perturbation theories with the study
of a BH system defined on a periodic 1 × 8 lattice containing 8 bosons; we set
F/ω = 2 and ω/J = 20. The plots in Fig. 4.3(a) display the quasienergies of ten
Floquet modes having the largest overlap with the MI state for U ∈ [0, 1.5ω].
The quasienergies of the driven MI state are highlighted in red. The left plot
displays the exact result, while the right one shows the results obtained using
third-order EDPT. As explained above, the DPT approach is only applicable
in the vicinity of resonances, and cannot be directly used to calculate the
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Figure 4.3: Assessment of accuracy of DPT and EDPT for an eight-particle BH system
on a 1×8 lattice with F/ω = 2, ω/J = 20. (a) Quasienergy spectrum for U ∈ [0, 1.5ω].
Quasienergies of ten Floquet modes having the largest overlap with the MI state are
displayed; quasienergies of the mode with the maximum overlap are highlighted in
red. (b) Diagonal elements of Q̄′ at U = 2

3ω. Black horizontal lines indicate the
boundaries of the FZs. Red and blue arrows with numbers show the largest relative
coupling strengths r (4.37) corresponding to coupling with states outside the central
FZ. For example, for the states |α0⟩⟩ of the central FZ with α ∈ [478, 1205], the
largest relative coupling strength of r = 0.058 is found as a result of the coupling
with one of the states |α1⟩⟩. Green arrows with numbers show the largest coupling
strengths r corresponding to coupling with states inside the central FZ. Only some
of the couplings are indicated. (c) Coupling element c3 ≡ ⟨3|Ŵ (2)

D |MI⟩ calculated at
U = 2

3ω using DPT and EDPT versus F/ω. (d) Quasienergies of the driven MI state
in the vicinity of U = 2

3ω. (e) Quasienergies of the driven MI state in the vicinity of
U = 4

3ω.

quasienergies for such a wide range of U . The most pronounced anticrossing
seen at U ≈ ω corresponds to first-order creation of particle–hole excitations
in the MI state, whereby a particle is annihilated at a certain site and created
at its neighbouring site [155]. At U = ω, transitions between all levels of the
system become resonant, therefore, all diagonal elements of Q̄′ in the given
diagonal block share the same value. Consequently, the actual distribution of
quasienergies is almost entirely captured by the first-order effective Hamiltonian
(4.29). Additionally, DPT becomes equivalent to EDPT since all levels of the
system are included in the degenerate subspace. The second- and third-order
terms of ŴD provide a slight improvement and yield results in agreement with
the exact ones, as shown in Fig. 4.3(a). Notably, the EDPT results remain
sufficiently accurate away from resonances as well. Exactly on the resonance
U = ω, the largest value of the coupling ratio (4.37) is rmax = 0.12, which is
one of the largest values that can be considered to satisfy the condition (4.37).
Therefore, for smaller values of ω (and the same value of F/ω), the EDPT is
not expected to yield reliable results near the resonance U = ω.

To assess the accuracy of the methods on a finer scale, we inspect the
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quasienergy of the driven MI state in the vicinity of U = 2
3ω, as shown in

Fig. 4.3(d). The obtained anticrossing is a result of the second-order process
whereby two particles of an MI state hop to the site of their common neighbour,
producing a triply occupied site and resulting in a state of energy E = 3U . This
process has been analysed in Ref. [155] using the DPT approach. Plugging the
expressions (4.40) into Eq. (4.36) one finds that for the resonance condition
3U = qω, the element c3 ≡ ⟨3|ŵ(2)

D |MI⟩ vanishes for q odd (|3⟩ denotes any one
of the states with a triply occupied site reachable starting from |MI⟩ in two
hops). Meanwhile, for q = 2, the strongest coupling is observed for F/ω ≈ 2.
The quasienergy of the driven MI state is indeed calculated correctly using
DPT, as shown in Fig. 4.3(d). However, as U is tuned away from resonance,
the EDPT yields more accurate results.

As noted in Section 4.1.2, the EDPT and DPT approaches are not equival-
ent, therefore, the value of c3 depends on which method is used to construct
the effective Hamiltonian. These values are compared in Fig. 4.3(c) for U = 2

3ω

and a range of coupling strengths F/ω. The curves are quite different in nature:
for example, at F/ω ≈ 3.4 the DPT curve crosses the zero, while the EDPT
curve approaches a local maximum. Vanishing coupling indicates disappear-
ance of the corresponding anticrossing in the quasienergy spectrum [155], which
is indeed the case for F/ω ≈ 3.4, as confirmed by an exact calculation (not
shown). Thus, even though EDPT yields quasienergies with higher accuracy
than DPT, the matrix elements of ŴD constructed using EDPT do not have
such a straightforward interpretation compared to the case when DPT is used.
Another difference between EDPT and DPT concerns the higher-order terms of
the effective Hamiltonian. In the DPT case, the third-order term ŵ

(3)
D gives an

insignificant correction to the second-order theory at U = 2
3ω. The additional

processes appearing in the third-order are the creation of a state featuring three
doubly occupied sites (the corresponding matrix element is η = 9.2 times smal-
ler than c3) and the process of creating a state with a triply occupied site in
three hops (η = 25). In the EDPT case, on the other hand, inclusion of the
third-order term Ŵ

(3)
D gives a substantial improvement in terms of accuracy.

It is instructive to consider the values of the coupling ratios (4.37) for EDPT.
Exactly on resonance U = 2

3ω, we find rmax = 0.30, which is quite large.
However, this value comes from the coupling of a state corresponding to ε(0)

αm =
− 1

3ω with a state corresponding to ε(0)
α′m′ = − 2

3ω, therefore, this coupling does
not directly influence the driven MI state, whose reduced energy is ε(0)

∗ = 0.
The said coupling is indicated in red in Fig. 4.3(b) depicting the diagonal
elements of Q̄′ at U = 2

3ω. On the other hand, all of the degenerate states
sharing the value ε

(0)
∗ = 0 are coupled weakly to states outside the central

FZ, as indicated by the blue numbers in Fig. 4.3(b) (see figure caption for
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details). This explains the fact that accurate results have been obtained using
EDPT despite the condition (4.37) not being satisfied. We remind that the
couplings between the states in the central FZ [see green arrows with numbers in
Fig. 4.3(b)] are taken into account exactly in the EDPT framework. Meanwhile,
the couplings of degenerate states with the nondegenerate ones are treated
perturbatively in the DPT, which explains why the reported DPT results are
less accurate even exactly on resonance.

Let us also discuss the origin of the discontinuity at U = 5
8ω in the EDPT

results seen in Fig. 4.3(d). For definiteness, consider the group of levels char-
acterised by ε

(0)
α = − 1

3ω and reduction number a = 3, appearing in red in
Fig. 4.3(b), where U = 2

3ω is assumed. These are the levels arising from
the unperturbed states of energy E = 4U . As U decreases, these levels shift
downwards, reaching the lower FZ boundary when U attains the value of 5

8ω.
Decreasing U still further makes this particular group of levels leave the FZ,
and another one (appearing in green in the figure) enters from above. How-
ever, the reduction number for the levels of the latter group is a = 2. Since the
reduction number directly influences the strength of coupling with other levels,
the coupling with the states under consideration changes abruptly as U crosses
the value of 5

8ω. Although processes such as this one reduce the accuracy of
the EDPT, their impact is not that noticeable if the states of actual interest
are not strongly coupled to the states crossing the boundaries of FZ. This is
certainly the case presently: Our main focus is on the driven MI state, which
is not directly coupled to the 4U states. Consequently, the artifactual discon-
tinuity in Fig. 4.3(d) is an order of magnitude narrower than the width of the
anticrossing that is of actual interest.

The last case for this parameter set is studied in Fig. 4.3(e) that displays the
quasienergy of the driven MI state in the vicinity of U = 4

3ω. The anticrossing
is again a manifestation of the second-order process producing a triply occupied
site. Despite the width of the anticrossing making up only ∼ 2% of the width
of the FZ, it can be calculated accurately using perturbation theory. Again,
EDPT is more accurate than DPT, although the former one yields a number
of false anticrossings.
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Figure 4.4: Assessment of accuracy of DPT and EDPT for an eight-particle BH
system on a 2 × 4 lattice with F/ω = 2, ω/J = 20. (a) Quasienergy spectrum for
U ∈ [0, 1.5ω]. Quasienergies of five Floquet modes having the largest overlap with
the MI state are displayed; quasienergies of the mode with the maximum overlap are
highlighted in red. (b) Quasienergies of the driven MI state in the vicinity of U = 1

3ω.
(c) Quasienergies of the driven MI state in the vicinity of U = 2

3ω. (d) Quasienergies
of the driven MI state in the vicinity of U = 4

3ω.

4.2.3 Study case 2: Two-dimensional lattice

We now turn to a BH system described by the same parameter values (F/ω = 2,
ω/J = 20), but this time on a 2×4 lattice periodic in the x-direction (we direct
the x-axis along the longer dimension of the lattice). The quasienergy spectrum
calculated for U ∈ [0, 1.5ω] is shown in Fig. 4.4(a). We notice that the curve
of the driven MI state undergoes many more anticrossings compared to the
above case of a one-dimensional lattice, indicating richer system dynamics.
The EDPT results are less accurate here, featuring erroneous and noticeable
discontinuities. Nevertheless, the quasienergies can be considered calculated
qualitatively correctly in the vicinity of the main anticrossing at U = ω.

According to Eq. (4.39), driving renormalises the hopping strength only for
hopping along the x-axis. As a result, the DPT theory no longer predicts that
c3 vanishes for all F when U = m

3 ω with m odd. Indeed, Fig. 4.4(b) confirms
that numerous anticrossings appear in the vicinity of U = 1

3ω. Their presence
is predicted by both EDPT and DPT, albeit the exact results are matched
only qualitatively. Meanwhile, in the cases U = 2

3ω and U = 4
3ω the EDPT

ensures higher accuracy, providing a considerable improvement over DPT [see
Figs. 4.4(c) and (d)].

Finally, we consider the results obtained for the case of a higher driving
frequency: ω/J = 30. As expected, the accuracy of the perturbation theory
is higher in this case, which is confirmed by the plots in Fig. 4.5. Figure
4.5(a) shows that EDPT yields accurate results on a large scale, capturing all
the essential features of the exact quasienergy spectrum. The close-up views
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Figure 4.5: Same as in Fig. 4.4 for ω/J = 30.

of the spectrum in the vicinity of U = 1
3ω, U = 2

3ω and U = 4
3ω, shown

in Figs. 4.5(b), (c), and (d), respectively, display that EDPT is capable of
providing quantitatively correct results in this regime. The DPT is certainly
applicable as well, although the accuracy is lower.

4.2.4 Computational cost of the methods

Concluding the discussion of accuracy of the considered methods, let us com-
pare the associated computational costs. Calculation of quasienergies using
both DPT and EDPT comes down to a Hermitian matrix diagonalisation. In
the EDPT case, one is required to diagonalise the matrix whose size is given by
the total number of states of the unperturbed systems. In the studied eight-
particle systems, there are N = 6435 such states. In the DPT case, the size is
given by the number of states sharing the same value of reduced energy ε

(0)
∗ .

For example, on a 2×4 lattice and at U = 2
3ω, there are 2017 states sharing the

value of ε(0)
∗ = 0 [cf. Fig. 4.3(b)]. Both methods thus suffer from exponential

growth of the required computation resources, which can only be alleviated by
limiting the number of states taken into consideration.

The numerically exact calculation of the quasienergies via the single-period
evolution operator Û(T ) requires performing a (unitary) N×N matrix diagon-
alisation, similarly to the the EDPT case. However, the construction of Û(T )
additionally requires propagating the Schrödinger equation for one period of
the drive N times (for each basis state as the initial condition). Although the
specific time required to solve the differential equations depends on multiple
factors (such as the solver, required tolerance, and hardware), in our experi-
ence [161] the exact calculation of the quasienergies for a single value of U took
2.5–6 times longer than the EDPT calculation and, importantly, required ∼ 15
times more memory (see Appendix 4B for details).
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4.3 Conclusions

Let us now summarise the results. We have provided an extension of the
conventional degenerate perturbation theory that improves the accuracy of the
calculation of quasienergy spectra of periodically driven systems. Application
of the theory to the driven Bose–Hubbard system has shown that third-order
EDPT yields results matching the exact ones on a quantitative level. While
the exact applicability criterion is difficult to formulate, the simple condition
(4.37) together with the provided example calculations may serve as a basis
for predicting the expected accuracy. Generally, the accuracy is expected to
improve with increasing driving frequency.

Along the way, we have also studied the application of the conventional
DPT. It has an advantage that the matrix elements of the resulting effect-
ive Hamiltonian ŵ

[n]
D admit a straightforward interpretation. Specifically, it

enables one to make qualitative predictions about the possible appearance of
the anticrossings in the quasienergy spectrum, and the matrix elements of ŵ[n]

D
may be used to estimate the relative probabilities of various resonant excita-
tion processes [155, 156, 149]. On the other hand, since ŵ[n]

D consists of two
decoupled blocks (describing the spaces H0 and H1, cf. Section 4.1.2), which
is clearly a bold approximation, it might not capture important properties of
the system, such as the existence of a Floquet dynamical symmetry [162–164].
In this respect, the effective Hamiltonian Ŵ

[n]
D provided by EDPT is expected

to be more useful: existence of an operator Â such that [Ŵ [n]
D , Â] = gÂ with

g a real number would imply the existence of a dynamical symmetry in the
effective system [162, 165], to the nth order of the perturbation theory. This
might help in exploring the platforms for constructing discrete time crystals.

The performed analysis has shown that the accuracy of the quasienergies
obtained using DPT is considerably lower than that of EDPT. Moreover, while
DPT is applicable only in the vicinity of resonances, EDPT remains equally use-
ful if the driving is not resonant. The advantages of EDPT, however, come at
the expense of increased numerical effort since the resulting effective Hamilto-
nian is of the same size as the unperturbed one. For large systems, its diagonal-
isation becomes prohibitively costly, and one might need to reduce the number
of considered states by excluding highly-excited ones, for example. Another
option is to adopt a scheme intermediate between DPT and EDPT so that
only some of the couplings between the states in the FZ are treated exactly,
and others are taken into account perturbatively. The required formalism has
been presently provided.
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4.4 Appendix 4A: Third-order expressions for the effect-
ive Hamiltonian

Here, we provide the third-order expressions for the effective Hamiltonians. In
the DPT framework, one obtains

⟨α′|ŵ(3)
D |α⟩ = 1

2δA′A

∑
β,γ

∑
p̸=0 if C=A

[
δAB

1
εβ − εγ − pω

×

(
⟨α′|Ĥb−a′ |β⟩⟨β|Ĥc−b−p|γ⟩⟨γ|Ĥa−c+p|α⟩

εγ − εα′ + pω

+ ⟨α′|Ĥc−a′−p|γ⟩⟨γ|Ĥb−c+p|β⟩⟨β|Ĥa−b|α⟩
εγ − εα + pω

)
+ δBC⟨α′|Ĥb−a′−p|β⟩⟨β|Ĥc−b|γ⟩⟨γ|Ĥa−c+p|α⟩

×
(

1
(εα′ − εβ − pω)(εα′ − εγ − pω) + 1

(εα − εβ − pω)(εα − εγ − pω)

)]
− 1

12δA′A

∑
βγ

∑
p̸=0 if A=B

∑
q ̸=p if B=C
q ̸=0 if C=A

⟨α′|Ĥb−a′−p|β⟩⟨β|Ĥc−b+p−q|γ⟩⟨γ|Ĥa−c+q|α⟩

×
[

3
εβ − εα + pω

(
1

εα − εγ − qω
+ 1
εβ − εγ + (p− q)ω

)
+ 3
εα′ − εγ − qω

(
1

εβ − εγ + (p− q)ω + 1
εβ − εα′ + pω

)
+ 1
εβ − εγ + (p− q)ω

(
1

εβ − εα′ + pω
+ 1
εα − εγ − qω

)
+ 2

(εα − εγ − qω)(εβ − εα′ + pω)

]
.

(4.41)

Integers A, A′, B, and C indicate which subspaces the states belong to: |α⟩ ∈
HA, |α′⟩ ∈ HA′ , |β⟩ ∈ HB , |γ⟩ ∈ HC . In the EDPT framework, all states
are assigned to the same subspace, therefore, in that case one should put A =
A′ = B = C in the above equation.
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4.5 Appendix 4B: Benchmarks of the methods

In this Appendix we provide benchmarks of the methods and additional tech-
nical details.

The scaling of the computational time and required memory with the sys-
tem size is shown in Fig. 4.6. The performed calculations correspond to those
presented in Fig. 4.3 at a single point of U = 2

3ω, for lattice sizes N = 5 through
10 (with unit filling). The data is depicted on a semi-logarithmic scale, together
with an exponential fit y = 10kN + y0; the coefficients k are provided in the le-
gends. It is apparent that the EDPT provides a noticeable advantage in terms
of calculation times compared to the exact approach and requires more than
an order of magnitude less memory. The memory requirements for DPT are
similar to those of EDPT because we were constructing the effective Hamilto-
nian ŵ

[3]
D for both the degenerate and nondegenerate subspaces, although we

were diagonalising only the block corresponding to the degenerate space.
In practice, one often needs to repeat the calculation of quasienergies for a

range of one or more system parameters, as was done in our analysis. The loop
scanning over the parameters can be easily parallelised on a multicore machine
or a cluster, but the memory requirements might put a limit on the number of
processes that can be run in parallel. For example, the exact calculation shown
in Fig. 4.4(a), where ∼ 300 values of U were scanned, was performed using only
21 of 64 cores of an AMD 2990WX CPU because that already used almost all

Figure 4.6: Scaling of computation time and required memory with the system size.
The code [161] was benchmarked on a Mac mini computer with Apple M2 Pro chip
(8 performance cores variant) and 32 GB RAM. The exact calculations for systems
with N > 8 were not performed as the memory requirements exceeded resources
available on the test machine. The reported memory utilisation was measured as
the total amount of memory allocated during the calculation. This was chosen as
a reproducible criterion that reflects the scaling behaviour. The actual amount of
memory required is highly dependent on the implementation details.
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available RAM space (121 GB out of 128 GB). The execution time was 6 hours.
Meanwhile, EDPT3 allowed us to utilise all 64 cores while requiring 22 GB
RAM in total; the calculation finished in 50 minutes.

The software package FloquetSystems.jl implementing all relevant calcu-
lations is available on GitHub [161]. A number of software packages [137, 138,
166] developed in Julia [143] was used.
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Part II

Topological phenomena in
Bose–Einstein condensates



CHAPTER 5

Light-induced localised vortices
in multicomponent Bose–Einstein condensates

In this chapter, we explore the manifestation of topology in interacting quantum
gases — the Bose–Einstein condensates (BECs). A BEC forms when a dilute
gas of bosonic atoms is cooled below a critical temperature, leading to a mac-
roscopic occupation of the ground state. On the mean-field level of treatment,
the system can be described by a macroscopic wave function Ψ(r, t) whose
evolution is governed by a time-dependent Gross–Pitaevskii equation (GPE)

iℏ ∂
∂t

Ψ =
(

− ℏ2

2m∆ + V + g|Ψ|2
)

Ψ, (5.1)

where V (r) is a trapping potential, while g characterises the particle interaction
strength and is related to the s-wave scattering length as as g = 4πℏ2as/m

[167, 168]. The wave function Ψ (normalised to the total number of atoms in
the condensate,

´
|Ψ|2 d3r = N) describes the collective order in the atomic

system and thus plays the role of an order parameter. Writing it in terms of
the modulus and phase as

Ψ(r, t) =
√
n(r, t)eiϕ(r,t), (5.2)

one can define the velocity field of the condensate as

v(r, t) = ℏ
m

∇ϕ(r, t). (5.3)

With this definition, the condensate wave function satisfies the continuity equa-
tion ∂n

∂t + ∇(nv) = 0, which follows from Eq. (5.1), and thus reflects the actual
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movement of atoms.
In the following discussion, we will concentrate on the stationary configur-

ations of the condensates. The GPE (5.1) possesses stationary solutions of the
form

Ψ(r, t) = e−iµt/ℏψ(r) = e−iµt/ℏ
√
n(r)eiϕ(r), (5.4)

where µ is the chemical potential. Notably, the velocity field may be nonzero
in the stationary state, provided there is a nonvanishing gradient of the phase,
as follows from Eq. (5.3).

Since the phase is defined up to an integer multiple of 2π, it follows that the
integral of the velocity field around an arbitrary closed contour is quantised:

˛
v dτ = ℏ

m

˛
dϕ = 2πℓ ℏ

m
, ℓ ∈ Z, (5.5)

thereby restricting the allowed motion of atoms. Application of the Stokes
theorem seems to imply than only the value ℓ = 0 is allowed since ∇ × ∇ϕ = 0.
However, nonzero values of ℓ can in fact be realised if ϕ contains a singularity.
A prime example is given by the vortex configuration, described in cylindrical
coordinates r = (ρ, φ, z) by the phase profile ϕ(r) = ℓφ, φ ∈ [0, 2π). In this
case, the phase of the wave function is undefined on the line ρ = 0; while we
can assign an arbitrary fixed value for ϕ on this line, such an assignment would
render ϕ discontinuous. Meanwhile, the velocity field reads

v(r) = ℏ
m

ℓ

ρ
eφ, (5.6)

where eφ is the unit vector in the azimuthal direction. It follows that v grows
without bound as ρ → 0, and its curl may be expressed as

∇ × v = 2πℓ ℏ
m
δ(2)(r)ez, (5.7)

where δ(2)(r) is the 2D delta-function and ez is a unit vector in the z-direction.
Clearly, for ψ to be well-defined and for the kinetic energy of the condensate
to remain bounded, one must have ψ = 0 on the singular vortex line.

A vortex line is an example of a topological defect — a singularity of the
order parameter that cannot be eliminated without introducing singularities
at arbitrarily large distances from the original defect [50]. For example, let
us consider a vortex configuration with ℓ = 1 and contemplate deforming the
function ϕ(r) so as to achieve ϕ(r) = const, which is equivalent to a vortex-free
configuration with ℓ = 0. We can try achieving this by reducing the value of ϕ
towards zero everywhere. Formally, we can describe this process by the function
ϕ(r|t) = (1 − t)φ which interpolates between the two cases as the parameter
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Figure 5.1: (a) A contour C = S1 surrounding a point defect in 2D physical space
(x, y), where the order parameter eiϕ(x,y) is defined. The case of ϕ(x, y) = 2φ is
displayed. (b) Mapping of the contour C into a loop f(C) in the order-parameter
space R, which is also topologically S1. The red and blue ‘ends’ of the loop should
be identified.

t changes from 0 to 1. For intermediate values of t, the function ϕ(r|t), and
hence also the order parameter ψ ∼ eiϕ, becomes discontinuous at φ = 0 for
all ρ and z. A BEC could possibly pass through this configuration by having
the order parameter vanish identically at those singular points, as it does on
the vortex line. However, this is associated with additional variation of the
order parameter in space, and hence with additional energy of the state. The
configurations corresponding to different values of ℓ are therefore separated by
an energy barrier.

The above argument can be made more precise using the language of ho-
motopy theory. First, we introduce the notion of surrounding the defect by an
n-sphere such that

n = d− d′ − 1, (5.8)

where d is the dimensionality of the physical space in which the order parameter
is defined, and d′ is the dimensionality of the defect [169, 120]. In the case of
a vortex line (d′ = 1) in a 3D BEC (d = 3), one finds that the defect is
surrounded by a circle S1, and the same is true for a quasi-2D BEC, in which
the vortex line becomes a singular point (d′ = 0). Next, we consider the values
of the phase factor eiϕ to constitute the order-parameter space R and study the
mapping of the values of the order parameter on the surrounding n-sphere into
the space R. For both 3D and 2D BEC, we find that the values of the order
parameter eiℓφ along the surrounding loop S1 are mapped to a loop of winding
number ℓ in the order-parameter space. This is illustrated in Fig. 5.1 for ℓ = 2.
The mappings — or simply the resulting loops in the order-parameter space —
that can be continuously deformed into each other are said to be homotopic,
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and they belong to the same homotopy class. By a proper definition of the
composition law of homotopy classes1), they are made to form a homotopy
group. Presently, we are concerned with the mappings of a loop S1 into R, and
these are described by the first homotopy group π1(R). The latter provides a
characterisation of the defect, reflecting its stability and the ‘composition law
for defects’. Since R in the BEC example is isomorphic to S1, the group of
interest is π1(S1). A detailed calculation [120] shows that π1(S1) ∼= Z, which,
being a nontrivial group, guarantees the stability of vortices. This means that
the loop surrounding a vortex is characterised by an integer — the winding
number ℓ of the corresponding loop in R. Such a loop cannot be continuously
deformed into one with a different value of ℓ, implying that the corresponding
structure surrounded by S1 in the physical space likewise cannot be eliminated
by a continuous change of the order parameter. Remarkably, the winding
number does not depend on the distance from the vortex line at which the
surrounding loop S1 is taken, implying that the presence of the vortex can be
detected in the medium arbitrarily far from its core, and therefore removing
the vortex would require disturbing the medium at arbitrarily remote points.

The group structure of π1(S1) directly reflects the fact that two vortices
characterised by vorticities ℓ1 and ℓ2 can be combined to produce a vortex
of vorticity ℓ = ℓ1 + ℓ2. The circle surrounding such a pair of vortices will
be mapped to a loop of winding number ℓ, implying that at long distances
from the vortices, the order parameter assumes the form that it would have,
had there been a single vortex of vorticity ℓ. A direct manifestation of this
combination law is provided by the experiments demonstrating annihilation
of pairs of vortices of opposite vorticities [85]. Likewise, a vortex having a
winding number ℓ can split into a number of vortices characterised by winding
numbers ℓi provided that ℓ =

∑
i ℓi. In fact, this underlies the dynamical

instability of vortices with higher winding numbers — the energy of a vortex
is proportional to ℓ2, so that splitting is energetically favourable (this holds
true for condensates uniform in the bulk, but the situation is more involved in
trapped rotating BECs [170]).

In the preceding discussion we have assumed that the physical space in
which the order parameter is defined has no boundaries. This is, of course,
not the case in real applications, and the presence of a boundary creates the
possibility of removing the vortex (without introducing singularities) by moving
its core towards the boundary, clearing the order parameter of the singularity.

1) The composition law of homotopy classes is defined as follows [102, 120]. First, we define
the composition f ◦ g of loops f and g as the loop obtained by first traversing f and then g,
starting and ending at a point that the two loops are assumed to have in common. Next, let
[f ] denote the homotopy class to which the loop f belongs. The composition of classes [f ]
and [g] is then defined as [f ] ◦ [g] = [f ◦ g].
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The reverse process is exactly the mechanism of the appearance of vortices in
trapped BECs [171, 172].

The above analysis may be generalised to mixtures of BECs. Current ex-
perimental techniques allow for producing BECs of two atom species, e.g.,
mixing 87Rb with 41K [173] or with 133Cs [174]. Alternatively, a mixture of
atoms in several hyperfine states can be produced — by using optical rather
than magnetic trapping, so that the projection of the spin of the atoms is not
fixed, constituting an additional degree of freedom. Examples include trapping
the states of different F -manifolds, such as the states |F = 1,mF = −1⟩ and
|F = 2,mF = 2⟩ [175], or producing a spinor condensate by trapping the three
states of the F = 1 manifold [176].

The BEC mixtures are described by a multicomponent order parameter
|ψ(r)⟩, leading to the emergence of topological structures not possible in scalar
BECs. One such example is a coreless vortex, which refers to the structure in
which one component is in a vortex state, with its core filled by the atoms of the
second, vortex-free component [177–181]. A coreless vortex may be described
by the order parameter [182, 2, 183]

|ψ(r)⟩ =
√
n(r)

(
cos α(ρ)

2
eisφ sin α(ρ)

2

)
, (5.9)

where s ∈ Z, while α(ρ) is a monotonically increasing function subject to the
boundary conditions

α(0) = 0, α(∞) = π. (5.10)

The second component of |ψ(r)⟩ is in a vortex state, but its core is nonsingular
since the density of the second component vanishes identically at the origin.
The total density n(r), however, need not vanish at ρ = 0. The order parameter
assigns a Bloch vector to every point in space, so that the order-parameter space
is a two-sphere S2. The contour surrounding the line defect in the physical
space is a circle S1 as before. The properties of the defect are captured by
the homotopy group that, however, is a trivial group2): π1(S2) ∼= 0 [50]. This
means that the coreless-vortex configuration can be continuously deformed into
a vortex-free configuration, implying that the vortex can disappear in the course
of the evolution of the condensate. Explicitly, this can be achieved by reducing
the value of α(ρ) to zero at each point in space. The condensate can thus ‘get
rid’ of the vorticity by rotating the spinors (5.9) at each point in space towards

2) Heuristically, this result follows from the fact that any loop on a surface of a sphere can
be continuously deformed to a point, and this is the case even for nonzero winding numbers
s. For example, consider the circle S1 surrounding the vortex at a distance ρ from its core
such that α(ρ) = π/2. This contour gets mapped to a loop encircling the equator of the
Bloch sphere in the order-parameter space s times. It can then be deformed to a point by
sliding the loop to one of the poles.
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the spin-up orientation. Note that in this discussion we allow the function
α(ρ) to change arbitrarily, without requiring the boundary conditions (5.10) to
remain valid.

Despite not being topologically stable, the configuration (5.9) has attracted
much attention due to its relation to the superfluid flow of the A-phase of 3He.
The order parameter of the latter is characterised by an orthonormal triad
(m1(r),m2(r), l(r)) assigned to each point in space. Remarkably, the Bloch-
vector field (or the average spin field) corresponding to the configuration (5.9)
possesses exactly the same Cartesian components as does the l(r) field of 3He
in the so-called Anderson–Toulouse–Chechetkin (ATC) vortex state [184, 2].
Explicitly, we have

l(r) = ⟨ψ(r)|σ̂|ψ(r)⟩
⟨ψ(r)|ψ(r)⟩

= ex sinα(ρ) cos sφ+ ey sinα(ρ) sin sφ+ ez cosα(ρ),
(5.11)

where σ̂ is a vector of Pauli matrices. For s = 1, the above reduces to the
ATC case characterised by l(r) = eρ sinα(ρ) + ez cosα(ρ), and it is shown in
Fig. 5.2. The l-field allows one to calculate the curl of the superfluid velocity
for 3He-A, which is given by the Mermin–Ho relation [2]

∇ × v = ℏ
4mϵijkli(∇lj × ∇lk) = ℏ

2m [l · (∂xl × ∂yl)]ez. (5.12)

In general, and in the case of the ATC vortex in particular, this quantity is
nonzero and nonsingular, contrary to the case of the conventional superfluid
vortex [cf. Eq. (5.7)]. The superfluid velocity itself is given by (for s = 1) [2]

v = ℏ
2mρ [1 − cosα(ρ)]eφ, (5.13)

which approaches zero3) in the limit ρ → 0 rather than diverging as in a
conventional vortex.

Mathematically, the explicit form of the l-field (5.11) represents the compac-
tification of the 2D Euclidean plane (parametrised by ρ and φ) to a two-sphere.
The resulting field describes the topological structure known as a 2D skyrmion,
and it is associated with a topological quantum number (charge) [183, 2]

Q = 1
4π

ˆ
l · (∂xl × ∂yl) dxdy = −s

2 cosα(ρ)
∣∣∣ρ=∞

ρ=0
= s. (5.14)

Here the integration was performed over the whole Euclidean plane R2. The

3) It is assumed that α(ρ) approaches zero in the limit ρ → 0 faster than √
ρ, i.e., α(ρ) ≈ ρb

with b > 1
2 .

91



y x
00

Figure 5.2: Vector field l(r) of the s = 1 skyrmion (5.11) in the xy plane. In an
infinite and continuous picture one would see that each possible orientation of the
vector l appears exactly s times.

value of this integral indicates how many times the vector l wraps around the
Bloch sphere. Comparing with Eq. (5.12), we find that the circulation of v

taken along the contour at infinity is related to the charge of the skyrmion by
˛

v dτ = 4πQ ℏ
2m (5.15)

and is therefore quantised. We note, however, that the circulation depends in a
continuous fashion on the area enclosed by the contour. For this reason vortices
obeying the Mermin–Ho relation (5.12) are called continuous vortices. Another
important type of a continuous vortex, known as the Mermin–Ho vortex or a
meron, can be constructed by changing the boundary condition at infinity to
α(∞) = π/2 [2, 120]. The topological charge of such a vortex is Q = s/2
reflecting the fact that the vector l sweeps over half the Bloch sphere.

In the framework of homotopy theory, the 2D skyrmion is characterised by
the second homotopy group π2(R), describing the mappings of two-spheres (or
compactified 2D planes) into the order-parameter space. The standard result
π2(S2) ∼= Z reflects the fact that these structures can be classified by integer-
valued indices, which are precisely the topological charges (5.14). However, the
compactification that is involved means that the boundary conditions play a
prominent role [185]. Namely, if the boundary conditions (5.10) are held fixed,
the skyrmion structure is topologically stable — it cannot be continuously
deformed into a configuration with a different value of Q.

In the following we will consider the situation whereby the coordinates r on
which the order parameter depends are regarded as adiabatic parameters be-
longing to some manifold M . In the case of the spinor (5.9) we can consider M
to be the Euclidean plane R2. Due to the freedom of choice of the (coordinate-
dependent) phase of |ψ⟩, we are led to a description of the problem in terms
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of a U(1) principal fibre bundle, which was already encountered in the study
of the quantum Hall effect and the problem of the magnetic monopole (see
Chapter 1). Specifically, the states c|ψ(r)⟩ with all possible values of the com-
plex phase factor c make up a fibre at a point r ∈ M . Interestingly, we can make
the bundle topologically nontrivial by identifying all points at infinity, which
is in fact realised by the mapping (5.11): all points ρ → ∞ are mapped to the
south pole of the Bloch sphere. With this identification, M = R2 ∪ {∞} ∼= S2

becomes closed, and the bundle may be characterised by the Chern numbers.
The Berry connection is given by A = −i ⟨ψ|∇ψ⟩ and the Berry curvature is
Ωxy = ∂xAy − ∂yAx. The latter can be expressed in terms of l as follows:
Ωxy = 1

2 l · (∂xl × ∂yl). The charge of the skyrmion Q in (5.14) is therefore
precisely the first Chern number of the bundle: Q = 1

2π

´
Ωxydxdy ≡ ν1,

cf. Eq. (1.9). A nonzero value of ν1 indicates non-existence of a well-defined
global gauge for |ψ⟩; this is the case for the spinor exhibited in Eq. (5.9) —
it is singular at ρ = ∞ because φ is undefined there as all points at infin-
ity have been identified. By changing the gauge so that |ψ⟩ → e−isφ|ψ⟩, this
singularity can be transferred to the origin (ρ = 0), but no transformation
can remove it. These ideas have been explored in the context of the so-called
optical flux lattices [186, 187], in which the Bloch vector of a two-component
spinor exhibits skyrmion-like structures in each unit cell of the lattice. The
base manifold M relevant for those two-dimensional problems is the two-torus,
which is closed with no compactification required. Similarly, Q gives the Chern
number (Hall conductivity) for a two-dimensional two-level system described
by the quasimomentum-space Hamiltonian Ĥ(k) = E(k) + l(k)σ̂, with the
integration in Eq. (5.14) then taking place over the two-torus in k-space [188,
189, 27].

Yet another important feature of the mapping (5.11) emerges in the case
when α is an independent variable representing the polar angle of a point in
the 3D physical space, rather than a function of ρ. Then, Eq. (5.11) provides
a mapping of a two-sphere in the physical space (parametrised by φ and α)
to the one in the order-parameter space (parametrised by the direction of l),
with the former ‘covering’ the latter s times. This covering is expressed as
π2(S2) ∼= Z and reflects the stability of such a point defect (surrounded, ac-
cording to Eq. (5.8), by a two-sphere, hence the usage of the second homotopy
group π2) [185]. For s = 1, the vector l points radially in every point in space,
and this configuration is known as a hedgehog or a monopole by analogy with
the magnetic monopole discussed in Section 1.2. Monopoles in antiferromag-
netic BECs have been investigated in Ref. [190] and realised experimentally in
Ref. [191] with the help of a synthetic magnetic field. Furthermore, in Ref. [192]
the realisation of a non-Abelian monopole has been reported — an analogue of
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a magnetic monopole in synthetic 5D space generating a non-Abelian (Yang–
Mills) gauge field and characterised by the second Chern number4).

In the rest of this chapter, we will study the generalisation of the order
parameter (5.9) such that both components will be allowed to have a vortex
factor eiℓiφ. Moreover, the function α(ρ) will be fixed externally, so that the
mechanism of removing the vortex discussed above will not be possible. This
will lead to coreless vortex that is stable, owning to the fact that the popu-
lations of the two components are fixed. In other words, the components are
decoupled, leading to the order-parameter space being given by R = S1 × S1.
The corresponding homotopy group is π1(R) ∼= Z × Z, reflecting the fact that
the state is characterised by two independent integers — the vorticities of each
component. We will also consider the configuration of an ‘inverted’ coreless
vortex, whereby the vortex component is tightly localised in a region surroun-
ded by the non-rotating component. By adjusting the external parameters,
this state can be made to become the ground state of the system, ensuring its
stability.

Rather than postulating the form of the condensate wave function, we will
present an optical setup that generates the desired states. The setup is based
on the so-called Λ-type coupling configuration, which creates an internal dark
state that is immune to decay via spontaneous emission. The properties of
this state can be used to realise atom control at subwavelength resolution [193,
194], create optical lattices featuring barriers of subwavelength width [195, 146,
196], and make narrow structures in the BEC [197]. The Λ-systems have also
been used to create vortices in BEC via time-dependent transfer of population
between the atomic internal states by applying Raman-type schemes [198–201].
Presently, we will make use of the ability to control the system via the coup-
ling laser beams to show that the created localised vortices can be robustly
moved around the trap. As long as the beam movement speed is below the
speed of sound, the vortex follows the beams without notably disturbing the
non-rotating component. To quantify this effect, we will consider moving the
vortex in circular paths, thereby stirring the other component with a localised
impurity. By examining the resulting heating, we will determine the critical
velocity of the superfluid flow below which the vortex moves without dissipa-
tion.

4) The relevant base manifold is four-dimensional.
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5.1 Model

5.1.1 Single-particle Hamiltonian of the system

We consider a general three-level atomic system arranged in a Λ-type config-
uration of the atom–light coupling shown in Fig. 5.3 [9, 10, 202, 203, 193–195,
204]. Two co-propagating light beams provide the position-dependent coup-
lings between the atomic internal states. The beams are characterised by the
Rabi frequencies:

Ω1(r) = Ω0

(ρ
a

)s

e−ρ2/w2
0 eikzz+isφ,

Ω2(r) = Ω0 e−ρ2/w2
0 eikzz,

(5.16)

where w0 is the beam waist (the same for both beams), Ω0 is the amplitude of
the Rabi frequencies, and kz is the wave number for the paraxial propagation
of the light beams in the z direction. The parameter a, having dimension of
length, controls the subwavelength nature of the setup. The beam characterised
by the Rabi frequency Ω1 couples the atomic internal states |1⟩ and |3⟩ and
represents a Laguerre–Gaussian mode LGs

0 with a vorticity (winding number)
s > 0 [205, 206, 198, 200, 207–211]. On the other hand, the atomic states |2⟩
and |3⟩ are coupled by a Gaussian beam characterised by the Rabi frequency
Ω2. Both beams co-propagate along the z-axis [10, 203, 202], oscillating at
frequencies ω1 and ω2, respectively.

On a single-particle level, the dynamics of an atom is governed by the
Hamiltonian

Ĥ(r) = − ℏ2

2m∆ + V (r) + Ĥ0(r). (5.17)

The kinetic energy term and the trapping potential V (r) (assumed to be the
same for the atomic internal states |1⟩, |2⟩ and |3⟩) act as identity operators in
the space of atom’s internal states. Transitions between the latter states are
described by the internal-space Hamiltonian

Ĥ0(r) = ϵ |2⟩⟨2| + (−δ − i Γ
2 ) |3⟩⟨3|

+ ℏ[Ω1(r) |3⟩⟨1| +Ω2(r) |3⟩⟨2| + H.c.].
(5.18)

The temporal dependence of this Hamiltonian has been eliminated by trans-
itioning to the rotating frame and adopting the rotating wave approximation
[212]. Two parameters emerge as a result, including the single-photon detuning
−δ = E3−E1−ℏΩ1 and the two-photon detuning ϵ = E2−E1+ℏΩ2−ℏΩ1; here
Ei denotes the energy of the ith energy level (see Fig. 5.3). Furthermore, we
have introduced the spontaneous decay rate Γ for the excited state |3⟩ repres-
ented through the imaginary part of the excited-state energy. In the following,
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Figure 5.3: Schematic representation of the relevant energy levels of the Λ scheme of
the atom–light coupling.

we consider the two-photon resonance, for which ϵ = 0.
It is instructive to consider the states |χ(r)⟩ representing the eigenstates

of the internal-space Hamiltonian (5.18), such that Ĥ0(r)|χ(r)⟩ = εχ(r)|χ(r)⟩,
with r treated parametrically. Of special interest is the ‘dark’ eigenstate of Ĥ0,
given by

|D(r)⟩ = |1⟩ − ζ(r)|2⟩√
1 + |ζ(r)|2

, (5.19)

where
ζ(r) = Ω1(r)

Ω2(r) =
(ρ
a

)s

eisφ. (5.20)

The dark state is characterised by zero eigenenergy. Having no contribution
from the lossy excited state |3⟩, the dark state has an infinite lifetime as far
as the evolution under Ĥ0 is concerned. For δ = Γ = 0, the remaining two
eigenstates of the internal-space Hamiltonian are given by

|±⟩ = |B⟩ ± |3⟩√
2

, where |B⟩ = ζ∗|1⟩ + |2⟩√
1 + |ζ|2

, (5.21)

with
Ĥ0|±⟩ = ±ℏΩ|±⟩ and Ω =

√
|Ω2

1 | + |Ω2
2 |. (5.22)

In Eq. (5.21), |B⟩ is the so-called bright state, representing a superposition
of atomic states orthogonal to the dark state |D⟩. Later we will consider the
adiabatic motion of atoms in the dark-state manifold, which is relevant if the
total Rabi frequency Ω is much larger than the characteristic kinetic energy of
the atomic centre of mass motion.

To make contact with the above discussion of the order parameter (5.9) for
the coreless vortex, let us rewrite the dark state (5.19) as

|D(r)⟩ = cos α(ρ)
2 |1⟩ − eisφ sin α(ρ)

2 |2⟩. (5.23)
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Here we have defined the angle function α(ρ) such that

cos α(ρ)
2 = 1√

1 +
(

ρ
a

)2s
, sin α(ρ)

2 =
(

ρ
a

)s√
1 +

(
ρ
a

)2s
. (5.24)

It satisfies the boundary conditions α(0) = 0 and α(∞) = π.

5.1.2 Dynamics of the BEC

Now let us consider the equations for an atomic BEC interacting with the laser
fields. We start with the Schrödinger equation for the full state vector |Φ(r)⟩
of a single atom

iℏ ∂
∂t

|Φ(r)⟩ = Ĥ(r)|Φ(r)⟩ (5.25)

and use the expansion

|Φ(r)⟩ =
3∑

i=1
Φi(r)|i⟩. (5.26)

Here |i⟩ are the bare atomic states featured in the definition of Ĥ0 in Eq. (5.18).
To account for the interaction between the atoms, we use the Gross–Pitaevskii
approach for the multicomponent BECs [167]. In practice, this amounts to
supplementing the Schrödinger equations for Φi(r) with the nonlinear terms,
thereby promoting the single-particle wave functions to the wave functions of
the components of the condensate [202]. This way we arrive at

iℏ ∂
∂t

Φ1 =
(

− ℏ2

2m∆ + V + g11|Φ1|2 + g12|Φ2|2
)

Φ1 + ℏΩ∗
1Φ3,

iℏ ∂
∂t

Φ2 =
(

− ℏ2

2m∆ + V + g12|Φ1|2 + g22|Φ2|2
)

Φ2 + ℏΩ∗
2Φ3, (5.27)

iℏ ∂
∂t

Φ3 =
(

− ℏ2

2m∆ + V − δ − iΓ2

)
Φ3 + ℏΩ1Φ1 + ℏΩ2Φ2.

For atoms adiabatically following the dark state, the population of the excited
state |3⟩ described by the wave function Φ3 is small at all times, so atom
collisions are not taken into account in the equation for Φ3. The coefficients gij

describing interaction between the atoms in the corresponding internal states
are related to the s-wave scattering lengths aij as gij = 4πℏ2aij/m. The
multicomponent wave function of the BEC is normalised to the total number
of atoms,

∑3
i=1
´

|Φi|2 d3r = N . We will also use parameters ηi to quantify
the relative population of each component:

ηi = 1
N

ˆ
|Φi|2 d3r. (5.28)
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We remark that the system of equations (5.27) can alternatively be derived
starting from the Heisenberg equations iℏ ∂

∂t Φ̂i(r, t) = [Φ̂i(r, t), Ĥ] for the field
operators Φ̂i(r, t) in the Heisenberg picture (with Ĥ being the second-quantised
Hamiltonian containing the two-body interaction term) and replacing Φ̂i(r, t)
with Φi(r, t) in the final expressions [167].

To obtain an equation for the evolution of atoms adiabatically following the
dark state, we introduce the following superpositions of Φ1 and Φ2 describing
the wave functions for atoms in the dark and bright states introduced in the
previous Section 5.1.1:

ΦD = 1√
1 + |ζ|2

(Φ1 − ζ∗Φ2),

ΦB = 1√
1 + |ζ|2

(ζΦ1 + Φ2).
(5.29)

Inserting these definitions into Eq. (5.27), we obtain a set of equations for ΦD,
ΦB and Φ3, in which the dark-state and bright-state wave functions ΦD and
ΦB are coupled via non-adiabatic terms. Under the adiabatic assumption of
slow centre-of-mass motion for atoms in the dark internal states, justified for
the systems to be considered, and the assumption of equal nonlinear couplings
(g11 = g12 = g22 = g), we reach the dark-state GPE [202]

iℏ ∂
∂t

ΦD = 1
2m (−iℏ∇ − A)2ΦD + (U + V )ΦD + g|ΦD|2ΦD. (5.30)

It is worth noting that, although ΦD is the solution to a nonlinear mean-field
equation for a BEC, the term ‘dark-state wave function’ remains appropriate.
This state contains no atoms in the internal state |3⟩, and, provided the adia-
batic approximation holds, this remains true at all times, since the equation for
ΦD is fully decoupled from those for ΦB and Φ3. In contrast, the equation for
the ‘bright-state BEC’ ΦB is coupled to Φ3, allowing atoms in ΦB to transition
into |3⟩ and decay.

Reduction to the dark-state manifold results in the appearance of geometric
vector and scalar potentials A(r) and U(r) in the dynamical equation (5.30),
emerging due to the position-dependence of the atom–light coupling. They are
given by [203, 202, 120]

A(r) = iℏ ⟨D(r)|∇D(r)⟩ ,

U(r) = ℏ2

2m

(
⟨∇D(r)|∇D(r)⟩ + ⟨D(r)|∇D(r)⟩2

)
.

(5.31)

For the beams given by Eq. (5.16) the geometric gauge potentials do not depend
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on z and read

A = −ℏs
a

(
ρ
a

)2s−1

1 +
(

ρ
a

)2s eφ,

U = 1
m

(
ℏs
a

)2 (
ρ
a

)2s−2[
1 +

(
ρ
a

)2s
]2 .

(5.32)

The artificial magnetic field resulting from the geometric potential A is

B = ∇ × A = −2m
ℏ
Uez. (5.33)

In the present configuration, the effective magnetic field is thus proportional
to the scalar potential.

As already noted, the dark state |D(r)⟩ depends on the coordinate as a
parameter, and the base manifold M ∋ r of the relevant U(1) fibre bundle
is the 3D Euclidean space. However, we will be considering systems of finite
spatial extent, namely, those confined in a cylinder. Therefore, M is a solid
cylinder, which is contractible, and hence the fibre bundle in question is trivial
[120]. This ensures that there exists a single globally well-defined state |D(r)⟩
(representing a section of the bundle) and globally well-defined connection A,
as explicitly exhibited in Eqs. (5.23) and (5.32), respectively.

Once a solution of Eq. (5.30) is found, one can return to the wave functions
Φ1 and Φ2 of the internal-state basis according to

Φ1 = 1√
1 + |ζ|2

ΦD,

Φ2 = − ζ√
1 + |ζ|2

ΦD.

(5.34)

This follows from Eq. (5.29) with ΦB = 0, since for adiabatic atomic motion in
the dark state, described by Eq. (5.30), the system is almost completely in the
dark state with a negligible population of the bright and excited states.

In this way, when the atoms forming the BEC are in the dark state, the
components Φ1 and Φ2 are related to each other via Eq. (5.34), in which the
component Φ2 has an extra factor ζ = Ω1/Ω2. This factor is proportional to
eisφ, as the Rabi frequency Ω1 has a vortex with a winding number s. As a
result, at least one of the components Φ1 or Φ2 should have a vortex when
the BEC atoms are in the dark state. Explicitly, inserting the wave functions
(5.34) into the state vector (5.26), taking Φ3 = 0, and using the notation of
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Eq. (5.23) we find the expression for the full system state vector

|Φ(r, t)⟩ = ΦD(r, t)|D(r)⟩. (5.35)

In the following, we will focus on the stationary solutions of the form Φ(r, t) =
f(ρ)eiℓφe−iµt/ℏ, where µ is the chemical potential of the system. Therefore, the
stationary dark state is described by

|Φ(r)⟩ = f(ρ)
(

eiℓ1φ cos α(ρ)
2 |1⟩ − eiℓ2φ sin α(ρ)

2 |2⟩
)
, (5.36)

where we introduced the vorticities of the two components according to ℓ1 = ℓ

and ℓ2 = ℓ+s. The obtained state has precisely the form of the order parameter
(5.9) hosting a coreless vortex, which is now generalised to both components
having vortex factors. However, as already noted, the function α(ρ) is fixed
externally by the choice of the coupling beams, therefore, the populations of
the components cannot change in the course of the evolution (as long as the
system remains in the dark state). This leads to the stability of the vortex
structures to be discussed, which are thus stabilised by the external driving.

5.1.3 Trap geometry and parameter values

As the geometric vector and scalar potentials A and U of Eq. (5.32), cor-
responding to the light beams (5.16), do not depend on z, we can consider
the two-dimensional motion of dark-state atoms in the xy plane for fixed z.
Specifically, for a cylindrically symmetric setup of interest, in the dark-state
GPE (5.30) we can separate the variables as ΦD(ρ, φ, z, t) = Φ(2)

D (ρ, φ, t)Z(z)
and take Z(z) = 1/

√
d, thereby using the Thomas–Fermi approximation for the

atomic motion in the z-direction extended over the distance d. The resulting
equation for Φ(2)

D (ρ, φ, t) has the same form as Eq. (5.30) but the interaction
strength changes as g → g/d. A similar procedure can be performed for the
exact system (5.27), yielding accurate results in the adiabatic regime.

In our numerical simulations we consider a BEC cloud of N = 5×104 atoms
confined in a cylindrical trap [213] of the radius R and the extent d along the
z-axis with R = d = 15.0µm. The states |1⟩ and |2⟩ are taken to be two
hyperfine levels of 87Rb: |1⟩ = |F = 1,mF = −1⟩ and |2⟩ = |F = 2,mF = 1⟩,
while state |3⟩ is the 5 2P 3

2
state, whose decay rate is Γ = 38.1 MHz [214]. The

scattering lengths are [215]: a11 = 100a0, a12 = 98.0a0, a22 = 95.4a0, where
a0 is the Bohr radius. The assumption of equal scattering lengths, used in
deriving the dark-state GPE, is thus justified for this system.

The typical values of the Rabi frequencies used in Λ-scheme experiments
range from ∼ 10 MHz to ∼ 1 GHz. Our calculations show that the dark-state
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GPE yields very accurate results [compared to the solution of the full system
of GPEs (5.27)] already at Ω0 = 1 MHz, meaning that the lowest states of
the dark-state manifold indeed become effectively decoupled from the states of
the |±⟩ manifolds. Generally, the non-adiabatic coupling may be disregarded
provided U/ℏ ≪ Ω(r) for all r [202, 203, 195], where Ω ≡ Ω(r) is the total
Rabi frequency given by Eq. (5.22). For s = 1, the maximum of U is located at
the origin, while Ω attains its minimal value there (we neglect the beam-waist
term e−ρ2/w2

0 in the present reasoning), equal to Ω(r = 0) = Ω0. However,
even for the lowest value of a considered in this work (a = 0.3µm), one finds
U/ℏ = 8 kHz, which is orders of magnitude smaller than the typical value of Ω0.
Furthermore, although generally including the decay rate of |3⟩ improves the
validity of the dark-state description [195, 204, 196], in the regime in question
we obtained equally accurate results even for Γ = 0 — again because Ω0 is very
large compared to U . Finally, we mention the effect of the detuning δ. Non-
zero positive values of δ shift the manifold of the |−⟩ states down in energy,
further reducing the coupling with the states of the |D⟩ manifold. On the other
hand, the states of the |+⟩ manifold are then also shifted to lower energies, and
this enhances the coupling with the |D⟩-manifold states. Thus, the dark-state
GPE is expected to be valid for some intermediate values of δ. For example,
we have found that for Ω0 ∼ 10 MHz, values of δ from 0 to up to ∼ 10Ω0/a

s

lead to good agreement between the dark-state analysis and the full treatment.
Meanwhile, negative values of δ shift to higher energies the manifold of |−⟩
states. This facilitates coupling between the |−⟩ and |D⟩ states, reducing the
accuracy of the dark-state description.

In all our calculations we used Ω0 = 20.0 MHz and δ = 10Ω0/a
s, where

the parameter a characterises the Rabi frequency of the vortex light beam in
Eq. (5.16). The beam-waist term e−ρ2/w2

0 can be set to unity assuming the
waist is much larger than the radial extent of the cloud. Moreover, the term
e−ρ2/w2

0 plays no role in the adiabatic dynamics of atoms in the dark state, since
it drops out of the relative Rabi frequency ζ given by Eq. (5.20). However, we
did include this term in the exact numerical calculations by setting w0 = 2R
— while the results were the same, this provided a slight speed-up for the
calculations.

Henceforth we adopt the dimensionless units, measuring length in units
of R, energy in units of kinetic energy ER = ℏ2/2mR2 corresponding to the
momentum kR = 1/R, and time in units of ℏ/ER. In these units the radial
coordinate ρ varies from 0 to 1. We refer the reader to Appendix 5A for
additional details on the units and the dimensionless form of the equations
used for numerical calculations.
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5.2 Stationary vortex solutions

5.2.1 Approximate analysis of motion of dark-state atoms

To gain physical insight into the expected structure of the possible stationary
states of the system undergoing the 2D motion, it is instructive to consider the
dark-state GPE (5.30) first. To find stationary solutions, we put ΦD(r, t) =
e−iµtψ(r) and further separate the variables due to the cylindrical symmetry
of the system:

ψ(ρ, φ) = f(ρ)eiℓφ (5.37)

with f(ρ) being real and ℓ being integer. In the specific case of the geometric
potentials given in Eq. (5.32), this leads to the equation of the Bessel type
(with an additional nonlinear term):

ρ2∂2
ρf + ρ∂ρf + [(µ− U − gf2)ρ2 − (ℓ− ρAφ)2]f = 0. (5.38)

Here the external trapping potential term is not written explicitly, but it con-
trols the boundary conditions: f(1) = 0.

To allow for an analytical treatment, in the following Sections 5.2.1.1 and
5.2.1.2 we will neglect the interaction term by setting g = 0. Our numerical
calculations confirm that the conclusions obtained regarding the value of ℓ of
the ground-state wave function remain valid in the presence of interactions. We
will analyse two limiting regimes for the solutions of Eq. (5.38) with g = 0. The
regimes are defined by the distance a describing the extent of the geometric
scalar potential U and the effective magnetic field B given by Eqs. (5.32)–
(5.33).

5.2.1.1 Large a

First, we consider the case when the distance a is large compared to the system
radiusR, so that ρ ≪ a. Then, according to Eq. (5.32), for ℓ ̸= 0 one can neglect
the term ρAφ ≈ − (ρ/a)2s

s in comparison with ℓ in Eq. (5.38), whereas for
ℓ = 0 this term may be disregarded because A2

φ ≪ µ. In a similar way, the
geometric scalar potential U is small in comparison with µ and thus can also be
neglected. In such a situation, the solutions satisfying the boundary condition
are the properly scaled Bessel functions of the first kind Jℓ. From the sequence
of zeros of Jℓ we find that the ground state corresponds to ℓ = 0, and the
degenerate pair of the lowest excited states corresponds to ℓ = ±1. Explicitly,
the chemical potential µ(ℓ) (the eigenenergy) of the ground state is given by
µ(0) = (j0,1)2, where jℓ,n is the nth root of the Bessel function Jℓ(x). The
corresponding wave function ψ(ℓ) is given by ψ(0)(ρ, φ) = f (0)(ρ) = CJ0(ρj0,1),
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Figure 5.4: The potentials U , ρAφ and the solutions of Eq. (5.38). Panels (a1)–(a5)
show, respectively, the curves U , ρAφ, and three solutions of Eq. (5.38) (with g = 0)
for s = 1 and a = 10. In panels (a3)–(a5), curves f̃ (ℓ)(ρ) depict the solution obtained
under an additional assumption U = 0. Panels (b1)–(b5) show the same as panels
(a1)–(a5) for s = 1 and a = 0.01. The depicted wave functions are normalised such
that

´
S

|ψ(ℓ)(ρ, φ)|2dS = 2π
´ 1

0 [f (ℓ)(ρ)]2ρdρ = 1.

with C being a normalisation constant.
These findings are illustrated in Figs. 5.4(a1)–(a5), corresponding to a = 10,

s = 1. Figures 5.4(a1)–(a2) display the curves of U(ρ) and ρAφ(ρ). It is
apparent that the two functions are low in magnitude compared to the chemical
potential and can be disregarded as noted above. Indeed, numerically solving
Eq. (5.38) (with U and ρAφ included) we find that the chemical potential of
the ground state is µ(0) = 5.805, close to the limiting value (j0,1)2 ≈ 5.783.
The solution f (0)(ρ) also matches the limiting solution J0(ρj0,1), as shown in
Fig. 5.4(a3). The blue curve additionally shows the solution f̃ (0)(ρ) obtained
from Eq. (5.38) with U disregarded, confirming that the scalar potential has
almost no impact on the solution. Finally, Figs. 5.4(a4)–(a5) display the excited
states corresponding to ℓ = ±1; the degeneracy is slightly lifted by the ρAφ

term.
To draw conclusions regarding the motion of atoms, we have to return to

the wave functions of the two components given in Eq. (5.34). Substituting the
ground state solution Φ(0)

D = e−iµtψ(0), we find that in the ground state, Φ(0)
1 is

vortex-free and is localised near the origin (with a maximum at ρ = 0), while
Φ(0)

2 describes a vortex having zero density at the origin and rotating around
the first component with vorticity equal to ℓ2 = ℓ+s = +1. It should be noted
that, according to Eq. (5.34), the vorticities of the components always differ by
s units. Therefore, at least one of the two components will necessarily be in a
vortex state as long as the spatial part of ΦD is of the form (5.37). As we have
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just demonstrated, even if ℓ = 0, then Φ1 is vortex-free, while Φ2 has vorticity
equal to s.

5.2.1.2 Small a

Now let us consider the case when the distance a is small compared to the
system radius, a ≪ R. In that case, one has ρ ≫ a for most of the area occupied
by the condensate, except for a small area close to the centre, ρ ⪅ a in which the
geometric scalar and vector potentials are concentrated. For ρ ≫ a, it follows
from Eq. (5.32) that ρAφ(ρ) → −s. The ground-state solution can be found by
choosing ℓ such that ℓ+s = 0; the solution will again be given by J0. Thus, for
ρ ≫ a the ground state wave function is given by ψ(−s)(ρ, φ) = CJ0(ρj0,1)e−isφ.
However, close to the origin, where ρ ⪅ a, the radial part of the solution will
have a different form. Indeed, ℓ is now fixed to −s, and we can neglect the term
ρAφ. The solution in the region ρ ≪ a is then given by Js, attaining a zero
at the origin as a vortex solution should. Meanwhile, the two lowest excited
states will come in a degenerate pair having the radial dependence J1 in the
region ρ ≫ a and corresponding to ℓ + s = ±1. Close to the origin (ρ ≪ a),
they will have the radial dependencies J±1−s. These results are illustrated in
Figs. 5.4(b1)–(b5) for the case where a = 0.01, s = 1. In Fig. 5.4(b1), it is
apparent that the maximum value of U greatly exceeds that of the chemical
potential. However, the presence of the potential does not appreciably influence
the resulting wave functions due to the potential being localised at the origin.
Figure 5.4(b2) displays the curve ρAφ, which has a value close to s = −1 in
most of space occupied by the condensate. In agreement with the preceding
arguments, the state with the lowest chemical potential is obtained for ℓ = −1
[see Fig. 5.4(b3)]. Away from the origin, the wave function tends to J0, while
at the origin it attains a zero. Further reducing a increases the steepness of the
wave function near the origin and enhances the match with J0 (not shown).
The degenerate pair of the lowest excited states is shown in Figs. 5.4(b4)–
(b5). These wave functions mostly follow the shape of J1 except for the small
portion of space near the origin where the condition ρ ≫ a no longer holds.
There, the state with ℓ = +1 − s = 0 has the form of a J0 function, while the
ℓ = −1 − s = −2 state has the shape of J2.

Thus, if parameter a is small enough so that the condition ρ ≫ a holds in
most of space occupied by the condensate, the dark-state solution of the lowest
energy will be the one corresponding to ℓ = −s. In this limit the gradient of the
phase ϕ of wave function equals −eφs/ρ, thereby canceling the contribution of
vector potential A to the velocity field: v ∝ ∇ϕ− A → 0. As a result, Φ1 will
be in a vortex state, while Φ2 will be vortex-free.
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5.2.2 Full treatment

We will now turn to the solutions of the full coupled GPEs (5.27), including the
atom–atom interactions, and study the structure of the lowest-energy states
of the dark-state manifold. To obtain the numerical solutions, we employed
the method of imaginary-time evolution: one makes a change t → −iτ and
propagates the equations in time τ until convergence is reached, starting from
a certain trial wave function. The algorithm will then converge to the lowest-
energy state provided it has nonzero overlap with the trial wave function. To
enable convergence to the states of the dark-state manifold, we used the solution
of Eq. (5.30) as the trial function for solving coupled GPEs (5.27). In turn, the
trial wave functions required to solve Eq. (5.30) were constructed by solving this
equation using the Thomas–Fermi approximation and multiplying the solution
by a phase factor eiℓφ with a chosen value of ℓ. Since states of the form (5.37)
with different ℓ are orthogonal, the trial wave function of this form converges to
a state with the same value of ℓ. This allowed us to obtain stationary solutions
of different vorticities. The ground state can then be found by ordering the
states based on the value of the energy per particle E. The population of
each component was calculated from the obtained solutions rather than being
enforced. Additional numerical details are provided in Appendix 5A.

In a stationary state, the wave functions of the components have the form
Φi(r, t) = e−iµtψi(r). Below, we show the results obtained using full three-level
calculation so as to take into account the different scattering lengths. If they
are taken to be equal, then the results match the dark-state calculations based
on solving Eq. (5.30) or Eq. (5.38) (the resulting total chemical potentials agree
with at least three-digit accuracy).

We start by setting s = 1 and a = 0.5. Such a value of a corresponds to an
intermediate regime whereby the term ρAφ is not small (compared to unity)
and cannot be approximated by −s, as one can see in the bottom panel of
Fig. 5.5(a). Numerical calculations show that ground state is the one corres-
ponding to an ℓ = 0 solution of the dark-state GPE (5.30). As noted above,
this corresponds to Φ1 being vortex-free and Φ2 being in a vortex state. Such
a solution is shown in Fig. 5.5(b). It is apparent that the first component
fills the core of the second component, a situation known to stabilise vortices
with vorticities higher than ℓ = 1 [89, 88]. Notably, which of the components
acquires vorticity is determined by the inequivalent coupling fields Ω1 and Ω2

rather than the intrinsic properties of the two states (the scattering lengths).
The total density of the BEC, shown in grey in Fig. 5.5(b), indicates that the
condensate as a whole does not have a pronounced density dip at the origin,
meaning that the core of the vortex is ‘completely’ filled.

Two lowest excited states are shown in Figs. 5.5(c)–(d). Their energies
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Figure 5.5: The potentials U and ρAφ, as well as the solutions of Eqs. (5.27) for
s = 1 and a = 0.5. (a) Potentials U and ρAφ. (b), (c), and (d) show, respect-
ively, three lowest-energy solutions of Eqs. (5.27); wave function normalisation is∑3

i=1

´
S

|ψi|2 dS = 1. The black lines in the top and bottom panels show, respect-
ively, the radial cuts of the densities |ψ1|2 and |ψ2|2 of the first and the second
component. The grey lines show the total density. The values of the density of the
third component are vanishingly small in all cases (calculation yields values no larger
than 10−7) and are therefore not shown. For the same reason, the relative occupation
of the second component can be taken to be η2 = 1 − η1. The vorticities ℓi of the
two components are displayed together with the insets showing the two-dimensional
phase profiles in the xy-plane. The value of the phase is colour-coded as follows:
dark blue = −π, white = 0, dark red = π.

per particle are 96.7 and 103.4 units, respectively, showing that the term ρAφ

has lifted the degeneracy. Notably, the ‘interaction potentials’ gij |Φk|2 do
not depend on the vorticities of the components and, therefore, do not lift
the degeneracy. In the first excited state, the first component is in a vortex
state, rotating in the direction opposite to the direction of the vector field A,
while the second component is vortex-free. The vortex on the first component
mostly occupies the space at the centre of the second component. Such an
approximate phase separation is in line with the criterion g2

12 > g11g22 [216,
217] that, however, does not take into account the kinetic energy [218], which
is especially important in the present setting. In the second excited state,
vorticities of the two components are given by ℓ1 = 1 and ℓ2 = 2, while the
spatial profiles are almost the same as those of the respective components of
the first excited state. In both cases, the components contribute to a nearly
uniform total density of the cloud in the bulk.

Let us now study the regime where the distance a is much smaller that
the system radius R, namely, a = 0.02. In this case the condition ρ ≫ a

holds in most of the space, and ρAφ tends to −s already in the vicinity of the
origin [see Fig. 5.6(a), bottom panel]. The ground state now corresponds to
the ℓ = −s = −1 solution of the dark-state GPE (5.30). This means that Φ1
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Figure 5.6: Same as Fig. 5.5 for s = 1 and a = 0.02. The total densities are not
explicitly shown since they would appear to largely coincide with |ψ2|2 due to the
highly imbalanced occupation of the two components.

is a vortex state, and it occupies a small region of space near the origin [see
Fig. 5.6(b)]. Specifically, the density of the first component is concentrated
in a region of the order of the healing length ξ2 of the second component.
Assuming all atoms are in the second component, we have (in dimensionless
units) ξ2 =

√
S/g22 = 0.086, where we approximately took S = π for the

occupied area. The localised nature of the vortex results from the 1√
1+|ζ|2

term in the expression for Φ1 (5.34), which effectively cuts the vortex off when
ρ ≫ a. Another consequence is the small resulting population of the first
component, which in the present case is η1 = 0.25%. Thus, decreasing the a
parameter localises the vortex more tightly, but also reduces the population of
the first component. The second component occupies the space surrounding
the first component and has zero vorticity.

The first excited state, on the other hand, has the typical structure whereby
the non-rotating component fills the core of the rotating one [see Fig. 5.6(c)].
The almost-degenerate partner of this state is shown in Fig. 5.6(d). These
two states correspond, respectively, to the ℓ = 0 and ℓ = −2 solutions of the
dark-state GPE (5.30). The degeneracy results from the fact that the kinetic
energy is the same, whether the cloud does not rotate (ℓ = 0) or rotates in the
direction opposite to the A field but with twice the speed (ℓ = −2).

Localised vortices with vorticities higher than one can be analogously cre-
ated by using beams with s > 1. The results for the case s = 2 are presented
in Fig. 5.7. Choosing a = 0.1 already yields the potential ρAφ tending to
−s in most of space [see Fig. 5.7(a)]. This leads to a ground state with the
first component having vorticity ℓ1 = −2 and the second being vortex-free:
ℓ2 = ℓ1 + s = 0. The vortex has a density maximum farther from origin com-
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Figure 5.7: Same as Fig. 5.6 for s = 2 and a = 0.1.

pared to the ℓ1 = −1 vortex in Fig. 5.6(b) due, in part, to the former having
the form of J2 and thus rising less sharply compared to J1. The degree of local-
isation can be increased by reducing a, but the number of atoms in the vortex
component will then decrease. The lowest excited states [see Figs. 5.7(c)–(d)]
also contain localised vortices in the first component.

It is worth noting that the density profiles of both components remain es-
sentially unchanged as g12 is reduced into the miscible regime, g2

12 < g11g22,
provided the coupling constants gij are of similar magnitude. In particular, the
densities shown in Figs. 5.6(b) and 5.7(b) remain virtually unaffected. This in-
variance is expected, as the localised-vortex configuration is sustained by the
external laser beams rather than particle interactions, as demonstrated in Sec-
tion 5.2.1, where interactions are entirely neglected.

5.3 Moving the vortex

To demonstrate the stability of the localised lowest-energy vortex states and
show the high level of available control, we consider changing the position of
the vortex by moving the laser beams. A similar protocol has been considered
in [219], however, that work considered moving a vortex created by a phase-
imprinting technique. Our approach is more robust because the laser beams
create a pinned vortex which cannot break free.

We focus on the regime s = 1, a = 0.02 studied in Fig. 5.6 but this time
consider an off-axis vortex created by centring the laser beams at (x, y) =
(0.5, 0). Once the state is prepared, the transverse profiles of the laser beams
Ω1 and Ω2 start moving counterclockwise on a circular path around the origin
at a constant tangential speed v. Figure 5.8 shows the wave functions obtained
after completing one full circle. In Fig. 5.8(a) corresponding to v1 = 150µm/s
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Figure 5.8: Wave functions of components 1 and 2 after completing one circular sweep
of the laser beams around the origin. The tangential beam movement speed is (a)
v1 = 3vs/8 = 150µm/s, (b) v2 = 3vs/4 = 300µm/s, and (c) v3 = 2vs = 800µm/s.
In all three cases the relative population of the first component is η1 ≈ 0.0025, while
the third component is essentially unpopulated.

(time to complete the circle is t = 0.314 s), it is apparent that the vortex of
the first component has retained its structure, and the density of the second
component has not been strongly distorted. The value of E has increased by
only 3% of the energy (per particle) gap between the ground state and the first
excited one. Here the velocity is chosen to be lower than the speed of sound in
the second component, which equals to vs = ℏ/(mξ2

√
2) = 400µm/s. Moving

the vortex at twice the speed, v2 = 2v1, results in setting the whole of the
second component in circular motion. The distortion of the density is apparent
in Fig. 5.8(b).

Finally, the case of supersonic movement is studied in Fig. 5.8(c) correspond-
ing to the movement speed v3 = 2vs. The density profiles of both components
are strongly distorted and the energy is increased 1.5 times. Nevertheless, the
first component retains its signature phase profile, and no additional vortices
are created in the second component in the process. Let us stress that in all
three cases, the third component remained essentially unpopulated, and the
total norm of the wave functions was conserved on the level of the numerical
accuracy used, meaning that, in practice, no loss of atoms took place.

It is also instructive to use the localised vortex in the first component as
a probe for the critical superfluid velocity vc of the second component. In
this case, the vortex acts as an impurity that can move without resistance
provided its speed remains below vc. According to Landau’s criterion, the
phononic excitation spectrum of the condensate sets the critical velocity equal
to the sound velocity [168]. However, both experimental results [91, 92, 94,
95] and detailed theoretical studies [96–98] indicate that vc is typically lower,
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Figure 5.9: Condensate heating rate as a function of the movement speed of the
beams.

depending on factors such as impurity size [94], the nature of the impurity
potential (attractive or repulsive) [96], and the impurity trajectory (linear or
circular) [96, 98]. To measure vc in our system, we repeat the circular trajectory
simulations, moving the beams for a fixed duration of 0.1 s. We monitor the
total energy per particle, E(t), and fit it with a linear function to obtain the
heating rate κ = dE/dt. Since the first component’s population is much smaller
than that of the second, E(t) primarily reflects the energy of the atoms in the
second component. The results for velocities from 0.1vs to 1.2vs are shown in
Fig. 5.9, revealing a clear threshold behaviour where κ increases rapidly once
the velocity exceeds a certain value.

We quantify this threshold by fitting the data to

κ(v) = κ0 + bmax(v2 − v2
c , 0), (5.39)

where κ0, b, and vc are fit parameters. This form is suitable for 2D systems [93]
and has proven effective in experimental analyses [94, 97]. The least-squares
fit shown in Fig. 5.9 yields vc = 0.8vs, which is lower than the sound velocity,
consistent with the above observations. The precise dissipation mechanisms,
however, warrant further study.
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5.4 Conclusions

In summary, we have studied the interaction of a two-component BEC mixture
with the light fields in a Λ-type configuration and investigated the stationary
states of the dark-state manifold. The angular momentum of sℏ per photon
carried by one of the two fields leads to either one or both components being in
a vortex state, with their vorticities differing by s units. In the regime a ≪ R,
the structure of the stationary states is dictated by the vector potential term. In
this limit, A tends to − s

ρ eφ and its contribution to the velocity field (and hence
to the kinetic energy) can be cancelled if the dark state is described by a wave
function f(ρ)e−isφ. We have demonstrated that the lowest-energy state of the
dark-state manifold indeed has this form. In this case, the first component (the
one interacting with the LG beam) contains a vortex of vorticity s, while the
second component is vortex-free. The core of the former vortex coincides with
the centre of the beams, while the density profile of the vortex demonstrates
a strong degree of localisation as the density falls off as [1 + (ρ/a)2]−1/2 away
from the vortex core. Such a vortex can be moved around the trap by moving
the laser beams. Provided the movement speed is less than approximately half
the speed of sound in the second component, the shape of the vortex retains
its structure during the movement, and the density of the second component
does not get distorted. More specifically, moving the vortex at a speed below
the critical value of about 0.8vs causes almost no heating of the condensate,
indicating its superfluid nature.

5.5 Appendix 5A: Dimensionless units and numerical de-
tails

For our numerical calculations we used dimensionless units, measuring length
in units of cylindrical trap radius R, energy in units of ER = ℏ2/2mR2, and
time in units of ℏ/ER. In these units, the system of equations (5.27) becomes

i ∂
∂t

Φ1 =
(
−∆ + V + g11|Φ1|2 + g12|Φ2|2

)
Φ1 +Ω∗

1Φ3,

i ∂
∂t

Φ2 =
(
−∆ + V + g12|Φ1|2 + g22|Φ2|2

)
Φ2 +Ω∗

2Φ3, (5.40)

i ∂
∂t

Φ3 =
(

−∆ + V − δ − iΓ2

)
Φ3 +Ω1Φ1 +Ω2Φ2.

Our calculations were carried out in the dark-state regime, where the amp-
litudes of Φ3 were vanishingly small. Consequently, the non-Hermitian nature
of the dynamics arising from the imaginary decay term Γ was effectively negli-
gible, allowing us to adopt the conventional normalisation used for Hermitian
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systems,
∑3

i=1
´

|Φi|2 d3r = 1 (the sum can equally be taken over Φ1 and Φ2

only). Furthermore, the energies and chemical potentials of the stationary
states had vanishingly small imaginary parts, implying that the wave function
norm remained essentially constant over time. We note that in our numerical
calculations, the wave functions were normalised to unity rather than to the
total particle number.

We take R = 15.0µm and the mass of an 87Rb atom m = 1.443 × 10−25 kg.
The amplitudes of the Rabi frequencies Ω1 and Ω2 are expressed in terms of
Ω0 [see Eq. (5.16)] whose value is Ω0 = 20.0 MHz

ER/ℏ = 1.23 × 107; the decay
rate is Γ = 38.1 MHz

ER/ℏ = 2.35 × 107, and the detuning is δ = 10Ω0/a
s. The

interaction strengths are characterised by gij = 8πaijN/d, where division by
the cylindrical trap height d appears as a result of reduction to the 2D equations
(see Section 5.1.3). We take d = R, N = 5 × 104, a11 = 100a0, a12 = 98.0a0,
and a22 = 95.4a0, where a0 is the Bohr radius. This results in g11 = 443,
g12 = 434, g22 = 423.

The radial profile of the cylindrical trap was modelled by a logistic function

V (ρ) = V0

1 + V0e−b(ρ−ρ0) (5.41)

with V0 = 1000, b = 17, ρ0 = 0.7, ensuring a steep rise at ρ ≈ 1 [89]. The com-
putational grid contained 129 points in each dimension, spanning the interval
ρ ∈ [−1.2, 1.2].

The dark-state GPE in dimensionless units becomes

i ∂
∂t

ΦD = (−i∇ − A)2ΦD + (U + V )ΦD + g|ΦD|2ΦD, (5.42)

while the components of the artificial gauge field are given by

A = − s

a

(
ρ
a

)2s−1

1 +
(

ρ
a

)2s eφ,

U = 2
( s
a

)2
(

ρ
a

)2s−2

[1 +
(

ρ
a

)2s]2
.

(5.43)

We remind that the dark-state GPE is obtained under the assumption of equal
inter- and intracomponent scattering lengths; in our calculations we used g =
g11 = 443.

The solutions ΦD of the dark-state GPE (5.42) were obtained using the
imaginary-time evolution algorithm. The trial wave functions were constructed
by solving the equation using the Thomas–Fermi approximation and multiply-
ing the solution by a phase factor eiℓφ with a chosen value of ℓ. Since states
(5.37) with different ℓ’s are orthogonal, the trial wave function of this form con-
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verges to a state with the same value of ℓ. To solve the GPE system (5.40), we
used the following trial functions: Φ3 was simply set to zero, while Φ1 and Φ2

were obtained from the corresponding dark-state solution ΦD using Eq. (5.34).
The chemical potential was calculated from the stationary solution of the

system (5.40) using

µ =
∑
i,j

ˆ
Φ∗

i (Dij + Fij)Φj d2r (5.44)

where

D̂ =

−∆ + V 0 Ω∗
1

0 −∆ + V Ω∗
2

Ω1 Ω2 −∆ + V − δ − i Γ
2

 (5.45)

and

F̂ =

g11|Φ1|2 + g12|Φ2|2 0 0
0 g12|Φ1|2 + g22|Φ2|2 0
0 0 0

 . (5.46)

Meanwhile, the energy per particle E is given by Eq. (5.44) with Fij → 1
2Fij .

Calculations have been performed using the GPELab software package [220,
221].
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Santrauka (Summary in Lithuanian)

Įvadas

Universalių fizikos principų paieškos jau seniai remiasi simetrija ir tvermės dės-
niais, siekiant klasifikuoti ir suprasti skirtingas medžiagos būsenas. Tačiau
pastaraisiais dešimtmečiais tapo aišku, kad kitas organizavimo principas – to-
pologija – vaidina pagrindinį vaidmenį formuojant kvantinius reiškinius [1, 2].
Skirtingai nuo geometrinių savybių, kurios gali kisti tolydžiai, topologinės cha-
rakteristikos išlieka nekintančios esant tolydžioms deformacijoms, todėl jos yra
patikimi fizinių sistemų klasifikatoriai. Tai turi didelę reikšmę kvantinei teo-
rijai, kur topologiniai invariantai lemia kvantinių būsenų ir medžiagos fazių
stabilumą.

Ryškus pavyzdys yra kvantinis Holo efektas [3], kuriame Holo laidumas yra
kvantuojamas sveikaisiais e2/h (elementarusis krūvis kvadratu, dalintas iš Plan-
ko konstantos) kartotiniais, kur kiekvienas sveikasis skaičius atitinka sveikąjį
skaičių topologinių invariantų, vadinamų Černo skaičiais [4, 5], sumą. Įdomu
tai, kad šiuo atveju topologija užtikrina makroskopinio, o ne mikroskopinio
dydžio (pvz., vieno atomo energijos) kvantavimą. Išreikšdama globalias ban-
ginių funkcijų ir hamiltoniano savybes, topologija suteikia galingą būdą, kaip
klasifikuoti ir prognozuoti egzotines medžiagos fazes, kurios dažnai negali būti
numatytos įprastiniais metodais.

Ypač universalią platformą topologiniams efektams tirti siūlo labai šaltos
atominės dujos optinėse gardelėse [6], kur sistemos savybes galima modifikuoti
ir tirti itin tiksliai valdant parametrus [7, 8]. Optinės gardelės ir sintetiniai ka-
libraciniai laukai [9–12] leidžia modeliuoti juostines struktūras su reguliuojama
topologija [13, 14, 16], o pažangios aptikimo technologijos suteikia prieigą prie
kvantinių būsenų geometrinių ir topologinių savybių. Paminėtina, kad labai
šaltų atomų eksperimentai nėra ribojami kietojo kūno medžiagoms būdingų
priemaišų ar gardelės defektų, todėl jie tinka topologiniams reiškiniams tirti
švariomis ir reguliuojamomis sąlygomis.

Be statinių sistemų, išorinio žadinimo vaidmuo atvėrė naujas galimybes to-
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pologinių fazių kūrimui. Periodinis žadinimas, formalizuotas Flokė teorija, su-
teikia galimybę dinamiškai modifikuoti juostines struktūras [17] ir kurti efek-
tyvinius hamiltonianus, turinčius netrivialias topologines savybes [18–24]. Šis
metodas, vadinamas Flokė inžinerija, leido realizuoti tokias fazes kaip Flokė
trupmeniniai Černo izoliatoriai [20, 25, 26], Flokė topologiniai izoliatoriai [27,
28] ir anomalūs Flokė topologiniai izoliatoriai [29–31]; pastarieji neturi statinių
atitikmenų. Be to, periodinio judėjimo ir simetrijos pažeidimo sąveika lėmė
diskrečiųjų laiko kristalų atradimą – tai medžiagos fazė, kurioje savaime pa-
žeidžiama išorinė diskrečioji laiko transliacijos simetrija sukuriant simetriją su
ilgesniu periodu [32, 33]. Naujausi laiko kristalų tyrimai [34–37] apima ir lai-
ko kristalinių struktūrų – uždarų kvantinių sistemų, kurias valdo periodiniai
išoriniai signalai, – tyrimus, siekiant pasinaudoti sukeltu reguliariu periodiniu
pasikartojimu laike. Tokiu būdu laikas įgyja papildomos koordinatės savybes.
Tokiais atvejais laiko periodinė struktūra iš tiesų yra suteikta išoriškai; nereikia
pasikliauti palankiu dalelių sąveikos vaidmeniu jos savaiminiam susidarymui.
Nepaisant to, periodinio reguliarumo pasireiškimas laike yra ne mažiau int-
riguojantis dėl atsiveriančių galimybių imituoti įprastas erdviškai periodines
kietojo kūno sistemas ir kondensuotosios medžiagos fizikos reiškinius. Siste-
mingi tyrimai lėmė vis didėjantį fazių, atkurtų arba apibendrintų laiko srityje,
sąrašą: Andersono lokalizuotos ir daugiadalelinės lokalizuotos būsenos, Moto
izoliatoriaus būsena, taip pat topologines fazės [38–48]. Dar vienas išplėtimas
buvo pasiūlytas naudojant laiko-erdvės kristalines struktūras [49], kurios sujun-
gia periodiškumą laike ir erdvėje. Sintetinių dimensijų įvedimu požiūriu šios
laiko-erdvės gardelės atveria kelią potencialiam dimensijų skaičiaus padvigubi-
nimui.

Kita turtinga topologijos apraiška kvantinėje fizikoje kyla iš topologinių de-
fektų. Jie atsiranda, kai tvarkos parametro, apibūdinančio sistemos būseną, to-
lydumas yra nesuderinamas su būsenos topologinėmis savybėmis. Šių defektų
negalima pašalinti lokaliais trikdžiais, nes jų egzistavimas yra susijęs su globalia
tvarkos parametro erdvės struktūra. Kondensuotųjų medžiagų sistemose topo-
loginiai defektai pasireiškia įvairiomis formomis feromagnetuose, kristaluose ir
supertakiuose skysčiuose [50, 2]. Supertakiuose skysčiuose ir atominių Bozė ir
Einšteino kondensatų kontekste esminiai topologiniai defektai yra sūkuriai, ku-
riems būdinga kvantuota cirkuliacija ir tvarkos parametro fazės singuliarumas
[51]. Sūkurių tyrimas turi plačią reikšmę – nuo kvantinės turbulencijos [52, 53]
iki ryšių su superlaidumu [54] ir neutroninių žvaigždžių struktūra [55–57].

Ši trumpa srities apžvalga išryškina daugybę paradigmų, susijusių su da-
bartiniu skirtingų medžiagos būsenų supratimu. Šio darbo tikslas – pagilinti
šį supratimą, nustatant ryšius tarp jų ir naudojant topologiją kaip vienijantį
principą. Darbe nagrinėsime topologinių reiškinių pasireiškimą Flokė fazėse

134



– laiko-erdvės kristalinėse struktūrose – išaiškindami laiko vaidmenį sintetinių
matmenų sistemose. Taip pat nagrinėsime netipinių, stipriai lokalizuotų sūku-
rių savybes Bozė ir Einšteino kondensatuose, kurie, nors ir nėra topologiškai
stabilūs, bus stabilizuojami išoriniu žadinimu.

Pagrindiniai tikslai

Šiuo darbu siekiama keturių konkrečių tikslų:

1. Realizuoti topologinį transportą laiko-erdvės kristalinėse struktūrose. Tiks-
lui pasiekti buvo įvykdytos šios užduotys:

(a) Suformuluoti vienmačio kristalo modelį, kuris leistų realizuoti erdvi-
nį topologinį transportą ir įskaitytų periodinį žadinimą su adiabatine
faze.

(b) Rasti parametrų režimus, kad tuneliavimas tarp erdvinės ir laikinės
gardelės narvelių būtų pakankamai stiprus dalelių pernašai.

(c) Ištirti transporto dinamiką sekant erdvėje ir laike lokalizuotas Vanjė
funkcijas.

2. Pasiūlyti topologiškai netrivialios aštuonių dimensijų kvantinės sistemos
realizaciją. Tikslui pasiekti buvo įvykdytos šios užduotys:

(a) Suformuluoti dalelės modelį žadinamame vienmačiame kristale, ku-
ris apimtų dvi adiabatines fazes ir turėtų topologiškai netrivialias
kvazienergijos juostas.

(b) Gauti atitinkamą stipraus ryšio hamiltonianą ĤTB ir suskaidyti jį į
dvi dalis, atitinkamai apibūdinančias erdvinę ir laikinę gardelę.

(c) Patikrinti, kad kiekvienas iš gautų hamiltonianų apibūdintų topolo-
giškai netrivialias sistemas, modeliuojant topologinį transportą.

(d) Rasti parametrų režimus, kad sujungus dvi ĤTB kopijas, gautas
(kvazi)energijos spektras turėtų draustinius tarpus.

3. Sukurti perturbacinį kvazienergijos spektrų skaičiavimo metodą rezonan-
sinio žadinimo atveju. Tikslui pasiekti buvo įvykdytos šios užduotys:

(a) Ištirti kvazienergijos operatoriaus struktūrą išplėstinėje Flokė ir Hil-
berto erdvėje ir rasti transformaciją, kuri išskiria rezonansinio žadi-
nimo sukeltus išsigimimus.

(b) Išvesti transformuoto kvazienergijos operatoriaus perturbacinį sklei-
dinį.

(c) Patikrinti teorijos tikslumą pritaikant ją rezonansiniu būdu žadina-
mai daugiadalelinei kvantinei sistemai.
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4. Pasiūlyti metodą, leidžiantį stabilizuoti lokalizuotus sūkurius kelių kom-
ponenčių Bozė ir Einšteino kondensatuose, ir ištirti jų savybes. Tikslui
pasiekti buvo įvykdytos šios užduotys:

(a) Suformuluoti optinę sistemą, kuri leistų sukurti sūkurius kelių kom-
ponenčių Bozė ir Einšteino kondensatuose.

(b) Ištirti stacionarias kondensato būsenas.

(c) Rasti režimus, kuriuose pagrindinėje būsenoje vienoje iš komponen-
čių yra lokalizuotas sūkurys.

(d) Ištirti sistemos supertakumo savybes, naudojant lokalizuotą sūkurį
kaip priemaišą, maišančią kondensatą, ir rasti kritinį supertakumo
greitį.

Mokslinis naujumas ir aktualumas

Disertacijoje pristatomi šie naujoviniai tyrimai:

1. Topologinių reiškinių tyrimas laikinėje dimensijoje ir daugiau nei trijose
dimensijose. Topologinis transportas laikinėje dimensijoje demonstruoja-
mas naudojant konkrečią kvantinę sistemą, realizuojamą naudojant labai
šaltus atomus optinėse gardelėse. Tiriamas dvimatis transportas erdvi-
nėje ir laikinėje ašyse, kuris yra tiesiogiai susijęs su keturmačiu kvantiniu
Holo efektu. Analizė išplečiama, įtraukiant du fizinius erdvinius mat-
menis, gaunant efektyvinę aštuonių matmenų topologiškai netrivialią sis-
temą. Sistemos analizė palengvinama perrašant sistemos hamiltonianą
į stipriojo ryšio formą, tokiu būdu sujungiant erdvę, laiką ir papildo-
mas sintetines dimensijas į vientisą aprašymą. Laiko, kaip papildomos
dimensijos, panaudojimas ir daugiamačių sistemų modeliavimas laiko-
mas svarbiu žingsniu siekiant išnaudoti sintetines dimensijas praktiniams
tikslams [58–61, 49, 62]. Topologinis transportas laikinėje dimensijoje
– pirmą kartą pasiūlytas ir išstudijuotas Autoriaus su kolegomis darbe
[P1] ir pristatytas šioje disertacijoje – buvo vėliau realizuotas klasikinėje
sistemoje darbe [64].

2. Išplėstinė išsigimusi perturbacijos teorija Flokė ir Hilberto erdvėje, lei-
džianti efektyviau konstruoti efektyvinius hamiltonianus rezonansiškai
žadinamoms sistemoms. Tai ypač aktualu daugiadalelinių kvantinių sis-
temų analizei, kur rezonansai neišvengiami dėl tankaus energijos spektro.
Efektyvinių hamiltonianų skaičiavimas yra būtinas analizuojant dauge-
lį intriguojančių dinaminių kvantinių daugiadalelinių efektų, tokių kaip
prieštermalizacija [65–70], lokalizacija [71–75], taip pat diskrečiųjų lai-
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ko kristalų [76, 32, 33, 77–81] ir topologinių būsenų [18, 20, 19, 28, 82]
susidarymas.

3. Optiškai sukurtų sūkurių tyrimas kelių komponenčių Bozė ir Einšteino
kondensate. Pateikiamas stipriai lokalizuotų sūkurių susidarymo vienoje
iš komponenčių būdas naudojant optinę konfigūraciją. Išorinis žadinimas
leidžia stabilizuoti netipines sūkurių konfigūracijas, kurios savaime nėra
topologiškai stabilios. Lokalizuotas sūkurys gali būti judinamas aplink
gaudyklę, taip maišant kitą komponentę. Tai gali būti naudojama kon-
densato supertakumo pobūdžiui tirti naudojant naujo tipo priemaišą –
besisukančią aplink savo ašį. Tiek bendrieji sūkurių tyrimai kondensa-
tuose [83–90], tiek priemaišų judėjimas juose [91–99] yra esminės tyrimų
kryptys Bozė ir Einšteino kondensacijos srityje.

Ginamieji teiginiai

1. Adiabatinis periodinio žadinimo fazės kitimas dalelėms esant periodinia-
me erdviniame potenciale (pavyzdžiui, labai šaltieji atomai optinėje gar-
delėje) pasireiškia topologiniu transportu laikinėje dimensijoje.

2. Kvantinės sistemos erdvinis ir laikinis periodiškumas, suvienytas naudo-
jant laiko-erdvės kristalinių struktūrų teoriją, leidžia realizuoti topolo-
giškai netrivialią aštuonių dimensijų sistemą, naudojant tik dvi fizines
erdvines dimensijas – nenaudojant vidinių kvantinių būsenų.

3. Sukurta išplėstinė išsigimusi perturbacijos teorija Flokė ir Hilberto erdvė-
je pranoksta įprastą išsigimusią perturbacijų teoriją tikslumu, tuo pačiu
reikalaudama mažiau skaitinių resursų nei tikslus sprendimas, suteikiant
praktišką metodą periodiškai ir rezonansiškai žadinamų kvantinių dau-
giadalelinių sistemų kvazienergijos spektrų skaičiavimui.

4. Kelių komponenčių Bozė ir Einšteino kondensatų sąveika su Lagero ir
Gauso pluoštais leidžia valdomu būdu sukurti ir stabilizuoti stipriai loka-
lizuotus sūkurius.
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Topologinis transportas laiko-erdvės kristalinėse struktū-
rose

Topologinių sąvokų taikymą pradedame teoriniu topologinio transporto reali-
zacijos laiko ir laiko-erdvės kristalinėse struktūrose tyrimu. Pademonstruosime,
kad adiabatinis išorinio žadinimo kitimas gali sukelti kvantinį dalelių judėjimą
laiko dimensijoje. Šiuo tikslu nagrinėjame kvantinių dujų adiabatinį transportą
dvimatėje (2D) laiko-erdvės kristalinėje struktūroje, realizuojamoje rezonansi-
niu būdu žadinamoje optinėje gardelėje. Nagrinėjame tris galimus procesus:
transportą laiko dimensijoje, erdvinį transportą ir transportą abiejose dimensi-
jose vienu metu. Dvimatis topologinis transportas gali būti naudojamas ketur-
mačiam (4D) kvantiniam Holo efektui tirti, todėl siūloma konfigūracija leidžia
tirti fizikinius reiškinius keturiose dimensijose naudojant vienos erdvinės di-
mensijos žadinamą sistemą.

Laiko-erdvės topologinis transportas demonstruojamas naudojant 1D ha-
miltonianą pavidalu

Ĥ = ĥ(p̂x, x|φx) + ξS(x, t) + ξL(x, t|φt). (S1)

Pirmasis narys yra nesutrikdytas erdvinis hamiltonianas

ĥ(p̂x, x|φx) = p̂2
x − VS cos2(2x) − VL cos2(x+ φx), (S2)

tipiškai naudojamas demonstruojant topologinį transportą realioje erdvėje [126,
127]. Čia p̂x yra impulso operatorius, VS ir VL kontroliuoja, „trumpos“ ir
„ilgos“ optinių gardelių gylius, o santykinė fazė φx realizuoja vieną transporto
ciklą kintama ilgio π periodu. Formulėje (S2) ilgis matuojamas 1/kL vienetai,
čia kL yra lazerio, kuriančio gardelę, banginis skaičius, o energija matuojama
ℏ2k2

L/2m vienetais, čia m yra dalelės masė. Laiko vienetas yra redukuota
Planko konstanta ℏ, dalinta iš energijos vieneto.

Topologinis transportas laikinėje dimensijoje realizuojamas naudojant šitokį
žadinimą:

ξS(x, t) = λS sin2(2x) cos(2ωt), (S3a)
ξL(x, t|φt) = λL cos2(2x) cos(ωt+ φt). (S3b)

Čia λS ir λL kontroliuoja žadinimo stiprumus, o fazė φt leidžia lėtai keisti san-
tykinį poslinkį tarp laikinės gardelės narvelių. Žadinimo dažnis pasirenkamas
pavidalu ω = sΩ su rezonansiniu skaičiumi s = 2, o Ω yra energijos tarpas tarp
gretimų hamiltoniano ĥ energijos juostų, kurias siekiama sukabinti išoriniu ža-
dinimu. Trikdžiai, osciliuojantys dažniais 2Ω ir 4Ω, leidžia sukurti keturių
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mazgų žiedinę gardelę (sudarytą iš dviejų narvelių su dviem mazgais kiekvie-
nas) laikinėje dimensijoje. Siekdami užtikrinti pakankamą šuolio stiprumą tarp
erdvinės gardelės mazgų, tiriame aukštai sužadintas ĥ būsenas, kurios užima
juostas netoli erdvinio potencialo duobių viršaus. Atitinkamą Ω reikšmę leng-
va nustatyti diagonalizuojant ĥ. Kadangi fazė φx keičia erdvinį potencialą ir
tokiu būdu neperturbuotą energijos spektrą, papildomai sureguliuojame Ω (ar-
ba tiesiogiai ω) reikšmę, kad erdvinio tuneliavimo stiprumas būtų pakankamas
visiems φx.

Kadangi trikdis ξS +ξL yra periodinis laike (periodas T = 2π/ω), uždavinys
sprendžiamas įvedant kvazienergijos operatorių Q̂ = Ĥ− i∂t ir sprendžiant tik-
rinių verčių uždavinį Q̂un(x, t) = εnun(x, t) [135, 133, 17]. Čia εn yra n-osios
tikrinės būsenos kvazienergija, o un(x, t) yra atitinkama Flokė moda – periodinė
funkcija un(x, t) = un(x, t+ T ). Bendrasis Šriodingerio lygties sprendinys gali
būti išreikštas per funkcijų Ψn(x, t) = e−iεntun(x, t) superpozicija su nepriklau-
sančiais nuo laiko koeficientais. Skaitinis uždavinio sprendimas yra realizuotas
TTSC.jl pakete [136].

Vienu metu atliekamas laikinis ir erdvinis topologinis transportas 2D laiko-
erdvės kristalinėje struktūroje yra pademonstruotas S1 pav. atveju, kai s = 2,
o erdvinių narvelių skaičius taip pat yra N = 2. Adiabatinės fazės varijuojamos
pagal trajektoriją φt = 2φx nuo φt = 0 iki φt = 2π, tam kad būtų įveiktas
vienas transportavimo ciklas laikinėje ir erdvinėje dimensijose. Gautas Flo-
kė kvazienergijų spektras parodytas S1(a) pav.; legendoje pažymėti lygmenys,
atitinkantys Flokė modas, kurių superpozicija buvo panaudota Vanjė funkcijų
skaičiavimui. Tai leidžia ištirti Vanjė būsenas, kurios yra transportuojamos
fizinėje erdvėje „į dešinę“. Likusieji keturi lygmenys (pirmos laikinės juostos)
atitinka Vanjė funkcijas, kurios yra transportuojamos priešinga kryptimi. Su-
konstruotos būsenos yra išreiškiamos kaip wi,α(x, t) =

∑
j,β d

(i,α)
j,β uj,β(x, t) ir

yra randamos diagonalizuojant pozicijos operatorių e2ix/N [128, 134]. Keturios
gautos Vanjė funkcijos parodytos S1(b)–(f) pav. esant skirtingoms adiabati-
nės fazės vertėms. Užtušuoti plotai nurodo erdvinius (k = 1, 2) ir laikinius
(γ = 1, 2) narvelius. Būsenos ir narveliai yra sunumeruotos taip, kad pradinia-
me etape (kai φt = 2φx = 0) Vanjė funkcijų indeksai (i, α) sutaptų su erdvinių
ir laikinių narvelių indeksais (k, γ).

Analizuodami transportavimo procesą, S1(c) pav. matome, kad Vanjė bū-
senos yra transportuojamos į gretimus erdvinius narvelius (į dešinę) erdvinio
transportavimo dėka, o laikinis transportavimas sukelia būsenų slydimą laikine
ašimi žemyn. Kai φt = 2φx = π [žr. S1(d) pav.], būsenos yra pilnai perėjusios į
gretimą erdvinį narvelį, o funkcijų laikinė priklausomybė yra tokia, kad funkci-
jos užima abu laikinius narvelius. Toliau, kai φt = 2φx = 3π/2 [žr. S1(e) pav.],
būsenos yra parodytos erdvinio perėjimo viduryje, kuris pilnai užsibaigia kai
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(a)

(d)

(b)

(e)

(c)

(f)

S1 pav.: Vienu metu atliekamas laikinis ir erdvinis topologinis transportas 2D
laiko-erdvės kristalinėje struktūroje. Parametrų vertės yra: VS = 7640, VL = 2,
ω = 410, s = 2, λS = 100, λL = 40. (a) Kvazienergijų εj,β priklausomybė
nuo adiabatinės fazės išilgai trajektorijos φt = 2φx. (b)–(f) Vanjė funkcijos kai
φt = 2φx = 0, π/2, π, 3π/2, 2π. Tikimybės tankiai |wi,α(x, t)|2 atvaizduojami juoda
spalva, o užtušuoti plotai nurodo erdvinius (k = 1, 2) ir laikinius (γ = 1, 2) narvelius.
Koordinatės x(1)

0 ir x(2)
0 nurodo dviejų detektorių padėtis, minimas tekste.

φt = 2φx = 2π [žr. S1(f) pav.]. Lygindami S1(b) pav. ir S1(f) pav., matome,
kad transporto rezultate funkcijos wi,α perėjo iš narvelio (i, α) į narvelį (i+ 1
mod N, α+ 1 mod s).

Dabar nurodysime šių rezultatų interpretaciją. Įsivaizduokime du detekto-
rius – vieną nustatytą ties x(1)

0 = 0.3π ir kitą – ties x(2)
0 = 1.3π. Tegul dalelė

eksperimento pradžioje yra būsenoje w1,1. Kai φt = 2φx = 0, detektorius,
nustatytas ties x(2)

0 , su didžiausia tikimybe registruos dalelę laiko intervaluose
(Ωt mod 2π) ∈ [0, π), kas atitinka tą faktą, kad dalelė užima pirmąjį erdvinį
narvelį ir pirmąjį laikinį narvelį [žr. S1(b) pav.]. Transportavimo ciklo pabai-
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goje (kai φt = 2φx = 2π), dalelė su didžiausia tikimybe bus registruojama laiko
intervaluose (Ωt mod 2π) ∈ [π, 2π) detektoriumi, esančiu ties x(1)

0 . Tai nurodo,
kad dalelė užima antrąjį erdvinį narvelį ir antrąjį laikinį narvelį.

Išvados

Apibendrinant, parodėme, kad rezonansiškai žadinamos optinės gardelės kva-
zienergijos spektras gali būti interpretuojamas kaip kristalinės struktūros spekt-
ras, kur laikas atlieka papildomos koordinatės vaidmenį. Remdamiesi šia ana-
logija, tyrėme adiabatinį žadinimo kitimą ir parodėme, kad jis lemia sistemos
dinamikos pokytį, kuris yra topologinio transporto pasireiškimas laiko dimensi-
joje. Šį faktą iliustravome modeliuodami vienalaikį adiabatinį transportavimą
erdvine ir laiko kryptimis.
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Aštuonmatės topologinės sistemos, modeliuojamos naudo-
jantis laiko-erdvės kristalinėmis struktūromis

Dabar toliau plėtosime laiko-erdvės kristalinės gardelės koncepciją ir pateiksi-
me būdą, kaip tirti topologines aštuonių dimensijų (8D) sistemas, kurias ga-
lima eksperimentiškai realizuoti naudojant tik dvi fizines erdvines dimensijas.
Pradėsime nuo periodiškai žadinamos vienmatės optinės gardelės su stačiais
barjerais (modeliuojamais delta funkcijomis) ir parodysime, kad ji gali išlai-
kyti dvimatę laiko-erdvės kristalinę gardelę. Gautos laiko-erdvės kristalinės
struktūros topologinis pobūdis dar kartą paaiškės nagrinėjant adiabatinį bū-
senų transportą laiko ir erdvės kristalinėmis kryptimis. Interpretuodami dvi
adiabatines fazes kaip sintetinių papildomų dimensijų kvaziimpulsus, parodysi-
me, kad sistemos energijos juostas apibūdina nenykstantys antrieji efektyviosios
4D gardelės Černo skaičiai. Galiausiai parodysime, kad dvi tokias 4D sistemas
galima sujungti į vieną sistemą, išlaikant energijų spektre draustinį tarpą. Gau-
tos 8D sistemos topologinės savybės apibūdinamos ketvirtuoju Černo skaičiumi
ir identifikuojamos energijos juostos su nenykstančiomis ketvirtojo Černo skai-
čiaus reikšmėmis.

Erdvinė modelinio hamiltoniano (S1) dalis yra nesunkiai realizuojama eks-
perimentiškai [127, 126], tačiau tarpai tarp šio hamiltoniano energijos pajuosčių
yra daug mažesni nei pajuosčių pločiai. Todėl, jei dvi tokio hamiltoniano kopi-
jos (realizuotos ortogonaliose erdvinėse kryptyse) sujungiamos į vieną sistemą,
gautame spektre nebus tarpų ir neatsiras jokių topologinių ypatybių. Todėl tu-
rime apsvarstyti kitą modelį, kuris leistų gauti tarpus, platesnius nei pajuostų
pločiai.

Vienmatis, nuo laiko priklausantis hamiltonianas, kurį nagrinėsime šiame
skyriuje, vėl bus (S1) pavidalo, tačiau kiekvienas narys bus kitoks. Nepertur-
buotas erdvinis hamiltonianas pasirenkamas pavidalu

ĥ = p̂2
x + V

3N∑
n=0

δ(x− na
3 ) + U

3∑
n=1

gn(x) cos
[
φx + 2π(n−1)

3

]
. (S4)

Šios sumos apibūdina erdvinį potencialą – N identiškų narvelių, kurių ilgis
a, gardelę, kurių kiekvienas susideda iš trijų mazgų, atskirtų stačiais delta
funkcijos barjerais. Supergardelės potencialas gn(x) lygus vienetui kiekviename
n-ojo erdvinio narvelio mazge, o kitur lygus nuliui:

gn(x) =

1, n
3 a ≤ x mod a < n+1

3 a,

0, kitaip.
(S5)

Taigi, paskutinis lygties (S4) narys moduliuoja (keičiant φx) mazgo ener-
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gijas kiekviename narvelyje tokiu pačiu būdu, o U kontroliuoja moduliacijos
amplitudę. Kiekviename sekančiame mazge moduliacijos fazė atsilieka nuo fa-
zės kairiajame kaimyniniame narvelyje. Jei moduliacija atliekama adiabatiškai,
topologinis transportas gali būti realizuotas sistemoje, aprašomojoje hamilto-
nianu (S4). Aštrių (mažesnio už bangos ilgį pločio) optinių barjerų realizavimas
ir taip pat topologinis transportas trijų mazgų per narvelį gardelėje jau buvo
tirti literatūroje [195, 144, 145].

Erdvinis hamiltonianas yra žadinamas nariais

ξS(x, t) = λS cos( 12πx
a ) cos(2ωt), (S6a)

ξL(x, t|φt) = λL cos( 6πx
a ) cos(ωt+ φt), (S6b)

čia λS ir λL kontroliuoja bendrą perturbacijos stiprumą. Erdviniai dažniai 6π/a
ir 12π/a užtikrina, kad visi erdviniai mazgai būtų perturbuojami vienodai. Ža-
dinimo dažnis ω parenkamas taip, kad kiekviename erdviniame mazge būtų
įvykdyta rezonansinė sąlyga. Klasikiniame aprašyme rezonansas reiškia, kad
ω yra labai artimas dalelės periodinio judėjimo potenciale dažnio Ω sveikojo
skaičiaus kartotiniui, t.y. ω ≈ sΩ, čia s yra sveikasis skaičius. Kvantiniame
aprašyme rezonansas atitinka dažnį ω, esantį artimą tarpo Ω tarp tam tikrų
Hamiltoniano (S4) juostų sveikojo skaičiaus kartotiniui. Riboje V → ∞ [žr.
lygtį (S4)] kiekviename erdviniame mazge dėl rezonansinio žadinimo poveikio
susidaro nepriklausoma laiko kristalinė struktūra. Tiksliau sakant, rezonansi-
ne trajektorija besivystančioje sistemoje dalelės rezonansinę dinamiką galima
apibūdinti taip: Ĥeff = ˆ̃p2

x̃ + λ̃S cos(2sx̃) + λ̃L cos(sx̃ + φt) su x̃ ∈ [0, 2π). Pa-
vyzdžiui, kai s = 2, turime du laikinius kristalinius narvelius, kurių kiekvienas
susideda iš dviejų laikinių mazgų. Adiabatinės fazės φt kitimas leidžia realizuoti
topologinį transportą laiko-kristalinėje struktūroje. Jei V yra baigtinis, dalelės
tuneliavimas tarp erdvinių mazgų tampa įmanomu, o visa sistema sudaro 2D
laiko-erdvės kristalinę struktūrą, kurią, kaip parodysime, galima apibūdinti 2D
stipraus ryšio modeliu.

Vanjė funkcijų bazėje kvazienergijos operatorius Q̂ = Ĥ− i∂t įgyja pavidalą

ĤTB(φx, φt) =
∑
ℓ′,ℓ

Jℓ′ℓ(φx, φt)â†
ℓ′ âℓ, (S7)

čia operatorius â†
ℓ sukuria (o âℓ sunaikina) bozoną gardelės mazge ℓ. Indeksas

ℓ ∈ [1, 6Ns] numeruoja 2D laiko-erdvės gardelės mazgus. Matriciniai elementai
Jℓ′ℓ skaičiuojami pagal

Jℓ′ℓ =
sTˆ

0

dt
sT

⟨wℓ′ |Q̂|wℓ⟩, (S8)
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čia T = 2π/ω yra žadinimo periodas.
Hamiltonianas (S7) gali būti apytiksliai suskaidytas į dvi nepriklausomas

dalis — erdvinę ir laikinę:

ĤTB ≈ Î(x) ⊗ Ĥ(t) + Ĥ(x) ⊗ Î(t) ≡ Ĥ ′
TB, (S9)

čia ⊗ žymi tenzorinę sandaugą, Ĥ(x) ir Ĥ(t) yra, atitinkamai, erdvinis ir laikinis
hamiltonianas, o Î(x) ir Î(t) yra vienetiniai operatoriai, veikiantys operatorių
Ĥ(x) ir Ĥ(t) erdvėse. Hamiltoniano Ĥ ′

TB tikrinių verčių spektras yra Minkov-
skio suma tikrinių verčių spektrų hamiltonianų Ĥ(x) ir Ĥ(t). Paprastumo dėlei
visų stipraus ryšio hamiltonianų tikrines vertes vadinsime energijomis.

Hamiltonianų Ĥ(x) ir Ĥ(t) spektrai parodyti S2(a) ir S2(b) pav. kartu su
juostų Černo skaičiais. Nagrinėdami erdvinę uždavinio dalį, aprašomą hamil-
tonianu Ĥ(x), fazę φx galime interpretuoti kaip kvaziimpulsą. Tai leidžia įvesti
n-osios juostos Berio kreivumą Ωkxφx

= 2ℑ ⟨∂kx
χn,kx

|∂φx
χn,kx

⟩ ir atitinkamą
pirmąjį Černo skaičių

ν
(x)
1 = 1

2π

2πˆ

0

dkx

π̂

0

dφx Ωkxφx(kx, φx). (S10)

Berio kreivumo apibrėžime, |χn,kx
⟩ žymi hamiltoniano Ĥ(x) Blocho funkcijos

eikxjχn,kx
(j) periodinę dalį, su sąlyga χn,kx

(j+ 3) = χn,kx
(j), čia j numeruoja

erdvinius narvelius. Pagal analogiją su erdvine dalimi, įvedamas laikinis kvazi-
impulsas kt hamiltonianui Ĥ(t), kurio tikrinės funkcijos gali būti išreikštos kaip
eiktατn,kt

(α) su τn,kt
(α + 2) = τn,kt

(α). Atitinkamai, pirmieji Černo skaičiai
ν

(t)
1 , parodyti S2(b) pav., apibrėžiami per Berio kreivumo Ωktφt

integralą.
Interpretuodami Berio kreivumų formulėse figūruojančias fazes φx ir φt kaip

fiktyvių dimensijų kvaziimpulsus, mes galime padidinti sistemos dimensiškumą.
Tuomet kiekvienas iš hamiltonianu Ĥ(x) ir Ĥ(t) aprašo 2D sistemą, o jų kom-
binacija Ĥ ′

TB, kurios spektras parodytas S2(c) pav., aprašo 4D sistemą. Že-
miausioji ir aukščiausioji juostos yra neišsigimusios ir yra aprašomos antruoju
Černo skaičiumi, skaičiuojamu iš abelinio Berio kreivumo. Formaliai, sistemos
parametrai gali būti surinkti į vektorių R = (kx, φx, kt, φt), o kreivumas apskai-
čiuotas kaip Ωµν(R) = 2ℑ ⟨∂µξn,kx,kt

|∂νξn,kx,kt
⟩, čia ∂µ ≡ ∂

∂Rµ , µ = 1, 2, 3, 4, o
|ξn,kx,kt⟩ yra periodinė dalis n-osios hamiltoniano Ĥ ′

TB energijos juostos Blocho
funkcijos. Išraiška (S9) lemią faktorizavimą |ξn,kx,kt⟩ = |χn,kx⟩ ⊗ |τn,kt⟩, todėl
antrasis Černo skaičius yra

ν
(x,t)
2 = ν

(x)
1 ν

(t)
1 . (S11)

Vertės ν(x,t)
2 yra nurodytos S2(c) pav.
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(a) (b)

(e)

(c) (d)

(f)

S2 pav.: Sistemų energijos spektrai. (a) Erdvinio hamiltoniano Ĥ(x) spektras. (b)
Laikinio hamiltoniano Ĥ(t) spektras. (c) Hamiltoniano Ĥ ′

TB spektras, lygus Minkov-
skio sumai spektrų, parodytų (a) ir (b) dalyse. Parodytas spektro pjūvis išilgai linijos
φx = φt. (d) Hamiltoniano ĤTB energijos spektras išilgai linijos φx = φt. (e) Hamil-
toniano ĤTB energijos juostos. (f) Aštuonmatės sistemos energijos spektras, gautas
sudėjus dvi nepriklausomas 4D sistemas, kurių spektrai parodyti (e) dalyje. Pilki plo-
tai atitinka energijų juostas (atskiri lygmenys nėra parodyti), o raudoni plotai nurodo
draustinius tarpus.

Lygindami Ĥ ′
TB spektrą su tikslaus stipriojo ryšio hamiltoniano ĤTB spekt-

ru, parodytu S2(d) pav., pastebime, kad jie yra beveik identiški. Nedideli
neatitikimai yra tikėtini, nes norėdami gauti atskiriamą hamiltonianą, mes ne-
paisėme kai kurių labai silpnų sąveikų tiksliame hamiltoniane. Nepaisant to,
ĤTB ir Ĥ ′

TB energijos juostų antrieji Černo skaičiai yra vienodi. Tai patvirtina
faktas, kad ĤTB energijos spektrą galima gauti adiabatiškai deformuojant Ĥ ′

TB
spektrą neuždarant draustinio tarpo. Taip pat pastebėsime, kad tarpas žemiau
aukščiausios ĤTB energijos juostos išlieka atviras visoms φx ir φt reikšmėms,
kaip parodyta S2(e) pav. Tas pats galioja ir tarpui virš žemiausios ĤTB juostos.

Pagaliau, panagrinėkime optinę gardelę, sukurtą dviejose ortogonaliose erd-
vinėse dimensijose taip, kad sistema būtų aprašoma hamiltonianu

Ĥ4D = Ĥ(x, p̂x, t|φx, φtx
) + Ĥ(y, p̂y, t|φy, φty

). (S12)

Tai sukuria 4D laiko-erdvės kristalinę struktūrą, kadangi Vanjė funkcijos dabar
turės keturis nepriklausomus indeksus:

Wj,α(x, y, t) = wjx,αx(x, t)wjy,αy (y, t), (S13)
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čia j = (jx, jy) ir α = (αx, αy) [49]. Dvimatė laikinė struktūra sudaryta iš 2s×
2s mazgų gaunama kiekviename dvimačiame erdviniame narvelyje; judėjimas
laikiniuose narveliuose yra charakterizuojamas laikiniai kvaziimpulsais ktx ir
kty

. Šios sistemos energijos spektrą galima lengvai gauti kaip dviejų S2(e) pav.
pavaizduotų spektrų kopijų Minkovskio sumą. Rezultatas parodytas S2(f) pav.,
kur akivaizdu, kad aukščiausią ir žemiausią juostas nuo kitų skiria tarpai. Tai
galioja ne tik parodytam spektro pjūviui ties φx = φy = φtx

= φty
, bet visoms

fazės vertėms. Aukščiausios juostos pločio ir tarpo žemiau jos santykis yra 5%,
o žemiausios juostos pločio ir tarpo virš jos santykis yra 2%.

Sistema, kurios spektras parodytas S2(f) pav., gali būti aprašyta hamilto-
nianu

Ĥ8D = Î ⊗ Ĥ
(x)
TB + Ĥ

(y)
TB ⊗ Î , (S14)

čia Î yra vienetinė matrica to paties dydžio kaip ir ĤTB. Sistemos parametrai
yra du kvaziimpulsai kx, ky, erdvinės fazės φx bei φy, ir keturi atitinkami dviejų
laikinių sistemų parametrai: ktx , kty , φtx , φty . Kaip ir 4D atveju, žemiausioji ir
aukščiausioji juostos yra neišsigimusios, todėl gali būti charakterizuojamos ket-
virtuoju Černo skaičiumi, skaičiuojamu iš atitinkamo abelinio Berio kreivumo.
Surinkime hamiltoniano Ĥ8D parametrus į vektorių

R = (kx, φx, ktx , φtx , ky, φy, kty , φty ). (S15)

Abelinis Berio kreivumas yra skaičiuojamas naudojant neišsigimusios Ĥ8D ener-
gijos juostos tikrines būsenas pagal formulę

Ωµν(R) = 2ℑ ⟨∂µζR|∂νζR⟩ , (S16)

čia ∂µ ≡ ∂
∂Rµ , indeksas µ prabėga vertes nuo 1 iki 8, o |ζR⟩ yra periodinė

tikrinės būsenos dalis. Tegul |kx, φx, ktx , φtx⟩ yra periodinė dalis hamiltoniano
Ĥ

(x)
TB tikrinės būsenos, atitinkančios tam tikrą energijos juostą; tada (S14) lemia

|ζR⟩ = |kx, φx, ktx
, φtx

⟩ ⊗ |ky, φy, kty
, φty

⟩.
Ketvirtasis Černo skaičius gali būti išreikštas per Berio kreivumo dviformas

kaip [59]
ν4 = 1

(2π)4

ˆ 1
4!Ω ∧ Ω ∧ Ω ∧ Ω, (S17)

ir dėl sistemos atskiriamumo ši išraiška supaprastėja iki

ν4 = 1
(2π)4

ˆ
Ω12Ω34Ω56Ω78 dR1 ∧ · · · ∧ dR8 = ν

(x,tx)
2 ν

(y,ty)
2 . (S18)

Reikšmės ν4 pateiktos S2(f) pav. Tokiu būdu patvirtiname, kad aukščiausia
ir žemiausia 8D sistemos juostos pasižymi nenuliniais ketvirtaisiais Černo skai-
čiais, o tai rodo topologiškai netrivialų sistemos pobūdį. Pastebėsime, kad jei
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Ĥ8D sukonstruojamas naudojant dvi apytikslio Hamiltono Ĥ ′
TB kopijas, aukš-

tesnis tarpas užsidaro, o apatinis lieka atviras.
Paveiksle S2(f) matyti, kad aukščiausia ir žemiausia juostos yra platesnės

už tarpus, o tai reiškia, kad tarpai išnyksta, jei pridedama dar viena S2(e)
pav. pateikto spektro kopija. Nepaisant to, laiko-erdvės struktūra, pagrįsta ki-
ta erdvine sistema nei aprašoma (S4) lygtimi, gali turėti dar platesnius tarpus
lyginant su pateiktais S2(e) pav. Tai leistų realizuoti 12D laiko-erdvės struk-
tūrą, sujungiant tris ĤTB kopijas, kurių kiekviena realizuota atskiroje fizinėje
dimensijoje (x, y ir z).

Išvados

Apibendrinant, parodėme, kad laiko-erdvės kristalai gali būti naudojami kaip
platforma tiriant 8D sistemas, kurias galima apibrėžti stipraus ryšio modeliu.
Sukūrėme konkrečią, eksperimentiškai realizuojamą žadinamą kvantinę siste-
mą, kuri yra topologiškai netrivialios 8D sistemos pavyzdys. Įdomu tai, kad
tinkamai žadinamos 2D sistemos pagalba ir neįtraukiant jokių dalelių vidinių
laisvės laipsnių, įmanoma realizuoti sistemas su netrivialiomis topologinėmis
savybėmis ir tirti gaunamus efektus aštuoniuose matmenyse. Daugiamatės
laiko-erdvės kristalinės struktūros atveria galimybes kurti praktiškus įrengi-
nius, kurie būtų neįsivaizduojami trijuose matmenyse. Šiame darbe pateikti
rezultatai atveria kelią tolesniems tyrimams šia kryptimi.
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Išplėstinė išsigimusi perturbacijos teorija Flokė ir Hilberto
erdvėje

Laiko kristalinių struktūrų tyrimas, pateiktas praeituose skyriuose, dar kar-
tą parodo periodiškai žadinamų sistemų, kaip platformos neįprastoms fiziki-
nėms sistemoms realizuoti, svarbą. Teorinė tokių sistemų analizė remiasi Flokė
teorija. Praeituose skyriuose buvo nagrinėjamos rezonansiškai žadinamomis
viendalelinės sistemos, todėl jas galima buvo analizuoti naudojant sekuliariąją
aproksimaciją. Šiame gi skyriuje plėtosime metodą, skirtą rezonansiškai žadi-
namoms daugiadalelinėms sistemoms tirti. Konkrečiai, pristatysime būdą, kaip
sukonstruoti efektyvinį Hamiltonianą iš kvazienergijos operatoriaus tuo atveju,
kai žadinimas yra rezonansinis ir lemia išsigimimus.

Efektyvinį hamiltonianą patogu konstruoti išplėstinėje Flokė ir Hilberto erd-
vėje, kur nuo laiko priklausantys operatoriai tampa begalinėmis matricomis,
turinčiomis blokų juostų struktūrą. Norėdami pereiti prie šios erdvės, prade-
dame pastebėdami, kad Hilberto erdvės H Flokė modos |uα(t)⟩ tenkina lygtį
Q̂|uα(t)⟩ = εα|uα(t)⟩, čia Q̂ = Ĥ − i∂t yra kvazienergijos operatorius. Šios
modos gali būti laikomos elementais sudėtinės Flokė ir Hilberto erdvės F , api-
brėžtos kaip erdvės H ir laiko periodinių funkcijų erdvės T tenzorinė sandauga
[148–150]. Erdvės F elementams naudosime žymėjimą |uα⟩⟩, o vidinę sandaugą
F erdvėje apibrėšime kaip ⟨⟨uβ |uα⟩⟩ = 1

T

´ T

0 ⟨uβ(t)|uα(t)⟩ dt. Bazė, apimanti
F , yra |αm⟩⟩ ⇔ |α⟩eimωt, čia m ∈ Z, o vektoriai |α⟩ sudaro bazę erdvėje H ;
ω = 2π/T yra žadinimo dažnis. Kvazienergijos operatorius tada įgauna blokų
juostų struktūrą:

⟨⟨α′m′|Q̄|αm⟩⟩ = ⟨α′|Ĥm′−m|α⟩ + δm′mδα′αmω, (S19)

o blokuose yra Furjė atvaizdai Ĥm = 1
T

´ T

0 Ĥ(t)eimωtdt. Čia ir toliau F erdvės
operatorius žymėsime viršutiniais brūkšneliais. Lygtį (S19) galime iliustruoti
šitokia matrica

Q̄ =



. . .
...

...
... . .

.

· · · Ĥ0 − Îω Ĥ−1 Ĥ−2 · · ·
· · · Ĥ1 Ĥ0 Ĥ−1 · · ·
· · · Ĥ2 Ĥ1 Ĥ0 + Îω · · ·

. .
. ...

...
...

. . .


, (S20)

čia Î yra erdvės H vienetinis operatorius.
Efektyvinį hamiltonianą galimą rasti diagonalizuojant blokais operatorių Q̄.

Transformuoto kvazienergijos operatoriaus perturbacinis skleidinys gali būti
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užrašytas pavidalu

e−ḠQ̄eḠ = Q̄(0) + (W̄ (1)
D + W̄

(1)
X ) + (W̄ (2)

D + W̄
(2)
X ) + . . . (S21)

Čia Q̄(0) yra neperturbuota Q̄ dalis, kurią galima užrašyti pavidalu Q̄(0) =
Q̄0 + W̄

(0)
D įvedus operatorių

Q̄0 ⇔ −i∂t, ⟨⟨α′m′|Q̄0|αm⟩⟩ = δm′mδα′αmω. (S22)

Indeksai „D“ ir „X“ nurodo į diagonalinių blokų ir nediagonalinių blokų ele-
mentus:

⟨⟨α′m′|ŌD|αm⟩⟩ = ⟨⟨α′m′|Ō|αm⟩⟩δm′m,

⟨⟨α′m′|ŌX|αm⟩⟩ = ⟨⟨α′m′|Ō|αm⟩⟩(1 − δm′m).
(S23)

Mūsų tikslas yra rasti unitarinį operatorių Ḡ = Ḡ(1) + Ḡ(2) + . . . tokį, kad
nediagonalūs elementai W̄ (n)

X būtų lygūs nuliui, tam tikros eilės tikslumu. Li-
kęs diagonalinių blokų operatorius Q̄(0) + W̄

(1)
D + W̄

(2)
D + . . . bus pavidalo

δm′m(⟨α′|Ŵ [n]
D |α⟩+δα′αmω), kur Ŵ [n]

D ≡ Ŵ
(0)
D +Ŵ (1)

D +. . .+Ŵ (n)
D yra ieškomas

efektyvinis hamiltonianas. Operatoriaus Q̄ tikrinių verčių spektras gali būti už-
rašytas kaip εαm = εα +mω. Tai reiškia, kad bet kuris ω pločio kvazienergijų
intervalas perneša tą pačią fizikinę informaciją, ir šie intervalai vadinami Flokė
zonomis pagal analogiją su Briliueno zonomis.

Standartinis Ŵ [n]
D paieškos būdas yra skleidinio 1/ω eilute konstravimas

[151, 149, 152, 153, 28, 154, 150]. Operatoriaus Ŵ [n]
D skaičiavimas aukšo dažnio

riboje remiasi prielaida, kad neperturbuoto hamiltoniano spektras yra aprėžtas
ir kad jo plotis yra daug mažesnis už ω. Tokiu atveju kvazienergijos operato-
rių galima atskirti į dalis pagal Q̄ = Q̄0 + H̄ su Ĥ(t) ⇔ H̄. Operatoriaus
H̄ elementai laikomi mažais lyginant su ω, todėl H̄ gali būti įskaitomas kaip
perturbacija. Tuomet skleidinys (S21) tampa skleidiniu 1/ω laipsniais. Tačiau
jeigu yra galimi perėjimai tarp būsenų, energijų skirtumas tarp kurių yra ω,
tenka įskaityti diagonalius H̄ elementus neperturbuotoje dalyje, o tai lemia iš-
sigimimo atsiradimą. Būtent, jeigu skirtumas Eβ − Eα tarp dviejų diagonalių
Ĥ0 elementų yra lygus (arba artimas) dydžiui nω su sveikuoju n, tada išsigi-
mimas ⟨⟨β(m + n)|Q̄|β(m + n)⟩⟩ = ⟨⟨αm|Q̄|αm⟩⟩ lemia perturbacijos teorijos
divergavimą. Tokiu atveju galima taikyti standartinę išsigimusią perturbacijos
teoriją (DPT) – žr. [109, 157] – kuomet efektyvinis hamiltonianas yra konst-
ruojamas įskaitant sąveiką tarp išsigimusių lygmenų tiksliai, o sąveiką su visais
kitais lygmenimis – kaip trikdį [155, 156].

Šiame skyriuje kursime išplėstinę išsigimusią perturbacijos teoriją (EDPT)
Flokė ir Hilberto erdvėje, kad rastume efektinio hamiltoniano Ŵ [n]

D išraiškas,
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kurios užtikrina tikslesnį kvazienergijų spektro skaičiavimą esant tiksliam re-
zonansui ir arti jo. Pradedame nuo to, kad įvedame redukuotas energijas

ε(0)
α = Eα − aω ∈ FZ, a ∈ Z. (S24)

Tai yra operatoriaus Ĥ0 diagonalieji elementai Eα, redukuoti į pasirinktą Flokė
zoną (FZ), kurios plotis sudaro ω. Tokiu būdu kiekvienai būsenai |α⟩ priski-
riamas sveikasis skaičius a; bendru atveju kelios būsenos turės tą patį skaičių
a. Simbolius a, a′, b, ir c toliau naudosime atitinkamai būsenų |α⟩, |α′⟩, |β⟩,
ir |γ⟩ „redukcijos skaičiams“ žymėti. Kitame žingsnyje pertvarkome Q̄ ele-
mentus taip, kad m-asis diagonalus blokas turėtų energijas, redukuotas į m-ąją
FZ. Gaunamo kvazienergijos operatoriaus Q̄′ diagonalieji elementai tuomet bus
lygūs

ε(0)
αm ≡ ⟨⟨αm|Q̄′|αm⟩⟩ = ε(0)

α +mω (S25)

o visi kiti elementai

⟨⟨α′m′|Q̄′|αm⟩⟩ = ⟨α′|Ĥa−a′+m′−m|α⟩ + δm′mδα′αmω. (S26)

Kvazienergijos matrica išlaiko blokinę struktūrą, kuri gali būti vizualizuota
šitaip:

Q̄′ =



. . .
...

...
... . .

.

· · · D̂ − Îω X̂−1 X̂−2 · · ·
· · · X̂1 D̂ X̂−1 · · ·
· · · X̂2 X̂1 D̂ + Îω · · ·

. .
. ...

...
...

. . .


, (S27)

čia diagonaliniai blokai yra

D̂ =

 ε
(0)
α Hαβ

b−a Hαγ
c−a

Hβα
a−b ε

(0)
β Hβγ

c−b

Hγα
a−c Hγβ

b−c ε
(0)
γ

 , (S28)

o nediagonalūs aprašomi

X̂m =

 Hαα
m Hαβ

b−a+m Hαγ
c−a+m

Hβα
a−b+m Hββ

m Hβγ
c−b+m

Hγα
a−c+m Hγβ

b−c+m Hγγ
m

 . (S29)

Trumpumo dėlei matricos D̂ ir X̂m parodytos trijų lygmenų sistemos atveju
(atitinkamai, bazę Hilberto erdvėje sudaro būsenos |α⟩, |β⟩, ir |γ⟩) ir pažymėta
Hα′α

m ≡ ⟨α′|Ĥm|α⟩. Centrinis blokas D̂ aprašo centrinės (m = 0) FZ būsenas
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ir jų tarpusavio sąveikas, kurios bus įskaitytos tiksliai. Nediagonalieji blokai
X̂m aprašo sąveikas tarp skirtingų Flokė zonų; šios sąveikos bus įskaitytos per-
turbatyviai.

Išvedimą pradedame nuo to, kad suskaidome Q̄′ į neperturbuotą dalį ir
perturbaciją, o pastaroji turi diagonalinių blokų ir nediagonalinių blokų dalis:

Q̄′ = Q̄′(0) + V̄D + V̄X, (S30)

čia

⟨⟨α′m′|Q̄′(0)|αm⟩⟩ = ε(0)
αmδα′αδm′m,

⟨⟨α′m′|V̄D|αm⟩⟩ = ⟨α′|Ĥa−a′ |α⟩(1 − δα′α)δm′m,

⟨⟨α′m′|V̄X|αm⟩⟩ = ⟨α′|Ĥa−a′+m′−m|α⟩(1 − δm′m).

(S31)

Įstatydami Q̄′ į (S21) lygtį ir laikydami Ḡ = Ḡ(1) + Ḡ(2) + . . ., surenkame tos
pačios eilės narius. Nulinės eilės narys yra

⟨α′|Ŵ (0)
D |α⟩ = ε(0)

α δα′α. (S32)

Pirmos eilės nariui gauname

⟨α′|Ŵ (1)
D |α⟩ = ⟨α′|Ĥa−a′ |α⟩(1 − δα′α), (S33)

o antroje eilėje randame

⟨α′|Ŵ (2)
D |α⟩ = 1

2
∑

β

∑
n̸=0

⟨α′|Ĥ−(a′−b+n) |β⟩⟨β| Ĥa−b+n|α⟩

×

(
1

ε
(0)
α′ − ε

(0)
β − nω

+ 1
ε

(0)
α − ε

(0)
β − nω

)
.

(S34)
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Pagaliau, trečios eilės išraiška yra

⟨α′|Ŵ (3)
D |α⟩ = 1

2
∑
β,γ

∑
p̸=0

[
1

εβ − εγ − pω

×

(
⟨α′|Ĥb−a′ |β⟩⟨β|Ĥc−b−p|γ⟩⟨γ|Ĥa−c+p|α⟩

εγ − εα′ + pω

+ ⟨α′|Ĥc−a′−p|γ⟩⟨γ|Ĥb−c+p|β⟩⟨β|Ĥa−b|α⟩
εγ − εα + pω

)
+ ⟨α′|Ĥb−a′−p|β⟩⟨β|Ĥc−b|γ⟩⟨γ|Ĥa−c+p|α⟩

×
(

1
(εα′ − εβ − pω)(εα′ − εγ − pω) + 1

(εα − εβ − pω)(εα − εγ − pω)

)]
− 1

12
∑
βγ

∑
p̸=0

∑
q ̸=0,p

⟨α′|Ĥb−a′−p|β⟩⟨β|Ĥc−b+p−q|γ⟩⟨γ|Ĥa−c+q|α⟩

×
[

3
εβ − εα + pω

(
1

εα − εγ − qω
+ 1
εβ − εγ + (p− q)ω

)
+ 3
εα′ − εγ − qω

(
1

εβ − εγ + (p− q)ω + 1
εβ − εα′ + pω

)
+ 1
εβ − εγ + (p− q)ω

(
1

εβ − εα′ + pω
+ 1
εα − εγ − qω

)
+ 2

(εα − εγ − qω)(εβ − εα′ + pω)

]
.

(S35)

Būtina skleidinio (S21) konvergavimo sąlyga yra

r ≡ |⟨α′|Ĥa−a′−n|α⟩|
|ε(0)

α′ − ε
(0)
α − nω|

≪ 1, (S36)

kuri turi galioti visoms būsenoms |α⟩, |α′⟩ ir visiems sveikiesiems skaičiams n,
išskyrus rezonansinius atvejus, pašalintus sumavimuose (S34) ir (S35) lygtyse.

Teorijos tikslumą patikrinsime lygindami kvazienergijų spektrus, gautus
diagonalizuojant Ŵ [3]

D , su skaitiškai tiksliais. Skaitiškai tiksliuosius spektrus
skaičiavome diagonalizuodami vieno periodo evoliucijos operatorių, gaunamą
propaguojant Šriodingerio lygtį [17]. Taip pat lyginsime rezultatus su gautais
taikant standartinę trečios eilės išsigimusią perturbacijos teoriją (DPT) [109,
157]. Teoriją taikysime žadinamam Bozė ir Hubardo (BH) modeliui, kurį ap-
rašo hamiltonianas

Ĥ ′(t) = −J
∑
⟨ij⟩

â†
i âj + U

2
∑

j

n̂j(n̂j − 1) +
∑

j

n̂jxjF cosωt. (S37)
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(c)

(d)

(a)

(b)

S3 pav.: Aštuonių dalelių BH sistemos DPT ir EDPT tikslumo įvertinimas 2 × 4
gardelėje, kai F/ω = 2, ω/J = 20. (a) Kvazienergijos spektras kai U ∈ [0, 1.5ω].
Pateiktos dešimties Flokė modų, turinčių didžiausią sanklotą su MI būsena, kva-
zienergijos; modos su didžiausia sanklota kvazienergijos paryškintos raudonai. Kiti
grafikai rodo žadinamos MI būsenos kvazienergijas (b) U = 1

3ω, (c) U = 2
3ω ir (d)

U = 4
3ω aplinkoje.

Čia J kontroliuoja artimiausių kaimynų tuneliavimo stiprius, U – bozonų są-
veikos energijos stiprį, F – išorinio žadinimo stiprį. Metodų tikslumo analizė
atliekama pasirenkant žadinimo stiprį F ir dažnį ω ir skaičiuojant kvazienergijas
varijuojant U . Sutelksime dėmesį į „žadinamą Moto izoliatoriaus (MI) būseną“,
kuria vadinsime Flokė būseną, turinčią didžiausią sanklotą su MI būsena. Tai
yra pagrindinė neperturbuotos sistemos būsena kai U ≫ J , atitinkanti energiją
E = 0.

Panagrinėkime metodų tikslumus studijuodami BH sistemą, apibrėžtą 2×4
periodinėje gardelėje su 8 bozonais; tegul F/ω = 2 ir ω/J = 20. Grafikai S3(a)
paveiksle parodo kvazienergijas dešimties Flokė modų, turinčių didžiausią san-
klotą su MI būsena kai U ∈ [0, 1.5ω]. Žadinamos MI būsenos kvazienergijos
paryškintos raudonai. Kairysis grafikas rodo tikslius rezultatus, o dešinysis –
gautus naudojant trečios eilės EDPT. Tuo tarpu DPT metodas gali būti taiko-
mas tik tam tikro rezonanso aplinkoje, ir negali būti naudojamas kvazienergijų
skaičiavimui plačiame U intervale. Ryškiausias antikrosingas, matomas ties
U ≈ ω, atitinka pirmos eilės procesą – dalelės ir skylės sužadinimą MI būse-
noje, kai dalelė „peršoka“ iš vieno mazgo į kaimyninį [155]. Kai U = ω, per-
ėjimai tarp visų sistemos lygmenų tampa rezonansiniai, todėl visi diagonalieji
Q̄′ elementai tam tikrame diagonaliniame bloke turi tą pačią vertę. Atitinka-
mai, kvazienergijos pakankamai tiksliai aprašomos jau pirmos eilės nariu (S33).
Antros ir trečios eilės pataisos prie ŴD suteikia nedidelį rezultatų patikslinimą
ir visumoje lemia puikų sutapimą su tiksliais rezultatais, kaip matyti S3(a) pav.
Paminėtina, kad EDPT rezultatai išlieka pakankamai tikslūs ir nutolstant nuo
rezonanso.
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Toliau išanalizuokime žadinamos MI būsenos kvazienergijas rezonanso U =
1
3ω aplinkoje [žr. S3(b) pav.]. Stebimas antikrosingas yra antros eilės proce-
so rezultatas, kuomet dvi dalelės iš MI būsenos peršoka į jų bendrojo kaimyno
mazgą, tokiu būdu sukuriant trigubai užimtą mazgą ir lemiant būsenos energiją
E = 3U . Antikrosingo egzistavimą nurodo tiek EDPT, tiek DPT, nors suta-
pimas su tiksliais rezultatais yra tik kokybinis. Tuo tarpu atvejais U = 2

3ω ir
U = 4

3ω EDPT leidžia pasiekti didesnį tikslumą, suteikiant pastebimą tikslumo
pagerinimą lyginant su DPT [žr. S3(c) ir (d) pav.].

Išvados

Apibendrinkime rezultatus. Pateikėme standartinės išsigimusios perturbacijos
teorijos išplėtimą, kuris pagerina periodiškai žadinamų sistemų kvazienergijų
spektrų skaičiavimo tikslumą. Teorijos taikymas žadinamai BH sistemai paro-
dė, kad trečios eilės EDPT duoda rezultatus, kurie kiekybiškai atitinka tikslius
rezultatus. Nors tikslų teorijos taikymo kriterijų sunku suformuluoti, paprasta
sąlyga (S36) kartu su pateiktais skaičiavimo pavyzdžiais gali būti naudojami
tikslumui numatyti. Bendru atveju, teorijos tikslumas bus tuo didesnis, kuo
aukštesnis žadinimo dažnis.

Atlikta analizė parodė, kad naudojant DPT gautų kvazienergijų tikslumas
yra gerokai mažesnis nei EDPT. Be to, DPT gali būti taikoma tik esant rezo-
nansui, o EDPT išlieka naudinga net jei žadinimas nėra rezonansinis. Tačiau
EDPT privalumai atsiranda padidėjusių skaitinių resursų sąskaita, nes gau-
namas efektyvinis hamiltonianas yra tokio pat dydžio kaip ir neperturbuotas.
Didelėms sistemoms diagonalizavimas tampa pernelyg brangus, todėl gali tekti
sumažinti nagrinėjamų būsenų skaičių, pavyzdžiui, neįtraukiant aukštai suža-
dintų būsenų. Kita galimybė – pritaikyti schemą, kuri yra tarpinė tarp DPT ir
EDPT, kad tiksliai būtų įskaitomos tik kai kurios sąveikos tarp būsenų Flokė
zonoje, o kitos būtų įskaitomos perturbatyviai. Atitinkamas formalizmas buvo
pateiktas šiame darbe.
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Optiškai sukurti lokalizuoti sūkuriai kelių komponenčių
Bozė ir Einšteino kondensatuose

Šiame skyriuje tirsime kelių komponenčių Bozė ir Einšteino kondensato (BEK)
sąveiką su šviesos laukais Λ tipo konfigūracijoje. Naudodami šviesos pluoštus,
turinčius orbitinį impulso momentą, teoriškai parodysime, kaip sukurti stabi-
lią sūkurio konfigūraciją tokią, kad besisukančios komponentės atomai būtų
apsupti antrosios, besūkurės komponentės atomais. Sūkurį sudarantys ato-
mai gali būti lokalizuoti daug mažesniame erdvės tūryje lyginant su antrosios
komponentės atomų užimamu turiu. Taip pat parodysime, kad sūkurio padėtį
galima keisti dinamiškai, judinant lazerio pluoštus, jei pluoštus judėjimo greitis
išlieka mažesnis už garso greitį. Tai leidžia naudoti lokalizuotą sūkurį antrosios
komponentės maišymui, ir nustatyti supertakumo kritinį greitį.

Nagrinėsime trijų lygmenų atominę sistemą Λ tipo atomo ir šviesos sąveikos
konfigūracijoje, parodytoje S4 pav. [9, 10, 202, 203, 193–195, 204]. Šviesos
pluoštai lemia priklausančius nuo koordinatės būsenų sukabinimus ir yra apra-
šomi Rabi dažniais

Ω1(r) = Ω0

(ρ
a

)s

e−ρ2/w2
0 eikzz+isφ,

Ω2(r) = Ω0e−ρ2/w2
0 eikzz,

(S38)

čia naudojama cilindrinė koordinačių sistema r = (ρ, φ, z), w0 žymi pluošto
diametrą, Ω0 yra Rabi dažnių amplitudė, o kz – pluoštų banginis skaičius,
aprašantis paraksialinį sklidimą palei z ašį [10, 203, 202]. Ilgio dimensijos pa-
rametras a kontroliuoja pirmojo pluošto intensyvumo kitimą erdvėje. Pluoštas,
charakterizuojamas Ω1 dažniu, sukabina atomo vidines būsenas |1⟩ bei |3⟩ ir
atitinka Lagero ir Gauso modą LGs

0 su topologiniu krūviu s > 0 [205, 206, 198,
200, 207–211]. Tuo tarpu būsenos |2⟩ bei |3⟩ yra sukabintos Gauso pluoštu,
aprašomu Rabi dažniu Ω2.

Kondensatą aprašysime Groso ir Pitajevskio lygčių (GPL) sistema [167],
užrašyta trijų komponenčių atveju

iℏ ∂
∂t

Φ1 =
(

− ℏ2

2m∆ + V + g11|Φ1|2 + g12|Φ2|2
)

Φ1 + ℏΩ∗
1Φ3,

iℏ ∂
∂t

Φ2 =
(

− ℏ2

2m∆ + V + g12|Φ1|2 + g22|Φ2|2
)

Φ2 + ℏΩ∗
2Φ3, (S39)

iℏ ∂
∂t

Φ3 =
(

− ℏ2

2m∆ + V − δ − iΓ2

)
Φ3 + ℏΩ1Φ1 + ℏΩ2Φ2.

Čia V (r) yra gaudyklės kuriamas potencialas, m – atomo masė, δ – būsenų
|1⟩ ir |3⟩ sukabinimo išderinimas (žr. S4 pav.), Γ – būsenos |3⟩ spontaninio
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|1⟩E1

E2

E3

Ω1(r)

|3⟩

|2⟩

Ω2(r)

δ

Γ

S4 pav.: Λ tipo schema.

spinduliavimo sparta. Atomų sąveikos su trečia komponente Φ3 nėra įskaitytos
laikant, kad šios komponentės užpilda yra nykstamai maža visais laikais. Tai
galioja toliau nagrinėjamu atveju, kai atomai adiabatiškai seka tamsinę būseną.
Koeficientai gij , charakterizuojantys atomų sąveiką, yra skaičiuojami iš sklaidos
ilgio aij pagal gij = 4πℏ2aij/m. Daugiakomponentė BEK banginė funkcija yra
normuota į pilnąjį dalelių skaičių,

∑3
i=1
´

d3r |Φi|2 = N . Toliau taip pat nau-
dosime parametrus ηi, charakterizuojančius komponenčių santykines užpildas:

ηi = 1
N

ˆ
|Φi|2 d3r. (S40)

Siekdami gauti lygtį atomams, adiabatiškai sekantiems tamsinę būseną, įve-
dame šitokias Φ1 ir Φ2 funkcijų superpozicijas:

ΦD = 1√
1 + |ζ|2

(Φ1 − ζ∗Φ2),

ΦB = 1√
1 + |ζ|2

(ζΦ1 + Φ2),
(S41)

čia
ζ(r) = Ω1(r)

Ω2(r) =
(ρ
a

)s

eisφ. (S42)

Darydami adiabatinę prielaidą, kad atomų masių centro judėjimas yra daug
lėtesnis už perėjimų tarp vidinių būsenų procesą, ir laikydami, kad visos netie-
sinės sąveikos yra lygios (g11 = g12 = g22 = g), gauname GPL tamsinei būsenai
[202]

iℏ ∂
∂t

ΦD = 1
2m (−iℏ∇ − A)2ΦD + (U + V )ΦD + g|ΦD|2ΦD. (S43)

Kadangi ši lygtis funkcijai ΦD atsikabino nuo lygties spinduliuojančiai būsenai
Φ3, o pati funkcija ΦD yra tik funkcijų Φ1 ir Φ2 superpozicija, būsena ΦD yra
apsaugota nuo populiacijos mažėjimo spinduliavimo kanalu.

Lygtyje (S43) atsiranda geometriniai kalibraciniai potencialai, kurie pasi-
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rinktų pluoštų (S38) atveju įgyja pavidalą

A = −ℏs
a

(
ρ
a

)2s−1

1 +
(

ρ
a

)2s eφ,

U = 1
m

(
ℏs
a

)2 (
ρ
a

)2s−2[
1 +

(
ρ
a

)2s
]2 ,

(S44)

čia eφ yra vienetinis vektorius azimutine kryptimi.
Dabar panagrinėsime stacionarias kondensato būsenas, kuomet komponen-

čių banginės funkcijos turi pavidalą Φi(r, t) = e−iµtψi(r) = e−iµtfi(ρ)eiℓiφ,
čia µ – cheminis potencialas. Žemiau bus parodyti rezultatai, gauti spren-
džiant pilnąją sistemą (S39) tam, kad būtų įskaityti skirtingi sąveikos stipriai
gij . Skaičiavimai rodo, kad priėmus, jog visos sąveikos yra vienodos, sistemos
sprendiniai sutampa su gaunamais sprendžiant tamsinės būsenos lygtį (S43).
Tai reiškia, kad adiabatinė prielaida iš tikrųjų galioja nagrinėjamų parametrų
verčių atveju.

Analizuosime BEK cilindrinėje radiuso R gaudyklėje ir studijuosime kva-
zidvimatį kondensatą fiksuoto z plokštumoje. Toliau naudosime bedimensius
matavimo vienetus, matuodami ilgį R vienetais ir energiją ER = ℏ2/2mR2

vienetais. Atvejis, kai a = 0.02 ≪ R ir s = 1 pristatytas S5 pav. Kaip ma-
tyti S5(a) pav. apatiniame grafike, ρAφ artėja prie −s vertės vos tik nutolus
nuo koordinačių pradžios, todėl (S43) lygties pagrindinės būsenos sprendinys
turi pavidalą ΦD ∼ eiℓφ su ℓ = −s = −1. Grįždami prie komponenčių Φ1

ir Φ2 gauname, kad antroji būsena yra besūkurė, o pirmoji komponentė yra
sūkurinėje būsenoje ir ji yra stipriai lokalizuota arti koordinačių pradžios [žr.
S5(b) pav.]. Tiksliau, pirmos komponentės tankis yra sukoncentruotas srityje,
kurios plotis yra ξ2 eilės, čia ξ2 =

√
S/g22 = 0.086 yra antrosios komponentės

koherentiškumo ilgis. Sūkurio lokalizacija yra nulemta 1√
1+|ζ|2

nario [žr. (S41)
lygtį], kuris faktiškai užgesina sūkurį, kai ρ ≫ a. Tai taip pat lemia mažą
pirmos komponentės populiaciją, kuri siekia η1 = 0.25%. Mažinant parametrą
a galima labiau lokalizuoti sūkurį, tačiau tuo pačiu mažėja jį sudarančių atomų
skaičius.

Pirmoji sužadinta kondensato būsena, parodyta S5(c) pav., atitinka atvirkš-
tinį atvejį – antroji komponentė yra sūkurinėje būsenoje, o sūkurio centre loka-
lizuoti pirmosios komponentės atomai. Antroji sužadinta būsena yra parodyta
S5(d) pav. Šios dvi būsenos atitinka (S43) lygties ℓ = 0 ir ℓ = −2 sprendinius
ir yra beveik išsigimusios.

Dabar panaudosime lokalizuotą sūkurį, esantį pirmojoje komponentėje, kaip
zondą, leidžiantį nustatyti antrosios komponentės kritinį supertakumo greitį vc.
Tokiu atveju sūkurys veikia kaip priemaiša, kuri gali judėti be pasipriešinimo,
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S5 pav.: Potencialai U ir ρAφ ir (S39) sistemos sprendiniai atveju s = 1 ir a = 0.02.
(a) Potencialai U ir ρAφ (b), (c) ir (d) rodo, atitinkamai tris žemiausios energijos
sistemos (S39) sprendinius; banginės funkcijos sunormuotos pagal

∑3
i=1

´
S

|ψi|2 dS =
1. Trečios komponentės užpilda yra nykstamai maža visais atvejais, todėl ji nėra
rodoma. Dėl šios priežasties galima laikyti, kad antrosios komponentės populiacija
η2 = 1 − η1. Komponenčių topologiniai krūviai ℓi yra nurodyti žemiau atitinkamų
dvimačių grafikų, rodančių komponenčių fazinius profilius xy plokštumoje. Fazė yra
koduojama spalvomis šitaip: tamsiai mėlyna = −π, balta = 0, tamsiai raudona = π.

jei jos greitis išlieka mažesnis nei vc. Remiantis Landau kriterijumi, kondensato
fononinis sužadinimo spektras nustato kritinį greitį, lygų garso greičiui vs [168].
Mūsų atveju turime vs = ℏ/(mξ2

√
2) = 400µm/s. Tačiau tiek eksperimenti-

niai rezultatai [91, 92, 94, 95], tiek teoriniai tyrimai [96–98] nurodo į tai, kad vc

paprastai yra mažesnis, priklausomai nuo tokių faktorių kaip priemaišos dydis
[94], priemaišos kuriamo potencialo pobūdis (pritraukiantis ar stumiantis) [96]
ir priemaišų trajektorija (linijinė arba apskritiminė) [96, 98]. Norėdami įver-
tinti vc mūsų sistemoje, modeliuojame sūkurio judėjimą apskritimine spindulio
0.5 trajektorija, judindami lazerių pluoštus 0.1 s laiko intervale tiesiniu greičiu
v. Fiksuojame energiją E(t), tenkančią vienai dalelei, ir aprašome ją tiesine
funkcija, kad gautume energijos didėjimo greitį κ = dE/dt. Kadangi pirmosios
komponentės populiacija yra daug mažesnė nei antrosios, E(t) faktiškai atspin-
di atomų energiją antrojoje komponentėje. Rezultatai, gauti lazerių judėjimo
greičių v intervale nuo 0.1vs iki 1.2vs parodyti S5 pav., kur atskleidžiamas aiš-
kus slenkstinis elgesys – κ sparčiai didėja, kai greitis viršija tam tikrą kritinę
vertę. Šią vertę nustatome aprašydami duomenis funkcija

κ(v) = κ0 + bmax(v2 − v2
c , 0), (S45)

čia κ0, b ir vc yra laisvieji optimizavimo parametrai. Ši priklausomybė tinka
2D sistemų aprašymui [93] ir yra sėkmingai taikoma eksperimentinių duomenų
analizei [94, 97]. Optimizavimo metu buvo gauta vertė vc = 0.8vs; atitinkama
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S6 pav.: Kondensato energijos didėjimo greičio priklausomybė nuo pluoštų judėjimo
greičio.

kreivė yra parodyta S5 pav. Kaip ir buvo tikėtasi, gautas kritinis greitis yra
mažesnis už garso greitį.

Išvados

Reziumuojant, mes ištyrėme dviejų komponenčių BEK sąveiką su šviesos lau-
kais Λ tipo konfigūracijoje ir ištyrėme stacionariąsias tamsines būsenas. Vieno
iš dviejų lazerio pluoštų nešamas orbitinis impulso momentas sℏ per fotoną
lemia tai, kad viena arba abi komponentės yra sūkurinėse būsenose, o jų to-
pologiniai krūviai skiriasi s vienetais. Režime a ≪ R stacionariųjų būsenų
struktūrą lemia vektorinio potencialo narys. Šioje riboje, A artėja prie − s

ρ eφ

ir jo indėlis į greičio lauką (taigi ir į kinetinę energiją) gali būti sukompensuo-
tas, jei tamsinė būsena aprašoma bangine funkcija f(ρ)e−isφ. Mes parodėme,
kad žemiausios energijos tamsinė būsena iš tiesų turi tokią formą. Šiuo atveju
pirmoji komponentė (sąveikaujanti su LG pluoštu) turi sūkurį, kurio topologi-
nis krūvis yra s, o antroji komponentė yra besūkurė. Sūkurio centras sutampa
su pluošto centru, o sūkurio tankio profilis rodo stiprų lokalizacijos laipsnį, ka-
dangi tankis mažėja tolstant nuo sūkurio centro kaip [1 + (ρ/a)2]−1/2. Tokį
sūkurį galima judinti aplink gaudyklę judinant lazerio spindulius. Jei judėjimo
greitis yra mažesnis nei maždaug pusė garso greičio antrojoje komponentėje,
sūkurio forma judėjimo metu išlaiko savo struktūrą, o antrosios komponentės
tankis neiškraipomas. Tiksliau sakant, judinant sūkurį greičiu, mažesniu už
kritinę vertę, lygia 0.8vs, kondensato energija beveik nedidėja, o tai rodo jo
supertakų pobūdį.
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N U O / S I N C E 1 5 7 9

Fragmentas iš Vilniaus universiteto
auklėtinio Alberto Diblinskio
(1601–1665) vieno geriausių XVII a.
astronomijos veikalų Centuria
astronomica (Vilnius, 1639), kuriame
pateikta astronomijos pasiekimų
apžvalga, remiantis stebėjimais
teleskopu, atliktais kartu su kitu VU
mokslininku, matematiku ir
astronomu Osvaldu Krygeriu
(apie 1598–1655).

VU biblioteka, BAV 47.10.21

Fragment from Centuria astronomica
(Vilnius, 1639), one of the most
well-known works on astronomy from the
17th c., written by Vilnius University
graduate Albertas Diblinskis (1601–1665).
It presents an overview of achievements
in the field of astronomy, based on
observations using a telescope together
with another VU scientist,
mathematician, and astronomer
Osvaldas Krygeris (c. 1598–1655).

VU Library, BAV 47.10.21
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