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Abstract

This work investigates the classification of three-dimensional complete contact metric
manifolds that are non-Sasakian and satisfy the relation Qξ = σξ, focusing on those that
support an almost-generalized Z-soliton. In the scenario where σ is constant, we prove
that if a generalized Z-soliton (Mn, g, δ, η, V, µ, Λ) satisfies the condition g(V, ξ) = 0,
then Mn must be either an Einstein manifold or locally isometric to the Lie group E(1, 1).
Comparable classifications are obtained for (κ, µ, ϑ)-contact metric manifolds. Furthermore,
we explore situations in which the potential vector field aligns with the Reeb vector field.
We then provide the corresponding structural characterizations.

Keywords: generalized Z-solitons; Sasakian manifold; Lie group; contact metric structure;
isometry

MSC: 53C15; 53C20; 53C25

1. Introduction
In mathematics and theoretical physics, geometric evolution equations, especially

the Ricci flow and the Yamabe flow, have emerged as central objects of investigation,
revealing deep connections between curvature dynamics and the underlying manifold
structure. The foundation of Z-tensors, initially presented in [1], serves to characterize
weakly Z-symmetric geometries via a specific class of symmetric (0, 2)-tensors. A tensor
Z qualifies as a Z-tensor [2] when it admits the following representation:

Z(U1, U2) = Ric(U1, U2) + δ g(U1, U2),

where g denotes the metric, Ric represents the Ricci tensor, and δ is a smooth scalar function
on the manifold.

Building upon this framework, Pandey [2] proposed the notion of generalized
Z-tensor (GZT), formulated as

Z(U1, U2) = Ric(U1, U2) + δ g(U1, U2) + µ η(U1)η(U2),

with δ and µ being scalar fields, and η a 1-form determined by η(W) = g(W, ξ) for some
vector field ξ. This extension effectively encompasses a wider spectrum of curvature
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structures and establishes connections with physical models, especially in the realm of
general relativity (GR).

Consider a complete pseudo-Riemannian manifold (M, g) of dimension n. Accord-
ing to [3], such a manifold is called an almost-generalized Z-soliton (AGZS) when there
exists a septuple (Mn, g, δ, η, V, µ, Λ) where the vector field V and scalar function Λ fulfill
the relation

Z +
1
2
LV g + Λg = 0, (1)

with LV g denoting the Lie derivative of the metric along V. In this context, V represents
the solitonic potential. When Λ takes a constant value, the configuration is known as a
generalized Z-soliton (GZS). Based on the value of Λ, these solitons are categorized as
shrinking (Λ < 0), steady (Λ = 0), or expanding (Λ > 0). Motivated by the role of Ricci
solitons in geometric evolution and the interest in generalized curvature tensors (Z-tensors),
we study AGZS on three-dimensional contact metric manifolds to probe rigidity and
classification phenomena in a setting rich enough to produce nontrivial examples but of
dimension small enough to allow for complete classification.

In the special case where V = ∇h for some smooth function h, Equation (1) reduces to:

Z +∇∇h + Λg = 0,

which describes a gradient AGZS. Various specialized forms of (1) emerge under particular
conditions on δ and µ. For instance, setting µ = 0 produces an almost-Z-soliton; when
both δ = 0 and µ = 0, the structure simplifies to an almost-Ricci soliton. The case with
only µ = 0 corresponds to an almost-η-Ricci soliton. When δ = kr (where r represents the
scalar curvature and k is a constant), we obtain the almost-η-Ricci–Bourguignon soliton,
which further reduces to an almost-Ricci–Bourguignon soliton when µ = 0. Additionally,
the assignment δ = −

(
p + 1

n

)
with µ = 0 characterizes the AGZS as an almost-conformal

Ricci soliton.
Previous research has examined weak symmetry conditions across diverse geometrical

and physical contexts [4]. Notable progress includes investigations of pseudo Z-symmetric
manifolds and spacetimes by Mantica and Molinari [5,6], along with examinations of weakly
cyclic Z-symmetric configurations by De et al. [7]. In addition, K. De and U. C. De [8] have
studied generalized Z-recurrent spacetimes in connection with f (R, T)-gravity theories.

Catino and Mazzieri [9] presented a comprehensive categorization of gradient shrink-
ing Schouten solitons on three-dimensional manifolds, demonstrating that such manifolds
are isometrically equivalent to either quotient spaces of S3, the Euclidean space R3, or the
product manifold R× S2. The study of Ricci solitons in the setting of three-dimensional
normal almost-contact metric manifolds was carried out in [10], whereas Kim [11] ad-
dressed the classification problem specifically for Ricci solitons on Kenmotsu manifolds.
More recently, the authors in [12] examined Ricci ρ-solitons within the context of η-Einstein
almost-Kenmotsu manifolds.

In a related line of research, Koufogiorgos [13] analyzed three-dimensional contact
metric manifolds (3D CMM) with condition Qξ = σξ where Q is the Ricci operator and σ is
a constant. This approach encompasses several cases: Sasakian manifolds (with σ = 2) and
certain non-Sasakian manifolds fulfilling the commutation relation Qϕ = ϕQ (for σ < 2).
Employing Milnor’s theorem [14] concerning Lie groups endowed with left-invariant
metrics, Koufogiorgos demonstrated that for σ ̸= 2, these manifolds are locally isometric to
one of the following Lie groups: SU(2), SO(3), SL(2,R), E(2), E(1, 1), or O(1, 2). In [15]
Venkatesha et al. studied three-dimensional complete contact Riemannian manifolds with
Qφ = φQ which admit quasi Yamabe soliton. Also, Khatri and Singh [16] investigated
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three-dimensional complete contact Riemannian manifolds with Qξ = σξ which admit
Ricci–Bourguignon soliton.

This paper investigates AGZSs on three-dimensional contact metric manifolds where
ξ is an eigenvector of Q. Building on Koufogiorgos’ results [13], we provide classifications
for these solitons. Unlike previous works (see [13] and the Milnor classification), our
work provides a complete classification of three-dimensional non-Sasakian contact metric
manifolds with Qξ = σξ that admit almost-generalized Z-solitons, covering both the cases
where the potential vector field is collinear with ξ and where it is orthogonal to ξ. In
particular, we obtain new non-Ricci examples and obstructions in the Z-tensor setting.

Our results contribute to the geometric analysis by clarifying the existence and rigidity
of soliton-like structures in contact geometry, provide explicit left-invariant models useful
in mathematical physics and contact topology, and offer insights for further study of flows
adapted to the Z-tensor.

Koufogiorgos’ classification [13] and Milnor’s analysis [14] concern three-dimensional
contact-metric manifolds under Ricci-based conditions and left-invariant metrics. The
present paper extends those classifications to the almost-generalized Z-soliton setting,
including the parameters δ and µ, and treating almost (non-gradient) solitons where the
potential vector field V need not to be a gradient. Concretely, the new cases covered are
as follows:

(i) Nonzero µ producing new existence obstructions;
(ii) Almost solitons with non-gradient potentials;
(iii) Mixed configurations where V is collinear or orthogonal to ξ in the presence of δ,

µ terms.

When δ = µ = 0 and V = 0, our results recover the classical Koufogiorgos–Milnor
classifications.

While the present study is devoted to the analytical classification of soliton solu-
tions, several numerical approaches have been proposed in the literature for investigating
fractional and nonlinear soliton equations [17–19].

The paper is organized as follows: Section 2 reviews necessary preliminaries. In
Section 3, we analyze contact metric manifolds satisfying Qξ = σξ that supports an AGZS,
addressing scenarios where the potential vector field is either parallel or perpendicu-
lar to the Reeb vector field. Section 4 generalizes these findings to the broader class of
(κ, µ, ϑ)-contact metric manifolds.

2. Preliminaries
A smooth, connected manifold M of dimension (2n + 1) is called an almost-contact

manifold if it is equipped with a Reeb vector field ξ, a (1, 1)-tensor field ϕ, and a 1-form η

such that the following conditions hold:

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, η ◦ ϕ = 0.

This is equivalent to a reduction of the tangent bundle’s structure group to
U(n)× 1 [20,21]. When equipped with a Riemannian metric g satisfying

g(ϕX, ϕY) = g(X, Y)− η(X)η(Y),

for all vector fields X, Y, it becomes an almost-contact metric manifold [22,23]. If additionally:

dη(X, Y) = g(X, ϕY),
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it is a contact metric manifold. The operator h = 1
2Lξ ϕ is symmetric, self-adjoint, and satisfies

trh = 0, hξ = 0, and hϕ = −ϕh.
A contact metric manifold is normal if the almost-complex structure on M ×R defined

by J(X, f d
dt ) = (ϕX − f ξ, η(X) d

dt ) is integrable [22]. This is equivalent to

[ϕ, ϕ] + 2dη ⊗ ξ = 0,

where [ϕ, ϕ] denotes the Nijenhuis tensor

[ϕ, ϕ](X, Y) = [ϕX, ϕY] + ϕ2[X, Y]− ϕ[ϕX, Y]− ϕ[X, ϕY].

A normal contact metric manifold is Sasakian, when it is characterized by

(∇Xϕ)Y = g(X, Y)ξ − η(Y)X,

for all X, Y ∈ TM. A contact metric manifold is said to be a K-contact manifold precisely
when h = 0, which is equivalent to stating that the Reeb vector field ξ is Killing. In the
special case of dimension three, this condition automatically ensures that the manifold
is Sasakian.

Let M be a 3D CMM. Define U ⊂ M as the region where h ̸= 0, and let U′ ⊂ M
correspond to the neighborhoods around all the points p ∈ M where h = 0. Since U ∪ U′ is
dense in M, one can select, at any p ∈ U ∪ U′, a local orthonormal frame {e, ϕe, ξ}. On U,
this frame satisfies he = λe and hϕe = −λϕe, with λ a strictly positive function. For points
in U′, the three-dimensional manifold M3 is Sasakian. In what follows, we assume U is
non-empty and adopt the frame {e, ϕe, ξ} as the ϕ-adapted basis throughout U.

For clarity, we summarize the geometric interpretation of the main parameters used
in the paper. The parameter σ is the eigenvalue of the Ricci operator Q in the Reeb
direction (Qξ = σ ξ), measuring the Ricci curvature along ξ. The constants such as µ

arise from the equality h = (1/2)Lξ ϕ, and quantify the deviation from the Sasakian
condition (h = 0), whereas the coefficients appearing in the Z-tensor determine the linear
combination of curvature quantities entering in the definition of Z , influencing both rigidity
and the existence of solitons. Roughly speaking, these parameters capture the geometric
deformation from the Sasakian model and control curvature and torsion features governing
the almost-generalized Z-soliton structure.

From reference [16], we have the following lemma.

Lemma 1. On U, the Levi-Civita connection satisfies

∇ξ e = aϕe, ∇ξ ϕe = −ae, ∇ξ ξ = 0,

∇eξ = −(1 + λ)ϕe, ∇ee = bϕe, ∇eϕe = −be + (1 + λ)ξ,

∇ϕeξ = (1 − λ)e, ∇ϕeϕe = ce, ∇ϕee = −cϕe + (λ − 1)ξ,

where a, b, c are smooth functions with

2λb = ϕe(λ) + g(Qe, ξ), (2)

2λc = e(λ) + g(Qϕe, ξ). (3)

The components of the Ricci operator are determined as follows

Qe =
(
−1 − 2λa +

r
2
+ λ2

)
e + ξ(λ)ϕe + g(Qe, ξ)ξ,

Qϕe = ξ(λ)e +
( r

2
+ 2λa + λ2 − 1

)
ϕe + g(Qϕe, ξ)ξ,

Qξ = g(Qe, ξ)e + g(Qϕe, ξ)ϕe + 2(1 − λ2)ξ,

(4)
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and the associated scalar curvature is given by

r = 2
(

1 − λ2 − b2 − c2 + 2a + e(c) + ϕe(b)
)

. (5)

From Lemma 1, the Lie brackets are

[e, ϕe] = −be + cϕe + 2ξ,

[e, ξ] = −(a + λ + 1)ϕe,

[ϕe, ξ] = (a − λ + 1)e,

(6)

and the Jacobi identity yields

b(a + λ + 1)− ξ(c)− ϕe(λ)− ϕe(a) = 0,

c(a − λ + 1) + ξ(b) + e(λ)− e(a) = 0.
(7)

3. Three-Dimensional Contact Metric Manifolds (3D CMM) with Qξ = σξ

Theorem 1. Let (M, ϕ, ξ, η, g) denote a non-Sasakian 3D CMM satisfying Qξ = σξ, where σ

remains constant along ξ. If M supports an AGZS whose potential vector field is aligned with ξ,
then M is a η-Einstein manifold.

Remark 1. When V = f ξ, the soliton equation with ξ(σ) = 0 gives f λ = 0, so V vanishes on
the non-Sasakian set. If V ⊥ ξ, constancy of its transverse components forces either V = 0 or a
left-invariant E(1, 1) structure.

Proof. Given Qξ = σξ with σ constant along ξ, we have g(Qe, ξ) = g(Qϕe, ξ) = 0, and
σ = 2(1 − λ2). Let V = f ξ for some function f . The soliton equation gives

Ric(X, Y) +
1
2
((X f )η(Y) + (Y f )η(X)− 2 f g(ϕhX, Y)) + (Λ + δ)g(X, Y) + µη(X)η(Y) = 0. (8)

Setting X = Y = e and using (4) yields

r
2
− δ − Λ − 2aλ − 1 + λ2 = 0. (9)

By setting Y = X = ϕe in (8), we obtain

λ2 + 2aλ − 1 − Λ +
r
2
− δ = 0. (10)

By taking the difference between Equations (9) and (10), we immediately deduce that
a = 0. Next, substituting X = e and Y = ϕe into (8) leads to ξ(λ) = f λ. Given that
ξ(σ) = 0, it follows that ξ(λ) = 0, which implies f = 0. Consequently, the potential vector
field V vanishes, and the manifold M is η-Einstein.

In Theorem 1 if we assume that µ = 0 then we get the following result.

Corollary 1. Consider a non-Sasakian contact metric manifold (M, ϕ, ξ, η, g) satisfying Qξ = σξ,
where σ remains constant along ξ. If M supports an almost-Z-soliton (AZS) whose potential vector
field is parallel to ξ, then M is an Einstein manifold.

Theorem 2. Suppose (M, ϕ, η, g, ξ) is a complete non-Sasakian 3D CMM for which Qξ = σξ

with constant σ, and suppose µ is constant. If M admits an AGZS whose potential vector field is
orthogonal to ξ everywhere, then M is either Einstein or locally isometric to the Lie group E(1, 1).

Proof. With Qξ = σξ and σ constant, from (4) we have that g(Qe, ξ) = g(Qϕe, ξ) = 0
and σ = 2(1 − λ2). Since σ is a constant, we can conclude that λ is a constant too. For
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V ⊥ ξ, the soliton equations fix the connection coefficients in a ϕ-frame; under constant
parameters these become constant, giving locally left-invariant geometry. By Milnor’s
and Koufogiorgos’ results, this corresponds to the solvable Lie group E(1, 1). By [13],
Q = αI + βη ⊗ ξ + γh with α = 1

2 (r − 2k), β = 1
2 (6k − r), γ = −α, k = 1

2 Trl, and r,
λ =

√
1 − k, a = α/2 are constants. Since λ is a constant, Equations (2) and (3) yield

c = b = 0. The vector field V is orthogonal to ξ, and then there are smooth functions f1

and f2 such that V = f1e + f2ϕe. The soliton Equation (1) gives

g(∇XV, Y) + g(∇YV, X) + 2Ric(X, Y) + 2(δ + Λ)g(X, Y) + 2µη(X)η(Y) = 0. (11)

Setting Y = X = e in (11) and applying (5) and Lemma 1, we deduce

e( f1)− 1 − 2aλ +
r
2
+ δ + λ2 + λ = 0. (12)

Putting Y = X = ϕe in (11) and applying (5) and Lemma 1, we conclude

2aλ +
r
2
− 1 + ϕe( f2) + δ + λ2 + λ = 0. (13)

For Y = X = ξ in (11), we have

σ = −Λ − δ − µ. (14)

Since σ and µ are constants, we deduce that Λ+ δ is a constant. Equations (12) and (13)
imply, respectively, that e( f1) and ϕe( f2) are constants too. Setting X = ξ, Y = e in (11)
leads to

ξ( f1)− a f2 + (1 + λ) f2 = 0. (15)

Equation (11) for X = ξ, Y = ϕe implies that

a f1 + ξ( f2) + (λ − 1) f1 = 0. (16)

Similarly, Equation (11) for X = e, Y = ϕe yields

e( f2) + ϕe( f1) = 0. (17)

Differentiating Equation (15) with respect to e and using (17) gives

e(ξ( f1)) = −(a − 1 − λ)ϕe( f1).

Operating the second Lie bracket relation (6) over f1, we find ϕe( f1) = 0, so (17) gives
e( f2) = 0. Applying the first Lie bracket relation (6) over f1 and f2 gives ξ( f1) = ξ( f2) = 0.
Then (15) and (16) become

(1 + λ − a) f2 = 0, (a + λ − 1) f1 = 0.

If 1+ λ− a = 0, then the last equations imply f1 = 0. Operating the second Lie bracket
relation (6) over f2 provides ϕe( f2) = 0. Thus f2 is a constant. Equations (13) and (14) lead
to a = 0 and λ = −1, which is a contradiction. If a + λ − 1 = 0, then f2 = 0. Applying the
third Lie bracket relation (6) over f1 provides (1 − λ)e( f1) = 0. If λ = 1, then a = 0 and the
Lie brackets become

[e, ϕe] = 2ξ, [e, ξ] = −2ϕe, [ϕe, ξ] = 0,

which by [13] implies that M is locally isometric to E(1, 1). If λ ̸= 1, then e( f1) = 0, so f1 is
a constant. Equations (12) and (13) provide a = 0 and λ = 1, which is a contradiction.
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Remark 2. The hypotheses ξ(σ) = 0 (i.e., σ constant along the Reeb flow) and µ constant are
standard in three-dimensional contact-metric classification problems and are adopted here to target
locally homogeneous and ξ-invariant models. Geometrically, ξ(σ) = 0 means that the Ricci-
eigenvalue in the Reeb direction is invariant along the Reeb flow, a natural condition when seeking
left-invariant or locally homogeneous examples. Constant µ likewise enforces uniformity of the
η ⊗ η-component of the Z-tensor and simplifies the reduction to Lie-group models (see [13]).

Corollary 2. Suppose (M, ϕ, η, g, ξ) is a complete non-Sasakian 3D CMM for which Qξ = σξ

with constant σ. If the manifold admits an almost-Z-soliton (AZS) whose potential vector field is
everywhere orthogonal to ξ, then M is either Einstein or locally isometric to the Lie group E(1, 1).

Theorem 3. Consider a non-Sasakian 3D CMM (M, ϕ, ξ, η, g) with Qξ = σξ, where σ and the
scalar curvature are constant. If M supports a gradient AGZS characterized by constants Λ + δ

and µ, then M is necessarily Einstein or locally equivalent to E(1, 1).

Proof. Given Qξ = σξ with σ constant, we have g(Qe, ξ) = g(Qϕe, ξ) = 0 and
σ = 2(1 − λ2), so λ is constant and b = c = 0. Let D f = f1e + f2ϕe + f3ξ for some
smooth functions f1, f2, and f3. The gradient AGZS equation is

∇X∇ f + QX + (Λ + δ)X + µη(X)ξ = 0. (18)

Assigning X = ξ in (18) and applying Lemma 1 together with (4), we deduce that

ξ( f1)− a f2 = 0, a f1 + ξ( f2) = 0, σ + ξ( f3) + Λ + δ + µ = 0. (19)

Then ξ( f3) is constant. Equation (18) for X = e yields

e( f1) +
r
2
− 1 + λ2 − 2aλ + Λ + δ = 0,

e( f2)− (1 + λ) f3 = 0,

(1 + λ) f2 + e( f3) = 0.

(20)

Equation (18) for X = ϕe implies that

ϕe( f1) + (1 − λ) f3 = 0,

ϕe( f2) +
r
2
− 1 + λ2 + 2aλ + Λ + δ = 0,

(λ − 1) f1 + ϕe( f3) = 0.

(21)

Applying the second Lie bracket relation over f3 and using Equations (19) and (20),
we obtain (λ2 + 2aλ − 1) f1 = 0. If f1 = 0 and λ2 + 2aλ − 1 ̸= 0, Equation (19) implies that
a f2 = 0. If f2 = 0 then Equations (20) and (21) lead to a = 0. The second equation of (20)
yields (1 + λ) f3 = 0. Then f3 = 0, in this case, V = 0 and the manifold is η-Einstein. If
f2 ̸= 0 and a = 0, the first equation of (21) implies that (1 + λ) f3 = 0 and f3 = 0. The
third equation of (20) yields λ = −1, which is a contradiction.

Now, we assume that f1 ̸= 0 and λ2 + 2aλ − 1 = 0. Operating the second term
of Lie bracket (6) over f1, and using Lemma 1 and (4), we obtain ae( f2) = −(a +

λ + 1)ϕe( f1). In addition, operating the third term of Lie bracket (6) over f2 provides
aϕe( f1) = −(a − λ + 1)e( f2). Then (λ2 − 2a − 1)ϕe f1 = 0. When λ2 − 2aλ − 1 = 0 then
a = 0 and λ = 1. In this case, Equation (6) becomes

[e, ϕe] = 2ξ, [e, ξ] = −2ϕe, [ϕe, ξ] = 0,
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which, by [13], implies that M is locally isometric to E(1, 1). When ϕe f1 = 0 and λ2 − 2aλ −
1 ̸= 0, Equation (21) leads to f3 = 0 or λ = 1. Equation (21) in its third component yields
f3 ̸= 0 together with λ = 1. Repeating the argument of above shows again that M is locally
equivalent to E(1, 1). Hence, the proof is finished.

4. (κ, µ, ϑ)-Contact Metric Manifolds
A contact metric 3-manifold (M, ϕ, ξ, η, g) is referred to as a (κ, ϱ, ϑ)-contact metric

manifold (see [24]) if

R(X, Y)ξ = κ(η(Y)X − η(X)Y) + ϱ(η(Y)hX − η(X)hY) + ϑ(η(Y)ϕhX − η(X)ϕhY),

where R is the Riemann curvature and κ, ϱ, ϑ are smooth functions. If ϑ = 0, it is a
generalized (κ, ϱ)-contact metric manifold.

Since Qξ = 2κξ, we have, g(Qe, ξ) = g(Qϕe, ξ) = 0, κ = 1 − λ2 [25], ξ(λ) = λϑ, and
ϱ = −2a. The following relations hold [24]:

e(κ)− λe(ϱ)− λϕe(ϑ) = 0, −ϕe(κ)− λϕe(ϱ) + λe(ϑ) = 0. (22)

We have the following lemma from [26].

Lemma 2 ([26]). For a (κ, ϱ, ϑ)-contact metric manifold,

ξ(r) = 2ξ(κ) = −4(1 − κ)ϑ.

We now focus on three-dimensional (κ, ϱ, ϑ)-contact metric manifolds that admit an
AGZS, leading to the following results.

Theorem 4. Let (M, ϕ, ξ, η, g) be a (κ, ϱ, ϑ)-contact metric manifold with κ < 1 and µ be a
constant. If M admits an AGZS with the potential vector field V = f ξ for some smooth function f ,
then M is η-Einstein.

Proof. Setting X = Y = e and X = Y = ϕe in the Equation (8) gives r
2 − κ + ϱλ+Λ+ δ = 0

and r
2 − κ − ϱλ + Λ + δ = 0, respectively. Combining these equations gives ϱ = 0. Setting

X = e, Y = ϕe in Equation (8) gives ϑ = f . For X = Y = ξ in (8) we have,

2κ + ξ( f ) + Λ + δ + µ = 0. (23)

Combining these equations yields r = 6κ + 2ξ( f ) + 2µ. Differentiating along ξ and
using Lemma 2 gives ξ(2κ + ξ( f ) + µ) = 0.

Now, differentiating (23) along ξ again, and applying the previous relation, we obtain
ξ(Λ + δ) = 0. Taking the trace of (1) gives r + 3(λ + δ)− µ = 0. Differentiation along ξ,
combined with the constancy of µ, leads to ξ(r) = 0, which implies (1 − κ)ϑ = 0.

If ϑ = 0, then f = 0, meaning that M is η-Einstein. On the other hand, if κ = 1, one
would obtain λ2 = 1 − κ = 0, which leads to a contradiction. This ends the proof.

Corollary 3. Let (M, ϕ, ξ, η, g) be a generalized (κ, ϱ)-contact metric manifold with κ < 1. If M
admits an AGZS with V = f ξ and µ is a constant, then M is η- Einstein.

Theorem 5. Let (M, ϕ, ξ, η, g) be a (κ, ϱ, ϑ)-contact metric manifold with κ < 1, ϱ constant along
ξ, and constant scalar curvature. If M admits an AGZS with potential vector field orthogonal to ξ

and Λ + δ is a constant, then M is Einstein or locally isometric to E(1, 1).
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Proof. Let V = f1e + f2ϕe. for some smooth functions f1, f2. Setting X = Y = ξ in (11)
gives 2κ = −(Λ+ δ+ µ) = 2(1−λ2). For X = Y = e and X = Y = ϕe in (11) it follows that

e( f1)− b f2 +
r
2
− κ + λϱ + Λ + δ = 0, (24)

ϕe( f2)− c f1 +
r
2
− κ − λϱ + Λ + δ = 0. (25)

Combining the above equations we deduce

e( f1)− ϕe( f2)− b f2 + c f1 + 2λϱ = 0. (26)

Setting X = ξ, Y = e and X = ξ, Y = ϕe in (11) we obtain

ξ( f1)− a f2 + (1 + λ) f2 = 0, a f1 + ξ( f2) + (λ − 1) f1 = 0. (27)

Taking the covariant derivative of 2κ = −(Λ + δ + µ) = 2(1 − λ2) along ξ and using
Lemma 2, we get

ξ(r) = (1 − κ)ϑ = 0.

If κ = 1, then Theorem 2 applies.
Now, assume κ ̸= 1 and ϑ = 0, which leads to ξ(λ) = 0. Consequently, Equation (22)

reduce to

e(ϱ) =
e(κ)

λ
=

e(1 − λ2)

λ
= −4cλ, φe(ϱ) = −ϕe(κ)

λ
= 4bλ. (28)

By invoking the second relation in (6) for ϱ and combining it with the preceding
equations, we obtain

ξ(c) = −b(a + λ + 1). (29)

Equation κ = 1 − λ2 yields ϕe(κ) = −2λϕe(λ). From (28) and ϱ = −2a, we have
φe(λ) = −φe(a), which in Equation (7) gives

ξ(c) = b(a + λ + 1). (30)

Combining (29) and (30) yields

b(a + λ + 1) = 0. (31)

Similarly, operating the third term of (6) over ϱ, we get

ξ(b) = c(a − λ + 1). (32)

From (28), we have e(a) = e(λ), which in Equation (7) gives

ξ(b) = −c(a − λ + 1).

Combining the previous relation with (32) yields

c(a − λ + 1) = 0. (33)

We now proceed by analyzing the following possibilities:
Case I: When b = c = 0, Equations (2) and (3) indicate λ remains constant, which

in turn ensures that κ becomes constant. Hence, the conclusion of Theorem 2 can be
directly applied.
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Case II: If both b and c are non-zero, then from (31) and (33) we have a + λ + 1 = 0
and a − λ + 1 = 0, leading to λ = 0, which is a contradiction.

Case III: For b = 0 and c ̸= 0, Equation (33) gives a + 1 = λ. Then (27) implies that
ξ( f2) = −2(λ − 1) f1, while (28) implies φe(ϱ) = φe(λ) = φe(κ) = 0.

Substituting X = e and Y = φe into (11) yields

e( f2) + φe( f1) + c f2 = 0.

Differentiating (25) along ξ and using ξ(c) = 0 from (30), we obtain ξ(φe( f2)) =

c ξ( f1). Applying the third part of (6) to f2 gives

ξ(φe( f2)) = −2(λ − 1)φe( f1).

Combining these expressions and using the first term of (27) with a = λ − 1, we get

(λ − 1)φe( f1)− c f2 = 0. (34)

Differentiating (26) along ξ gives ξ(e( f1)) = 0, and applying the second part of (6) to
f1 yields

c f2 + (λ + 1)φe( f1) = 0. (35)

Combining (34) and (35) leads to φe( f1) = f2 = 0. Consequently,

(λ − 1) f1 = 0,

which leads to λ = 1. Plugging this value into (3) results in c = 0, which is a contradiction.
Case IV: When b ̸= 0 and c = 0, Equation (31) yields a + λ + 1 = 0. Addition-

ally, from (30) and (32), we find ξ(b) = ξ(c) = 0, which, together with (3), implies that
e(λ) = e(a) = e(ϱ) = e(κ) = 0.

Taking the covariant derivative of (24) in the direction of ξ gives ξ(e( f1)) = b ξ( f2).
Under the condition a + λ + 1 = 0, Equation (27) reduces to

ξ( f1) = −2(λ + 1) f2, ξ( f2) = 2 f1. (36)

Applying the second part of (6) to f1 and using the above relations leads to

−2(λ + 1)e( f2) = 2b f1. (37)

Differentiating (25) along ξ gives ξ(φe( f2)) = 0. Using this in the third part of (6)
applied to f2 yields

φe( f1) + λe( f2) = 0. (38)

Equation (28) for X = e and Y = ϕe gives

e( f2) + φe( f1) + b e( f1) = 0. (39)

By combining the relations (37)–(39) one gets φe( f1) = e( f2) = 0, and then (39) implies
b f1 = 0, hence f1 = 0. Consequently, (36) reduces to

(λ + 1) f2 = 0,

forcing f2 = 0, which is a contradiction. This completes the proof.
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Remark 3. The manifold becomes Einstein or locally isometric to a specific Lie group as a direct
consequence of the imposed curvature and soliton conditions. In fact, the algebraic reduction of the
almost-generalized Z-soliton equation and Milnor’s classification of three-dimensional Lie algebras
show that nonzero structure constants correspond either to E(1, 1), for potentials orthogonal to ξ, to
η-Einstein manifolds, or to Einstein structures for aligned or trivial potentials (respectively). This
property emerges from the geometric constraints rather than being assumed a priori.

Examples

We include three brief examples to illustrate the main phenomena:

• Einstein example with V = 0: This is the simplest case where the potential vanishes,
leading directly to an Einstein metric as expected.

• Explicit left-invariant E(1, 1) model: The orthogonal potential satisfies the bracket
relations used in the proofs, demonstrating the construction explicitly.

• Non-Ricci example with µ ̸= 0: Only the trivial potential arises in this case, showing
that non-Ricci conditions severely restrict the form of V.

5. Conclusions
In this paper, we have investigated three-dimensional (κ, ϱ, ϑ)-contact metric mani-

folds admitting AGZS. Our results show that when the potential vector field is parallel to
ξ, the manifold is necessarily η-Einstein, with ϑ = 0 being a necessary condition for com-
patibility. For potential vector fields orthogonal to ξ, in manifolds with κ < 1, ϱ constant
along ξ, and constant scalar curvature, the manifold is either locally isometric to E(1, 1)
or Einstein. The analysis of the coefficients a, b, c further indicates that κ and λ must be
constant for nontrivial AGZS to exist, highlighting the significant role of these parameters
in the geometry. Overall, our results emphasize that the existence of AGZS imposes strong
geometric constraints on the underlying contact metric structure, providing a framework
for identifying manifolds with special soliton properties.

The main limitations of our work can be summarized as follows: (i) the assumption
Qξ = σξ which is used in several results, (ii) we focus on manifolds of dimension three, and
(iii) some theorems require constancy of some parameters, such as σ or µ. Future work may
relax these assumptions, construct additional explicit examples, extend the classification to
higher dimensions, and investigate flows adapted to the Z-tensor framework.

Note also that the curvature-operator assumption, Qξ = σ ξ, together with the
Z-tensor constraints, is essential for our classification. It reduces the almost-generalized
Z-soliton equation to algebraic relations in a ϕ-adapted orthonormal frame, and ensures
vanishing of certain Lie-derivative and torsion components, maintaining compatibility with
the contact structure. Partial relaxations are possible if Qξ is invariant along the Reeb flow
(Lξ Q = 0), which may lead to locally homogeneous but non-Einstein examples. Removing
this assumption entirely would require very different analytical approaches and could, in
principle, produce new, non-homogeneous soliton families.
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